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THE CUSP CATASTROPHE IN THE URBAN RETAIL MODEL

J.F. Kaashoek and A.C.F. Vorst

Abstract. In this paper we will show that for a suitable choice

of the parameters in an urban retail model as developed by Huff

and Lakshmanen and Hansen one finds a cusp catastrophe in the

surface of equilibrium points. We give some economic consequences
of the fact that we have a cusp catastrophe. Furthermore we show
that for other choices of the parameters the equilibrium points
of the model depend smoothly on the parameters.
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1 Introduction.

The last years a lot of papers in regional economics have had

catastrophe theory and bifurcations as one of their subjects. See

for example: Beaumont, Clarke, Wilson (1981a,b), Puu (1979,1981),

Harris, Choukroun, Wilson (1982), Rijk and Vorst (1983a) and the

references in the book of Wilson (1981). The last book is

completely devoted to the subject of catastrophe theory and

bifurcation phenomena in urban and regional science. A lot of

interesting examples of the fold catastrophe in regional economic

models can be found in the above cited literature; a description

of the seven elementary catastrophes can be found in some of

these papers and the book. As far as we know never a higher order

catastrophe than the fold catastrophe showed up in a regional

economic model. The main purpose of this paper is to show that

the cusp catastrophe is present in the urban retail model as

developed by Huff (1964) and Lakshmanen and Hansen (1965). The

equations of this model are as follows

(1)

a
m W.C..

D. = E 0.
.3 i=1 1 n a

E W
R.
C
ift

X=1

(2) with C. = exp(-ac..)

= 1, • • •

where

O. is the total expenditure on goods of inhabitants of zone i,

D is the total amount spent in zone j,

is the travelling distance between i and j,

Wi is the size of retail facilities in zone j,

a > 0 is a parameter that measures consumer's scale economics

> 0 is a parameter reflecting ease of travel.

We assume that the cost per unit of retail facility in zone j is

the revenue in zone j equals the costs in zone j if

(3) D. = k.W. =
J J J

• • •

The equations (1) and (3) constitute the urban retail model. By a



positive solution or equilibrium we will mean a set

of W W
1, n

which fulfill the equations (1) and (3) such that Wj > 0 for all

j = 1, n.

In section 4 we will show that if one takes n = m = 2 and a > 1

the cusp catastrophe plays a role in this model. From this .we can

find some interesting catastrophic behaviour of the positive

equilibrium due to small changes in the fuel prices or the income

distribution.

Often one also associates a system of differential equations to

the urban retail model, since it is reasonable to assume that the

behaviour of an entrepreneur is dynamic. Doing this it makes

sense to talk about observable equilibria (i.e. equilibria which

are asymptotically stable for the differential equations). Hence

the observable equilibria form a subset of the equilibria of the

differential equations. We will assume that the differential

equations are of the following form

(4) = f.(W.)(D.-k.W.
J J J J JJ

= 1, • • •

•where f (W ) has one of the following forms

(5) f .(W.) = eW., e, or e/W. with e constant.
J J •

In the following section we will show that there are no

catastrophes for a < 1 since in this case there is a unique

positive equilibrium which depends continuously on all the

parameters of the model. Hence there is a big difference between

the case a < 1 and a > 1 which is one of the other main

conclusions of this paper.

In section 3 we have some general results for a > 1 concerning

the finiteness of the number of equilibria and the non-existence

of positive observable equilibria when there are less living

zones than shopping zones.



2. The case a <

In contrast with the case a > 1, we have shown in Rijk and Vorst

(1983b) that for a < 1 there is always a unique positive solution

of the equations (1) and (3) (See also Chudzynska and Slodkowski

(1983)). Here we will show that this positive equilibrium depends

continuously on the parameters of the model and hence we can not

have catastrophic behaviour of the equilibrium point due to a

small perturbation in one of the parameters. (For example a small

energy price change or a small change in the income distribution

between the living zones). This can be formulated and proved as

follows

Leth = {a e R10<a<1},J9 = {0 = (0i 6 RmlOi > 0 for all i 3 O*0}

= {C = (C
ij j 

> 01 , = {k = (k.) &Rnik > 0

for all j} andll {W=( w.) R
n
i W. > 0 for all j}

Hence aq, xi3x r ADCR1+mn+m+n is the parameter space.

Theorem _1. There exists a continuous function

G:%4 x Ifx0 -0- 11/such that for all

(a,O,C,k) e x4x exAG(a,O,C,k)

is the unique positive solution of the equations (1) and (3)

where the parameters are equal to (a,O,C,k).

Proof. In Rijk and Vorst (1983b) it has been shown that there is

a unique positive solution of (1) and (3) given the parameters

(a,O,C,k) (and this positive equilibrium is asymptotically

stable). In fact we only proved the case where all coefficients

of k are equal but the proof can easily be generalized to the

case where the k 's are different. Hence we know that

G:Axxex6D+Vls well defined if we take for G(a,O,C,k)

this unique positive equilibrium. We still need to show that G is

continuous.

Hence take (a ,0 ,
o o

,k)E 4 x/3 x x and let

o 
= G(a

o
,0 ,C

o
,k

o 
.

Define



F: x,-.e)C0v)x)1 R
n 

by

a-1

J iJ 
(6) F(a,O,C,k,W) = E 0. k.

i=1
E W

a
C

R,=1

(j=1,...

5

Then F is differentiable with continuous derivative. Furthermore

in Rijk and Vorst (1983b) it has been shown that

a ,0 ,C ,k ,W
o o o o

(7) (H(ao

with

F.

,k W
o' zi  

(
a 

,0 
o 0,CO3k0,140)

is a negative definite matrix and hence det(H(a ,0 ,C ,k ,W ))0000 o o

But then we can apply the implicit function theorem (Chow and

Hale (1982) th.2.2.3) which says that there is a continuous 

function K: U 4: Axigx ex ‘0 4.111 where U is an open neighbourhood

of (a ,00,CO3k0) such that

(8 F(a,O,C,k,K(a, ,C,k)) =

for all (a,O,C,k) e U. But then K must be G on U and we have that

G is continuous in (a ,0 ,C ,k ), what we wanted to show.o o o o

Hence for 0 < a < 1 the positive equilibrium behaves as nice as

we like.

3. General results for a > 1.
4

In this section we will give two results for the general model of

equations (1) and (3) for a > 1. Since the proofs of these

results are a little technical we don't give them here but in

appendix A.

Theorem 2. Let a > 1. If there are more shopping zones than

living zones (i.e. m < n) there can not be any positive
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asymptotically stable equilibrium for the urban retail model

given by equations (1), (4) and (5).

This result has strong implications. If one tries to model a real

situation with more shopping zones than living zones one should

keep in mind that this is only possible if a < 1. If a > 1 one

will never meet a stable situation with more shopping zones than

living zones. If the situation becomes stable this is only

possible if a few of the shopping centres disappear.

The following result shows that in most cases we only have

finitely many equilibrium points and hence certainly finitely

many observable equilibrium points. It is only incidental that we

meet a situation with infinitely many solutions of the equations

(1) and (3) and a small disturbance in some of the parameters of

the model brings us back in a situation with only finitely many

equilibrium points. This result can be formally formulated as

follows.

Theorem 3. Let a > 1. There exists a set M of measure zero in the

parameter space x iAx exWsuch that for every combination of

parameters which is not lying in M, the system of equations (1)

and (3) has only finitely many positive solutions.

4. The cusp catastrophe for n=m=2.

In this section we will restrict ourselves to the case where we

have two zones which are both living and shopping zones. Thus

n = m = 2. This case has been studied in Rijk and Vorst (1983a,b)

and Harris, Choukroun and Wilson (1982).

We furthermore assume that C
11 

= C22
 
> C12 

= C21 > ° (i.e. 
the

inner distances in both centres are the same and are smaller than

the distance to the other centre) and k1 = k2 = k. 
We let

(9 C = C
12 

/ C
22 

(0 < C < 1)

For every solution of (1) and (3) we have that

W1 + W2 = (01+02)/k.



By setting:

(10) (0
1 
0 )/k = 1 and hence W = 1-W

1

we don't destroy the generality of the model since all results

can be easily translated to the case where (
0
1
+0

2
)/k 1. For

convenience of notation we write

= 0
1
/k -1, < Q <2

Hence Q measures the deviation from an equal income distributi
on.

Under these restrictions equations 1) and (3) become equivalent

with

(12)

(13)

(Q+i)147 (4-Q)147c

a a
W
1
+W

2
C WaC+Wa 

W1 = 0

1 2

(Q+4)V2IC (4-Q)V2t
W
2 a a

Wa+W 
= 0

aC W1C+W21 2

By adding (12) to (13) we see that (12) and (13) are equivalen
t

to (12) and W2 = 1-W1. Substituting this last equation in (12) we

see that we are searching for solutions of the equation

(14)

C
wa
‘ 
,1_41 11Nal

1 
4
a 

-W

W
2a+1

C + W
a+1

(1-W
1 

(1+C2) + W1(1-W
1 1  1

2

To find catastrophes we must necessarily take a > 1. A very

convenient case is

(15) a =

since then we can make the easiest calculations, although
 the

results are certainly an indication of the behaviour of
 the



equations if a is in a neighbourhood of 2.

If we write W1 = x we get that (14) is equivalent 
with

(16

where

fc,Q(x)
(17)

= (C+1)
2

f Q(x)x(x1) = 0
C,

-{Q( -C
2 
+—(
3 

1+C)2
2

+ {Q(1-C2)+1(1+C) +2Clx - C

8

The equation fc,Q(x) = 0 has 1,2 or 3 solutions depending on the

discriminant of f, r, (see appendix B). Every solution of

fC,Q(x) = 0 is lying between 0 en 1 since a solution of

fc,Q(x) = 0 is a solution of (16) (x = W1) which only has

solutions for W1 > 0 and by replacing W1 by W2 we see

that W2 > 0 and hence W1 < 1. Having calculate the discriminant

as a function of C and Q, one can calculate the number of

solutions of fc,Q(x) = 0 depending on C and Q. We made a plot of

this in figure 1 where the number at a certain point indicates

the number of solutions of fC,Q(x) = 0. (The sign 2 in figure 1

doesn't necessarily mean that there are exactly two solutions in

this point but it indicates that there is a point in the

neighbourhood where we have exactly two solutions). Figure 1

shows us already the cusp which is the set of bifurcation points

of a cusp catastrophe.

For every polynomial equation of degree three one can explicitly

calculate the solutions (see e.q. Van der Waerden (1966) pg193).

How these solutions depend on Q and C can be seen in figure 2a,b

where we find the example of the cusp catastrophe as promised in

the introduction.

If one considers the system of differential equations (4) and (5)

in our case with n = m = 2 one can show by the techniques

developed in Rijk and Vorst (1983b) that except for the points

W, = 0 or W1 = 1, which are asymptotically stable, only the

middle leaf of figure 2 represents asymptotically stable, and

hence observable, equilibria. The other points of figure 2

represent boundaries between regions of attraction of different



points. (A region of a attraction of a point W is the set of all

initial values from solutions of the differential equation

converging to W). In the terminology of Wilson (1981) this

implies that we are dealing with a false cusp catastrophe, but

since we still have the solutions W1 = 0 or W1 = 1 we have

interesting catastrophic behaviour as can be seen from the

discussion in section 5. To study the whole equilibrium surface

we made some plots. In figure 3 we plotted how the equilibrium

points depend on Q while D is kept fixed and in figure 4 we

interchanged the roles of Q and D. Solid lines represent

asymptotically stable equilibria, while dotted lines represent

the unstable points.

5. Economic consequences of the cusp catastrophe.

In this section we describe the consequences of small changes in

the income distribution or fuel prices in the case n = m 2. We

use for this discussion figures 2, 3 and 4, which represents the

following five cases.

Case Al: fig. 3a, C fixed, with C > 3-2/2.

For every Q only the points W1 = 0 or W1 = 1 are asymptotically

stable solutions. This means that only one centre will serve as a

shopping centre and varying Q will not change the situation.

Hence we don't have catastrophic behaviour.

Case A2: fig. 3b, C fixed, with C < 3-2/2.

For every Q with ao < Q < bo we have 
an asymptotically stable

positive equilibrium. Assume the whole system is in such a state

with ao < Q < bo and 0 < W1 < 1 and let zone I slowly get a

bigger share of total income. Then Q will gradually increase and

Wi with Q, until Q becomes bo. From then on a further increase in

Q will be catastrophic since the positive asymptotically stable

equilibrium no longer exists and we are in the region of

attraction of the solution W1 = 1 which means that shopping

centre 2 will suddenly disappear and all the shopping will b

done in centre 1. On the other hand if Q gradually decreases then

shopping centre 1 will disappear after Q passed the state ao.

Case Bl: fig. 4a, Q fixed, with Q < O.
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For C < co we have a positive asymptotically stable equilibrium

W1(0<W1<1). Let assume the system is in such a state. Now we can

analyze what happens if the fuel prices go down (reflected in a

decrease of 13). C will gradually increase and we will stay in a

positive asymptotically stable equilibrium as long as C < co, but

when C passes co then we don't have a positive asymptotically

stable equilibrium anymore and since we are in the region of

attraction of the solution W1 = 1 the first shopping centre will

suddenly disappear. Hence we have catastrophic behaviour.

Case B2: fig. 4c, Q fixed, with Q > 0.

We get the same story but now the second shopping centre will

disappear. One also sees that an increase in the fuel prices

doesn't give catastrophic behaviour if we are already in a

positive stable equilibrium position. The only thing which

happens with an increase in the fuel prices is that every

shopping centre more and more only attracts the customers of its

own living zone. This is reflected by the fact that the

asymptotically stable positive solution goes to Q + 1/1 - Q if

C O. However, another kind of catastrophic behaviour can

happen if the fuel prices increase. If fuel prices are low, but

C < co and only in the first zone we have a shopping centre (i.e.

W1 = 1) then a small disturbance caused by someone who opens a

small shop in the second zone fades a way, since we stay in the

region of attraction of W1 = 1. But if fuel prices are high i.e.

D is very small and also only in the first zone we have a

shopping centre, the same small disturbance may bring us in the

region of attraction of the middle leaf solution and suddenly the

whole system goes to the asymptotically stable positive

equilibrium. Hence high fuel prices make the solutions with only

one shopping centre less stable.

Case B3: fig. 4b, Q fixed, with Q = O.

If we have C < co then the situation in which both 
shopping

centres are equal is an asymptotically stable positive

equilibrium. Assume we are in such a state. Now if C increases

(e.g. the fuel prices decrease) we stay in this state untill C

passes co. Then one of shopping centres disappears, but we cannot

predict which centre, because it depends on what kind of small
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predict which centre, because it depends on what kind of small

disturbance appears. But it's sure we will meet a catastrophic

change. In Rijk and Vorst (1983b) we assumed Q = 0 and now we see

that this is a very particular situation since figure 4b is not

stable, while 4a and 4c are stable.

6 Conclusions.

We showed that the cusp catastrophe is present in the urban

retail model. Using this we could describe some interesting

behaviour of our system due to small changes in the fuel prices

or income distribution. We only have these catastrophic results

for n = m = 2, but we hope that by analyzing these small

situations one can get a better understanding of the general

urban retail model. These catastrophic results are in sharp

contrast with our general result for a < 1, which says that

for a < 1 the positive equilibrium depends continuously on all

the parameters in the model. So by this mathematical analysis it

is made clear that there is a whole lot of a difference between

the urban retail model with a < 1 and the urban retail model

with a > 1. Hence the discussion whether a > 1 or a < 1 in an

urban retail model is very fundamental.
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APPENDIX A:

Proofs of theorems 2 and 3

Proof of theorem 2.
* If x is an equilibrium point of the dynamical system

x = f(x) then x* is asymptotically stable if the eigenvalues of

the square matrix Df(x
*
) all have negative real part and x

* 
is

not asymptotically stable if at least one eigenvalue of Df(x )

has a positive real part (see Hirsch and Smale (1974) p. 180-

187). Our dynamical system depends on the choice of f.(141.) which
J

we take in equation (5).

Let A, D • en W be the following matrices

a- a-1
in W W C.

(18) A
Xj 

= E 0
i

 C. 
 X i9
 n

i=1 aE W
a
C E W

k
C
ikik

- k=1
k 

k=1

(19) D

0

0

Now let a positive solution W

and W =

W .

*

0n I

= w...'wof (') and (3) be

allequilibriumpointandhenceiff.(47.)= 6/14. 1-11 (4) we have
J J

^-(20) 1-...DF(W*) = -aA (a-1)DW
1
 = C.

If f(W) =
J J

E in (4) we have

*
(21) — 

1 
DF(W) = -aAW + -1)D = E.

If f (W.) = EW in 4) we have
J

(22 DF(w*) = -aAV + )DW = G.

Hence we have to prove that all these three matrices C, E, G have

at least one eigenvalue with a positive real part.



13

Now we have the following lemma

Lemma. (Intermoving eigenvalue lemma). Let B be a symmetric

nxn-matrix with at least r positive eigenvalues. Then B aaT has

at least (r-1) positive eigenvalues for every a

A proof of this result can be given using the techniques of

Bellman(1970) pg. 115-118.
A-1

Now we observe that (a-1)DW is a diagonal matrix with all
/

diagonal elements positive. Hence all eigenvalues of (a-1)DW

are positive. But one gets C by substracting m times a matrix of

the form aaT from (a-1)DW . Hence by the above lemma we have
A
-

that C = -aA+(a-1)DW
1
 has at least n-m positive eigenvalues and

we are done in case (20).

Now we turn to the case (21): E = CW with C a symmetric matrix

with at least one positive eigenvalue. We first consider the case

det(C) 0 then W = C-1E and W + WT = C-1E + ETC-1 is a positive

definite symmetric matrix. By an extension of Lyapunov's theorem

(Taussky-Todd (1961)) we see that the number of positive

eigenvalues of C is equal to the number of eigenvalues with

positive real part of E. Hence E has at least one eigenvalue with

positive real part, which we had to prove. We only assumed that C

is invertible. If C is not invertible one can show by the

argument of the proof in case (20) that for very small 6 the
^-1

number of positive eigenvalues of C and (C-6W ) is the same.
A_ 1

Hence (C-6W ) still has a positive eigenvalue, since C had a
/4

positive eigenvalue and we can choose 6 such that (C-OW') is

^-1 ^
invertible. Now E - 61 = (C-6W )W and by the argument we gave

before, we see that E - 61 has at least one eigenvalue with

positive real part, but then this is certainly true for E.

The case of (22) goes similar to (21) by observing that

G = CW2 in stead of CW.

Proof of theorem 3. For this proof we use a special version of

Sardis theorem (Chow and Hale (1982)). To use this theorem one

has to verify some very special conditions. We do not want to

explain these conditions and the terminology in which they are

stated here, since this would take to much space. The interested
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reader should first read some part of chapter 2 of Chow and Hale

and then he will understand that the conditions which we will

verify are enough for proving theorem 3. Consider the map

G: v42xx Ox Rn given by

a-
m W 

1
. C .

G(a,O,C,k,W). = E 0. J 
J i=1 1 n a

E W
St
C
iX

k=1

3G
Now -- =

ak ( 00 )everywhere and hence non-singular hence 0 is a

regular value of G).

So DG the matrix of all derivatives of G has maximum rank and

furthermore we remark that G is p times continuously

differentiable for all p 46 M. But now we may apply theorem 2.10.3

of Chow and Hale (1982) which says that there is a set M of

measure zero in the parameter space Q x,Ax ex V such that for
all (a,O,C,k) / M, 0 is a regular value of G(a,O,C,k). This

implies that there cannot be a positive limit point of zero's of

G(a,O,C,k). However, one can show by an argument as in the

appendix of Rijk and Vorst (1983b) that solutions of

G(a,O,C,k) = 0 are bounded away from the boundary. Hence there

are only finitely many positive solutions of (1) and (3) for all

(a,O,C,k) / M. This finishes the proof of theorem 3.
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Let

(23) f (
(x40'

APPENDIX B.

The cusp catastrophe

= x
3 
+ ax

2 
+ + y = 0

be a polynomial equation of degree 3.

Write 6 =

Let

(24)

1 2
-J 

+4) and c

27 2+ e

2 3 1
(Tia —r0+y).

be the discriminant of f • If

< 0 (23) has 3 solutions
(25) = = 0 (23) has 2 solutions,

> 0 (23) has 1 solution

while explicit formulas for the solutions can be found in Van der

Waerden (1966) page 193.

In the situation of section 4 we have

3
a = —{Q(1—C

2
) + 

2
.(1+C)

2
)/(1+C)

2

(26) = {Q(1—C)
2 1

-0.+C)
2
+20/(1+C)

2
2

= —C/(1+C)2

In such a situation we can find fold catastrophes if A = 0 and

cusp catastrophes if 6 =c= 0. In a fold catastrophe point (23)

has a solution which is also a zero of the derivative of f
ce,f3,Y

while in a cusp catastrophe point (23) has exactly one solution

which is also a zero of f' and f"
a,f3,1

In our model we find a fold iff
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(27)

3
-C)4 + 141(1-6C+C2 2 - w(1+6C+C24 4 

1Q2(1-C)2g1+C)

+
3/
(1+C) = 01 (

1-
6C+C

16 - 

and a cusp iff

1 
(28) _ 2

3 
-C)

2 
-
1(1-6c+c2) = 0 and

2 3 3 1
(29) - 

27
Q (1-C) +-Q(1-C)(1+6C+C

2
) = 0

With the extra restriction that -i<Q<Iand 0 <C<
 1 the

only solution of (28) and (29) is Q = 0 and C = 3-2/2. Hence
 this

is the only cusp point, which is confirmed by figure 1. The f
old

points can be calculated explicitly by using (27), and then 
we

get a mathematical description of figure 1.
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