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ABSTRACT

A stochastic method for global optimization is described and evaluated. The
method involves a combination of sampling, clustering and local search, and
terminates with a range of confidence intervals on the value of the global

optimum. Computational results on standard test functions are included as

well.
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1. INTRODUCTION

The global optimization problem is to find the global optimum of a real
valued objective function. Relatively few methods have been developed to
solve this problem, certainly‘in comparison to the multitude of nonlinear
programming methods that havevbeeh designed to find local optima. Yet in
many applications, a truly global optimum rather than an arbitrary local
one is asked for. There is no need, then, to elaborate on the obvious
practical applicability ofiglObal optimization, nor on the computational

challenge that it offers [3,5].

All methods for global optimization assume that a bounded set S c]Rn,
containing the global optimum in its interior, is given in advance. Thus, with

x=(x;, ..., x ) and £ : § >R, the problem will be to find
Vs = min oo {£(x)}. - | (1)

Tue known methods for this problem can be divided into two classes according

as to vhether they are of a deterministic or of a stochastic nature.

Deterministic methods find the global optimum by an exhaustive search over

S. Clearly, in order to insure optimality in a finite number of steps,

certain restrictions have to be put on f : it is easy to construct objective

functions for which the global minimum can only be recognized on a subspace
of arbitrarily small volume. A popular assumption in certain deterministic

methods is that a Lipschitz constant is given, i.e. a constant L such that
for all x, x' € S . ‘

|£(x) - £(x")] < 1| |x - x']]. | (2)

The upper bound on the rate of change of f implied by (2) can be used in

various ways to bound the size of the subspaces occurring in the search.

Unfortuﬁately, assumption (2) is rarely verifiable in practice. In addition,

the computational éffort reqﬁired by these methods 1is quite férmidéble:

1t increases exponentially with n, the dimension of the problem. Better
computational results have beenAobtaihed with a completely different deterministic
method, based on the construction - by numerical integration - oflpaths along

which the gradient of f points in a constant direction [9].




None the less, the typical combination of severe, sometimes implicit
restrictions on the objective function on orie hand and at best erratic

computational behaviour on the other:hand isinot an-attractive one.

woped s Ulaay st e Do

btochasttc metkods start from a sample of : p01nts drawn randomly from S.

These methods offer an asymptotzc guarantee under mlld condltlons on f,

the probablllty that the global optlmum W111 be found by a stochastlc »
method approaches 1 as ‘the sample 81ze 1ncreases [6] In addltlon to a |
sampling or gZobaZ phase, most stochastlc methods contaln a ZocaZ phase,

in which the sample is manlpulated to yleld a candldate solutlon value

to (1). If possible, stochastlc methods should termlnate by providing the
user with some probabilistic information-on:the-quality of the obtained result.

sy SO

The algorithm presented 1n thls paper 1s a, stochastlc one. Its goal is to
find all the local minima that are. potentlally global These local minima
will be found by means of a local search procedure,. starting from appropriately

chosen points in the sample.

i wé‘cannotfafford'to'hégiécé*éﬁy‘Srf%ﬁésé“iéééi:miﬁimé; but neither can we
afford - for reasons‘Of édmpuﬁatidﬁAI“éffiéiéncy”-'to find the same one again
ard again. Thus,given a particular local search procedure, we define the
region of attraction ofna‘localxminimumtx*yto.be;thelset of 'all points in S
starting from which the local search procedure will arrive at x*, and  strive

- to initiate the local search procedure no nore,than once in each relevant

region of attraction.

Dpeotenee

In an effort to 1dent1fy theseireélons of attractlon the algorlthm 1nvokes

a cZustercng procedure (ef. [1&]). Before every appllcatlon of this procedure,
hcwever, the current sample is transformed by temporarily remov1ng a pre-
specified percentage of the sample p01nts whose functlon values are relatively
high, and by performing a single steepest descent stev from the remalnlng ones.,
Thls is supposed to result 1n the formatlon of groups of relatlvely close p01nts,
each of whlch surrounds a prom1s1ng local mlnlmum The alm of the clusterlng

procedure 1s to 1dent1fy the clusters of p01nts correspondlng to these groups.

b e Ve e - sari oy E R BT R L
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In each appllcatlon of the procedure, clusters are prown around approprlately
chosen seed pocnts, 1n a way yet to be descrlbed ) untll all p01nts of the
““transformed sample have been allocated toxa cluster If 1n the course of doing

?‘30 ‘one or more local mlnlma are fOund that had not been dlscovered before




the sample is increased by an additional, fixed number of points. The extended
sample is transformed in the way described above, and the clustering procedure

is applied anew.

Thus, before each application of the clustering procedure, we have available

a set X* containing the local minima that were found so far. We also have

(1)

procedure has been applied unsuccessfully, in the sense that this produced a

available a set X containing sample points to which the local search

local minimum x* that was known already. Initially, both sets are empty. As
far as the choice of seed points for the current clustering phase is concerned,
we start by growing clusters from all the local minima in X*; if any points in
the transformed sample then remain unclustered, we start to use the points in

1 . . . . .
X( ) as seed points; and if any points still remain unclustered, we choose the

(1)

procedure to x

point x with lowest function value among those, apply the local search

(1)

to find a local minimum x* (cf. [14]) and grow a cluster

(1)

already known to be a member of X*. In the former case, X

added to x' V)

with either x* or x as a seed point, depending on whether or not x* was

(1) is of course
. We repeat this last mentioned clustering step until all points

have been assirmned to a cluster.

It remains to describe in more detail how to grow and terminate a cluster around
a given seed point. We have developed two different methods for this purpose,

both to be discussed in Section 2. In that section,we also present some com-

putational evidence that has motivated the rejection of one of them as being

marginally less accurate.

If during any clustering phase no new local minima are added to X*, the sampling
is terminated and the smallest local minimum y* = f(x*) that has been obtained
is declared to be the candidate solution to (1). As a final step, the user has to
be provided with some probabilistic information on the quality of this outcome. In
Section 3, we use a result from [10] to show how the two smallest function
values found in the complete sample can be used to construct a range of
confidence intervals on the true value of the global minimum. These confidence
intervals are valid under a mild restriction on f, which is, for example,
satisfied if the Hessian in the global minimum is nonsingular. As will be
demonstrated in Section 3, the smallest function value y* found during the lccal
phase can be incorporated subsequently to provide the user of tﬁe algorithm

with a final range of confidence intervals, whose right end point is now equal

to y*.




The algorithm has been tested on the standard test functions for global

optimization from [ 6 ], with good reéults that are reported in Section L.
Concluding remarks and a brief discussion of ongoing and future research

are contained in Section 5.

2. CLUSTERING

In this.éeétion we describe and evaluate two procedures, based on density clustering
and single Zinkagé clustering respectively,that have been developed to ‘

grow and terminate a cluster around a given seed point. The general structufev

of both procedureé is identical: selected points of the transformed sample

are added to the cluster one by one until a termination criterion is satisfied.

If any points of the transformed sample then remain unclustered, we proceed

as described in Section 1.

The choice of propef termination criteria for the clustering procedures requires
gome assumption about the distribution over S from which the sample has been

drawn. We shall be assuming here that the sample is generated from a uniform

distribution over S.

2.1. Density clustering

In the first method, based on density clustering, a cluster will correspond
to the points in a subset T of S of stepwise increasing volume. The cluster
will be terminated if the number of points added to the cluster in a single

step drops below a threshold level that is calculated in advance.

Let us assume first that the seed point of the cluster is a local minimum x*.
As motivated in Section 1, T should then ideally have the same shape as the
region of attraction around x*. It is difficult to characterize these regions
in general. However, if we define _ ._ .

L(y) = {x|x € s, £(x) <y},
it can be proved for every steepest descent local
‘search procedure that the region of attraction around x* contains every
connected subsét of L(y) that contains x* as its only stationary point [k ].
. This suggests to let T correspond to such a subset for stepwise increasing
values of y..Thé actual level sets L(y) may again be hard to construct, but
we can approximate them by the level sets{iky) around x*, defined by the
second order approximation T of £ around x*:

~

F(x) = £(x*) +3(x - x%)T H(x*)(x - x*)
~where H(x*) is the Hessian of f in x*. Thus, the connected subsets around x*

correspond to ellipsoids(cf. the use of hyperspheres in [14]).




N

As to obtaining H(x*), we note that if the local search procedure is a
quasi-Newton one, we obtain an increasingly accurate approximation '}\{'(x*)-1
of H(x*)'_1 in the course of the procedure. It is then a simple matter
(e.g., by maintaining an LU decomposition of ﬁ(x*)_1Lto obtain H(x*)

good approximation of H(x*), and it is this approximation that was used

in our computational experiments.

To give a complete description of the procedure, we derive a termination criterion
for the growth of a cluster. Let m(A) indicate the Lebesgue measure of
A Eiﬁn and define the density § by

where N is the number of points in the current sample. If we ignore the

effect of the steepest descent step, the assumption of a uniform distribution
implies that & is also the expected density within a cluster (cf. [14]).
During the growth of a cluster, we increase the volume of T in each step by an
arnount such that as a result one new point is expected to enter the cluster.

Thus, in the i-th step, we increase the volume of the ellipsoid to i/8.

Since this volume is given by

[2n(y - £(x*)) /2
r(1 + n/e)lH(x*)l”2

b

it follows that in the i-th step we have to check if there is at least one

point x such that x is not yet clustered and

*11/2 2/n
1172,

m(x - x%)T H(x*)(x - x*) < (ir(1 + n/2) |B(x
8

If no such x can be found, the termination criterion is satisfied.

If the seed point is a member of the set X(]) rather than a local minimum, the saie

procedure can be applied with H(x*) replaced by the unit matrix I.

2.2. Single linkage clustering

The second clustering method is based on the observation that the approximation
Of the regions of attraction by ellipsoids need not always be satisfactory.

Single linkage clustering schemes [8 ] can be used to produce clusters of any

eonetrical shape.




The original single linkage method is an agglomerative hierarchical procedurc:
we start from the partition into single element subsets, and in each
step we fuse two subsets E and E' whose distance (as measured by the minimal

distance between a point in E and a point in E') is minimal.

We adapt this procedure to our purposes by assuming again that the seed point
is a local minimum x* and by defining,the distance d(x, x') between two points

x and x' in the neighbourhood of this local minimum to be

alx, x') = [(x - ) TH(x*) (x - x1)11/2

We have already remarked upon the availability of an estimate of H(x*) in the

context of the density clustering procedure.

We now initialize a cluster C to contain the single unclustered point that is

closest to x*. In every subsequent step, we find an unclustered point x such

that

D(x, C) = m {a(x, x")}

lnx'EC
is minimal, we add x to C and repeat,until D(x, C) exceeds a certain threshold

level in which case the termination criterion is satisfied.

To choose a proper threshold level for D(x, C), we consider the probability
distribution of distances between points within a cluster. In doing so, we
shall again ignore the effect of the steepest descent step and assume that the

points within a cluster still satisfy the original uniform distribution over S.

Under this assumption, we can estimate the probability that one point in a

cluster has none of the other N-1 sample points at distance d or less by

g TTn/2
(1 - 1/2
T(1 + n/2)|H(x*)| m(S)

N-1 '

) (3)
Formula (3) reflects the fact that for each of the N-1 points separately the
required probability can be approximated for small d by dividing the volume
of an ellipsoid (x - x')TH(x*)(x -x") i_dg by m(S) and subtracting the
result from 1. No results other than comparable asymptotic ones [7,12]

are avallable about the distribution of the nearest neighbour statistic.




The termination criterion for the current cluster is now said to be
sntisfied if the distance D(x, C) is so large as to make the probability
(3) smaller than a prespecified threshold level a. (Thus, the cluster is
terminated i1f the hypothesis that x belongs to the uniform distribution
is rejected, with o corresponding to the probability of a type I error.)

Tae threshold level on D(x, C) is therefore equal to

1 -

(1)

If the seed point is a member of X , then again the same technique can

[m + n/2) [(¥) |72 n(s)
v Trn/2

a1/(N—1))} 2/n

be used with I replacing H(x*).

2.3. The gradient criterion

To complete the description of the clustering procedures, we mention that in
both procedures, before a point x is added to a cluster that is relatéd to a local
minimum x*, the negative gradient at x is verified to point in the direction
of x*. More precisely, if x* is the seed point, we approximate the derivative

of £ in x in the direction of x* by

f(x + hix* - x)) - £(x)
h{x* - x[]

for small h, and reject x for the cluster if this value is positive. If

(1) (1)

ble € X is the seed point, we verify in an analogous manner if the gradient
at x is pointing in the same direction as the gradient at x(1). This modification
turned out to be very useful from a computational point of view, in that it

regularly allowed the identification of clusters that would have been overlooked

otherwise.

2. h Computatlonal comparison of the two procedures

Early implementations of the two clustering procedures described in this

section were the subject of limited computational experiments. Some represen-
tative results are gathered in Table 1. The procedures were coded in FORTRAN
and run on the IBM 370/158 of the Delft Compuﬁer Centre. Three test functions

‘Wwere selected from the standard collection for global ontlmlzatlonllsted in Table 2;

for each of them, the number of relevant local minima is mentioned after their
abbreviation in Table 1. For each function, both density clustering and single
linkage clustering were épplied to three independent samples of 500 points

drawn from S. In Table 1, they are compared with respect to the number of local
minima found, the number of clusters actually constructed, the number of function
evaluations required excluding the initial one for each point, and the aurher

of units of standard




time required for clustering and local search,where one unit of standard
time corresponds to 1000 evaluations of the ghekel 5 test function in the

point (L, 4, L, k)[ 61.

Table 1

D ©SL

33
5 )

541 507
1.5 2;0

1.8 1. 1.4 1.9

T T 6 6 T 7
T T 6 6 8 7
755 T73 716 731 822 772
2.4 2.1 2.3 2.0 { 2.9 2.2

: density clustering

: single linkage clustering

: number of local minima found

: number of clusters found

: number of required function evaluations

: number of units of standard time

Test functions (cf.[6])

GP |Goldstein & Price
BR |Branin (RCOS)

H3 [Hartman 3

H6 |Hartman 6

S5 |Shekel 5

S? ‘Shekel T

510| Shekel 10




From Table 1, it is obvious that both methods performed almost equally well.
The single linkage method, however, was marginally more accurate and performed
on the average a little better with respect to both performance measures. A slightly

improved  implementation of this method was subsequently incorporated in

the final algorithm.

3. A CONFIDENCE INTERVAL

In this section we describe how a range of confidence intervals for the global

minimum y, can be obtained from the sample.

We shall assume again that the total sample consists of N n-vectors x

drawn independently from a uniform distribution over S. It is intuitively clear
that some regularity condition on f is required to allow the derivation of any
statement about the distribution of the resulting sample of function values.

Such a condition can be conveniently formulated in terms of the distribution
function F of f, with ’ '

F(y) = prifr(x) < vyl.

Note that the fact that x is drawn from a uniform distribution implies that

py) = 20D | ()

with m and L as defined in Section 2.

An interval I(p) is called’a level-p asyiptotic. confidence interval for Vs 1T,
for sufficiently large sample size,

Prly, € I(p)] = p.

1 . .
Let y} ) be the smallest function value from the original sample and 252)
the smallest but one.

Theoren 1
If there exist positive constants p and K such that

lim F(y)
Y‘l'y* (y - y*)1/p

=K,




“hen a level-p asymptotic confidence interval I(p) for y, is given by

(2)_ (1)

p -1

Proof

This theorem is a special case of a result in [1d. An adapted proof is given
in the Appendix. o

The following theorem can be invoked to show that the conditions of

Theorem 1 hold under a mild assumption on f.

Theorem 2

If £ assumes a unique global minimum at a point X4 lying in the interior of S,
if £ is twice differentiable in Xy and if the Hessian H(x*) is nonsingular,

then the limit

lim  m(L(y))
y+y* (y - Y*)n/g

exists and is a positive number.

Proof

See [1].

In view of (4), the above result implies that under the conditions of

Taeorem 2 a level-p asymptotic confidence interval I(p) for Y4 1s given by

I(p)

y(p) =y /- X“;:§7§::—

Note that y(p) is a monotone decreasing function of p, and that with

probability 1 : v

lim y(p) = = =
pH1

as wés to be expected.
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et us now consider the situation afﬁer thé local phases of the algorithm,
when clustering and local searches have yielded a number of promising local
minima. The best of those will be the candidate global minimum, and since
it has been obtained from the sample in an admittedly complicated but well

defined way, we must consider this candidate global minimum value to be a

random variable y*.

Obviously,

Pr [y* <

Pr [y, <y*] =1 (5)

With probability 1, there will be a range of values for p such that y*is
snaller than_z(p) and a range for which the opposite is true. In fact,

the former situation occurs if p is smaller than the threshold value

1(2)— 3* -n/2

= ()
"o xmzx*

and the latter situation occurs if p is larger than Py-

In the first case, we simply have two probabilistic statements about Vs

one in the form of I(p) and one as in (5 ), with the latter dominating the

former. In the second case, we know that

(1)]

Pr [y(p) <ye <vy
Pr [y(p) < yy < y*] + Pr [y* <y*§z(1)] = p, (6)

and since the second probability in (6) is O because of (5), we have a new

level-p asymptotic confidence interval for Vx> glven by [y(p), y*I.

Thus, as a final outcome of the algorithm we obtain a candidate global
minimum y* together with an infinite range of level-p asymptotic confidence
intervals(for p > PO) whose right end point is y*. Note that for a meaningful

interpretation of these confidence intervals by the user of the algorithm,
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a specification of the units of measurement that f refers to is essential.
In the case of the standard test functions for global optimization, such a
specification is not immediaﬁely available; none the less, we do present a
selection of the confidence intervals that were obtained for these test

functions in Section 4.

4. COMPUTATIONAL EXPERIMENTS

The final version of the algorithm described in Sections 1, 2 and 3 has
been the subject of extensive computational experiments. The test functions

involved in these experiments were all those listed in Table 2.

In the tested version of the algorithm we used the single linkage clustering
scheme with the threshold parameter o set equal to 0.01. Points were added
to the sample in groups of 50, and the best 10 percent of the points in a
current sample was retained for clustering and local search. We found that
by increasing the group size to 100 an even more reliable method was obtained
in the sense that every relevant minimum of the test functions was always
found. This occurred, however, at the expense of a 50 percent increase in

computing time.

The local search procedure used in our algorithm was the VA10AD variable

metric routine from the Harwell Subroutine Library.

We also tested the SSVM variable metric routine developed by Ven der Hoek [ 11],

with almost identical results.

The algorithm was coded in FORTRAN and run on the DEC 20/50 of the Computer
Institute Woudestein. Its performance was measured by the number of function
evaluations required,as well as by the number of units of standard time as
defined in Sction 2 .4. Both measurements are sensitive to the particularities
of the sample at hand, and therefore the results reported actually represent

the average outcome of four independent rums.

In Tables 3 and 4, we summarize these computational results, and compare them

to those obtained for a few leading contenders as reported in [6 1.




Table 3

Number of function evaluations

Function

Méthod GP BR H3 H6 85 ST S10

T8rn [14] 2499 2584 3LLT
De Biase [2] 378 732 806
Price [13] 2500 2400 7600

Branin [9] .oox _% _x

New algorithm 398 235 Ah62

*No results available

Table U4

Number of units standard time

Function

Method

Torn [14]
De Biase, [2]
Price [13]
Branin [9]

New algorithm

*No results available

The results for our algorithm are obviously quite satisfactory; the algorithm
also never failed to find the true global minimum. Yet, it remains difficult

to arrange a fair and direct comparison of different stochastic global
optimization procedures. Each of those methods has the property that the

user's confidence in its final result can always be increased at the expense
of increasing the sample [15]. A fair comparison of stochastic methods should
therefore be based on a comparison of the costs involved in achieving a certain
level of confidence. However, many algorithms do not provide any confidence

information at all, and even our own attempts in that direction hardly




capture the effect on user's confidence of the elaborate local search

calculations carried out to find the candidate value y*.

As remarked before, the confidence intervals produced by our algorithms are
meaningless if nothing is known about the units of measurement 1n which the
¢bjective function is expressed. Nevertheless, we present the confidence
intervals obtained for various values of p in Table 5. The values of P

have been selected to be approximately equally distributed over the interval
[max{po, 0.75}, 1.00]. It seems reasonable to conclude that the intervals

in Table 5 are on the. whole not so excessively large as to preclude the

applicability of this probabilistic information in a more practical context.

Table 5

Confidence intervals

Minimum Pr L Pr
l l
value

5

3.000 . .83 .88 85 0.92 - 10.96 296
0.3978 |0. . .83 .88 1.5 |0.92 2, 0.96 5.5
-3.862 . .83 .88 4 0.92 . 0.96 13
-3.322 |o. .83 .88 L 0.92 7. 0.96 15
-10.15 |O. .98 .985 10 0.99 0.995 50
-10.%0 |o. ~ 10.98 985 10 {0.99 ¢ 0.995 50
-10.53 {0.94 .95 .96 10 0.98 0.99 50

Prj: the probability corresponding to the j - th confidence interval (3=1,..

Lj ¢ the lenth of the j - th confidence interval (3=1,...,5)

5. CONCLUDING REMARKS

The stochastic algorithm described in the previous sections has turned out to be

a reliable and computationally attractive method for global optimization.

The main imperfection of the current design of this and all other stochastic
methods is that there is no really satisfactory way to proceed if the final
confidence statement is not acceptable to the user. Of course, it is always
possible to enlarge the sample; asymptotically, the length of all confidence

intervals will approach O for every p < 1 with probability 1. However,




if the sample is again drawn from a uniform distribution over S, all

information that was obtained about the objective function so far is ignored.
Ideally, the sampling distribution should be updated to reflect this information
in a Bayestan learning ?Pocedure. Development of such a procedure, with due
consideration for possibilities created in this way for an interactive

approach, is very much a subject of future research.

A second part for future research will be the extension of this stochastic
approach to constrained global optimization, other than through the use of
penalty functions, and the extension to combinatorial (e.g., 0-1) optimization.
It remains to be seen if a sampling procedure can provide a satisfactory

sterting point to solve these problems.
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APPENDIX

Proof of Theorem 1

The proof of Theorem 1 is based on the following lemma. Suppose that we

have N independent random variables Z .s 2., that are all uniformly

(1)

the smallest but one.

130
distributed over the interval [0,1]. Let 2

(2)

be the smallest order

statistic (the minimum) and 2

Lemma

(1)/2(2)

The statistic Z is uniformly distributed on the interval [0,1].

Proof

P A I C I OB

2)

Z( '
N(N - 1)(1 - 2Z

(2))1\1-2 (2)

:
f dz(”dz
0
Z.

We may assume the inverse of F(y) to exist. The assumption of Theorem 1

1im F(Y)
YW (v - ¥y

=K
1/p
)

can be transformed, by means of the substitution u =y - m, v = F(m + u),

into

1im Y
v+0

(7 (v) -y )P
As KX > 0,
(r(w) -y /P

: 1
w0 T o

To prove Theorem 1, we define the random variable ¥ to be a transformation
of the variable Z;, such that y. has distribution function Fly) (i =1, 2,..., N).

. . e . . . -1
A transformation that satisfies this requirement is y, =F (Zi)i

Priy. <yl Pr[F‘1(_Z_i) <yl
Pr(z. < F(y)]

F(y)
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As F(t) is nondecreasing, Xﬁ1)= F_1(§(1)) is the smallest order statistic

and 1‘2)= F-1(§‘2)) is the smallest but one.

The random vector
(NK(}:(”—- y*)”p, NK(y_(g)— y*)”p)

is equal to

Asymptotically, it has the same distribution as

(u_z_(”, nz(2)y

because of (1).

The lerma implies that the distribution function of 2‘1)/2‘2) does not

depend on N. Hence, for N » «

Pr[NK(l’(g)" y*)1/0 _ NK(¥(1)— YJ/O > ] =

NK(X(1)-— y*)T/p -

S PALLVARR NN

ezt V72 < L

From the lemma, the last probability is equal to ;%T .

Put §£3.= p. Then x = (1 - p)/p, and hence asymptotically

NK(;Y(Q)- y*)”p- NK(_X(”- y*)”p s (1 =7)
p

Pr [
NK(X_(1)~ y*)1/p

Algebraic manipulation yields

(2) (1)
. (1) £ -¥
Priy,>y - ———]=p.
pp-1




Since obviously

(1),

Priyy>y = 0,

the desired level-p asymptotic confidence interval follows immediately.
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