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1. Introduction. In extreme value theory not much is known about the quality

of.convergence in the case of weak convergence of the normalized maximum of a
sample to one of the limit distributionms. Attempts to establish uﬁiform
rates of cbnvergénce have been sporadic andvnot completely satisfactory.
There is an unpublished manuscript by A. A. Balkema dealing with the general
case and spécific cases have been coﬁsidered by P. Hall (1978) and W. J. Hall
‘and J. Wellner (1978). Large deviation results can be found in de Haan and
Hordijk (1972) and C. W. Anderson (1978). Our focus in this paper is on

local limit results.

As usual, the results for maxima parallel those for sums but the methods

are completely different. Also, in the theory of partial sums of iid random
variables, local limit results are frequently related to occupation time
theorems ' (Breiman, 1968, P. 229; Darling and Kac, 1957). 1In extreme value
theory this relation seems to be rather weak.

In Section 2 we give some preliminaries. Section 3 discusses the limit
behavior of the probability the normalized sample maximum is in a certain
interval. Section 4 treats density convergence in the uniform and LP

metrics. Finally in Section 5 we derive an occupation time result using

the structure of extremal processes.




2. Preliminaries. We first recall some of the properties of distribution

functions in the domain (D) of one of the extreme value distributions
@a,VWu, and A (cf. Gnedenko, 1943). The properties are formulated in a way
slightly different from de Haan, 1970.

If F e ﬁ(@u), then the function -log F is regularly varying with
exponent -a and

x
-log F(x) = c(x) exp{ - [ é-éEldt}
1

with a(x) ,c(x){f s_l(-log F(s))ds}_l =
1

fee]

Lf tfz{—log F(t)}]-l{—log F(x)}; then 1lim a(x) = a.
X X+06

If the von Mises condition lim{-log F(x)}'-1 x F'(x) = o holds, then
X0 )

F ¢ D(@a) and

¥ a(r)

-log F(x) = {-log F(1)} exp{- [ — dt}

1
with a(x) = {- F(x) log F(x)}—l x F'(x).
We will further use the property that the positive norming constants

{an} in the limit relation lim Fn(anx) = @a(x) are regularly varying with
n->-o°
exponent a—l (being defined as the inverse function of -1/log F at the

"point n).

If F e D(A) and F(x) < 1 for all x then

x
-log F(x) = c(x) exp{*{ %f%%y dt}
with a(x) ; 1=c.2 c(x) =2 {f (-log F(x)dt}—z(—log F(x)){f f (-log F(t))dt dy}
X Xy




and fl(x) = {f f (-log F(t))dt dy}{f (-log F(t))dt}‘l; then 1lim a(x) =
X X X

©

and lim fi(x) = 0. We also need fz(x) =‘f(—log F(x))dt/(-log F(x)), which
X->0 X

is asymptotic to fl' If the von Mises type condition
F' (x) (f (-log F(t))dt)

lim X 5 =1
x+o  {-log F(x)}

holds, the F D(A) and

-log F(x) = (-log F(1))exp{- f 7 (z) t}

N - F(x) . os
= Fx) and fo(x) = P ) (The von Mises type condition

with a(x)
given here is implied by the well-known von Mises condition given on p. 112

of deHaan, 1970; see also von Mises, 1936.) Any of the functions f(fo, 1

or fz) is called an auxiliary function and satisfies 1lim £ + x£(8) =1

T E(e)

>

uniformly on finite x-intervals. 1In the limit relation lim Fn(anx + bn) = A(x)
n->wo

we may then take bn as the inverse function of 1/(-log F) at the point n

and a = f(bn). We will also need the property that {an} is slowly varying.
The following lemma on regularly varying functions is well-known.

Lemma 1. Suppose U is regularly varying with exponenﬁ a. Take € > 0. Then

there exists x such that for x, y > x

0 0

(1—e)(">°“ UG (1+e)<—’y‘-)°‘+€

“TG)




Proof. The inequalities follow easily from the representation for regularly
varying functions (de Haan, 1970. Theorem 1.2.2; Feller, 1971, VIII. 9).

Remark. Obviously one can also prove that for any. € €, > 0 eventually

1’ 72

a-€ ate

_ X 2 U(x) 2
(1 sl)(y) <

X

< (I+e)) (&
(1 sl)(y)
Next we prove an inequality which is crucial in our attack.

Lemma 2. Suppose F eD(A) with auxiliary function f and e > 0. There

exists a tO such that for all t and x with t,t + x £(t) >t

0
' -—1og F(t) "€ f(t + x £(t) —-log F(t) L€
(1_8){—1og F(t + xf(t) o= f(t) 5-(1+€){-_1og F(t + x f(t))} :

Proof. It is known (Balkema and de Haan, 1972) that there exists F1 such

that -log F1 has an increasing (negative) density and -log F(t) ~ log Fl(t)(t+w).

Since F and F. have the same auxiliary function it is sufficient to prove

1

the result for Fl' Let U be the inverse function of 1/{-log Fl(x)}, then

fou -is slowly varying (de Haan, 1974). We apply lemma 1 for this function
fOU and replace x by 1/{-log Fl(U(t) + z £(U(t))} and y by t in the

0

f@Ut) + z £(U(L)))
f(U(t))

statement of lemma 1. Then for U(t), U(t) + z £(U(t)) >t

(1-e){-t log F (U(t) + z £U(e))I™ <

| A

(1+e){-t log Fl(U(t) + z\f(U(t))}_e.
Introduce a new variable s = U(t) to get the statement of the lemma.
Remark. Hefe again we‘méy take the epsilons in the exponents different
from the other ones.

We now use lemma 1 to prove a needed variant. This lemma can be found

with a different proof in Pickands (1968).




+ s e
Lemma 3. Suppose V: R > R satisfies

lim V(tx) - V(t) _
oo —_—_EZES——— = log x

for some positive (necessarily slowly varying function) L and all x > O.

Take € > 0. Then for x, ¥y Z_xo

. —c - |
()2 L= &)~ VG V) (g2 ®ly) -1 .
€ L(y) £
| X L(t)
Proof. We may assume L is such that V(x) = f = dt + L(x) (de Haan,
| 1
1970, p. 34). Then

moaw>=fumg+uy_
L(y) -

L(y) t  L(y)
Apply lemma 1 for U = L; then for x, y Z-Xo

(A-(x/y) "¢ N EyE V(x) - V(y)
(1-¢) = + (1 6)(y) 1< T

: € - E
< (l+e)(—}sil)—-€——-l+ (1+€) (%i—) -1

and this is the statement of lemma 3.

Remark. Here also one can prove the refinement

- €
1-& 2 V(x) - V(y) & 2o
(l—i-:l) -‘—“}é‘—— -€g, < ——— < (l+€l) X———g—— + €

2 1 L(Y) 2 1




3. Local limit theorem. We prove statements of the following form. Suppose
n

Xl’ X2, .+. are i.i.d. random variables with common df F. Set Mﬁ =V Xi
: i=1

for n=1, 2, ... . 1If lim Fn(anx + bn) = G(x) for all x then under an
n->e . M -b

additional smoothness condition 1lim anP{an na L < h} = 2hG'(x) uniformly

n->o n
for all x.

Theorem a) If lim Fn(anx + bn) = A(x):==exp{—e-x} for all x, an > o and
n-—>w )

for all x

1lim fz(t +.x) - fz(t)

to

vf (-log F(x))ds f (-log F(x))ds
lim{t-l‘x : _t ‘ =0
te -log F(t+x) -log F(t) - >

then for all h > 0
.. -1 -1 . n, n '
lim a P{a M-b) € (x,x+a hl} =1lima {F(a x+b + h) - F(a x+ b))
n n n n n n n n n n
n->o ne
= hA'(x) wuniformly for all x.

b) If 1im Fn(a x) = ¢ (x) and for all x
oo n o

lim " {—log F(t+x) - _ ~log F(t) }
t>ro © o
[ sl(-log F(s))ds [ sM(-log F(s))ds
ttx t

=0,

then for all h > 0

lim a P{a—l M e (x, x + a—lh]} = lim ab{Fn(a x+h) - Fl(a x)} =
n ‘n n ) n n n n

n->c° n->-°

= h @& (x) - uniformly for all x.




c) If 1lim Fn(an x + bn) = AM(x) for all xz, a 0, F(x) <1 for all x

n->-co

and for all x

) 1 fl(t+x) fl(t) B
lim - } =
fz(t+x) fz(t)

{
o £ (B)

0
where fl and f2 are defined in Section 2, then for all h > 0

R | ~
lim a P{an (Mn - bn)e(x, x + anh]} =
N> :

= 1im a—l{Fn(a x+b +h) - F'a x + b )} = h A (%)
n n n : n n
n-r-o
uniformly for all x.
Remark. We only treat the cases where F(x) <1 for all x. We do‘not

provide a result when Fn(an x + bn) -+~ A(x) and a, tends to a finite

positive constant (e.g. F exponential).

Proof. a) We have to prove

T n
an{F (an x + bn +h) -F (an x + bn)] - h A'(xn) + 0

for any sequence {xn}(n > ®@). Considering subsequences we may assume that
both {xn} and {an x + bn} converge where {n} now represents a sub-

sequence of the integers. First consider the case a x + bn > c < ®
(hence x = -®), Then both Fn(a x 4+ b + h) and Fn(a x + b))
n n n n nTn n

converge geometrically fast to zero; since a is slowly varying, the result

follows.

Next consider the case x, >-> and a x_ +b e« (n+ ).
. n n n




Using the simple inequality u < -log(l-u) for 0 < u < 1 twice we

0<F'a x +b +h) -F(a x +b) <
- . n n : n n n —

n : n ~.n _
<F (an X + bn,+ h) {log F (an X + bn + h) - log F (an X + bn)} =
~log F(an X + bn + h)
-log F(an X + bn)

o ‘ 0 .
F (an x + bn + h) (-log E (an x, + bn)){l - }

n, n X '
F (an x +b +h){-log F (an x + bn)} {log-(-1og F(an x + bn +h)) +
+ log(—logF(an X + bn))}.

First we want to change the second factor. According to the representation

of section 2
n v
-log F (an X + bn) c(an X + bn)

= = exp f
-log F(a x +b +h c(a_ x_ +b_ +h)
n ‘n n n n n

hfa(a. x +b + s)
’ n n n

which tends to 1 as n + » since fl + o, So -log Fn(an X + bn) < (14+¢€)

log Fn(an x + bn + h) for sufficiently large n.
The third factor multiplied by a  can be written as

h
X +a .
. n a(bn + s an)f(bn)

ds.
% -
(*) an[log c(bn + a X + h) log c(bn + a xn)] + a f(bn T s an)

The first term of (*) is asymptotic to

c f(pn){c(bn + a ‘X + h) - c(bn + a_ xn)} which by lemma 2 is at most

-log F(bn)
~log F(bh + a Xn)

f(bn + a_ xn){c(bn + anxn+%0 —.c(bn + a, Xn)}{

}E(l-e)_1 for




sufficiently large n.

£y £ (t+h) £, ()
Now £(t)(e(tth) - c(t)) = == (Gmy ~“fy ) =

1 fl(t+h) -1
= c ey (£(t) - £(t+h)) + ¢ (fl(t+h) - fl(t)). The first term of this

expression tends to zero as t - « by assumption, the second one by the

conditions for the domain of attraction (lim fi(t)_==0).
t<o
For the second term of (*) we use the lemma 2 again and get

xn+h/a

X +h/a
n L. a(bn f s an)f(bn} lte n [ -log F(bn)
a f ds

x_ f(bn + s an) —1l-¢ ‘n x ~-log F(bn + s an)

<(?+%)h ~log F(bn)
—\1l-¢
-log F(bn + X, a, + h)

Collecting the inequalities we get

0 f_an[F (an x + bn + h) - F (an X + bn)] <

1-¢
~-log F(an X + bn) o ~log F(an X + bn)
-log F(bn) § -log F(bn)

(1+€)2
1-¢

(b+e)

which tends to zero as n + ® since n(-log F(an X + bn)) = {-log F(bn)}—l

{-log F(an x + bn)} > o,
For the case X e > - (hence a X -+ bn + ») one quickly sees (since

. \ . | R , -1
a >«  implies F (an x + bn + h) = F (an (xn + h a_ ) + bn) + A(e)) th?t

n n n n
i +b +1h) - + +b_ + h){-log F +b) 3.
in fact an[F (an X bn h) - F (an X bn)] nF (an X bn h){-log (an x +5




[an{—log(-log F(an X + bn + h)) + log(-log F(an X + bn))} as n > o,

) n . n .
Now the product F (an X + bn + h){-log F (an X + bn)} tends to the density

A'(c). For the third factor proceed as before, using the representation of
Section 2 and the fact that f(t + x £(£))/f(t) ~ 1 uniformly on finite
intervals. It follows that the third factor tends to h.

b) First consider the case a x >c<e (hence xn + c < 0), then from the
convergence of Fn(anxn + h) and Fn(anxn) to zero at a geometric rate and
regular variation of {an}, the result follows. Next consider the case

X ¥ 0 and ax =+ o (n -+ =), As under a) we get
n n' n
0 <a [Fi¥a +h) - F(a_ x)] < (I+e) F(a_ x_+ h) n }
= n n *n n n’- = € roa X {~log F Qin X + h)

{-an log(-log F(an x + h)) + a, log(-log F (an xn))}.

The last factor multiplied by X ~can be written as
anxn+h
é—(E-)ds.

anxh[log c(anxn + h) - log c(anxn)] + anxn f <

a x
nn

Since 1lim a(s) = a, the last term is easily seen to converge to ah. The
S '
first term is as totic to (const. ax ic(ax + h) -c(a x and hence
t ymp ( ) Eplea x ) (ax )}

converges to zero by the condition of the theorem. Finally we use lemma 1

and the fact that ax > M for sufficiently large n to get

-1 n n
- F =
Xn-F (anxn + h){-log F (anxn + h)}

-1 -log F(anxn + h) -log F(anxn + h}

SXP )= (—1og F(an) <

= x -
n \-log F(an)

) h
-1 h |-ote 1o ——, —0—€
(l+e)xn (xn + g;) exp{-(1 e)(xn + an) <
h,-o-¢

exp{—(l-e)x;a_s 1 + ¥ } >0

(l+s:)x“1-0‘+€
n

n-*>® since x ¢ 0.
n




Finally if x +c> 0 as under a) we get
n n n n
an{F (anxn +h) - F (anxn)} ~v F (anxn + h){-log F (anxn)}

.[an{_log (-1log F(anxn + h)) + log (-log F(anxn))}]. The first two factors tend to

cu_l®&(c) and for the third factor use the representation of Section 2 to see
that it tends to ahc—l.
c) This part of the proof is completely analogous to part a).

Corollary. Under the conditions of part a one has

lima P{x<M_ -b <x +h} = h e *
n n n —
n—>eo

and under the conditions of part b

lim a P{x <M —-a < x + h} = c:the_1
n n n :

n-> -
We conclude this section by showing that theorem 1 is not true for any F
in the domain of attraction of A with | Log anl - ®,

Take any positive differentiable function f with 1im £'(t) = 0,
t>oo
b
n

lim f£(t) = ». Define b_ by n = exp{- f ds for n > 1. We may
£ro ' n 0 f(S) -

construct a continuously differentiable function o with the following

properties:
. = _ -1
cylby) =0, colby + 1) = {£(b )}

and increasing in between. Furthermore for t >-bl + 1 1let cé(t) =~ {f(t)}—l;v

* de

Since f oy - there exists b' such that co(b‘) = 0. Take n such

0
that b <b' <b_ and define c,(t) =0 for b' <t <b (with a small
n-1 — n 0 —_ n -

adaptation to keep ¢y continuously differentiable). Again we take

Co(bn +1) = {f(bn)}_l and increasing in between, etc: This way we get:




t .
. . _ . . ] S -
1) co(t) + é (s) 1is mon decreasing since f(t) co(t) > -1,

2)  lim co(t) =0 since lim f(t) = @ and
> ’ t>oo

f(bn){co(bn + 1) - co(bn)} =1 for infinitely many n.

. v _ x
Define now F(x) = exp*exp[— co(x) - f %%E)] then by the representation
5

in de Haan, 1970, p. 92 1lim Fn(anx +b ) = A(x) for all x, where a > =
n->-o
But (choose x= 0 and h =1 1in the corollary)

a [F' (b, + 1) ~ F'® )T v A7(0) £ )e (b + 1) - co(d )] +

l/an f(bn)ds ‘
f(bn+s f(bn))

A
AT (0) a !

and this converges to 2A'(0) if n goes through the subsequences obtained

above. If the corollary would be true, the limit should be just A'(0).




4. Density convergence.

If we assume von Mises type conditions, we can prove the density of
the normalized maximum converges to the density of the appropfiate extreme
value distribution in the Lp metric, p < « provided both F' and the
limit extreme value density are in the space L_.

Theorem 2: Let {Xn, n > 1} be i.i.d. with df F(x) which is absolutely
continuous with bounded density F'. Let Mn = ? Xi and let 8, be the
density of Mn normalized as described below.

a) If F'(x) > 0 for all x in a neighborhood of « and

' . xF'(%) _
(4.1) lim :Igg—Fzgy = g

X—>0

then gn(x) =q Fn_l (anx) Ff (anx) a_ > @&(x) uniformly in

b) If F'(x) >0 for all x in a neighborhtood of « and

(o]

F' -
(4.2) Lin (=) }f{ (-log F(t))dt

X (log F(x))>

= n_l ' 1
gn(x) n F (anx + bn)F (anx + bn) a_ > A' (%)
uniformly in x.

Proof. We suppose the normalizing constants are chosen as described in

Section 2.

a) We need show 8 (x ) + ¢'(x,) when x - x. and n > » through some
n n a0 n :

0

subsequence of the integers for the cases: (i) X FX4E (0, =), (ii)

0

<0, a x. <K< o,

x - C . N .
a T (iii) X 0, ax -, (iv) X, > X

0
ax F'(ax)

L 00y . n(-log F(anxn))/xn.

oy, . _ n-1
Case (i): Write gn(xn) =F (anxn) (:ISE—FTE;;;)




Now use the fact that both Fn(anx) - @a(x) (which follows from the von

Mises condition (4.1) - see deHaan, 1979, p. 109) and n(-log F(anx)) > x &

uniformly in neighborhoods of + « (since we have monotone functions con-

1

verging to continuous limits ). So gn(xn) " @a(xo)a xaa/xo =0

Case (ii): Since n(-log F(anxn)) + 0, we see by writing g, as in

(i) that gn(xn)_+ 0.

-(n-1) (-1log F(anxn))

Case (iii): As above gn(xn) v e n(-log F(anxn))/xn.

Since n(-log F(anxn)).= —logF(anxg/(—log F(an) we have by lemma 1 for

~(a+e)

_ ~(a-¢) _
N <n(-log F(anxn)) 5_(l+e)xn . There

sufficiently large n: (l-e)x

fore

-1y q-e)x (04D
lim sup g_(x_) < lim sup oe o (1+e)x
oo nn e n

-(a~-e+1) -0

Case (iv): Since F' 4is assumed bounded, gn(xn) =0 (nFn—1 (KX) an).
Since na is regularly varying and Fn_l(K) + 0 geometrically fast we have
nFn_l(a X )a_ - 0.

nn’"n
b) Again we show g (x ) -~ A'(x.) when x - x and consider cases (i)
n n 0 n 0
XO€(~M, ©), (ii) Xy = + o, (iii) x

ax + b < K. Write
n n n —

= -0 a x +b > 4+ o© iVX=‘°°
b nn n ’() b

0 0

£ ()
_ -1, 0" ™n _
gn(xn) =F (anxn + bn)(fo(a ~ 1 ))n( log F(anxn + bn))
n n n

where as in Section 2 a = fo(bn), fo(x) = (-log F(x))/F'(x).
Case (i): The result follows immediately since Fn_l(anx + bn) > A(x)
uniformly on (-, ), fo(bn)/fo(bn + Xf(bn)) + 1 uniformly on finite

intervals and n(élog F(anx + bn)) > e X




uniformly on intervals bounded away from -,
ein. oD _ e m : '
Case (ii): F (anxn + bn) + 1, n(-log f(anxn + bn) - 0 and from 1emmav2
for mn 1large

-€
(4.3) fo(bn) 1 -log F(bn + xnfo(bn)

£ (b +x £(b) =G —Tog F(b_)

so gn(Xn) j_(i%z)(n(-log F(anxn + bn))l—e 4 0.

Case (iii): 1In this case n(-log F(anxn +-bn)) + o, Using (4.3) we have
for large n

S
—(—n———)n(—l_og F(a x + b)) _
gn(xn) < e- n | é n n (I%g)(n(—log F(anxn + bn))1 €

>0 as n > =,
Case (iv): As in part (a) since F' is bounded
8,(x) = O(na_ (k).
Since nanA-is regularly. varying and Fn—l(K) -0 at a geometric rate, the
result follows. |
Remark: If we suppose F' is ultimately non-increasing and gn(x) convergesk
pointwise to the appropriate extreme value density then (4.1) or (4.2) is
true (recali the pointwise density cbnvergence implies weak convergence).

(Cf. de Haan, 1970, Theorem 2.7.1b and Theorem 2.7.3b).
We now show that under the conditions of Theorem 2 a more general

version of Theorem 1 holds.

Corollarz.

a) Suppose (4.1). For any sequence dn > ® (o~ )

M
lim d P{x < -2 < x + d-lh} = ho' (x)
“n a — n o
o n




uniformly for all x.

b) Suppose” (4.2). For any sequence dn + ® (n > ®)

M- b
lim d P{x< 21
n a

n->e n

<x+a'h} = h A'(x)

uniformly for all 'x.
Proof.

a)

uniformly in x.

x+d_Th
-1 n
dmhd [ g (£)de
n>» X

b)

uniformly in x.
We next consider density convergence in the Lp metric:

Theorem 3: " Let {Xn, n > 1} be i.i.d. with df F which is absolutely
e - n
continuous with density F'. Set Mh = V Xi and let g, be the density
‘ i=1
of the normalized M .
v n o

a) Suppose (4.1) holds and gn(x) = nFn—l(anx)F'(anx)an. If f lF'(x)ipdx < ®

~and p > (l+d)-l then
- \
{w]gn(x) @a(x)] dx > 0

b)  Suppose (4.2) holds and gn(x) = nFn—l(anx + bn) F'(anx + bn)an' If

[eo]

/ ]F'(x)]pdx < o then

/ |gn(x) - A'(x)|de -+ 0.

Remark: Under the von Mises type conditions (4.1) or (4.2) we thus get Lp

convergence when F' and the limit density are in Lp.




o«

Proof: Since (@&(x))p = apx_p(a+l)exp{-px‘u} we have (@&(x))pdx < &

0

if and only if p > (1+u)-l. Héncé

(4.4) © lim | | - (8' (x))Pax = d.
~ O o, U, @)

Next we ptove that the right tail of fgg is eventually, small. For M > 0

z P _ ® n-1 1 P
é (gn(x)).dx -.é @F"" (a_x)F' (a_x)a_)Pdx

< [ ma F'(ax))Pax = oPP7 [ (@ (1)) ay.
M ' aﬁM

Now using (4.1) and Karamata's - Theorem (eg.de Haan, 1970, p. 15, Theorem 1.2.9)

we get since -log F is regularly varying

_l Loe] - © —
o?ab ™ [ ' ())Pay v nPal P[] (-log F())Py Pay
anM ahM

_npagflap(p(1+a)-1)”1(—1og F(anM))P(anM)”P+1

oPa? "o (p (1+a)-1) 7 (~Log F(a )P P (a )P
aP (p (1+a)-1) 71 P (041

(as + ®) where we used -log F(an) = n-l. We conclude

(4.5) . lim lim sup f (g x)Pax = o.
R T

We now consider the region (-, M’l]. It is convenient to define

1/2

§ by -log F(én) " on so that 6n + o  but Gn/an > 0.(Otherw1se 

n
if along a subéequence Gn/an'+ ¢ >0 then
o L ‘
n(-log F (6n))ﬂan nv n(-log F(an -(Sﬁ/an))

-q,
>c L)




We have

-1 | -1
J* (g, Pax = [*n/%0 (g (0)Pax + I (P
o e S /a_-

=@+ @.

p~-1
n

Now (1) = nPa? ™ n (P L(e))r 1(r))Par

= npanp—le (n=1) (Bn){:(F "(t))Pde

and since npanp-l is a regularly varying function of n and

Fp(n 1)(Sn) f-exp{—ﬁpné} the above goes to zero.
For (2) we write

-1 o
@) =ffn" Pa PHE" L (o)E () Pa.
n .

For (2) we have that for given ¢,F '(t) f_(a+é)t“l(—log F(t)) ultimately.
Noting that on the region of integration of (2) x > Gn/an so that aﬁx >

Sﬁ * «, we have for sufficiently large n that
: M : _n-1l. . . _ e o—1yP
(2) :.é%/an (exp{ o n(-log F(anx))}(a+e)n( log F(anx) x H)dx.
Applying lemma 1 we get

-1 )
@ < [ ) enpl-ED) (1-0)x ™) (are) (1e)x * ox L) Pax.
n n

and for appropriate positive constants €5 Cy this is

j'clrfEZM exp{—s_a—e}s—..p(a_e)‘pdS < o,

We conclude 1lim lim sup (2) = 0. Combining this with 1lim(l) = 0 gives
Mo po : n->o

M1 )
(4.6) lim 1im sup f (g (x))"dx = o.
Moo oo - o
Next fix M > 1 and consider ﬂﬁl
v - 'MT
. = n-1,. . ' _ .
Write gn(x) F (anx) aan (anx) n(-log F(anx))

8,0 - o) G0 [Pax.

~log F(anx) x




Observe on [Mfl,M]

Fn—l(anx)/@a(x) + 1 uniformly,
: : o _ )
aan (anx)/( log F(anx)) > 0 unlfqrmly
and n(-log F(anx))xa-ﬁl uniformly.
So on [M—l,M]‘

B, (0 = 8,G0 0 x VAR G0) = (M ()8 ()

Cn(x)‘4 0 uniformly in xe[M—l,M]; Therefore,

{?ﬁ.lgn(x) B ®a'(x)!pdx = {?J_tQG'(X)‘p(Cﬁ(X))pdx-

and since @u' ELP and £ > 0 uniformly on

[Mfl,M], we get

e M

LM ' Py =
(4.7) lim [ [g () - o ' (x)|Tdx =0
Finally write

-1, M
M
-1 -1
< 2P0 g GO [Pax + [T o' (x3]Pax

+ f;(gn(x))pdx+ f;(%' (x))Pdx} + fMM_1 Ign(x) -9, (x) |Pdx .

Now let n» and then M+» and use (4.4), (4.5), (4.6), (4.7) to get the

desired Lp convergence.

(b) As in part (a), we begin by noting

(4.8) 1lim f lA'(x)lpdx
Mpoo {—e, -M /M, )

o.
This is because A' ¢ Lp for p > 0. Now we replace A' by gn:' We have

fi (8, ax = ["@F (ax + b)F (ax +b ) a)Pdx

M
= fw(Fn_l(a x+b ) Ef (b) n(-lcg F(a_x + b )))Pax.
M n n o n n n

f (ax+b)
o' 'n n




Note Fn-l(anx + bh) < 1. Also, given ¢ > 0, for n, M large we have by
1 -£
lemma 2 fo(bn) < l-e) (n(-log F(anx + bn)))
fo(anx + bn)
Therefore,

legn(x)lpdz‘f-(i%g)p f;(n(—log F(anx +13n)))(l-€)pdx
= np(l-E)a;l (ii_e)p j’: M+ (-log F(s))p(l—e)dS’
n n

and by Theorem 2.8.1, p. 113 of de Haan, 1970, this is asymptotic to

_ np(l—e)a—l ( 1 )p 1

‘ p(l-g)-1 =
n 9 5 (1-2) (-log F(anM + bn)) f

= (const) (n(-log F(anM + b&))p(l_e);lfm(-log F(s))ds a;lf°° (-log F{s))ds -
b

aM+b
n n n

-log F(bn)

f: (-log F(Si)ﬁs
n

. n(-log F(bn)).
Now since FeD(A) (from 4.2) we have n(-log F(anM + bn)) +-e_M. Also by
de Haan, 1970, p. 90, Lemma 2.5.1
[z (-log F(s))ds/[" (-log F(s))ds - e
’ b

aM+b>b
n n n

n(-log F(bn)) =1, fm (-log F(sj)ds/(—loé E(bn))

b
n

“f (b)) ~ a and we see
o' n n

-Mp(1-¢)

lim sup fm}g (x) | Pax < (comnst)e
n->o M "

Therefore,

(4.9) lim lim sup [T|g_(x)|Pdx= 0.
n
Mo oo M

For the region (-»,-M], it is convenient to choose 6n satisfying
' 8

L .

-log F(6 ) ~ n * so that & - © (since otherwise if along
n n a

én—bn .

a subsecuence P > c > = o we would have
n




: §_-b
= 0% - n(-log F(3)) = n(-log F(a (2T + b))

-C
>e ).

We now decompose the integral

™ g (o) [Pax - f“ /a4 -
: (§ -b )/a
n n n

n-1 ' P
F (anx + bn)F(anx + bn)anl dx

nPaP” 1f5an Le)E (9) [Pay

oPaP s ) [7]E () [Pay

-0

and since a is slowly varying and F -1(6n) =

L .
exp{-(-log F(8 ))(n-1)} < exp{-4n®J¥or n large, we have A + 0 as
n >®, For B we write

f (b )
B = f_M (a X+ b )

p
SLn (-log F(a x + b ))|"dx
g n f (a X+ b ) n n n
(Gn bn)/an

which for given € > 0 and n sufficiently large is bounded according

to lemma 2 by
-M

n-1 1 l-g .
j'f(s 637 |F (ax+b) G) (n(-log F(a x + b ))) |Pax.
n n n

Note lemma 2 is applicable since if x > (Gn—b )/a_ then b tax >

b +a ((5 -b )/a ) = §, > = In the above integral, make the change of

variable y = (n(-log F(anx + bn)))—l and the integral becomes

-1 n-1, -1
(n(-log F -M) + b)) -(—= -(1+e) ‘
[(n(-1og (a_(-M) D)) ¢ )Py v e)p i (dy)-
(n(-log F(Gn)))'l

where H (y) = (———— log F) (ny) - bn where the arrow denotes the inverse

a
n




function. Since FeD(A), (—lig Y" is in the class II (de Haan, 1970, 1974)
and satisfies Hn(y) + log y, ¥y > 0, n»o. The endpoints of the interval of

integration both converge:

6,(n): = (n(-log F(sn)))'l >0

-M

0,(n): = (n(-log Fa_(-}) + bn)))'l > e

The above integral is bounded by

12 gu_ay
6, ()

(where g(y) = e(@/Z)y yv(l+€)p) and using partial integration this becomes

8(0,(m)H, (0,(n)) ~ 58, (M)IE_(8, (m))

= 12™ e ay = @ + G5 + G
6, (@) . :

Now (i) - g(e_M) log e-M = g(e_M)/M as n>» and note lim g(e-M)/M =

M-»c0
1im 88 _

s40 -log s

For (ij) and (iij) we need to use lemma 3: For (iij), on the region of

intesrati > 6. (n) = 1 S %
integration y > 6,(n) = n(-Tog F(Sn)) sO ny>n-.

Therefore, for given

e and n sufficiently large (remember bn = C:lig Ff?n)-and supposéez(n) 21)

| T .
1220 grn ey < 2yl ATy gy

61(n) el(n)

It is readily seen 1lim 1im sup of this bound is 0. We can handle (ij)
' . Mo poo : : :
similarly by using lemma 3 and in conclusion we find

- (4.10) lim 1im sup f—M ]g (x)lpd;<= 0.7
_ S Mo preo ce D

Finally on [-M,M] we have :
| | £ (b))

n-1
F (anx + bn) f (ax+b)
o' ‘n L

_n(—ldg F(anx + bn))

= (1 +cn(x))1\' (%)




where Qn + 0 uniformly on [-M,M] (recall fo(t + xf(t))/fo(t) + 1 as

t -+ o locally uniformly) so that

(4.11) Mg

20 = N )| Pax = f
M -

Mcn(xfl A (x) | Pax
M

- (0 as n»o,

We finish by decomposing fmlgn(x) - A" (%) Pix as done at the end

of part (a) and then using 4.8, 4.9, 4.10, 4.11. The proof is complete.




Occupation Times

Occupation time theorems for sums are frequently related to local
limit theorems; SeeB:eiman(l968), Darling and Kac.(1957). For the
case of maxiﬁa we have not found a direct connection but only one of
analytic methodology which we discuss below.

In this section it is convenient to have a slightly different repre-
sentation for FeD(A) and we proceed as in de Haan, 1970, Theorem-2.4.2.
We restrict attention to the case where F(x) < 1 for all x.According to this
result FeD(A), iff

| 1 -7F&) [T @ - Fu)duds

1im (%) XS Vi
(/1 - F(s))ds)
X

X->co

and in this case

1-F(x)=ckx exp {- fx ?Et) de}

and we may set

£ = [T - F)duds /[T - F(e)) ds

X S X
1 -Fx) fm fw(l - F(u))duds
(fw(l - F(S))dS)2

a(x) = -1+ 2

(1 - F(x)) j f (1 - F(u)du f f (1 - F(u))du

c(x) = A Feaar )/ Pa e
. ‘ % 1

% %* *
so that a(x) + 1, c¢(x) > ¢, £'(x) >~ 0 and hence fc(t + xf (Af () >~ 1
locally uniformly. 1In this case Fn(anx + bn) » A(x) where bh = i%§)+(n)
B : * ‘
and a = f (bn)..

. ' N
Lemma 4: Suppose FeD(A) and a »0 (i.e. £ (x) +0, x> ). Set




: % * )

R(x) = -log(l = F(x)) and suppose lim f (t+x)/f (t) = 1 locally uniformly
oo

in x. Then for all x

— 1 ->
an(R(x+bn) log r) x
or in terms of measures
a R(C + + bn) m
where m is Lebesgue measure on (-«,») and y denotes vague convergence.
Proof: Let co(x) = -log c(x) in the previous representation so that
X a( :
R(x) = ¢ (x) +f o 4

and co(x) > -

Now
an(R(x + bﬁ)—log n)=dt.

an(éo(x + bn) - co(bn)) + a £f+b ;(E))dt

Since a 0 f (b ) -+ 0, the above is

N A .
0(1)+f'a(t+b)—.;—(———dtv—>f ldt =

t+ b))
as n » » since a(t + b ) + 1 and f (b )/f (t +b ) > 1 locally uniformly.
Remark: = The condition f (t + x)/f (t) = 1 locally uniformly is satisfied
by 1 - F(x) = e_xa,x > 0 for a > 1 since in this case we may take
| £ v (1 - FG)/F () = 2%
Also in the case F = N(0,1) the condition is satisfied since

£°(x) V@ - FGYF (x) = (1 - N0 ,1,%))/n(0,1,%)

SEOLEIE

(by Mill's ratio). These two examples illustrate that a helpful sufficient

: * : : ,
condition is that.linxfilog f (t) = 0. This is easy to verify: Set
oo : ’

% : . : .
g(t) = log £ (t) and we need to check g(t + x) - g(t) + 0, t + =, locally




uniformly when g'(t) -+ 0, t + =, which is clear.

We now consider an occupation time theorem for maxima and phrase it
in terﬁsbof random measures. For xeR define the point measure eX(A) =1
if xeA, O.if x¢A. The occupation time measure for maxima is then » |

0(+) =) e. (+).
kzl My

It is more convenient to express 0 in terms of record values: Say Xj

is a record of the sequence {Xn}nzl} if Mj > Mj-l and let the record value
indices be L(j), j > 0; i.e. L =1 and L(j) = inf {k > LG-D > 1
Let Aj = L) - L(G-1), j > 0. Then

| 0C-) =J &, ¢ :

- k=0 X (1) |

We first compute the Laplace functional (cf.Naveu, 1977, p. 258) of 0:
Proposition: Suppose F is continous. Then for g continuous with compact

suppoft we have

E exp {-fg(x)0(dx)} =
1= e—g (X)

= exp{ -f R(dx)}

1 - e—g(x)F(x)

Proof We have

Eexp {-[g()0(N)} = E exp {- [ 8,180 1)}
k=0

= E(E(exp{-kgo Ak+lg(xL(k9}le(i)’i > 0)).

Conditional on {XL(i)’ i > 0}, the interrecord times are independent

geometrically distributed‘random variables (Shorrocky1l972) so the above is

= B ® B8R0 b]x .. 1> 0))
Nt L,

=E 1 E e B, ()07 g L - wo )
k=0 n=1 XL(k) XL(k)

=E T h( )
k=0 100




@ - F(x))e 8X®

h(x) =
1 - e—g(x)F(x)

ET &( ) = E exp {- )
=0 XL(k) k=

ki

(-log h( )}
o XL(l;)

‘= E exp {—f(—log h(x)) Z € (dx)}
k=0 “L(k)

which is the Laplace functional of the point process with points {XL(k)}
at therfunction -log h. We now make use of the well known fact that

{XL(k)} is Poisson with mean measure R. The Laplace functional of such

a process is well known to be

e~ (~1oB hlx))ypay

exp{-[(1 -

= exp{-[(1 - h(x))R(dx)

and substituting the form of h givesthe result..

Theorem 4: Suppose FeD(A) is continous with auxiliary function f satisfying

lim f(t+x)/£(t) = 1 locally uniformly and lim £(t) = 0.

t>e

£t

Set Cu(A) = f 1 - F(y)—ldy for A aBorel subset of R. Then

A

a 0C + bn) =a ]}

€ (+) =>p
o k=1 Mk - bn

in the sense of weak convergence of stochastic point processes.

For a discussion of weak convergence of point processes see Neveu,

1977, p. 282.
Egggg; It suffices to show the Laplace functioual of anO(f + bn) converges
to that of y, TFor g continous with compact support we have

E exp{-[g(x) an0(dx + bn)}

= E exp{—fang(x - b ) 0(dx)}




and from the proposition this equals

| 1 - o~ 3p8(x = by)
expi-[ 1 - o—2n8(x - bp) F(x-bn)
—1(1 - e 380y

S R(dx)}

= exp{-[-5 a R(dy + b )}.

1 - e ng(y)F<y)
We now use the fact that an > 0, anR(- + bn) ¥ m and obtain the conver-

gence of the Laplace functionals to

- _dy |
exp{-fg(y) 7= Tk

so the proof is complete.
Remark: It is easy to formulate a completely analagous version of thisv
theorem in continous time using the structure of extremal processes.
Ct. Resnick (1974).
Remark: An occupation time result for a (Mk -b ) k > 1 is dimplied
by the following:

E exp{-[g(x) Z 0o, - bn)/an(dg)-+

l-e g(s)
e g(S)F(S)

exp{ f ds .

(o]
This limit Laplace functional corresponds to the point process Z nk+l .
k=—w T E
where {t } are the points of a homogeneous P01sson process on R and (n )

are conditionally independent given {Ek} with

P[n

1 = nlEd = PR A - Fe)

for n > 1. So we have
o]

€. =) n_.,c .
k=1 (Mk - bn)/au Krzeace LAk Ek

An analogous result holds when FcD(@u). Both results depend on the pro-

position and the fact that




Fn(anx +b_) > A(x) (Fn(anX) >0 (x))

R(anx + bn) -log n » x (R(anx) -log n + alog %),




References
Anderson, C. W. (1978), Super-slowly varying functions in extreme
value theory. J. R. Statist. Soc. B. .40, 197-202.
Balkema, A. A. (1973). Unpublished manuscript.
Balkema, A. A. and Haan, L. de (1972). On R. Von Mises' condition for
the domain of attraction of exp (-e™®). Ann. Math. Statist. 43, 1352~
1354.
Breiman, L. (1968). Probability. Addison-Wesley, Menlo Park, California.

Darling, D. A. and Kac. M. (1957). On occupation times for Markoff
processes. Trans. Amer. Math. Soc. 84, 444-458.

Feller, W. (1971). An Introduction to Probability Theory and its
Applications. Wiley, New York.

Gnedenko, B. V. (1943). Sur la distributio limite du terme maximum
d'une serie aleatoire. Annals of Math. 44, 423-453.

Haan, L. de (1970). On Regular Variation and its Application to the
Weak Convergence of Sample Extremes. Mathematical Centre Tract 32,
Amsterdam. ° '

Haan, L. de (1974). Equivalence classes of regularly varying functions.
J. Stochastic Processes and their Applications. 2, 243-259.

~ Haan, L. de and Hordijk, A. (1972). The rate of growth of sample maxima.
Ann. Math. Statist. 43, 1185-1196.

Hall, W. J. and Wellner, J. A. (1978). The rate of convergence in law
of the maximum of an exponential sample. Preprint, University of Rochester.

Hall, P. (1978). J. Applied Probability, submitted.

Neveu, J. (1977). Processus Ponctuels. Ecole d'ete de Probabilites de
Saint-Flour VI-1976. Lecture Notes in Math. 598, Springer, Heidelberg.

Pickands, J. (1968). Moment convergence of sample extremes. Ann. Math.
Statist. 39, 881-889.

Resnick, S. I. (1974) Inverses of extremal processes, Advances in
Applied Probability 6, 392-406.

Shorrock,R. (1972). A limit theorem for inter-record times. J. Applied
Probability, 9, 219-223. ' )

Von Mises, R. (1936). La distribution de la plus grande de n valeurs.
In: Selected Papers II, Amer. Math. Soc., 271-294.




LIST OF REPORTS 1979

7900 "List of Reprints, nos 220-230; Abstracts of Reports Second Half 1978.

7901/S  "Motorists and Accidents (An Empirical Study)", by B.S. van der Laan.

7902/S "Estimation of the Minimum of a Function Using Order Statistics', by
L. de Haan.

7903/S  "An Abel and Tauber Theorem Related to Stochastic Compactness”, by
L. de Haan.

7904/E  "Effects of Relative Price Changes on Input-Output Ratios - An
Empirical Study for the Netherlands", by P.M.C. de Boer.

7905/0  "Preemptive Scheduling of Uniform Machines Subject to Release Dates',
by J. Labetoulle, E.L. Lawler, J.K. Lenstra and A.H.G. Rinnooy Kan.

T7906/8 TI-Regular Variation", by J.L. Geluk.

7907/0 "Complexity Results for Scheduling Chains on a Single Machine". by
J.K. Lenstra and A.H.G. Rinnooy Kan.

7908/E  "Input-Output and Macroeconomic Forecasting Through the Generalized
Inverse", by K.P. Vishwakarma.

7909/E  "An Application of the Generalized Inverse in Input-Output and

Macroeconomic Analysis', by K.P. Vishwakarma.

7910/0  "A Numerical Comparison of Self Scaling Variable Metric Algorithms",
by G. van der Hoek and M.W. Dijkshoorn.

7911/E "A Quadratic Engel Curve Demand Model (squaring with the representative
consumer)", by J. van Daal and A.S. Louter.

7912/E  "On Generalized Linear Demand Systems", by A.C.F. Vorst and J. van Daal.

7913/M  "A Partial Survey of the Use of Algebraic Geometry in Systems and
Control Theory", by M. Hazewinkel.

7914/M  "(Fine) Moduli (Spaces) for Linear Systems: What are they and what
are they good for'", by M. Hazewinkel.

7915/S "A Simple Asymptotic Estimate for the Index of a Stable Distribution",
by L. de Haan and S.I. Resnick.

7916/0  "A Machine Maintenance Model with Application to Linear Programming",
by A.H.G. Rinnooy Kan and J. Telgen.

T917/E  "Inferential Procedures in Stable Distributions for Class Frequency
Data on Incomes", by H.K. van Dijk and T. Kloek.

7918/M  "On Families of Linear Systems: Degeneration Phenomena", by M. Hazewinkel.

7919/0  "Complexity of Vehicle Routing and Scheduling Problems", by J.K. Lenstra
and A.H.G. Rinnooy Kan.

7920 "List of Reprints, nos 231-240; Abstracts of Reports First Half 1979".

7921/E  "Minimization by the Method of Conjugate Gradients", by V. Stern.
7922/S  "Local Limit Theorems for Sample Extremes", by L. de Haan and
S.I. Resnick.







