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ON THE (INTERNAL) SYMMETRY GROUPS OF LINEAR DYNAMICAL
SYSTEMS
by

M. Hazewinkel

ABSTRACT

Let X = Fx + Gu,y = Hx, u ERY, y €RP, x € R™ be a linear
dynamical system of state space dimension n with m inputs and p outputs.
The input-output operator f(E)'associatedeto this system X,

F(t=1)

t
u(t) y(t) = [ He Gu(t)dT, is invariant under the following ‘action

o

of GL (R): r,c,1)° = (srs”!,se,Hs"Y), s € GL_(R). Thus the external
description of I by means of the operator f£(Z) is degenerate, much as
e.g. in atomic physics an energy level may be degenerate. Or, again,
there is an (internal) symmetry group, viz; GLnGR). This paper, which
will be a chapter in a forthcoming book on "Groups in many body physics
and systems" (to be published by Vieweg) is concerned with those aspects
of the theory of linear dynamical systems which immediately relate to
the presense of this symmetry group (or degeneracy). The paper is
tmeinly'expository, though it does contain some new results (e.g. on

how to "split" the degeneracy mentioned above) and some new proofs.
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1, INTRODUCTION AND STATEMENT OF THE MAIN DEFINITIONS
AND RESULTS,

A time invariant linear dynamical system is a set of equations
%X = Fx + Gu x(t+l) = Fx(t) + Gu(t)

y = Hx y(t) = Hx(t)

(continuous time) 3 (discrete time)

where x € X =R", u €U =R™, y € Y = R? and where F,G,H are matrices
with coefficients in R of the dimensions n X n, n X m, p X n respectively,
We speak then df a system of dimension n, dim(Z) = n, with m inputs

and p outputs. Of course the discrete time case also makes sense over

any field k, (instead of R). The spaces X,U,Y are respectively called

state space, input space and output space, The usual picture is a
"black box'",

u (6) BACK

(-2 : :
u_(t) BAG

That is the system I is viewed as a machine which transforms an m-tuple
of input or control functions ul(t), R um(t) into a p~tuple of output

or observation functions y](t), cees yp(t). The formulas expressing
y(t) in terms of the u(t) are

t
(1.3)  y(t) = H't%(0) + / mef (t"Dgy(rydr,
! |

t-1 .
y(t) = wx(0) + ¢ wileuci)
i=0

where x(0) is the state of the system at time 0 (and where we start
putting in input at time t = 0), Thus the inputvoutput behaviour of our
box depends of course on the initial state x(0), Onevis particularly
interested in the input-output behaviour of I when x(0) = 0, We shall

write £(Z) for the associated input-output operator, Thus




t t=l sl
(1.6) £@2): u(e)m Bt Fgu(ndr, £0): w(t)m £ W T ou(i)
' o i=o

It is now an important fact that the input-output behaviour description
of the machine (1.2) is degenerate much as, say, energy levels in atomic
physics may be degenerate, More precisely the matrices F,G,H (and‘the
initial state x(0)) depend on the choice of a basis in state space and
from the input-output behaviour of the machine there is (without
changing the machine) no way of deciding on a "canonical' basis for

the state space X~=]Rn. More mathematically we have the following, Let
GLnGR) be the group of all invertible real n X n matrices and let
Lm,n,pGR) be the space of all triples of matrices (F,G,H) of dimensions

nxmn, nXm pX n respectively. The group GL_(R) acts on L @®)
n m,n,p

n e e
and R = space of initial states as

1

(1.5) F,6,m°5 = (srs7}, 56,8571, x(0)S = sx(0)

and as is easily checked the associated input-output behaviour of the

corresponding machine as given by (1.3) and (1.4) is invariant under

this action of GLnGR); i,e., in particular f(ZS) = f(Z). This action

corresponds to base change in state space. Indeed if x' = Sx and
X = Fx + Gu, y = #k then S—li' = FS*]X' + Gu, y = HS—Jx' so that
%= sps” k! + SGu, y = us ™y and x'(0) = Sx(0),

This chapter is concerned with those aspects of the theory of
linear dynamical systems which are more or less directly related
to the presence of the internal symmetry group GLnGR) of the internal
description of linear dynamical systems by triples of matrices
(cf. (1.1)) as compared to the degenerate external description by
means of the operator £(I) (or (1.3)). This is not-really'é research
paper (though it does in fact contain a few new results) but rather
a graduate level expository account of some of the material of [3 - 8]
and immediately related matters,

In the remaining part of this introduction we give a slightly
informal description of most of the main results of sections 2-8 below.

We shall concentrate on the continuous time case.




1.6. Feedback and how to resolve the external description degeneracy,

In the case of atomic physics a degenerate energy level may be
split by means of, e.g., a suitable magnetic field. One can ask whether
there exist something analogous in our case of degenerate external
(=observable) descriptions of linear dynamical systems. There dées'
in fact exist some such thing, It is called state space feedback..
Consider the system (1.1). Introduction of state space feedback L

changes it to the system Z(L)

(1.7) X (F+GL)x + Gu
Hx

x(t)

In thinking about these things the author has found it helpful
to visualize a linear dynamical system with (variable) feedback as a
set of n-integrators, 1, ..,, n, interconnected by means of the matrix
F, a set of m input ports connected to the integrators by means of
the matrix G, a set of p output ports connected to the integrators
by means of the matrix H and a set of connections from the integrators
to the input ports (feedback) which maybe varied in strength by the
experimentator (as in atomic pﬁysics the splitting magnetic field may

be varied). Cf. also the picture below.




interconnections between the integrators as given

by the matrix F. 1 0

21 F22 T3]
31 0 f33
connections from the input ports to integrators
as given by the matrix G
0 2
G =11 0
0o 1
connections from the integrators to the
output ports as given by the matrix H
0 h12 h13
0

0

connections from the integrators to the
input ports (can be varied in strength by
the experimentator) as given by the matrix L

Q]l 0 £l3

0 O 223

L =

Now let ¥ =(F,G,H) and L' = (F',G', R ) be two linear dynamical systems,
and suppose that I and I' are completely reachable and completely
observable, (This is an entirely natural restriction in this context,

cf. 1.9 below; for a precise definition of these notioms, cf. 2.1 below).
Suppose that & # L' but £(T) =If(2').bLet Z(L), Z'(L) be the systems
obtained by introducing the feedback L, i.e L(L) = (F+GL,G,H),

X'(L) = (F'+G'L,G',H'). Then there is a suitable feedback matrix L,
which can be taken arbitrarily small (so that Z(L) and L'(L) are still
completely reachable and observable) such that £(Z(L)) # £(Z'(L)).

I.e. feedback splits the GLnGR) - degenerate external description of

linear dynamical systems.

1.8. Realization theory. Let I be a linear dynamical system (1.1).

Then, if we leave I unchanged, from our observations we can deduce the
operator f(I) or, equivalently, we can find the sequence of matrices
() = (Ao’A]’AZ”")’ Ai = HF'G. To obtain these use 8-functions and

derivates of S§-functions as inputs. Another way to see this is to apply




Laplace transforms to (1.1), This gives
(1.9) sX(s) = FR(s) + Gi(s) , §(s) = HX(s)

so that the relation between the Laplace transforms §(s),G(s) of the
outputs y(t) and inputs u(t) is given by multiplication with the socalled

transfer matrix T(s)
(1.10) 9(s) = T(s)d(s) , T(s) = H(s-F) ¢

The power series development of T(s) in powers of s“1 (around s = ©)
is now
(1.11) T(s) =A s+ As 2+ A8 4+
o 1 2
The question now naturally arises: when does a sequence of p X m
matrices o = (AO,A],...) come from a linear dynamical system (1,1),

or, as we shall say, when is s realizable.

1.12, Theorem (i) Ifst is realizable by an n-dimensional system % then

it is also realizable by an n' < n dimensional system L' which is moreover
completely reachable and completely observable.

(ii) The sequence ¥ is realizable by an n dimensional system ¥ if and only

if rank(ﬂé@#)).i.n for all s €N U {0},

Here]{se4) is the block Hankel matrix

®)/CL_ (R) .

. cr,co
1.13. Invariants and the structure of M ¢ ®) = 1°°,¢F
. m’n9p m’n’p

Let Lm,n,pGR) be the space of all triples of matrices (F,G,H) of
dimensions n X n, n X m, p X n respectively, The group GPnGR) acts on
Lm,n,pGR) as in (1,5), The inputvoutput matrices Ai =ﬁHF1G are clearly
invariants for this action and the question arises whether these are the

only invariants, Here an invariant is defined as a function




p: Lm n,p @R) >R (or possibly a function defined on an invariant open
9 b

dense subset of Lo pGR)) such that p((F,G,H)S) = p(F,G,H) for all
E Rt ]

triples (F,G,H) (in the open dense subset).

1.14. Theorem. Every invariant of GLnGR) acting on Lm n pGR) is a function
F At .

of the entries of Ao’ ceny A2n—l
co,cr

Let L (R) be the subspace of all triples (F,G,H) € L (R) which

s0, P ,n’
are both completely observable and completely reachable, This is an open
and dense subspace of Lm n p(]R). On this subspace GLnGR) acts faithfully
E Rt
and a more precise version of theorem 1.14 describes the quotient space
CO,CT by = 1,C0»CT

m,n,p m,n pGR)/GLnGR) explicitly and gives an algorithm for recovering

(F,G,H) up—to—GLnGR)—equivalencé from A, ..., A
co,cr

op-q (. 4.25 below). It
turns out thatM (R) is a smooth differentiable manifold and that the

projection L 0> c;GR) ;OnchR) is a principal GL_ (R)-bundle (cf. 6.4
’ b ’
below).

1.15. Canonical forms, For many purposes (prediction, construction of

feedbacks, identification and, not least, for proving theorems) an
internal description of a black box by means of a triple of matrices
(F,G,H) is preferable over knowledge of the input-output operator £(Z).

As was remarked in section 1.13 above there do exist algofithms for
calculating some X = (F,G,H) which realizes f(I) orz#(Z) from the

matrices Ao’ cees AZn—]‘ One such algorithm is described in 4.25 below.

All these algorithms have the drawback that they are discontinuous in
general. This is a nontrivial difficulty, because after all one calculates
the (F,G,H) because one wants to use them as a basis for further
calculations, design, predictions etc., and the Ao’ cees A2n-] are after
all subject to (small) measurement errors, Thus the question arises
whether there exist continuous methods of recovering (F,G,H) up-to-

GL GR)-equivalence from A s eees A2n~l Or, in other words, because

L n,pGR) is explicitly descrlbable subspace of the space of all sequences
of 2n p X m matrices and MF? CrGR) = Lc?nf;GR)/GLnGR), the question arises
whether there exist continuous canon1ca1 forms on 150> CrGR), where a

E] b
continuous canonical form is defined as follows.

1.16. Definition. A continuous canonical form on a GLnGR)—invariant

subspace L' c:Lm ﬁ pGR) is a continuous map c: L' - L' such that
b
(i) c((F,G,0)5) = c((F,G,H)). for all (F,C,H) € L',
(ii) if c¢((F,G,H)) = c((F',G',H')) then there is a § € GL_(R) such that

(F',6',H') = (F,G,H)°, and




(iii) for all (F,G,H) € L' there is an S € GLnGR) such that
c(F,G,H) = (F,G,H)S, |
For some additional remarks on the desirability of continuous
canonical forms cf. [2] and also [15]. Also our proof of "feedback
suspends degeneracy' theorem mentioned in 1.6 above is based on
the use of a suitable canonical form. It turns out that there exist

€O,CT 1y
! 5

open dense subspaces Ua c Lm,n,pGR)’ which together cover Lm,n,p

on which canonical forms exist. Cf, 3.10 below. On the other hand

1.17. Theorem. There exists a continuous canonical form on all of

Lco’chR

m,n,p ) if and only if m = 1 or p = 1,

1.18 On the geometry ofliio’chR). Holes. Now suppose we have. a
b b -

black box (1.2) which is to be modelled by a linear dynamical system

of dimension n. Then the input-output data give us a point of
MCOsCT
m,n,p
sequence of points inM

(R) and as more and more data come in we find (ideally) a
co,cr
m,n,p
linear dynamical system approximations to the given black box, The

(R) representing better and better

same thing happens when one is dealing with a slowly varying black
box or linear dynamical system. If this sequence approaches a limit

we have "identified" the black box. Unfortunately the space
MCO»CT
m’n,p

. . . r .
converge to anything whatever, There are holes in M;OQC (R). Consider
2%

for example the following family of 2-dimensional one input, one

(R) is never compact so that a sequence of points may fail to

output systems

1 -z =z 2
(].19) . gz = (]), FZ = ( ; _z)’ HZ = (Z ’0)’ z = ]’2’3’ 0o

Let u(t), O <t f-to be a smooth input function, then y(t) = lim f(Zz)u(t)
. oroo

exists and is equal to y(t) =;%E u(t). This operator can not be of the

form £(I) for any system I of the form (l1.1) (because the f(I) are always

bounded operators and %f is an unbounded operator). A characteristic
feature of this example is that the individual matrices Fz’Gz’Hz do not
have limits as z =+ «.. (A not unexpected phenomenon, because after all
we are taking quotients by the noncompact group GLnGR)). This sort of
situation is actually important in practise, e.g. in the study of

very high gain state feedback systems x = Fx + Gu, u = cLx, where c is

a large scalar gain factor. Cf. [12].




co,Cr

Another type of hole 1n.M (R) corresponds to lower dimensional systems,

-’ Ed
and in way these two holes and combinations of them are all the holes

there are in the sense of the following definitions and theorems.

1.21, Definition. We shall say that a family of systems Zz = (FZ,GZ,HZ)
converges in input-output behaviour to an operator B if for every m-vector

of smooth input functions u(t) we have lim f(Zz)u(t) = Bu(t) uniformly

. . Z->o
in t on bounded t intervals.

1.22. Definition. A differential operator of order r is an operator of
r
d d
—~—u(t) + .., + a_ ——u(t),
r
1 dt L
where the ags +ees @, are p X m matrices with coefficients in R, and

the form u(t)k+-y(t) = Dy(t) = aou(t) + a

a_ # 0, We write ord(D) for the order of D, By definition ord(0) = -

1.23. Theorem. Let (Zz)z be a family of systems in Lon pGR) which
T E Bl
converges in input-output behaviour, Let B be the limit input-output

operator. Then there exist a system L' and a differential operator D
such that

Bu(t) = £(Z'")u(t) + Du(t)
and ord(D) + dim(Z') < n-l1,

1.24. Theorem. Let D be a linear differential operator and L' € Lm n p(lR)
H] b
and suppose that ord(D) + dim(Z') < n-1, Then there exists a family of

systems (Zz)z s Zz € Lco’chR

) such that for every smooth input vector
m,n,p
u(t)

lim £(Z )u(t) = £(Z")u(t) + Du(t)
Z>o z
uniformly on bounded t-intervals,

1.25. Concluding introductory remarks.

Many of the results described above have their analogues in the
discrete case and/or the time varying case, cf, [3-8, 9-11,14]. But not all.
For instance the obvious analogues of theorems 1,23 and 1,24 fail utterly
in the discrete time case, In this case 11m £(Z )u(t) ex1sts for all inputs

u(t) if and only if the individual matrlces A (z) = H F G converge for
'z + ©, This means that in the case of 1nput-output convergence the limit
operator is necessarily of the form £(Z') for some, possibly lower
dimensional, system I'. The same answer obtains in the continuous time
case if besides input-output convergence one also requires that the

FZ,GZ, Hz (or more generally the Ai(z)) remain bounded.




2, COMPLETE REACHABILITY AND COMPLETE OBSRVABILITY,

Let (F,G,H) € Lm n pGR) be a real linear dynamical system of state
2%

space dimension n, with m inputs and 'p outputs, We define
(2.1) R(F,6) = (G FG .., F°G), s = 0,1,2,..., R(F,C) = R (F,6)

the n X(s+1)mmatrices consisting of the blocks G, FG, ..., FSG, and,
dually

H
HF

(2.2) QS(F,H) = E =0,1,2,,.,, Q(F,H) = Qn(Faﬂ)

We also define

2.3) H @em = () =

2195 00 .

where A, = HF'G, i = 0,1,2

It is useful to notice that

2.4 R (F0 = sR (7,0, Q0% = q ,ns

1 1 -1

where of course (F,G)S = (SFS »SG), (F,H)S = (SFS~ ,HS "). It follows

that
S Sy - =
2.5) R, @) =4 (F,6m7) =% (F,6,m) =H (D

for all S € GLnGR), which is of course also immediately clear from (2,3)

2.6. Definitions of complete reachability of complete observability.

The system (F,G,H) € Loa pCIR) is said to be completely reachable iff
[ At

rank(R(F,G)) = n. The system (F,G,H) is said to be completely observable
iff rank(Q(F,H)) = n. These are generic conditions; in fact the sﬁbspace

c
L o"cr(lR) of L (R) consisting of all systems which are both completely
m,n,p m,n,p
reachable and completely observable is open and dense. We note that




2.10, Theorem. The pair of matrices (F,G), F €:Rpxn, G er™™ is
completely reachable iff every symmetric set with multiplicities
of size n occurs as the spectrum of F + GL for a suitable (state
feedback) matrix L.

I.e. the system (F,G,H) is cr iff we can by means of suitable
state feedback arbitrarily reassign the poles of the system. For a

proof cf.,e.g.,[18, section 2.2],

3. NICE SELECTIONS AND THE LOCAL STRUCTURE OF

®) /6L ®).

cr
L
m,n,p

3.1. Nice Selections. Let (F,G,H) € Lm n pCIR). We use I(n,m) to denote

H] H
the ordered set of indices of the columns of the matrix R(F,G).

I.e. I(n,m) = {(i,j) |i=0, ..., n; j =1, ..., m} with the ordening
(0,1) < (0,2) <...< (0,m) < (1,1) <...< (1,m) <...< (n,1) <...< (n,m).

A nice selection o < I(n,m) is a subset of I(n,m) of size n = dimX such

that (i,j) € o = (i-1,j) € a if i > 1, Pictorially we represent I(n,m)
as an (nxl) X m rectangular array of which the first row represents
the indices of the columns of G, the second row the indices of the
columns of FG,... etc.... We indicate the elements of a subset

with crosses. The subset of the picture on the left is then a nice
selection (m=4,n=5) and the subset a' of the picture on the right

below is not a nice selection

X . X

X X

If B is a subset of I(n,m) we denote with R(F,G)B the matrix obtained

from R(F,G) by removing all columns whose index is not in B. We use
Lm nGR) to denote the space of all pairs of real matrices (F,G) of
b
dimensions n X n, n X m respectively.
3.2. Lemma. Let (F,G) € Lm nGR) be a completely reachable pair of matrices.
H

Then there is a nice selection o such that R(F,G)a is invertible.




Remark. Complete reachability means that rank R(F,G) = n, so that there
is in any case some subset B of size n of I(n,m) such that R(F,G)B
is invertible. The lemma says that in that case there is also a nice

selection for which this holds.

Proof of the lemma. Define a nice subselection of I(n,m) as any subset

B (of size < n) such that (i,j) € B, i > 1 = (i~1,j) € B. Let a be a

maximally large nice subselection of I(n,m) such that the columns in
R(F,G)a are linearly independent., We shall show that rank(R(F,G)a) =
rank(R(F,G)), which will prove the lemma because by assumption

rank R(F,G) = n.

Let a = {(O,jl), cees (il,jl);...; (O’js)’ eees (is,js)}. Then by the
maximality of o we know the columns of R(F,G) with indices (0,j),
jef{l,...,m}~ {jl""’js} and the columns of R(F,G) with indices
(it+l,jt), t=1, ..., s are linearly dependent on the columns of
R(F,G)a. With induction assume that all columns with indices

(i.+k,j ), k<, £t =1, ..., s and (k-1,j), k < 1,

j€{l,...,m}~ {j],...,js} are linearly dependent on the columns of

R(F,G)a. So we have relations

-1 PO | . . .
F¥ g. = I a(l,J)Flgj, je{l,...,m} ~ {J]""’Js}

14, e

gy = I b(i,DFg, I, veus s
t  (i,j)ea

where gj denotes the j-th column of G, Multiplying oa the left with F we
find

. oynitl

Frgj = ; . a(1,J)F1 gj

LprrHd (LDee i+l

F g, Lo PEDF g,
Jb o (i,i)€a

i+ .. . . .
We have already seen that the Ft ]gj, (i,j) €0 are linear combinations
1, +r+l

of the column of R(F,G)a. It follows that also the Frgj and F t gj
t

are linear combinations of the columns of R(F,G)u. This finishes the

induction and hence the proof of the lemma.




3.3, Successor indices. Let o < I(n,m) be a nice selection. The

successor indices of o are those elements (i,j) € I(n,m) ~ a for

which i = 0 or for which (i',j) € a for all i' < i if i > 1, For every
i, € {1,...,m} there is precisely one successor index of o of the form
(i,jo); this successor index is denoted s(a,jo). In the picture below

the successor indices of o are indiced by *'s (and the elements of O

With X' S) .

Columns of G

Columns of F G

L]

Columns of FSG

3.4, Lemma., Let o < I(n,m) be a nice selection and Xy eees X and

m-tuple of n-vectors. Then there is precisely one pair (F,G) € Lm nCIR)
b

such that

R(F,G)a =1 , the n X n unit matrix

nxn

R(F’G)s(a,j)= xj for all j =1, ..., m

Proof. Let fi be the i-th column of the matrix F, i = 1,2, ..., n. Then
in the example given above the values of the gj, j=1, ..., m and

fi’ i=1, ..., n can simply be read of from the diagram. One has in

this case
g] = Xl’ g2 = ela g3 = X3, g4 =

f e

1 f e £ e

3> 72 4° 73 £

5° 74

It is easy to see that this works in general and to write down the

general proof though it tends to be notationally cumbersome.

3.5. Local structure of L°¥ @R)/GL (R). Let a < I(n,m) be a nice
m,n,p n

selection.

We define

{(F,G,H) eLm’n’pC[R) | det R(F,G)a 40}

{(F,G,H) € Lo,n,p@®) | R(F,6) = Tyl




3.7, Lemma. (i) Ua = Va b GLnGR)

.. _ mn+np
(ii) Va =

Proof. (i) Let (F,G,H) € Uy We assign to (F,G,H) the pair
((F,G,H)S)S'il where S = R(F, G)']. Then (F,G Hl €V,
because R(SFS_l SG) = SR(F,G) and hence R(SFS )a 5
SR(F, G) . Inversely given ((F,G H) S) € V X GLnGR) we

assign to it the element (F,G H) . This proves (1).

Assertion (ii) follows immediately from lemma 3.4. Indeed, let z€ R motop

and view z as an m + p tuple of n-vectors z = (xl,...,xm, yl,..,,y )R

Then there are unique F,G,H such that R(F, G) R(F,G)

an’ S(G,J)
h2 =Y, where h2 is the 2-th row of H.
3.8. Local structure of LCo CrCIR)/GL @®). Let again o be a nice selection.

Then we define in addltlon.

: co _ co,cr co,cr
(3.9) U, =U, N Lm’ ®), V.° =V 0L n’pGR)

Then one has clearly that V is an open dense (algebraic) subset of Vu and

co
that U = Va X GLnGR).

- 3.10. The local nice selection canonical forms Cu' Lemma 3.7 defines us

a (local) continuous canonical form on Ua for each nice selection @,
It is

S
o -1
(3.11) ca((F,G,H)) = (F,G,H) € vu’sa = R(F’G)oc ,(F,G,H) € Ua

The Ua are open dense subsets of LC n, GR), and by lemma 3.2 the union
’

of all the Ua’ 0 a nice selection, covers all of L°F pGR). This is

9 s
thus a set of local canonical forms which can be useful in identification
problems (it leads to statistically and numerically well posed problems,

cf [15, section II].

3.11. The dual results. Dually we consider the set I(n,p) of all row

indices of Q(F,H), which we also picture as an (n+l) X p array of dots.

Now the first row represents the rows of H, the second row the rows

of HF, ... . A nice selection is defined as before and one has the obvious
analogues of all the results given above. In particular if (F,G,H) € Lm n,p
there is a nice selection B < I(n,p) such that Q(F,H%als invertible.

Here Q(F,H)B is the matrix obtained from Q(F,H) by rémoving all rows




whose index is not in B.
One also has of course local canonical forms EB (defined on I_JB)

for every nice selection B < I(n,p):

- Sg
(3.12) CB((F:GsH)) = (F,G,H) ~,

(3.13) ﬁB = {(F,G,H) € L_ ’p_C[R)| Q(F,H) , is invertible}

P el

4, REALIZATION THEORY.

Let of = (AO,A AZ"") be a sequence of p X m matrices. We shall

1’
say that the sequence o is realizable by an n-dimensional linear system

if there exist a system (F,G,H) € Lm pClR) such that Ai = HFlG,

i=0,1,2,... . It follows immediateiy’from (the proof of) theorem 2.6
above that ifod is realizable by means of (F,G,H), then there is also
a possibly lower dimensional system L' = (F',G',H') € L;(:I’I?TPC[R), n' < n.
which also realizes® and which is moreover completely reachable and
completely observable.

For each sequence of p X m matrices & we define the block Hankel

matrices

4.2, Theorem. The sequence of real p X m matrices ok = (Ao’Al"") is
realizable by means of a completely reachable and completely observable
n-dimensional system if and only if rank ‘J{s(d) = n for all large enough

s. Moreover if both I, &' € LIZO;C;GR) realize o4 then I' = ZS for some
b H
S € GLn(lR).

This theorem will be proved below. First, however, we mention a

consequence.,

4.3, Corollary. If the sequence of p X m matrices M is such that
rank ?[S(o‘r) = n for all sufficiently large s, then rankgls“) = n for

all s > n-l.




Proof, If £ = (F,G,H) realizeso# and T is co and cr and of dimension n,

then rank Rn_l (F’G) = rank Qn—l (F’H) ='n, SO that rankgfn_] W) =
rank(Rn_l(F,G)Qn_l(F,H)) = n,

A first step in the proof of theorem 4.2 is now the following lemma

which says that if rank mééé) = n for all s > r-1, then the A, for

i > 2r are uniquely determined by the 2r matrices AO, cees A2r-1°

4.4, Lemma. Let of = (Ao’Al"") be a series of p X m matrices such that
rankiﬂsG#) = n for all s > r-1. There are m X m matrices S, ..., -1

and p X p matrices To’ eeey T such that for all i = 0,1,2,... &

r—1

(4.5) A, =A.S + A. .S + ...+ A

i50 i+15] j4r=15p-1 =

+ + T

ToAi * TlAi+] r—JAi+r—]

Proof. Because rank?fr_](‘#) = n and rankﬂ{r(ol{) = n we have
Ao 1 -1 T
Al .

n = rankgﬂr_lgd) = rank | S

A2r—1

so that there are m x m matrices Sg» e+e» S,._q such that

+ A i=0, 100y r-l

i+r—lsr—1’

Similarly, it follows from

n = rank ¢4) = rank
r-1 : .
Ao Aoy
Ar e A2r-1

that there are matrices Tys +oes T._ such that

(4.6) . . + T

r—lAi+r-l , 1 =0, oo r-1




Suppose with induction we have already proved (4.5) for
i<k-1, k>r.

Consider the‘following submatrix of 'xk(-;‘)

r

[ ]
.

A2r--2 A2r—1 "’Ak+r—1

A2r—1 A2r ter Ak+r

Using the relations (4.5) for i f_k—l we see that the rank of 4.7 is equal
to the rank of ’

2r-2

A2r—1

where X = Ak+r - SoAk - eee & sr—lAk+r—1’ Using (4.6) we see by means
of row operations on (4.8) that the rank of (4.7) is also equal to the
rank of

Now the rank of (4.7) is n = rank g{r_l ¢4). Hence X = 0 which proves
the induction step. This proves the first half of (4.5); the second

half is proved similarly.

More generally ome has the following result (which we shall not need
in the sequel).

*4.,9., Lemma. Let Ao’ .v.s A be a finite series of matrices and suppose
—_— s
there are i,j € N U {0} such that i + j = s - | and




Aieiel J o
j+1°°° i+j+]

for some n € N U {0}, then there are unique A A ... such that

s+1’ Ts+2?

rank 9Ct @‘) = n

for all t > max(i,j).

Proof. By hypothesis we know that there exist matrices So’ ey Si

such that

(4.10) =AS +...+A .S ,r=0,

A. .S.
1+r+l r+i 1

Now define At for t > s by the formula

(4.11) A=A _; S+

Also by hypothesis we know that there exist To’ cees Tj such that

(4.12) Aiypry = ToAp * oen Tihiys T =0,

To prove that rank?ﬁt(d) = n for all t > max(i,j) it now clearly
suffices to show that (4.12) holds in fact for all r > 0. Suppose

this has been proved for r < g-1, q > i+l. Consider the matrix

Ai+1 Aq
] '

Ai+j+1 Aj_+q

Ai+j+] Ai+j+2 : Aj+q+l

By means of column operations, the hypothesis of the lemma, and (4.10) -
(4.11) we see that the rank of the matrix (4.13) is n. Using row operations
and (4.12) for r < g-1 (induction hypothesis) we see that the rank of
(4.,13) is equal to the rank of




where X is the matrix A, -TA - AL
j+q+l oq 373+q
operations and (4.10), (4.11) to see that the rank of (4.14) 1is equal

Now use column

to the rank of

It follows that X = O,

4.16. Proof of theorem 4.2 (first step: existence of a co and cr

realization). Let r € N be such that r > n amd rank ‘J{S(A) = n for all

s > r-1., We write

A L]
[¢]

A=A _ o=

Ar—l...
and for all s,t € N we define

= (I if s

sXs losx(t—s))

IsXs if s

1 X

tXt .

E if s
sxt O(s-k)Xt\

where Ia is the a x a identity matrix and 0axb is the a X b zero matrix,

Xa
Because H is of rank n, there exist an invertible pr X pr matrix P and

an invertible mr X mr matrix M such that

Inxn ‘ OnX(mr—n)

PHM = N EernEner

O(pr—n)xn _0(pr—n)x(mr—n)




Now define

_ 1) _
4.18) F =5 _ PH ME_ ,G=E

nXpr xn ’

UM E

H = ;
. mrxn

EPxPr
We claim that then (F,G,H) realizes '{ , 1.e, that

(4.19) A, = HF'G , i=0,1,2, ...

To prove this we define

where 0, I, 0', I' are respectively the m X m zero matrix, the
m X m identity matrix, the p X p zero matrix and the p x p identity
matrix and where the So’ cees Sr_] and To’ eeey T are such that

(4.5) holds for all i. Then

r-1

(4.20) :%(k) =k - ‘J(Dk, k=1,2, ...

* = * . .
Let ¥ MEmanEnXprP' Then #* is a pseudoinverse of Y in that

(4.21) 3{?{*9( = U

1 -1
1 * =
(E?deEd using -(;4.]7) we have HA*H P EernEner rxn Enxpr
P E E M~ =H because
PIXn nXmr :
-1 1

M M=I1,PP =I,E E =TI ., B xprFprsn = Inxnt)e

We now first prove that

k -
(4.22) Expr? CHME . =F




In view of (4.20) this is the definition of F (cf. (4,18) in the case

k = 1. So assume (4.22) has been proved for k < t. We then have

t+1 t
PC HM Emr E PCHDM Emrxn (by (4.20))

Enxpr Xn nxpr

tey w :
Eoxpe? CHIFADME - (by(4.21))

t
EnXprP CaM EmanEnXprPaDMEman
(by the definition of A *)
t

FE P CAME
mr

nXpr n (by the induction

x
hypothesis and (4.20))

F'F (by (4.20))

We now have for all k > 0
Ak = E E (definition of St(k))
(by (4.20))

_ k
EoxprC & HXHE_(by (4.21))

k

s *
Ep‘xprc AM Emrannxper'Emrxm (by the definition of ¥*)

prprS{,Dk'M Emran (by the definition of G and (4.20))

E_WHFUDME_ G (by (4.21))

PXpr mrxn

e e "
pxprm’M EmrannxPrP ?tDkM EmanG (by the definition of H*)

(by the definition of H and (4.20))

(by (4.22))

This proves the existence of an n-dimensional system Z = (F,G,H) which

realizes yf . Now for all s = 0,1,2,...




H o) = Q_(F,H)R_(F,G)

S

Q (F,H) = » R(F,G) = (6 FG ... FG)

H
HF
4

HFS

Both QS(F,H) and RS(F,G) have necessarily rank < n. It follows via the
Cayley-Hamilton theorem that (F,G,H) is completely reachable and

completely controllable, because rank ?ls ©) = n for s > r-l.

4,23, Proof of the uniqueness statement of theorem 4.2,

Let £ = (F,G,H) and % = (F,G,H) be two co and cr realizationms
ofd . Then dim(X) = rank?{n_](é‘) = dim(Z). By hypothesis we have

(4.24)
According to lemma 3.2 and 3.11 there exists a . nice sefection « - of
I(n-i,m),v the set of column indices of Rn-1 (F,G) and 'J{n_1 (F,G,H), and there
exists a nice sefection p of I{n4,p), the set of row indices of
Qn-l (F,H) and gtn_l (F,G,H), such that

rank(Rn_](F,G& ) = rank(Qn_l(F,H)B) = n
Let gtn-l (F,G,H)a 8 be the matrix obtained from xn—l (F,G,H) by removing

H

all rows whose index is not in B and all columns whose index is not in 0.

Then
B (F,6,H), o = Q. (F,H)g R, (F,0),
so that ?(n_](F,G,H)OL 8 is an invertible n X n matrix. Also
H

Ry FsCB), g =R ) (F,G,H)

so that Qn_l(i‘,l_{)B and Rn—l(F’é)o( are also invertible. Now let




Z] = (FI’GI’HI) = - - Qn_] (F’H)B

z (F

1 ]’GI’HI) (F,G,H) ", = Qn—](F’H)B

Then of course Z] and E] also realize . Moreover, using (2.4) we see

Qe Fppldg = I =Q  (FiLH g

It follows that

REF,6) =R (B =8 Dg =H D = & (E))g = RE,E))

and, in turn, this means that F, = fl and G] = 6] by lemma (3.7) (i)
combined with lemma (3.4). Further the matrix consisting of the first

p rows of J(n(Zl) = Rn(Zl) is equal to
HR(E,6,) = §REFE,G))

so that also H1 = ﬁ] because R(F],G]) = R(?l,al) is of rank n. This
proves that indeed I = ZS with 8 = T_IT.

4,25, A realization algorithm., Now that we know that & is realizable

by a co and cr system of dimension n iff rank ‘J{S(.lf')_ = n for all large

enough s it is possible to give a rather easier algorithm for
calculating a realization than the one used in 4 .16 above (which is the

algorithm of B.L. Ho). It goes as follows, Because A is realizable by

a Z € LCO,Cr
m,n,p

indices of R(F,G) and‘mh(Z), and a nice selection B < I(n,p), the set of
row indices of Q(F,H) and.?&JZ), such that

(R) there exist a nice selection a < I(n,m), the set of column

(4.26) mn@)a g =S

is an invertible n X n matrix. Consider
)
n B

This n X(n+1)m matrix is necessarily of the form R(F,G) for some
(F,G) € L;rnGR) and moreover by (4.26)
bl




(s, ), = 1,

so that F,G can simply be written down from S-lﬂlIlGJ)B as in the
proof of lemma 3.4. The matrix H is now obtained as the matrix
consisting of the first p rows of ﬂn(d‘)a.
After choosing 0, this algorithm describes the unique triple
. (F,G,H) which realizes o such that moreover R(F,G)u = In'

Suppose that Hk“) is of rank n for all sufficiently large k. Then by
theorem 4.2 the sequence A4 is realizable. Using Laplace transforms
(cf. 1.8 above) we see that this means that the p x m matrix of

Py .
. -1i-1 , . . Y .
power series I Ais 1s 1n fact a matrix of rational functions.
i=o

(4.28) . = (s"a_ "o -

n-1 s-ao)-]B(S)._v =

1

d(s)B(s).

where B(s) is a p X m matrix of polynomials in s of degree < n-1,
Inversely if
S .

(4029) z Ais_l-]
i=o

= d'(s) 7B (s).

for a matrix of polynomials B'(s) and a polynomial d'(s) =

= el - a'ls - aé with r = degree(d'{s)) > degree B'(s),

A, = a'A. + a'A. + + a

' A,
i+r o1 11+1 r=1"1i+r-1

for all i = 0,1,2,... . And this, in turn implies that

rank Xk @) = rank ﬂr_] o)

for all k > r-1, so that # is realizable. It follows that # is realizable

. -i-1 . . ]
iff ZAis represents a rational function which goes to zero as s »> =,




5. FEEDBACK SPLITS THE EXTERNAL DESCRIPTION
DEGENERACY.

In this section we shall prove the result described in section 1.6

To do this we first discuss still another local canonical form.

5.1. Let (F,G,H) € Lm n,paR)'

We proceed as follows to obtain a "first” nice selection k such that
(F,G,H) € U_.

Consider the set of column indices I(m,n) in the order
(0,1) < (0,2) <...< (0,m) < (1,1) <...< (I,m) <..u< (n,1) <...< (n,m).
For each (i,j) we set (i,j) € K e Ft g is linear independent of the
P 8Jr with (1i',3") < (i,j). We shall call the subset Kk of I(n,m) thus
obtained, the Kronecker selection of (F,G,H) and denote it with

k(F,G,H). It is obvious that k has n elements if (F,G,H) € Lm n PGR).
Hl

5.2. Lemma. The Kronecker selection k defined above is a nice selection.

Proof. Let (i,j) € k and suppose i > 1. Suppose that (i',j) ¢k, i' < i,

This means that there is a relation

i' k

F g.= 1L b(k,&)F &g
G ONCAN b

.oy

Multiplying with F'™' on the left one obtains

-i'+k

Fg, = I bk, L)F" g

I (k,0)<{E, 1)

showing that Flgj is linearly dependent on the Fsgj, with (s,j") < (i,]).

A contradiction, q. e.d..
5.3. Lerma. Let (F,G,H) € L (R) and S € GL_(R), then
- m,n,p n
S
k(F,G,H) = v((F,G,H) )
5.4, Lemma. Let (F,G,H) € L;rn pGR) and let L be an m X n matrix, Then
H

k(F,G,H) = k(F+GL,G,H)

The proof of lemma 5.3 is immediate. As to lemma 5.4 we define




subspace of X =R" generated by 81> v 8

= subspace of X = R" generated by 8ys eves Bp» F

subspace of X e R" generated by B1s e 82

. .n
Fg]’ ooy Fg s eeey F Bys eee» Fg
o i

m

Let X(L) = (F+GL,G,H) and let F = F + GL. Then one easily obtains by

induction that

(5.6) X, (Z(L) =X (%), i=0,
1 i

and that

(5.7) Flg. = Flgj mod XXV (D), i = 0,1, +.., n

J

(where, by definition, X—I(Z) {0}) Lemma 5.4 is an immediate consequence
of (5.7). (Note that a basis for X' (£) is formed by the vectors Fkg2
with (k,%) € k() and k < i; the classes of the F gg'w1th (k,2) € (D),
k = i are a basis for the quotient space X (Z)/X1 ](Z), i=0, ...y n).

If £ = (F,G,H) € Lcr’COGR) then k(F,G,H) can be calculated from
mg(F,G,H). Indeed in that case Q(F,H) is of rank n. Therefore, because
ﬂh(F,G,H) = Q(F,H)R(F,G), the dependency relations between the columns of

gtn(F,G,H) and between the columns of R(F,G) are exactly the same,
5.8. Remark., If (¥,G,H) € L GR) then also (F+GL,G,H) € L pGR)
’ ’
as is easily checked., But if (F,G,H) € Lm n pGR), then (F+GL,G,H) need
’

’
not also be completely observable. Though of course this will be the case

. . co .
for sufficiently small L (because Lm,n,pGR) is an open subset of Lm,n,pGR))'

*5.9. The Kronecker control invariants. The invariant k(F,G,H) depends

only on F and G, so that we can also write k(F,G). For each j=1, ..., m
let kj be the number of elements'(i 2) in k(F,G) such that £ = j. Let

Ky (F,6) >...>« ,(F G), m' = rank(G), be the sequence of those k which
are # 0 ordered w1th respect to size, It follows from lemma's 5.3 and 5.4

that the Ki(F,G) are invariant for the transformations




1

(5.10) (F,G)— (F,G)s = (SFS ',SG) (base change in state space)

(5.11) (F,G)~ (F+GL,G) (feedback)
One easily checks that the Ki(F,G) are also invariant under

(5.12) (F,G)—~ (F,GT), T € GLmGR) (base change in input space)

This can e.g. be seen as follows, Let ki(Z) = dim Xi(Z) - dim Xi_l(Z)
for i = 0,1,...,n. Consider an rectangular array of (ntl) X m boxes
with the rows labelled O, ..., n. Now put a cross in the firstvli(Z)
boxes of row i for i = 0, ..., n. Then Kj(Z), j=1, ..., m' is the

number of crosses in column j of the array. Obviously the Ai(Z) do

not change under a transformation of type (5.12), proving that also

the KJ. (F,G) are invariant under 5.12,
The group generated by all these transformations is called the

feedback group. Thus the Ki(F,G) are invariants of the feedback group

acting on L;fnGR)' It now turns out that these are in fact the only
invariants. I.e. if (F,G), (F,G) € L;fnaR) and «; (F,G) = «, (F,0),
i=1, ..., m', then (F,G) can be obtained from (F,G) by means of

a series of transformations from (5.10) - (5.12). Cf. [11] for a
proof , or cf. 5.30 below.

The Ki(F’G) are also identifiable with Kronecker's minimal
column indices of the singular matrix pencil (zIn - F|G6), cf [11].

Still anothgr way to view the Ki(F’G) is as follows,

Consider the transfer matrix T(s) = H(sIn-F)—lG of the linear
dynamical system I = (F,G,H) considered as a p X m matrix valued
function of the complex variable s. One can now prove (cf. [14]).
Theorem. There exiistmatrices N(s) and D(s) of polynomial fﬁnctions of s
such that (i) T(s) = N(s)D(s)_], (ii) there exist matrices of polynomials
such that X(s)N(s) + Y(s)D(s) = Im’ (iii) N(s) and D(s) are unique up
to multiplication on the right by a unit from the ring of polynomial
m X m matrices. Moreover degree(det D(s)) = n = dim(2).

Now for each s €L, one defines

¢Z(S) = {(N(s)u, D(s)u)|u € T} cP™




If s EXL is such that D(s)—] exists, then also ¢Z(s) =

= {(T(s)u,u)|u € T} cxP™, In any case ¢Z(s) is a p-dimensional
subspace of EP*™, In addition one defines ¢E(W) = {(0,u)|u ex™} cﬁEp+m,
which is entirely natural because lim T(s) = 0, This gives a continuous

72

s
map of the Riemann sphere X U {~} = $° to the Grassmann manifold

() of m—planes in p + m space. Let gm - (C) be the canonical

Cm, p+m Cm, p+m

complex vector bundle whose fibre over z € Gm’p+mOC) is the m-plane
represented by z. Pulling back Em along ¢Z gives us a holomorphic
complex vector bundle &(I) over Sz.

Now holomorphic vectorbundles over the sphere 32 have been classified
by Grothendieck. The classification result is: every holomorphic vector-
bundle over 32 is isomorphic to a direct sum of line bundles and line
bundles are classified by their degrees.

It now turns out that the numbers classifying £(X), the bundle
over 82 defined by the system I,are precisely the.Ki(Z), i=1, ..., m,
where ki(Z) =0 fori>m'-= rank(G). One also recovers n = dim(E)
as the intersec;ion number of Qész) with a hyperplane in Gm,m*PGC).

These observations are due to Clyde Martin and Bob Hermann,
cf. [13].

As we have seen the Ki(Z) are invariants for the transformations
(5.10), (5.11), (5.12), Being defined in terms of F and G alone they are
also obviously invariant under base change in output space:

(F,G,H)> (F,G,SH), S € GLPGR). The Ki(Z) are, however, definitely
not a full set of invariants for the group G acting on Lm,n,pGR)’ where
G is the group generated by base changes in state space, input space

and output space and the feedback transformations.

5.13, The canonical’inpu

Let £ = (F,G,H) €I§fn pGR) and let k = k(Z) be the Kronecker nice
2%y
selection of X, Let (i,j) = s(k,j) be a successor index of k.

By the definition of k we have a unique expression of the form

(5.14) Flg, = I a;(JNFgg + 3 a(l, Fg,
(lsj')E'K ' (ks’Q’)EK '
3'<] k<i

Now define recursively




~

(5.15) ;=D ai(Ney 6= @y, -ennBy)

and

(5.16) T(X) = (bjk)’ bjk =1 if j = k, bjk = —ak(j), if j < k,

PN
bjk 0 if j k,
then G = GT(Z), and T(Z) is an upper triangular matrix of determinant I,

Lcr

5.17. Lemma. Let .Z € (F,G,H) €
- m,n,

pGR), then

T(X) = T(ZY), T(EWL)) = T()

for all § € GL_(R) and all feedback matrices L € RE®,

Proof. Obvious, (Use (5.7)).

5.18. Example. Let m = 5, n = 9,and let (F,G,H) € Lng,pGR) have

Kronecker selection kK (F,G,H) equal to

X

X

where we have omitted the last five rows of dots.

Then T(I) is an upper triangular matrix of the form

* *

*

Note that T(Z)_] is of precisely the same form.
This is a general phenomon. Indeed by (5.14) and (5.15)
example (5.18)) §j is of the form




= {1 = 7 = 1 < 9 e 2 1.
So that bij 0 unless i = j (and then bij 1) or 1 < j and K5 kj

Let tls eees t be the columns of T(Z) and €15 cees € the standard

basis for R™. Then

(5.20) . =e, + I  b,.e.
J J k.>k. 1] 1
1]
i<j
Using induction with respect an ordening of the {1, ..., m} satisfying

i<j =»ki.z kj it readily follows that

.+ I bi'ti
i<j ]

k.>k.
1]

which proves that T(Z)—] also has zero entries at all spots (i,j)

with i > j or 1 < j and ki j_kj.

5.21. The block companion canonical form. Let Kk be a nice selection.

We are going to construct a canonical form on the subspace Wk of all

%€ LT @) with k(Z) = k. We shall do this only in full detail for
b4 ’

the case that k is the nice selection of example 5.18. This special

case is, however, general enough to see that this conétruction works

in general. Let (F,G,H) € W, and let G = GT(Z). Now consider the

system (F,@,H) which is also in WI< as is easily checked. This system

has the property that for each successor index s(k,j) = (i,j) of k with i # 0

we have

(5.22) F'g. = &  a'(k,2)F3
I 0
k<i

(i.e. T(F,6,H) = I). Indeed , using (5.14)

L

I a.(j")F'g., = = a(k,l)Fkgz = r a'<1g,z)Fk§2
j'<j J (k, L) & (k,2) €k
: k<i k<i




(Cf. (5.5)). Now define a new basis for R™ as follows. Let

K = {(O’jl)’ evs (i],j]); cee ;(O,jr), oo (ir,jr). Then

k= it +1, t=1, .., ¥, and kj+ ...+ k= n. For the successor
indices s(k,j ) = (kt,jt), t=1, ..., ¥, write

(5.23) . =-3 bt(k,z)Fk‘g‘z
(k,2)€Ek
<k,

Setting bt(k,z) = 0 for all (k,Q) ¢ K we now define a new basis for
‘RP by

t : k]—2 t
+ Z b (k _],j )_F g- + e + Z b (],j )g.

k1—3 t
b](kl_l’.] t)F gjt t el t izlbl(l’Jt)gjt

t t .
b (k -l,j)F A- oo; + z b (]’jt)g‘
o 22 oy 2 it

Let Xoc R" be the space spanned by the vectors gji,...,gj i.e,
1. t
X = XO(F,G,H) = XO(Z). Then we see from (5.23) that for the vectors

-~

o

defined by (5.24) above we have




Fe ‘€ X(a), F(ei) = e.

] -1 mod X0 for i = kl’ k

J"‘,

Fek o € X(G), F(ei) = ei_]~mod XO for i = kl+k2,

1
[]
¢

€ X(G), Fle,) =

i-1 1

+ k + 2
r-1

mod X for i = k. +.euetk _,e0eyk, +.0.+
o r’"

It follows that with respect to the basis €15 eees €, F and G

are of the form

o
. P .
ko ° .7

¥ O viee Ok

o

4
.

r

QO
2

0
0
)
0
0
*

¥ O *c OO
¥ O vea Ol O »

(5.25) F =

A

G = (g]’gz,.o-,gm)’ With

~

’ g. = e 9 eceoey
k770 Ktk

.. =0 fOr j E {l,.no’m} ~ {jl’...’jr}

In particular in the case that Kk is the nice selection of example
12 eees € defined by 5.24
the matrices F and G take the form (cf. 5.18, the inverse of T(Z) is of

5.18 we see that with respect to the basis e

the same form as T(Z)),




This does not yet define a canonical form on WK. True, for every
S
L€ WK there exists an S € GLnGR) such that (F,G)" takes the form
(5.27). But for two pairs (F,G) # (F,G), both of the form (5.27),

S [ —
there may very well exists an S # In such that (F,G)” = (F,G).

In fact, it is now not difficult to check that if S is ann x n

matrix of the form




then SG = G and SFS“1 is of the same general form as F, if F and G
are of the form (5.27). Choosing 132 Sys> 573 Sy40 Sg1s Sg3s Sgys
Sg5 and Sg 7 judiciously we see that for every I = (F,G,H) € ng

there exists a S € GLnGR) such that SFS_] and SG take the forms

0
0
0.
0
0
1
0
0
0

T(z)”!

The general pattern should be clear: the off-diagonal blocks have zero's
in the last row iff there are more columns than rows, in fact in that case
the last row ends with (number of columns) - (number of rows) zero's; the

structure of the diagonal blocks is clear.




Now suppose that (F',G',H') and (F",G",H") are two systems such
that (F',G')S = (F",G") for some S and such that (F',G') and (F",G")
are both of the forms (5.28). One checks easily that then necessarily

S = In. We have shown

5.29, Proposition. Let k be the nice selection of example 5.18. Then for
every & = (F,G,H) € WK there is precisely one S € GLnGR) such that
S‘FS-1 and SG have the forms (5.28).

This means in particular (in view of the results of section 4 above)

. co,Cr
that if Z € WK n Ln’;’pGR}, then ;he numbers 81y eees s 875 eees g,
b], sy b9, Cys sees C4s Cgs cees Cgs d], d3, d7, d, can be calculated

9
from £(Z) (or Ao’ eeey A ]). Of course these results hold quite

generally for all nice sZ?ections K. We note that in general WK is not
an open subspace of Lifm’ R). In fact Wk/GLnGR) is a linear subspace
of Uk/GLnGR) = RUTP o VK. In case K is the nice selection of examplg
5.18 the codimension of Wk/GLnGR) in UK/GLnGR) is 12, (This number can
immediately be read off from K: 8, linear dependent on g,» 8, causes

9 - 2 = 7 linear restrictions; F?S linearly dependent on 81> 89> gy,

8g Fg1, Fg, ng causes 9 - 7 = 2 extra linear restrictions; F g,
linearly dependent on Bys =ces Bgo F?1, Fgl, ngcauses 9-7-= 2 more

linear restrictions; and finally Fzg4 dependent on B2 eeeo gé, ng,

2 . .
ng, ng, F g, causes 9 - 8 = | more linear restrictionj 7+2+2+1=12).

*5,30, Using the results above, it is now easy to prove that the
Kl(F,G), ey KmKF,G) are the only invariants of the feedback group

. cr

acting on Lm nGR). Indeed, we have already shown that the
b

Ki(F’G)’ i=1, ..., m'" are invariants.

Inversely, using first of all a transformation of type (5.12)
we can see to it that (F,GT) has k z.kz Z,..i_km, and then

KI(F,G) =K.y veey Km,(F,G) = km" ki = 0 for i > m'. Then, using

>
transformat;ons of type (5.10) and (5.12), we can change

(F,GT) into a pair (F',G') with F' and G' of the type (5.25), (5.26),
A final transformation of type (5.11) then changes F' into a matrix
of type (5.25) with all stars equal to zero. The final pair (F",G")

thus obtained depends only on the numbers KJ(F,G), veesK m,(F,G)_.
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5.31. Feedback breaks all symmetry. We are now in a position to prove

the result mentioned in 1,6 that feedback splits the degenerate external
description of systems. We shall certainly have proved this if we have

proved.,

5.32. Theorem. Let % € LE%¢F

(R). Then I is completely determined by
m,n,p .

the input-output maps f(Z€L)) for small L. More precisely let
L = (F,G,H) and Ai(L) = H(F+GL)1G for i = 0,1, ..., 2n-1, Then the entries

of Ai(L) are differentiable functions of Lyand F, G and H can be
calculated from A , ..., A and the numbers
o 2n-1
BAi(L)

ok jk |L=o

Py i=0, coey 2n-],j=l’ seey Iy k=-1, ceey N,

Proof. Let Kk = k(Z). Recall that k can be calculated from Ao, ceey AZn—J
(because I is co and cr). Now assume that K is the nice selection of
example 5,18, (This is sufficiently general, I hope, to make it clear
that the theorem holds in general). Let X' = (F',G',H') be the block
companion canonical form of (F,G,H) (I' is obtained as follows:

first calculate any realization X" = (F",G",H") of Ao, ooy A2n—l’ e.g.
by means of the algorithm of 4.25 above and then put I" in block

companion canonical form as in 5.21 above).

Then

for a certain S € GLHGR), and it remains to calculate S, With this aim
in mind we examine I(L) = (F+GL,G,H) and its block companion canonical
form. Consider

-1

swy’S = (S—]FS+S—]

oLs, s

G,HS)
= (F'+G'LS,G',H')

Now assume that L is of the form




Then if F' is of the form (5.28) we see that if S = (sij)

F' + G'LS =

9

with b' = b.(L) =b. + ¥ &,.8.., 1 =1, ..., 9. Thus the block
i 1 1 2

=1 2373

companion canonical from of I(L) is always Z(L)S 1 if L is of the form
(5.33). Note that the number of the row which has nonzero entries is
determined by k(Z); it is the smallest i for which ki is maximal;
note also that if j is such that kj is maximal then the j—-th vector
of G' is always the (k]+...+kj)—th standard basis vector (cf.just below
5.19).

So to find S we proceed as follows. Calculate the block companion
canonical forms of %(L) from AO(L), cees A2n_l(L) for small Lf (This
can be done because for small enough L, X(L) is still co). This gives

us in particular the functions bi(L)° Then

. Bbi(L)

i T .

S o
2j |1=0

This determines S and gives us L as I = (Z')S.




6. DESCRIPTION OF Lc° chIR) /GL_(R). INVARTANTS.

co,cr

6.1, Local structure of Lm (R). Let o < I(n,m) be a nice selection.

R ]
We recall that U = {(F,G,H) € L n,pGR)I det R(F,6)  # 0} , that

v, = {(F,6,H) € g,m’n’paa)l R(F,G), = I} and that U /GL (R) = V =

nm+np

R » cf.section 3.

For each x € R™™P 1q¢ (Fa(X),Ga(x),Ha(x)) € Va be the unique

system corresponding to x according to the isomorphism of 3.7 above.

6.2, The quotient manifold M pGR) = Lm n pGR)k}L (R). Now that we
’ b

know what U /GL @®) looks 11ke it is not difficult to descrlbe

m n pGR)/GL GR) (Recall that the union of the U for o nice covers
o should be
m,n,p
glued together. This is not particularly d1ff1cu1t because if
(F,G,H) = (F',G',H' ) for some S and (F,G,H) € U, then

S = R(F',G") R(F G) .. It follows that the quotient space

cr
m n,pGR) m n pCIR)/GL (R) can be constructed as follows.

(R)). We only need to figure out how the V mo+np

mn+np

For each nice selection o let Va =R and for each second

nice selection B let
Tyg = (x €7 [det R(F, (x),G,(x)), # 0}

We define

by the formula
(6:3)  dp(x) = y = R(F,(0),C, (D)5 REL(),6,(x)) = R (y),6,().

Let MCr
m

n pCIR) be the topological space obtained by glueing together the
L ]

Va by means of the isomorphisms ¢ B’

cr .=
Then Mm,n,paR) = m n,pGR)/GL @®R). If we denote also with Va the

isomorphic image of Va in Mm n pCIR) then the quotient map
. I ]




cr cr

mTe L > M ) can be described as follows. For each
m’n,paR) m’n’pG:R)

¥ = (F,G,H) € L;rn pCIR), choose a nice selection 0 such that I € Ua'

b

Then T(Z) = x € Va c M (R) where x is such that
b b
S . -1
L = (Fa(x),Ga(x),Ha(x)) with S = R(F’G)a .

6.4. Theorem. M;rn (R) is a differentiable manifold and

b ’p

LU m n’pGR) g Mm n,pGR) is a principal GLnGR) fibre bundle.

For a proof, cf. [5].

6.5. The quotient manifold . = 1,59 ¢F GL . Let
a CO2ST®) = 1% T ®) /6L )

MCOsCT co,cr co,cr . ’ .
® L Then M is an open submanifold of
m,n, ) = m( m,n,p ®)). ’pGR) P
cr

m,n,p

o let 5;0 = {x € ﬁul(Fa(x),Ga(x),Ha(x)) is completely observablel,
. . =co =co =

and for each nice selection B let VuB = Va n Van Then

Co’chR) is the differentiable manifold obtained

(R). It can be described as folloﬁs. For each nice selection

¢OCB(V0(-B) = VBOL and M R

by glueing together the Va by means of the isomorphisms
-co _ =co

%agt Vap * Veor

6.6. MCOCT

GR) as a submanifold of]Rznmp. Let (F,G,H) € LS9 CrC|R)
m,n,p n,m,p

We associate to (F,G,H) to sequence of 2n p X m matrices

(Ao""’AZn-l) e:m?“mp, where Ai = HF1G, i=0, +.., 2n-1. The results

of section 4 above (realization theory) prove that this map is injective
. . . 2nm
and prove that its image consists of those elements (A ,...,A 9= P e R

such that rank %n_l(d) = rank S(nd) = n. We thus obtain MCo ch[R) as a

’

(nonsingular algebraiq smooth submanifold ofimznmp.

6.7. Invariants. By definition a smooth invariant for GLnGR) acting

on L pGR) is a smooth function f: U + R, defined on an open dense
t R ]

subset U < L n GR) such that £(Z) = f(ZS) for all £ € U and
’ ’

S € GL (R) such that Z € U.

co,cCcr . .
Now L™ ? 1s open and dense 1n L . It now follows
m:n’PGR) P m:n’PGR)

from 6.6 that every invariant can be written as a smooth function of

the entries of the invariant matrix valued functions Ao’ eeey A

on L ®R).

m’n’p

2n-1




7. ON THE (NON) EXISTENCE OF CANONICAL FORMS.

7.1, Canonical forms.

Let L' be a GL (R)-invariant subspace of L . (R). A canonical
n m,n,p

form for GLnGR) acting on L' is a mapping c: L' - L' such that the:

following three properties hold

(7.2)  c(G>) = c(X) forallLEL', S € CL_(R)

(7.3 for all Z € L' there is an S € GLnGR) such that c(X) = ZS

(7.4)  c(Z) = c¢(z') » 35 € GL_(R) such that I' = I°

(Note that (7.4) is implied by (7.3)).

Thus a canonical form selects precisely one element out of each
orbit of GLnGR) acting on L', We speak of a continuous canonical form
if ¢ is continuous.

Of course, there exist canonical forms on, say L;?;f;GR), e.g.
the following one, EK: L;?;f;GR) > L;?;T;GR) which is defined as
follows: let T € L;?;TEGR), calculate k(Z) and let EK(Z) be the block
companion canonical form of I as described in section 5.21 above.

This canonical form is not continuous, however (,though still
quite useful, as we saw in section 5.31). As we argued in 1.15 above,
for some purposes it would be desirable to have a continuous canonical
form (cf also[2]). In this connection let us also remark that the Jordan
canonical form for square matrices under similarity transformations

M+ SMS_]) is also not continuous, and this causes a number of unpleasant
P

numerical difficulties, cf. [16].

*7,5, Continuous canonical forms and sections. Let L' be a GLnGR)—invariant

cr cr .
subspace of L . Let M' = 1m(L') =M be the image of L'
P m’n’pC!R) e L") m’n’pClR) g

under the projection m (cf. 6.2 above). Now let c: L' -+ L' be a continuous

canonical form on L'. Then c(ZS) = ¢(Z) for all ¥ € L' so that c factorizes
through M' to define a continuous map s: M' -+ L' such that ¢ = s o T.
Because of (7.3) we have T o ¢ = T so that T =T o s o . Because T is
surjective it follows that m o s = idn, so that s is a continuous section
of the (principal GLnGR)) fibre bundle m: L' -+ M', Inversely let s: M' - L'
be a continuous section of T, Then s o m: L' -+ L' is a continuous canonical

form on L'.




7.6. (Non)existence of global canonical forms. In this section we

shall prove theorem 1.17 which says that there exists a continuous
canonical form on all of L;f;f;GR) if and only if m =1 or p = 1.
First suppose that m = 1, Then there is only one nice selection
in I(n,m), viz. ((0,1), (1,1), ..., (n-1,1)). We have already seen
that there exists a continuous canonical form .t Ua - Ua for all.
nice selections a. (cf. 3.,10). This proves the theorem for m = 1.
The case p = 1 is treated similarly (cf. 3.11). It remains to prove
L:::I’lf;(lR) if m > 2
and p > 2. To do this we construct two families of linear dynamical

that there is no continuous canonical form on

systems as follows for all a €ER, b ER (We assume n > 23 if n =1

the examples must be modified somewhat).

020

G, (a) = G,(b) =

where B is some (constant) (n-2) X (m-2) matrix with coefficients
inR »

x,(b)
%, (b)

H, (a)=

0
0

where C is some (constant) real (p-2) X (n-2) matrix. Here the

continuous functions




y](a),yz(a),x](b),xz(b) are e.g. yl(a) = a for la] <1,
y](a) = a-]vfor la[ z_l; yz(a) = exp(~ az), X, (b) =1 for Ibl < 1
x, () = b2 for [b] > 1, x,(b) = b lexp(-b2 ) for b # 0, x,(0) = O.
The precise form of these functions is not important. What is important
is that they are continuous, that xl(b) = b-lyl(b—l), xz(b) = b—lyz(b_])
for all b # 0 and that yz(a) # 0 for all a and xl(b) # 0 for all b.

For all b # 0 let T(b) be the matrix

7.7) ' T(b) =
0
Let Z, (a) = (F,(a), G, (a), H (a)), L,(b) = (F, (b)), Gz(b),_Hz(b)). Then

one easily checks that

T(b)

(7.8) ab=1 = Zl(a) = Zz(b)

Note also that Z](é), Zz(b) € LEO;C;GR) for all a,b € R; in fact

bt}

(7.9) Zl(a) € Ua, a = ((0,2), (1,2), ...,(n-1,2)) for all a €ER

(7.10) Zz(b) € Uy, B = ((0,1), (1,1), .v.y(n-1,1)) for all b €R

8’
which proves the complete reachability. The complete observability is
seen similarly.

. . . co,cr
Now suppose that c 1s a continuous canonical form on Lm GR)

Let c(Z,(a)) = (F (a), G (a), H (@), c(Z,(b)) = (F (b), G (b), H (b))
Let S(a) be such that c(Z (a)) = Z (a)L ’and let S(b) be such that

- S(b)
c(Z,(d)) = Z,(b) .

It follows from (7.9) and (7.10) that
- - -1
S(a) R(F](a),G](a))u'R(Fl(a),G](a))a

- - — . . -1
5(b) = R(F, (6,8, (b)) g R(F,(6),G, (b)),




Consequently S(a) and S(b) are (unique and are) continuous

functions of a and b.

Now take a = b = 1, Then ab = 1 and T(b) = In so that (cf£(7.7),
(7.8) and (7.11)) S(Q1) = S(1). It follows from this and the continuity
of S(a) and S(b) that we must have '

(7.12) sign(det S(a)) = sign(det S(b)) for all a,b €R

Now take a = b =<-l, Then ab = 1 and we have, using (7.8),

S(-1)
22(—]) = 0(2201»

e, -1) = £,V
It follows that S(-1) = S(-1)T(-1), and hence by (7.7), that
det (S(-1)) = - det (B(-1))

which contradicts (7.12). This proves that there does not exists a

continuous canonical form on Lco’chR) ifm> 2 and p > 2.
s 11, - -

*7.13, Acknowledgement and remarks. By choosing the matrices B and C

in G](a),Gz(b),Hl(a),Hz(b) judiciously we can also ensure that
rank(Gl(a) = m = rank G2(b) if m < n and rank Hl(a) = p = rank Hz(b)
if p < n.

As we have seen in 7.5 above there exists a continuous canonical

form on L;?;c;GR) if and only if the primcipal GLnGR) fibre bundle

co . . . . .
m™: L ’chR) > Mco’chR) admits a section. This, in turn is the
m’n’p m’n’p‘

case if and only if this bundle is trivial. The example on which the

proof in 7.6 above is based precisely the same example we used in
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[5] to prove the fibre bundle T is in fact nontrivial if p > 2 and
m > 2, and from this point of view the example appears somewhat less
"ad hoc" than in the present setting. The idea of using the example

to prove nonexistence as done above is due to R.E. Kalman,

8. ON THE GEOMETRY OF M°°n°raR) HOLES AND
(PARTIAL) COMPACTIFICATIONS

As we have seen in the introduction (cf. 1.19) the differentiable

manifold Mconc;GR) is full of holes, a situation which is undesirable

’ b
in certain situations. In this section we prove theorems 1.23 and 1,24

but, for the sake of simplicity only in the casem =1 or p = 1,

8.1, An addendum to realization theory. Let T(s) = d(s)—]b(s) be a

rational function, with degree d(s) = n > degree b(s). Then we know
by 4.27 that there is a one input one output system X with transfer
function TZ(S)‘ We claim that we can see to it that dim(Z) <n,

Indeed if

then, if d(s) =

8i4n doai * dlai+l * * dn-lai+n—l
for all i > 0. It follows that if of = (a ,al,az,...), then
rank‘ﬂ{ ©h) = rank?{ (d‘) for all r > n-1, But ?{n_](d) is ann X n
matrix and hence rank 8{r(d) < n for all s, which by section 4 means
that there is a realization of of (or T(s)) of dimension f_n.

It follows that a cr and co system I of dimension n has a

transfer function TZ(S) = d(s)_lb(s) with degree (d(s)) = n and no

common factors in d(s) and b(s), and inversely if T(s) = d(s)—]b(s),

degree b(s) < n = degree (d(s»,and b(s) and d(s) have no common

factors, then all n-dimensional realizations of T(s) are co and cr,
Indeed if d(s) and b(s) have a common factor, then

T (s) = d'(s)_]b'(s) with degree (d'(s)) < n-1 and it follows as above

that rankgl oD < n-1 so that ¥ is not cr and co. Inversely if I is not

cr and co there is a &' of dlmen31on < n—] which also reallzesd4 so that

T(s) = TZ'(S) h' (sI-F' ) 9 = det(sI-F') B(s) =d'(s) B(s) with

degree(d'(s)) < n-1,




*8,2, There is a more input, more output version of 8,1. But it is

not perhaps the most obvious possibility., E.g. the lowest dimensional

realization of s—](i f) has dimension 2. The right generalization

is: Let T(s) = D(s)-]N(s), where D(s) and N(s) are as in the theorem
mentioned in section 5.9. Then there is a co and cr realization of
T(s) of dimension degree (det(D(s)).

.,n-1
n-1 dtn—]

differential operator of order < n-l. Then there exists a family of

systems (2 ) < LCO’CrGR) such that the £f(I ) converge to D in the
z'z 1,n,1% ' z

sense of definition 1.21.

8.3. Theorem, Let D = a + a il—-+ eee t a > 3 €ER be a

To prove this theorem we need to do some exercises concerning

differentiation, determinants and partial integration. They are

(8.4) Let k €Z, k> -1 and let B be the n X n matrix with
— n,k .
1+J+k)

(i,3)-th entry equal to the binomial coeff1c1ent'(i+k+l

Then det(Bn,k) =1,

Let u(i)

i t
(t) = é_gﬁﬁl-. Then [ znefz(t-T)u(T)dT =

dtl o
zn—]u(t)+ cee F (-J)n-lu(n'l)(t) + 0(2-])

where O is the Landau symbol.

. i .
Let ¢(t) = (t=mou(r), ¢ (r) = E"iﬁi)-. Then ¢ () = 0
dt

) for i < m and
oM (6) = DG~ D™ (@) dif i >

And finally, combining (8.5) and (8.6),

n . .. .
(8.7) e—z(t_T)zn(t-T)mu(T)dT P SR (—J)1+]zn—l(1;])u(l—l-m)(t)
i=m+l

+ O(Z—?)

8.8. Proof of theorem 8.3, We consider the following family of n

dimensional systems (with one output and one input),




(0,...,0,Xm,...,xl)

0

where the Xy eeey X 3 M < n, are same still to be determined real

numbers, One calculates

(t-T)F
h e 2y
zZ

and, using (8.7),

t (t=T)F _ m+i . . . . .
[ he “g u(1)dr W7k, T EDTEN EnITETH M
o 1 j=1i+1

u(j-i—l)(t) + O(Z-])

m-1 m . _ _
5 (_l)m-2+122( 5 xi(mfljﬁ—l)u(m L 1)(t) + 0(z ])
2=0 i=1 1

Now, by (8.4) we know that det (( = 1, so that we can

m+i~2~1)
i i)

choose x., ..., X in such a way that

1’
(thle ' (m-1) | -1
£ hoe g u(n)dr = a _u" “T(e)+ Oz )

where a . is any pregiven real number,_

m—1
It follows that lim f(Zz) =

a d
zo00 m—1 dtm—l
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Let Zz(i) = (Fz(i), gz(i),hz(i)), i=0, ..., n-1 be systems constructed
as above with limiting input/output operator equal to
i -
a; —; - Now consider the n2—dimensional systems Zz defined by
dt
F (0) 0 ...
. g, (0)
»

: ,= (1 (0), ..., B (1)

Fz(n—l gz(n—l)

Then clearly lim f(Z ) = D, Let T(l)(s) be the transfer function

of X (1) Thei for certaln polynomials B( )(s) we have

(8.9) Téi)(s) - dz(s)_lBgi)(s), d_(s) independent of i

The transfer function of Z is clearly equal to

) (i)
(8.10) T _(s) = z T, sy = d ()" '8 L(8), B (s) = z B, Dy

i=o0 , i=o

By 8.1 it follows from (8.10) that T (s) can also be realized by an

n-dimensional system,_Z'z. Then also lim f(Zz) D. Finally we can
Zr0

hange I' sli ' i i ol
change 2 s ightly to Zz for all z to find a family (Zz)Z < Ll,n,lGR)

such that 1lim £(Z ) = D. This proves the theorem.

zeo 2
8.11, Corollary.Let L' be a system of dimension i and let D be a
differential operator of order n — i - 1 (where order (0)=-1). Then

there exists a family (T)) c 1.59°%T (@R) such that 1im £(Z_ ) =D + £(Z').
z’z 1,n,l] ; z

Z>0

Proof. Let Z; = (F;,g;,h;) be a family in L (R) such that

1,n-1,1

lim £(27) = D. Let I' = (F',g',h"). Let I  be the n-dimensional system
Z—>>o

defined by the triple of matrices

_ " '
hZ = (hz,h )

Then lim f(ZZ) =D + £(&'). Now perturb Zz slightly for each z to Zz,

Zro0
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to find a completely reachable and completely observable family
(Zz)z such that lim f(Zz) =D + £(2").

Z->0

8.12. Theorem. Let (ZZ)Z‘C L lGR) be a family of systems which
H

I,n
converges in input-output behaviour in the sense of definition 1.21.
Then there exist a system £' and a differential operator D such that

dim(Z') + ord (D) < n-1 and lim f(Zz) = f(Z') + D

Z->0

Proof. Consider the relation

y,(£) = £(Z Du(c)

for smooth input functions u(t). Let @(s) and ?z(s) be the Laplace

transforms of u(t) and yz(t). Then we have
§,(s) =T (s)3(s)

where Tz(s) is the transferfunction of ZZ. Because the f(Zz) converge
as z > © (in the sense of definition 1.21), and because the Laplace
transform is continuous, it follows that there is a rational function

T(s) = d(s)_]b(s) with degree d(s) < n, degree b(s) < n-1 such that

lim Tz(s) = T(s)

Z—>co

pointwise in s for all but finitely many s. Write

T(s) = e *test ... te

with degree d'(s) = i, degree(b'(s)) < i. Let Z' be a system of
dimension < i with transfer function equal to d'(s)—lb'(s) and let

dn—i—l

. . d
D be the differential operator e + e EE—+ + e i ;;E:I:l'

The Laplace transform of the relation
y(t) = £(Z")u(t) + Du(t)

for smooth input functions u(t), is




§(s) = T(s)a(s)

Because the Laplace transform is injective (on smooth functions) it

follows that

lim f(Zz) = f(2') +D

Z->o

*8,13. Remarks on compactification, desingularization, symmetry

breaking, etc.

The more input, more output versions of theorems 8.3 and 8,12
are also true. To prove them it is more convenient to use another
technique which is based on a continuity property of the inverse
Laplace transform for certain sequences of functions. (The inverse
Laplace transform is certainly not continuous in geheral; also
it is perfectly possible to have a sequence of systems Zz such that
their transfer functions Tz(s) converge for z - ©, but such that
the f(Zz) do not converge, e.g. Tz(s) = z(z—s)_l).

Let I be a co and cr system of dimension n with one input and

one output. Let T(s)

+...+b]s+bo _ b(s)

1y, 4d s+ (8D
1 o

T(s) =

be the transfer function of £. Assign to T(s) the point

. . . . . 2n
(b te.etb _j2d zo..2d _ :1) €EPTTR)

n—]: o

real projective space of dimension 2n. This defines an embedding
of M?o;CTGR) intoiPznGR). The image is obviously dense so thatiPznGR)
bl b

is a smooth compactification of M?OQCTGR)-
b Rt ]

Let ﬁ] n ]GR) be the subspace of]PznGR) consisting of those
E] H]

points (xoi...:x

:yozy]:...:yn) € IPzn(IR) for which at least ome

n—1
Ysi» i=0, ..., n is different from zero. For these points




n—-1

X +X.8+,,.+X .S
o 1 n-1

n
yo+y]s+...+yns

has meaning and this rational function is then the transfer function

of a generalized linear dynamical system:

%X = Fx + Gu
(8.14)
y Hx + Du

where D is a differential operator. (The points inIPznGR) ~ ﬁl .1
L R ]

corresponds to "systems" which tend to give infinite outputs for

finite inputs; they are interpretable,however, in terms of

correspondenées y(t) = u(t)).

Further let Ml,n,l’ consist of those (xo:...:xn_]:yo:...:yn)
for which if y; = 0 for i > r then also X;_; =0, 1 >r, For these
points the D in (8.14) is zero and these points thus yield

transfer functions of systems of dimension < n. (But many points

-~

in M] .1 have the same transfer functions). Assigning to a point
Lottt Tatd ]
in M . . .
Iyn,! the first 2n + 1 coefficients of

n-1
X +X,8+,,,+X s
o 1 n-1

n
yo+y]s+...+yns

we find the following situation

,cr _ =
n,1 €M a1

ool

R20+1 . p2n+l

—

Here # is an embedding and its image is the subspace of all sequences
A= Sao,...,azn) such that rank?tn_l(o‘) = rank 5’£n(a‘) = n, The image

of ¥ is the space of all sequences # such that rank H_(4) = rank ?{i_](o‘l) =1

2n+

for some i < n., This is a singular submanifold of R and # is a

resolution of singularities.
~

) correspond to transfer functions
co,cr
1,n,l

The . : co,cr
points of (Ml,n,l ~ Ml,n,l

of lower dimensional co and cr systems. If a sequence X, EM




coﬁverges to such a point, the intermal symmetry group GLnGR) of X,

suddenly contracts to some GLmGR) c:GLnGR) with m < n,
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