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ON THE NOTION OF PROBABILITY

A SURVEY

By E. DE LEEDE AND J. KOERTS

Abstract

Different interpretations of the probability concept are considered. In a

situation of repeated trials, indepedent in the frequentistic sense, the frequen-

tistic theory appears to be adequate only if a sufficiently large number of

observations is available. In those cases where only a limited number of

observations is available, the subjectivistic approach towards probability

might be of help. The underlying assumptions of this notion of probability

are considered. From the fundamentals of normative probabilities, the ambiguity

of a prior distribution for an "unknown" parameter is shown: Sometimes such a

prior distribution can be considered as a reflection of (personal) beliefs,

sometimes it must be considered as a derivative of the learning process that is

chosen. When these two .interpretations overlap, the meaning of a prior distri-

bution becomes rather vague.
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This report is based on report 7007 of the Econometric Institute; it is completely

rewritten.

We added a section "On fair bets", according to the ideas of Professor de Finetti

and rewrote Carnap, according to his last ideas which became known after his

death.

Moreover we introduced a section Bayesianism; a mixed approach and striked the

section of B.O. Koopman.

Finally, we added the concluding remarks.



1. Introduction

Mathematical statistics has shown a strong development over the past two

centuries. That is, the number of techniques for analysing data has

increased enormously. These techniques are all based on probability theory

and they have been developed so as to end up with some kind of inference,

some statement about the real world. The concept of probability, however,

is rather abstract and hence the question arises: what is the inter-

pretation of the notion of probability in real world situations?

In answering this question we reach the foundations of statistics and, as

is the case in many sciences, it is precisely here that differences in

opinion appear. The foundations of this concept (and hence the foundations

'upon which all techniques are based) have been the object of much discuss-

ion . Different interpretations have resulted in different axiomatic

systems. Unfortunately, however, not all systems justify all the techniques

already in use. Thus research workers using statistical methods should pay

attention to the foundations of the notion of probability. Economists in

particular have reason to be interested in views about these because their

statistical problems differ quite often from the assumptions made for the

several theoretical concepts of probability: The frequentistic theory may

be well equipped for applications in experimental sciences, in situations

where the number of observations can be chosen arbitrarily large, but the

economist is most often faced with problems where no experimenting is

possible. The subjectivistic approach, on the other hand, may be useful for

dealing with decision problems with a limited amount of information, but the

science of economics is traditionally of a normative nature and subjective

elements do not fit well into this picture.

About 1930, the problem of interpretation of the probability concept seemed

to be solved by the introduction of an abstract axiomatic system as the

basis of probability theory; see for instance Kolmogoroff [10]. Probability

theory now became a. part of mathematical measure theory. This approach was

important because the probability calculus could be developed without being

hampered by problems of interpretation. But, as soon as one tries to apply

statistical methods, one must confine Oneself to a particular interpret-

ation of the notion of probability: This interpretation then determines
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••

the techniques available to the research worker as well as the area
 in which

statistics can be used.

•The economist now runs into a problem because the literature is ext
ensive,

very technical, and therefore difficult to grasp.

The purpose of this paper is to present a brief survey of several axiomat
ic

systems, which correspond to different interpretations of the concept of

probability. We shall discuss their strengths and weaknesses and try to

answer the question: "What should the attitude of an econometrician towards

the notion of probability be?"

It is not our primary purpose to join the discussion about rather philosop
h-

ical issues, like "could a claim to so-called objectivity be justified in

any sense", or "could subjective concepts be incorporated in a scientific

theory, without destroying the scientific character of the theory". This

kind of questions are of minor importance for the practical research

worker if compared with questions like "what are the practical limitations

of either theory, and under what kind of circumstances is the use of one

system or the other permitted7. In summarizing the several axiomatic

systems, we shall mainly concentrate on those issues that are relevant

from this rather practical point of view.
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2. The Classical Approach

The theory of probability originates from gambling problems. In such

situations the following definition was used implicitly for a long time

and later defined explicitly by Laplace:

D.C.1. The probability of an event occurring is equal to the ratio

between the number of cases favourable to this event and the total number

of possible cases, provided that all these cases are mutually symmetric.

This definition depends on the notion of symmetry and so raises a logical

problem: if probability is defined on the basis of symmetry, how should

we define this symmetry? The problem can be illustrated with an example.

Consider the throw of a die. In this case we all believe that the six

faces are symmetric. But what does that mean? If we consider the faces

in more detail we realize that each is different, if only in its identifying

marks. In this sense there is no symmetry. The die could, however, be called

symmetric in its relevant ,(mechanical) aspects. But if our experiment were

to consist of taking the die from the table and returning it with the same

face up, then the six events would apparently not be symmetric. Therefore,

the six events should be called symmetric only in those aspects relevant

to some specified experiment. But this means that the six events should be

equally probable, because equal probabilities is exactly the aspect that

is thought to be relevant. So, mutually symmetric cases imply equal

probabilities and this makes the definition circular. This fact is well-

known, but it is perhaps less well-known that Jacob Bernouilli [1 ] had

evaded this problem by a different definition.

D.C.2. Probability is a degree of belief (gradus certitudinis). A

degree of belief is measured by the ratio between the number of favourable

cases and the number of possible cases if all cases are thought to be

equally likely.

In this definition, a distinction is made between the contents of the

probability concept and the way in which such probabilities should be

measured. This distinction is of vital importance and will be met again

later.



Are all problems solved if we restrict ourselves to gambling cases on
ly,

and if we accept ..Bernouilli's interpretation? The answer is negative for,

even in this case, the concept of equally likely cases raises difficu
lties.

Consider two coin tosses. Let H represent heads and T tails. Traditi
onally

the events (HH), (HT), :(TH), (TT) are thought to be equally likely.

However, another description of the possible outcomes suggests ano
ther

kind of symmetry. We could just as well assume that the outcomes no
 heads,

heads once and heads twice are equally likely. This view point h
as been

.advocated, by no less a person than d'Alembert. The difference i
n opinion

leads, of course, to different numerical probabilities for the s
ame event;

and in gambling. this is unsatisfactory.

It has been shown that, even for one person, symmetry arguments can lead

to sets of equally likely cases that are mutually contradictory. This i
s

more serious for it means that, even in the opinion of a single person,

equally likely cases are not uniquely defined and thus it makes no 
sense

to define the measurement of probabilities in terms of the many sided

concept of equally likely cases. The following example illustrat
es the

problem.

Consider a car that needs 1 liter of fuel for some distance between 8 and

12 kilometers. Symmetry arguments would lead *us to a 50% chance tha
t the

actual efficiency is between 1 liter for Band 1 liter for 10 kilometers.

Often the efficiency is measured by the number of liters needed 
for a

distance of 1 kilometer. In our case, this value should be between 0.125

and 0.083 liters. The same kind of symmetry arguments would lead us
 to a

50% chance that the actual efficiency is between 0.125 and 0.104. These

values correspond to 1 liter for 8 kilometers and 1 liter for 9.6 kilometers

and contradicts the values found earlier.

Thus we can say:

(1) Laplace's definition is circular. Jacob Bernouilli solved this

problem by distinguishing between the concept (degree of belief) of proba-

bility and the way in which it is measured.

(2) The measurement of probability is only defined if equally likely

cases can be determined. This implies that many empirical phenomena w
hich

show statistical regularity are excluded. Such a definition is too restrict-

ive and therefore can not be accepted.



(3) Even if equally likely cases can be determined, the measurement

of our degree of belief is not necessarily unique.
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3. The Frequency Approach

As has already been said, we cannot accept the classical, definition of

probability because its scope is far too limited.

Since 1850 there have been repeated attemps to introduce a suitable

definition of the notion of probability. Such 'a definition should serve two

purposes: (1) it should extend the field of the applicability of probability

•theory and (2) it should solve the problems met in the previous section.

Von Mises [15,16] made an important contribution towards, a solution. He can

be regarded as one of the founders of the frequency approach in probability

theory in which we can say that the object of the theory is to 'provide a

mathematical model suitable for the description of a certain class of

observed phenomena known as random experiments. Such experiments are

characterized by the following properties:

• (a) The outcomes differ from trial to trial.

(b) The relative frequency of observed events stabilizes for increasing

numbers of observations. •

(c) There is no such thing as a successful gambling system. In this, a.

gambling systeniis to be understood as a system that prescribes bets on

basis of, for •instance, the ranking number of.. the trial at hand,

Successful betting schemes are possible if the scheme would adapt itself

• to a bias of the roulette wheel, but this is not the kina of gambling

systems that Von Mises had in mind. In the latter case, the gambler "learns"

the probability value during the game. whereas. (c) claims the absence of

gpmbling. systems in situations where the probability values (here: stabil-

ized relative frequencies) are fully known.

The properties (b) and (c) give rise to substantial logical questions.

How can we know that relative frequencies stabilize in the long run? Does

it make sense to speak of the absence of gambling systems in situations

where the probability values are fully known, if it would take an infinite

number of observations to know these values? Even if the stabilized relative

frequencies would be known, how can we prove the non-existence of successful

gambling systems? The frequentist's answer to these questions will be that,

first, there can be no objection against the building of a mathematical



model that fulfils (a) through (c); second, there are many situations

where relative frequencies tend to stabilize in long though finite

sequences of observations and where gambling systems have broken down;

third, the application of the mathematical model has proved to be success-

ful in many cases; and fouth, there is not yet another model that describes

such phenomena better. To understand the frequentist's attitude, we should

distinguish carefully between reality (our experience of stabilizing

frequencies and failing gambling systems), the mathematical model that is

constructed, and the problems that arise when the model is applied to

real situations. The mathematical model should reflect the properties

that we meet in reality, and a terminology has to be introduced that makes

the requirements (a) through (c) more explicit.

A first basic concept of the model is the notion of a label space.

D.M.1. The label space S is the set of all conceivable outcomes of

an experiment.

Many authors use the term sample space for this concept. As has already

been said, in reality we deal with long (though finite) sequences of

observations. The theoretical counterpart in the model of such a sequence

ofobservationsisaminfinitesequenceoflabels bc.lj = 1, 2, ...1

where each x. is a point of the label space S. Again in reality we

experience, in a long sequence of trials, that the relative frequency

of occurrence of a. given outcome becomes more or less constant. The

counterpart of this fact is the first basic assumption that, in an infinite

sequence{x.}, the relative frequency of each label a. tends to a fixed

limit p.:

• 1).1v1-2-Ifirlarlinfirlitesequelaceoflabels{x.j= 1„ ...1 the

relative frequency of each label a. tends to a fixed limit p., then this

limit is the chance of a thin the given sequence.

It may be noted that an infinite sequence, consisting of alternating labels

0 and 1, fulfils the requirements for definition 2. Such a sequence is

completely structured, and a successful gambling system is easily derived.

For an explication of randomness, Von Mises introduces the concept of

place selection.
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D.M.3.: A place selection is a method of selecting an infinite sub-

sequence out of an original sequence which satisfies the following require-

ments: The decision to retain or reject the n
th 

element of the original

sequence may depend on the number n and on the label values xl
' xn-1'

of the n-1 preceding elements but never on the label value of the nth

element or any following element.

One would be inclined to reserve the word "probability" for those cases

where chances are invariant for any place selection. A simple example can

make it clear that this is not possible: Think of an infinite sequence of

the labels 0 and 1 that is generated by flipping a fair coin. The chance

of label 0 is There is in the set of all place selections a place

selection that happens to consist of only labels O. Although the original

sequence was meant, to be a random sequence, the chance of label 0 changes

from to 1 for this specific place selection. Apparently, we have to be

more modest in our requirement of invariance. The word "probability" will

be used for chances that are invariant- for a system of infinite denumerable

place selections. Formally, we define:

D.M.14. Let S be a discrete label space and K = {x.} an infinite

sequence of elements of S. Let G be a system of denumerably many place

selections. We assume that

(1) for every label a. in S the limiting frequency pi exists in K;

(2) E pi =1, the sum extended over all elements of S;
j=1

(3) any place selection r belonging to G applied to K produces an
infinite subsequence of K, in which again, for every ai, the

limiting frequency exists and is equal to pi. Then, K is called a

collective with respect to G and S, and p. is the probability of a..

Within the collective, several operations can be considered, alone or in

combination. These operations lead to new collectives and new probabilities.

Four elementary operations can be distinguished:

(1) Selection: a new sub-sequence is derived from an original sequence

by means of a place selection. This operation leads to a new collective.

Probabilities are not changed by it.

(2) Mixing: this is the reconstruction of the collective by taking

several labels together. For instance, a sequence consisting of the numbers
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1 through 6 is changed by only discribing the orig
inal elements as even or

odd. Probabilities change in the sense 
of the usual addition rules.

(3) Partition: from the original collect
ive, a new one is formed by

selecting only those elements that satisfy 
some specified condition.

Probabilities change in the sense of cond
itional probabilities.

(1)Combination:frmtwocollectiveswithlabe
lsa-andb.we can1 3'

define a new collective with the pairs (a., 
b.) as its labels. Probabilities
j

change corresponding to the product rule.

In this theory, probability calculus is nothin
g more or less than the

art of going from one collective to another wit
h the aid of the four

elementary operations. A probability problem usual
ly has the following

structure: given a collective and probabilities in 
it, find the probabil-

ities in another well-defined collective.

It is perhaps good to state here explicitly that Von
 Mises succeeds in

building up a probability calculus for both discrete
 and continuous label

space. His results. for the continuous case do not, however, coincid
e with

the usual axiomatic approach. To be more precise: in t
he case of a

continuous label space, the class of events to which 
probabilities are

assigned is not a sigma algebra. If for instance we tak
e the closed

interval [0, 1] for our label space, probabilities are 
only assigned to

those subsets of [0, 1] which are Jordan sets instead of
 all Borel sets as

is usually done. This difference originates from the fa
ct that Von Mises

introduces an extra requirement namely: a probability st
atement should be

verifiable, at least conceptually. Given this requirement,
 the class of

Borel sets obviously cannot be used. We shall now discuss som
e of the

difficulties associated with the frequency approach.

It is good to quote Jeffreys [ 9] at this point. In his 
opinion, "a

definition is useless unless the thing defined can be recogni
zed in terms

of the definition when it occurs. The existence of a thins or 
the estimate

of a quantity must not involve an impossible experiment."

If we accept this principle. Jeffreys' objection is very serio
us because

the notion of probability as defined by Von Mises is comple
tely hypothetical,

being a limit in an infinite sequence. It is an abstraction 
and can never

be verified!
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We must realize, however, that essentially hypothetical models are used in

all branches of science. Models are always abstrations of reality. It is

therefore not necessary for their variables to exist in reality, at least

in our opinion. Euclidean geometry, for instance is such a model; its

notions such as "points" and "straight lines" and "triangles" do not exist

in reality and can never be verified. Yet the model has proved to be very

useful. Thus we do not accept Jeffreys' principle. As to the question

of verifiability, we should distinguish between verifiability of concepts

introduced within the model (such as points, lines, and triangles) and

verification of conclusions from the model, that is, the applicability

of the model. Concepts like probability introduced within the model need

not and usually cannot be verified because they are abstractions. In our

opinion the only requirement for a model is that the axioms on which it is

based be consistent. In this respect, Von Mises' theory causes no difficul-

ties; but the problem of application has still to be discussed.

The applicability of a model requires that the model has its counterpart

in reality. This implies that there are two relevant aspects for the

connection between model and reality. Firstly, we need input for the

model, that is, certain theoretical variables should be given values

derived from reality; and secondly, conclusions derived from the model

should be translated back to real-world statements. In Von Mises' probabil-

ity model this means that, from a finite number of observations, we should

be able to derive the probability values in the collective, and from the

probability values in new collectives (derived by means of the four

elementary operations) we should be able to derive properties of finite

samples. We shall first discuss the last part of this statement.

Assume that, according to our model, the probability of an event A is equal

to p. Can we conclude anything about the relative frequency of occurrence

r
n 
of event A in a finite sequence of n elements from this statement? The

theorem that seems relevant in answering this question is the first law of

large numbers. According to this law we have

lim glp -ml< E] = 1

where 6 is an arbitrarily small positive number. In the frequency inter-

pretation, the theorem should be read in the following way: If an experiment

1
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is repeated n times (n large), we will find a relative frequency rn;
 if

this is done not once, but many times, then the value of r will appear

to be close to p in almost all cases. Now, given the value of p, ca
n we

make any verifiable statement about the occurrence of a relative

frequency r for n-times repeated trials? Most times rn 
will be close to

p, but for the particular sequence we are interested in, we simply do
 no

know! Logically, it is impossible to construct a verifiable stateme
nt;

every value of rn 
is admitted by the theory. In practice, if n is large

enough, we shall be convinced that the improbable event that rn devia
tes

from p substantially does not apply to our particular sequence. In oth
er

words, frequentists implicitly use the following rule: An event with a

very low probability of occurrence will not occur at an individual tr
ial.

Let us now discuss the qestion as to whether we are able to derive

probability values in the collective from a finite number of observations.

The theorem that seems relevant in this case is the second law of large

number or Bayes's theorem. It runs as follows: if the observation of an

n-times repeated alternative (e.g. coin-tosses) shows a relative frequency

r
n 
of "successes" (heads) then, if n is sufficiently large, the chance

that the probability of success p'lie-s between r
n 

and r
n 
+ is

arbitrarily close to one, no matter how small c(6 > 0). At first sight,

this theorem very much resembles the first law of large numbers. It is,

however, quite different. In the first law of large numbers, the probability

is calculated that some relative frequency rn lies in a fixed interval

around afixed value of p. In the second law, the probability is calculated

that the value of p lies in an interval around an observedvalue rn. Thus

we are dealing with a probability distribution over p-values! Hence there

must be a collective with the p-values as its elements!

The following example shows how such a collective with its corresponding

probability distribution can be imagined. Consider an urn filled with a

large number of coins. The coins are not all equal; some of them are

biased others are not. Our inference problem can now be brought into the

following frame work. A coin is taken from the urn and tossed n-times.

the relative frequency of heads be equal to n1/n. What then is the

probability that this coin has probability p of falling heads? This

probability is of course a probability in an appropriate collective

Let

which

can be derived in two steps. Firstly, we construct the collective represent-
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ing the drawing of a coin from the urn, tossing it n times, and 
determining

the relative frequency rn of heads.

This collective is two-dimensional because each element in it c
onsists

of a pair of numbers namely pi and rn. Secondly, the required 
collective

is derived from this one by means of a partition. That is, the 
required

collective is formed by taking only those elements of the origi
nal collect-

ive that have a second coordinate equal to rn 
= n

1
/n. The probability

in which we are interested is then the frequency of pairs with 
a first

coordinate equal to p in this derived collective. In order to s
olve our

problem numerically, we must know the composition of the urn. W
e need the

probability distribution in that collective which is the theore
tical

counterpart of the drawing of a coin, noting its p-value and p
utting it

back in the urn. In this collective, each p value possesses its ow
n

probability. Here we see clearly how a probability distribution o
ver

p-values can be imagined. This distribution, which is often calle
d the

prior distribution of p, is of importance because the required pr
obability

depends on it. Unfortunately, however, this distribution is usuall
y unknown

and we seem to be in trouble. But we are saved by the remarkable f
act that

the influence of the prior distribution decreases with n and finally

becomes negligible. This is the fundamental reason why inference f
or large

n becomes possible without knowing the prior distribution exactly.
 It is

also the reason why in our original statement of Bayes's theorem 
nothing

is said about this prior distribution.

It is clear why Bayes's theorem seems to solve our problem becau
se, roughly

speaking, it says: if in one set of observations, n being a lar
ge number,

the relative frequency of success (heads) is equal to rn' 
then we expect 

with ail-eat certainty that p is equal to rn' 
Again, nothing can be concluded

logically on the basis of a specific element out of the 
collective fpi,

For a specific element, the theory admits the possibility 
that pi deviates

substantially from rn
. An inference can be made, however, if we accept

the rule previously introduced: an event with a very low probab
ility

will not occur at an individual trial. We should realize th
at another

problem exists: if no prior distribution is known, how large 
should n be

for the probability to be really low? It is an extra assumpti
on that, if

we apply this rule in a particular case, n is large enough.

When we shall be dealing with the subjectivistic approach towards 
probabil-
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ity, it will appear that the prior -distribution plays a dominant role. It

would not 'be surprising if many subjectivists think that the very assumption

of a prior distribution is the thing that separates the subjectivistic

school from the frequentistic approach. As far as Von Mises is concerned,

this presumption is false. Von Mises explicitly makes the assumption of

a prior distribution. The difference between Von Mises and the subjectivists

is rather in the interpretation of the prior distribution if the prior

distribution is not known before hand. Von Mises assumes a hypothetical

collection of p-values. Inference procedures are only possible for so

large a number of observations that the specification of the prior distri-

bution is ja-reTeVant. Subjectivists, on the other hand, use prior distri-

butions to describe subjective knowledge about the true value of p or,

alternatively, as a mathematical tool that is equivalent with the chosen

way of learning from past experience. In principle, it is possible to

specify. the prior distribution, and inferences are no longer restricted

to large n.

We now arrive at the following interesting conclusion. Probability

statements about single observations are excluded by Von Mises. This

implies that it is meaningless to say that .the probability of a coin

falling heads in the next throw is equal to 0.5 or to speak of the probab-

ility of a certain individual dying next year. This fact is one of the

most important consequences of his definition of probability as being

a limit of a frevency in a collective. This fact causes no difficulties

as long as we are interested in abstract theory. The picture changes,

however, as soon as we want to apply the theory to large though finite

sequences because then we have to say something about a single finite

sequence. But any statement about some finite sequence is a statement

about a single observation in a new compound collective! Notice that the

rule "an event with a very low probability of occurrence will not occur

at an individual trial" is a statement about a single observation. Hence,

by introducing this rule we leave the world of relative frequencies!'

In the new world, statements about single events are possible given a

certain amount of evidence. We can now ask ourselves what kind of rules

we can expect to hold in this new world. Consider a number of events which,

according to our rule, are thought to be impossible, then the disjunction

(union) of these events is not necessarily impossible according to the
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same rule. This situation can be compared with a lottery: if the number of

winning tickets is small in comparison with the total number of tickets

(low relative frequency), it is thought to be impossible for any ticket

to be a winning one. Nevertheless there must be some winning ticket!

Apparently, the inference rule, as implicitly used by Von Mises, is only

permissible if the addition rule for "impossible" events is not needed

for the problem at hand. Actually, for mass ph*enomena any problem that

has to do with frequencies can be transformed in such a way that the

additivity rule is of no practical importance! As long as we restrict

the domain in which the theory should be applied to mass phenomena where 

experience has taught us that rapid convergence exists (that is, the 

frequency limits are approached fairly rapidly), the inference rule causes

no troubles and can therefore be used.

Hence we can conclude that, if we add a simple rule, Von Mises reaches 

his goal, namely a scientific theory of probability for mass phenomena.

However, as economists, we are nor completely satisfied with the theory.

Its domain of application is too restricted for this branch of science.

Von Mises explixitly excludes probability statements about unique events,

the outcome of one specific coin toss for instance. In many cases, the

economist deals with precisely this type of problem such as in investment

selection problems. Even in time-series analysis, we run into difficulties

because probability statements only make sense if we are able to define

a collective. In order to discuss the problem, consider the general linear

model
1) 

with the following set of assumptions about the vector of disturb-

ances u:

Eu = 0

Euul= a
2
I

These assumptions implythat we deal with a collective of disturbances that

corresponds to a continuous label space. Every year, the disturbance takes

a specific value. This can be compared with specific outcomes of tossings

of a coin. If the collective of disturbances really exists, as has been

In matrix notation: y = X + u.
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assumed so far, we can construct for instance a 99% confidence interval for

the prediction. According to Von Mises' theory, we should interpret this

procedure as follows. If the disturbances were to be measured year after

year, then in 99% of the cases, for given X and 13,g- will lie in this inter-

val. With the aid of the inference rule introduced above, we can use this

information for a decision for a specific year.

Objections against this procedure are two-fold. From the point of view of

the frequentist, the problem at hand does not allow the application of

the frequentistic theory: Neither the assumption of the existence of a

collective, nor the assumption of probabilistic properties (e.g., distri-

bution functions) can be verified if the number of observations is small,

as in the case of time series analysis. Even conceptually, the number of

observations can not be increased considerably, because the economic

structure is changing in time. The procedure will lead to solutions con-

sistent with the a-priori assumptions, but there is no way of knowing

whether we are far from reality or not! From these considerations, it is

clear that applications as in the one above are entirely in conflict with

Von Mises' ideas.

From the point of view of the economist, Von Mises' theory is not sufficient

to serve his purposes. A 99% confidence interval will often lead to such

a wide range for the prediction g that it has no practical meaning. If the
level of confidence would be chosen much lower, the confidence interval can

no longer be interpreted, because we can no longer use the rule "the very

improbable is impossible".
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4. The Subjectivistic Approach; Fair Bets

Economics is often concerned with problems that demand a certain course of

action. Many of the models that are used are introduced with the more

or less implicit, purpose of solving practical decision problems.. Sta-

tistical procedures are used if a decision problem is burdened with

uncertainty. If we are concerned with some mass phenomenon, we might well

apply the frequentistic concept of probability: A life insurance company

will calculate the premium on the basis of a frequentistic model of death

rates. In many cases, however, the economist deals with problems that do

not entirely have the character of a mass phenomenon, although a certain

kind of repetition can be considered. If, for instance, the sales of some

product are known for the last ten years, what can we conclude about the

sales next year? Evidently, there is uncertainty involved, but we cannot

properly speak of a mass phenomenon. In such a case we could of course

try to define some "hypothetical" collective, but then we run into the

problems mentioned in section 3. There are, however, situations where

repetitiveness is completely absent. To give an example, consider the

problem faced by a man who is contracted to send goods to the Netherlands

at the moment that a harbour strike at the port of Rotterdam is threatening.

If no strike occurs, he has to pay 10 units for shipment costs; if there

is a strike at the moment that the goods arrive, he will lose 100 units;

if the goods have to be shipped to another port, he has to pay 20 units

for transportation costs. Evidently, the decision that is taken depends upon

the "probability" that a strike will occur: if the harbour strike is

thought to be improbable then the goods will be shipped to Rotterdam, and if

the harbour strike seems to be nearly certain. then another port will be

used. The problem can be described in the following way: relative to the

shipment of goods to an alternative destination, the shipment to Rotterdam

presents a risk of losing 80 units if the harbour strike is actually

announced, versus a possible gain of 10 units if there is no strike.

In this form, the decision problem may be considered as a bet that is made

by the decision maker. If he accepts the bet, that is, if he actually sends

the goods directly to Rotterdam, then he evaluates the situation in such a

way, that he believes it to be worth the risk. This evaluation will be

made on subjective grounds. The "probability" of a harbour strike is the

man's subjective degree of belief that a harbour strike will actually occur.
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The theory of subjectiveprobabilities deals w
ith decision problems and

claims to be useful for all three cases mentioned abo
ve. The construction

of a theory, however, is only interesting when an iso
lated decision problem

is considered as one of a number of decision problems. I
t is important to

define this reference class explicitly, because the cr
iteria which should

hold for a decision problem are derived from this clas
s
1) 
.

The transition from a realistic decision problem, like th
e shipment of goods

when a harbour strike treatens, to a betting model about th
e harbour strike

does not leave the reference class of possible decisions 
unaffected. In _

the betting model bets on an event E are considered simultan
eously with

complementary bets on Ec; it is possible to bet in such a way
 that one

wins if E occurs and it is also possible to bet in such a wa
y that one wins

if E
c 
occurs. In our example, the complementary bet would correspond 

to

a decision that pays off if there is a harbour strike, while 
there is a

loss if no strike occurs. Such a decision does not exist in rea
lity. Hence

the reference class for the betting model is an extension of th
e reference

class for the original problem. This fact leaves the possibility 
that the

consistency requirements derived for the extended reference class ma
y be

too strong for the original reference class. Conceptually, the 
betting model

is useful for the derivation of (subjective) probabilities; in 
practical

situations people might deviate from this model because they thin
k the

betting model inappropriate.

Let us now discuss the betting model which has been developed by B
. de

Finetti [ 5] (in 1937) in more detail. We shall first pay some atten
tion

to the notation. The postulates, .definitions and theorems will be 
numbered

with the addition "F" to distinguish them from other approaches. The 
set

of possible states of nature is denoted by {s}. The union of all s is t
he

certain event S. Subsets of S are the events A, B, E, . • • . The

1)
It is noteworthy that this extension of an isolated decision probl

em

to a'class of decision problems is also met in the frequentistic 
probability

theory: When, for instance, a -hypothesis is tested in a frequentisti
c

context, then the decision whether to reject the hypothesis or not 
is

based upon considerations concerning a repetition of this decision
 under

similar circumstances; the decision is not considered as an individu
al one

(although in practice it might be unique) but as a specimen from a 
class of

decisions.
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complement of E with regard to S is written as E
c
. A bet on E with stakes

p:q is a bet such that q is gained if E occurs and p is lost if Ec occurs;

this bet is denoted by,B (p:q).

Let B be the set of bets B (p:q) for all E c:S, p and q > 0 but not

simultaneously equal to 0. We shall take the following line of reasoning:

First we construct subsets. B
c 
of B, containing consistent bets. The

criterion for consistency is roughly that no combination of bets results

in a net pay-off that is always unprofitable. Second, probabilities will

be defined in terms of betting odds for bets in B
c
, and finally it will

be proved that the ordinary rules of calculation for probabilities are

valid.

Formally, we define subsets B by means of

D.F.1. B is a subset of the set B of all bets such that

(I) For any non-empty E C S and for any value p > 0, there is some q such

that B
E
 (p:q) E B

c
. For any strict subset E (= S and for any value

q > 0, there is some p such that BE(p:q) E Bc

(II) If B
E
 (p:q) E B 

c' 
then B (q:p) E B

c
(III) No finite number of bets in

c 
on which we bet simultaneously may lead

to a net result that is negative if E obtains (E 0), or that is

negative or zero if E
c 
obtains.

The first part of this definition simply states that in the subset Be bets

are permitted on all events E, where the stakes can be chosen at an

arbitrary level. The second requirement states that, if a person is willing

to bet in accordance with B
c' 

and if he is willing to bet on the occurence

of E with the 'odds p:q, then he is also willing to accept the complementary

bet on'E . In such a case one speaks of a fair bet. It may be noted that

fairness has nothing to do with objective fairness or intersubjective

fairness; it is only the opinion of the person in question that matters.

The set B is not the set of all bets that a rational person might accept,

because it is very rational to accept unfair bets, as long as the advantage
•,•

is on your side. The set B
c 
should rather be considered as a set of fair.

bets, in which inconsistent betting behaviour is excluded. The latter is

achieved by requirement (III). There are weaker and stronger versions of

this requirement. The stronger form is given above; the weaker form only
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requires that combinations of bets should never lead with certainty to a

negative net result. De Finetti calls this the requirement of coherence,

whereas (III) reflects the requirement of strict coherence. As will be

seen, the difference between coherence and strict coherence lies in the

admissibility of non-empty sets E having the probability value 0.

Now the following theorems can be derived:

T.F. . If B (p:q) E Bc and BE(.p:qf) E Bc, where E 0, then qf = q

The proof is simple. Because of (II), BEc(q f:p) E Bc. From the combination

B (p:q) and B (qf:p) it appears that the net result is equal to q - q'
EQ

if E obtains, and the net result is equal to p - p = 0 if E obtains, so

by (III) we find q - qf > 0. In the same way, the combination BE(p:qf)

and BEc(q:p) gives q f - q > 0, thus qf = q.

T.F.2. If B (p:q) E B
c
, then B (cp:cq) E Bc for any c > 0.

To prove T.F.2., we first assume that c is a rational number. In that case,

c can be written as the quotient of two integers, say, c = c1/c2. From

(I) it appears that there is some B
E
(cp:x) in B

c' 
and we have to prove

that x = cq. Now consider a combination of c2 
identical bets BE(cp:x),

together with cl identical bets BEc(q:p). If E obtains, the net result

is c
2
x - c

1' 
q. if E

c 
obtains, the net result is c1 

p - c
2 
cp = 0. Therefore,

c2x clq > 0. In the same way, a combination of c2 identical bets

B
Ec
(x:cp), together with c

1 
identical bets B

E
(p:q) gives c2x - c

1 
q < 0,

and therefore x = cq. Suppose next that c is not rational. Then there are

rational numbers c' and c" such that c' <c < c'', where the difference

cff c' can be chosen arbitrarily small. We have proved already that

BE(c f p:c f q) and BE(c"p:cffq) are in Bc
. Again, let B4cp:x) denote the

bet on E that belongs to Bc. From the combination of the bets BE(cp:x)

and
Ec
(cfq:cfp) the net result appears to be x - c f q if E obtains, and

c f p - cp if E obtains. The latter value is negative, so x c'q > 0

must hold, according to (III). In the same way, the combination of the

bets B
E
(c"p:c"q) and B

Ec 
(x:cp) leads to the finding that c"q - x > 0.

Taking the two results together, we find cfq < x < c"q, and because

cf and c" can be chosen arbitrarily close to c, we have x = cq.
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Subjective probabilities can now be defined upon the class Bc
:

D.F.2. If B (p:q) E B, then P(E) = p/(p+q)

From D.F.1.(I) it appears that there is a probability value for any E.

From theorems T.F.1. and T.F.2. it appears that the probability value is

defined in a unique way. Probabilities, defined in this way, fulfil

the ordinary rules of calculation for probabilities (up to finite additiv-

ity):

T.F.3. ( ) 0 < P(E) < 1 for any E S

(ii) P(S) = 1

(iii) if A n E = 0, then P(A E) = P(A) + P(E)

The first statement follows directly from the definitions (stakes have been

assumed to be positive). The second statement is equivalent to Bs(p:q) E

Bc only if q = 0. In terms of the complementary bet, this implies B0(q:p) E

B
c 
only if q = 0. Now suppose that q > 0 holds, then this bet would result

in a certain loss of the amount q, which contradicts D.F.1. (III).

As to the third statement, let D = AU E. Consider the bets BA(pA:qA),

B (p :q ) and B (q :p ) in B. According to T.F.2. modifications of these
E E E De D D

bets can always be made such that the total stakes are equal, so we may

assume without loss of generality that pA+qA = pE+qE = pp+qp = M. Now if

A prevails, the total result can be written as +qA-pE-qp, and using

the equality of the total stakes this equals -pA-pE+pp. The same result

is obtained if E prevails. If (AU E)c prevails, the total result is

-pA-pE+pp, go this result is obtained with certainty. From D.F.1. (III)

it appears that -pA-pepp > 0. From the complementary bets on Ac, 
Ec 

and

(AU. E) we obtain likewise the inequality +pA+pE-pp > 0. But then, pp =

For any bet, the sum of the stakes equals M, so we have P(A) =
PA4-1°E.

PA PA
= , and pA = M.P(A); in the same way, we have p = M.P(E) and

p +q
A A

p = M.P(D). It may be concluded that P(D) = P(A) P(E), which was to

be proved.
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As a direct consequence of the requirement of strict coherence, we find
2)
:

T.F.4. For any E c:S, E 0, P(E) > 0 must hold.

Suppose that this theorem is not true, then there must be some non-empty

E c:S with P(E) = 0. But then, there is a bet BE(pE:qE) in Bc with pE = O.

Consider the complementary bet BEc(qE:pE). According to D.F.1. (II) 
this

bet must also be an element of B. If E prevails, this bet results in

if Ec prevails, this bet results in pE, and this has the value 0. Now

such a bet is excluded by D.F.1. (III) and cannot be an element of Bc.

A contradiction is found, so T.F.4. must be true.

From the assumed existence of the set Bc 
we have derived a finitely

additive probability measure. Now we must turn to the question whether

sets B
c 
do in fact exist. There are two sides to this question. First

it must be considered whether such sets can exit in a mathematical sense..

As a second step, it must be considered whether such a set exists in

an empirical sense. It is reasonable to assume that a set Be actually

reflects the betting behaviour of people, at least approximately and under

suitable circumstances? As to the first part of the question, one may apply

the results of measure theory. It is well-known that a finitely additive

probability measure exists for the set of all subsets of S. (see for

instance [8]). For any E S, let pE denote the Measure of E. Consider

the set of all bets BE(MEpE:ME(1-pE)) with Ec:S and ME > 0. It is easily

seen that this set satisfies the requirements I and II of D.F.1.. It remains

to be shown that requirement III is satisfied as well. From measure

theory it is known that an operator, called the expectation, can be defined

for random variables X, Y, (for a definition see Savage App. 1), 
such that .

(a) E (aX + 13,Y) = aE (X) + E (Y) where a and 13 are real numbers

(b) E (xE)= pE where xE = 1 for all s E E

xE = 0 for all s E Ec

(c) E (X) > 0 whenever PO(s) < 0 = 0

2)
If we assume coherence instead of strict coherence, T.F.3. can still

be proved. Only T.F.4. is no longer valid.
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Consider abet of the form B
E 
(M
E 
p
E 
: M

E 
(1 - p

E
)). If E prevails, this

bet will result in a gain ME (1 - pE), and this gain can be considered

as a random variable ME (1 - pE). xE where the random variable xE is

defined above. If E does not prevail, the bet will result in a negative

M
E
p
E'- 

and this can be considered as a random variable.- M
E
p
E XEc•

The net result is again a random -Variable, and using (a) and (b) it

is easily seen that the expected value is equal to

(ME(1-p )).p - (M p ).(1-pE) = •

The net result of any finite combination of bets can again be considered

as a random variable R which is the sum of random variables Ri for the

individual bets 1. But then, evidently,

" E (R) = E (ER. = E (Ri) = 0

Now if requirement (III) is violated, the net result of the combination

of bets is negative if some event A prevails, and is negative or zero if

A prevails. But then, evidently, the expectation of the net result is

negative, and we have proved above that this expectation must be equal

to 0. Therefore, the betting system as described above fulfils the require-

ments (I) through (III), and the definition of Be is not logically empty.

•As to the empirical significance of B
c
, we shall postpone our comments

until the mathematical part of the theory has been extended with the

concept of conditional probabilities. These could be defined in a technical

way by putting P(A/B) = p(AnB)/p(B) for P(B) 0 0. Such a definition would

be meaningless if no interpretation of it were given. Conditional probab-

ilities are conceptually new, rather than that they are a technical

derivative of the original probability concept. Essentially, we must give

an interpretation of restricted state spaces, and we must give the rules

that relate the original state space with the restricted state space.

Instead of using the technical definition, the above considerations will

be the basis of our line of thought; the formula P(A/B) = P(A11B)/P(B) will

be obtained as a result.

Let S be the original state space and let ACS (A 0)... Then we define
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D.F.3. The bet B /A 
(p:q) that results in a gain q if EflA occurs,

E '
that results in a loss p if E nA occurs, and that is called off if A

occurs, is a bet on E, conditional on A.

It is noteworthy that the presumption that A occurs is hypothetical. As

soon as A is actually observed, we might change our opinions and determine

new values P'(EilA) and 13' (Ec fIA) on a state space that is restricted

by factual observation of A. In section 6, when dealing with the use

of information, we shall have to explicitly introduce the assumption

that P(E/A) and pt(EnA) are identical, in other words, that there is no

change from the situation in which A is presumed to be true to the situation

where A has actually been observed.

The relation between the original bets and the conditional bets is derived

from the requirement that no finite combination of bets and conditional

bets may result in a certain loss. Let B be the set of all conditional bets

BE/A(p:q) with p and q > 0, p and q not simultaneously equal to 0, E and A

in S and A not empty. For A identical with S, it appears that the class

B is a subset of B, in other words, the original bets can be considered

as bets that are conditional on S. A rational betting model can now be

defined by the consideration of a subset Bc
c= B fulfilling the following

requirements:

D.F.4. B is a subset of the set B of all conditional bets such that

(I) For any non-empty AS, for any ES with E nA 0 0 and for any value

p > 0, there is some value q such that BE/i,(p:q) E B.

For any non-empty ACS, for any subset Ec=S with A - E 0, and for

(II) If B (p:q) E B then B 01/ (0-n) E B.cEIA c' E-A ---
(III) No finite combination of bets in nc may lead to a net result that is

negative if EnA obtains (EnA 0 0), and that is negative or zero if

E
c 
nA obtains.

any value q > 0, there is some value p such that B / (p:)

Theorems T.F.1. and T.F.2. remain valid when bets B
E
(p:q) are substituted

by bets B
/A 
(p:q). Conditional Probabilities can now be defined directly

E 
from conditional betting situations, and the definition is unique:

D.F.5. If BE/A(p:q) E B
c
, then the conditional probability P(E/A)
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The requirement D.F. . III) leads to the well-known formula for conditional

probabilities.

T .F . 5 . P(A) .P( E/A ) = P(A n E)

For the proof of this theorem, consider the three following bets: the bet

on E, conditional on A, with stakes M.P(E/A):M.(1-P(E/A)); the bet on

(A n E)c with stakes M. (1-P(A nE)):M.P(AnE); and the bet on A with stakes

M.P(E/A).P(A):M.P(E/A).(1-P(A)). In the third case, the factor P(E/A) is

just some multiplication factor, as permitted by the analogy of T.F.2. For

P(E/A) 0 0 this is always possible. Consideration of the events An E, An Ec,

A
c
nE and Ac nEc leads to the recognition that the net result of these

three bets equals M. (P(A nE)-P(E/A).P(A)) for any of these four events. The

exclusion of a certain loss implies the inequality P(AnE) > P(E/A).P(A).

The combination of the three complementary bets shows that P(AnE) <

P(E/A).P(A), and T.F.5. follows. For the case where P(E/A) = 0, the

procedure cannot be followed, because we would have a multiplication

factor in the third bet that is equal to 0. We have to prove T.F.5. in

a different way. It is sufficient to show that in this case P(AnE) = 0,

because then T.F.5. is trivially fulfilled. Now, if P(E/A) = 0, there is

a bet BE/A(p:q) in B
c 

with p = 0. Consider the complementary bet BEc/A(q:P).

This bet will result in gain 0 i
f 
A
c 
prevails, because in that case the

bet is called off. It will result in gain p if Ec nA prevails, where

p = 0, and it will result in loss q if E nA prevails. Because p and q

cannot be simultaneously equal to 0, requirement D.F.4. (III) shows that

this situation can only occur if E nA = 0, and with this the proof of

T.F.5. is completed.

As to the existence of the class B
c 

the line of thought is the same as
'

for D.F.1. Let P be a finitely additive probability measure for all

subsets of S; if P(A) 0 then conditional probabilities P(E/A) can be

derived from formula T.F.5. Consider a system of bets where the stakes

are proportional to the conditional probabilities. Such a system fulfils

the requirements I and II of D.F.4. For conditional bets BE/A(M.P(E/A)):Nr,

(1-P(E/A)) the expected result is equal to



25.

p(E n A) .m( i-p(E/A)) P(EL n A). (-mp(E/A)) p(A

p(E n = p(E n - p(E n p(A) (p(A) - p(E n ) (- PCE n =P(A)
0

But then, any finite combination of conditional bets leads to a net result

with expected value 0. This prevents any finite combination of conditional

bets from resulting in a certain loss, as defined in D.F.4. (III).

It has now been proved that the betting model is not logically empty. It

remains to be seen whether the betting model has an empirical meaning.

Probabilities are not uniquely defined by D.F.4. Uniqueness is only

obtained by the assumption that people actually assess probabilities

conform the requirements of D.F.4. Therefore, we state explicitly:

Ass. F.1. Under "suitable" circumstances, people can be brought to

a betting behaviour that is reflected more or less accurately in the

normative system of D.F.4.

It has already been pointed out that a theory of betting is not necessarily

equivalent to a theory of decision-making in real-life situations. The

set of possible decisions may influence the theory that is needed. Moreover,

there is a psychological problem: If the "suitable circumstances", as

mentioned in Ass. F.1., are widely different from the circumstances in

real-life situations, then it might be possible that the evaluation of

subjective probabilities differ in the two cases. Comments on these points

are centred around the following assumption:

Ass. F.2. The normative system, as described in D.F.4., and measured

under "suitable circumstances", as assumed under Ass. F.1., is also valid

for real-life situations.

The first assumption is essentially concerned with problems of measurement;

the second assumption points to the range of possible applications. There

are different aspects of the measurement problem:

a) People might be unwilling to play the game. A hardheaded frequentist

would perhaps refuse to spend his time on such a silly thing as the

measurement of his subjective feelings, the results of which might
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easily be "misused" in his opinion. Here the "suitable circumstances."

might offer a way out. People might be interested in psychological

experiments, and this could give them the motivation to play along;

other people might perhaps be persuaded when money is offered to them

as a reward for their participation.

b Even if people are cooperative, they might be vague in the assessment

of probabilities. This can be a serious difficulty when real-life

propositions are concerned. The probability of the occurrence of a

harbour strike might be for some person "something between 10 and 30 per

cent", and he happily admits that his personal assessment of the probabil-

ity of the non-occurrence is "something between 90 and 70 per cent".

In other words, there is a range of admissible bets that are considered

fair. In a rational betting model such behaviour is excluded; neverthe-

less, the person in question might be unable to determine a fair bet

in a unique way. "Suitable circumstances" can be developed such that

people are worse-off if they deviate from their "correct" personal

probabilities. Rational people, in the idealized sense, would then react

by giving the "correct" probability value. In reality, however, people

might still be unaware of their "correct" personal probabilities.

c) In actual behaviour, the consistency requirements may be voilated. Even

when the subject succeeds in the determination of bets that appear fair

to him, then these bets must still be related with each other in such

a way that no inconsistencies occur. Often, fair bets will be determined

for a small number of events only; other probabilities are then determ-

ined by means of interpolation. The interpolated results must be checked

as to whether they correspond to the subject's personal feelings. In this

way one may reach a consistent system, if the bets that generate the

system are chosen in such a way that they are intuitively understandable.

d People will almost certainly deviate from the system in the case where

stakes are really high. Suppose that someone thinks a bet BE(1:1) fair,

where gain and loss are both one dollar. The same person will think such

a bet to be unfair if the gain and loss are both $10,000 because the loss

of such an amount of money is more important to him than the possible

gain of such an amount of money. In other words, the multiplication rule

T.F.2. is violated. For the measurement of subjective probabilities this

is not necessarily dramatic, because we do not need the complete system

for the derivation of subjective probabilities: We might measure them

for the case where the amount of money involved is limited, and we might
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extend the field of application of these probabilities to cases where

larger amounts of money are involved by introducing a utility function.

But then, we run into the following problem:

If the stakes are low, people might easily determine fair bets which

deviate from their real feelings. The effort of careful consideration

is hardly worth while if the consequences hardly matter. When people

are unable to determine fair bets at high stakes but accept fair bets

at low stakes, we do not know whether the latter is done because it

reflects their personal feelings correctly, or because the stakes are

so low that careful consideration is not worth while.

The remarks made so far make it clear that the "suitable circumstances",

as mentioned in assumption F.1., must be created with care. This has a

disadvantage for the transition to real-life problems also:

f) the assessment of probabilities under laboratory conditions may be

different from the assessment of probabilities within a real-life context.

Probabilities are derived from an intuitive process in which different

influences upon some real-life situation are weighed; when this process

is carried out in circumstances that are remote from the situation

in which the actual decision has to be taken, this process may be

disturbed. It is by no means certain that a bet on the occurrence of

a harbour strike will be similar to a decision that is taken when a

harbour strike threatens even if the formal description of the two is

the same.

It has been stated already that a unique probability measure in the fair

betting model can only be defined on the basis of the measurement of

people's behaviour. Therefore the problems mentioned above, which are met

in the process of measurement, are relevant. They do not, however, give

grounds for the complete rejection of the theory of personal probabilities.

Problems like unwillingness, vagueness, carelessness in the evaluation

and comparability with real-life decision problems might be overcome by

educating people. Psychologists may find the "suitable circumstances" in

which people respond in the required way. Some of the problems may be solved

by the creation of circumstances that are more directly related to the

real-life decision problems; if necessary, the betting model can then be

exchanged for another model, and the postulates adapted. In the next section,

we shall see that Savage has developed an axiomatic basis for subjective
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probabilities where fair bets do not play a part.

There are two other points that must be raised, which are more fundamental

than problems of measurement.

g) In the example of a harbour strike, we have seen that sending the goods

to the town where the strike may occur can be considered as the accept-

ance of a bet, whereas the complementary bet is void of any practical

meaning. In the betting model, both bets and complementary bets play

a part. Is the use of the betting model then appropriate for the harbour

strike situation?

Apart from measurement problems, has the betting model (or modifications of

it) general validity? Here we come to the point that has been raised by

Kyburg [13]. He states that there are many situations in which our un-

certainty cannot be expressed by betting quotients. Suppose that we are

concerned with some long-term problem, for instance the exhaustion of the

copper supplies of the world. Our certainty will then not be reflected in

a betting game, because the pay-off will take place long after our death.

Only hypothetical bets with a hypothetical pay-off will then be of any help.

This argument is the more pressing if the truth of a general law is

concerned: Such a law can only be falsified, and can never be verified.

Therefore, the only reasonable bet is one with stakes 0 on the proposition

that the theory is true; otherwise, we are betting money with the certainty

that there will never be a pay-off. The other side of the bet is equally

disadvantageous: if the law is not completely implausible it would be

nonsense to let the stakes be positive, if the opponent offers no money at

all. We are now in the degenerate situation of the bet B
L
(0:0), where L

stands for the truth of a general law. Even in this situation one might try

to think of hypothetical bets. Such reasoning, however, evades the funda-

mental problem: If we are faced with an uncertain situation, in which bets

have no empirical meaning, there is no reason to require that the consist-

ency requirements for bets should hold. Therefore, we state:

h) The betting model is only appropriate for at least in concept-verifiable

statements.

Some of the problems raised above are - at least partially - solved by

adapting the set of axioms. See, for instance, the later work of De

Finetti (especially [6]), andthe next section in which Savage's approach
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is treated. Yet, the heart of the matter remains unchanged: In real life

decision problems, the set of possible acts is often too limited to obtain

numerical probabilities. Therefore, the set of acts must be extended with

artificial acts as, for instance, bets. But then we run into the problem

that the behaviour of people under artificial circumstances may differ

essentially from their behaviour under realistic circumstances.

Up till now, we have paid no attention to the most fundamental attack on the

subjectivistic approach. Frequentists claim that their theory is objective,

unburdened by personal taste. Therefore, their theory is real "science"

whereas the subjectivistic approach is too personal to have scientific

value. This discussion is one about the roots of science. At this stage,

we cannot go into this discussion, because the frequentists deal with

repetitiveness, whereas the subjectivists, as treated so far, deal with

problems where repetitiveness is not an essential feature. It is only after

dealing with the subjectivistic approach to phenomena that are (mainly)

characterized by repetitiveness, as considered in the "mixed approach"

(section 7) and in the normative approach (section 8), that this point can

fruitfully be discussed.
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Savage!s. Axiomatic System

L.J. Savage [19], derives numerical probabilities from a system of ordering
relations. Savage's contribution is of special importance because of the
context in which the problem is developed. He bases his system on a prefer-
ence that we have for one act over another in an uncertain situation. It is
assumed that such preferences will obey certain consistency rules. These
rules are laid down in the postulates. The postulates can be interpreted
in two ways. In the behavioralistic approach, it is assumed that the

'postulates reflect more or less the actual behavior of mankind in situations
of uncertainty. Whether or not people react in a consistent way is a problem
belonging to the field of psychology. We are more interested in the normative
interpretation: Given some consistency rules, in what way should people react
to a choice between acts in a situation of uncertainty? This is apparently a
decision problem. Usually, the solution of decision problems is derived from
probability theory. Savage goes the other way around. If it is possible to
solve a decision problem, there must be a preference relation defined on the
set of acts; if this preference obeys some consistency rules, then it can be
shown under what other conditions numerical probabilities must exist. The
ordering among acts implicitly defines the underlying notion of probability.
Because the ordering among acts is subjective, the underlying probabilities
are also subjective.

Let us consider Savage's definitions and postulates more closely. In the real
world, or rather the relevant part of the real world, several possible states 
can be distinguished. For instance, when betting on one throw of a die, the

possible states are the results "1" through "6". When confronted with a
possible harbour strike, there are (roughly) two states: the strike will or

will not occur. Uncertainty can be defined as a lack of knowledge about the

state of the world that obtains. Now, any act will result, depending on the

state of the world that obtains, in a specific consequence. Hence, we can

define an act mathematically as a mapping of the set of states into the set
of consequences.

The definition of an act is extended in the following way:

D.S. . Any mapping of the set of states into the set of consequences is
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called an act.

If we make an even bet of one dollar on the outcome of a coin, there are

two states of the world, the outcomes "heads" and "tails"; the two conse-

quences are "winning a dollar" and "losing a dollar". According to the

definition, there are four possible acts. Only two of these are realistic

in a betting situation. If we put our dollar on "heads", state "heads" is

mapped on the consequence "winning a dollar" and state "tails" is mapped

on the consequence "losing a dollar". The second realistic act is to put

our dollar on "tails". Moreover, there are two hypothetical acts, viz.

winning a dollar whatever outcome results and losing a dollar whatever the

outcome.

The first postulate asserts the existence of a preference ordering among

all acts, either realistic or hypothetical.

P.S.1. In the class of acts, a complete ordering is defined, so if f

and g are acts, then either f < g, or g < f, or both hold.

In our later comments, we shall consider more closely the implications of

this assumption in a normative interpretation of the postulates. At this

stage, we can restrict ourselves to the remark that a preference among

realistic acts at least seems to be necessary for a consistent solution

to a decision problem. As to the behavioralistic approach, it is rather

doubtful whether the postulate would be fulfilled in complicated problems.

It is clear that the ordering among acts entails an ordering among conse-

quences. For this purpose, identify each consequence c with the so-called

constant act f that maps all states on the consequence c. The constant

act f
c 
results with certainty in consequence c, and the ordering among

the class of such constant acts can be identified with the ordering among

consequences.

Other postulates will be needed to restrict further the class of possible

orderings among acts. These postulates reflect common sense principles about

preferences in a situation of uncertainty. If, for instance, the set of

states S is partitioned into the subsets B and S-B and if the acts f and g

are identical on the subset S-B, then the preference relation between f and
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g will be completely determined by the specification of f and g on the

relevant part B of S. The same is true for any other pair of acts f' and g'

when f' and g' are identical upon S-B. Apparently, the following postulate

reflects this common sense principle:

P.S.2. If f is identical with g on S-B; if f' is identical with g' on

S-B; if f and f' are identical on B and if g and g are identical on B; if,

moreover, f < g, then f' < g' also.

This postulate makes it possible to define in a unique way an ordering

relation among acts if the set S is restricted to the subset B.

D.S.2. f < g given B; if and only if f' < g', where f' and g' are

modifications of f and g so that f and f' are identical on B, g and g' are

identical on B, and f' and g' are identical on S-B.

From P.S.2. it appears that, if the ordering given B were to define with.

the help of another pair of modifications, say f" and g", under the same

rules of construction, then the same ordering given B would result as in

the case where f' and g' are used.

It can easily be checked that _f < g given B is a complete ordering.

Apparently, only the specification of f and g on the subset B is relevant

for the ordering relation f < g given B. It should be noted that the

ordering relation f < g given B is interpreted as a (conditional) preference

and not merely as a mathematical derivation.

So, if the preference ordering among acts, defined on S, is given and if

the extra information that S-B does not obtain is available, the conditional

preference is given by f < g given B.

An analogon for events with probability measure 0 is found in the defini-
tion of a null set:

D.S.3. The set .B is null if and only if for all acts f and g holds

f < g given B.

Apparently, if B is null, both f < g given B and g < f given B, so all acts
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are equivalent given B.

We have already seen that an ordering among consequences is obtained by

considering the ordering among constant acts fc 
which result with certainty

into the consequences c. Now, if by some extra information the set S is

reduced to the subset B, acts that -are constant on B result with certainty

into the corresponding consequences. This again would imply a (new) ordering

among consequences. We are not sure, however, taht the original ordering

among consequences is the same as the new one. This is asserted in postulate

3.

P.S.3. If f and f , are constant acts; if B is not null; then f < f
c — c

if and only if fc < fc, given B.

The fourth postulate is trivial:

P.S.14. There is at least one pair of consequences cl and c so that

c >1 c2.

If all consequences were equivalent, no decision problem would be left; all

acts would be equally attractive!

In set theory, subsets B of S can be described by their characteristic

functions. A characteristic function has the value 1 for all points in B,

and the value 0 for all points of S-B. In the same way, as soon as P.S.4.

is satisfied, we can define "characteristic acts" fB 
that map all points

of B on c1 
and all points of S-B on c2

1)
.

Apparently, a characteristic act f is constant on B and constant on the

complement S-B. The class of characteristic acts, defined for the conse-

quences c
1 
> c

2' 
is completely ordered. Because any subset B corresponds

to one and only one characteristic act from this class, this ordering can

be transposed directly to the set of subsets of S. The ordering relation

A > B for the subsets A and B of S can be interpreted as a "more probable

1)
The terminology of characteristic acts is not used by Savage; here it is -

introduced to stress the similarity with the theory of sets.
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than" relation. If there is a game that results in $100 earnings if A

obtains and $100 losses if S-A obtains, if there is another game that

results in $100 earnings if B obtains and $100 losses if S-B obtains, and

if we prefer the first game to the second, then apparently A is considered

more probable than B.

The postulates P.S.1. through P.S.4. do not guarantee that, if another

pair of consequences c3 > c4 is chosen, the same ordering of subsets would

be found. For this reason, a fifth postulate is introduced:

P.S.5. If the characteristic acts f 
A 
and f 

B 
are defined for the

consequences c1 > c2, if the characteristic acts gA and gB are defined for

the consequences c > c4 and if, moreover, fA < fB, then gA < gB.

Apparently, acts are assumed to be ordered in such a way that, if a $100

bet on A is preferred to be bet on B, then a 1000 bet on A must also be

preferred.

The "more probable than' relation among subsets of events has the following

three properties:

i) the ordering is complete

ii) if BrID = C fID = 0 (is the empty set) B < C if and only if

BUD < CUD.

(iii) B > 0; S > 0.

The first property is a direct consequence of the definition of A < B. The

second property is a direct consequence of P. S .2 . fB and . fB D are identical

on B; this implies that f
B 
and f 

BUD 
are identical on Enc. Because CflDØ.(5

f and f 
B B D 

are also identical on (S-B) n C. Therefore, f and f 
B U D 

are
U 

identical on B U C. In the same way, fc and fc u D are identical on B U C.

Moreover, fB and fc are identical on S-(B U C) , and fB u D and fc u D are

identical on S-(B U C). The use of P.S.2. completes the proof).

The proof of the first part of (iii) is obvious as soon as it is understood

that f„, is a constant act on S. Postulate P.S.3. then leads to the required

proposition. The proof of the second part of (iii) is a direct result of
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The structure of the ordering among events is determined by properties

through (iii). From these. properties, we can derive intuitively clear

propositions such as

(a) if B c7C, then 0 <B < C < S

(b) if B < C, and C nD = 0, then BU D < C

(i)

From this point, we will omit the details and give a general outline of the

construction of numerical probabilities. First, suppose that S can be

partitioned into n mutually exclusive subsets S1' 
Sn that are all

equivalent. Koopman [11,12] use the term n-scales for such D6rtitions.
1

Evidently, we can give a probability value of to each S. We can always

find a union of r elements of the partition that is infra-probable to some

given event A, such that the union of r+1 elements is more probable than A.

Under certain conditions, the limiting value of exists, and the numerical

probability of A is defined as this limiting value. Instead of approximating

P(A) by unions of elements with the exact numerical probabilities -1 ' 
we

n 

could just as well use unions with numerical probabilities of approximately

1
-- as long as the approximation error vanishes for large values of n.
n'

Such approximations are used in Savage's concept of almost uniform

partitions:

D.S.4. An n-fold almost uniform partition of B is an n-fold partition

such that the union of any r elements is not more probable than the union of

any r+1 elements.

It can be proved that the numerical probability of a union of r elements of

an n-fold almost uniform partition is approximately equal to 12-. The

introduction of almost uniform partitions has two advantages. Firstly,

the philosophical problem as to which cases we may expect equal probabilities

in is evaded. It seems difficult to define events with equal probabilities

outside the field of games. Secondly, the weaker assumption of the existence

.of almost uniform partitions gives more insight into the essentials of the

procedure leading to numerical probabilities. We now quote the main theorems

needed for the construction of numerical probabilities. Proofs are omitted;

occasionally, intuitive explanations are given. For details the reader is

referred to [19].

If n-fold almost uniform partitions of 5 for arbitrarily large
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values of n exist, then an m-fold almost uniform partition for any positive

integer m exists. Indeed, if S can be partitioned in, say, 1000 events that

are approximately equally probable, then it is possible to combine them in

such a way that, say, three groups result that are equally probable up to a

small approximation error (in numerical probability this error would be of

the order 1/1000). These three groups certainly form a 3-fold almost uniform

partition. It may be noted that a similar proposition is untrue for n-scales

with equally probable events.

(b) If n-fold almost uniform partitions of S for any positive integer

n exist and if there were to be a numerical probability measure P such that

A < B implies P(A) < P(B), then such a probability measure is unique.

Indeed, if a probability measure exists then the combination of r elements

of an n-fold almost uniform partition will have a numerical probability of

about 11. In fact, this value can be shown to between (r-1)/n and (r+1)/n.

Now let k
n
/n be the largest number of elements such that the union C is

infra-probable to some event B. Then Ck < B < Ck 4.1 and, by hypothesis,
n n

this implies P(Ck ) < P(B) <P(Ck ). Using the approximation error for

and C
k +

mentioned earlier, we find

,

k-i k +2
2 

k
nn n 1< P(B) , or P(B) - < - < P(B) + -n - n n - n - n

If P(B) exists, then the limit of kn/n exists, and P(B) is equal to this

limiting value. So then P(B) is uniquely determined.

(c) If n-fold almost uniform partitions of S for any positive integer

n exist, then a probability measure P such that A < B implies P(A) < P(B)

exists.

The proof contains the following elements. Consider some specific sequence

of n-fold almost uniform partitions (n = 1, 2, 3, ...). Evidently, for some

given subset B of S, we will expect that P(B) = lim -11' where k
n 
is again

n4-00

defined as the largest number of elements of the n-fold partition such that

its combination is not more probable than B. Thus, we have to prove that
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k
limn 

exists. Now consi 
m 

der the difference -- . We want to prove that
n

this difference vanishes for large values of in and n.

Apparently, it is necessary to relate the m- and n-fold partitions to each

other to derive the desired result. A natural way to do so seems to be the

consideration of the common refinement of the two partitions. However,

generally, such a common refinement is not almost uniform and nothing can

be concluded. As a way out, we can define new m- and n-fold almost uniform

partitions so that the common refinement is indeed almost uniform. The

proof is split up into two parts. For the new m- and n-fold almost uniform

k' k'
partitions, it will be proved that - - vanishes for large values of in

k
m 

k
n

and n; then it will be proved that -IT - vanish as well. The new m- and

n-fold almost uniform partitions are constructed in a rather evident way:

Consider an m.n-fold almost uniform partition and always take the unions

of n and in elements of it respectively. It can easily be proved that the

resulting m- and n-fold partitions are indeed almost uniform. For the new

in-fold partition, we can define a new number corresponding to nk‘

elements of the m,n-fold partition. The same can be done for the new n-fold.

partition. Apparently, C
k' 

< B < C
n(k'+1) 

and C
mk‘ 

< B < C
m(k'+1)s

t
n --
m n n

hold, where C denotes unions of elements of the m.n-fold partition. From

these two inequalities C
nk' 

< C
m(k'+1) 

and C
mk' 

< C
n(k'+1) 

follow. Because

n m

the m.n-fold partition is almost uniform, these. inequalities imply nk <

k' k'ki!I
m(k' + 1) and ink' < n(k' + 1). From this, it appears that - - - vanishes

n n-- m in n

for large values of in and n.

For the second part of the proof, unions of .r elements of the original

m-fold partition and of s elements of the newly constructed in-fold partition

are denoted by C
r 

and C' respectively. The numbers k
m 
and k' are defined

as before. Hence

C < B < 
k 

C,
+1k 

in which 
C''+1 

is any union of k' + 1 elements of the new partition. As ak m
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special choice, let C' denote the union of the k' + 1 least probable
kt+1

elements of the (new) m-fold partition. Generally, it can be proved that

the union of the s least probable elements of an m-fold partition is

infra-probable to the union of the s most probable elements of another

m-fold partition (this is true even for partitions that are not almost

uniform). Consequently, we have •

C
k 

< B <
k'+1

where 
Ck'+1 

de
n
otes the union of the (k + 1) most probable elements of the

original m-fold partition. Because the original m-fold partition is almost

k'
m 

uniform, we can conclude that k < k' + 1; hence-- 
m 

< 
1 

In the same
m m m — m

k' k
m 

k k'

way, it can be proved that 7,7„).-- - < -- and consequently - 
'm m' m 

vanishes for large values of m. Apparently, it can be proved in the same

kn
way that ----vanishes for large values of n, and this completes the

n n
kn

proof of the existence of lirn--. The limiting value is called P(B), and
n

this function on the set of subsets B fulfills the requirements of a

(finitely additive) probability measure:

(i) P(B) > 0 for every subset B

(ii) P(S) = 1

(iii) If A n B = 0 then P(AUB) = P(A) + P(B)

(i) and (ii) are evident from the definition of P(B). (iii) must be

considered more closely. Given some n-fold almost uniform partition, we

know that the combination of any k(A) - 1 of its elements is less

probable than A. In the same way, any combination of k (B) - 1 of its

elements is less probable than. B. (Indeed, we know that there is some

combination of k (A) of its elements that is infra-probable to A, so all

combinations of k (A) - 1 of its elements are less probable than A). But

then any combination of k(A) + kn(B) - 2 of (mutually disjoint) elements

will be less probable than AU B. On the other hand, AU B is less probable

than any combination of kn(AUB) + 1 of its elements. Hence

kn(A) + kn(B) - 2 k
n
(AU B) +
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and, for n->.00, it appears that

P(A) P(B) < P(A UB)

On the other hand, we k
now that any combination 

of k (A) + 1 elements is

more probable than A; any
 combination of kn(B) + 

1 elements is more

probable than B. Hence, any c
ombination of kn(A) + kn(B) + 2

 (mutually

disjoint) elements is more pr
obable than A UB. Moreover, the

re is a

combination of kn
(A UB) elements that is infra-

probable to A UB. From this,

it appears that P(AUB) < 
P(A) + P(B). With this, (iii) ha

s been proved.

The relation between the quan
titative probability measure and th

e qualita-

tive probability ordering is expressed
 by

(iv) If A <.B, then P(A) < P(B).

Indeed, Ck (A) .<_EA < B < Ck (B)+1'
n\

P(A) < P(B).

kn(A

so  

k„,(B) +
<  " and for the limit,

It can be concluded that if n-fo
ld almost uniform partitions 

for arbitrarily

large values of n exist, then a uni
que, finitely additive proba

bility

measure P can be derived. However, 
it is not easy to verify the 

existence

of such n-fold almost uniform pa
rtitions. Savage aims to find 

a necessary

and sufficient condition for the
 existence of such partitions.

 Instead of

postulating directly the existence 
of n-fold almost uniform par

titions for

arbitrarily large values of n, Savag
e introduces the following c

oncept:

D.S.5. An ordering among events Is 
fine if, for any C > cp, a pa

rtition

{E.} of S exists such that E. < C 
for all E.

2)
.

1 1 1

It can be proved that, if an ordering is
 fine, then n-fold almost uniform

partitions do exist for arbitrarily large
 values of n; consequently, the

finitely additive probability measure P
(A) can be defined. It may be noted,

however, that P(A) < P(B) does not necess
arily imply A < B..In other words,

it is possible that both A < B and P(A) = P(B) hold. In such a sit
uation,

-
2) 

From the original text, one is i
nclined to think that E. <

this is apparently an inaccuracy
. •

is meant;



A should be very close to B, because if also AU E < B were to hold for some

E >(I) (and An E = (p), we would have P(A) < P(A) + P(E) = P(AU E) < P(B),

in contradiction with the assumption3) 
A
pparently, it makes sense to define

D.S.6. If A < B and if there is no E > E n A = , such that

AU E < B, then A and B are almost equivalent.

D.S.T. An ordering is tizht if each pair of almost equivalent events

is equivalent.

It can be demonstrated that there are orderings that are fine but not tight.

One could think for instance of an irrational preference for "lucky numbers".

Perhaps we prefer to buy a lottery ticket with a number ending on I if there

.re no other reasons for determining our choice, whereas any "real" improve-

ment in our probability of winning is preferable to this kind of super-

stition. The following postulate asserts that the ordering among events is

both fine and tight:

P.S.6. If B < C, a, partition E.} of S exists such that B U E.< C

for all E. (E. >

Apparently the ordering is fine if this postulate is fulfilled because for

B = (I) we are back in definition D.S.5. Moreover, the ordering is tight

because the situation A< B with P(A) = P(B) is impossible: from BUEi < C

it appears that P(BUEi) < P(C); because E > (I) and therefore P[E] > 0, it

follows that P(B) <

The postulates P.S.1. through P.S..6. define a unique finitely additive

probability measure. Conditional probabilities could be defined in terms

of this probability measure in a classical way. However, up till now

postulates and definitions have been based on an ordering relation among

acts that reflects a personal preference. The definition of conditional

P(AnB)
probabilities in the form P(AiB) 

=  
p(B) would be void of any meaning

3) This reasoning essentially depends on the fact that, if the ordering is

fine, E > q) implies P(E) > O.
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if it could not be interpreted in terms of a personal preference. Therefore,

it is better to derive the properties of conditional probabilities from

such ordering relations. An ordering among acts given B has already been

defined. So the characteristic acts fA 
given B are ordered as well. It is

easily verified that fA < fc given B, if and only B. But
if A B f n fc n

the latter inequality holds, if and only if Af1B < c n B. So we can define

D.S. 8. A < C given B, if and only if f 
A 

< f given B.
-- ,

It appears thatA< Cgiven B, if and only ifAnB<Cfl B.

If, for the original ordering, the postulates P.S.1. through P.S.5. are

valid, it is easy to prove that the ordering among events given B satisfy

the following requirements:

(i) The ordering A < C given B is complete (because the events of

the form A ri B and C fl B are completely ordered) .

(ii) If D n A = Dnc = 0, then A < C given B, if and only if A U D <

C U D given B. (Indeed, A 11B < C (1B if and only if U (1B <

(C U D) fl B).

(iii) A > 0 given B and S > 0 given B.

The latter part of (iii) is only true if s n B > 0; for that reason, it is

assumed in the following that B > 0. Apparently, the ordering A < C given

B fulfills the requirements of a qualitative probability. Moreover, it can

be proved that

(iv) if P.S.6. is valid for the original ordering, then the ordering

among events given B satisfies this postulate as well.

Indeed, if A < C given B, then AnB < cn B. Application of P.S.6. reveals

that there is a partition {Ei} of S, such that (An B) u Ei < c n B for all Ei.

But then certainly (A fl B) U (Ei fl B) < c n B. The left member can be written

as (AU Bi) fl B, so there is a partition {Ei} such that if A < C given B,

then A U E. < C given B for all E. and this is exactly, the contents of

p.s.6.

From (i) through (iv), it appears that a unique, finitely additive condit-

ional probability measure exists. This is denoted by P(AIB). It can easily

P(An B)
he verified that p(B) fulfills the requirements for this probability

p(An B) 
measure. Because of its uniqueness, we can write P(Al B) = P(B) •

At this stage, the definition of the probability concept in Savage's
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approach is complete. Let us reconsider the system as a whole. The first

question to be answered is, as to whether the postulates should be inter-

preted in a normative way or in a behaviouralistic way. Savage admits that

his postulates could be only fulfilled by an "ideal person".

In practice, the requirements of consistency are too heavy to bear for any

real life person. Most acts are hypothetical, and therefore inaccessible

for intuition. Moreover, acts defined on complicated subsets B of the

universal event S will be void of any intuitional meaning. Savage remarks:

"The main use I would make of the postulates is normative, to police

my own decisions for consistency and, where possible, to make•

complicated decisions depend upon simpler ones."

This implies that the postulates should not be considered as a siMple

reflection of intuitive preferences, but rather as a system in which the

intuitive preferences are imbedded. One could say that the intuitive

preferences (perhaps a bit polished for consistency reasons) must generate

the more extended system as given by the postulates.

With the aid of •a simple example, we shall try to demonstrate that the

necessary amount of intuition even in quite common situations is lacking.

We only can find a way out by reformulating the problem. Suppose we want

to derive a (qualitative) subjective probability for the occurrence of a

harbour strike at Rotterdam. Two possible realistic acts are defined, we

can ship some party of goods to another harbour or not.

Consequences are (1) loss of money because the ship is sent to another

port; (2) delay because the goods are stranded in Rotterdam; (3) no loss

of money and no delay. If the events "strike" and "no strike" are denoted

by A and S-A. respectively (S being the universal event), then we may

conclude:

If the ship is sent to Rotterdam, this act maps A on (2) and S-A on (3);

if the ship is sent to another port, this act maps S on (1). To derive

qualitative probabilities, it is necessary to introduce hypothetical

acts, such as the one that maps A on (3) and S-A on (2). This would imply

no loss of money and no delay if a strike would occur and delay if there

is no strike. This hypothetical act is void of any intuitive meaning, and

it is impossible to compare it with a realistic act like sending the ship



to Rotterdam. The decision problem as defined above does not lead to

qualitative probabilities.

The only way out seems to be the introduction of new consequences, like

for instance the loss and gain of an amount of money. Such an extension

gives the opportunity to use hypothetical acts that have an intuitive

meaning. We may compare the act that results in a loss of $100 if a strike

would occur and a gain of $100 if no strike would occur, with the act

that results in a gain of $100 if a strike would occur and a loss of $100

if no strike would occur. But then, qualitative probabilities are defined

on comparisons of hypothetical betting situations, and the original

decision problem does not play a role anymore in the determination of

qualitative probabilities. In other words, the determination of qualitative

probabilities is independent of the original specific decision problem.

Apparently, the simultaneous treatment of decision problems and the deter-

mination of qualitative probabilities is rather artificial.

Let us now face the problem, in what circumstances numerical probabilities

can be derived: Either n-scales or (more generally) almost uniform

partitions are assumed to exist. It is of importance, to discuss the

implications of such an assumption. Suppose that we are interested in the

distribution of the lenghts of recrutes. This is a much quoted example

in the frequency approach. Apparently, it is very difficult to define

events that are equally probable, unless we have information about

frequencies in a long series of observations. But then, n-scales are

not primitive notions; they result from observations, and the corresponding

probabilities should have been defined in terms of these frequencies. In

this example, n-scales are a result of numerical probabilities, rather

than vice versa. As a pure subjectivistic example with a continuous

sample space we can use the size of the market for a newly developed product.

The marketing manager may have certain ideas about the market size, but it

will be very difficult to define intervals such that to these intervals

equal degrees of belief can be given. Perhaps this is possible for 2, 3 or

4 intervals, but quite clearly the intuition of the marketing manager will

be much too vague to define equally probable intervals that are arbitrarily

small.

Savage suggests the following way out. We can extend the universal event
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with the outcomes of large sequences of coin tosses. Under the assumption

that the postulates hold even for this extended class of events, numerical

probabilities can be derived. The implication of this assumption is that

real events can be compared as to their probability with a "canonical

experiment". By introducing this concept we reach the ideas of Pratt,

Raiffa and Schlaifer which we shall briefly discuss in the next paragraph.
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6. Reference Lotteries: The Approach of Pratt, Raiffa and Schla
ifer

When dealing with Savage's theory, we have 
omitted all references to

the concept

are defined

as given in

utility and

selves here

probability

of utility. This could be done very easily, bec
ause probabilities

by Savage independent of utilities. In the axio
matic system

the paper of Pratt, Raiffa and Schlaifer [17], the concepts of

probability are defined simultaneously. We shall re
strict our-

to those parts, that are relevant for a definition 
of the

concept.

The aim of Pratt, Raiffa and Schlaifer is to develop a,
 method to obtain a

consistent subjective probability model for real life. 
situations. Essential,-

ly, the theory boils down to a comparison of real-life
 events with a

hypothetical canonical experiment. It is supposed that 
one. can imagine an

experiment characterized by a rectangular distribution on 
the interval

[0,1]. Given two consequences c* and ce., we can consider the class of .

lotteries that result in c* for the interval [0,a) and in c*
 for the interval-

[a,1]. For real-life events E one can define a lottery that result in c*
0

for E0 and c* for the complementary event E Eo. It is postulated that

for any event E0 a number a exists, such that the two lot
teries are

equivalent. This 'number ei is denoted by P(E0). In other words, this model

can only be used if we feel that the real life problem .can b
e compared with

a hypothetical lottery. .Before giving the formal postulates we have to

introduce the following notation.

Let E be a finite set of real world events. Denote by X x Y t
he set of

outcomes of a two-dimensional hypothetical experiment; the 
outcomes are

restricted to the generalized interval [0,1]. On the Cartesi
an product

ExXxYall sorts of lotteries can be defined. Such lot
teries are denoted

by

x, y c* if e c Eo , x c X0 and y c Y0

= c* otherwise

where E
0 
c:E and where X and Y are sub-intervals of [0,1]. Apparently, 

if
0 0

E0 = E, the lottery is defined on the hypothetical canonical 
experiment -

only; if X0 x Yo = X x Y, the lottery is defined on the set of r
eal life

events.
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As far as preferences exist in the class of lotteries, it is supposed that

these preferences are transitive. This implies that .a partial ordering is

defined on the class of lotteries. If 2, 
2 
is not strictly preferred to

g
1' 

this is denoted by 2, 
2 

2, and we have
%

P.PRS.1 . If 2, -4 2, and 2, 2, then 32,
(k. 3' 1

If both 2, '4 1. and 2, 4 2, this equivalence will - be. -denbted byP,
1' 

. 
1

Let us now return to the lotteries that are defined on the canonical

experiment. -Evidently, it is sensible to ,choose a canonical experiment

that is a simple as possible. It is supposed that the canonical experiment

is characterized by a two-dimensional rectangular probability distribution.

This is reflected by

P.PRS.2a. If 2,1(e, x, y) =

if moreover the area of X
1 

x y

c- if eEE
0 

and (x,. y) EX
1 
xY

1

ce: otherwise

c- if e E E
0 

and (x, y) E X2 
x y

2

ce, otherwise

is equal to the area of ,X x Y
2' 

then
2 

P.PRS.2b. If E = E and the area of X
1 

x Y
1 
is strictly larger than

X Y then }2.
2 1

The restriction E
0 
= E in this postulate has to be made. because the

decision-maker 'could attach the :value 0 to the chance XX0 Y_ whatever

area X
0 

x Y is chosen.
0

The third postulate asserts that the lottery defined on E0

may be compared wi.thalottery defined onExXxY0. mother words

lotteries on real life events may be compared with lotteries on the

hypothetical canonical experiment.

P.PRS.3. For any subset E EE there exist a value P[E such that
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e, x, y) =

and

x
' 

y

are equivalent.

c* if eEE
o 
and (x, y)EX x Y

c* otherwise

c* ifyE[0, P[E0]] and (e, x)EExX

c* otherwise

The fourth and lastpostulate is needed to assure that the property of

additivity is not only valid for canonical chances but also for the

probability function PEE0].

P.PRS.4. Let Q be any one of E, X, Y; let q be the corresponding one

of e, x, y; let {Q1, ..., Qn} be a partition of Q; for i = ), n, let

50 and e be lotteries aponExXxYindependent of the value of q; let
a.

/

V(e, x, y) = kl(e, x, y)

e(e, x, Y) = 2,7(e, x, y)
if q E Qi

Then, if ZI % ky for all i, q, St" holds.

From these postulates one can derive the existence of a unique finit-

ely additive subjective probability measure on the class of -event-$.

{Ed.

The importance of this approach lies in the fact that it makes explicit a

line of thought that is implicitly used by Savage. Numerical subjective

probabilities only exists if comparisons with hypothetical lotteries

can be made. It is quite interesting to mention that the idea of a canonical

experiment has been used by Hemelrijk [7] in an entirely different context.

The latter defines the concept "aselector" which is an objective canonical

experiment. This concept is used as a basis to define an objective

probability concept in a frequency context.

With the canonical experiment we end up not very far from our starting

point: real life decision problems are replaced by betting situations

(section 4) or reference lotteries. Is there a reason to prefer the latter

above the former? Conceptually, there is a difference: Bets are considered
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for given events, and the consequences (the odds) can be chosen from a

range of possible consequences. Reference lotteries are concerned with only

two consequences c* and c*, and the event is chosen from the range [0,1].

When a whole range of consequences is involved, then we cannot duck the

question about the utility function of those consequences. The assumption 

that utilities are linear for small amounts of money makes it clear that,

in its essence, subjective probabilities are defined simultaneously with

utilities. Things are different for reference lotteries: It is only

assumedthatc->c,: 5 and the relative value of c- and c, is of no4 

importance (It is remarkable that Pratt, Raiffa and Schlaifer have de-:.:.

:fined subjective probabilities and utilities simUltanQously, although

this is not necessary in their approach). This theoretical advantage must

be paid for with a price in practical applications: To operate with

reference lotteries is more difficult than to imagine bets.
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• Bayesianism in the Mixed Approach and in De Finetti's Representation

Theorem.

Up till now, we have considered the meaning of subjective probabilities in

terms of consistent betting behaviour and in terms of consistent preference

orderings for acts. The question has been left open why a person puts his

odds in some specific way, or why a person has a specific preference

ordering for his acts. The consistency requirements alone are far from

sufficient for the derivation of a unique probability measure. The problem

is of great practical importance, because the task of assessing probabilities

is usually a very difficult one; we would like to have some guiding

principles at our disposal to help us in our task. Such guiding principles

have not necessarily the same status as the consistency requirements:

Assuming that a person is willing to play along, inconsistencies can be

punished by proposing combinations of bets. On the other hand, bets that

are in clear conflict with common sense could - by chance - be rewarded,

instead of being punished. If, for instance, a coin has been flipped a large

number of times, and if about half of the times the outcome heads has been

observed, then it is common sense that a bet on the next outcome should be

on even odds. Nevertheless, someone might be willing to bet with odds 1:9,

and this might turn out to be profitable.

Betting odds reflect our ideas about the phenomenon in question. If these

ideas are very complex, we cannot expect guiding principles to exist that

reduce the problem of the assessment of probabilities to a simple algorithm.

If, for instance, the future market share for a newly-developed product is

to be estimated, degrees of belief will reflect our knowledge about market

shares for analogous products, our experience of the market in other

countries, our ideas about the activities of competitors, and so on. The

marketing manager will weigh all such information in his mind, without making

use of algorithms. The construction of guiding principles serves a more

modest purpose; it is meant for those cases where the available information

is fairly homogeneous. For instance, one might think of a procedure to

estimate future sales on the basis of the sales figures for the last ten

years.

In its most elementary form, the problem is the following: if in n trials

k successes have been observed, how can this kind of information be used
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for the assessment of the probability that a success will occur in the next

trial? In textbooks on subjective probability, the following example is

often used: Let there be an urn with red and white balls. The experiment

consists in removing a ball, observing its colour, putting it back into the

urn and shuffling the balls around, after which the experiment can be

repeated. Let the proportion of red balls in the urn be equal to p. Now

let us assume that we can take a quick glance at the contents of the urn

before the experiment starts. Although we do not know the value of p, we

have some idea of its possible value. We may construct a (subjective)

probability distribution for p with density f(p). This is called the prior 

distribution. Now, if it is assumed that the experiment is a Bernouilli

process, then for any given p the probability of k successes in n trials
Ncan be written as ('

n 
)p (i-

n-k
p) . Weighting this result with the degrees

of belief for the different values of p, the (subjective) probability of

k successes in n trials can be written as

(1 * n 
F[k/n] = ) (-)P

k 

(1-0n
-k 
flp)d/3-k0

(1)

In this way, a multidimensional (subjective) probability distribution

is defined upon p and sequences of outcomes. But then, the ordinary rules

for conditional probabilities can be applied. It is easily seen from

Bayes' theorem that

f(p!) = 
P[p]f(p) p(1) f(p)

n 
1

0

„..p)11...kf(p)dp

(2)

where k/n stands for an observed relative frequency,of k red balls in n

trials. These observations have changed our prior ideas about the value of p.

The new distribution, the density of which is given in (2), is called the

posterior distribution. In the same way, bets on relative frequencies will

be revised in the light of already observed relative frequencies k/n:

p= (Indq)071pk+t(1-p)s+n-(k+t)f(p))dpdpPLL n II
s 

s n

-t
= 
0
f PL-s- Of(p1Ln)dp

(

Ind

oflk()n-kf(p 1-p p)dp

(3)
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where the last equality is easily verified by means of (2). This way of

incorporating knowledge from observations has some interesting features,

that are in agreement with common-sense requirements. First, it is shown

that an extra observation of red increases the probability that red will

be observed in a new trial. In formula, we want to prove that

> P[RIL]
n

This inequality can be rewritten as

1

  >  

f
1 

s 
ll

k+1,, ,n-k „
-p) fkP)dlp 

f
1 
k+1/ 

— 
f
1 
k

p Ll-pfl-kf(p)dp 
0 

p (1-p) f(p)dp0

and the proof is a direct application of Schwarz's inequality.

(4)

(5)

The second, and more important ,.property has to do with the limiting behaviour

of the posterior distribution if the observed relative frequency tends to

a fixed limit. Indeed, if we are concerned with a Bernouilli process, we

may expect that the observed relative frequency will tend to the "true"

value of the parameter. Suppose that k/n tends to a fixed number r for n4.00,

then it is easily seen that the mass of (2) is concentrated around r,

provided that f(p) does not vanish around r. Therefore, if the possibility

that p = r is not excluded beforehand by our choice of the prior distribut-

ion f(p), we know that in the long run the posterior distribution will

disclose the "true" value of p. This, of course, affects our actual betting

behaviour. If we bet on the outcome red in single trials, (3) can be

written as

PERI!-.1 = Pf(P)dp (6)

and because f(pik/n) tends to a one-point distribution for k r, we find

PER r for r provided that f(p) o around p = rn

In other words, in the long run we shall use betting odds that correspond

with the "true" value of p.
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It is noteworthy that the learning model, as described above, is developed

on the basis of two assumptions. First, it is assumed that we are able to

construct a prior distribution f(p) by having the opportunity to glance

over the contents of the urn. This immediately leads to a number of object-

ions:

- The frequentist will say that the subjectivity makes the learning model

inappropriate for scientific application. According to him, science must

exclude things like "personal ideas" or "subjective feelings". The

subjectivist will answer that, in the long run, objective truth will

suppress the subjective prior distribution, as follows from (6). If

a large number of observations are available, the subjectivist is as

close to the truth as the frequentist, whereas the subjectivist can

also apply the learning model to situations where only a limited number

of observations are available. Therefore, the learning model described

here is more general than the frequentist's inference procedures.

- People who are interested in practical applications will remark that it

is only very seldom that we have the opportunity to glance over the

contents of the urn. Very often, we know next to nothing of the "true"

value of p. To overcome this problem, attempts have been made to construct

"vague priore". ,Such attempts have not yet resulted in generally accepted

procedures, and perhaps this may be impossible.

- As soon as we try to generalize the learning model, we run into problems

of interpretation. Suppose that the model is used for a coin-tossing

experiment, then p can no longer be interpreted as a proportion of a

finite population, but it must be considered as a probability in the

frequentistic sense. As we shall show at the end of the next section,

this leads to considerable complications.

The second assumption that has been made in the construction of the learning

model is the one about Bernouilli trials. The model, as used so far,

combines subjective probabilities (the prior distribution) and frequentistic

probabilities (Bernouilli trials for given p). This duality is reflected

in the term "mixed approach" with which we denote the learning process

described here. The mixture of two different kinds of probabilities is

at the least confusing, and should be clarified. One way to solve the
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problem is to stick to subjective probabilities as the 
essence of the

learning process, where these sujective probabilities a
re assessed as if

we have to do with Bernouilli trials. This, however, 
takes away the basis

of rationality from the learning process. Why should 
we act as if we have

to do with Bernouilli trials, when we are not willin
g to admit that anything

like frequentistic probabilities exists? Another way o
f solving the problem

would be the explicit recognition of two different kinds 
of probabilities.

This has been advocated by Carnap. Unfortunately, he has n
ot elaborated

this concept. A third way out is offered by the Finetti, who
 reduces the

prior distribution to a mathematical artefact that can be de
rived from

betting behaviour in special circumstances. Suppose that the 
subjective

probabilities for an outcome R after n observations are influen
ced by the

relative frequencies of successes, but that the order in Which successes 
and

failures have been observed does not influence the subjective
 probabilities,

then it can be proved that there is some function f*(p) such 
that

PER

1

1*] = 
Of 

pk+1(1_p)n-kf*(p)dp

of 
 

1
pk(l_p)n-kf*(p)dp

(7)

for all k and n. This is the essence of de Finetti's representation
 theorem.

The existence of the "prior distribution" f*(p) is not prior to the

betting behaviour, but it is a consequence of the betting behaviour

if we deal with information in some specific-way. The proof of the 
theorem

is rather complicated, and the reader is referred to [4].

Formally, the distribution f*(p) has all the properties of a prior 
distrib-

ution, but its interpretation is quite different.

The situation where the ordering of successes and failures is consi
dered

to be irrelevant is of great practical importance. Such a situation is

covered by the concept of exchangeability. More precisely, if a se
quence

of events, "successes" and "failures", is such that the probability
 of k

successes and m failures in k + m experiments is dependent upon 
k and

in only, this sequence is called exchangeable. In the next section 
we shall

see how Carnap takes exchangeability as a starting-point for his 
approach

(together with the ordinary rules for the calculation of 
probabilities),

and to what extent he succeeds in the development of further guiding

principles fot the choice of a "rational betting system".
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. The Concept of Normative Probabilities

Up till now we have met two different interpretations of the concept of

probability: the frequency approach as, for instance, supported by Von Mises

and the subjectivistic approach as supported by De Finetti, Savage and

others. It is important to realize that the notion of probability is used

in different ways in these two cases. Carnap [2] was well aware of this
difference and made it clear that the word probability is not restricted

to a single meaning. At least two different conceptions canbe distinguished,

in Carnap's terminology probabilityl and probability2.

We shall now give a description of these conceptions; if we use the notion

of probability in the sense of probability2, we have in mind the empirical

fact of stabilizing relative frequencies. In other words, frequentists use

the notion of probability in the sense of probability2. On the other hand,

if we use the notion of probability in the sense of probabilityl, we have

the following conception in mind:

(1) the probability that the next toss of a coin will be heads given
a certain amount of information.

(2) the probability of an event as reflected in a fair betting quotient.

(3) probabilityl can sometimes be interpreted as the estimation of a

relative frequency. Carnap 2] clarifies this with the aid of the.

following example. Imagine an urn filled with 60 red and 40 white balls.

One ball is drawn from the urn. Assume that two players bet on the outcome

of this draw. What is their fair betting quotient? According to Carnap it

is 6 : 4. In other words, the fair betting quotient is letermined by the
proportion of white (red) balls in the urn. Carnap defends this solution

with the following argument: if we use this rule for 100 simultaneous bets

(one bet on each ball) the final balance is foreseeable and equal to zero.

Now it goes without saying that, if we do not know the proportion of white

balls in the urn, the fair betting quotient will be equal to the estimate

of it.

From this point on, Carnap takes two steps that are essential for the rest

of his work on probabilities. Firstly, he states that the two concepts of

probability are not necessarily in, conflict. One should see the two different

notions as complementary. The use of a frequentistic model for any real
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world situation forces us to develop rules of inference, which connect the

unknown values of the parameters in the model with the observed data, and

also connect statements about future (finite) sets of observables with the

frequentistic model if the latter is completely known. These rules of

inference do not have the character of probability2, although they might be

based upon probability2 statements. This can be illustrated by the following

example: If probabilitiesi are measured such that events that are considered

impossible have a probability
1 
value 0, then a frequentist's rule of

inference like "events with a very low probability are supposed to be

impossible" can be translated as "events with very low probability
2

values have probability., value 0". Of course "very low" should be specified

in a statement like this. In section 2 we have seen already that assessment

of probability., values in this way rules out the possibility of a calculus

of probability., statements. Thi's is in Conflict with the. requirement

that probability., statements should reflect "rational" betting behaviour,

when combinations of bets are permitted.

A better way to proceed is the following: If the probability value of an

event equals p, then the probability., value that is given to the occurrence

of this event in a single trial is also equal to p. So, if it is known that

a coin has the physical property that it falls heads half the timesthat it

is, tossed in an (infinite) sequence of trials; then it is rational to bet '

with even odds on the next outcome.

It is evident that a rule like the above is outside the scope of subjectiv-

ists. According to them, the only rationality rules for betting behaviour

are the ones that require coherence (excluding betting odds that result in

a certain loss or a certain gain for finite combinations of bets). A broad-

minded subjectivist who acknowledges the existence of probability2 might

say that most people will bet in accordance with this rule, but he will

never admit that people should bet in accordance with it. It is at this

point that Carnap takes the second step that is of fundamental importance

for his work. He tries to develop rules of rational betting behaviour, and

from his earlier work it appears that he is striving for a unique way of

deriving probability
1
-values. Because subjective feelings have nothing to do

with sucha system, Carnap uses the term "degree of confirmation" rather than

"degree of belief". Hence, c(111E) denotes the degree of confirmation that
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hypothesis H will be true in the light of evidence E, and this can be

considered as a normative assessment of the degree of belief that H will

turn out to be true, given the evidence E. In his earlier work, Carnap

tried to build a system of degrees of confirmation by means of the logical

structure of the language in which H and E are described. Hence, the term

"logical probabilities" was used for these kinds of probabilities. It

appeared, however, that the logical structure of the language in which H

and E are described is not a sufficient basis for the 'derivation of unique.

degrees of confirmation, and therefore we will use the term normative

ptobabilities, rather than logical probabilities,, for all systems that.

impose upon degrees.of belief rationality requirements which exceed the

coherence requirements laid down by the subjectivists.

The rule that probabilityl values should be chosen such that they are

equ4l to probability2 values might appeal to our intuition; there is,

however, a serious objection to such a rule. Probability2 values can never

•be observed, because they .are defined for infinite sequences of observat—

ions. We would need a rule of inference fto derive probability2 values from

the evidence E.. But then, it seems better to base degrees of confirmation

directly upon the observable 'evidence E, instead of making a detour in

terms of probability2. In. other words, Carnap tries to develop a rational

way of using 'evidence E for betting on hypothesis H. We may call this a

rational learning process.

Henceforth, we shall base our .considerations mainly upon Stegmaller [20],

who has given an elaborate survey of Carnap's later (partly still unpubl-

ished) ideas. The reader is also referred to Carnap 3] where special

attention is given to Carnap's concept of a "model". Before turning to the

axioms, we must first define the kind of hypotheses H and evidence E for

whichtheaxiomsarea:ssumedtoholdtrue.Let{a.}be a (finite or count-

able) set of individuals. For a coin-tessing experiment this is the set of

trials. Each individual will turn out to be characterized by a finite set

of attributes {A
1' A2' 

... An} where each member A. belongs to a family'
F. of mutually exclusive attributes. It is assumed that each family of

attributes F. contains at least 2 and at most a countable number of1
different attributes. If a statistical experiment is performed in which

people's height and weight are measured, there are two families of attrib-
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utes. The number of attributes within each family generally depends on the

refinement of the measuring method. If height is measured to the nearest

centimeter, and if we feel certain that everybody's height is between 1 and

400 ,centimeters, there are 400 different attributes in this family. In the

coinrtossingexample there is ,only one family ,of attributes, containing

the .two attributes "heads" and "tails". Now amodel is defined as a

complete specification of all individuals in terms of .n attributes (each

of which :belongs to the corresponding family of attributes) Note that a

model is not defined as the true specification, but ratherr-as a possible 

specification ,of all individuals. For the coin-tossing example, fox an

infinite number of trials, any infinite sequence of the ,outcomes "heads"

and "tails" can be considered as a model. Next, consider the set of all

models. Subsets can then be defined -which for any specified individual. ,
.th th

a. the j attribute for the m family is fixed. The proposition "indiv --1
th

idual a has the j attribute from the m
th 

family" is called an atomic•i .

proposition, and is formally identified with the subset of models for which

this is true. In the coin-tossing example, the atomic proposition "the

third trial results in "heads" " is formally identified with the set of all

sequences of outcomes "heads" and "tails" that have "heads" in the third

place. In this way, set,theoretical rules can be applied to propositions.

Now let Eat represent the pet of all atomic propositions. The set Emoi of

all molecular propositions is defined as the algebra, generated by Eat on

the set of all models, and the set E of all propositions is defined as the

a-algebra, generated by E
t 

on the set of all models. In the coin-tossing
a•

example, propositions like 'the first toss will result in "heads" and the

third toss will result in 'tails" " and "in the first n tosses the outcome

"heads" will occur k times or less" are molecular. Propositions like "all

trials with even number will result in "heads" " belong to E, but are not

molecular. In this example, any mode], (that is, any completely specified

infinite sequence of outcomes heads and tails) belongs to E, but does not

belong to Em

It is noteworthy that, in the example, given above, the set of all models in

which the relative frequency of heads tends to some fixed limit r < p ty

(where p is given) does not belong to E. In' other words, the hypothesis

that we are dealing with same propability2 value less than p is not

a proposition in the sense of the definition of E. Such a hypothesis

is typical for, frequentistic estimation procedures, and an extension
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of the set of admissible propositions so that this kind of hypothesis could

be included might prove to be fruitful.

It is assumed that in c(H)E) both the hypothesis H and the evidence E are

propositions in the sense defined above. This does not imply that c(HIE) is

defined for all propositions. One might be interested in only one family

of attributes, leaving aside a second family of attributes. In that case,

the set E would be too broad, and we should restrict ourselves to some set
Et c:E. Moreover, it is assumed that the evidence E is not logically

impossible.

The axioms that should be fulfilled by c(H1E) are given here in two parts.

We shall start with the axioms that are also met within the workof subject-

ivists (either as axioms or as assumptions). Then we shall consider Carnap's

A-family of confirmation functions. Thereafter, other axioms that reflect

rationality will be considered.

Probabilityl should reflect rational betting behaviour, and it is natural

to require the property of coherence just as in the case of subjective

betting behaviour. As we have pointed out already in section 4, the require-
ment of coherence is a requirement of rationality that is not necessarily

imposed upon a person in actual betting behaviour (it could well be that,

for instance, a complementary bet does not exist in reality). In our search

for rationality requirements, the axioms that are derived from the require-

ment of coherence come in rather naturally. Therefore, we state:

P.C.1. c(HIE)  0

P.C.2. c(EIE) = 1

P.C.3. c(HIE) + c(-H E) = 1, where -H is the complement of H

P.C.4. If E n H 0, then c(H n H' E) = c(H'IE n H).c(HIE).

These are the fundamental axioms for any probability theory (not including

a-additivity, however).

P.C.5. For any two molecular propositions H and E such that H n E 0,

the requirement c(HIE) > O. must hold.



59.

This postulate ensures strict coherence, Or in words Combinations of bets

that result in either zero profit or in a loss -are excluded-. At first sight,

this requirement seems to be rational indeed. Nevertheless, it is a bit

tricky. Suppose that somebody sincerely believes that when A coin is tossed

twice the only possibilities are twice heads or twice tails Both these

possibilities are considered equally likely. He will then accept a bet at

even odds that twice heads will occur, and he will also accept a bet at

even odds that twice tails will occur. The combination of these two bets

will lead to zero gain if twice heads or twice tails is actually observed.

He will lose both his stakes if once heads and once tails is Actually

observed. The person will not think of himself as being irrational in his

betting behaviour, because he does not believe that the loss Will actually

occur! To most people, the example of coin tossings supports the necessity

of the requirement of strict coherence; because they are well aware of the

possibility that once heads, once tails might obtain: A light modification
in the example could change this attitude completely. Suppose that we throw

two goldfish into an unknown chemical liquid. Then it seems to be quite

rational to assume that either both fish will die or both fish will survive.

The idea that some fish will die while other fish survive may seem rather

irrational. Only if a phenomenon is recognized as being stochastic, is the

requirement of strict coherence plausible! We shall return to this subject

when we are dealing with Carnap's A-family of confirmation fundtions.

P.C. If H and E are given; if the individuals. i and j are inter-

changed in both H and E, such that H' and E' are derived; then

c(HIE) = c(H' 1E' ).

According to this postulate, our degree of confirmation that heads will

occur in the second trial, given the evidence that heads occurred in the

first trial, is equal to the degree of confirmation that heads - have occurred

in the first trial, given the evidence that heads occurred in the second

one. The way in which the individuals have been ordered does not play a

relevant role in the determination of degrees of confirmation. This

postulate is equivalent to the Finetti's concept of interchangeability.-

Again, there is more in, this postulate, than one would think at first sight.'

If our evidence consists of 1000 observations,' all even numbers being' heads

and all uneven numbers being' tails, the degree of confirmation that heads
stwill occur at the 1001 trial is equal to the degree of confirmation that
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heads will occur at the 1002nd trial. Now a rational person would perhaps

give higher probability to the latter, because the trial has agdin an even
number, but this way of reasoning is excluded by P.C.6. In the case that we

feel certain that one outcome is physically independent of any other out-

come, we would indeed treat the 10
0
1
st 

trial in the same way as the 1002
nd

trial; the remarkable fact that the outcomes heads and tails alternate

would be put down to chance. The postulate requires that we remain

convinced that the outcomes are physically independent, whatever (finite)

evidence we may have to counter this conviction.

It might be useful to pay some attention to the connection between physical

independence and statistical independence. Frequentists who think that an

experiment consists of physically independent trials will put

f
(heads/1000 times heads in 1000 trials) =

The multiplication rule holds, because for example

P (twice heads in 2 trials) = P (H
2
/H ).Pf( )

(heads

= p

= p

The subjectivists, and also Carnap, give a different interpretation of the

probability concept. P
s 
reflects our degree of belief (confirmation), and

our belief will be influenced by experience. Therefore, in general,

and

P (heads/1000 times heads in 1000 trials) P (heads)

P (twice heads in 2 trials) P (H
2 ).P(H ) {P5(H)}2.

Physical independence of trials is reflected in the assumption of exchange-

ability (or, equivalently, in P.C.6), and is quite different from statis- -

tical independence. On the other hand, statistical independence can also

be met within the subjectivistic approach. If our degrees of belief are

such that P (HIE) = Ps(H)
' 

where H and E stand for hypothesis and evidence

respectively, then there is formally statistical independence. We shall

give two examples, each of which has its own pecularities. First, consider

the coin-tossing example. Suppose that no trials have been made so far, and
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that a bet on even odds is considered fair. Then Ps
 (H) = Now if 1000

tosses have been made, and exactly 500 of these have result
ed in heads,

then it seems rather natural to bet with even odds again on 
the next out-

come being heads. Although there have been quite a large numb
er of

observations, these have not influenced our degree of belief.
 It should be

noted, however, that the situation after 1000 tosses differs 
drastically

from the original situation. Although the degrees of belief
 are the same,

the sensitivity to new evidence will presumably have decreased 
substantially.

If the new evidence consists of ten times heads in a row, then 
we may

expect that P5(1111/10 times H in ten tosses) will be much closer 
to 1 than

/510 times H in 1010 tosses).
Ps(H1011

The second example of statistical independence in the subjectivis
tic theory

is of more importance. We can make an a priori choice that a certain
 kind

of evidence does not influence our degrees of belief for a certain 
kind

of hypothesis. Think of the following experiment: A coin is taken f
rom a

bag, it is tossed, and after the observation it is put back in the 
bag.

Now suppose that there are two kinds of coins in the bag, silver an
d

nickel ones. The observation consists of the result of the toss a
nd the

metal of the coin (in the terminology introduced above, there are t
wo

families of attributes). If we firmly believe that the outcome of the 
toss

teaches us nothing about the metal, the two families of attributes 
can be

called (statistically) independent: Ps
(HIE) = Ps

(H) whenever H is a

hypothesis about the metal only that (one or more) coins are made of
 and

E is evidence about the outcome of the tosses only. The multiplication

rule then, for instance, takes the form

P (SH/3 times SH and )4 times ST and 7 times NH and 6 times NT) =

Ps(S/7 times S and 13 times N).Ps(H/10 times H and 10 times T)

where S and N stand for silver and nickel, and H and T. for heads and tails.

It may be questioned whether such a way of learning from experience is

wise. Suppose that in a large number of trials most nickel coins fall

heads, whereas most silver coins fall tails. Then it seems unwise to

neglect the outcome of the toss of the next coin in the determination of

our degree of belief that this coin will be silver. The use of this kind

of evidence has been blocked however by the a priori choice of (statistical)

independence for the two families of attributes.



62.

The axioms, as given so far, are also found in the subjectivistic approach

when exchangeability exists. We are Still a long way off from a rational

betting system. Other restrictions must be imposed for that purpose. Two

lines of attack can be followed: We can analyse the general structure, or

we can try to find rules of rationality for relatively easy problems, like

throwing a die. We shall start with the latter. Suppose there is only one

family of attribute, the number of attributes being k. Our experience may

consist of s observations (s > 0). Let s
i 

denote the number of times that

attribute i has been observed ( 0 < s, < s) Let P.a denote that individual— — 1
j has attribute i; if there is no danger of confusion, we shall suppress a.

so P. must be read as "some given individual has attribute i" or (sometimes)

"the next individual to be observed has attribute i". Now we are interested

intheconstructionofclegreesofconfirmationc(P.(S) where S describes

the observations already made. Bearing in mind the example of throwing a

die, it seems, for some cases at least, rational to require:

R only dependent on the

relative frequency s./s which has been observed (the way in which the

other s-s observations are distributed over the other attributes is

of no importance).

First, let us consider the situation that no observations have yet been

made (s = 0). We define c(PilZ) = yi, where Z stands for certainty, in

other words, Z will say that the only experience we have is irrelevant.

Sometimes we shall require:

R.2 All yi-values are equal.

Because E c(PilZ) = lit follows immediately from R.2. that yi = 1/k. This
1=1

requirement may seem rational for the die-throwing example if the die is of

regular form; one might also use this requirement if one does not know any-

thing about the mechanism of the experiment, falling back on the principle

of insufficient reasoning. Henceforward, however, we shall drop R.2.

Requirement R.1. makes it possible to use a notation that is very econo-

mical- c(P.Ik/n) should be read as the degree of confirmation that an

individual which has not yet been observed has attribute i, given that in

n observations attribute i has been observed k times. Now consider the

situation where one observation has been made. From axioms P.C.1. through

P.C.6. and from requirement R.1. we can derive that

•
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c(pilo/I)
is constant for all i (1)

This can be seen as follows: According to R.1. it makes no difference for

c(P10/1) what attribute actually has been observed, as long as it is not

attribute i. So choose any attribute j i then

c(P. 0/1) c(P.a
2 

1 
.a1  . 
) c(P.a

2 
n P.a 1Z) c(P.a

1 
1P.a ) . (P.a

2 
1Z)

j 1 j  j 

Yi y.c(P.a
1 
1Z)

j 

P.a
1 
IP.a

2 
).y.

j 

Y• •Yj

c(P.I0/1)

yi . (PiallZ)

The first equality sign is needed to come to a more explicit notation, the

second and third equality signs are immediate consequences of P.C.., the

fourth equality sign is derived from the definition of y
i 
and y,. Using the

definition of 1-1, we find

c(Pi10/1 yi for i = 1,

To derive c(P. 11/1) we recognize the fact that the new individual will

certainly have one of the k attributes, so the degrees of confirmation for

the different P.'s must add up to one. If for attribute i -the observed rela-

tive frequency is 1/1, then for any attribute j i the observed relative

frequency must be 0/1, so

c(Pill/i) + (P. 0/1

Using the result (2), this may be rewritten as

c(Pi11/1) = 1 - E fly. = 1 - E y. = 1 - fl(1 - yi)

jOi jOi

(3)

(4)

The last equality sign holds because E y, = 1.
i=1 I

With (2) and (4), all degrees of confirmation are determined for the case

of one observation. The results (2) and (4) can be combined if we define
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A =  
1-n '

Simple arithmetic shows that

c(Pilsi/s) =
s. + Ay.
1 1
s +

(5)

(6)

fors= 0 or s = 1, and 0 < Si < s. The next step is the extension of (6)-- 
for all values s > 0 and 0 < s < s. It can be proved that, if the family of— —

atti.ibutes contains at least three attributes,ifP.C.1. throughP.C.6. hold,

and if R.1. must be satisfied, then (6) must hold for all s > 0. The proof

is given by means of complete induction. Unlike Stegmaller [20], we shall

construct the proof directly on basis of (6). Suppose (6) has been proved

for the case that there are s observations, then we have to prove (6) if

the number of observations is increased by one. Let s1 denote the frequency

with which attribute i has been observed in s observations, so E si = s.
i=1

We shall use S as a shorthand notation for the k-tuple of observed relative

frequencies {si, skl. First, we state that the individual as+ must

have one of the k attributes with certainty, so

c(P.a IS) = E c(P.a
s+2 1S+

J=

j=1

= E

j01

P.a S n P.as+2 j s+

P.a Is n P.a
s+2 j s+

(P.a Is n P.as+2 s+

n P.a
s+

P.a
Js

P.a
JS

P.a IS).
1 s+1

Because (6) has been assumed to be true for s observations, it can be used

for those terms where the number of observations does not exceed s. Using

(6), and rewriting the other terms in an easier notation, we find

s. + Ay. s. s, + Ay. s. + 1 s. + Ay.
1 1 1 J J 1  1 1

+
= E P. 

+ 1 s+A 
+c P.

s 1 s 1 s + 1 s +
jOi

•
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s
i 

Because c(P.I ) is not dependent on j, it can be taken before the
s + 1

summation sign. Because

E sj + Ayji s - s + X(1

jOi s + X s + X

we find, after simplification

1=
s - s. + X(1 - yi) s. s. + 1

+ xi 
i

P.   + c
Pil s + 1)s. . s + 1

(7)

,
For the next step, suppose that the (s+1)

th
 observation turns out to have

th
attribute i. Because we know with certainty that the (s+2) individual

must have one of the k attributes, we may say

c(P.
i i s + 1

s
i 
+ 1

and this may be rewritten as

c(P
i

I 1
+ 
) + 

3

E c P.  
s1. os+

=

Using (8) to eliminate the term c

easy arithmetic
S + 1

=1 (8)

(7), we find after some

s. s. + Ay. k s. s + Xy.
i 

P.1  = K .
s + 1 s X j s + 1 s + X

J=1
(9)

where K is the shorthand notation for the sum that is involved. Using 9)

in equation (8), we find

• . + 1 s. + X .

c(P.I 1
s + 1 

- K   = 1
s + X

From (9) and (10), all degrees of confirmation for the (5+2)
th
 individual

are derived, up to •an unknown factor K. To determine K, we recognize the

fact that, if s > 1, at least one attribute will have occurred with a

s
relative frequency <

s 
(let this be attribute i), whereas at least one
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Gattribute will have occurred with relative frequency - 7 (let this be

attribute 1). Now, if we suppose that we started with another set S' of

s observations, such that s. = s. + 1 s' = s
1 
- 1 and s! = s. for all1 1 ' 1 3 3

other attributes, we would find., according to (9)

SO

s.

Pits 
+11

S. ± 1

P.

I  1 

1 1 S + 1

=

si + Ayi s.

s + A 
P.I 

j=1 
j s + 1

=K' .
s. + XI.
1 1
s +,X

s. + 1 + Ay.

( 1 1 )s + X

Now, if the number of attributes in the family is at least equal to 3, we

are able to prove that K' = K. Consider for that purpose equation (9). This

equation must hold whatever values are given to s, (j ), as long as

s. remains constant. Therefore, K must be insensitive to all such changes.

For an attribute j, (9) would have the form

s.
P I J 
j s + 1

and using the same line of thought, K must be insensitive to all changes as

long as s. remains constant. But then, K is insensitive to any change, as

long as s. = s. K' has been derived by taking s 
= Si 

+ 1 and sl =
j=1

, so K' =
sl

The above way of reasoning cannot be followed if only two attributes

are contained in the family of attributes. If si + s2 = s, and if sl =

s
1 
+ 1, then we find automatically s' = s

2 
1. There is no value 

Si2
that remains constant, as Was required in the proof above.

The rest of the proof consists of simple arithmetic. From 10 and 11),

putting K' = K, we easily find

K=
s + A + 1

s +
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and using this in 9 and (10) we find

c(pi

c(Pi.

s. S. + Xy.
1 1

s + 1 s + 1 +

S. + 1
1
s + 1

s. + 1 + Xy.
1 1
s + 1 +X

With this result, the proof is completed.

In the case where only two attributes are contained in the family of attri-

butes, (6) cannot be derived from R.1. and the axioms P.C.1. through P.C.6.

The requirement R.1. plays an important part in the proof, and if there are

only two attributes, R.1. is no longer a restriction: It is automatically

fulfilled. It is, however, plausible to require that (6) should be valid in

this case as well.

Consider again the experiment, consisting of throwing a die. If we only pay

attention to an even or uneven outcome, such an experiment could be considered

as an analogue to the coin-tossing experiment. For the die we have found from

R.1.

uneven's ns nsn s1 ns n s6 P3
.53

I s

+ Xyl + Y3 s5 + Xy5 s + Ay
uneven uneven

s 

s + X s + X s + X s +x

+ c P

This formula has the same specification as (6), and it contains only the

attributes "uneven" and its negation ("even"). There are other, more direct

reasons for choosing the confirmation function (6) in the case of only two

attributes, but that part of the discussion will be postponed. First, we

shall consider the properties of (6) more closely; in illustrating several

properties, we shall freely assume that (6) holds also for the special case

where only two attributes are involved.

s.
First, we notice that c(P4-1 ) > 0 for all s > 0 and 0 < s.

s — -- 1
this it appears directly that X > 0 in (6). Next, (6) can be

s. + AY. s.
) = 

1 1 (  s  ) ( ) 0  s 
Y.

s+X = s+X 's I s+

< s, and from

rewritten as

and because
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si
X > Owe find that the degree of confirmation c(P.I--) is a convex combi-

nation

__
i s

ere no experience is available yet, and1

the Observed relative frequency ---. This property can be iiiterpreted in

the following way: If no experience is available yet, we start by giving

P. a degree of confirmation y.. After observing the relative frequency .

s./s, we shall change our opinion in the direction of the observed relative

frequency; the rapidity with which we change our opinion is characterized

by the parameter X. Consider the two extreme values of X. If X = 00, then

c(P1 s1/s) degenerates to r any s./s. In other words, if X = 03 our

prior ideas are so strong that they do not change whatever evidence we get.

In a coin-tossing experiment, we might be absolutely convinced that the

coin is fair. Even if we find heads 100 times in 100 tosses, we might still

think that this event is due to chance, and continue to believe that the

coin is fair. It would require more stubbornness than one can imagine,

if the idea that the coin is fair is not changed whatever evidence is

brought forward. The choice A = m does not seem rational, and should be

excluded.

The other extreme occurs if we choose X = O. The confirmation function (6)

i = Yi 
s soon as

any evidence is acquired, this evidence determines our degree of confirm-

ation completely. At first sight, this might seem to be a rational way of

proceeding if our starting position were one of absolute ignorance. The

value yi could be found from the principle of insufficient reasoning

(leaving aside the problems that are connected with this principle) and

when evidence has been acquired the value of y. is of no consequence

any more. Nevertheless, the choice X = 0 is excluded by Carnap, because

he feels it to be irrational that c(Pi 11/1) = 1 and c(Pi 10/1) = 0 as would

follow from X = O. Only one positive observation would make us feel

certain that the next outcome would again be positive, whereas one negative

observation would lead us to the belief that it 4impossiblethat the next

putcome turns. out to be positive. Technically, the choice A = 0 i excluded

by the axiom P.C.5. From this axiom, it appears that c(P-il i/s) is

strictly positive for all s > 0 and 0 
<Si 

< s, so
—

S. Ay.
1  1

0 4- A
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andputtings=0,>1andy.>0 we find A > 0. The question whether

or not we should admit the choice A = 0 is essentially the same as the

question whether or not P.C.5. is justified.

In the case that there are only two attributes, the axioms P.0.1. through

P.C.6. satisfy the requirements of De Finetti's representation theorem

(and add very little to it). Therefore, we know that there must be some

s.
prior distribution f(p) such that c(P.1-1 ) can be written ass

c(Pi_
S.
1

1 s.+1 s-s.
p 1 (1-p) if(p)dp

p
0

S-S.
-py lf(p)dp

•

As a matter of fact, any prior distribution f(p) that is positive on the

interval [0,1] is consistent with the axioms P.0.1. through P.C.6. If we

want to use formula (6), we are no longer free to choose f(p). It is easily

verified that (6) is formally equivpient to a mixed approach in which the

prior distribution f(p) is beta-distributed with 
Yi

d X(1-y ) as degrees 

of freedom: From

f(p) =
r(x

r(xyi)r(x Ayi

We easily find

1 s.+1

f P
0

Ay.
p i.

s-s.
-10) 1

f p)dp

1 s. s-s.
10) lp -p f(p)dp

- p
A(1 -

1 s.+Xy. s -s.+X(1-y.) -1
1 1, •i

p -P) dp

1 si+Ayi-1

f p (

s-s.+A(1-y.) -
1 1

f(p)dp

r r(s-si+X(1-yi))/r(s+x+1) = s,+Xyi

si+Xyi r( s-si+X( 1 -yi))/ r ( s+x) s+A



and this is exactly the form of (6).

Now let us return to the extreme values of A. If k±00, the prior distribution

tends to a one-point distribution with all its mass on the point p = yi.

If X->-0, the prior distribution tends to a two-point distribution, with its

mass concentrated on the points p= 0 and p = 1. We have seen already that

the choice A = 0 corresponds to a situation where the a priori degree of

confirmation y. is completely dominated by the observations already made.

This seems to be typical for the non-informative situation. Is it possible

to interpret the corresponding prior distribution in terms of lack of

information?

Raiffa and Schlaifer answer this question in the negative; they argue as

follows (see [18], page 65):

" (. ) we find that the beta distribution does not approach a proper

limiting distribution: namely a two-point distribution with a mass of

yi on p = 1 and a mass (1 - yi) on p = O. Now this limiting distribution
cannot in any sense be considered "vague". On the contrary, it is completely

prejudicial in the sense that no amount of sample information can alter it

to place any probability whatever on the entire open interval [0,1]. A

single sample success will annihilate the mass at p = 0, and a single

failure will annihilate the mass at p = 1; but a sample containing both

successes and failures will give the meaningless result 0/0 as the posterior

density at all p in [0,1] and also at the extreme values 0 and 1 themselves".

The argument is continued by the consideration of a beta distribution with

A close to O. Such a distribution concentrates nearly all the probability

mass close to the points p = 0 and p = 1, and

"it requires a very great deal of information in the ordinary sense of the

word to persuade a reasonable man to act in accordance with such a

distribution even if the probability assigned to the interval is not 

strictly O. Long experience with a particular production process or

1)
The notation is adapted to the context of this chapter. The underlinings

are part of the quotations.
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with very similar processes may persuade such a man to bet at long odds

that the fraction defective on the next run will be very close to 0 or

very close to 1, but he is not likely to be willing to place such bets if

he is completely unfamiliar with the process".

The first argument is inappropriate: if we define the posterior distribution

with the aid of a prior distribution then the undefined expression 0/0

could be given a meaning by taking the limit X ÷ 0 in the prior distribution

as well as in the posterior distribution. If the learning process is defined

explicitly as in the Carnap situation there will be no problems at all!

The second remark deserves more attention. The example chosen by Raiffa and

Schlaifer isnot a very fortunate one. Nearly all production processes will

generate good products and defective ones, so it is known beforehand that

one is dealing with a stochastic phenomenon. The situation cannot be called

non-informative. A real non-informative situation is one for which no

analogous situation exists. This implies that we do not know whether a

deterministic model or a stochastic model is appropriate. It is not at all

unrealistic to start with the idea that the observed phenomenon is deter-

ministic. Such an attitude implies a prior distribution with its probability

mass on the points p = 0 and p = 1. It is only after the observation of

both successes and failures, that we consider the phenomenon as a stochastic

one. Formally, if the relative frequency si/s has been observed with si < s

the posterior distribution f.
s
1 , is beta-distributed with Si

 + Xyi and

s - s. + X(1 y.) degrees of freedom, and for X tending to 0 this posterior

distribution has its mass spread over the whole interval [0,1].

The argument put forward by Raiffa and Schlaifer, that one would have to be

very convinced before putting all probability mass on the points p = 0 and

p = 1, is misleading. Of course, if an enormous amount of information were

available, this might be a sufficient reason for using this prior distribut-

ion. On the other hand, it is not necessary for the use of this prior

distribution that such information is available. We may choose a learning

process that makes us as open-;minded as possible for observations in the

future, in other words we leave the prior degree of confirmation yi as 
soon

as possible and choose X = O.

Let us now return again to the properties of the confirmation function (6).
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We have seen already that, when (6) holds, the degree of confirmation

c(P.Is./s) must be between the prior degree of confirmation y. and the
1

observed relative frequency s.
1
/s. The observed relative frequency draws

the degree of confirmation away from the original value yi, but the degree

of confirmation never exceeds s
i
/s. This property seems to be rational, and

it is not guaranteed by the axioms P.C.1. through P.C.6. As a counterexample,

take a prior distribution with density

Then

f(p) = 3 - 12p(1 - ).

Yi = I p(3 - 12p(1 - p))dp =

However,

) = ° 

1
2
p - p)2(3 - 12p(1 - p))dp

1
fp( - p)2(3 - 12p( - p))dp

and, clearly, this value is not in the interval [1/3,1/2]. On the other hand,

it can be shown that there are prior distributions that fulfil the above

requirement, although they are not beta-distributed. The requirement that

c is not sufficient for the derivation1
of (6). The properties of (6) are much stronger than this, but they are in
the same line of thought. Suppose that the relative frequency 1s has

been observed, then the posterior value c(P.1s
1
./s) can be considered as a

new starting point, so c(P.Is./s) = y.. Now suppose that t new observations

have been made, with. t. "successes". Then we may require that the degree of1
confirmationisdrawnaway from but does not exceed t./t. In formula:1 1

R.3. For all s, t > 0, 0 < Si < s and 0 < t. < t, it holds that—— —

iti + si t. s.
is between -

--t;

p. 

+ and c --(P.I 1 )1 1 t s s

If (6) holds, requirement R.3. is necessarily fulfilled, as can easily be
verified from
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t.+s. t.+s.+XY2 t.
c(p.1  1 1) .  1 1  .  

ti)1 1 t+s •t+s+X t+s+X

s.
1
+Xy

. 

t+s+X • s+X

Is R.3. in addition to P.C.1. through P.C.6. sufficient to derive (6) from it

in the case of two attributes? For specific choices of y and 1-, this can be

proved to be true. I do not know whether the proof can be given in 
general.

It is, however, hardly worth spending much attention on it. We may choo
se

(6) because it is an elegant form that satisfies R.3., whereas most other

proceedings (that is, choices of a prior distribution f.1
(p)) would violate

this requirement.

Now that we have analysed the proporties of (6), we turn to the question of

the cases in which it is not rational to use (6). For a die-throwing

experiment, requirement R.1. seems to be rational. If, however, we are

interested in the age that a child starts to read, the possible outcomes

could also be 1 through 6, but the observed relative frequency* of children

who begin to read at the age of 5 will affect our opinion that the next child

to be observed will begin to read at age 6 more than the relative frequency of

children who begin to read at age 4. Requirement R.1. is not fulfilled, .and

we need some kind of "distance function" to describe in what way we want

to learn from experience. The efforts at defining a distance function•

have not so far been very fruitful, and it may seriously be questioned

whether such a distance function can be defined on other than personalistic

grounds.

There are three other axioms mentioned in [20], that must be quoted here.

First we need an axiom that excludes the use of X = ' in (6).

This is done by

P.C.7. lim
5-±00

P. s./ s) s./s} = 0
a.

This axiom implies that, in the Ion-grun, the degree of confirmation is

almost,

although it is not necessary that si/s tends to a limit itself! In this

way the case X = co is excluded in (6), because c(P.1s./s) would be constant

and independent of the observed relative frequency s./s.
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To make the theory fit with traditional statistics, we might require

P.C.8. c(HIZ) is a a-additive function with E as domain of definition

for H.

In this, Z stands for certainty. The question whether or not we should

require a-additivity is still open to discuss, and we shall not go into

this discussion here.

Finally, we need an axiom that connects the learning system for, say,

thousand throwings of a die with a learning system for a million throwings

of a die; that connects a learning system for a die with. the 6 possible
outcomes distinguished with a learning system where only the outcomes even

and uneven are distinguished; that connects a learning system for k families

of attributes with a learning system for k-m families of attributes. It

is required that

PX.9. (a) If H and E are expressed in a context of k trials, and if

H' and E' have the same meaning

then c(HIE) = c*(H'IE').

(b) If H and E are expressed in

if H' and E' are derived from H

are taken together, then c(HIE)

(c) If H and E are expressed in

in a context of k + n trials,

one family of attributes, and

and E if a number of attributes

= c*(H'(E 1 ).

a context of r families of

attributes, and if H' and E' are derived from H and Eby

neglecting certain families, then c(HIE) = c*(WIE1 ).

The first part of this axiom presents no difficulties. The second part is

intuitively clear, but it excludes the introduction of the principle

of insufficient reasoning: Suppose that we are interested in the experiment

of throwing a die, then the principle of insufficient reasoning would lead

us to the assumption that the degrees of confirmation for the 6 different
outcomes should be equal; on the other hand, if we are interested in the

outcomes "6" and "not-6" respectively, the principle of insufficient
reasoning would lead us to degrees of confirmation I; and Linstead of 1/6

and 5/6. It seems reasonable, however, that the principle of insufficient

reasoning is sacrificed for those cases where we are able to define a

larger family of attributes properly. The third part of the .axiom is the
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mosttroublesome. Suppose that we are interested in two families of

attributes, the first being whether or not a driver caused an accident

last year, the second being the sex of the driver. Now, if we can neglect

the sex of the driver without changing the confirmation values, then

apparently we are not able to learn from the observed correlation between

sex and accidents. P.C.9. (c) prescribes that one family of attributes

can never teach us anything about another family of attributes, that there

is thus complete independance, whatever our experience may be. This is in

conflict with ordinary statistical practice.

Now that we have described Carnap's approach to the probability concept,

we can compare the different ways in which the probability concept is

worked out. The frequentists try to deduce a system of statistical

inference by means of probability2-statements. In our opinion, such an

attempt is rather fruitless, unless explicit attention is paid to the fact

that statistical inference is in fact nothing but the use of degrees of

belief in a very specific way (the very improbable is conceived as

impossible). More interesting is the comparison between the subjectivistic

approach and Carnap's approach. The subjectivists claim that there is no

verifiable reason for imposing other restrictions on betting behaviour'

than the consistency rules. Carnap is trying to find criteria for rational

betting behaviour. Both approaches make use of the Bayesian principle.

Now, if there is (subjective) information, it seems rather stupid to

forego this information because it does not fit into Carnap's system,

the subjectivists are right in following their ideas in this specific

situation. On the other hand, if no (subjective) information is available,

then the only thing that we can do is to establish a learning System, and

for that purpose special requirements can be made, as for instance

requirement R.3. If a person uses. a prior 'distribution fi(p), it will be

difficult to interpret the meaning of it. Is it the reflection of intuitive

ideas, or is it a reflection of the way in which he wants to react to new

information? To answer this question, we can best look at the possible

interpretation of p.. If p can be given a clear interpretation, as in the •

case where an urn contains red and white balls, * and the person has had

the opportunity of glancing over the contents of the urns, then a„prior

distribution on p has a well-defined, though subjective meaning. If,

on the other hand, p reflects the unknown probability that someirregularly

formed coin will fall heads up-, then a:prior distribution •f(p) can only
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describe the way in which we want to learn from experience. The inter-

mediate case is the most difficult one: We have vague knowledge of the

true parameter p, and we want to learn from experience as it is acquired.

In this case, there seems to be only one solution: The prior distribution,

vague as it is, should be changed in such a way that the requirements for

a learning process are not violated; on the other hand, the learning

process should be chosen in such a way, that the prior ideas are not

essentially violated.

The conclusion to this chapter is the following:

According to the personalistic approach there exists complete freedom in

betting situations to put one's odds at will, as long as the requirement

of coherence is fulfilled. If this approach is applicated to situations

where information of repetitive character is present, other restrictions

(like R.3.) can be introduced to arrive at the learning process that is

in accordance with intuition. Bayesian statisticians should not stop at

the personalistic approach, but, on the contrary, they should start from

this point on, defining what kind of restrictions can reasonably be super-

imposed under what kind of circumstances.
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9. Some Concluding Remarks.

In retrospect, are there essential differences in the assu
mptions that

are made by frequentists and subjectivists? We may not c
ompare the

frequentistic theory with Bayesian information processing.
 It is rather

the frequentistic inference procedure that must be used for a 
comparison.

If we do so, it becomes quite clear that:

- subjectivity plays a role in the frequentistic inference' rule
, as well as

in the subjectivistic approach. The frequentistic inference rul
e ("the

very improbable is consdiered impossible") can be translated as
 "if the

frequentistic probability of an event is known to be 'very low, then 
the

degree of belief that such an event will have taken place in a sp
ecific

situation is equal to 0". Of course, degrees of belief that are 
defined

in this way do not fulfil the rules of calculation for probabilities.

As we have stated already in section 3, there is no need for such rules

of calculation if we are dealing with mass phenomena.

subjectivists using prior distributions for Bayesian information pr
ocess-

ing learn from observed relative frequenties. But then, it stands to

reason that they implicitly believe in stabilizing relative frequencie
s,

just as the frequentists. What other reason could there be for them to

look at such data?

The essential difference is in the domain of application. The frequentis
ts

restrict themselves strictly to mass phenomena, and the subjectivists - 
as

far as they use prior distributions - have a much wider 'domain that they

cover. The preocedures are different because they cover different ground
s.

What are the conclusions from the foregoing for the economist who is fa
cing

some problem where uncertainty is involved? The answer is by no means

unique: The economist may have to deal with a problem that can proper
ly be

described as a mass phenomenon. In that case he will no doubt use the

frequentistic theory. At another time he may be confronted with, say
, the

estimation of the sales for the next few years for a completely new 
product.

Subjective probabilities can then be of help. Rather often he will be

required to make estimations on basis of a small number of observat
ions.

It is quite clear that he cannot use a pure frequentistic theory. He migh
t

be inclined to use an adapted form of the frequentistic theory (for.

instance, using a 60% confidence level). This, however, seems a rather

dangerous way of solving his problem. The inference rule for frequentists
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is in its essence to define away very small probabilities, and it is rather

dangerous to use techniques from this area for probabilities that are

no longer small. On the other hand, there is a serious drawback as to the

use of subjective probabilities. If there is not much prior information then

there is an element of arbitrariness in the assessment of prior distribut-

ions. For readers of the economist's report it will be difficult to find out

.what influence this arbitrariness has upon the results. It is of course true

that the reader can find out by calculating things over with his own prior

distribution, but this will be a rather timeconsuming work. Moreover, this

work is often not worthwhile, because the results are anyhow rather

uncertain. But then, it would simplify the communication if 'unique standard

techniques can be used. The complete freedom of the pure subjectivist

leads to undesireable individualism, and we must look for normative proba-

bilities as an intermediate between pure frequentism and pure subjectivism.

The problem then becomes how to find such normative probabilities. Two.

aspects are relevant. Arithmetical simplicity and conceptual menaingfulness.

As to the latter, one might think of the kind of criteria that we have met

in section 8. If conceptually meaningful criteria do no lead to a unique

normative probability measure (as is the case in Carnap s confirmation

function where A is not specified), then it may be worth to complement

them with artificial criteria. For Carnap's confirmation function, this

could be a standard choice for the value of A,. for instance A = 0, the

advantage of standardization might well outweigh the disadvantage in• .the

lack of interpretation.
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