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SAMPLE EXTREMES: AN ELEMENTARY INTRODUCTION

Laurens de Haan

I. Introduction

This note is of a didactic nature. We will derive the limit

distributions for maxima of i.i.d. random variables and give sufficient

conditions for their domains of attraction. These results can be found

in the works of Gnedenko [2] and von Mises [4]. The present exposition

contains new proofs which are intended to be sufficiently simple to be

used in an elementary course of probability theory.

II. The limit distributions

We will be concerned with the following problem.

Suppose X1, X2,.... are independent real-valued random variables with

common distribution function (df) F. We define for n = 1, 2,

= max (x1, 5 • • • xn).

We remark that one*.can 'interpret all the re-sults that follow as

results for minima by noting that min(Xl, Xn) = -max(-X1, . • .,

It follows from the independence of the Xi that

P{Y 
n 

< x} = X <x, 
' 

X 
n

< xl = FP(x).

We ask for conditions which enables one to choose sequences of real

constants a
n 
>.O and b

n
(n = 1, 2, ...) such that the sequence

P{a (Y - b < x} = Fn (a
n
xn n)

converges weakly to a non-degenerate df G as n400. We first investigate

which distribution functions actually can occur as the limit of such a



sequence.

Definition 1. A distribution function F is said to belong to the

domain of attraction of a non-degenerate distribution function G notation

F EID(G)) ifthere exist sequences of real numbers an > 0 and bn

(n = 1, 2, ...) such that

.(1) lim Fn (ax + n) = G(x)
n±co

for all continuity points x of G (notation Fn (ax + bn
) G(x)).

Our problem can thus be formulated as follows: find all distribution

functions with non-empty domains ofattraction.

The lemma below (due to Khinchine) implies that a df F cannot be in

the domain of attraction of two essentially different df's.

Lemma 1. Let F
n 
be a sequence of'df's and suppose that there exists a

non-degenerate df G and sequences of constants an 
> 0 and b

n 
such that

(2) (a x + b
n
) G(x).

Then for some non-degenerate G and sequences of constants a
n 

0 and %.

we have

(3 a
n
x + ) 4- G*(x

if and only if for some a >0 and b

(4)

lim a- a =
n-±03

•and

lim a
nn 

- b
n
) =

n4.00

Moreover then for all real x

(5) ( ) = G (ax +

Proof. From geometrical considerations, for instance by using the symmetry

of the Levy metric, it follows that (2) holds if and only if the inverse



functions of the left side as functions of x converge weakly to the

inverse of the right side of (2), i.e. 2) is equivalent with

(6)

-1
F (x) - b

n 
w

-14 (x)
a

where the inverse functions are determined in any way consistent with

the monotonic ity. We can transform (3) similarly.

This immediately implies that (2) and ()) imply (3) and (5).

Now G is non-degenerate i.e. G 1 assumesat least two different values,

-1, -1,
say G (x) > G (x0).

-,
The same for G* with G

1 
kxV > G (4). Take yl = max(xl, )01) and

.= min(x
0' 

x*). We may assume that y1 
and y

0 
are continuity points of

0 

G
-1 

and G-
1
.

Applying (6) for x and yo we obtain

(7)

-1
F
n 

G
1- 
(x) -

a
n

hence with (6) we have

a
n

Applying (7) for x = y we get

F
-1 -1

- F (y0)
n 

a
ii

1 /

G 
0

> 0.

If (3) holds similar relations are true for P. and a
n 
with G replaced

by G. Then (4) follows. As above this implies (5).0

The results of the lemma lead to the following definition.

Definition 2. The df's F
1 
and F

2 
are of the same type if there exist

two constants a >. 0 and b such that
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F
2 
(x) = F (ax + b) for all real x.

Clearly this relation between F1 
and F

2 
is symmetric, reflexive

and transitive. Hence it gives rise to equivalence classes 
of distribution

functions called types. Sometimes we shall indicate a type by
 one

representative of the equivalence class.

By the lemma above the domains of attraction of two df's are 
identical

if these df's are of the same type, and disjoint otherwise so t
hat we can

speak of the domain of attraction of a type of df's.

. Theorem 1. A non-degenerate df G has a non-empty domain of attra
ction if

and only if there exist real functions A(s) > 0 and B( s) define
d for s > 0

such that

) G (A x + B(s) = G(x)

for all real x and 's > 0.

Proof. If (3) holds, then by definition G EiD(G) i.e.E11(G)
 is non-empty.

Conversely, let (G) be non-empty. Then

(a x b G(x

holds for some F, {a}. and {b}. Take s > 0, and .let Ens denote the integer

part of ns, then

lim F
n4.00

and hence

ns]

lim Fn
n--co

1/
Since G

ns]x b s]) = G(x)

ns]
x + bEns] {G(x

)
}
lis

is a non-degenerate df we may apply lemma 1 with an = a

and = b ns The conclusion of the theorem follows.

s]



Remark. It is clear that for G to have a non-empty domain of attraction

is sufficient that (3) holds for s = 2, 3, 4, ..

The theorem suggests the following definition.

Definition 3. A non-degenerate df G is called (max-)stable if there exist

real constants A > 0 and B such that

Gn (Anx + Bn) = G

for all real x and n = 1, 2,

In the proof of the main theorem on the class of (max-)stable df's

we need the following well-known result.

Lemma 2. Let the function u be non-decreasing. If u satisfies

u(t+s) = (t).u(s)

for all real t and s, then either u(t) = 0 for all t or else u(t) = e for

some real constant p.

Proof. Suppose u(t ) 0 for some t
0

integers m

. Suppose e.g. t > 0. Then for all

u(mt0 ) = u(t0 ) u((m - 1)t0•) = {u(t )}

Hence also for all integers n

SO

u(mt ) = u(n.
m 
0

u 111- t t

= {u(

/n
•

+
Now the set 

0 
I m,n E iIN} is dense in and u is monotone, so it follows

n 
tilat IA is continuous and u(tto) = {u(t0)}

t 
for t > 0.

Now u(-t) = u(t) {u(2t)}-1= 
{ueto)}-t/to

and the proof is complete.



Theorem 2 Quedenko Every stable distribution is of one of the following

types:

for x < 0•

(9)
for x > 0

for x < 0

for x.> 0

(11) A( x) = exp -e
-x

).

In (9) and. (1.0)a is a positive constant.

Proof. It is obvious that the df's mentioned above are stable. Conversely

suppose G is a stable df i.e. (8) holds for s > 0 and real x. Then for

0 < G(x) 1

-log -log G A( x + B(s)) -log = -log -1 g G(x).

Let •U be an inverse of -log -log G(x). It follows

U (x + lo s) - B(s) = U(x)
A(s)

for all s > 0 and all real x. Subtracting the same relation for x = 0 we get

U (x + lo s) U (log s) u

A(s)

Define A

y and x

= A = U x - U

(12) U (x y) - U y = U .A

and y = log s, then for all real



MVO

The same equation holds with .x and y interchanged, hence for all x

and y

(13) U(x)(1-. 1y(Y)) = U(Y) - A1
 
(x))

There are tWo cases

a) Suppose A1 (x)= 1 for all x. Then from (12)

.U(x + y) = U(

Application of lemma 2 (with a logarithmic transformation) gives 17(x) = P
x

•for some p > 0, hence G is of type A.

b) Suppose there is an x with A1
(x) 1. We shall see that this then must

be true for all x O. Suppose by contradiction Ai(y) = 1 for some y 0,
- 2

then by (13) U(y) = *0, hence by (12) U (x + y) U(x) = 0 for all x which

is impossible. So A1 (x) 1 for all x 0 and (13) implies for some real

c
1 
0 0 and all x

;(x) = ci(1 - AA1 
(x)).

Now (12) gives for U(x) = c-1 x) + 1 = c-1 (U(x) - U(0)) + 1
1 1

z
U (x + y) = U(x) U(Y).

By lemma 2 then U(x) = e
px
 with p 0 because Al(x) 0 1. For p > 0 this

implies that G is of type (I) -1 and for p < 0 that G is of type T

III. Domains of attraction

We seek conditions under which maxima from a df F converge to a specified

limit distribution. Sufficient conditions will. be derived. These are due

to von Mises. The conditions are easy to derive, suitable for applications

and close to the necessary and sufficient conditions. Our proofs differ from



the original ones given by von Mises.

Theorem 3. Suppose F has a positive density. F 
for all x > x1. If for

some a > 0

lim x. Fi(x) = a,
X-)-°°

1 F(x)

then F E (cDa

Proof. Write a
r(x)

1 -F(x
, then for x> x1

)( a(t) dt = -log(1 - F(x)) + log( - F(x1)).

Hence 1 - F( x) {1 - F( } exp

Determine a such that 1 F(a
n

then for x > 0

n {1 - a 
nx
)} = exp -

= exp
1

—1
5

a x
n a(t) 

dt

x 
a(ans)

_a
and the latter term converges to x as n4.00.

Hence

n,
F kax (1

converges to (Doc(x) for'all  x.

ds

t.



_

Remark. Two properties of the df's satisfying the condition
s of the theorem

are also present in the general case: if F ED() then 
F(x) < 1 for all

x and (1) holds with bn = 0 for all n.

Theorem 4. Suppose F has a density Ft which is positive in some interva
l

(x
1 
,x0)  and vanishes for x > x0. 

If for some a > 0
.

lim
(x
0 
- x) F'(x)

• xtx
01-Ftx

then F E ID( T
a 
) .

a,

Remark. The condition holds with a = 1 if Fi has a positiv
e limit for x x.

Proof. As in the previous proof we get •for x < X < X0

- F(x) = - F )1. exp _

Determine a such that 1 - F(an
) = n , then for x <

(xo - dn))

= exp Tx

- a )x)1 = exp

a(x + u(x - an
))

0 
du

with t

-t)1"(t)
  •

-F(t)

with u = - t)/

-a )x
a t) 

dt

x,-.-t

and the latter term converges to (- 
a 

as n+00 note that a tx0 
). Hence

n 

Fn(xo +• (x0 - an)x) = (1

for all x.

n{1 - F(x
0 
+ (x0 

- an)x)1 )n
converges to T

a
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Remark. One can prove that if FEilki') then there always exists a finite

x
0

such that F(x) <:1 if and only if x<x0. 
Moreover (1) holds with

b = x for all n.
n 0

The domain of attraction of A is somewhat more involved. Then both

F(x) < 1 for all x (as for D(4)0)) and F(x) = 1 for some x (as for D(Ta))

are possible. We need the following lemma.

Lemma 3. Let f be a positive differentiable function on (x1' 
x0) where

x
0 

< 00. Suppose
—

then

lim f' t) = 0 and lim f(t) =

ttx
0 

ttx
0

lim 
f(t +xf(t)) 

ttx
0 

f(t).

uniformly in any bounded interval.

Remark.Ifx
0 

=00, the second condition f(t) follows from the first

one.

Proof. For some 0 < 0(x1

f(t+.xf(t)) = f(t) + x f(t)f (t + x 0( f(t)).

From f'(t) -4- 0, f(t) -->- 0 it follows that t- f(t 0 as t x. Hence

1 + x . 0(x1t) .
f ( t

remains bounded away. from 0 for t > to and all x in

a bounded interval (to does not depend on x). It follows that

lim f' (t + x e(x, ) f(t)) = 0

ttx
0

uniformly in any bounded interval. 1 1
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Theorem 5 (von Mises). Suppose F has a negative second derivative F" for

all x in some interval (x1' 
x
0 

and let F' (x) vanish for x > xo where x0

may be finite or infinite. If

> then F E

Proof. Write

F"(x) (1 - F(x))

(F'(
)

f(t)
1 - F(t) 

5
(t)

then f satisfies the assumptions of lemma 3 If x < 00, 1 - F(t

0
I F'(s) ds < F'(t) (x0 - t) because F" < 0; hence f(t)-4-0 as t +x0

ti

As before we get for xi < x < xo

1 F

x 
dt

)1 exp j f(t1

'Determine b such that 1 - F(bn) = n-1, then for all x with u = (t-bn)/f(bn))

n {1 - F(bn + x f(bn))1 =

= exp

exp -

b + x f(b
n dt f n

f(t)

f(bn)

• f(bn + u f(b )

and by the lemma the latter term converges to e-x as u4-00. Hence



-1 2--

F
n

converges to A(x) for all x.

- F b
n 
+ x f(b )1 n

Remark. Note that f(b ) =

Without proof we remark the following about the generality of the

given sufficient conditions:

1.[3] If F has a monotone density F' and F is in1D(4)a)(D(Ta)) then the

conditions: theorem 3 (theorem )4 respectively) are fulfilled. If F has

a monotone (increasing) second derivative F" and F is iniD(A) then the

conditions of theorem 5 are fulfilled.

2.[1] If F is in some domain of attraction then there is an F1 satisfying

the conditions of one of the theorems 3, 4 and 5 and in the same domain as

F, with

lim
x x

0 F
1 
(x)

1 - F(x)

(hence in particular F(x) < 1 if and only if F1(x) <

•The following necessary conditions are convenient in deciding whether a

given df can possibly belong to the domain of attraction of a (max-)stable df.

1. If P E/D(4)(1) then F(x) < 1 for all x and

J' tP dF(t)
1

is finite for p < a and infinite for p > a.

2. If F E D(A) and F(x)< 1 for all x then

- tPdF(t.)

is finite for all p.
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3. If F E'D(T ) then there is an x
o 
with the property: F(x) < 1 if and

a
only if x < xo. If such an xo exists, tiaenF EiD(Ta) (or'D(A)) if and

only if the df F1(x) = F(x0 -1/x) for x > 0 is in,D(%) (ordD(A)

respectively).

Examples

1) Cauchy's distribution

for all x

is in 10(4)1) by the criterion of theorem 3. Here an 
= n.

2) Any gamma-distribution

Ft (x)
-1 -1 -x

= (p)) xp e

is in ,D(A) by the criterion of theorem

3) The normal distribution

1 2
= (210-2 e-x

2

Here b
n 
= log n and f(t) =

is in 'D(A) by the criterion of theorem 5. Here b

log 4102 and f(t) = t-1.

4) The uniform distribution

F'(x) = 1 for all 0 < x < 1

2 log n loglog n

is in ,D(Ti) by the criterion of theorem 14. Here a = 1 - n

5) The distribution

+ e/ ixF(x) = for x < 0

1
is in dD(A) by the criterion of theorem 5. Here bn = -(log n and f(t) = t.

6) The tail 1 - F(x) of the geometric distribution

F( = 1 - e-E



is not asymptotically equivalent
 to the tail of a continuous df so th

e

geometric df is not in the domain 
of attraction of any of the stable

types.

Acknoyaekement. Ideas of A.A. Balk
ema have been used at several

places in this note.
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