
Give to AgEcon Search

The World’s Largest Open Access Agricultural & Applied Economics Digital Library

This document is discoverable and free to researchers across the 
globe due to the work of AgEcon Search.

Help ensure our sustainability.

AgEcon Search
http://ageconsearch.umn.edu

aesearch@umn.edu

Papers downloaded from AgEcon Search may be used for non-commercial purposes and personal study only. 
No other use, including posting to another Internet site, is permitted without permission from the copyright 
owner (not AgEcon Search), or as allowed under the provisions of Fair Use, U.S. Copyright Act, Title 17 U.S.C.

No endorsement of AgEcon Search or its fundraising activities by the author(s) of the following work or their 
employer(s) is intended or implied.

https://shorturl.at/nIvhR
mailto:aesearch@umn.edu
http://ageconsearch.umn.edu/


J.,

(___Aerl.ands School of Economics

ECONOMETRIC INSTITUTE GIANNINI iOUL ZTLON OF
  AGR1CULTUR tCONOMICS

#4 1 ti 1974

Report 7119

CONSTRUCTING FORMAL GROUPS I.

OVER Z(p) - ALGEBRAS.

by Michiel Hazewinkel

October 11, 1971 Preliminary and Confidential



• .•

*)
Constructing formal groups I. Over Z, - al6ebras 

-113)

Michiel Hazewinkel

0. INTRODUCTION

Let A be an integral domain of characteristic zero, and let K

be its quotient field. Let F(X,Y) be a one dimensional formal group

over A. Then F is strictly isomorphic to the additive group over K;

i.e. there exists a formal power series f(X) with coefficients in K,

f(X) = X + a
2
X
2 
+ .... such that

( 1 ) F(X,Y) = f-/(f(X) + f(Y))

-
where f

1 
is the inverse power series to f; i.e. f

-1
(f(X)) = X.

This power series is called the logarithm of F. It is now natural

(cf. also Honda [ 2 ]) to construct formal groups by taking a power

series f and setting F(X,Y) = f-1(f(X) + f(Y)). This F(X,Y) is

automatically commutative and associative. It "only" remains to

find conditions on f which guarantee that all the coefficients of

F(X,Y) are in A. It is not difficult to show that if f(X) = a2X2

that then

(2) n a
n 
EA for all n 6 ti

1.

(In fact by differentiating (1) one gets (% F)(0, ))-1= e(y) twm wkck 64
follows; cf. also [ 2 ] Prop.1)

In the following we shall as in [ 2 ] write down some (explicit)

power series f to construct a universal formal group for formal groups

over Z
(P) 

- algebras. As an application we get necessary and sufficient

conditions on f that F be in A [[X,Y]]. No doubt a large part if not all

of the results obtained below are contained in some way in the work of

Cartier (Cf. [ 1 ]).

*) Research supported by Z.W.O. (the Netherlands Organization for
the Advancement of Pure Research).
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1. CONSTRUCTION OF A FORMAL GROUP

We work over the ring Z [r] = er1"r2, ] of polynomials
in a countably infinite number of indeterminates over the integers.

1.1. The Construction

Choose a prime number p and let fl be the power series

41,(X) = X + a2X
2 
+ , which is recursively defined by

(3) (°3 T.
4(x)(X) = X + iE 

1 

i) 4, (XPi )
= 

(i)where 41, denotes the power series obtained from gr by raising
each of the indeterminatesT

I"
r2 ... to the p'-th power. The

condition (3) completely determines the series f., (recursively). It

starts off as

1r 1+13 17 2Pr, lr ' ' PIP I' IP 1r 17 if13 T 34. 1 1 .4. _2.,...p t  1  1 2 1 2(4) gr(x) = x + -2)(1)
` 2 p)A + + + 

P 
. 3 

2 2 p
P P P P

Let 
r( r)

stand for 
(T T, 

...). Then one easily

checks that

(5) tr(x) 4r(r)(x) + 
Tr+i r+1

mod(degree p
r+1

+ 1)

Now let F
1r 
(X,Y) be the formal group defined by

(6) gr(x,Y) = cltyx) + gr(Y))

It then follows from (5) that

(7) (X Y) E (X Y) E (X (xy)F,
T(r+1) 

F 
' 17 

F 
' T( 

Y) 
r) ' r+1

c 
r+1

,

where

r.+1
mod(degree p + 1)

r+1 r+1 r+1
C 

r+1
(X
'
Y) = p-1((X+Y)P xP - yP )



Remark
2

Let fT(X) = X + aiXP + a2XP ... then one can of course

calculate the genera4u T1, ..., Tn, ... of

Z(npl, Tn1 ...] (or Z(p)[111, T
n
, ...]) from the ai.

This yields a recursion formula for the T.:
1

(8)

Tl = pal

T
2
=

T
3 
= pa3 - T±' a2 - TPa2 I

2
T = pa - a TP a -4 4 1 3 - 2 2 3 1

•

n-I n-i
T
n 

 =pa
n 

E TP a
n-i

1 
1 

=1
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11.

3

1.2. Theorem.

(2)

All coefficients of F97 
(X,Y) are in zril.

Proof. In the following we shall work in the ring en[r x,Y]]. The

expression G H mod(a, degree n) where ae Z will mean that

G HE a arfa[X,Y]] modmeo terms of total degree (in X,Y) greater

or equal n. We proceed by induction. Let F (X,Y) = F1 
+ F

2 
+

where F. is homogeneous of degree i in X,Y). Suppose that

F
I' 

F
n 

Zrri[X,Y

.]t is clear that if s > 2

(lo) (FT (X 
Y))s s (F1 '" 

+ + F )s
n

mod(degree n + 2)

Using this, one shows without difficulty, because F1 ,..., FE Z[Ti[X,Y]

k+2, N k k 2,

(ii) (Er(x,y))P E(41(1 $(xP Y
p 
))
p 

mod( p , degree n + 2)

(k)
Here Er denotes the formal group, obtained from Er by raising all

k
of the parametersT1'

7
2' 

... to the p -th power; i.e.

(12) F
(
T 41,(' 
k)
(X Y) = (k)) (gr -1 

(k)(x) 
(k)

+

The formal group Er satisfies by definition)

(13) gr(Er(X$Y)) = 41,00 4r(Y)

and therefore, according to (3)

T. °3 T. z

(14) yx,y) + E 1 (i)(11,r(x,Y) ) = x + Y + E -1.0."4(xP ) + (YID ))
1=1 i=1 P
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The coefficient of XI' in f(X) is of the form p-ju,

ueZ[T]; therefore, using (11), we have that

(15) f(I)(F (x Y)P )T '

However, (cf. (12)),

( 16 )

(17)

(i)/ pi pi„kEr kx , Y )) mod(pl degree n + 2)

(I) (i)/ Pi Pi (i) PifT (FT k X , Y )) = fir (X )+ 4)
(1P'

)

Combining(15) and (16) and substituting this in (14) we get

mod (1, degree n + 2),

i.e. F
n+1 

has all its coefficients in zpri. This completes the

induction and the proof.

1.3. A Generalization.

Let g be any formal series in ZP19[[X]]m2!Eriti][D01 114ficil ,31alts oft
740ed Ac 1,;*g(X) 7= X + . The U wu ctddiLio,i pima met,* ahd ww4 do. 4,

ftv ; 4t. be the pcwel inies

c° 114 (4
(18) f(X) = g(X) + E '(XY )

i=1 P

and let F(X,Y) = f-/(f(X) + f(Y)) as before. Then one proves in the

same way as in (1.2) that F(X,Y) has all its coefficients in nr](lor ZET,t/j).

A good g (for later purposes)is the following

( 19 )
CCO

g(X) = E U.X

(i,P)=1

Substituting U forTi in (18) for this particular g we get a

series f
u  (X) such that if U(r) denotes (U

I' 
, U

r
,0,0,...)

(20) Fu(r)(X,Y)z Fu(X,Y) + Bro(X,Y) mod(degree r+2)

if r+1 is not a power of p

F
U(r)

(X F(X,Y) + Cro(X,Y) mod(deree r+2)

if r+1 is a power of p



Here 
Br+1

(X
'
Y) = (X+Y)1+1 - Xr" Yr", and 

Cr+1 
(X Y) = q-1B

+1' 
(X Y)

r 
if r+1 is a power of the prime q.

Remark. If g(X)E Z Er], then the corresponding F(X,Y) has(p)
all its coefficients in Z [r].

(p)

2. UNIVERSALITY PROPERTIES

All formal groups in this section are one dimensional.

It follows almost directly from a fundamental proposition of

Lazard on the comparison of two formal groups, that the formal

group F constructed in 1.1 is universal for formal groups over

Z(p) 
- algebras in sofar as a formal group of this special type

can be universal; and that the formal group Fu of 1.3 is universal

for formal groups over Z
() 

- algebras. Precise definitions are given1:4 
in 2.3 below.

2.1. Proposition (Lazard).

If F, G are two one dimensional formal groups over a ring A

such that F(X,Y) EG(X,Y) mod(degree n 1), then

F(X,Y) EG(X,Y) + a C114.1(X,Y) mod(degree n + 2) for some a EA.

2.2. 2= Typical Groups (Cartier).

Let F be a formal group over a ring A. A formal power series

without constant terms is called a curve. We can add two curves by means
of the formula

(21)

(22)

(c1 Fc2)(X) = F(ci(X), c2(

In addition one defines operators

aa]c)(X) = c(aX)

(V
n
c)(X) = c(Xn)

(Fnc)(x) = Fc(exl/n)

i=1 n

))

a A

n = 1, 2, ...

n = 1, 2, ...



where
n 
is a primitive n-th root of unity.

A formal group is called p-typical if F
q
c
o 
= 0 for all primes

q p, where c
o 
is the curve c

o
 (X) = X. If A is a characteristic

zero integral domain then this is the same as the requirement that

the logarithm of F looks like

2
f(X) = X + a

1 
XP + a

2
XP + • • •

cf. Cartier [ i 1.

The group Er of 1.1 is there fore p-typical.

2.3. Definitions.

If p : B + A is a ring homomorphism, and F is a formal group

over B one obtains a formal group p*F by applying p to the

coefficients of F.

A formal group G over a ring B is called universal if for every

formal group F over a ring A., there is a unique homomorphism

p: B -+ A such that p*G = F.

A D-typical G over a ring B is called p-typically universal 

if for every p-typical formal group F over a ring A there is a unique

homomorphism p: B + A such that p*G = F.

We add the qualification "over Z()-algebras" in the definitions

if these statements (only) hold for formal groups F over, a Z()-algebra.

2.4. Theorem.

The formal group Fu of 1.3 is universal over Z -algebras
(P)

2.5. Theorem.

The formal group Er of 1.1 is p-typically universal over
algebras

2.6. Theorem.

Every formal group G over a Z()-algebra A is strictly isomorphic

to a formal group Ft where t = (t1, t2, ...) is a sequence of elements

of A.

("Strict" means that the isomorphism is given by a power series of the

form X + a
2
X
2 
+ , a. E A.

1
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2.7. The proof of 2.4. is standard. One uses Lazard's result 2.1

and the fact that all primes q p are invertible in a Z()-algebra A.

To prove 2.5 we need a lemma.

2.8. Lemma.

Let F and G be two p-typical formal groups over a Z()-algebra A;

and suppose that

then

F(X,Y) E G(X,Y) mod(degree pr+1)

F(X,Y) E G(X,Y) mod(degree p 
r+1)

Proof. Suppose this is not true, and let m be the smallest integer

such that F(X,Y) G(X,Y) mod(degree m+1), then pr+1 < m < pr+1-1.

Then

(23) F(X,Y) E G(X,Y) + a Bm(X,Y) mod(degree m+1)

for some a A. Now let q be any prime different from p which divides m.

Let F
2
(X

1' 
X
2
) = F(X X

2
), F3(X

1' 
X
2' 

X
3
) = F(X F2(X

2' 
X3) and so on;

and similarly for G. One then checks easily that

(2I Fq(x -1 X ) G( X1, ..., X ) + aUx
1 '" X )111 1 "

Now (cf. (22)), (F
q
c
o

(X) = Fq( qE Xl/q

mod(degree m+1)

E2X1/q, EqX), and

similarly for G. (The superscript F indicates that the operator F of

2.2 is to be taken with respect to the formal group F). Therefore

by (24) the coefficients of X in (F
q
c
o
)F(X) and (F

q
c
o
)G(X) differ

,Fby -aq. On the other hand (F
q
c
o
) = 0 = (F

q
c
o
)
G 
because F and G are

p-typical. Therefore, as q is invertible in A, a = 0 which contradicts

our assumption.

q•eti •



Remark. This lemma is just about completely trivial if A is an

integral domain of characteristic zero, because we can then use the

logarithm.

2.9. Proof of 2.5.

Let G be a p-typical formal group over a Z(
x)
-algebra A.

P 
Suppose we have already found elements tl, trE A such that

G(X,Y) F(ti, t2, • • • ,t , 0,0, ...)
(X
'
Y) mod( degree p

r
+1)

Then because both these formal groups are p-typical

t
1, 

t
2' 

t ,o,o, ...)
(X
'
Y) s G(X,Y) mod(degree prn

By (2.1) and (5) there is now a unique a tro EA such that

%(X,Y) G(X,Y) mod(degree p
r+1F

(t t2' 00
9 9 

. .) +1)
r+1' 

2.10. Proof of 2.6.

Let G be a formal group over A. We proceed by induction.

Suppose that we have already found t
1' 

t
r 

EA and a strict

isomorphism given by a power series Tn over A such that (1) : Ft(r)
defines an isomorphism mod(degree n+1), where t(r) = (t1, tr,0,...),

and p
r 
< n < p

l.+1
. I.e.

(25)
Ft(r)(X'Y) 4);1G(414n(X)' (Pn(Y))

mod(degree n + 1)

It now follows from 2.1 that

(26)
t) 
r.(X c,Y) E liG((1 4(Y)))11(X), n(Y)) a Cno(X,Y) mod(degree n + 2)

for some a EA. We distinguish three cases

(i) n+1 <p
r+1 

is not a powerofa prime. Then 4)
n+1

(X) =
n
(X) + a X

n+1

derines an isomorphism mod(degree n+2), between Ft(r) and G.
(ii) n+1 <p

r41
is a power of a prime q p. Then q is invertible in A

and n+1 
(x) = cp

n
(x) q-la xn+1 

defines an isomorphism mod(degree n+2)

between 
Ft(r) 

and G.



(iii) n+1 = . Let tr.
+1 

= a. Then (1)
n 
defines an isomorphism

between 
Ft(r+1) 

and G.

q.e.d.

Remark.

9

The elements tl, t2, .... are not uniquely determined by G.

They also depend on the choice of 0. Cf. also sections (3.4), (3.5).

2.11. cmcgT.

Every formal group over Z
t
, 

%i
-algebra is isomorphic to a

P 
p-typical one.

Remark.

Cartier [ I ] gives a canonical transformation for rendering

a given group law typical. Cf. also 3.3 and 3.2.

3. ISOMORPHISMS

The groups Fu of 1.3 and FT of 1.1 are isomorphic over Z( )[T]

according to theorem 2.6. There is,however, an isomorphism between

them over an, which can be indicated fairly precisely. To see this

we need some lemmas.

3.1. Lemma.

Let u(X) = X + u2X2 + ... be a power series over an (or VI]).
Let b = c p-j c ail (or Z

(p) 
where n = pill, with (k ,p) = 1.

Then we have

bn(U00131)n E bn(U (XPi))n mod p.

where u(i) is the power series obtained from u. by raising all the

parameters T1,T2, ... to the power p
i
.
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Proof.

p-icn(u(X)P )n = p-jc
n
(u(i)(XPi) + p( ...))Pik =

= n-je (11(i)(gi)Pj = P-iCn(11(1)(gi))n P(...).n

3.2. Lemma.
co

Ti (i) piLet f(X) = + E (X + f(X), g(x) = x +
1=1 P

co T • • i
+ E 

--g(1) 
(X

p
 ) + go(X), where fo(X), go(X) EZ[T,UNDOI

1=1 P

(resp. Z(ppUj[)]] and f0(X) go(X) H 0 mod(degree 2). Then there

exists a power series u(x) e MAIM] (resp. Z(p)CEL0]] such that

u(X) = X mod(degree 2) and f(u(X)) = g(X).

Proof.

Suppose f(X) E g(X) mod degree r. Let ar, a
o
, b b

o 
be the

r r r

coefficients of Xr in f(X), f(X), g(X), go(X) respectively.

Then

T.
a = 

•
E -2-- a(.1)

r 
+ a°: p J r1

p jr
T. (I

b
d

b
r 
= E --- b.

j 
r

i P J
p =r

It follows that u = b -a = b0 -a is in arM(resp. [T,Lij
r r r r r

Now substitute u(X) = X + urXr for X in f(X). Then

f'(X) = f(U(X)) E g(X) mod(degree r + 1)

To complete the proof it remains to show that f'(X) is of the

same general shape as f(X) (with a different f'0(X) of course). This

follows from 3.1,

q.e.d.



A corollary of 3.1 is that the logarithm of any universal

formal group law satisfies an identity of the type

co T.
f(X) = X + f (X) +0 p

(.

11

(XP ). By means of 3.2, and 3.1 over

an integral domain A which is (not necessarily, a Z -algebra)
(P)

one sees that a formal group over A is isomorphic over A to a

p-typical one iff it comes from Fu.

3.3. Corollary.

The logarithm f of a formal group F over Z
‘
, ,
)
-algebra A, which

P 
is an integral domain, satisfies an identity

(27)
t. (.\ i

f(x) = x fo(x) E fo./(xp )

1=1 P

Where Jr 00,6JOIXEI is E0 mod(11e,grele :2), and t. 4e A. This is a
necessary and sufficient condition for F(X,Y) to be in A[[X,Y]].

To determine therefore whether a given power series f(X) = X + a2X2

gives rise to a formal group over A. One first sets

f
o
(X) = a

2
X
2 
+ + a

p=.1
X
p-1

; p a
p 
is in A; one takes t

1 
=pp.

then (27) is satisfied nod(degree p + 1). (One can also take
1t

1 
= a

p 
+ ps s

1 
EA and correct f

o
(X) with a term - s

1 
XI). Let

(28) (X) = X + a2X2 + + ap_IXP- ,(1)0(P)
p `

Then f(X) g
1 
(X) must be of the form (if F is to be in AUX,YM

X1+ p
2
-1 

d
2 p

2
+ --X mod(degree p2.+ 1)p+1 + + cp2-1X

• • •

with 
c+1' c , d

2
EA, this determine

s 
f
o
(X) mod(degree p

2 
+ 1)p

p
2
-1

and t
2 
= d (Again we can also take t2 = d + ps2 and correct



•

•

12

f(x) which is the polynomi 1 of consisting of the terms of degree < p2

of f
o
(X) with a term - s

2
XP

Now let

(29)
2 t. i

2
g
2
(X) = X + f(X) + j-/(XP

p2
1=1 

Then f(X) g2(X) must be of the form (if F is to be in A[tX,Y]])

2 
3 

d
3+ c XP X mod(degree p + 1)

p
2
+1 p3-1

with c , d
3
EA. This determines f

o
(X) mod(degree p

3 
+ 1), ,

p
2 

... c 
+1 p3..1-

arid t
3 
(with again the same indeterminacy); etc ....etc ....

N.B. Applying an isomorphism X + siXP does not chang! the form of f(X)

accordingt03.1.,andelangingfoMbyaterms.XP comes from

an isomorphism according to 3.2. This is why one can change ti to

; in the test described above.

3.4. Corollary.

If f(X) = X + a
2
X
2 
+ ... is the logarithm of a formal group over

a characteristic zero integral domain A over Z . Then 
(P) f(P) 

(X) = 
2

X 4* a X + a 
2
XP + ... is the logarithm of an isomorphic p-typical

formal group.

3.5. This procedure for rendering a given group law p-typical

is in fact the same as that of Cartier [ I ]. Let c
o 
be the curve

co 
(n,p)1 n no

(X) = X and let
= n cp = E P(n) V F 

c' 
where all sums and

operators are in the (filtered) groups of curves. Cf. (2.2);p(n) is the

Wobi s function. Then according to El)

cF-1F(c 
F 
(x) c F(y))
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is a p-typical formal group. Because F(X,Y) = f-1(f(X) + f(Y))

the logarithm of this p-typical formal group is fcF(X), which is

f(cF(X)) = E 1/(n)ff(E X) + f(X) (ordinary sum)
(n,p)=1 n n :

because f (n .rc)(X) = f.-1(n-f(c(X)) +Fc2)(X) = f-/(fc
1 
(X) + fc

200)

If f = X + a2X
2 
+ ..., then f( x) 

_nX) + x) rt rn--% = n(a
n
Xn + a

2n
A 
2n 

+ •••)
"n

The coefficient of im in f(c (X)) is therefore equal to

E ,g(t) am =
Lim
(1690=1

We have,if in = prm

[0 if in is not a power of p

a if m is a power of pm

Pyre) = 1, E
Urn
(t,p)=1

is zero if m' 4 I and I if m' = 1)'

E p(L) and this
Ulm'

(3.6) Suppose Ft and Ft, are two p-typical formal groups over an

integral domain A, obtained from Fflpby substituting two different

sequences t = (t1, t2, ...), t' = (t;, ...). We ask ourselves when

they are isomorphic. We know from (3.1) and (3.2Y'iE is necessary

and sufficient for this that f
t'
(X) is of the form

°C) t. f

(30) f
t'
(X) = s(X) + eil(X)

i=1 P tt

with s(X) = X + 6A[M]. Because ft,(X) is p-typical we must

have that s(X) is of the form

2
(31) s(X) s

1 
XP + s

2
X +

An easy calculation now shows that if f(X) = X + aiXP + ... and

f'(X) = X + biXP + ..., it follows from (30) and (31) that

•
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(32)

2 3

h cl 
a4 

84 + a
1 
sP a

2 
sP 4. a

3 
sP

3 2  1

b
1 
= a

1 
+ s

1

b
2 

e3 a
2 
+ s + a1 

sP
2  1 2

P Pb3 a3 B3 4. a _1 _R a2 4. _2_R 1

114

Necessary and sufficient conditions for Ft 
and F

t' 
to be isomorphic

over A are therefore that

(33) b
1 
- a

l 
12 s

1
6A

a
2 
= s

2
e A

2

- a
1 
sP - 

a2 
sP
12 
- a

3 
= s
l
EAb

3 2 

b - a1sP a
2 
sP 

P
3

- a3si = 6 A
3  2
9 • 1 • C •

4. HIGHER DIMENSIONAL COMMUTATIVE FORMAL GROUPS

Concerning higher dimensional commutative formal groups over

a ring A, Lazard [ # 1 proved

4.1. Proposition.

If F(X,Y) E G(X,Y) mod degree r, then F(X,Y) G(X,Y) 

mod degree r4-1, with A(X,Y) of the form r(x) - r(x+y) r(y) for

some form of degree r over A if r is not a power of a prime,and

if r = qi, then there is a form of degree r, rl and an nxn matrix

D vidk Coefficienb 'm A) i)uch kkit

A(x,Y) = r(x) r(x+Y) + r(y) + DC i(x,y)
ci 

where C i(X,Y) = (C 1(X1,Y1), C i(Xn,Yn))
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4.2. Construction.

Let Ar be an n-dimensional (column)vector of power series in

the n-variables X
t 
= (X X

2' 
..., X

n
) over er] such that

a,
(34) fir(x)= X + E fikP 'txP

i=1 P r

where now T. :is an n x n matrix of parameters

T.
1

T01,1

•

•

1 in

(ri)nl 
.

a. nn
i

and XP is short for

(
4 

i

We define the commulative n-dimensional formal group Er by

(35) F (X,Y) = 
T T

Theorem. All coefficients of Er(X,Y) are in ZIT].

4.3. Universal n-dimensional formal groups.

Exactly as in 1.3 we can take instead of X in formula (34) a
power series g(X) with coefficients in a suitable ring of polynomials
over Z (or Z

(P) 
). By taking a good g(X) (cf. 4.1) we get a formal

group which is universal for commulative n-dimensional formal groups

over Z()-algebras (the analogue of Th. 2..4). The analogues of 2.5

and 2.6 also hold. Same kind of proof, using 4.1 instead of 2.1.
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ADDITIONAL REMARKS AND COMMENTS.

5.1. Honda's Groups 

LetKbeafiniteextensimofQ•nthe degree of the
P'

residue field extension and IT a uniformizing element of K. In [ 2

Honda defines a series of one dimensional formal groups by means

of the logarithmic series

( 36)

an 2an

f(X) = X + -
XP 

+ 
XP 

4
qr

0 • 0

where ae II is arbitrary.

This series (36) satisfies the relation

i an
(37)- f(X) = X + 71-lf(XP )

One can now prove in almost exactly the same way as in §1

that the formal group

(38) F(X,Y) = f-1(f(X) + f(Y))

has all its coefficients in Ax, the ring of integers of K.

An endomorphism u(X) of the formal group (38) is necessarily

of the form

u(x) = fi(uf(X))

where u is integral over A. Using the relation f(u(X)) = u f(X)

one can apply similar arguments as those of §1 to the determination

of the (absolute) endomorphism ring of F.

5.2. Height.

Let FT be the one dimensional formal group defined in §1. Let



•
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A be the ring of integers of some finite extension of Q •
P'

let (t 
' '

t ...) be a sequence of elements of A. Let h be thel 2 
smallest number such that t

h
CA = U(A), let h = 00 if such a t

h
does not exist. Then height (Ft) = h.

5.3. Formal moduli.

Let R be a complete noetherian local ring with maximal ideal TM
such that R/r4= k, a field of characteristic p > 0. Let be a

formal group over k such that EX,Y) =X + Y + C (X,Y) mod(degree q+1)
(Any formal group law over k is isomorphic to one of these). Then
there is a lift F of of the form

where q =

group law

(39)

(0, ..., 0, a an' n+1'

n, and a
n 
reduces to a mod TM. Now consider the formal

FCrr
1, n- ' 

a
n' 

a
n+1"..

over R[ri, TIn_11. This format group law satisfies the conditions
of Proposition 1.1 of [ Y 1. It then follows from [ S ] that (39)
gives an (explicit) parametrization of the *-isomorphism classes
of lifts of ( *-isomorphism = strict isomorphism).



5.4. Application to complex cobordism theory.

The formal group law Fu of 1.3 is universal for formal groups

over Z()-algebras (cf.2.4). If

f(X) = X + a
2
X2 + a

3
X3 + ••••

is its logarithm, then we can calculate the generators U1 ,U2,...

of Z(p)[111,U2,....1 from the a2,a3,... . Cf. also formula (8) of 1.1

remark.WritingT•for U . this gives the following recursion formula:pl

(14o)

T1 = p ap

=pa
2 
-T

1 
Pa
p

T = p a - T,3 3

• • •

p2
a -
P
2

v_n-1 n-i
Tn = p a - T•P a .

If k is not a power of p, then k is of the form psr, where (p,r) = 1.

For these U one finds recusively

U
r 
= a

r

a -aU Ppr= pr pr

2
PU = a - a U - a U P2 2 2 r p prpr pr P

s-1
pS
-i

= a a -. U.
ps -a. 1

pr pr pr



•••

The formal group law of complex cobordism theory is universal over Z

(cf. Quillen [6]) and hence also universal over Z
(P) 

Its logarithm is

equal to

P
n n+

x. • .
n+1

wbere P
n 

is the class of CPn in SI
-2 

(pt). Two universal group laws

are isomorphic. Therefore, writing an+1 = (n+1)
-1
Pn, a free set of

generators for the algebra nev(pt) et) Z over Z

the formulas (40) and (41) above.
(p) is given by

The formulas (40) give the generators of gr*(pt), where -

SIT* is the generalized cohomology theory associated to the Brown

Peterson spectrum as obtained from MU% by the Quillen splitting [6].

5. .Retk.In this paper we have constructed some universal formal

groups for formal groups over Z(0-algebras (Fu), where p was chosen

in advance. This formal group F is not universal for commutative

formal groups over Z-algebras (i.e. commulative rings with identity

element). In a subsequent paper we shall show how to fit the formal

groups Fu for each prime p together to get a truly universal formal

group (i.e. over Z-algebras).
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Appendix to : Constructing Formal Groups I

In 11 ]the formulas (8), (ax), (40 and (41) were stated without
proof.

Formulas (8), (40), (41) follow from the

A.1. Proposition

Let f(X) be the power series over (1[U2, U3, ...; T11T2, defined

by
COT

\f(X) = g(X) + E f(i)(Pi / (1)
i=1 P

where g(X) = X + E
i>2

(T,P)=1

U.X1 and f (i) is obtained from f by

raising all of the parameters T1, T2, ofo, U2, U3,... to the

p'-.the power. Then if a
n 
is the coefficient Of Xn in f(X) we

have:

T
1 
= p a

p
T
2 
= p a2 - TP a

p 1 •p

T3 = P 
a 3

 
- TP2 a 

1 2 
- TP a
2p

,n-1
T =pa -TY a - T°1

-1
an pn 1 n-1 

!

and if: i = pks , (s ,p) = 1, we have for U.

U = a
s s

U =a - a Ups PS PS

2
U 2 =a -a UP -aUP2 2s pspps ps p

k-1
Uk=a -a UP -a UP apUps P

k-1PS k s k-1
PS p p s

(p is some fixed prime number).

(2)

(3)



To prove this we need some lemmas.

• A,?. Lemma 

Let f(X) and a
n 
be as before. Then for n > 1

a =E

1 ir
T. TP
1
1 

i
r

where the sum is taken over all jk6 N(){0}, 
k' 

k= 1, r,

r < n such that

0 < ji < <j
r .

31 il j 1
r( r

P P - 1) + + p p ) =

and, if s > 1, (p,$) = 1

1
T. ... T.PP

j1 1 o
a -E 1 r 

UPn r k
Ps P P5

(5)

(6)

where the sum is taken over all 2,, jk E N u {0}, k = 0, 1, ...,r;

i 6 N, k = 1, ..., r such that

jo = n' ° < j1 < j2 < ...<ir

12,2,s_i) i1(p _
1)
 4. ... pip r(p r 

ns-1 (7)

Proof. We use induction. Assume therefore that (4) holds for all

m < n. It follows from (5) that ji = 0, i
1 
< n, and that

11 
< < ...<jr. Therefore
— 2

i j -i
1 

i
1 

j
2
-i

1 , 1 1 p Ti (T12 )p
...n eri? )PT'. ... T.

1
1 1 1

2 11 
i
1
=1 p r-1

P

j2/ 2
where p kp -

ii
... p r(p r

- 1) = pn -p and hence

-i
1/ 

i
2 jr-I1r 

n-i
1kp - 1) + + p (p - 1) = p -1



3

j3- i1 < •••<

r -i1

and it follows by the induction hypothesis that

z TPi

J 1
•••

ir

i
r 

n T.
i )= E a

(i 

i=1 P pn-i

(I)where ak is obtained from ak by replacing the parameters

Pi9 ***9 T, ell. by TP1 , ire*, T 9 o4,;* But according to (1)

one has
n T.

a = E (i)
pn i=1 p n-i

which proves formula (4).

To prove (6) one proceeds similarly. If t = n, j
o 
= 0

and r = 0. If k < n, ji = 0 and the rest of the proof is

completely analogous.

A.3. Lemma

1, 1
Let p -

+ p 
ii
r(p r 1) = pn

_l, with i > 1
r

and 0 < j < j
2 

<...< j
r
. Then j = i

r 
= n.

Proof. By induction on r. The case r = 1 is trivial. Suppose

therefore that r > 1. It follows from the asymptions that

j
1 
= 0, and therefore

j2 i2 j
P (P

It follows from this that j2 = i because 0 < j
2 

<...< in, and

i
1 
< n. Therefore we find

ili
2 _ 1) 4. pj3-11(pi3 

i n_
(p

- 1) + +pr rtkr' - 1) = p -1

By the induction hypothesis we now have (j
r 
- i1) + i

r 
= i

1
and hence j

r 
+ i

r 
=1.

q.e.d.
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A.14. Proof of proposition A.1.

.According to lemma A.3 we have that ir + jr = n in

formula (4).

It follows that

j1 jr-1
n-i

TP ... T1?P n T. 1
1 

i
1 

r-1

11:P
n 

= E - E r-i
i=1 P P

where, because ir + jr = n

j1f 11
p (p - 1) + + p

Therefore

a = E
n .

1=1

n-i

r-1

a . a =1
n-i 1

from which (2) follows.

According to (7) we have that

ii i

P (13 -
j,

)+...+p '(1) - 1) = p 1

for the j1 jr occurring in (6). It follows that

n 1

a =U + E a 
i
U

n 
P
n-i

PS p
n
s i=1 p p s

from which (3) follows

To prove formula (31) we need another lemma.

A.5. Lemma

Let f(X) 6 Q[si , s
2 

T T
2' 

...] be defined by the

formula

00I 0 T. f

f(X) + E s. XP E el 1 >1)
i=1 1 i=1 P

Then if 2

f(X) = X + biXP + b2XP + • • •

1

we have



=E

j 1 jr il ir jo
TT? ...T? PT. . . . TP PS.
1 1 1 i 1

r  
+

r
1  1 r o E

r
P P

5

where the first sum is taken over all jite NU{ 0} , i
k 

N re N

such that ji < j2 <0.4 j
r 

and

ii ii
p 1(p 1_1) 4. ... p r(p r_1) = pn_

1; and the second sum

is taken over all jk.e. NLJ[O}, r& N v{ 0} , kE: N such that

io jo n' < i2 <••

ii 
i

- 1) t + 
r(p

p 
r_i)

ii
p o(p _ 1) = pn 1.

' Proof. Similar to the proof of Lemma A.2.

A.6. Corollary.

Let f(X) be as above, and let g(X) = aiXP + . • •

be defined by

then we have

00 T
i
 f. N i

g(X) = X + E g‘11(XP
i=1 P

b
l 
= a

l 
+ S

I

b = a + a SP + S
2 2 1 1 2

2
b
3 
= a

3 
+ a

2 
SP + a

12 
+ S

31

n-1
b =a +a SP + + a SP +S
n n nn-1 1 1 n-1

• Proof. Exactly as in A.4, starting from A.5 instead of A.2.

Note that this proves formula (A) of [1].

A.7. Remark

Let now X be a vector and let f(X) be the n-dimensional

power series defined by



f(X) = X+ E -/f"J(XP
1=1 P

where now the T. are n x n matrices of parameters as in [1]

(If XT =
i 

5 

m
..., X ), then (XP )j" = (XP 9 XP

1 n

• T 
denotes transposition as usual)

Then f(X) is of the form

2
f(X) = + a

1 
XP + a

2
XP • • •

where now the a. are n x n matrices. Then if we write1

T`Y ' for the matrix T. with all its entries raised to the1
power p

k
, one has

T
1 
= p a

l

T2 =pa2 
-a1T(P)

1
(_21

T3 =pa -a
2
T iji

3 1 
a 
1
T(p) 
2

(p)T
n 
=pa  

n 
- a

n-1
T
1
1)

1
T
n1

This is proved in the same way as A.1. One also has analogues

for the second part of A.2. and for A.6., which gives multi-

dimensional analogues for the formulas (8), (3/), (40) and

(41) of [1].
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