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1. INTRODUCTION

In this paper we apply the Bayesian procedure of posterior
 probabilities of alternative linear models, as discussed by Kloek and
Lempers (1970), to compare linear models with alternative nonspherical
assumptions about the disturbances. In the simplest version of the linear
model y = XB + €, where y is an n-dimensional vector of sample observations,
X an n x r fixed matrix, B an r-dimensional vector of parameters, and ¢ an
n-dimensional vector of disturbances, one often assumes that these disturbances
are independent and normally distributed with Ec = 0 and Eee® = 021. The most
obvious generalization of these assumptions is that Eest = 029, where Q is a
real positive definite symmetric (PDS) matrix. This Q matrix, however, is
not manageable without restrictions, since it contains too many parameters.
Therefore, one usually considers simple cases as diagonal or first-order
Markov-scheme Q matrices.

The simple assumption Eeet = 021 implies that all disturbances
have the same variance 02. This property is often denoted by the term

homoskedastic disturbances. For many purposes this assumption is too

restrictive. For example, high-income families show much greater variability
in their saving behavior than do low-income families, so that the assumption

of common disturbance variance would be inappropriate for a cross-section




saving-income relationship. One can deal with this phenomenon by assuming
that the standard deviation of the i-th disturbance is proportional with

the income (per head or equivalent adult) of the i-th family. More
generally, in cross-section analysis one can assume that the standard
deviation of the i-th disturbance is proportional to the i-th value of scme
explanatory variable, or with the i-th element of Xa for some given vector «a.
Similar assumptions may be made in time-series analysis, or (alternatively)
in a growing economy one may assume that the standard deviation of the j-th
disturbance is proportional with (1 + g)J, where g is an average growth rate.
If the disturbances have different variances, they are said to be

heteroskedastic. Now we adopt the assumption of heteroskedasticity but

retain the independence assumption, so that our basic linear model can be

rewritten as

(1.1)

with

(1.2) Ee =0 and Eee® = g°0

where Q is a diagonal matrix with positive diagonal elements zaccording to a

pattern that is chosen in advance. Note that if we want to comparc a number of

different possibilities, say k, k different matrices Qi (i =1, ..., k) are

supposed to be specified. One of these matrices, of course, could be the unit
matrix. This enables us to compare different assumptions about the hetero-
skedasticity with each other, and in addition, with the assumption of
homoskedasticity.

Another simple alternative to the assumption Eee® = 021 is the first-order
Markov-scheme model which generates autocorrelated disturbances in a simple
way. This subject has received much attention from econometricians. The Durbin-
Watson (1950) article has become a classic, and Theil (1965) and Koerts (1967)
developed the BLUS test. More recently. Abrahamse and Koerts (1969) derived a
"new class of disturbance estimators", which are apvlied to the problem cf
testing for autocorrelation by Abrahamse and Louter (1969). All these procedures
congider two hypotheses, namely, zero autocorrelation against positive (or
negative) autocorrelation. If the hypothesis of zero autocorrelation has to
be rejected, then the amount of autocorrelation inithe model in question is
not yet known. Estimation of the parameter of the autoregressive structure

can be done with the maximum-likelihood method or, much simpler, with a




two-stage estimation procedure as has been suggested by Durbin (1960).

Bayesian statisticians can handle this problem by assuming an uniform
prior distribution about the autocorrelation coefficient (denoted by p)
and derive a posterior distribution of p, given the sample. See, e.g.,
Zellner and Tiao (1964) and Thornber (1967). In this paper we construct k
different models by choosing alternative values for the autccorrelation
coefficient p. We do this by taking a finite number (k) of p values from
the open interval (-1, 1). It is needless to say that no continuous posterior
distribution of p is obtained in this way, but that a continuous distribution
may be approximated to any desired degree of accuracy, by taking a
sufficiently large value for k.

The order of discussion is as follows. In Section 2 we start to
discuss the linear transformations which send nonspherical disturbance
vectors into spherical ones and the resulting transformations of the sample
statistics, We continue to recall the formula of the posterior probabilities
for the case of uniform prior distributions discussed in Kloek and Lempers
(1970); we also give a general approach to the problem of obtaining some
definite value of the ratio of two normalizing constants of such uniform
prior distributions for the cases we consider. We finish this section by
deriving the ratio of posterior probabilities of two models with alternative
assumptions about the pattern of the heteroskedastic disturbances. In Section
3 we consider the properties of the autocorrelated disturbances and derive
their posterior probabilities. We illustrate these results with some
numerical examples in Section 4. Finally, some concluding remarks are

presented in Section 5.

2. DERIVATION OF POSTERIOR PROBABILITIES FOR
ALTERNATIVE ASSUMPTIONS ABOUT THE DISTURBANCES

To avoid notational confusion and to obtain notational correspondence

with Kloek and Lempers (1970), we rewrite the linear models we consider as

(2.1) z = WB +n, (i=1, ..., k)

where ns is a normally distributed n-dimensional vector with




t -1
(2.2) En, =0 and Engng = h; 2

It can easily be seen that the alternative models only differ by the assumptions

made about the disturbances. If we transform such a model by means of a

matrix B, satisfying BEBi = QE‘, we obtain

(2.3) B;z = B,WB + B.n,

(2.4) y; = X8+ e

where y; Biz, Xi = Biw, e, = Bini,and conclude that €s is normally distributed
with Eei -0 and Eeiez = hE1I. Now the likelihood function as discussed in

Kloek and Lempers (1970), Section 3, is characterized by
t -
(2.5a) | ) t.t t -1

X.X. = WB.B.W=WQ. W
11 11 1

ty \=lot. oot =loa=1ot =1
(2.5b) = (X)) Xy, = (el W) we 2

if the matrix W has full column rank1 T, and

(2.5¢)

_ t _ t -1
(2.5d) A v = (yi - Xibi) (yi - Xibi) = (z - Wbi) Q7 (z - Wbi)

(2.5¢) a1 = I5;1 = o]~

vhere n is the number of observations.

We recall that our purpose is to compare alternative Q matrices to obtain
the most probable one in a given class with the help of the Bayesian procedure
of posterior probabilities of alternative linear models. We shall make use of
the results of Kloek and Lempers (1970), Section 5; for an explanation of the
symbols used we refer to that paper. We confine ourselves to the case of
uniform prior distributions, where B and logp h = 0-2) are uniformly and
independently distributed. For sueh prior distributions the ratio of posterior

probabilities of two alternative specifications, say i and j, is given by

. - -1
' I rank [W] < r;, then b; denotes any solution of (thi1w)bi = Wtﬂi Z.
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for i, J =1, ..., k. In the heteroskedastic case, as well as in the first-
order Markov-scheme case, we consider a set of models with different @
matrices, all other assumptions being equal. In both cases we have

r;=r, =r and ki = Aj =X (i, j=1, ..., k), so that the expression (2.6)
can be considerably simplified, as follows

ai ai aj

(2.7) =

" .
paj YQJYQI!

o'yt |ut a e i(n-r)ln |2

: w!?v?(n’r)lﬂ.lé
1 1

where use has been made of (2.5a)-(2.5e) agd where it has been assumed that

i
a priori.
The problem of assigning uniform prior distributiom to B and log h,

p! = pé to express the opinion that we consider all models equally probable

Al

such that we obtain a determinate value for the ratio Y /Y'J has a rather
natural solution for the models we consider. We observe that there is no
difference in the explanatory variables and variable to be explained;
compare (2.1). Therefore, since the uniform prior distribution of the
parameter B is taken independent of the prior distribution of the

precision (h) of a model, we immediately conclude that it is natural to

take the uniform prior distributions of the parameter B identical for the
models we consider. We now turn to the distributions of the precisions of
the models. Our conclusions will be equally simple but they are

reached in a less straightforward way. Without loss of generality we
restrict ourselves to two models i and j with precisions hi and hj‘ Then, the
problem arises how to specify prior distributions of hi and hj' A
particularly interesting property is the following. The variance matrix
h-1ﬂ does not change when one replaces 2 by ¢2 and at the same time h by ¢h.
It is easily verified that the constant 1/(log h o - log hy ) of the
marginal prior density of log h is not changed by this transformation and
it will be proved later that the posterior probabilities are not changed

either. Therefore, we do not see much reason to bother about the ratio




] ] s [ 1 - . ..
Yui/Yaj and simply assume that Yai/Yaj 1 for all a, 1 and J. In Kloek

and Lempers (1970) we derived that 1lim y". =1 (i = 1, ..., k), so that

7"
e Ol
the ratio of the posterior probabilities for @ + = can be written as

(2.8)

which easily can be compﬁted. Note that if one of the Q matrices, say Qi"
is multiplied by an arbitrary positive number, the posterior probabilities
of (2.8) are invariant for this transformation; compare (2.5a)-(2.5e).
Finally we note that the application of (2.8) to the case of two hetero-.
skedastic models is straightforward. Its application to the case of two

first-order Markov-scheme models will be discussed in the next section.

3. FIRST-ORDER MARKOV-SCHEME MODELS

In this section we consider the properties of the disturbances of the
linear model z = WB + n, where n is an n-dimensional vector of disturbances

generated by a first-order Markov-scheme

(3.1) n(t) =pnl(t - 1) +z(t) (t =2, ..., n)

where® |o] < 1, and the g (t) are independent normally distributed random

variables with zero mean and variance o?. Hence

(3.2) Et =0 and E(zz?) = ch

vhere ¢ is a column vector defined by

(3.3) ¥ =0(2) ... z(a)]

For simplicity we add some assumptions on n(1): n(1), c(2), ..., £(n) have

a joint normal distribution, with moments given by (3.2) and>

En(1) =0

2 Note that Zellner and Tiao (196kL) consider explosive (,ol > 1) as well as

non-explosive (8] < 1) schemes.

3 Note that (3.6) is tantamount to assuming that n(1), ..., n(n) are

homoskedastic.




(3.5) En(1)z = 0

(3.6) var n(1) = ci/(1 - %) = 42

It follows that
t-1 t-2 s
(3.7) n(t) =o " 'n(1) + £ o°z(t - s)
s=0

(3.8) En(t) = 0
(3.9) var n(t) = o2

(3.10) En(t)n(s) = olt=8142

The complete variance matrix looks as follows

(3.11) E(nn?) = o2

The determinant of Q is given by IQI = (1 - 02)n-1 and its inverse is equal to

-
1

(3.12)




Now, if we t~ansform the model z = WB + n by means of a matrix B satisfying

BB = @', we obtain

(3.13) y=X8 + ¢

where y = Bz, X = BW and € = Bn, and conclude that ¢ is normally distributed
with Ee = 0 and Eeet = h-1I. Given the results of Section 2 and denoting Qi
as the Q matrix for p = Py, We find that the ratio of posterior probabilities

for a + = equals

" to=1.13 _3(n-r) 2,3(n-1)
(3.1h) . lw Qj W| Vj (1 - pj)

|Wt9;1w|% v%(n—r)(1 _ O?)é(n-1)

for i, =1, ..., k.

L, NUMERICAL ILLUSTRATIONS

To illustrate the results of the previous section we generated a sample

according to the follewing model
(k.1) 2 =25+ 0.60, - 0.9, +n

where W1 refers to the logarithm of real income per head and Vs to the
logarithm of the deflated price of spirits. Both vectors v, and w, were taken
from the well-known spirits example due to Prest (1949) that deals with the
demand for spirits in the United Kingdom from 1870 to 1938. The numbers 0.6
and -0.94 have been arbitrarily chosen; they represent the income elasticity
‘and price elasticity, respectively. The disturbances were generated according
to o = 0.15 and p = 0.6. This standard deviation is rather large in
comparison with the systematic part of (L4.1) which is about 1.8, since all
explanatory variables are about &. It is also large in comparison with the
estimated standard deviation 0.06 resulting from the application of

least squares to the original sample.

We computed the posterior probabilities for 49 alternative values of p.

These values were determined with the following scheme




(k.2) ps = -1+ 0.04j

We also computed these posterior probabilities for different numbers of
sample observations, namely 10, 21, 45, and 69. In Figure 1 below a graphical
representation of the results can be found. The posterior probabilities for
values of p smaller than zero are deleted since they were negligible in
comparison with the others. Note that for the smallest sample (n = 10) no
serious conclusion about the value of p can be drawn. However, if we

choose in advance a smaller standard deviation to generate the disturbances,
all posterior probabilities are more clustered around the true value of p.
We recall that our posterior distributions of p are discrete. For clarity
of the figure, however, we have connected the points of the mass functions
by continuous curves.

Further, in Table 1, one can find the modes, as well as, the
(approximated) means of the posterior distributions of p. This table also
contains Durbin-Watson statistics based on the residuals obtained by applying
least squares to the simple model (2.1) with p = O and the transformed model
(2.4) with the model value of p, respectively. The fact that the most probable
values of p are positive is in accordance with the values found for the
Durbin-Watson statistics for p = 0, which are (except for the smallest
sample) considerably less than 2. The Durbin-Watson statistics for the modes
of the posterior distributions of p are close to 2, which suggests that

the autocorrelation has been removed; see Table 1.

TABLE 1. MODES AND MEANS OF POSTERIOR DISTRIBUTIONS OF
AND DURBIN-WATSON STATISTICS FOR FOUR SAMPLE SIZES

POSTERIOR DISTRIBUTION OF o DURBIN-WATSON STATISTIC

MODE MEAR p = 0 | MODE OF p

0.80 1.8039 2.1586
0.6k 1.2143 2.1852
0.60 0.9709 2.1432
0.60 . 0.9338 1.9150




n=b5

n=69

4 ’ i ! T T T T

0.0 0.2 0.6 0.8 1.0

Fig. 1. Posterior probabilities for positive values of p and different numbers
of sample observations for the spirits example with artificial data.




Finally, we also applied the procedure of posterior probatilities
to the actually observed sample of the spirits example. The Durbin-Watson
statistic for p = 0 is equal to 0,2488 which indicates a high positive
autocorrelation. After refinement of the alternative values cf p up to
three decimal places, the highest posterior probability was obtained for
p is 0.989, with (approximated) mean 0.979; see Figure 2., For these values
the Durbin-Watson statistics are 2.0619 and 2.03LL respectively. Using
p = 0.989 instead of p = 0, the posterior means of the income elasticity and
price elasticity and price elasticity are 0.609 and -0.932, respectively;
these results are more plausible than -0.120 and -1.228 for p = 0. It is
worthwhile to note that Theil and Nagar (1961) obtained an estimate of
p equal to 0.879. The posterior probability for this value, however, is

negligible in comparison with the posterior probability for p = 0.989,

5. SOME CONCLUDING REMARKS

The numerical results of the previous section suggest that the
procedure of posterior probabilities gives satisfactory results.To
compare these results with earlier work in this field we refer to the
already mentioned article of Zellner and Tiao (196k4). They derived,
under slightly different assumptions about the autocorrelated disturbances,
a continuous posterior distribution of p given the sample z. We proceed
to derive such a posterior distribution along their lines, but with the
assumptions about the disturbances as presented in our Section 3. Under

these assumptions the kernel of the likelihood function is given by

(5.1) ~#(z | B, h, p) = lnl‘%hgn exp [-3n(z - we)ta~T(z - we)]

Then, accepting the locally uniform and independent prior distributions

(5.2) D'(8) = k3 D'(h) =h';  D'(p) =k,

the following joint posterior distribution can be obtained




pu

T T T T !

0.929 0.939 0.9k49 0.959 0.969 0.979 0.989 0.999

Fig. 2. Posterior Probabilities for alternative values of p for the
spirits example with observed data.




(5.3)  D"(B, h, p | 2) = Inl'3 p2n-t exp [-3h{xv + (b - 8)*N(b - 8)}]

where N = Wtﬂ-1W. Upon integrating out the scale parameter h from (5.3),

we obtain the following posterior distribution

(5.4) D", o | 2) = []"2[30av + (b - &) bwa~Tw(p - )17 R
Then, the marginal posterior distribution of p is

(5.5) D"(p | z) = IQI’% v'%xlwtn‘1w|'5

where X = n - r, so that we conclude that the ratio of posterior probabilities
with alternative values of p [see (3.14)] is equal to the ratio of the
corresponding values of the density (5.5).

The procedure of posterior probabilities can be applied to cases where
the set of alternatives does not allow of using a density function. We have
seen, however, that if such a prior density exists, a straightforward Bayesian
pesterior distribution and posterior probabilities give identical results.

In other words, the procedure of posterior probabilities is a more general
approach than the existing ones mentioned above, but not essentially

different.
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