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Abstract. The analysis of the empirical distribution of univariate data often in-
cludes the computation of location, scale, skewness, and tail-heaviness measures,
which are estimates of specific parameters of the underlying population distribu-
tion. Several measures are available, but they differ by Gaussian efficiency, robust-
ness regarding outliers, and meaning in the case of asymmetric distributions. In
this article, we briefly compare, for each type of parameter (location, scale, skew-
ness, and tail heaviness), the “classical” estimator based on (centered) moments
of the empirical distribution, an estimator based on specific quantiles of the distri-
bution, and an estimator based on pairwise comparisons of the observations. This
last one always performs better than the other estimators, particularly in terms
of robustness, but it requires a heavy computation time of an order of n2. Fortu-
nately, as explained in Croux and Rousseeuw (1992, Computational Statistics 1:
411–428), the algorithm of Johnson and Mizoguchi (1978, SIAM Journal of Scien-

tific Computing 7: 147–153) allows one to substantially reduce the computation
time to an order of n log n and, hence, allows the use of robust estimators based
on pairwise comparisons, even in very large datasets. This has motivated us to
program this algorithm for Stata. In this article, we describe the algorithm and the
associated commands. We also illustrate the computation of these robust estima-
tors by involving them in a normality test of Jarque–Bera form (Jarque and Bera
1980, Economics Letters 6: 255–259; Brys, Hubert, and Struyf, 2008, Computa-

tional Statistics 23: 429–442) using real data.
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1 Introduction

When analyzing univariate data, one must estimate location, scale, skewness (SK), and
tail-heaviness (kurtosis) parameters of the underlying distribution. Together, these mea-
sures effectively characterize the distribution. Several estimators for these parameters
are available, but they do not all share the same properties; they differ in Gaussian
efficiency, robustness regarding outliers, smoothness of the influence function (IF), and
meaning in the case of asymmetric distributions.

In this article, we systematically compare, for each type of parameter (location, scale,
SK, and kurtosis), three estimators of different natures. The first one, generally consid-
ered the “classical” estimator, is based on the first, second, third, or fourth (centered)
moment of the empirical distribution; the second one is defined on the basis of specific
quantiles of the distribution; and the third one is based on pairwise comparisons of the
observations. We compare the measures by breakdown point (that is, maximal outlier
contamination each can withstand), Gaussian efficiency (that is, relative asymptotic
variances [ASVs]), and smoothness of the IF (that is, relative sensitivity of the estimator
to changing a fraction of points in the sample).

The estimators of the third category perform very nicely, in terms of both efficiency
and robustness. This contrasts with the other estimators. The classical estimators of
the first category are highly efficient but not robust to outliers. The quantile-based
estimators of the second category have the opposite property: they are very robust
but not efficient. The pairwise-based estimators of the third category are typically as
robust as the quantile-based ones but more efficient (though not always as efficient as
the classical estimators). In this sense, these pairwise-based estimators combine the
best of two worlds.

However, because these estimators are based on pairwise comparisons, the heaviness
of their computation may make them unfeasible in practice. To overcome this exces-
sive computational complexity, we follow the idea developed in Croux and Rousseeuw
(1992), which consists in applying the very efficient deterministic algorithm of Johnson
and Mizoguchi (1978) for reducing the computation time from an order of n2 to an
order of n log n. Commands are programmed to make the estimators of the third type
available for applied researchers.

The article is structured as follows. In section 2, we introduce various estimators for
the location, scale, SK, and tail heaviness of the distribution from which the data have
been generated, and we compare their (asymptotic) Gaussian efficiency and robustness
properties. In section 3, we show how these estimators can be used to test the normality
of the distribution, following the idea of the Jarque and Bera (1980) statistical test even
when outliers are present. In sections 4 and 5, we illustrate the use of the algorithm
and the associated commands. We provide an example in section 6, and we conclude in
section 7.
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2 Estimators of location, scale, SK, and tail heaviness

Many measures of location, scale, SK, and tail heaviness (kurtosis) have been studied
in the statistical literature. In this section, we compare the (asymptotic) Gaussian
efficiency and robustness performance of three types of estimators: 1) the “classical”
estimators based on (centered) moment of the distribution; 2) the estimators built
from specific quantiles of the distribution; and 3) the estimators based on pairwise
comparisons or combinations of the observations.

2.1 Definitions

We compare the estimators in terms of breakdown value, Gaussian efficiency, and IFs.

The asymptotic breakdown value is the maximal outlier contamination that an esti-
mator can withstand before breaking down (that is, before leading to arbitrary values).

Gaussian efficiency is related to the ASV of the estimator under a Gaussian distri-
bution. The lower the asymptotic variance, the more efficient the estimator.

The IF at a point x measures the effect of a perturbation of the distribution on the
estimator by adding a small probability mass at point x. We are mostly interested in
whether the IF is bounded and smooth. When it is unbounded, the effect of an outlier
on the estimator can be arbitrarily large. This implies that the estimator is not robust
to outliers. When the IF is smooth, a small change in a data point has only a small
effect on the estimator. Thus the IF smoothness tends to improve efficiency.

Note that the IF can also be used to obtain asymptotic confidence intervals (see
Hampel et al. [1986, 85 and 226]). Alternatively, jackknifing can be used to obtain
confidence intervals.

2.2 Location estimators

There is a consensus in applied statistics that the sample mean (x = 1/n
∑n
i=1 xi)

and the sample median {Q0.5 = F−1
n (0.5)} are two complementary location estimators:

the mean is very efficient with Gaussian data but fragile to outliers (and meaningless
with highly asymmetric data), while the median is very robust (and meaningful for
asymmetries) but rather inefficient. Both are extensively used in practice.

Less well known is the midpoint estimator using pairwise comparisons introduced
by Hodges and Lehmann (1963). The Hodges–Lehmann (HL) estimator is defined by
HL = med {(xi + xj)/2; i < j}.
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In terms of robustness, the HL, like the median, outperforms the mean. Figure 1
shows the IFs under the standard Gaussian distribution, Φ. The IF of the HL and
the median, unlike the mean, are bounded. Thus they both have positive asymptotic
breakdown values (see table 1). The median, with a breakdown value of 50%, is more
robust to outliers than HL.

Figure 1. IFs of the location estimators under the standard Gaussian distribution. The
IF of HL is bounded and appears as a smooth version of that of the median.

Table 1. A comparison of the three location estimators’ performance with respect to
Gaussian efficiency, asymptotic breakdown value, and boundedness of the IF. HL is less
robust but more efficient than its robust alternative, the median.

Type ASV(·,Φ) Asymptotic Bounded
breakdown val. IF?

x Classical 1 0% No
Q0.5 Quantile based π/2 50% Yes
HL Pairwise based π/3 29% Yes

The mean is the most efficient location estimator. Between HL and the median, HL

is more efficient, with an ASV under the standard Gaussian distribution of π/3 against
π/2 for the median (see table 1). This is also illustrated by the IFs, where the IF of the
HL appears as a smooth version of that of the median.
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Although the HL, because it is based on pairwise comparisons, has nice properties,
it seems to have a high computational complexity and to be unusable in big samples.
However, a simple algorithm proposed by Johnson and Mizoguchi (1978) allows one
to substantially reduce this computational complexity from O(n2) to O(n log n). We
program this estimator in Stata and describe the associated command in section 5.
However, we do not believe that it brings enormous advantages for the median and
therefore do not strongly advise using it systematically instead of the median.

2.3 Scale estimators

To estimate the scale parameter of the underlying distribution, we let the classical
estimator be the standard deviation: s = {1/n∑n

i=1(xi − x)2}1/2. It is the most
efficient estimator of the scale parameter, σ, when using Gaussian data. But, like the
mean, it completely lacks robustness: its IF is unbounded (see figure 2); thus it has
an asymptotic breakdown value of 0% (for example, see Rousseeuw and Croux [1993,
1275]).

Figure 2. IFs of the scale estimators under the standard Gaussian distribution. The IF

of Qn is bounded and appears as a smooth version of that of IQR.

There are, however, several robust alternatives to estimating the standard devia-
tion. First, there are two alternatives based on quantiles. A commonly used one is the
interquartile range (IQR), IQR = d × (Q0.75 − Q0.25), where setting d = 0.7413 ensures
consistency for σ at Gaussian distributions. A second one is the median absolute devia-
tion (MAD), MAD = b×medi|xi−medjxj |, where b = 1.4826 makes it consistent for σ at
Gaussian distributions. The MAD is very robust, but it aims at symmetric distributions
only; it essentially finds the symmetric interval (around the median) that contains 50%
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of the data, which does not seem to be a natural approach at asymmetric distributions.
The IQR does not have this problem, because the quartiles need not be equally far away
from the median. Because the MAD does have this problem of assumed symmetry, we
focus mainly on the IQR.

A very interesting but relatively unknown scale estimator is the Qn statistic of
Rousseeuw and Croux (1993), Qn = d× (|xi − xj |; i < j)(k), where d = 2.2219 ensures

consistency for Gaussian distributions, and k =
(
h
2

) ∼=
(
n
2

)
/4 with h = (n/2) + 1. In

other words, the statistic Qn corresponds approximately to the 25th percentile of the(
n
2

)
distances (|xi − xj |, i < j).

The Qn estimator generally outperforms the other robust estimators in both effi-
ciency and robustness. Its Gaussian efficiency, at 83%, is surprisingly high and substan-
tially higher than that of IQR and MAD (see table 2).

Table 2. A comparison of three scale estimators’ performance with Gaussian efficiency,
asymptotic breakdown value, and boundedness of the IF. Qn is more robust and more
efficient than its robust alternative, IQR.

Type ASV(·,Φ) Asymptotic Bounded
breakdown val. IF?

s Classical 0.5 0% No
IQR Quantile based 1.3605 25% Yes
Qn Pairwise based 0.6077 50% Yes

Also, in terms of robustness, Qn outperforms the other estimators. It has an asymp-
totic breakdown value of 50%, which is higher than that of IQR. Finally, Qn is also
applicable to asymmetric distributions, and its influence is smooth, unlike that of IQR

(see figure 2).

Despite its very nice statistical performance, Qn may seem difficult to use in practice
because of its high computational complexity. Indeed, according to its definition, we
must determine an order statistic of

(
n
2

)
pairwise differences. However, the algorithm

proposed in Johnson and Mizoguchi (1978) can be used for the midpoint estimate. We
programmed the Qn estimator with this efficient algorithm and called the command
sqn. We provide a detailed description of this command in section 5.

2.4 SK estimators

The most used SK estimator is the Fisher estimator: γ1 = 1/n
∑n
i=1{(xi − x)/s}3. Be-

cause this SK measure relies on the mean and the standard deviation, it is not surprising
that its resistance to outliers is null. More precisely, its asymptotic breakdown value is
equal to 0%, and its IF is unbounded (see figure 3 and, for example, Groeneveld [1991]).
Alternative estimators of SK, such as (x−mode)/s and (x−Q0.5)/s proposed by Pearson
(1916), still rely on the standard deviation and are thus just as fragile with respect to
outliers as the classical SK estimator.
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Figure 3. IFs of the SK estimators under the standard Gaussian distribution. The IF of
the MC is bounded and appears as a smooth version of that of SK0.25.

Fortunately, there again are several robust alternatives. First, Hinkley (1975) pro-
posed the following quantile-based estimator,

SKp =
(Q1−p −Q0.5)− (Q0.5 −Qp)

Q1−p −Qp
=
Qp +Q1−p − 2Q0.5

Q1−p −Qp

where 0 < p < 0.5. This is a generalization of Yule and Kendall’s (1968) (YK) SK

estimator, which can be obtained by setting p equal to 0.25: SKYK = SK0.25.

An alternative robust SK operator called “medcouple” (MC) was proposed by Brys,
Hubert, and Struyf (2004). It is based on pairwise comparisons and replaces the quan-
tiles Qp and Q1−p in SKp with actual data points. More precisely, x(1) ≤ x(2) ≤ · · · ≤
x(n) denotes the n-order statistics associated with the sample; then

MC = medx(i)≤Q0.5≤x(j)
h
(
x(i), x(j)

)

where, for all x(i) 6= x(j), the kernel function h is given by

h
(
x(i), x(j)

)
=

(
x(j) −Q0.5

)
−
(
Q0.5 − x(i)

)

x(j) − x(i)
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For the special case x(i) = x(j) = Q0.5, we define the kernel as follows: m1 < · · · < mk

denotes the indices of the order statistics that are tied to the median Q0.5 (that is,
x(ml) = Q0.5 for all l = 1, . . . , k). Then

h
(
x(mi), x(mj)

)
=





−1 if i+ j < k + 1
0 if i+ j = k + 1
+1 if i+ j > k + 1

Because of the denominator, h
(
x(i), x(j)

)
, and hence MC, is always between −1 and +1

(like SKp). The MC is zero for symmetric distributions, while it is positive and negative
for right- and left-tailed distributions, respectively.

Overall, the MC outperforms the YK SK estimator. In terms of robustness, they are
comparable: both have an asymptotic breakdown value of 25%1 (see table 3), and both
have bounded IFs. However, the IF of the MC is smoother than that of SKp.

Table 3. A comparison of three SK estimators’ performance with Gaussian efficiency,
asymptotic breakdown value, and boundedness of the IF. The MC is as robust as yet
more efficient than its alternative, SK0.25.

Type ASV(·,Φ) Asymptotic Bounded
breakdown val. IF?

Fisher Classical 6 0% No
SK0.25 Quantile based 1.8421 25% Yes
MC Pairwise based 1.25 25% Yes

The big difference between the MC and SKYK lies in efficiency. The Gaussian effi-
ciency of the former is substantially higher than that of SKYK. The Gaussian efficiency
of these robust estimators is even better than that of the classical Fisher estimator of
SK.

As for Qn, at first sight, the computational complexity of MC is of the order of
O(n2). As for HL and Qn, the Johnson and Mizoguchi (1978) algorithm can be used
to compute MC with a complexity of O(n log n). We programmed this SK estimator in
Stata, and we describe the commands in section 5.

2.5 Tail-heaviness estimators

Tail heaviness is traditionally measured using kurtosis: γ2 = 1/n
∑n

i=1{(xi−µn)/σn}4.
The parameter γ2 is equal to three for distributions with tails similar to the normal,
greater than three for leptokurtic distributions (that is, those with heavier tails than the
normal), and smaller than three for platokurtic distributions (that is, those with lighter
tails than the normal). However, this parameter also measures the “peakedness” of a

1. The asymptotic breakdown value of SKp is 100p% and is thus bigger than 25% when setting p

higher than 0.25 (the value used in SKYK). Doing this, however, also reduces efficiency.



W. Gelade, V. Verardi, and C. Vermandele 85

distribution, and one disadvantage of using kurtosis is the difficulty of grasping what
kurtosis really estimates. Another disadvantage is that its interpretation, and thus its
use, is restricted to symmetric distributions. Moreover, as usual for estimators relying
on the mean and the standard deviation, the kurtosis coefficient is very sensitive to
outliers in the data (0% asymptotic breakdown value and unbounded IF2; see figure 4
and Ruppert [1987]).

Figure 4. IFs of the tail-heaviness estimators under the standard Gaussian distribution

To overcome these problems, Brys, Hubert, and Struyf (2006) proposed two mea-
sures of left- and right-tail weight for univariate continuous distributions. These mea-
sures can be applied to symmetric as well as asymmetric distributions that do not need
to have finite moments. Moreover, they unambiguously measure tail heaviness (not
peakedness), and they are robust against outlying values.

2. The form of this IF shows that contamination at the center has far less influence than that in the
extreme tails. This suggests that γ2 is primarily a measure of tail behavior and only to a lesser
extent of peakedness.
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More precisely, Brys, Hubert, and Struyf (2006) defined left- and right-tail measures
as measures of SK that are applied to the half of the probability mass on the left and
on the right, respectively, of the median Q0.5. They use the two previously mentioned
robust estimators, SKp (0 < p < 0.5) and MC.

By applying the MC to each side of the distribution, we get the left medcouple (LMC)
and the right medcouple (RMC): LMC = −MC(x < Q0.5) and RMC = MC(x > Q0.5).
Similarly, using the SKp SK estimator, we get the left quantile weight (LQW) and the
right quantile weight (RQW): LQWp = −SKp/2(x < Q0.5) and RQWp = SKp/2(x > Q0.5).
Thus LQW0.25, for instance, considers the quantiles Q0.125 and Q0.375 around the center
of the left side of the distribution (Q0.25). For these estimators, a higher value of these
estimators means a heavier tail. For comparison, note that the tail weights of the normal
distribution are 0.2.

The performance of these robust measures of tail heaviness is strictly connected
to the performance of their underlying estimators (MC and SKp) and so follows the
same pattern as before. The LMC and RMC have a higher Gaussian efficiency than
LQW0.25 and RQW0.25 (they are also more efficient than the classical kurtosis for Gaus-
sian data). In terms of robustness, all of their IFs are bounded (see figure 4 and
Brys, Hubert, and Struyf [2006, 740–741]), and the asymptotic breakdown value is the
same for LMC and RMC and LQWp and RQWp when p = 0.25 (see table 4). For the
latter estimators, increasing p increases robustness but decreases efficiency; decreasing
p does the opposite. This presents another advantage of the LMC and RMC; they do not
require one to (somewhat arbitrarily) fix a value for p.

Table 4. A comparison of the tail-heaviness estimators’ performance with respect to
Gaussian efficiency, asymptotic breakdown value, and boundedness of the IF

Type ASV(·,Φ) Asymptotic Bounded
breakdown val. IF?

γ2 Classical 24 0% No
LQW0.25 (RQW0.25) Quantile based 3.71 12.5% Yes

LMC (RMC) Pairwise based 2.62 12.5% Yes

Note that the efficient algorithm of Johnson and Mizoguchi (1978) allows one to
again substantially reduce the computational complexity needed to compute LMC and
RMC. These tail-weight measures have been implemented as separate options in the MC

code (see section 5).

3 Normality test based on SK and tail-heaviness estima-
tors

As stated above, these descriptive statistics can be used to characterize the underlying
distribution. In particular, they can be used to test for normality. For example, the
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Jarque and Bera (1980) test relies on the classical SK and kurtosis coefficients to test
for normality. More precisely, under the normality assumption (γ1 = 0 and γ2 = 3), we
can write

√
n

(
γ1

γ2 − 3

)
d→ N

{(
0
0

)
,

(
6 0
0 24

)}

which leads to the Jarque–Bera test statistic,

T = n

{
γ21
6

+
(γ2 − 3)2

24

}
≈ χ2

2

The Jarque–Bera test is a very popular and interesting test for normality; it outper-
forms such tests as the Kolmogorov–Smirnov test, the Cramér–von Mises test, and the
Durbin test for many alternative distributions (Shapiro, Wilk, and Chen 1968). Unfor-
tunately, despite its good power properties and computational simplicity, the Jarque–
Bera test is highly sensitive to outliers because it is constructed from the moment-based
SK and kurtosis measures.

Brys, Hubert, and Struyf (2008) proposed robust alternatives to the Jarque–Bera
test. These authors explain that the Jarque–Bera test can be seen as a special case of
the following general testing procedure: Let θ̂ = (θ̂1, . . . , θ̂k)

′ be a vector of estimators
of θ = (θ1, . . . , θk)

′ (a vector of characteristic parameters of the underlying distribution)
such that, under the null hypothesis of normality,

√
n
(
θ̂ − θ

)′ d→ N (0,Ω)

Then, the general test rejects the null hypothesis of normality at level α if

T = n
(
θ̂ − θ

)′
Ω−1

(
θ̂ − θ

)
> χ2

k;1−α

where χ2
k;1−α is the (1 − α)-quantile of the χ2 distribution with k degrees of freedom.

Brys, Hubert, and Struyf (2008) then propose to use the robust SK estimator MC or the
tail-heaviness estimators LMC and RMC.

Three tests have been studied. The first one uses the SK estimator MC; for this,
k = 1, θ̂ = MC, and Ω = 1.25. The second one uses the left and right tail-heaviness
estimators, LMC and RMC; in this case, k = 2, θ̂ = (LMC,RMC)′, θ = (0.199, 0.199)′,
and

Ω =

(
2.62 −0.0123

−0.0123 2.62

)

The third test combines MC, LMC, and RMC; here k = 3, θ̂ = (MC, LMC,RMC)′, θ =
(0, 0.199, 0.199)′, and

Ω =




1.25 0.323 −0.323
0.323 2.62 −0.0123
−0.323 −0.0123 2.62




This last test seems to have the best overall performance.
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4 Efficient algorithm

Efficiently implementing the different estimators using the pairwise combinations de-
scribed above involves a simple algorithm by Johnson and Mizoguchi (1978). Given a
number k and an n× q matrix M with sorted (nonincreasing) rows, this algorithm finds
the kth maximal element of M in time O(n log n). In this section, we illustrate this
algorithm.

The algorithm repeatedly guesses a new candidate for the kth maximum of M.
After each guess, it discards some of the elements of M (because they cannot be the
kth maximum). In this way, it systematically reduces this set of candidates until it
guesses the kth maximum of M. The key to the efficiency of the algorithm is that at
every guess, it (efficiently) discards many elements of M. By doing this, the algorithm
needs few attempts before finding the kth maximum.

We present the algorithm in more detail below. It is part Stata code and part
pseudocode (in slanted type).

matrix excludeleft = J(n,1,1) // length-n vector with value 1 everywhere 1
matrix excluderight = J(n,1,q) // length-n vector with value q everywhere 2
while kth maximum is not found { 3

scalar m = new guess for kth maximum using nonexcluded elements of M 4
scalar nrbigger = number of elements a in M with a > m 5
scalar nrsmaller = number of elements a in M with a < m 6
if nrbigger >= k // kth maximum is bigger than m 7

excluderight[i] = position smallest element bigger than m in row i, for all i 8
else if nrsmaller >= (n*q)-k // kth maximum is smaller than m 9

excludeleft[i] = position biggest element smaller than m in row i, for all i 10
else // kth maximum equals m 11

m is the kth maximum element of M 12
}

In lines one and two, the algorithm initializes the data structure, which maintains
the elements that have already been discarded. At any time, for any row i, all elements
to the left of position excludeleft[i] are discarded. For example, if excludeleft[1]
is four, the first three elements in row one are discarded. Similarly, excluderight[i]
contains the position in row i to the right of which all elements have been discarded.

The loop on line three continues until the kth maximum has been found. It first
makes a new guess m for the kth maximum (line four) and then calculates the number
of elements in M that are greater and smaller than M (lines five and six). This can
be done efficiently because each row is sorted. Then, if there are more than k elements
that are greater than m (line seven), the kth maximum must be greater than m. We
can thus discard all elements smaller than or equal to m (line eight). Similarly, we
can discard all elements greater than or equal to m if there are more than (n × q) − k
elements smaller than m. Finally, if the kth maximum is neither among the elements
strictly greater than nor among those strictly smaller than m (line 11), then m must be
the kth maximum, and we have found the kth maximum.

This algorithm requires time O(n log n) (Johnson and Mizoguchi 1978). Note, how-
ever, that one should not explicitly calculate the entire matrix M, which would be of



W. Gelade, V. Verardi, and C. Vermandele 89

complexity O(n2). Indeed the algorithm needs to inspect only some elements, and only
those elements should be calculated. This substantially reduces the running time of the
algorithm. Table 5 illustrates the time saved when using this algorithm with a com-
parison of the running time3 of the different estimators based on pairwise comparisons
when using this algorithm and when using standard algorithms.

Table 5. Running time (in seconds) of the implemented estimators (HL, Qn, and MC)
using the efficient Johnson and Mizoguchi (1978) algorithm (left) and using standard
algorithms (right). When n is greater than 10,000, the running time of the standard
algorithm is not reported, because it took too long to compute.

HL HL Qn Qn MC MC

n efficient näıve efficient näıve efficient näıve

500 0.2 0.1 0.2 0.1 0.1 0.1
1,000 0.4 0.5 0.4 0.6 0.3 0.5
2,000 0.9 2.9 0.9 2.6 0.7 2.0
5,000 2.0 23.0 3.0 22.0 2.0 15.0

10,000 6.0 113.0 7.0 117.0 5.0 72.0
50,000 46.0 / 44.0 / 33.0 /
100,000 105.0 / 108.0 / 74.0 /

5 Commands

We programmed the following commands in Stata to estimate the described statistics
using the efficient algorithm of Johnson and Mizoguchi (1978).

• For the HL statistic of Hodges and Lehmann (1963), the command is

mhl varname
[
if
] [

in
]

• For the Qn statistic of Rousseeuw and Croux (1993), the command is

sqn varname
[
if
] [

in
]

• For the MC, the command is

medcouple varname
[
if
] [

in
] [

, lmc rmc nomc
]

• For the robust test of normality, we created the command

robjb varname
[
if
] [

in
] [

, level(#) {skewness | kurtosis} right
]

3. We used Stata/SE 12 and a computer with a 2.66 GHz Intel dual-core processor and 2GB of RAM.
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5.1 Options for medcouple

lmc specifies calculating the MC only for observations smaller than the median. This is
an indicator of the heaviness of the left tail.

rmc specifies calculating the MC only for observations larger than the median. This is
an indicator of the heaviness of the right tail.

nomc specifies not to calculate the global MC. This is useful when one is interested in
only the tail heaviness.

5.2 Options for robjb

level(#) specifies the confidence level for inference. The default is level(0.95).

skewness specifies that a test exclusively based on SK be run.

kurtosis specifies that a test exclusively based on the heaviness of the tails be run.

right specifies that a test exclusively based on the heaviness of the right tail be run.

6 Example

To illustrate the usefulness of the estimators, we will analyze the body weight of 64
different animal species. The dataset we use is available online.4 These data have
been made available by Rice University, University of Houston–Clear Lake, and Tufts
University.

We first calculate the classical, quantiles-based, and pairwise-based estimates of lo-
cation, scale, SK, and tail heaviness (see table 6). We can easily calculate the classical
and quantiles-based estimates by using the formulas provided in the theoretical section
and using the standard summarize and centile Stata commands (see the do-file per-
taining to the example for further details). To compute the pairwise-based estimates,
we use the commands as follows:

mhl body
sqn body
medcouple body, lmc rmc

4. See http://onlinestatbook.com/stat sim/transformations/body weight.html.
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Table 6. Classical, quantiles-based, and pairwise-based estimates of location, scale, SK,
and tail heaviness

Classical Quantiles based Pairwise based

Location x: 3,111,355.5 Q0.5: 3,500.0 HL: 94,307.5
Scale s: 13,033,900.0 IQR: 166,221.28 Qn: 6,665.438
SK γ1: 5.461 SK0.25: 0.976 MC: 0.985
Tails γ2: 32.770 LQW: −0.052 LMC: −0.090

RQW: 0.883 RMC: 0.915

If we look at only the classical estimators, we conclude that the average animal
weight is very high but with a huge dispersion. The asymmetry is large and positive,
and the tails are very heavy. When we look at the equivalent robust statistics, we see
that the median weight is much lower than the mean weight. The robust dispersion
is also much smaller than that suggested by classical estimators, and the right SK is
extreme. As for tail heaviness, the right tail is extremely heavy, while the left one is
slightly lighter than the left tail of the normal (recall that the normal has tail weights
of 0.2 and that higher values indicate heavier tails). The difference between classical
and robust estimators indicates that outliers are present in the dataset.

For this problem, we can transform the data to reduce the excessive importance
of very big animals (such as dinosaurs). Given that weights are strictly positive, we
consider a logarithmic transformation and redo the above descriptive statistics analysis
(see figure 5 and table 7) as follows:

generate lbody = ln(body)
mhl lbody
sqn lbody
medcouple lbody, lmc rmc



92 Efficient algorithms for location, scale, symmetry, and tail heaviness

L
e

s
s
e

r 
S

h
o

rt
−

ta
ile

d
 S

h
re

w
L

it
tl
e

 B
ro

w
n

 B
a

t
M

o
u

s
e

B
ig

 B
ro

w
n

 B
a

t
M

u
s
k
 S

h
re

w
S

ta
r 

N
o

s
e

d
 M

o
le

E
a

s
te

rn
 A

m
e

ri
c
a

n
 M

o
le

G
ro

u
n

d
 S

q
u

ir
re

l
T

re
e

 S
h

re
w

G
o

ld
e

n
 H

a
m

s
te

r
M

o
le

 R
a

te
G

a
la

g
o

R
a

t
C

h
in

c
h

ill
a

D
e

s
e

rt
 H

e
d

g
e

h
o

g
R

o
c
k
 H

y
ra

x
 (

a
)

E
u

ro
p

e
a

n
 H

e
d

g
e

h
o

g
T

e
n

re
c

A
rc

ti
c
 G

ro
u

n
d

 S
q

u
ir
re

l
A

fr
ic

a
n

 G
ia

n
t 

P
o

u
c
h

e
d

 R
a

t
G

u
in

e
a

 P
ig

M
o

u
n

ta
in

 B
e

a
v
e

r
S

lo
w

 L
o

ri
s

G
e

n
e

t
P

h
a

la
n

g
e

r
N

o
rt

h
 A

m
e

ri
c
a

n
 O

p
o

s
s
u

m
T

re
e

 H
y
ra

x
R

a
b

b
it

E
c
h

id
n

a
C

a
t

A
rt

ic
 F

o
x

N
in

e
−

b
a

n
d

e
d

 A
rm

a
d

ill
o

W
a

te
r 

O
p

o
s
s
u

m
R

o
c
k
 H

y
ra

x
 (

b
)

R
e

d
 F

o
x

R
a

c
c
o

o
n

R
o

e
 D

e
e

r
G

o
a

t
K

a
n

g
a

ro
o

G
ra

y
 W

o
lf

S
h

e
e

p
G

ia
n

t 
A

rm
a

d
ill

o
G

ra
y
 S

e
a

l
J
a

g
u

a
r

B
ra

z
ili

a
n

 T
a

p
ir

D
o

n
k
e

y
P

ig
P

ro
to

c
e

ra
to

p
s

O
k
a

p
i

C
a

m
p

to
s
a

u
ru

s
C

o
w

H
o

rs
e

G
ir
a

ff
e

S
te

g
o

s
a

u
ru

s
A

llo
s
a

u
ru

s
A

s
ia

n
 E

le
p

h
a

n
t

A
n

a
to

s
a

u
ru

s
Ig

u
a

n
o

d
o

n
A

fr
ic

a
n

 E
le

p
h

a
n

t
T

y
ra

n
n

o
s
a

u
ru

s
T

ri
c
e

ra
to

p
s

D
ip

lo
d

o
c
u

s
B

lu
e

 W
h

a
le

B
ra

c
h

io
s
a

u
ru

s

0
5

1
0

1
5

2
0

L
o

g
(B

o
d

y
 w

e
ig

h
t)

Species

Figure 5. Logarithm of the body weights, in increasing order, of 64 animal species

Table 7. Classical, quantiles-based, and pairwise-based estimates of location, scale, SK,
and tail heaviness for transformed data

Classical Quantiles based Pairwise based

Location x: 9.313 Q0.5: 8.161 HL: 9.289
Scale s: 4.135 IQR: 4.207 Qn: 4.281
SK γ1: 0.304 SK0.25: 0.465 MC: 0.386
Tails γ2: 2.192 LQW: 0.499 LMC: 0.515

RQW: 0.241 RMC: 0.241

When we do this transformation, we see that the differences between classical and
robust estimators become much smaller. The mean is only slightly larger than the
median, the dispersion estimate is very similar for all the methods, and the SK estimate
suggests moderate positive SK. As for tail heaviness, the classical estimator is close to 3,
which is the value of the kurtosis for the normal and therefore suggests standard tails.
Nevertheless, the robust estimator for the latter indicates a heavy left tail. Indeed, the
left-tail weights of about 0.5 are substantially above 0.2 (the tail weight of normal tails).
This last point is very important.

Let’s imagine that we want to test for the normality of the log(body) variable. The
classical and the robust estimators give different results. The standard Jarque–Bera
statistic is 2.726, which is much smaller than the critical value of χ2

2;0.95 = 5.99. This
implies that the standard Jarque–Bera test would not reject the null hypothesis of
normality. On the other hand, we can also calculate the robust test statistic involving
MC, LMC, and RMC as follows:

robjb lbody
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This robust test statistic is equal to 9.266, which is larger than the critical value of
χ2
3;0.95 = 7.815. This indicates the rejection of the null hypothesis of normality. This

means that even though the logarithmic transformation substantially reduced the effect
of atypical individuals, outliers still bias the classical estimations. In particular, we
believe that the heaviness of the left tail is not satisfactorily identified by the classical
kurtosis coefficient, and this affects the result of the normality test.

7 Conclusion

Different statistics are available to estimate the location, the scale, the SK, and the tail
heaviness of a distribution. Some of these estimators are based on pairwise compar-
isons of the observations; these estimators, apparently much heavier and more complex
to compute, perform better, specifically in terms of robustness and efficiency. The
algorithm of Johnson and Mizoguchi (1978) allows for a substantial reduction in the
computation time of these robust estimators from an order n2 to an order of n log n.
This makes it possible to determine these estimators even in very large datasets. To
make these estimators available for applied researchers, we have programmed them in
Stata, following the efficient algorithm of Johnson and Mizoguchi (1978). We have also
programmed a robust version of the Jarque–Bera (1980) test of normality, for which
the test statistic involves some of these estimators of SK and tail heaviness.
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responsible for the LMTD. She is particularly interested in nonparametric statistics, robust
statistical methods, and sampling theory.




