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Measuring Scale and Technical Change 
from Observable Data Under Uncertainty 

ABSTRACT 

Returns to scale and technological change can be measured without econometric estimation for 
industries with output price uncertainty using panel data. Since expected utility maximization implies 
cost minimization, with panel data it is possible to approximate marginal cost using observed prices 
and quantities, from which scale and productivity measures follow. 



Measuring Scale and Technical Change 
from Observable Data under Uncertainty 

Measurement of the elasticity of scale and the rate of technological change without estimation is 

possible if a competitive firm is assumed to maximize profits when no uncertainty exists (see, e.g., 

Hulten [1973] or Chambers [1988]). Problems arise in the ability to measure these aspects of 

production, however, if the more recent model of the firm which maximizes the expected utility of 

profit under price uncertainty, as in Sandmo [1971] or Batra and Ullah [1974], is applied. Specifically, 

Chambers [1983] has shown that the usual measures of scale and technological change with risk 

aversion depend upon knowledge of, or some assumption about, the firm's utility function or its 

technology when output price uncertainty exists.1 Thus, under uncertainty I the scale elasticity and the 

rate of technological change are not measurable from time series data without econometric estimation 

under current theory. 

By expanding the data set to include panel data, this paper uses the result that expected utility 

maximization under price uncertainty also implies cost minimization to derive measures of the degree 

of the firm's returns to scale and the rate of technological change that do not depend upon knowledge 

of the firm's technology or utility function. The measure of the scale elasticity turns out to be the 

ratio of average variable cost to marginal cost. With panel data, it proves possible to measure 

marginal cost solely in terms of prices and quantities, so that the elasticity of scale can be expressed in 

terms of observable prices and quantities alone. The ability to measure marginal cost from observable 

data under uncertainty also permits the rate of technological change to be calculated from data on 

prices and quantities. 

These results provide some foundation in expected utility theory for empirical work that measures 

scale and productivity without estimation, comparable to that in profit maximization theory. The 

existence of uncertainty and differences in risk attitudes among firms in the model provides a basis for 

the cross-sectional measurement of marginal cost for firms using a common technology. Given 

marginal cost, the scale elastiticy is also measureable cross-sectionally, and using the time dimension of 

panel data, the rate. of technical change can also be calculated. 

The measure of scale under uncertainty is derived in Section I and the measure of the rate of 

technological change is obtained in Section II. Some brief concluding comments are offered in Section 

III. 
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I. Measuring Scale Under Uncertainty 

The risk averse expected utility maximizing competitive firm under output price uncertainty is 

modelled following Sandmo [1971] and Batra and Ullah [1974]. The firm's problem is the 

maximization of the expected utility of profits given by 

(1) max E[U(pF(x,t) - wx + A)] = max E[U('I!")] 
X X 

where U( ·) is concave utility, F(x,t) is the production function with input vector x and index of time t, 

w is the vector of nonnegative factor prices, and A can· be wealth or fixed costs. The random variable 

in the model is the output price p, which is written as p = p + e where e is a random variable with 

density g(e) and mean E[e] = 0, so that E[p] = p is the mean of p. Assuming that the second order 

condition holds, maximization of (1) is given by the conditioris 

(2) E[U1('11")(p8F/8xi - wi)] = 0, i = 1,2, ... ,n 

which can be written as 

(3) 8F/8xi = w/(i> + 0) i = 1,2, ... ,n 

where (J = E[U1 ( 'I!" )e]/E[U' ('I!")] is the familiar marginal risk premium and is negative for risk averse 

firms since 8U1('11")/8e = U11('11")F(x,t) < 0 and the denominator is positive since U1('11") > 0. _ Noting 

that the elasticity of scale under nonstochastic technology· is defined as £ = Y;,( 8F / oxi)xJy, where y is 
l 

output, one obtains this measure under price uncertainty from (3) as 

(4) £ = E w.x. /(p + 0)y 
. i 1 l 

which, as Chambers [1983] notes, apparently cannot be calculated without knowledge about (J (or U). 

There is, however, more information that can be obtained from the assumption of expected utility 

maximization in (1). Specifically, it is well known that the objective function (1) implies that the firm 

is a cost minimizer, which is seen by rearranging (3) to obtain 

(5) p + (J = w./(8F/8x-) = w./(8F/8x.) 
1 1 J J 

for all i, j 
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from which 

which is the optimality condition for input choice by the profit-maximizing (cost-minimizing) firm 

under certainty (see Batra and Ullah [1974] or Chavas, Pope, and Leathers [1988] on this point). 

Substituting the cost minimizing input demands x*(w,y,t), which solve the problem min {wx: y ~ 

F(x,t)}, into the production function y = F[xi(w,y,t), ... 1xii(w,y,t)] and differentiating with respect toy 

obtains 

1 = ~ (8F/8xi)(8x;f 8y) 
l 

= ~ [wi/(i>-+ 0)]( ax;/ oy),. 
l 

using (3). Rearranging slightly, 

(6) p + 0 = E w-8x~/{Jy 
. l l . l 

- 8c(w,y,t)/8y 

where c(w,y,t) = Ewix1(w,y,t) is the minimum cost function. Using (6) in (4), the elasticity of scale 

for the expected utility maximizing firm can be written as 

(7) e = E w.x. /(y:Ew-ox~ /oy) 
. l l . l l 
l l 

- [c(w,y,t)/y]/[8c(w,y,t)/8y] 

which is the ratio of average variable cost to marginal cost. Equation (7) provides an observable 

measure of the elasticity of scale under output price uncertainty and risk aversion, obtainable from 

knowledge of the firm's technology. 

To derive an expression for e which depends solely on observed prices and quantities, though, it is 

apparent that marginal cost must be expressed in terms of prices and quantities. This can be 

accomplished by analyzing differences in firms employing the same technology within an industry. Let 

j index firms in the industry in order of increasing output; and suppose all solve the problem (1) with a 
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common F(x,t). To facilitate inter-firm comparisons, write the cost function of firms in the industry as 

c(i,t) = c(w(i,t), y(i,t), t) = mfn {w(i,t)•x(i,t): y(i,t) ~ F(x(i,t),t)}, 
x(i,t) 

where the notation makes explicit that input prices w(i,t) = [w1(i,t), ... ,wn(i,t)], inputs, and output 

may vary over firms as well as over time. 2 As a matter of convenience in exposition, w( ·) and y( ·) are 

presumed continuous in j and t. 

As the firm index j changes, the total differential of cost is 

dc/dj = ~xidwi/dj + (8c/8y)dy/dj, 
1 

where Shephard's Lemma has been used to simplify. Rearranging slightly provides an expression for 

marginal cost in terms of prices and- quantities which are, in principle, observable from panel data: 

(8) (l:)cjl:)y) = (dc/dj - ~ xidw/dj)/(dy/dj). 
1 

Noting that dc/dj = d[Ew-(i,t)x-(i,t))/dj = Ew,dx,/dj + Ex,dw./dj, (8) simplifies to 
.1 1 .11 .11 
1 1 1 

(9) 8c/8y = (~widx/dj)/(dy/dj). 
1 

Using (9) in (7), scale elasticity can be expressed as 

(10) £ = (c/y)/[(~widx/dj)/(dy/dj)) 
1 

= ( dlny / dj) /Es-dlnx1, / dj 
• 1 
1 

= y/Es-x, 
• 1 1 
1 

where si = xiw/c is the cost share of input i, and y and xi are percentage changes with j. 

As with the approach to measuring technological progress proposed by Charles Hulten (1973), it is 

necessary to use discrete approximations to the derivatives in (10). In comparing two firms, say j =0 

and j = 1, one suitable approximation for £ is 
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following the Tornqvist index. This approximation of e can also be used, with appropriate revision of 

indices, for firm 1 individually in terms of data for two other firms, say 0 and 2, whose output is 

slightly above and below that of the firm of interest (in this case, firm j=l). AB with any discrete 

approximation to a continuous function, the accuracy of · the approximation to scale elasticity is 

improved by comparing firms that are similar in output level. 

It is worthwhile to consider a special case of (10), where two firms using the same technology face 

identical input and mean output prices, to develop some intuition about the measure of e being 

proposed. Differences in firm risk attitudes are sufficient, even in this case, to cause firms to choose 

different optimal outputs, as illustrated in Figure 1. Firm 0 is more risk averse than firm 1, and its 

larger marginal risk premium (00 > 01) causes it to produce less output, by (6). The marginal cost 

associated with the technology of the firms is obtained by comparing the two firms via (9), and over 

the discrete increment in- output {y0 ,y1) marginal cost is approximated by 

8c/8y ~ ~[wi(l,t)xi(l,t) - wi(0,t)xi(0,t)]/(y1- Yo)• 
I 

This provides an intuitively appealing measure of marginal cost because it is the change in observed 

cost divided by the change in observed output, Ac/ A.y, between the two firms. Hence, rather than 

making measurement impossible, the existence of uncertainty and the diversity of risk preferences in 

the market makes possible the determination of marginal cost, which in turn allows calculation of the 

elasticity of scale from published prices and quantities for different firms in the industry. AB noted in 

the suggested approximations in {10), the calculations for e can be adjusted for differences in input 

prices. Also, differences between firms in mean output prices (if they supply to different markets, for 

example) provide another rationale (besides differences in 0) for different observed output choices. 

Il. Measuring the Rate of Technical Change 

The rate of technical· change is defined as the percentage shift in the production function for small 

continuous changes jn time, i.e. T = 8lnF(x,t)/8t: For profit maximization unde·r certainty, T can 

be measured as 

(11) 

where dots over variables denote percentage changes with time (e.g., y = dlny/dt), and p• is the 
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nonstochastic market price (see, for example, Hulten). Under output price uncertainty and risk 

aversion, p• is replaced by the random variable p and optimization under (1) implies that p• in (10) 

must be replaced by p + 01 which is not observable. However, recognizing again that (1) also implies 

cost minimization, so that 0 = 8c(y1w)/8y - p from (6)1 the rate of technical change can be measured 

from observable data as 

(12) T - y - ~ wixix/y8c(y1w)/8y 
I 

- y - (E S·X·/ E S·X·)Y . I I . I I 
I I 

. " . = y - £L..,S•X• 1 • I 1 
I 

using (10). The last" expression in (12) is- also obtained by Chambers (19831 p. 803). 

Having obtained a measure of scale elasticity for a firm by methods discussed in the previous 

section, it is then straightforward to obtain a measure of technical change from one of the variants of 

(12). 

It is interesting to compare the expression for T in equations (11) and (12). With optimization 

under certainty, price equals marginal cost and (11) and (12) are equivalent. Though there is a 

substantial difference between viewing p• as a known constant and viewing p as a random variable, the 

fact that the duality between cost and production functions holds with expected utility maximization 

under output price uncertainty permits the measurement of T from marginal cost and observable prices 

and quantities in (12). Since it is also possible to express marginal cost in terms of observable prices 

and quantities (by equation (9)), it is therefore possible to determine the rate of technical change from 

observable data for firms operating in an environment of uncertain output price. Note that while the 

usual case of risk aversion is mentioned above, these results still hold regardless of whether U11(11") < 0 

or U11(11") > o. 

m. Conclusions 

The assumption of profit maximization under certainty implies that the degree of the firm's 

returns to scale can be measured by the ratio of cost to revenue and that the rate of technological 

change can be measured solely from observable data on prices and quantities. Under uncertainty and 

expected utility maximization, however, both of these measures are known to depend upon the form of 
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a risk averse firm's utility function and thus appear not to be measurable from observable data without 

econometric estimation. 

This paper shows that, under output price uncertainty and risk aversion, the firm's returns to 

scale and rate of technological progress are measurable from observable data without knowledge about 

the firm's technology or utility function. Both are shown to depend on the firm's marginal cost, which 

can be expressed solely in terms of prices and quantities, and their differences between firms. This 

provides some foundation in expected utility theory for empirical studies that measure productivity and 

technological change without estimation. 

The non-econometric approach to measurement is attractive because it does not require the 

specification of a parametric form for technology I although it is not perfect because discrete 

approximations for changes over time and differences between firms must be used in practice. The 

keys to the approach are the observation that Sandmo-type firms are cost minimizers and the 

availability of cross-sectional -data for firms -using a common technology. The latter makes it possible 

to approximate marginal cost in terms of observed prices and quantities by making inter-firm 

comparisons. Given marginal cost, scale elasticity is also measurable cross-sectionally, and given the 

time dimension of a panel data set, so is the rate of technical change. 
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FOOTNOTES 

1. Chambers also showed that the expression for the rate of technical change under certainty holds 
under output price uncertainty only if the firm's technology has constant returns to scale. At the same 
time, Tressler and Menezes [1983] showed that constant returns to scale is incompatible with the 
assumption of risk aversion under price uncertainty and free entry. 

2. Firms facing identical input prices will have identical solutions to the cost-minimization problem, 
but may differ in values of y(i,t). and cost due to differences in risk preference and the marginal risk 
premium 0(i,t) required to compensate for the output price risk. 
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