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ABSTRACT

A risk-aversion theory is formulated directly from a preference relation, rather than with
a utility function representation. An example concerning insurance demand provides intuitive

support. This theory is applied to analyze firms’ entry/exit decisions, the long run equilibrium

.. of an industry and comparisons between firms with different risk attitudes.




RELAXING THE EXPECTED UTILITY HYPOTHESIS AND
ENTRY/EXIT DECISIONS OF THE RISK AVERSE FIRM

1. Introduction ‘

Recent yeafs have witnessed accumulating evidence against the expected utility model
(e.g., Conlisk (1989)). In response, numerous studies have suggested various alternatives to

expected utility theory (see Machina (1987)). These theories were developed with the idea of

maintaining the mathematical tractability and intuitive appeal of expected utility theory, yet

accommodating the experimental evidence.

The question arises as to which qualitative results derived under the expected utility
hypothesis would generalize under any alternative representation. That is, which results are
- robust to the underlying axioms? An important step toward the resolution of this question
was taken by Machina (1989), who examined which type of comparative statics resul;s would
generalize when the agent’s preferences are represented by a "smooth functional" (a Fréchet
differentiable utility function). An alternative approach was taken by Safra and Zilcha (1986),
who examined firm behavior under price risk, when futures markets are accessible. Using the
elementary axiom that preferences are increasing (the firm prefers first order stochastic dom-
inant distributions), they show that the separation result generalizes—the firm equates margi-

nal cost to the future price, regardless of the specific representation.

This paper follows the second approach. Using a minimal set of assumptions, we formu-
late a theory of risk aversion without a representation of a utility functional..-We then apply
this theory to the analysis of firm behavior in the long-run. We show that entry and exit deci- |
sions and the long run equilibrium condition developed with expected utility theory are gen-
eralized to an arbitrary representation of preferences, as long as the preference relation is risk

averse.

The paper contributes to the literature on long-run firm behavior by showing that impor-
tant results derived in this literature are immune to the criticisms of the expected utility

hypothesis. Moreover, our approach makes explicit the assumptions regarding firms’
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preferences needed to obtain specific results, a feature missing from analyses that use a
utility-functional representation. It also contributes to the ongoing discussion on "non-
expected utility" by showing that qualitative results from the expected utility model can be
generalized to any preference relation that obeys minimal restrictions. No less important, it
suggests behavioral rules that are common to many representations and, hence, cannot be used

to test the expected utility hypothesis.

The paper proceeds as follows. The next section presents the formal model and neces-
sary definitions. Section three reviews the axioms that are the basis of expected uﬁlity and
some experimental evidence against them. The fourth section introduces a theory of risk
aversion and the fifth uses this theory to derive the rules for entry and exit without the
expected utility hypothesis. This section also considers the implications for the long run

equilibrium and comparisons between producers with different risk attitudes.
2. A Model of Entry/Exit Decisions under Price Risk

A producer’s total income is given by the sum of a fixed amount of initial wealth, W,
and profits, * =p,-x —C (x), where x is the output level and C(x) is a deterministic cost
function, with C(0)=0. The output price, p,, is risky with a known cumulative distribution
function, F (p,), assumed to have finite mean. Output is assumed to be non-stochasticl and

must be chosen prior to the realization of p, .’

A producer’s choice of x, together with F (p,), induces a CDF of the producer’s final
wealth. The set of all such CDF’s is denoted by G: *We assume that a‘CDF, ¢ € G, has sup-
port [—W,e<], and finite mean, M (g) = J'G dg (8). The producer is endowed with»a prefer-
ence relation, >, with which he compares and ranks different levels of x, and in essence

chooses g € G.2 » is used to denote that one CDF is at least as preferred as another and ~ is

1 Treating output and costs as non-random is not essential, but simplifies the analysis and allows comparison
with the results of Sandmo (1971) and Flacco (1983).

2 The complete argument in for using a set of CDF’s as the choice set under risk is presented in Weiss
(1987). He noted that an attractive feature of using a set of CDFs (such as ) for the choice set is that it is
convex.
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used to denote indifference between t§vo CDF’s.
"We now introduce three definitions which will be useful below.

Definition I Stochastic Dominance in the First Degree.
Let g!, g2e G. g! dominates g2 in the first degree (which we denote as g! >; g2), if
and only if g1(8) < g2(6) for all  and for at least one 8, say 9, g1(®) < g2(0).

Thus, a CDF.which dominates another in the first degree, simply assigns at least as large

a probability to the event that 6> 6, for any 6y R.

" Definition II: A Monotonic Preference Relation
A preference relation, >», is said to be monotone if and only if for-any g!, g?2e G, such
that g1>1g2, gl>g2

| Definition III: A Degenerate Distribution.

A CDF, §, € G, is said to be degenerate at a if and only if

0 where 0O<a
5,0 = {

1 where 02a

Thus, a degenerate CDF at a assigns probability one to a and zero to any other scalar.
3. The Expected Utility Model: Review of Axioms and Evidence

As our aim is to relax the assumption of the expected utility model, we catalog here the -«
von Neumann-Morganstern (VNM) axioms it is based upon. The vNM axioms are sufficient
for the existence of a measurable utility function,- which ranks CDFs- eonsistently: with the

individual’s preferences.

Axiom I: Complete Ordering.
For any CDFs g!, g2 € G, either g! > g% g2 > g!, or g ~ g2 Also, if g! » g2 and
g2 > g3, then gl » g3.

Axiom II: Continuity.
Suppose gl g2 g3 Then there exists a probability, p, such that

pgl+(1-prg?~g2




Axiom III: Inﬁependence.

Forg!>g?andany g3e G,pe [0,1],pgl+(1-p)g3=>pg?+ (1-p)gs.
Axiom IV: Unequal Probabilities.

Ifgl> g2 thenpgl+ (1-p)g?>1g! + (1-1)g2 if and only if p > 1.

Axiom V: Compound Lotteries.

For g!, 82, 8% g*€ G and p, 1, y€ [0,1], p(tg! + (1-1)g2) + (1-p)(yg3
P

+ (1-1)g% = prg! + p(1-1)g% + (1-p)yg® + (1-p)(1-y)g*

Before referring to the empirical evidence regarding the validity of these axioms, we note that
Fishburn (1970) offers proof of the VNM theorem based on a subset of these axioms,
specifically axioms I, II, and III. However, even this subset of axioms cannot be justified on
empirical grounds. -

Several studies have shown that preferences are-not transitive (e.g., Tversky .(1669)).
These experiments often found situations in which individuals’ preferences are lexicographic,
a behavioral model that is generally ruled out in decision-making under certainty. Also, ‘many
studies of the preference reversal phenomenon provide strong evidence that individuals’
preferences are not consistent (e.g., Grether and Plott (1979)). A study of the continuity
axiom by Coombs (1975) found that nearly half the subjects violated this axiom, sometimes
referred to as in-betweenness. The fourth axiom can be derived from other axioms (Varian
(1984)), and i.t may be for this reason that no empirical evidence directly regarding its validity
has been found. The compound lotteries axiom was-studied by Bar-Hillel (1973), who found

that individuals were not very successful at judging the compound structure of a lottery.

The most striking evidence regarding the inadequacy of the expected utility model is
with regard to the independence axiom, as demonstrated by the Allais (1953) paradox. A
recent paper by Conlisk (1989) argues that the format usually used to demonstrate the Allais
paradox masks the independence axiom. He presents individuals with three other formats, and
observes, in two cases, behavior much more consistent with the expected utility model and in

the third, behavior consistent with Machina’s (1982) fanning-out hypothesis. Although
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Conlisk’s study calls into question the results of previous Allais paradox experiments, it does
not provide a definitive argument for any one of the alternative behavioral models proposed,
or even for "standard economic theory,” which would argue that individuals have stable,
well-behaved preferences. One practical conclusion we may draw is that there is considerable
value to results which are derived from a minimal set of axioms, rather than from a utility

functional representation derived from a specific set of axioms.
4. Risk Aversion

We now introduce elements of risk aversion theory which are required for the analysis of
the problem at hand. A more complete theory of risk aversion, formulated directly from the
‘preference relation, was introduced by Yaari (1969). Yaari’s approach, however, assumes

several axioms on the underlying preference relation which are fruitful, but not necessary for

our problem. Our definition of risk aversion follows that of Safra and Zilcha (1986).

Axiom VI: Weak Risk-Aversion.
A preference relation, >, defined over G, is said to be weakly risk averse if and only if

for any nondegenerate CDF, g € G, SM(g »>g.

Thus a weakly risk averse agent prefers the v'mean of any nbhdegenerate CDF to the CDF
itself. Safra and Zilcha (1986) noted that in the case of expected utility this axiom is
equivalent to a concave utility function defined over wealth. However, in the general case,
weak risk aversion does not imply aversion to mean preserving spreads, which Yaari (1987)
terms strong risk aversion. To provide the above, abstract concept with-economic context, we
prove Proposition 1 below, relating weak risk aversion to insurance demand.

Assume that the agent faces a distribution g (L) e G of potential monetary losses denoted
by L, and that for at least one L >0 1—g(L)>0. Denoting IT as the insurance premium, and
o as the share of the loss that is protected by insurance, we assume that H=ja[.dg =ol.
That is, the insurance contract is assumed to be actuarially fair; the premium equals the
expected indemnity payments. This will occur if the insurance underwriters are risk neutral,

the insurance industry is competitive and overhead costs are negligible.
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Proposition 1: Let > be a prefefence relation defined over G. For any nondegenerate CDF

geqG, SM(g):» g if and only if for any nondegenerate CDF over losses (L), a=1.
Thus, the agent is weakly risk averse if and only if the agent purchases full insurance.

Proof: First we show that weak risk aversion implies full insurance. To see this, note that in
the event of loss, final wealth of an agent who purchases an o percentage of coverage is

Wo~L —oL +0oL. Accordingly, we denote the gamble which he faces by 8Wo-L —al +oL"

Now assume that some o < 1 is optimal. This implies that

8Wo-L-o"C+a’L > 8Wo-L-L+L*

Note, however, that the two CDF’s have the same expected value, the second one being
degenerate. Thus, the above equation contradicts the assumption of weakly risk averse prefer-
ences,3 hence, o® must equal 1. The necessity of weak risk aversion for full insurance, fol-
lows by noting that if the agent is not weakly risk a\;e-rse, then there is at least one g € G
such that g 3> 8yy(,). Clearly, for the CDF of losses that induces this CDF of the agent’s final
- wealth,* & =1 would be suboptimal. O |

The result that if actuarially fair insurance is available, then a risk averse, expected util-
ity maximizer always fully insures himself—is a well known result in the theory of insurance
demand Varian (1984). Recently Kamni (1985) showed this result to hold also in the case of
state-dependent preferences. Proposition 1 states that if the preference relation is weakly risk
averse this result holds even in the absence of the expccted utility hypothcs1s Further, this
result still holds if the agent behaves 1rrat10nally (as economists would term it), in that his

preference relation is neither monotone nor transitive.

3 The possibility of over-insurance (o>1) is excluded from our discussion, but could be similarly shown to
be suboptimal.

4 Note that without loss of generality, initial wealth and the support of the CDF of "loss" can always be
redefined such that the CDF of the newly defined "loss” assigns positive probabilities, only to positive values of
L. Thus, ensure that L represents real losses.
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For the problem at hand, it is useful to define the notion of a risk premium within the
above framework. This requires the definition of the certainty equivalent.
Definition IV: Certainty Equivalent. '

Given a preference relation, >, defined over G, a degenerate CDF, 38 € G, is said to be

the certainty equivalent of g € G if and only if Sg ~g.

The existence of a certainty equivalent is not guaranteed unless we make additional
assumptions about the preference relation. Here, we state its existence as an axiom. Our
axiom is implied by the regular continuity axiom (axiom II above), but not vice verséz 3

Axiom II': Existence of a Certainty Equivalent.

For any g € G, there is a degenerate CDF, Sg, such that Sg ~g.

To ensure unidueness of the certainty equivalent we need two additional axioms which

are (very) weak versions of monotonicity and transitivity.

Axiom VII: 'Weak Monotonicity.
A preference relation, >, defined over G, is said to be weakly monotonic if and only if
for any pair of degenerate CDF’s, §1,6%¢ G? &' 82 if ar;d oniy if M (85>M (82).

All this says is that the agent prefers more money to less. “ The last axiom we need is a

weak version of transitivity, which relates the preferences for one nondegenerate CDF and

preferences to two degenerate CDF’s.

Axiom I': 'Weak Transitivity.
A preference relation, >, defined over G, is gahi.d to be Wcakiy 'tf;r-nsiﬁvc; if a:ﬁd only if
for any pair of degenerate CDF’s, §',8%¢ G and a nondegenerate CDF, g € G, if 8! > g
and 6% 8!, then 82>>g.z

5 One implication of the regular continuity axiom is that infinitely desirable and infinitely undesirable out-

comes are ruled out. With either extreme having nonzero probability, it would be impossible to find a certainty
equivalent.
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Note that axiom I’ is implied 4 by the regular transitivity axiom (axiom I above) of
expected utility, but not vice versa. If the certainty equivalent exists and the preference rela-
tion satisfies axioms VII and I, then it is also unique. We turn now to the risk premium.
Definition V: Risk Premium.

Given a preference relation, >, defined over G, and a CDF g € G, the risk premium, S,

is defined by S =M (g)-M (§,).

Existence and uniqueness of the certainty equivalent guarantee existence and umqueness
of the risk premmm As in the Arrow-Pratt theory of risk aversion, it is possible to relate the

sign of the risk premium to the agent’s risk attitude. This is done in Proposition 2.

Proposition 2: Let >> be a preference relation defined over G, satisfying axioms VII and I’.
SM(g):» g for any nondegenerate CDF g € G if and only if § >0 for any g € G.

Thus, similarly to the Arrow-Pratt result, the individual is weakly risk averse if and only
if the risk premium is always positive.
Proof: To see that weak risk aversion implies a positive risk premium, recall that by weak
risk aversion &ys(,)>g. Moreover, by weak monotonicity i'or a{ny K ZM‘(g ),. 8K:§5M(g).
Therefore, weak transitivity implies that for any K 2M (g), 3¢ ::;g . Thus, M (Sg)<M (g) and
it follows that S >0. Using similar arguments, necessity can be shown as well. OJ

4.1. Comparative Risk Aversion

The above definitions of weak risk aversion and certamty equxvalent fac111tate deﬁnmon

of "a higher degree of risk aversion" to which we now turn.

Definition VI: A Higher Degree of Risk Aversion.
Given two individuals with preference relations ! and 2 defined over G and satisfy-
ing axioms VII and I’, individual 1 is said to be at least as risk averse as individual 2 if
and only if, for any g € G,lszg >lg.
That is, individual 1 is at least as risk averse as individual 2 if and only if for any CDF,

individual 1 weakly prefers individual 2’s certainty equivalent of the CDF to the CDF itself.
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Proposition 3 states that the risk premium of individual 1 is at least as large as the risk prem-
ium of individual 2.

Proposition 3: Let =»! and 32 be preference relations defined over G satisfying axioms VII
and I’. S'>52 for any g € G, if and only if ! is at least as risk averse as >2.

Proof: By definition, S 1>¢2 implies that M (81 g)ZM (828) and, hence, by weak monotonicity

823 >! 813 . By the definition of the certainty equivalent 5! 2 ~lg and, hence, weak transitivity

implies that 52 >lg. Necessity can be proven similarly. O

We now own the tools necessary for the anélysis of the long run decisions of the firm.
5. Long-Run Entry and Exit Decisions of the Risk Averse Firm

Research on the long-run behavior of the firm under uncertainty was originated, two
decades ago, in thé- seminal paper by Sandmo (1971). Restricting the discussion to the §ma}l,
Sandmo showed that a risk averse firm, facing output price risk, would require a -positive
expected profit to enter business. Following this pioneering study, extensive research of the
problem has evolved in the economic literature. Several aﬁthor_s (e.g., Appelbaum and Katz
(1986)) examined the effects of mean preserving spread on v‘arim;s parametérs of the equili-
brium. Other studies generalized Sandmo’s results. Flacco (1683) showed that a more risk
averse firm demands a higher expected price to enter business. Flacco and Larson (1987)
showed that a risk averse firm is indifferent between operating' or quitting business when
expected profits equal the Arrow-Pratt risk premium. Later, Finkelshtain and Chalfant (1989)

generalized these results to the case where the firm’s preferences are state-dependent.

In this 'section, we consider the the entry/exit decision of a risk averse firm, ranking risky
prospects according to a preference relation which does not necessarily imply expected utility
maximization. We also examine the implications for the long-run equilibrium of the industry.
Proposition 4 establishes the relationships between risk attitude and the difference between

expected price and average cost which induces entry/exit.
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Proposition 4: Entry occurs where average cost is smaller (larger) than expected price, if and

only.if the producer is weakly risk averse (seeking).

Proof: We shall prove the result for the case of risk aversion; the case of risk seeking can be
proved similarly. We assume that 57=C(x*)/x* and x* >0, and show a contradiction.
Denote by f the CDF of [n(x')-i-Wo]. Clearly, M(f)=W,. Thus by weak risk aversion
dw,>>f, which contradicts x*>0. Using weak monotonicity and weak transitivity the case

¢

where p, <C (x*)/x* can be similarly shown to result in x* =0. O

For the industry to be in long run equilibrium, each firm in the industry must be
indifferent between operating or quitting business. This implies the following characteristics
of the long run equilibrium that are stated as Corollary 1. The corollary is an immediate

result of Proposition 4.

Corollary 1: If the industry consists of risk averse firms, the long run equilibrium is charac-
terized by positive expected profits. Moreover, using the risk premium defined in Section 2,

the equilibrium level of output of each individual firm satisfies,

=C(x*)/x*+3(x*)/x‘.

The above condition replaces the traditional "price equals average cost" condition for
long run equilibrium of the industry under certainty. Thus, the average risk premium drives a
wedge between expected price and average cost. As is true in the case of expected utility,
production under risk and risk aversion does not take place where long-run average cost is at
a mmlmum Note that weak risk aversion as deﬁned above is both necessary and sufficient
for the expected price to exceed average cost, while, in the general case, risk aversion in the

Arrow-Pratt sense is neither.

We turn to comparisons between producers. Using the expected utility hypothesis,
Flacco (1983) found that a producer who is more risk averse in the Arrow-Pratt sense requires
a higher expected price to enter business. We show that the analogous result holds for an

arbitrary risk averse preference relations, satisfying the mild axioms VIT and I”.
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Proposition 5: Let two producers have identical cost functions and probability beliefs. The
producer with the greater degree of risk aversion, according to Definition VI, will require a

higher expected price to enter the industry. :

Proof: Let producer i be at least as risk averse as producer j, according to Deﬁnitiqn VI.
Assuming axioms VII and I’, any nondegenerate CDF g € G has a certainty equivalent
degenerate CDF. Thus, the producer’s problem can be described as if he ranks only degen-
erate CDF’s—the certainty equivalents of final wealth. By weak mbnotonicity, producer j is

just indifferent between entering and not doing so if and only if
Pr=Cx/)1x) +87 (xf)1x].

where x/ is his long run optimal level of output. Since x/ is optimal, for every other level of

output, including- xf, it must be true that p—x<C(x")/x"+Sj(x‘.)/x". By assumption,

Sixiy> 8 ). Upon substituting S {(x!) in the above inequality, we ﬁhd that prqdlicer i

will not enter the market unless the expected price is greater than p,. O
6. Conclusions

This paper has used an axiomatic approach to formulate \‘a th&ry of xisic a\;ersioﬁ. This
theory was shown to be useful for the analysis of entry/exit dec‘i‘sions of risk averse firms. It
was shown that important qualitative results concerning behavior of firms and consumers
under risk, which were derived within the traditional framework of expected utility, are
immune to critiques of this theory. These results hold for any risk averse preferences, regard-

less of the specific utility-functional representation of preferences.

These findings have several important implications. First, they suggest that certain
results that have been derived are robust to the underlying assumption about the preference
relation. Second, the findings suggest that certain behavioral rules cannot be used to test the
expected utility model against other models, simply because these rules hold for both. Third,
this paper represents an alternate line of research that contributes to the literature on non-

expected utility. Finally, an advantage of our approach is that there is no masking of the link
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between behavioral results derived and the axioms of behavior used to derive the results.

-Hopefully, the approach taken here can be extended to show that other fundamental
results in the theory of firms’ and consumers’ behavior under uncertainty are generalized. As

for the theory of risk aversion suggested above, it seems that it is most useful in describing

situations where the decision maker chooses "certainty" versus "uncertainty" (as in the case of

entry/exit decision), rather than different degrees of uncertainty. To analyze problems that
involve different degrees of risk (e.g., the optimal output level in the short run), an extension

of the theory is required and is an interesting subject for further research.
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