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Abstract

We model a decision maker who anticipates being affected by temptation
but is also uncertain about what is normatively best. Our model is an extended
version of Gul and Pesendorfer’s (2001) where there are three time periods: in
the ex-ante period the agent chooses a set of menus, in the interim period she
chooses a menu from this set, and in the final period she chooses from the menu.
We posit axioms from the ex-ante perspective. Our main axiom on preference
states that the agent prefers to have the option to commit in the interim period.
Our representation is a generalization of Dekel et al.’s (2009) and identifies
the agent’s multiple normative preferences and multiple temptations. We also
characterize the uncertain normative preference analogue to the representation
in Stovall (2010). Finally, we characterize the special case where normative
preference is not uncertain. This special case allows us to uniquely identify the
representations of Dekel et al. (2009) and Stovall (2010).

1 Introduction

We model a decision maker who anticipates being affected by temptation but is also
uncertain about what is normatively best.

Consider an agent who wants to make a healthy choice for dinner but is afraid she
will be tempted to choose an unhealthy choice. However, she is uncertain about what
is healthiest because of conflicting information from health studies she has read.

Or consider a parent who must make some choices about her young child’s fu-
ture. She wants to provide him with enriching activities that will help develop some
untapped talent (e.g. sports, music lessons, art classes), but she doesn’t know what
he will enjoy or be good at. In addition the parent wants to provide some disci-
pline because she is afraid the child will be tempted to pursue other (less worthwhile)
activities.

*I thank Peter Hammond, Takashi Hayashi, Jawwad Noor, and seminar participants at the
University of Warwick for comments.
tEmail: J.Stovall@warwick.ac.uk



What behavior would characterize an agent like those described above? In the
standard approach where the agent has a preference over menus (i.e. sets of alterna-
tives), there is some tension between the two phenomena. Uncertainty about future
preferences induces a preference for expanding the menu. However the possibility of
future temptation induces a preference for restricting the menu. Though such pref-
erences are not mutually exclusive in this setting, there are problems identifying the
different normative and temptation preferences. We discuss this in more detail in
Section 2.

In order to separate and identify the effect on preferences of these two phenomena,
we consider the expanded domain of preference over sets of menus, which we call
neighborhoods. We think of a neighborhood as representing a choice problem over
three periods. In the ex-ante period the agent chooses a neighborhood, in the interim
period she chooses a menu from the neighborhood, and in the final period she chooses
from the menu. This domain has been used by Kopylov (2009b) to generalize the
seminal work of Gul and Pesendorfer (2001) and by Kopylov and Noor (2010) to
model self-deception.

Our first main axiom on preference, Option to Commit, states that the agent
prefers to have the option to commit in the interim period. Thus the agent prefers to
defer commitment until just before temptation hits. Our second main axiom, Interim
Negative Set Betweenness, roughly states that if the agent has a strict preference for
the option to commit to a menu, then she thinks the menu is best in some (subjective)
state. We provide representations which are analogues to those in Dekel, Lipman,
and Rustichini (2009) (henceforth DLR) and Stovall (2010), but where the normative
preference is uncertain.

The addition of uncertain normative preference to these models should be impor-
tant to applications. For example, Amador et al. (2006) study a consumption-savings
model where the agent values both commitment and flexibility. One of their mod-
els is in fact an uncertain normative version of Stovall’s representation where the
agent receives a taste shock to his normative preference and is also uncertain about
the strength of temptation to consume rather than save. Thus we provide here an
axiomatic foundation to preferences used in their model.

Additionally, we consider the special case where the normative preference is not
uncertain. This allows us to uniquely identify all components of DLR’s and Stovall’s
original representations, something which is not possible in the standard domain.

Recent work by Ahn and Sarver (2013) suggests an alternative approach to identi-
fying the representations of DLR and Stovall. Ahn and Sarver consider a two-period
model where both ex ante preference over menus and ex post (random) choice from
the menu is observed. They ask what joint conditions on ex ante preference and ex
post choice imply that the anticipated choice from a menu is the same as the actual
choice from the menu. One implication of their result is that with both sets of data
(ex ante preference over menus and ex post choice), one is able to uniquely identify
the agent’s subjective beliefs and state-dependent utilities. Though they do not con-
sider ex ante preferences affected by temptation, Ahn and Sarver’s approach suggests
that ex post choice data may be useful in identifying the representations of DLR and
Stovall. While this may be possible, the present work shows that identification is



possible using just ex ante preference.

Related to this discussion is recent work by Dekel and Lipman (2012). They dis-
cuss a representation which they call a random Strotz representation. One thing they
show is that every preference which has Stovall’s representation also has a random
Strotz representation. Additionally, they show that these representations imply dif-
ferent choice from a menu. Thus these two representations cannot be differentiated
by ex ante preference but they can be by ex post choice. Similar results would apply
here.

In the next section we discuss the model and the reasons for the expanded domain
in more detail. The main axioms and results are presented in Section 3. Section 4
considers the case where normative preference is constant and the identification of
the representation which it allows. Proofs are collected in the appendix.

2 Model

Let A denote the set of probability distributions over a finite set, and call 5 € A an
alternative. Let M denote the set of closed, non-empty subsets of A, and call x € M
a menu. Let A denote the set of closed, non-empty subsets of M, and call X € N a
neighborhood. Throughout, we will use «, 3, ... to denote elements of A, x,y,... to
denote elements of M, and X,Y, ... to denote elements of N.

We think of a neighborhood as representing a choice problem over three time
periods: the ex ante period where she chooses a neighborhood X, the interim period
where she chooses a menu z € X, and the ex post period where she chooses an
alternative § € .

Our primitive is a binary relation = over N that represents the agent’s ex ante
preferences. We do not model choice in the interim or ex post periods explicitly.
However, the agent’s ex ante preferences will obviously be affected by her (subjective)
expectations of her future preferences and temptations.

The time line we envision is the following: When choosing a neighborhood in
the ex ante period, the agent is in a “cold” state, meaning she is not affected by
temptation. She expects to be in a cold state in the interim as well. But in the ex
post period, she expects to be in a “hot” state. She is also uncertain about what her
normative preferences and temptations will be, but expects that uncertainty to be
resolved in the interim period.

t=0 t=1 t=2
[ L g o
Choose X x€X B Ex
cold state cold state hot state
subjective uncertainty uncertainty resolved

As most of the literature posits preference over the domain of menus M, we now



explain why this is not adequate to model our agent. We begin with some definitions.
We say that U : M — R is a Stovall temptation (T°) representation if

Z o {max[u(3) + (9]~ max(5)

Bex

where ¢; > Oforallé, Y, ¢; = 1, and w and each v; are expected-utility (EU) functions.
The interpretation of this representation is that u is the agent’s normative preference
(it represents her preference over singleton menus, which are commitments), each v;
is a temptation, and ¢; is the probability the agent assigns to temptation ¢ being
realized later. A version of this representation in which the normative preference
varied across states would capture the idea that the agent is uncertain about her
normative preferences.
We say that U : M — R is a DLR temptation (TDLR) representation if

maxv;

where ¢; > 0 for all 4, >, ¢; = 1, and u and each v;; are EU functions. Here each
state ¢ has multiple temptations which might affect the agent. Note that the T°
representation is a special case of the TPL® representation.

We say that U : M — R is a finite additive EU representation if

K J
= 1
2 max () = 2 maxvy(5) ®

where each wj, and each v; is an EU function.! Observe that both the T and TPLE
representations are special cases of (1).

We now show that any finite additive EU representation can be written as an
uncertain normative version of the T representation. Start with a representation of
the form (1). For every k, choose arbitrary a1, ags, ..., ar; such that az; > 0 for
every j and ), a; = 1. Similarly, for every j, choose arbitrary b;, byj, . .., bx; such
that by; > 0 for every k and >, by; = 1. Also,set I = KJ andlet . : K x J — 1
be any bijection. Finally, for every i, set w; = apjwy — byjv; and 0; = by;v; where
i =t(k,7). Then we can rewrite (1) as

I
Ulz) = max |u; U; — max v;
(9= 3 {maxlo) + 5.9~ maxis) |
i—
which is an uncertain normative version of the T representation with equal proba-
bilities on each state z.
DLR showed a similar result for an uncertain normative version of the

representation. Hence there is no behavioral distinction (in the domain M) between

TDLR

1See DLR for a characterization of the finite additive EU representation. Also, Dekel et al. (2001,
2007) study a broader class of preferences of which this finite additive version is a special case.
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an uncertain normative version of the T® representation, an uncertain normative
version of the TPL® representation, and the finite additive EU representation. In
addition, as is evident from the construction above, the u;’s are not identified and
thus cannot be interpreted as representing the agent’s various normative preferences.

As the results in the next section show, we are able to (essentially) uniquely
identify the agent’s various normative preferences and temptations when we expand
the choice domain to N.

3 Main Results

We begin with a set of axioms which are (arguably) independent of the issues of
temptation: versions of Dekel et al.’s (2001) key axioms appropriately modified for
this domain.?

DLR Axioms. > satisfies Order, Continuity, Independence, and Finiteness.

See the appendix for complete definitions for our setting. Our next axiom is a
modification of the monotonicity axiom introduced by Kreps (1979).

Ex-ante Monotonicity. If X C Y, thenY = X.

When an agent is uncertain what her future preferences will be, then she will desire
flexibility by preferring larger choice sets. However note that Ex-ante Monotonicity
only imposes this preference for flexibility on neighborhoods and not on the menus
which make up the neighborhoods. Thus the agent values flexibility only between the
ex-ante and interim periods. Since in our model the uncertainty is resolved in the
interim period, flexibility per se is not valued after that.

We now introduce our first main axiom concerning temptation. It says that the
agent values commitment between the interim and ex-post period.

Option to Commit. For every x, y, and X, {z,y} UX = {z Uy} U X.

Because of Ex-ante Monotonicity, the agent does not value commitment in the
ex-ante period. However Option to Commit says that she does want to be able to
commit in the interim period. Most importantly, Option to Commit does not put too
much restriction on preferences to preclude uncertainty about normative preference.
Consider the following example:

Example 1 Consider the diet example from the introduction. The agent wants to
choose the healthiest meal to eat. However, even though she is indifferent right now
between committing to steak and committing to pasta (i.e. {{s}} ~ {{p}}), this
is because she does not know which one will be healthier for her. If low fat diets
are healthier, then she will want to choose pasta. However if high protein diets are
healthier, then she will want to choose steak. In addition, she is afraid that no matter

20rder, Continuity, and Independence are discussed in Dekel et al. (2001) for the domain M, and
in Kopylov (2009b) for the domain N. See Noor and Takeoka (2010, 2011) for arguments against
Independence in a temptation setting. Finiteness is discussed in DLR and Kopylov (2009a).



which one is healthier, she will be tempted to choose the other. She also knows that
a study will be published tomorrow morning concerning what diet is healthier. Thus
she has the preference {{s},{p}} = {{s,p}} because the former neighborhood gives
her the option to commit after finding out which diet is healthier but before she enters
the restaurant and is tempted, while the latter neighborhood does not allow her to
commit to the (unknown) healthier option and instead guarantees she will experience
temptation.

Thus Option to Commit is consistent with an agent who thinks that an option
might be normatively best in one state but tempting in another.
Our first representation takes the following form:3

TDLR)

Definition 1 An uncertain normative DLR temptation (UN representation of

=18 a tuple <Iv {(ula Ji7 {Uij}Ji>}I> where
1. I € Ny,

2. foreveryi=1,.... 1, (w;,J;,{vi;}s) is a tuple where

. u; 1s an EU function,
1. Jl € No, and

wt. for every j =1,...,J;, vij 15 an EU function,

such that the function

I Ji
UX)= ngég{{rggx [ui(ﬁ)—l—va ] Zr}}lngw }

i=1 Jj=1
represents =.

The interpretation of this representation follows that given earlier: There are [
subjective states. In state i, the normative preference is u; while the v;;’s are the
temptations. For a fixed menu x € X, the agent chooses the alternative in x which
maximizes u; + ) vy; but experiences the disutility ), maxge, vi;(3), which is the
forgone utility from the most tempting alternatives (in state ). For each state i, she
chooses a possibly different menu from X which maximizes state i’s indirect utility
and sums across all states to get the total utility for X.

Note that the UNTPXE representation is the uncertain normative analogue to the
TPLE representation. One key difference is that the UNTPEE representation does not
have probabilities associated with the states i. This is because such probabilities can
not be identified due to the fact that the normative preferences u; vary across states.
We will see later that such probabilities can be identified when normative utility is
constant across states.

We now state the first representation result. See the appendix for the definition
of a minimal representation.*

3Some notation: Ny denotes the natural numbers with 0. For N € Nj, we use {A,}n to denote
the finite indexed family {A, }neqi,... vy If N =0, then {1,..., N} is the empty set and statements
like “forn =1,..., N, we have ...” are vacuous.

4Intuitively, a minimal representation is one that has had all possible redundancies removed.

,,,,,



Theorem 1 > satisfies the DLR azxioms, Ex-ante Monotonicity, and Option to Com-
mit if and only if = has a minimal UNTP'E representation.
Moreover, the representation is essentially unique. I.e. z'f<[”, {(up, Jr, {U%}Jin>}ln>,

n = 1,2, are both minimal UNTPEE representations of =, then:
1IN = (= );

2. there exist m a permutation on {1,... I} and scalars a > 0 and by,...,b; such
that for every 1

(a) J} = Jfr(i)(z J;), and
(b) uj = aul +bi; and

3. for every i, there exists p; a permutation on {1,...,J;} and scalars c;1, ..., ¢y,

such that Ul-lj = av?r(i)m(j) +cij for every 3 =1,...,J;.

One problem with the previous representation is that it allows preferences which
are arguably not purely temptation driven. Consider the following example.?

Example 2 Suppose

{{a}} ~ {83} ~ {a}, {8}} » {{e, 81}

Since {{a}} ~ {{a},{B}}, this suggests that there is no state in which the agent
thinks B is strictly normatively better than . Similarly, {{B}} ~ {{a},{B}} suggests
that there is no state in which the agent thinks « is strictly normatively better than
B. Hence the agent thinks o and [ are normatively the same across all possible
states. However the strict preference for the option to commit {{a}, {8}} = {{«, 5}}
suggests that the agent expects one to tempt the other. How can one option tempt the
other if they are normatively the same across all states?

The previous example is consistent with Option to Commit, but not our next

axiom.%7

Interim Negative Set Betweenness. If {r,2 Uy} U X > {x Uy} U X, then
{z,y}UX > {y}UX.

Interim Negative Set Betweenness says that if the agent strictly prefers to have
the option to commit to x over x Uy, then that must be because she thinks x might
be better than y.

The next representation takes the following form:

5Stovall provides a similar example in the preference-over-menus domain.

6This axiom is based on one introduced by DLR: a preference = on M satisfies Negative Set
Betweenness if x = y implies x Uy = y. Negative Set Betweenness can be thought of as one half of
Gul and Pesendorfer’s (2001) Set Betweenness axiom.

"The example is inconsistent with Interim Negative Set Betweenness, Ex-ante Monotonicity, and
Transitivity. Note that Ex-ante Monotonicity implies {{a},{«a, 5}} = {{a}}. Transitivity then
implies {{a}, {a, 8}} = {{e,8}}. But then Interim Set Betweenness is violated since {{a}, {5}} ~



Definition 2 An uncertain normative Stovall temptation (UNT?) representation of
> is a tuple (I, {u;};,{vi};) where

1. I € Ny, and
2. for everyi=1,...,1, u; and v; are EU functions,

such that the function

- zeX Bex Bex
=1

ux) =y max{max[uz-w)w(m]—maxviw)}

represents =.

Note that this is the uncertain normative analogue to the T representation. Also
note that it is a special case of the UNTPL representation but with each J; = 1.

Theorem 2 > satisfies the DLR axioms, Fx-ante Monotonicity, Option to Commit,
and Interim Negative Set Betweenness if and only if = is represented by a minimal
UNT® representation.

Moreover, the representation is essentially unique. ILe. if (I",{ul'};n {0} ),
n=1,2, are both minimal UNT® representations of >, then:

1. I'=T1*=1); and

2. there exist ™ a permutation on {1 I} and scalarsa > 0 and by, ..., by, c1,...,Cp

such that for every i, u} = au? —I— b and v} = avﬂ( ) + G

4 Constant Normative Preference

We now focus on the special case when there is no uncertainty about normative
preference. This will allow us to give alternative characterizations of the TPX# and
T9 representations, but in the choice domain A. Since characterizations of these
representations have already been given in the domain M, one may wonder why
this is needed. The reason is that important parts of these representations are not
identified. Specifically, the subjective state space is not identified, which means that
the way the various temptations are assigned to states and the probabilities associated
with each state are not identified either. By expanding preferences to the domain N/,
we are able to (essentially) uniquely identify all parts of these representations.
To see why identification is important, consider the following example.

Example 3 Suppose there are three final outcomes, and let wy = (2,2,—4), wy =
(1,2,-3), v; = (—1,2,—1), and vy = (—2,2,0) be vectors representing EU functions
over A. Suppose = is a preference over M and has a finite additive EU representation

2

Ule) = D maxu(p) ngsswﬂ



Then = can be written as two different T representations:

) = 5 o [u(9) + 0000~ (9) + 3 {9 + 20(6)] — a5

2 Bex Bex 2 Bex Bex

where u = wy + wy — v — vy = (6,0, —6), 03 = 2v1, and vy = 2vy; and

() = 3 {max a8) 4 01(9)] - maxon(3) | + 5 o [u(9) + ()] - maxcea(5) }

where u s as above, U3 = 3vy, and vy = %Uz-

Recall that for the T° representation, the interpretation is that u+v; represents the
choice preference in state i, and q; represents the probability state i is realized. Hence
the first representation suggests that the mazximizer of u 4 vy = 2wy is chosen 1/2 of
the time, while the second representation suggests that the mazimizer of u+ vy = %wl
is chosen 2/3 of the time. But since u + 01 and u + Uy are cardinally equivalent,
they represent the same preference over A. This means that the two representations
suggest different (random) choice from menus even though they represent the same
preference over menus.

So we now consider an axiom which imposes normative preference to be constant
across states. This means that normative utility can be normalized across states, and
thus the subjective probabilities can be identified.

Constant Normative Preference. For every a and 3, either {{a},{5}} ~ {{a}}

or {{a}, {83} ~ {{B}} (or both).

Consider the neighborhood {{a},{8}}. Since both {a} and {#} are singleton
menus, temptation is not an issue for the agent. (She can commit in the interim
to either o or [3.) If the agent was uncertain whether o or /5 was normatively best,
then both {{a},{A}} > {{a}} and {{a},{B}} = {{B}} would be true. Constant
Normative Preference rules out such cases.

Constant Normative Preference is obviously necessary for the following represen-
tations:

Definition 3 A constant normative DLR temptation (CNTPZ%) representation of
= 15 a tuple <LU7 {aits {(Jiv{vij}li>}[> where

1. I € Ny,

2. w is an EU function,

3.¢;>0 foreveryi=1,...,1 and ), q; =1,

4. for everyi=1,...,1, (J;,{vi;}s) is a tuple where

(a) J; € Ny, and
(b) for every j =1,...,J;, v;j is an EU function,



such that the function

I

= E ¢; Mmax { max
— rzeX Bex
1=

Ji
1+ 3] - s
represents =.

Definition 4 A constant normative Stovall temptation (CNT?) representation of =
is a tuple (I,u,{q};,{vi};) where

1. I € Ny,

2. u is an EU function,

3.q; >0 foreveryi=1,...,1 and > q; = 1, and
4. foreveryt=1,....1, v; is an EU function,

such that the function

zeX Bex Bex

- iq max {max [u(B8) + v;(B)] — max w(ﬁ)}

represents =.

With our other axioms, Constant Normative Preference is also sufficient for a
CNT? representation.

Theorem 3 > satisfies the DLR axioms, Ex-ante Monotonicity, Option to Commit,
Interim Negative Set Betweenness, and Constant Normative Preference if and only if
> is represented by a minimal CNT® representation.

Moreover, the representation is essentially unique. Le. if (I, u™, {q!'};n ,{V]'}n),
n =1,2, are both minimal CNT® representations of =, then:

1. I'=T1*=1I);
2. there exists scalars a > 0 and b such that u' = au® + b; and

3. there exists m a permutation on {1,...,I} and scalars cq,...,c; such that for
every i, qi = q?r(i) and v} = cwfr(i) + ¢;.

However, adding Constant Normative Preference to the list of axioms in Theorem
1 is not sufficient to obtain a CNTPER representation. To see this, note that the
representation

J; Ji
max max u —+ E v~ max v;
qu reX BEx ) — K ] Bex l]
Jj= Jj=

1 Ji Ji
1) 1, 2
2 mx{%li ] ln;swm} ®

i=1+1

10



would satisfy Constant Normative Preference but it does not in general have a
CNTPLE pepresentation.®
So consider the following strengthening of Constant Normative Preference.

Monotonicity of Commitments. If {{a}} UX = X and {{5}} >~ {{a}}, then
{8}, {a}}UX = {{a}}UX.

Consider the statement {{a}} U X > X. Since {{a}} represents commitment to
the alternative «, this is saying that commitment to a improves the neighborhood
X. If commitment to o improves the neighborhood X, then any commitment strictly
better than o must improve the neighborhood {{a}} U X. This is the content of the
axiom.

It is not hard to show that Monotonicity of Commitments implies Constant Nor-
mative Preference.

Lemma 1 If = satisfies Monotonicity of Commitments and Continuity, then = sat-
1sfies Constant Normative Preference.

Proof. Suppose {{8}} = {{«a}}. Then if we also had {{a},{5}} = {{5}}, Mono-
tonicity of Commitments would imply {{a}, {#}} > {{a},{5}} (taking X = {{3}}),
a contradiction. Hence if {{5}} = {{a}}, then we must have {{a},{5}} ~ {{B}}.
Similarly, if {{a}} = {{#}}, then we must have {{a},{F}} ~ {{a}}. Continuity
guarantees that if {{a}} ~ {{f}}, then we must have {{a},{5}} ~ {{a}} ~ {{B}}.
Hence, no matter how {{a}} and {{f}} are ranked, Constant Normative Preference
holds. m

Returning to the representation in equation (2), note that if I = 0, then such a
representation would trivially satisfy Monotonicity of Commitments as the commit-
ment preference would be constant. One could write this representation as a CNTPER
representation by simply defining u to be the constant function 0, but then the prob-
abilities ¢; would not be identified. To rule out such a case, we include the following
non-triviality axiom.

Conditional Non-triviality. If there exist X and Y such that X >=Y, then there
exist  and B such that {{a}} >~ {{8}}.

Note that we would not want to impose Conditional Non-triviality in the case of
uncertain normative preference. Returning to Example 1, we had {{s}} ~ {{p}} yet
{{s},{p}} = {{s,p}} as the agent was uncertain which dish would be healthiest and
which would tempt.

Theorem 4 > satisfies the DLR axioms, Fx-ante Monotonicity, Option to Commit,
Monotonicity of Commitments, and Conditional Non-triviality if and only if = 1is
represented by a minimal CNTPLE representation with a non-constant commitment
preference.

8Indeed this set of axioms characterizes this representation. (This result follows directly from
Lemma 6.) Note also that this representation is the analogue to what DLR call a weak temptation
representation.

11



Moreover, the representation is essentially unique. I.e. z'f<[”, u” ¢}, {<Ji”, {v?j}JzyL>}In>,

n = 1,2, are both minimal CNTP*® representations with a non-constant commitment
preference and both represent =, then:

1. I'=1*(=1);
2. there emist scalars a > 0 and b such that u' = au® + b;

3. there exists ™ a permutation on {1,... I} such that ¢} = qi(i) and J! = Jg(i)(z
J;) for every i; and

4. for every i, there exist p; a permutation on {1,...,J;} and scalars c;y, ..., ¢y,
such that vl; = av2, o+ cij for every j=1,...,J;.

One interesting aspect of this last theorem is that we are able to obtain DLR’s
representation without a technical axiom like their Approximate Improvements Are
Chosen (AIC). The intuition behind AIC is complicated and relies on considering
the closure of the set of improvements of a menu. (An improvement of a menu is
simply an alternative that, when added to the menu, improves that menu.) Though
our domain is certainly more complicated than the one used by DLR, the axioms
imposed are much more intuitive than AIC.

12



Appendix

A Preliminaries

In what follows, we will abuse some notation: We use the cardinality of a set to also
denote the set itself. Thus we will write ¢ € I instead of ¢ € {1,..., I}, etc. We will
identify an EU function with its corresponding vector in Euclidean space consisting
of utilities of pure outcomes, e.g. u(f) = u- 5. We will identify a finite additive EU
representation U of the form given in equation (1) with the tuple (K, J, {wi} i, {v; }1),
where K and J are finite, and each w;, and v; is an EU function. If such is the case
then we will alternatively write U = (K, J, {wy } k, {v; }1)-

Throughout, we use 0 and 1 to represent the vectors of 0’s and 1’s respectively.
Note that if the vector w satisfies w-1 = 0 and if § is in the interior of A, then S+ ew
is also a lottery for small enough e.

We use the usual metric over A. We endow M with the Hausdorff topology and
define the mixture of two menus z,y € M as

MM+ 1=-Ny={\+1-Np :8ex,5 €y}

for A € [0, 1].
Similarly, we endow N with the Hausdorff topology and define the mixture of two
neighborhoods X,Y € A as

AX+1-NY={+(1-Ny:zeX,yeY}

for A € [0, 1].
The following are the standard von Neumann-Morgenstern axioms modified for
this domain.

Order. > is complete and transitive.
Continuity. The sets {X : X = Y} and {X : Y = X} are closed.

Independence. If X =Y, then for Z € N and X € (0, 1],
A X+ (1 =XNZ =AY +(1-NZ.
Now we introduce our finiteness axiom. Before we state the axiom, we need some

definitions.

Definition 5 Y C X is critical for X if if for all Y’ where Y C Y' C X, we have
Y'~ X.

Note that every neighborhood is critical for itself.

Definition 6 y is critical for z € X if for all y where y C vy C x, we have (X \
{z}) U{y'} ~ X.

13



Note that every menu is critical for itself in any neighborhood.

Finiteness. There ezxists N € N such that for every neighborhood X : (i) there exists
Y critical for X where |Y| < N, and (ii) for every menu x € X, there exists y critical
for x € X where |y| < N.

Lemma 2 Finiteness implies Kopylov’s (2009a) Finiteness.

Proof. By way of contradiction, suppose not. Then there exists Xi,..., Xy such
that (J,cn Xn = Xo ¢ X = UneN\{m} X, for every m € N. By Finiteness, there
exists Y critical for X, such that |Y| < N. But this implies that there exists m* such
that Y C X_,,». (If not, then |Y| > N.) But since Y is critical for X, and since
X_, C X,, we have X_,,» ~ X, a contradiction. m

The following representation will serve as a foundation for all subsequent repre-
sentations. Let U : N'— R take the form

I

UX) =3 e Ui, ®)

where each U; is a finite additive EU representation. Identify this representation

with the tuple (I, {U;}), where I is finite and U; = (K, J;, {wir } i, {vi; }s) is a finite
additive EU representation for each i.

Before characterizing this representation, the following definitions will be useful for
the uniqueness results. Let £ be the set of all continuous linear functions f : L — R,
where L is a linear space. By the Mixture Space Theorem (Herstein and Milnor,
1953), f,g € L represent the same ordering over L if and only if there exists a > 0
and b € R such that f = ag + b. We say an indexed family of linear functions {f;},
is redundant if there exists a constant function in this set, or if there exist 7,57 € [
where ¢ # j such that f; and f; represent the same ordering over L. For any f,g € £
and a > 0, we write f >, g if there exists b € R such that f = ag+0b. More generally,
for any two indexed families of linear functions with the same index set {fi}r,{gi}r,
and for any a > 0, we write (abusing notation)

{fitr <o {gi}s

if there exists a permutation 7 over I such that f; <, g for every i.

We say a finite additive EU representation (K, J, {wy}k,{v;}s) is minimal if
{wi}x U{v;}s is not redundant.

The uniqueness result from Kopylov (2009a, Theorem 2.1) implies that two min-
imal finite additive EU representations U™ = (K", J" {wj}gn, {07} ), n = 1,2,
represent the same preference over M if and only if K' = K2, J! = J?, and there ex-
ists a > 0 such that {wy} g1 >, {wi}x> and {v]} 1 >, {07} 2. Thus these conditions
hold if and only if U* <, U?.

We can now state the definition of a minimal representation that we use in all of
our theorems.
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Definition 7 We say that a representation taking the form of (8) is minimal if {U;};,
1s not redundant and each U; is minimal.

Theorem 5 > satisfies Order, Continuity, Independence, Finiteness, and Fx-ante
Monotonicity if and only if = has a representation in the form of (3) that is minimal.

Moreover, the representation is essentially unique. Le. if (I",{U"}n), n = 1,2
are both minimal and represent >, then:

1. I' =1?%; and
2. there exists a > 0 such that {U}}p <, {U2} 2.

Proof. Showing the axioms are necessary is a straightforward exercise. So turn to
sufficiency. By Lemma 2, we apply the result from Kopylov (2009a, Theorem 2.1) to
obtain the representation of >:

I M
UX)= 2 max Ui(z) — 2 max V()

where I, M > 0, each U; and V,, is a continuous linear function from M to R, and the
set {Uy,...,Ur,Vi,...,Vy} is not redundant. Furthermore, since > satisfies Ex-ante
Monotonicity, the same result from Kopylov implies that M = 0.

For every ¢ € I, let »=; by the binary relation over M implied by U;. Since
U; : M — R is a continuous linear function for every i, then >, satisfies the analogues
to Order, Continuity, and Independence.

We show now that for every i € I, »=; satisfies Kopylov’s (2009a) Finiteness for
a preference relation over M. So fix ¢*. By way of contradiction, suppose not.
Then there exists 1, ...,xy such that Uy (x,) # Up(z_,,) for every m € N (where
To = UpenTn and T_p, = Upen\(m}Zn for every m). By Kopylov (2009a, Lemma
A.1), there exists z1,..., 2y such that U;(z;) > U;(2x) for every j, k € I where j # k.
Hence (by continuity) there exists € > 0 such that

U;((1 —€)zj +€ex,) > U;((1 — €) 2z, + €x) (4)

for every j,k € I where j # k, and for every x € {z,,2_1,...,2_n}. Set z; =
(1 — €)z; + ex, for every j € I. Set X = {%z;};. By Finiteness, there exists y
critical for z; € X such that |y| < N. But then there must exist m* € N such that
y C (1 —€)zi + €x_ype = Tppe. (If not, then |Y| > N.) Note that Z,,« C z; since
ZT_m+ C x,. Since y is critical for z;« € X, this implies that (X \ {Z;+}) U{Zp~} ~ X.
Equation (4) implies that z; = argmax,cxuyz,,.y U;(x) for every j # *. Hence it
must be that U (Z;+) = Ui« (Z,,+). But the linearity of U= implies

U (Ziv) = Upn (Ti)
Uis (1 — €)zix + €xy) = Ups (1 — €) 24+ + €x_ppr)
(1= )Us (2 )+€U (75) = (L = €)Us (2i+) + €U (2=
( 0) 1*( )

—_
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But this contradicts Uy (z,) # U (T ).

We apply the result from Kopylov (2009a, Theorem 2.1) to =; to get a finite
additive EU representation for U;. Moreover, U; is minimal.

The uniqueness result follows as well from Kopylov (2009a, Theorem 2.1). =

Lemma 3 Let {U;}; be a non-redundant indexed family of minimal finite additive
EU representations, where U; = (K;, J;, {wix }k,, {vij}4,) for every i € I. Fori e I
and m € K; U J;, let wpy, = Wiy, if m € K; and wiy, = vy if m € J;. Let ujp, -1 =0
for every i € I and every m € K; U J;.

Then there ezists 1, ...,z (in the interior of A) such that

1. Ui(z;) > Ui(x;) for every i # j, and

2. for any i, for any m,n € K;UJ; where m # n, arg maxge,, uim(03) is a singleton
and arg maxgey, Uim(B) # arg maxge,, in ().

Proof. Let S denote the set of all w;;’s and v;;’s normalized to have unit length, i.e.
S = {s _ tim
vV Uim * Uim

Obviously S is finite. Also, for every s € S, s-1 = 0 and there exists m € K; U J;
such that wu;, and s represent the same ordering over A. Thus for every i, we can
write

:iEIandeKiUJi}.

Ui(y) = ngeax biss - 3
seS Y

where b;s > 0 if there exists k € K; such that w;, and s represent the same ordering,
b;s < 0 if there exists j € J; such that v;, and s represent the same ordering, and
b;s = 0 otherwise. (Since U; is minimal, exactly one of these holds for every s.)

Let x* denote a sphere in the interior of A. For every s € S, set 5 = arg maxge,« s
3. Note that for s # s', we have 8, # By¢. Set v = {SBs}g. Hence Us(z) = >, ¢ biss-Ss.
For a € R® and € > 0, set

T(e,a) = {Bs + €ass} g

For fixed a, there exists ¢, small enough such that B, + €,a,s is in the interior of A
and such that 3, + €,as5 = arg maxgez(c,.q) 5 - 3. For every i, set

a; = —2 .
Vowes W |

Set € = min; ¢,,. For every 4, set x; = Z(e, a;). Note that U;(z;) = Us(x)+€ D g Qishis.
Hence z; = argmaxyes U;(zy) since {U;}; is not redundant and since a; is the
unique solution to the constrained maximization problem: max; Y _qasb;s subject
to Y ,.s a2 = 1. This proves the first part.

The second part follows from the fact that each U; is minimal and that 8,+€a;ss =
argmaxgeg, s - 3 for every s. m

ses
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B Proofs

B.1 Proof for Theorem 1

First we show that Option to Commit is necessary. Let x,y, X be given. Fix
1. Set w; = u; + ZjeJi vj. Observe that either maxge, w;(8) = maxgeu, wi(H)
or maxge, w;(f) = maxgeuy w;i(F). Note also that for every j € J;, we have
maxXge, V() < maxgesuy v5(8) and maxge, v;(8) < maxge,uy vj(3). Hence either

max w; (3 E max v;(5) > max w;(f E max v;([).

Bex Bex BexUy ,BE:cUy
JjeJ;
or
max w; (3 g max v;(f) > max w;(5) — E max v;(/3).
Bey Bey /5€wa ~— Bexly
jeJ; J€J;
Thus for every 1,
max {max[u;(5) + E v; (S E maxv]
z'e{z,ytUX " pex’ Bex!
JeJ; jeJ;
> max max —|— g v] g max v]
z'e{zUy}tUuX ez’ ex’
{zUy} B e e B

Now we show that the axioms are sufficient. We will need the following lemma.

Lemma 4 Let > have a representation in the form of (8) that is minimal. If = also
satisfies Option to Commit, then |K;| < 1 for every i.

Proof. Since {U;}; is not redundant, take xi,...,z; from Lemma 3 and set X =
{z1,...,xz1}. According to the uniqueness result of Theorem 5, we can assume without
loss of generality that w;, -1 = 0 for every ¢ and every k € K;. Fix ¢* and by way
of contradiction suppose i+, set qg = arg maxgeg,. Wik(5).
(Lemma 3 guarantees this max is a singleton.) For any € > 0, set zf, = z;+ U {oy +
cwp}. Take k, k' € K« such that k # k'. By Lemma 3, U;(z;) > U;(x;+) for every
i # 1" and maxge,,. Vi+j(B) > max{vy;(ou), vi-j (o)} for every j € J;-. Hence, there
exists € > 0 such that the following hold for every i # ¢* and j € J;«:

Ui(x;) > max{U;(x5 U xy,), Ui(xy,), Ui(zh)}

and

max vi-; (/) = max v -5(8) = jax v «(B)-

This implies
Ui (zy, Uzy,) > Up(ay,), Ups (23,) > Up(24+).
Hence U({zf, Uz, } UX) >U{z, xf, } UX), violating Option to Commit. m
So by Theorem 5, > has a representation U in the form of (3) which is minimal,
and by Lemma 4 |K;| < 1 for every i. The UNTPL representation follows by setting
U = w; — ZJZ- v; for every i, where w; = wy, for k € K; if |K;| = 1 and w; = 0 if
|K;| = 0. The uniqueness result follows from Theorem 5.
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B.2 Proof for Theorem 2

First we show that Interim Negative Set Betweenness is necessary. So let z,y, X
satisfy {z,z Uy} U X > {x Uy} U X. Then there exists ¢ € I such that

max(u;(6) + vi(6)] — maxvi(B) > max[u;(6) + vi(6)] — maxvi(5)

Bez

for every z € {x Uy} U X. Specifically, this holds when z = x U y. This implies

max v;() < max v;(f) = maxv;(5).

Bex BexUy BEY
Since
max [u;(8) + vi(8)] 2 maxui(8) + vi(6)
cxUy Bey
we have
ﬁrggﬁz[ui(/@) +ui(B)] = max vi(B) > rggg[ui(ﬁ) +vi(8)] - max vi(B).
Hence

max|u;(5) + v;(8)] — maxv;(8) > max[u;(8) + v;(5)] — maxv;(5)

Bex Bex Bez Bez

for every z € {y} U X, which implies that {z,y} UX = {y} U X.
Now we show the axioms are sufficient. We will need the following lemma.

Lemma 5 Let = have a representation in the form of (3) that is minimal. If >
satisfies Interim Negative Set Betweenness, then |J;| < 1 for every i.

Proof. Since {U;}; is not redundant, take 1, ..., x; from Lemma 3. According to the
uniqueness result of Theorem 5, we can assume without loss of generality that v;;-1 =
0 for every i and every j € J;. Fix i* and by way of contradiction suppose |J;<| > 1.
For any j € J;«, set a; = argmaxge,,. vi+;(f). (Lemma 3 guarantees this max is a
singleton.) For any € > 0, set 2§ = x4+ U {a; + evprj}. Set X o = {my, .., 21} \ {4}
Take 7, j’ € J;= such that j # j'. By Lemma 3, U;(x;) > U;(z;+) and Up (z4+) > Uy ()
for every i # i*, maxgey,. Wi+k() > wix(ey) for every k € Kix, vijr(ajr) > v jr(aj),
and v;+j(a;) > vi;(ay). Hence, there exists € > 0 such that the following hold for
every i #1* and k € K;«:

Uz<xz) > HlaX{UZ(LE; U .I;/), Ui<l'§), Uz( ;f/)},

J

max wik(B) = max wik(B) = glegjc wisk(5),

vieyr (@) > viejr (@ + €ving),
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and
viej(05) > Vi (g + €Viejr).

Hence U (25) > Up (2§ U x5 ) and Up(25,) > Up (2§ U x5, ). Without loss of generality,
assume Up(25) > Up(25,). It is easy to verify then that U({z§, ;U x5} U X ) >
U({x§ U a5t U X ) and U({x5, 25} U X ) = U({x§} U X _4+), violating Interim
Negative Set Betweenness. m

So by Theorem 5, = has a representation ¢ in the form of (3) which is minimal,
and by Lemmas 4 and 5, |K;| < 1 and |J;| <1 for every i. For every i where |K;| =1
set w; = wy where k € K, otherwise set w; = 0. Similarly, if |J;| = 1 then set
v; = vj for j € J;, otherwise set v; = 0. The UNT? representation follows by setting
u; = w; — v;. The uniqueness result follows from Theorem 5.

B.3 Proof for Theorem 3

The necessity of Constant Normative Preference is obvious. The sufficiency part relies
on the following lemma.

Lemma 6 Let = have a representation in the form of (3) that is minimal. If =
satisfies Constant Normative Preference, then there exists an EU function u such
that for every i € I, either u; = ZK Wy — ZJi v; and u represent the same preference
over A\ or u; is constant.

Proof. The proof is trivial if |[I| = 0 or 1. So assume || > 2 and that there exist
1,1 € I such that u; and uy are both non-constant and represent different preferences
over A. Then there exist a and o' such that u;(a) > w;(o) and uy () > uy ().
But this implies {{a},{a/}} > {{a}} and {{a}, {a/}} = {{a/}}, violating Constant
Normative Preference. m

So let > satisfy the stated axioms. By Theorem 2, > has a minimal UNT®
representation

- zeX BEx BEx
el

(x) = 3 s {max 0(5) + (9] — a9}

By Lemma 6, there exists v such that for every ¢, u; = q;u + b; for some ¢; > 0 and
b; € R. By the previous uniqueness results, we can assume without loss of generality
that > ,¢; = 1 and that b; = 0 for every i. Also, the minimality of U/ implies
that ¢; > 0 for every i. Thus for every i, set 9; = v;/q;. This gives us the CNT?
representation

UX)= Zqz- max {max [w(B) + v:(B)] — max@i(ﬁ)} :

zeX Bex Bex

The uniqueness follows from the previous results.
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B.4 Proof for Theorem 4

First we show the necessity of the axioms. So let = have the CNTPZ® representation

=qux{% u(f) + 2 us(8 ] 2 a9 }

JeJ; JeJi
where v is non-constant.

For Conditional Non-triviality, if X = Y, then that implies that I > 0. Since u is
non-constant, then there exists o and  such that u(a) > u(f). But since I > 0, this
implies U({{a}}) > U({{B}}).

For Monotonicity of Commitments, suppose {{a}}UX > X and {{5}} > {{a}}.
Since {{a}} U X > X, it must be that there exists ¢ such that

u(B)+ ) vy ] Zmawi }

J€J; JjeJ;

zeX Bex

u(a) > max {max

Since {{8}} = {{a}}, we have u(5) > u(a). But then we must have

u(B +Z”w ] _Z%lgfvij(ﬁ)}-

JjeJi

u > max max
(ﬁ) ze{{a}}uX { Bex

Hence {{5},{a}} UX = {{a}} UX.

Now we show the axioms are sufficient. By Theorem 1, >= has a minimal UNTPR

representation

)= e |10+ 0] - Zgr0}

il J€J; Jj€J;

For every 17, set

Vi(z) = max [ui(ﬁ) +) (B ] nggf%

JE€J; JjeJ;

If > is constant, then minimality implies I = 0 and there is nothing to prove. So
assume > is not constant. Then by Conditional Non-triviality, there exists o/ and o
such that {{a/}} > {{a/”}}. By Continuity, we can assume there exists o such that
{{c'}} = {{”"}} = {{a’"}} and that all are in the interior of A.

By Lemma 1, > satisfies Constant Normative Preference. So by Lemma 6, there
exists u such that for every ¢, we have u; = ¢;u+b; for some ¢; > 0 and b; € R. By the
previous uniqueness results, we can assume without loss of generality that u(a/) =0,
>4 =1,b;=0 for every 4, and v;; - 1 = 0 for every ¢ and for every j € J;. Thus for
any /3, we have U({{5}}) = u(p), which implies u is not constant.
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We now show that for every i, ¢; > 0. Set It ={i €l :q >0} and I°={i €

I:q = 0} Fix e € (0, —u(a”)). Set J = maxjer Ji, ¥ = maXies jey, ., 1y /Vij - Vij»
and a = 5. Let 2" denote the sphere centered around o’ with radius a. (If x* is not
in the interior of A, then choose a smaller a.) Thus any § € x* can be written as
B = o + as where s is a vector such that s-1=0and s-s = 1.

Since U/ is minimal, apply Lemma 3 to get x1,...,x;. As is evident from the
construction of xy, ..., x; in Lemma 3, we can assume o € x; C x* for every i. Hence

for every ¢ and for every j € J;, we have

max v;;() < maxv;;(0)

BEx; BEx*
Vs
/ 7,
e (a . a_a)
U'j . vij
. ,I-]Z
?} Ul]

= vij() + a\/vi; vy

This implies for every i

Zmawi(ﬂ) < Z vy (&) 4 a\/vg; - Uij)

BET;

JjEeJ; je€J;
2 : / 2 :
= Uij(Oé)+CL \ Vij * Uij
JjE€Ji Je€J;
< E ’UZ']'(CK/)‘FCL E U
J€J; Jj€J;
< E v (o) + avJ
Jjed;
/
= wla
JjE€J;

Since o € x;, we have for every 1,

Vi(z;) = gleax [ql )+ ZUU ] — ;%163;)5% - B
j

JjeJ;

> [%’u<0/) +) Uu’(a')] - ]; MAXV;j 5

jeJi
> giu(a) + Z vij(a’) — Z vij(a) — e
J€J; Je€J;
= —¢
> u(a”).

Note that for every i € I°, we must have J; > 2 (otherwise & would not be minimal).
Recall by Lemma 3, arg maxge,, v;;(3) # arg maxge,, v;y () for every j, j" € J; where
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j # j'. Hence for every i € I°, we have

Vi(z;) = rﬁneaic [Z ij - ] Zmaxvzj 5 <0

JjeJs

Note that for every i, we have V;({8}) = qu(8). Hence for every i € I we have

Vi(zi) > u(a”) > qu(a”) = Vi({a"})
and
Vi(zi) > w(a”) = quu(a™) = Vi({a"}),

while for every ¢ € I we have

Vi(z;) <0 =Vi({a"}) = Vi({a"}).

Let X = {x1,...,27}. Hence if I° is not empty, we must have {{a/"}} UX = X
(since V;({a}) > max,cx V;(z) for every i € I°) and {{a”,a”}}UX ~ {{a”}}UX
(since Vi({a"}) < maxgexugqaryy Vi(z) for every i). Yet {{a"}} >~ {{a"}}, which
violates Monotonicity of Commitments. Hence I° is empty, so ¢; > 0 for every i.

For every i and for every j € J;, set 0;; = v;;/¢;. Thus we can write U as

— ; gi max {rggic u(B) + Z (B Z I}}?f 05 (8 }
7

JE€J;
which is a CNTPLE representation where w is not constant. The uniqueness result
follows from the previous results.
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