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❋✉③③② ❉✐✛❡r❡♥❝❡s✲✐♥✲❉✐✛❡r❡♥❝❡s∗

❈❧é♠❡♥t ❞❡ ❈❤❛✐s❡♠❛rt✐♥† ❳❛✈✐❡r ❉✬❍❛✉❧t❢÷✉✐❧❧❡‡

❖❝t♦❜❡r ✻✱ ✷✵✶✺

❆❜str❛❝t

■♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡s✲✐♥✲❞✐✛❡r❡♥❝❡s ✭❉■❉✮ ♠❡t❤♦❞✱ t❤❡ tr❡❛t♠❡♥t

✐♥❝r❡❛s❡s ♠♦r❡ ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣✱ ❜✉t s♦♠❡ ✉♥✐ts ❛r❡ ❛❧s♦ tr❡❛t❡❞ ✐♥ t❤❡ ❝♦♥tr♦❧

❣r♦✉♣✳ ■♥ s✉❝❤ ❢✉③③② ❞❡s✐❣♥s✱ ❛ ♣♦♣✉❧❛r ❡st✐♠❛t♦r ♦❢ tr❡❛t♠❡♥t ❡✛❡❝ts ✐s t❤❡ ❉■❉ ♦❢ t❤❡

♦✉t❝♦♠❡ ❞✐✈✐❞❡❞ ❜② t❤❡ ❉■❉ ♦❢ t❤❡ tr❡❛t♠❡♥t✱ ♦r ❖▲❙ ❛♥❞ ✷❙▲❙ r❡❣r❡ss✐♦♥s ✇✐t❤ t✐♠❡ ❛♥❞

❣r♦✉♣ ✜①❡❞ ❡✛❡❝ts ❡st✐♠❛t✐♥❣ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡s ♦❢ t❤✐s r❛t✐♦ ❛❝r♦ss ❣r♦✉♣s✳ ❲❡ st❛rt ❜②

s❤♦✇✐♥❣ t❤❛t ✇❤❡♥ t❤❡ tr❡❛t♠❡♥t ❛❧s♦ ✐♥❝r❡❛s❡s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ t❤✐s r❛t✐♦ ❡st✐♠❛t❡s

❛ ❝❛✉s❛❧ ❡✛❡❝t ♦♥❧② ✐❢ tr❡❛t♠❡♥t ❡✛❡❝ts ❛r❡ ❤♦♠♦❣❡♥♦✉s ✐♥ t❤❡ t✇♦ ❣r♦✉♣s✳ ❊✈❡♥ ✇❤❡♥

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ tr❡❛t♠❡♥t ✐s st❛❜❧❡✱ ✐t r❡q✉✐r❡s t❤❛t t❤❡ ❡✛❡❝t ♦❢ t✐♠❡ ❜❡ t❤❡ s❛♠❡ ♦♥

❛❧❧ ❝♦✉♥t❡r❢❛❝t✉❛❧ ♦✉t❝♦♠❡s✳ ❆s t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♥♦t ❛❧✇❛②s ❛♣♣❧✐❝❛❜❧❡✱ ✇❡ ♣r♦♣♦s❡ t✇♦

❛❧t❡r♥❛t✐✈❡ ❡st✐♠❛t♦rs✳ ❚❤❡ ✜rst ❡st✐♠❛t♦r r❡❧✐❡s ♦♥ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❝♦♠♠♦♥ tr❡♥❞s

❛ss✉♠♣t✐♦♥s t♦ ❢✉③③② ❞❡s✐❣♥s✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❡①t❡♥❞s t❤❡ ❝❤❛♥❣❡s✲✐♥✲❝❤❛♥❣❡s ❡st✐♠❛t♦r

♦❢ ❆t❤❡② ✫ ■♠❜❡♥s ✭✷✵✵✻✮✳ ❲❤❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ tr❡❛t♠❡♥t ❝❤❛♥❣❡s ✐♥ t❤❡ ❝♦♥tr♦❧

❣r♦✉♣✱ tr❡❛t♠❡♥t ❡✛❡❝ts ❛r❡ ♣❛rt✐❛❧❧② ✐❞❡♥t✐✜❡❞✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r♦✈❡ t❤❛t ♦✉r ❡st✐♠❛t♦rs ❛r❡

❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧ ❛♥❞ ✉s❡ t❤❡♠ t♦ r❡✈✐s✐t ❛♣♣❧✐❡❞ ♣❛♣❡rs ✉s✐♥❣ ❢✉③③② ❞❡s✐❣♥s✳

❑❡②✇♦r❞s✿ ❞✐✛❡r❡♥❝❡s✲✐♥✲❞✐✛❡r❡♥❝❡s✱ ❝❤❛♥❣❡s✲✐♥✲❝❤❛♥❣❡s✱ q✉❛♥t✐❧❡ tr❡❛t♠❡♥t ❡✛❡❝ts✱ ♣❛rt✐❛❧

✐❞❡♥t✐✜❝❛t✐♦♥✱ r❡t✉r♥s t♦ ❡❞✉❝❛t✐♦♥✳

❏❊▲ ❈♦❞❡s✿ ❈✷✶✱ ❈✷✸

∗❚❤✐s ♣❛♣❡r ✐s ❛ ♠❡r❣❡❞ ❛♥❞ r❡✈✐s❡❞ ✈❡rs✐♦♥ ♦❢ ❞❡ ❈❤❛✐s❡♠❛rt✐♥ ✫ ❉✬❍❛✉❧t❢÷✉✐❧❧❡ ✭✷✵✶✹✮ ❛♥❞ ❞❡ ❈❤❛✐s❡✲

♠❛rt✐♥ ✭✷✵✶✸✮✳ ❲❡ t❤❛♥❦ ❨❛♥♥✐❝❦ ●✉②♦♥✈❛r❝❤ ❢♦r ❡①❝❡❧❧❡♥t r❡s❡❛r❝❤ ❛ss✐st❛♥❝❡✱ ❛♥❞ ❛r❡ ✈❡r② ❣r❛t❡❢✉❧ t♦

❊st❤❡r ❉✉✢♦ ❛♥❞ ❊r✐❝❛ ❋✐❡❧❞ ❢♦r s❤❛r✐♥❣ t❤❡✐r ❞❛t❛ ✇✐t❤ ✉s✳ ❲❡ ❛❧s♦ ✇❛♥t t♦ t❤❛♥❦ ❆❧❜❡rt♦ ❆❜❛❞✐❡✱ ❏♦s❤✉❛

❆♥❣r✐st✱ ❙té♣❤❛♥❡ ❇♦♥❤♦♠♠❡✱ ▼❛r❝ ●✉r❣❛♥❞✱ ●✉✐❞♦ ■♠❜❡♥s✱ ❘❛❢❛❡❧ ▲❛❧✐✈❡✱ ❚❤✐❡rr② ▼❛❣♥❛❝✱ ❇❧❛✐s❡ ▼❡❧❧②✱

❘♦❧❛♥❞ ❘❛t❤❡❧♦t✱ ❇❡r♥❛r❞ ❙❛❧❛♥✐é✱ ❋r❛♥❦ ❱❡❧❧❛✱ ❋❛❜✐❛♥ ❲❛❧❞✐♥❣❡r✱ ❨✐❝❤♦♥❣ ❩❤❛♥❣ ❛♥❞ ♣❛rt✐❝✐♣❛♥ts ❛t ✈❛r✐♦✉s

❝♦♥❢❡r❡♥❝❡s ❛♥❞ s❡♠✐♥❛rs ❢♦r t❤❡✐r ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts✳
†❯♥✐✈❡rs✐t② ♦❢ ❲❛r✇✐❝❦✱ ❝❧❡♠❡♥t✳❞❡✲❝❤❛✐s❡♠❛rt✐♥❅✇❛r✇✐❝❦✳❛❝✳✉❦
‡❈❘❊❙❚✱ ①❛✈✐❡r✳❞❤❛✉❧t❢♦❡✉✐❧❧❡❅❡♥s❛❡✳❢r

✶



✶ ■♥tr♦❞✉❝t✐♦♥

❉✐✛❡r❡♥❝❡✲✐♥✲❞✐✛❡r❡♥❝❡s ✭❉■❉✮ ✐s ❛ ♣♦♣✉❧❛r ♠❡t❤♦❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❡✛❡❝t ♦❢ ❛ tr❡❛t♠❡♥t ✐♥

t❤❡ ❛❜s❡♥❝❡ ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛✳ ■♥ ✐ts ❜❛s✐❝ ✈❡rs✐♦♥✱ ❛ ✏❝♦♥tr♦❧ ❣r♦✉♣✑ ✐s ✉♥tr❡❛t❡❞ ❛t t✇♦

❞❛t❡s✱ ✇❤❡r❡❛s ❛ ✏tr❡❛t♠❡♥t ❣r♦✉♣✑ ❜❡❝♦♠❡s tr❡❛t❡❞ ❛t t❤❡ s❡❝♦♥❞ ❞❛t❡✳ ■❢ t❤❡ ❡✛❡❝t ♦❢ t✐♠❡

✐s t❤❡ s❛♠❡ ✐♥ ❜♦t❤ ❣r♦✉♣s✱ t❤❡ s♦✲❝❛❧❧❡❞ ❝♦♠♠♦♥ tr❡♥❞s ❛ss✉♠♣t✐♦♥✱ ♦♥❡ ❝❛♥ ♠❡❛s✉r❡ t❤❡

❡✛❡❝t ♦❢ t❤❡ tr❡❛t♠❡♥t ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦✉t❝♦♠❡ ✐♥ ❜♦t❤ ❣r♦✉♣s✳ ❉■❉ ❝❛♥

❜❡ ✉s❡❞ ✇✐t❤ ♣❛♥❡❧ ♦r r❡♣❡❛t❡❞ ❝r♦ss✲s❡❝t✐♦♥ ❞❛t❛✱ ✇❤❡♥ ❛ ♣♦❧✐❝② ✐s ✐♠♣❧❡♠❡♥t❡❞ ❛t ❛ ❣✐✈❡♥

❞❛t❡ ✐♥ s♦♠❡ ❣r♦✉♣s ❜✉t ♥♦t ✐♥ ♦t❤❡rs✳ ■t ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ ✇❤❡♥ ❛ ♣♦❧✐❝② ❛✛❡❝ts ✐♥❞✐✈✐❞✉❛❧s

❜♦r♥ ❛❢t❡r ❛ ❣✐✈❡♥ ❞❛t❡✳ ■♥ s✉❝❤ ✐♥st❛♥❝❡s✱ ❜✐rt❤ ❝♦❤♦rt ♣❧❛②s t❤❡ r♦❧❡ ♦❢ t✐♠❡✳

❍♦✇❡✈❡r✱ ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❉■❉ ♠❡t❤♦❞✱ t❤❡ tr❡❛t♠❡♥t r❛t❡ ♦r ✐♥t❡♥s✐t② ✐♥❝r❡❛s❡s

♠♦r❡ ✐♥ s♦♠❡ ❣r♦✉♣s t❤❛♥ ✐♥ ♦t❤❡rs✱ ❜✉t t❤❡r❡ ✐s ♥♦ ❣r♦✉♣ ✇❤✐❝❤ ❡①♣❡r✐❡♥❝❡s ❛ s❤❛r♣ ❝❤❛♥❣❡

✐♥ tr❡❛t♠❡♥t✱ ❛♥❞ t❤❡r❡ ✐s ❛❧s♦ ♥♦ ❣r♦✉♣ ✇❤✐❝❤ r❡♠❛✐♥s ❢✉❧❧② ✉♥tr❡❛t❡❞✳ ■♥ s✉❝❤ ❢✉③③② ❞❡s✐❣♥s✱

❛ ♣♦♣✉❧❛r ❡st✐♠❛t♦r ♦❢ tr❡❛t♠❡♥t ❡✛❡❝ts ✐s t❤❡ ❉■❉ ♦❢ t❤❡ ♦✉t❝♦♠❡ ❞✐✈✐❞❡❞ ❜② t❤❡ ❉■❉ ♦❢ t❤❡

tr❡❛t♠❡♥t✱ ❛♥ ❡st✐♠❛t♦r r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❲❛❧❞✲❉■❉✳ ❋♦r ✐♥st❛♥❝❡✱ ❉✉✢♦ ✭✷✵✵✶✮ ✉s❡s ❛ s❝❤♦♦❧

❝♦♥str✉❝t✐♦♥ ♣r♦❣r❛♠ ✐♥ ■♥❞♦♥❡s✐❛ t♦ ♠❡❛s✉r❡ r❡t✉r♥s t♦ ❡❞✉❝❛t✐♦♥✳ ❚❤❡ ❛✉t❤♦r ✉s❡s ❞✐str✐❝ts

✇❤❡r❡ ♠❛♥② s❝❤♦♦❧s ✇❡r❡ ❝♦♥str✉❝t❡❞ ❛s ❛ tr❡❛t♠❡♥t ❣r♦✉♣✱ ❛♥❞ ❞✐str✐❝ts ✇❤❡r❡ ❢❡✇ s❝❤♦♦❧s

✇❡r❡ ❝♦♥str✉❝t❡❞ ❛s ❛ ❝♦♥tr♦❧ ❣r♦✉♣✳ ❨❡❛rs ♦❢ s❝❤♦♦❧✐♥❣ ❢♦r ❝♦❤♦rts ❜♦r♥ ❛❢t❡r t❤❡ ♣r♦❣r❛♠

✐♥❝r❡❛s❡❞ ♠♦r❡ ✐♥ tr❡❛t♠❡♥t ❞✐str✐❝ts✳ ❚❤❡ ❛✉t❤♦r t❤❡♥ ❡st✐♠❛t❡s r❡t✉r♥s t♦ s❝❤♦♦❧✐♥❣ t❤r♦✉❣❤

❛ ✷❙▲❙ r❡❣r❡ss✐♦♥ ✐♥ ✇❤✐❝❤ ❞✉♠♠✐❡s ❢♦r ❝♦❤♦rts ❜❡♥❡✜t✐♥❣ ❢r♦♠ t❤❡ ♣r♦❣r❛♠ ❛♥❞ ❢♦r ❜❡✐♥❣

❜♦r♥ ✐♥ tr❡❛t♠❡♥t ❞✐str✐❝ts ❛r❡ ✉s❡❞ ❛s ❝♦♥tr♦❧s✱ ✇❤✐❧❡ t❤❡ ✐♥str✉♠❡♥t ✐s t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡s❡

t✇♦ ❞✉♠♠✐❡s✳ ❚❤❡ ❝♦❡✣❝✐❡♥t ❢♦r tr❡❛t♠❡♥t ✐♥ t❤✐s r❡❣r❡ss✐♦♥ ✐s t❤❡ ❲❛❧❞✲❉■❉✳ ❆ ♥✉♠❜❡r ♦❢

♣❛♣❡rs ❛❧s♦ ❡st✐♠❛t❡ ✷❙▲❙ r❡❣r❡ss✐♦♥s ✇✐t❤ t✐♠❡ ❛♥❞ ❣r♦✉♣ ✜①❡❞ ❡✛❡❝ts ❛♥❞ ✇✐t❤ ❛ ❢✉♥❝t✐♦♥

♦❢ t✐♠❡ ❛♥❞ ❣r♦✉♣ ❛s t❤❡ ❡①❝❧✉❞❡❞ ✐♥str✉♠❡♥t✱ ♦r ❖▲❙ r❡❣r❡ss✐♦♥s ❛t t❤❡ ❣r♦✉♣ × ♣❡r✐♦❞ ❧❡✈❡❧

✇✐t❤ t✐♠❡ ❛♥❞ ❣r♦✉♣ ✜①❡❞ ❡✛❡❝ts✳ ■♥ ♦✉r s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥t

♦❢ tr❡❛t♠❡♥t ✐♥ t❤❡s❡ t✇♦ r❡❣r❡ss✐♦♥s ✐s ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ ❲❛❧❞✲❉■❉s ❛❝r♦ss ❣r♦✉♣s✳ ❙✉❝❤

❡st✐♠❛t♦rs ❤❛✈❡ ❜❡❡♥ ❢r❡q✉❡♥t❧② ✉s❡❞ ❜② ❡❝♦♥♦♠✐❝ r❡s❡❛r❝❤❡rs✳ ❋r♦♠ ✷✵✶✵ t♦ ✷✵✶✷✱ ✶✵✳✶✪ ♦❢

❛❧❧ ♣❛♣❡rs ♣✉❜❧✐s❤❡❞ ❜② t❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ❡st✐♠❛t❡ ❡✐t❤❡r ❛ s✐♠♣❧❡ ❲❛❧❞✲❉■❉✱

♦r t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ■❱ ♦r ❖▲❙ r❡❣r❡ss✐♦♥✳ ❊①❝❧✉❞✐♥❣ ❧❛❜ ❡①♣❡r✐♠❡♥ts ❛♥❞ t❤❡♦r② ♣❛♣❡rs✱

t❤✐s ♣r♦♣♦rt✐♦♥ r❛✐s❡s t♦ ✶✾✳✼✪✳✶ ❙t✐❧❧✱ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡ ♥♦ ♣❛♣❡r ❤❛s st✉❞✐❡❞ ✇❤❡t❤❡r t❤❡s❡

❡st✐♠❛t♦rs ❡st✐♠❛t❡ ❛ ❝❛✉s❛❧ ❡✛❡❝t ✐♥ ♠♦❞❡❧s ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s tr❡❛t♠❡♥t ❡✛❡❝ts✳

❚❤✐s ♣❛♣❡rs ♠❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥tr✐❜✉t✐♦♥s✳ ❲❡ st❛rt ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ❲❛❧❞✲❉■❉

❡st✐♠❛♥❞ ✐s ❡q✉❛❧ t♦ ❛ ❧♦❝❛❧ ❛✈❡r❛❣❡ tr❡❛t♠❡♥t ❡✛❡❝t ✭▲❆❚❊✮ ♦♥❧② ✐❢ t✇♦ str♦♥❣ ❛ss✉♠♣t✐♦♥s

❛r❡ s❛t✐s✜❡❞✳ ❋✐rst✱ t✐♠❡ s❤♦✉❧❞ ❤❛✈❡ t❤❡ s❛♠❡ ❡✛❡❝t ♦♥ ❛❧❧ ❝♦✉♥t❡r❢❛❝t✉❛❧ ♦✉t❝♦♠❡s✱ t❤✉s

✐♠♣❧②✐♥❣ t❤❛t t❤❡ ❡✛❡❝t ♦❢ t❤❡ tr❡❛t♠❡♥t s❤♦✉❧❞ ♥♦t ✈❛r② ♦✈❡r t✐♠❡✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♦❢t❡♥

♥♦t ❛♣♣❧✐❝❛❜❧❡✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ❉✉✢♦ ✭✷✵✵✶✮ ✐t r❡q✉✐r❡s t❤❛t t❤❡ ✇❛❣❡ ❣❛♣ ❜❡t✇❡❡♥ ❤✐❣❤ s❝❤♦♦❧

❣r❛❞✉❛t❡s ❜♦r♥ ✐♥ ②♦✉♥❣❡r ❛♥❞ ♦❧❞❡r ❝♦❤♦rts s❤♦✉❧❞ ❜❡ t❤❡ s❛♠❡ ❤❛❞ t❤❡② ♥♦t ❝♦♠♣❧❡t❡❞ ❤✐❣❤

✶❉❡t❛✐❧❡❞ r❡s✉❧ts ♦❢ ♦✉r ❧✐t❡r❛t✉r❡ r❡✈✐❡✇ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ♦✉r s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧✳

✷



s❝❤♦♦❧✳ ■❢ t❤❡② ❤❛❞ ♥♦t ❝♦♠♣❧❡t❡❞ ❤✐❣❤ s❝❤♦♦❧✱ ❣r❛❞✉❛t❡s ♦❢ ❡✈❡r② ❝♦❤♦rt ✇♦✉❧❞ ❤❛✈❡ ❡♥t❡r❡❞

t❤❡ ❧❛❜♦r ♠❛r❦❡t ❡❛r❧✐❡r✱ ❛♥❞ ✇♦✉❧❞ ❤❛✈❡ ❤❛❞ ♠♦r❡ ❧❛❜♦r ♠❛r❦❡t ❡①♣❡r✐❡♥❝❡ ❜② t❤❡ t✐♠❡ t❤❡✐r

✇❛❣❡s ❛r❡ ♦❜s❡r✈❡❞✳ ❆s r❡t✉r♥s t♦ ❡①♣❡r✐❡♥❝❡ t❡♥❞ t♦ ❜❡ ❝♦♥❝❛✈❡ ✭s❡❡ ▼✐♥❝❡r ✫ ❏♦✈❛♥♦✈✐❝✱

✶✾✼✾✮✱ t❤❡ ✇❛❣❡ ❣❛♣ ❜❡t✇❡❡♥ ❣r❛❞✉❛t❡s ❜♦r♥ ✐♥ ②♦✉♥❣❡r ❛♥❞ ♦❧❞❡r ❝♦❤♦rts ✇♦✉❧❞ ♣r❡s✉♠❛❜❧②

❤❛✈❡ ❜❡❡♥ ❧♦✇❡r ✐❢ t❤❡② ❤❛❞ ♥♦t ❝♦♠♣❧❡t❡❞ ❤✐❣❤ s❝❤♦♦❧✳ ❙❡❝♦♥❞✱ ✇❤❡♥ tr❡❛t♠❡♥t ✐♥❝r❡❛s❡s

❜♦t❤ ✐♥ t❤❡ tr❡❛t♠❡♥t ❛♥❞ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ tr❡❛t♠❡♥t ❡✛❡❝ts s❤♦✉❧❞ ❜❡ ❤♦♠♦❣❡♥♦✉s ✐♥

t❤❡ t✇♦ ❣r♦✉♣s✳ ■♥❞❡❡❞✱ ✐♥ s✉❝❤ ✐♥st❛♥❝❡s t❤❡ ❲❛❧❞✲❉■❉ ✐s ❡q✉❛❧ t♦ ❛ ✇❡✐❣❤t❡❞ ❞✐✛❡r❡♥❝❡

❜❡t✇❡❡♥ t❤❡ ▲❆❚❊ ♦❢ tr❡❛t♠❡♥t ❛♥❞ ❝♦♥tr♦❧ ❣r♦✉♣ ✉♥✐ts s✇✐t❝❤✐♥❣ tr❡❛t♠❡♥t ♦✈❡r t✐♠❡✳ ❚❤✐s

✇❡✐❣❤t❡❞ ❞✐✛❡r❡♥❝❡ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❝❛✉s❛❧ ❡✛❡❝t ♦♥❧② ✐❢ t❤❡s❡ t✇♦ ▲❆❚❊s ❛r❡ ❡q✉❛❧✳

❚❤❡ ✇❡✐❣❤ts r❡❝❡✐✈❡❞ ❜② ❡❛❝❤ ▲❆❚❊ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞✳ ■♥ ❉✉✢♦ ✭✷✵✵✶✮✱ ②❡❛rs ♦❢ ❡❞✉❝❛t✐♦♥

✐♥❝r❡❛s❡❞ s✉❜st❛♥t✐❛❧❧② ❜♦t❤ ✐♥ tr❡❛t♠❡♥t ❛♥❞ ✐♥ ❝♦♥tr♦❧ ❞✐str✐❝ts✱ s♦ t❤❡ ❲❛❧❞✲❉■❉ ✐♥ t❤✐s

♣❛♣❡r ✐s ❡q✉❛❧ t♦ ❛ ✇❡✐❣❤t❡❞ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ r❡t✉r♥s t♦ s❝❤♦♦❧✐♥❣ ✐♥ tr❡❛t♠❡♥t ❛♥❞ ❝♦♥tr♦❧

❞✐str✐❝ts✱ ❛♥❞ r❡t✉r♥s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ r❡❝❡✐✈❡ ❛ ❧❛r❣❡ ♥❡❣❛t✐✈❡ ✇❡✐❣❤t✳ ❚❤✐s ✇❡✐❣❤t❡❞

❞✐✛❡r❡♥❝❡ ❡st✐♠❛t❡s ❛ ❝❛✉s❛❧ ❡✛❡❝t ♦♥❧② ✐❢ r❡t✉r♥s t♦ s❝❤♦♦❧✐♥❣ ❛r❡ ❡q✉❛❧ ✐♥ t❤❡ t✇♦ ❣r♦✉♣s ♦❢

❞✐str✐❝ts✳ ❚❤✐s ♠✐❣❤t ❜❡ ✈✐♦❧❛t❡❞ ❛s ❝♦♥tr♦❧ ❞✐str✐❝ts ❛r❡ ♠♦r❡ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❝♦✉❧❞ t❤❡r❡❢♦r❡

❤❛✈❡ ❞✐✛❡r❡♥t r❡t✉r♥s✳ ❚❤❡ ■❱ ❛♥❞ ❖▲❙ r❡❣r❡ss✐♦♥s ✇❡ st✉❞② ✐♥ ♦✉r s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧

s✉✛❡r ❢r♦♠ t❤❡ s❛♠❡ ♣r♦❜❧❡♠✳ ❚❤❡② ❜♦t❤ ❡st✐♠❛t❡ ❛ ✇❡✐❣❤t❡❞ s✉♠ ♦❢ ▲❆❚❊s✱ ✇✐t❤ ♣♦t❡♥t✐❛❧❧②

♠❛♥② ♥❡❣❛t✐✈❡ ✇❡✐❣❤ts ❛s ✇❡ ✐❧❧✉str❛t❡ ❜② ❡st✐♠❛t✐♥❣ t❤❡s❡ ✇❡✐❣❤ts ✐♥ t✇♦ ❛♣♣❧✐❝❛t✐♦♥s✳

❙❡❝♦♥❞✱ ✇❡ ♣r♦♣♦s❡ t✇♦ ❛❧t❡r♥❛t✐✈❡ ❡st✐♠❛t♦rs ❢♦r t❤❡ s❛♠❡ ▲❆❚❊ ✇❤❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥

♦❢ tr❡❛t♠❡♥t ✐s st❛❜❧❡ ♦✈❡r t✐♠❡ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✳ ❖✉r ✜rst ❡st✐♠❛t♦r✱ ✇❤✐❝❤ ✇❡ r❡❢❡r

t♦ ❛s t❤❡ t✐♠❡✲❝♦rr❡❝t❡❞ ❲❛❧❞ r❛t✐♦ ✭❲❛❧❞✲❚❈✮✱ ✐s ❛ ♥❛t✉r❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❉■❉ t♦ ❢✉③③②

❞❡s✐❣♥s✳ ■t r❡❧✐❡s ♦♥❧② ♦♥ ❝♦♠♠♦♥ tr❡♥❞s ❛ss✉♠♣t✐♦♥s ❜❡t✇❡❡♥ t❤❡ tr❡❛t♠❡♥t ❛♥❞ t❤❡ ❝♦♥tr♦❧

❣r♦✉♣✱ ✇✐t❤✐♥ s✉❜❣r♦✉♣s ♦❢ ✉♥✐ts s❤❛r✐♥❣ t❤❡ s❛♠❡ tr❡❛t♠❡♥t ❛t t❤❡ ✜rst ❞❛t❡✳ ❖✉r s❡❝♦♥❞

❡st✐♠❛t♦r✱ ✇❤✐❝❤ ✇❡ r❡❢❡r t♦ ❛s t❤❡ ❝❤❛♥❣❡s✲✐♥✲❝❤❛♥❣❡s ❲❛❧❞ r❛t✐♦ ✭❲❛❧❞✲❈■❈✮✱ ❣❡♥❡r❛❧✐③❡s t❤❡

❝❤❛♥❣❡s✲✐♥✲❝❤❛♥❣❡s ❡st✐♠❛t♦r ✐♥tr♦❞✉❝❡❞ ❜② ❆t❤❡② ✫ ■♠❜❡♥s ✭✷✵✵✻✮ t♦ ❢✉③③② ❞❡s✐❣♥s✳ ■t r❡❧✐❡s

♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❛ ❝♦♥tr♦❧ ❛♥❞ ❛ tr❡❛t♠❡♥t ✉♥✐t ✇✐t❤ t❤❡ s❛♠❡ ♦✉t❝♦♠❡ ❛♥❞ t❤❡ s❛♠❡

tr❡❛t♠❡♥t ❛t t❤❡ ✜rst ♣❡r✐♦❞ ✇✐❧❧ ❛❧s♦ ❤❛✈❡ t❤❡ s❛♠❡ ♦✉t❝♦♠❡ ❛t t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✳✷ ❍❡r❡❛❢t❡r✱

✇❡ r❡❢❡r t♦ t❤✐s ❝♦♥❞✐t✐♦♥ ❛s t❤❡ ❝♦♠♠♦♥ ❝❤❛♥❣❡s ❛ss✉♠♣t✐♦♥✳ ❖✉r ❲❛❧❞✲❚❈ ❛♥❞ ❲❛❧❞✲❈■❈

❡st✐♠❛t♦rs ❜♦t❤ ❤❛✈❡ ❛❞✈❛♥t❛❣❡s ❛♥❞ ❞r❛✇❜❛❝❦s✱ ✇❤✐❝❤ ✇❡ ❞✐s❝✉ss ❧❛t❡r ✐♥ t❤❡ ♣❛♣❡r✳

❚❤✐r❞✱ ✇❡ s❤♦✇ t❤❛t ✉♥❞❡r t❤❡ s❛♠❡ ❝♦♠♠♦♥ tr❡♥❞s ❛♥❞ ❝♦♠♠♦♥ ❝❤❛♥❣❡s ❛ss✉♠♣t✐♦♥s ❛s

t❤♦s❡ ✉♥❞❡r❧②✐♥❣ t❤❡ ❲❛❧❞✲❚❈ ❛♥❞ ❲❛❧❞✲❈■❈ ❡st✐♠❛♥❞s✱ t❤❡ s❛♠❡ ▲❆❚❊ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞

✇❤❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ tr❡❛t♠❡♥t ❝❤❛♥❣❡s ♦✈❡r t✐♠❡ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✳ ❚❤❡ s♠❛❧❧❡r t❤✐s

❝❤❛♥❣❡✱ t❤❡ t✐❣❤t❡r t❤❡ ❜♦✉♥❞s✳ ❋♦✉rt❤✱ ✇❡ s❤♦✇ ❤♦✇ t❤❡s❡ r❡s✉❧ts ❡①t❡♥❞ t♦ s❡tt✐♥❣s ✇✐t❤

♠❛♥② ❣r♦✉♣ ❛♥❞ ♣❡r✐♦❞s✱ ❛♥❞ ❤♦✇ ♦♥❡ ❝❛♥ ✐♥❝♦r♣♦r❛t❡ ❝♦✈❛r✐❛t❡s ✐♥ t❤❡ ❛♥❛❧②s✐s✳ ❋✐❢t❤✱ ✇❡

❝♦♥s✐❞❡r ❡st✐♠❛t♦rs ♦❢ t❤❡ ❲❛❧❞✲❉■❉✱ ❲❛❧❞✲❚❈✱ ❛♥❞ ❲❛❧❞✲❈■❈ ❡st✐♠❛♥❞s✱ ❜♦t❤ ✇✐t❤ ❛♥❞

✇✐t❤♦✉t ❝♦✈❛r✐❛t❡s✳ ❲❡ s❤♦✇ t❤❛t t❤❡② ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧ ❛♥❞ ♣r♦✈❡ t❤❡ ❝♦♥s✐st❡♥❝②

✷❙tr✐❝t❧② s♣❡❛❦✐♥❣✱ t❤❡ ♠♦❞❡❧ ✐♥ ❆t❤❡② ✫ ■♠❜❡♥s ✭✷✵✵✻✮ ❛♥❞ ♦✉r ❈■❈ ♠♦❞❡❧ ❞♦ ♥♦t ✐♠♣♦s❡ t❤✐s r❡str✐❝t✐♦♥

✐❢ ♦♥❡ ❛❧❧♦✇s t❤❡ ✉♥♦❜s❡r✈❡❞ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ♦✉t❝♦♠❡ t♦ ❝❤❛♥❣❡ ♦✈❡r t✐♠❡✳ ❲❡ st✐❧❧ ✜♥❞ t❤✐s ♣r❡s❡♥t❛t✐♦♥

♦❢ t❤❡ ❈■❈ ❛ss✉♠♣t✐♦♥s ✈❡r② ❤❡❧♣❢✉❧ ❢♦r ♣❡❞❛❣♦❣✐❝❛❧ ♣✉r♣♦s❡s✳

✸



♦❢ t❤❡ ❜♦♦tstr❛♣ ✐♥ s♦♠❡ ❝❛s❡s✳ ■♠♣♦rt❛♥t❧②✱ ❛❧❧ ♦✉r ❡st✐♠❛t♦rs ❛❧❧♦✇ ❢♦r ❝♦♥t✐♥✉♦✉s ❝♦✈❛r✐❛t❡s✱

❛♥❞ ❢♦r s♦♠❡ ♦❢ t❤❡♠ ✇❡ s❤♦✇ ❤♦✇ t♦ ❛❝❝♦✉♥t ❢♦r ❝❧✉st❡r✐♥❣✳

❋✐♥❛❧❧②✱ ✇❡ ✉s❡ ♦✉r r❡s✉❧ts t♦ r❡✈✐s✐t ✜♥❞✐♥❣s ✐♥ ❉✉✢♦ ✭✷✵✵✶✮ ♦♥ r❡t✉r♥s t♦ ❡❞✉❝❛t✐♦♥✳ ❚❤❡ ❞✐s✲

tr✐❜✉t✐♦♥ ♦❢ s❝❤♦♦❧✐♥❣ s✉❜st❛♥t✐❛❧❧② ❝❤❛♥❣❡❞ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ✉s❡❞ ❜② t❤❡ ❛✉t❤♦r✱ s♦ ✉s✐♥❣

♦✉r ❲❛❧❞✲❈■❈ ♦r ❲❛❧❞✲❚❈ ❡st✐♠❛t♦rs ✇✐t❤ ❤❡r ❣r♦✉♣s ✇♦✉❧❞ ♦♥❧② ②✐❡❧❞ ✇✐❞❡ ❛♥❞ ✉♥✐♥❢♦r♠❛✲

t✐✈❡ ❜♦✉♥❞s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✉s❡ ❛ ❞✐✛❡r❡♥t ❝♦♥tr♦❧ ❣r♦✉♣ ✇❤❡r❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s❝❤♦♦❧✐♥❣

❞✐❞ ♥♦t ❝❤❛♥❣❡✳ ❖✉r ❲❛❧❞✲❉■❉ ❡st✐♠❛t❡ ✇✐t❤ t❤❡s❡ ♥❡✇ ❣r♦✉♣s ✐s ♠♦r❡ t❤❛♥ t✇✐❝❡ ❛s ❧❛r❣❡

❛s t❤❡ ❛✉t❤♦r✬s✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❡st✐♠❛t❡s ❝♦✉❧❞ st❡♠ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t

❞✐str✐❝ts ✇❤❡r❡ ②❡❛rs ♦❢ s❝❤♦♦❧✐♥❣ ✐♥❝r❡❛s❡❞ ❧❡ss ❛❧s♦ ❤❛✈❡ ❤✐❣❤❡r r❡t✉r♥s t♦ ❡❞✉❝❛t✐♦♥✳ ❚❤✐s

✇♦✉❧❞ ❜✐❛s ❞♦✇♥✇❛r❞ t❤❡ ❡st✐♠❛t❡ ✐♥ ❉✉✢♦ ✭✷✵✵✶✮✱ ✇❤✐❧❡ ♦✉r ❡st✐♠❛t♦r ❞♦❡s ♥♦t r❡❧② ♦♥ ❛♥②

tr❡❛t♠❡♥t ❡✛❡❝t ❤♦♠♦❣❡♥❡✐t② ❛ss✉♠♣t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✈❛❧✐❞✐t② ♦❢ ♦✉r ❲❛❧❞✲❉■❉

st✐❧❧ r❡❧✐❡s ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t✐♠❡ ❤❛s t❤❡ s❛♠❡ ❡✛❡❝t ♦♥ ❛❧❧ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s✱ ✇❤✐❝❤

✐s ♥♦t ✇❛rr❛♥t❡❞ ✐♥ t❤✐s ❝♦♥t❡①t ❛s ✇❡ ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✳ ❇❡❝❛✉s❡ t❤❡ ❲❛❧❞✲❚❈ ❛♥❞ ❲❛❧❞✲❈■❈

❞♦ ♥♦t r❡❧② ♦♥ t❤✐s ❛ss✉♠♣t✐♦♥✱ ✇❡ ❝❤♦♦s❡ t❤❡♠ ❛s ♦✉r ❢❛✈♦r✐t❡ ❡st✐♠❛t❡s✳ ❚❤❡② ❜♦t❤ ❧✐❡ ✐♥

❜❡t✇❡❡♥ t❤❡ t✇♦ ❲❛❧❞✲❉■❉s✳

❖✈❡r❛❧❧✱ ♦✉r ♣❛♣❡r s❤♦✇s t❤❛t t♦ ❞♦ ❉■❉ ✐♥ ❢✉③③② ❞❡s✐❣♥s✱ r❡s❡❛r❝❤❡rs ♠✉st ✜♥❞ ❛ ❝♦♥tr♦❧

❣r♦✉♣ ✐♥ ✇❤✐❝❤ tr❡❛t♠❡♥t ✐s st❛❜❧❡ ♦✈❡r t✐♠❡ t♦ ♣♦✐♥t ✐❞❡♥t✐❢② tr❡❛t♠❡♥t ❡✛❡❝ts ✇✐t❤♦✉t ❤❛✈✐♥❣

t♦ ❛ss✉♠❡ t❤❛t tr❡❛t♠❡♥t ❡✛❡❝ts ❛r❡ ❤♦♠♦❣❡♥❡♦✉s✳ ■♥ s✉❝❤ ✐♥st❛♥❝❡s✱ t❤r❡❡ ❡st✐♠❛t♦rs ❛r❡

❛✈❛✐❧❛❜❧❡✿ t❤❡ st❛♥❞❛r❞ ❲❛❧❞✲❉■❉ ❡st✐♠❛t♦r✱ ❛♥❞ ♦✉r ❲❛❧❞✲❚❈ ❛♥❞ ❲❛❧❞✲❈■❈ ❡st✐♠❛t♦rs✳

❲❤✐❧❡ t❤❡ ❢♦r♠❡r ❡st✐♠❛t♦r r❡q✉✐r❡s t❤❛t t❤❡ ❡✛❡❝t ♦❢ t✐♠❡ ❜❡ t❤❡ s❛♠❡ ♦♥ ❛❧❧ ♣♦t❡♥t✐❛❧

♦✉t❝♦♠❡s✱ t❤❡ ❧❛tt❡r ❡st✐♠❛t♦rs ❞♦ ♥♦t r❡❧② ♦♥ t❤✐s ❛ss✉♠♣t✐♦♥✳ ■♥ ♣r❛❝t✐❝❡✱ ✉s✐♥❣ ♦♥❡ ♦r t❤❡

♦t❤❡r ❡st✐♠❛t♦r ❝❛♥ ♠❛❦❡ ❛ s✉❜st❛♥t✐❛❧ ❞✐✛❡r❡♥❝❡✱ ❛s ✇❡ s❤♦✇ ✐♥ ♦✉r ❛♣♣❧✐❝❛t✐♦♥✳

❚❤♦✉❣❤ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ✇❡ ❛r❡ t❤❡ ✜rst t♦ st✉❞② ❢✉③③② ❉■❉ ❡st✐♠❛t♦rs ✐♥ ♠♦❞❡❧s ✇✐t❤

❤❡t❡r♦❣❡♥❡♦✉s tr❡❛t♠❡♥t ❡✛❡❝ts✱ ♦✉r ♣❛♣❡r ✐s r❡❧❛t❡❞ t♦ s❡✈❡r❛❧ ♦t❤❡r ♣❛♣❡rs ✐♥ t❤❡ ❉■❉ ❛♥❞

♣❛♥❡❧ ❧✐t❡r❛t✉r❡✳ ❇❧✉♥❞❡❧❧ ❡t ❛❧✳ ✭✷✵✵✹✮ ❛♥❞ ❆❜❛❞✐❡ ✭✷✵✵✺✮ ❝♦♥s✐❞❡r ❛ ❝♦♥❞✐t✐♦♥❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡

❝♦♠♠♦♥ tr❡♥❞s ❛ss✉♠♣t✐♦♥ ✐♥ s❤❛r♣ ❉■❉ ❞❡s✐❣♥s✱ ❛♥❞ ❛❞❥✉st ❢♦r ❝♦✈❛r✐❛t❡s ✉s✐♥❣ ♣r♦♣❡♥s✐t②

s❝♦r❡ ♠❡t❤♦❞s✳ ❖✉r ❲❛❧❞✲❉■❉ ❡st✐♠❛t♦r ✇✐t❤ ❝♦✈❛r✐❛t❡s ✐s r❡❧❛t❡❞ t♦ t❤❡✐r ❡st✐♠❛t♦rs✳ ❇♦♥✲

❤♦♠♠❡ ✫ ❙❛✉❞❡r ✭✷✵✶✶✮ ❝♦♥s✐❞❡r ❛ ❧✐♥❡❛r ♠♦❞❡❧ ❛❧❧♦✇✐♥❣ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ❡✛❡❝ts ♦❢ t✐♠❡✱

❛♥❞ s❤♦✇ t❤❛t ✐♥ s❤❛r♣ ❞❡s✐❣♥s ✐t ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✐❢ t❤❡ ✐❞✐♦s②♥❝r❛t✐❝ s❤♦❝❦s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t

♦❢ t❤❡ tr❡❛t♠❡♥t ❛♥❞ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❡✛❡❝ts✳ ❖✉r ❲❛❧❞✲❈■❈ ❡st✐♠❛t♦r ❜✉✐❧❞s ♦♥ ❆t❤❡② ✫

■♠❜❡♥s ✭✷✵✵✻✮ ❛♥❞ ✐s ❛❧s♦ r❡❧❛t❡❞ t♦ t❤❡ ❡st✐♠❛t♦r ♦❢ ❉✬❍❛✉❧t❢÷✉✐❧❧❡ ❡t ❛❧✳ ✭✷✵✶✸✮✱ ✇❤♦ st✉❞②

t❤❡ ♣♦ss✐❜❧② ♥♦♥❧✐♥❡❛r ❡✛❡❝ts ♦❢ ❛ ❝♦♥t✐♥✉♦✉s tr❡❛t♠❡♥t ✉s✐♥❣ r❡♣❡❛t❡❞ ❝r♦ss s❡❝t✐♦♥s✳ ❋✐♥❛❧❧②✱

❈❤❡r♥♦③❤✉❦♦✈✱ ❋❡r♥á♥❞❡③✲❱❛❧✱ ❍❛❤♥ ✫ ◆❡✇❡② ✭✷✵✶✸✮ ❝♦♥s✐❞❡r ❛ ❧♦❝❛t✐♦♥✲s❝❛❧❡ ♣❛♥❡❧ ❞❛t❛

♠♦❞❡❧✳ ❚❤❡✐r ✐❞❡❛ ♦❢ ✉s✐♥❣ ❛❧✇❛②s ❛♥❞ ♥❡✈❡r tr❡❛t❡❞ ✉♥✐ts ✐♥ t❤❡ ♣❛♥❡❧ t♦ r❡❝♦✈❡r t❤❡ ❧♦❝❛t✐♦♥

❛♥❞ s❝❛❧❡ ♣❛r❛♠❡t❡rs ✐s r❡❧❛t❡❞ t♦ ♦✉r ✐❞❡❛ ♦❢ ✉s✐♥❣ ❣r♦✉♣s ✇❤❡r❡ tr❡❛t♠❡♥t ✐s st❛❜❧❡ t♦ r❡❝♦✈❡r

t✐♠❡ ❡✛❡❝ts✳✸ ❖✉r ♣❛♣❡r ✐s ❛❧s♦ r❡❧❛t❡❞ t♦ s❡✈❡r❛❧ ♣❛♣❡rs ✐♥ t❤❡ ♣❛rt✐❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥ ❧✐t❡r❛t✉r❡✳

✸❚❤❡r❡ ❛r❡ ❛❧s♦ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ♦✉r ❛♣♣r♦❛❝❤❡s ✭t❤❡✐r ♠♦❞❡❧ ❛ss✉♠❡s t✐♠❡ ❤❛s t❤❡ s❛♠❡ ❡✛❡❝t ♦♥ ❛❧❧

♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s✱ ♦✉r ❲❛❧❞✲❚❈ ❡st✐♠❛t♦r ✐s ♥♦t ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❛ ❧♦❝❛t✐♦♥✲s❝❛❧❡ ♠♦❞❡❧✳✳✳✮ s♦ ♦✉r ❡st✐♠❛♥❞s

✹



■♥ ♣❛rt✐❝✉❧❛r✱ ♦✉r ❜♦✉♥❞s ❛r❡ r❡❧❛t❡❞ t♦ t❤♦s❡ ✐♥ ▼❛♥s❦✐ ✭✶✾✾✵✮✱ ❍♦r♦✇✐t③ ✫ ▼❛♥s❦✐ ✭✶✾✾✺✮✱

❛♥❞ ▲❡❡ ✭✷✵✵✾✮✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ✐♥tr♦❞✉❝❡ ♦✉r ❢r❛♠❡✇♦r❦✳

■♥ ❙❡❝t✐♦♥ ✸ ✇❡ ♣r❡s❡♥t ♦✉r ✐❞❡♥t✐✜❝❛t✐♦♥ r❡s✉❧ts ✐♥ ❛ s✐♠♣❧❡ s❡tt✐♥❣ ✇✐t❤ t✇♦ ❣r♦✉♣s✱ t✇♦

♣❡r✐♦❞s✱ ❛ ❜✐♥❛r② tr❡❛t♠❡♥t✱ ❛♥❞ ♥♦ ❝♦✈❛r✐❛t❡s✳ ❙❡❝t✐♦♥ ✹ ❝♦♥s✐❞❡rs ❡①t❡♥s✐♦♥s t♦ s❡tt✐♥❣s ✇✐t❤

♠❛♥② ♣❡r✐♦❞s ❛♥❞ ❣r♦✉♣s✱ ❝♦✈❛r✐❛t❡s✱ ♦r ❛ ♥♦♥✲❜✐♥❛r② tr❡❛t♠❡♥t✳ ❙❡❝t✐♦♥ ✺ ❝♦♥s✐❞❡rs ✐♥❢❡r❡♥❝❡✳

■♥ s❡❝t✐♦♥ ✻ ✇❡ r❡✈✐s✐t r❡s✉❧ts ❢r♦♠ ❉✉✢♦ ✭✷✵✵✶✮✳ ❙❡❝t✐♦♥ ✼ ❝♦♥❝❧✉❞❡s✳ ❚❤❡ ❛♣♣❡♥❞✐① ❣❛t❤❡rs

t❤❡ ♠❛✐♥ ♣r♦♦❢s✳ ❉✉❡ t♦ ❛ ❝♦♥❝❡r♥ ❢♦r ❜r❡✈✐t②✱ s♦♠❡ ❢✉rt❤❡r r❡s✉❧ts✱ ♦✉r ❧✐t❡r❛t✉r❡ r❡✈✐❡✇✱ t✇♦

s✉♣♣❧❡♠❡♥t❛r② ❛♣♣❧✐❝❛t✐♦♥s✱ ❛♥❞ ❛❞❞✐t✐♦♥❛❧ ♣r♦♦❢s ❛r❡ ❞❡❢❡rr❡❞ t♦ ♦✉r s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧

✭s❡❡ ❞❡ ❈❤❛✐s❡♠❛rt✐♥ ✫ ❉✬❍❛✉❧t❢÷✉✐❧❧❡✱ ✷✵✶✺✮✳

✷ ❋r❛♠❡✇♦r❦

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ♠❡❛s✉r✐♥❣ t❤❡ ❡✛❡❝t ♦❢ ❛ tr❡❛t♠❡♥t D ♦♥ s♦♠❡ ♦✉t❝♦♠❡✳ ❋♦r ♥♦✇✱ ✇❡

❛ss✉♠❡ t❤❛t tr❡❛t♠❡♥t ✐s ❜✐♥❛r②✳ Y (1) ❛♥❞ Y (0) ❞❡♥♦t❡ t❤❡ t✇♦ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ♦❢ t❤❡ s❛♠❡

✐♥❞✐✈✐❞✉❛❧ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t tr❡❛t♠❡♥t✳ ❚❤❡ ♦❜s❡r✈❡❞ ♦✉t❝♦♠❡ ✐s Y = DY (1) + (1−D)Y (0)✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❞❛t❛ ❛t ♦✉r ❞✐s♣♦s❛❧ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ ✏t✐♠❡ ♣❡r✐♦❞s✑ r❡♣r❡s❡♥t❡❞ ❜②

❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ T ✳ ■❢ t❤❡ ❛♥❛❧②st ✇♦r❦s ✇✐t❤ ♣❛♥❡❧ ♦r r❡♣❡❛t❡❞ ❝r♦ss✲s❡❝t✐♦♥s ❞❛t❛✱ t✐♠❡

♣❡r✐♦❞s ❛r❡ ❞❛t❡s✳ ❇✉t ✐♥ ♠❛♥② ❉■❉ ♣❛♣❡rs✱ t✐♠❡ ♣❡r✐♦❞s ❛r❡ ❝♦❤♦rts ♦❢ t❤❡ s❛♠❡ ♣♦♣✉❧❛t✐♦♥

❜♦r♥ ✐♥ ❞✐✛❡r❡♥t ②❡❛rs ✭s❡❡✱ ❡✳❣✳✱ ❉✉✢♦✱ ✷✵✵✶✮✳ ❲❤✐❧❡ ✇✐t❤ ♣❛♥❡❧ ♦r r❡♣❡❛t❡❞ ❝r♦ss✲s❡❝t✐♦♥s

❞❛t❛✱ ❡❛❝❤ ✉♥✐t ✐s ♦r ❝♦✉❧❞ ❜❡ ♦❜s❡r✈❡❞ ❛t ❜♦t❤ ❞❛t❡s✱ ✇✐t❤ ❝♦❤♦rt ❞❛t❛ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✳ ■♥

✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❞♦ ♥♦t ✐♥❞❡① ♦❜s❡r✈❛t✐♦♥s ❜② t✐♠❡✱ t♦ ❡♥s✉r❡ t❤❛t ♦✉r ❢r❛♠❡✇♦r❦ ❝❛♥ ❛♣♣❧②

t♦ t❤❡ t❤r❡❡ t②♣❡s ♦❢ ❞❛t❛✳ ❘❡❢❡rr✐♥❣ t♦ t❤❡ ♣❛♥❡❧ ❞❛t❛ ❝❛s❡ ✐s s♦♠❡t✐♠❡s ✉s❡❢✉❧ t♦ ❝♦♥✈❡② t❤❡

✐♥t✉✐t✐♦♥ ♦❢ ♦✉r r❡s✉❧ts✳ ❍♦✇❡✈❡r✱ ♦✉r ❛♥❛❧②s✐s ✐s ♠♦r❡ t❛r❣❡t❡❞ t♦ t❤❡ r❡♣❡❛t❡❞ ❝r♦ss✲s❡❝t✐♦♥s

❛♥❞ ❝♦❤♦rt ❞❛t❛ ❝❛s❡s✿ ♦❜s❡r✈✐♥❣ ✉♥✐ts ❛t ❜♦t❤ ❞❛t❡s ♦♣❡♥ ♣♦ss✐❜✐❧✐t✐❡s ✇❡ ❞♦ ♥♦t ❡①♣❧♦r❡ ❤❡r❡✳

❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡ ❞❛t❛ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ ❣r♦✉♣s r❡♣r❡s❡♥t❡❞ ❜② ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ G✳

■♥ t❤✐s s❡❝t✐♦♥ ❛♥❞ ✐♥ t❤❡ ♥❡①t✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ s✐♠♣❧❡st ♣♦ss✐❜❧❡ ❝❛s❡ ✇❤❡r❡ t❤❡r❡ ❛r❡ ♦♥❧② t✇♦

❣r♦✉♣s✱ ❛ ✏tr❡❛t♠❡♥t✑ ❛♥❞ ❛ ✏❝♦♥tr♦❧✑ ❣r♦✉♣✱ ❛♥❞ t✇♦ ♣❡r✐♦❞s ♦❢ t✐♠❡✳ G ✐s ❛ ❞✉♠♠② ❢♦r ✉♥✐ts

✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ❛♥❞ T ✐s ❛ ❞✉♠♠② ❢♦r t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✳ ❈♦♥tr❛r② t♦ t❤❡ st❛♥❞❛r❞

✏s❤❛r♣✑ ❉■❉ s❡tt✐♥❣ ✇❤❡r❡ D = G×T ✱ ✇❡ ❝♦♥s✐❞❡r ❛ ✏❢✉③③②✑ s❡tt✐♥❣ ✇❤❡r❡ D 6= G×T ✳ ❙♦♠❡

✉♥✐ts ♠❛② ❜❡ tr❡❛t❡❞ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ♦r ❛t ♣❡r✐♦❞ 0✱ ❛♥❞ ❛❧❧ ✉♥✐ts ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧②

tr❡❛t❡❞ ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ❛t ♣❡r✐♦❞ 1✳ ❍♦✇❡✈❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ tr❡❛t♠❡♥t r❛t❡

✐♥❝r❡❛s❡❞ ♠♦r❡ ❜❡t✇❡❡♥ ♣❡r✐♦❞ ✵ ❛♥❞ ✶ ✐♥ t❤❡ tr❡❛t♠❡♥t t❤❛♥ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✳

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ ♥♦t❛t✐♦♥s ✇❡ ✉s❡ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✳ ❋♦r ❛♥② r❛♥❞♦♠ ✈❛r✐❛❜❧❡ R✱ ❧❡t

S(R) ❞❡♥♦t❡ ✐ts s✉♣♣♦rt✳ ▲❡t ❛❧s♦ Rgt ❛♥❞ Rdgt ❜❡ t✇♦ ♦t❤❡r r❛♥❞♦♠ ✈❛r✐❛❜❧❡s s✉❝❤ t❤❛t

Rgt ∼ R|G = g, T = t ❛♥❞ Rdgt ∼ R|D = d,G = g, T = t✱ ✇❤❡r❡ ∼ ❞❡♥♦t❡s ❡q✉❛❧✐t② ✐♥

❛r❡ ✉♥r❡❧❛t❡❞ t♦ t❤❡✐rs✳

✺



❞✐str✐❜✉t✐♦♥✳ ▲❡t FR ❛♥❞ FR|S ❞❡♥♦t❡ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ✭❝❞❢s✮ ♦❢ R ❛♥❞ ✐ts

❝❞❢ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ S✳ ❋♦r ❛♥② ❡✈❡♥t A✱ FR|A ✐s t❤❡ ❝❞❢ ♦❢ R ❝♦♥❞✐t✐♦♥❛❧ ♦♥ A✳ ❲✐t❤ ❛ s❧✐❣❤t

❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✱ P (A)FR|A s❤♦✉❧❞ ❜❡ ✉♥❞❡rst♦♦❞ ❛s 0 ✇❤❡♥ P (A) = 0✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧ ❢♦r t❤❡ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ❛♥❞ t❤❡ tr❡❛t♠❡♥t✿

Y (d) = hd(Ud, T ), d ∈ {0, 1},

D = 1{V ≥ vGT }, vG0 = v00 ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ●.
✭✶✮

❚❤❡ ♠♦❞❡❧ ♦♥ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ✐s ✈❡r② ❣❡♥❡r❛❧ ❜❡❝❛✉s❡ ❛t t❤✐s st❛❣❡✱ hd ✐s ❧❡❢t ✉♥r❡str✐❝t❡❞✳

❲❡ ❛❧s♦ ✐♠♣♦s❡ ❛ ❧❛t❡♥t ✐♥❞❡① ♠♦❞❡❧ ❢♦r t❤❡ tr❡❛t♠❡♥t ✭s❡❡✱ ❡✳❣✳✱ ❱②t❧❛❝✐❧✱ ✷✵✵✷✮✱ ✇❤❡r❡ t❤❡

t❤r❡s❤♦❧❞ ❞❡♣❡♥❞s ❜♦t❤ ♦♥ t✐♠❡ ❛♥❞ ❣r♦✉♣✳ ■♥ s✉❝❤ ❛ ♠♦❞❡❧✱ V ♠❛② ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡

♣r♦♣❡♥s✐t② t♦ ❜❡ tr❡❛t❡❞✳ ❇❡❝❛✉s❡ ✇❡ ❞♦ ♥♦t ✐♠♣♦s❡ ❛♥② r❡str✐❝t✐♦♥ ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ V ✱

t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t vG0 ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ G ✐s ❥✉st ❛ ♥♦r♠❛❧✐③❛t✐♦♥✳

■♥ ❛❞❞✐t✐♦♥ t♦ t❤✐s ♠♦❞❡❧✱ ✇❡ ♠❛✐♥t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✳

❆ss✉♠♣t✐♦♥ ✶ ✭❚✐♠❡ ✐♥✈❛r✐❛♥❝❡ ✇✐t❤✐♥ ❣r♦✉♣s✮

❋♦r d ∈ S(D)✱ (Ud, V ) ⊥⊥ T |G✳

❆ss✉♠♣t✐♦♥ ✷ ✭❋✐rst st❛❣❡✮

E(D11) > E(D10)✱ ❛♥❞ E(D11)− E(D10) > E(D01)− E(D00)✳

❆ss✉♠♣t✐♦♥ ✶ r❡q✉✐r❡s t❤❛t t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ ✉♥♦❜s❡r✈❡❞ ✈❛r✐❛❜❧❡s ❜❡ st❛❜❧❡ ♦✈❡r t✐♠❡ ✐♥

❡❛❝❤ ❣r♦✉♣✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❡❛❝❤ ❣r♦✉♣ s❤♦✉❧❞ ♥♦t ❝❤❛♥❣❡ ♦✈❡r t✐♠❡✳ ❚❤✐s

❛ss✉♠♣t✐♦♥ ❝♦✉❧❞ ❜❡ ✈✐♦❧❛t❡❞ ✐❢ t❤❡r❡ ✐s ❡♥❞♦❣❡♥♦✉s ✏♠✐❣r❛t✐♦♥✑ ❢r♦♠ ♦♥❡ ❣r♦✉♣ t♦ ❛♥♦t❤❡r✳

❍♦✇❡✈❡r✱ ❉■❉ ✐❞❡♥t✐✜❝❛t✐♦♥ str❛t❡❣✐❡s ❛❧✇❛②s r❡❧② ♦♥ t❤✐s ❛ss✉♠♣t✐♦♥✳ ❇❡②♦♥❞ r❡q✉✐r✐♥❣ t❤❛t

t❤❡ tr❡❛t♠❡♥t r❛t❡s ❞♦ ♥♦t ❢♦❧❧♦✇ t❤❡ ❡①❛❝t s❛♠❡ ❡✈♦❧✉t✐♦♥ ✐♥ t❤❡ t✇♦ ❣r♦✉♣s✱ ❆ss✉♠♣t✐♦♥ ✷

✐s ❥✉st ❛ ✇❛② t♦ ❞❡✜♥❡ t❤❡ tr❡❛t♠❡♥t ❛♥❞ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ✐♥ ♦✉r ❢✉③③② s❡tt✐♥❣✳ ❋✐rst✱ t❤❡

tr❡❛t♠❡♥t s❤♦✉❧❞ ✐♥❝r❡❛s❡ ✐♥ ❛t ❧❡❛st ♦♥❡ ❣r♦✉♣✳ ■❢ ♥♦t✱ ♦♥❡ ❝❛♥ r❡❞❡✜♥❡ t❤❡ tr❡❛t♠❡♥t ✈❛r✐❛❜❧❡

❛s D̃ = 1 −D✳ ❚❤❡♥✱ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ✐s t❤❡ ♦♥❡ ❡①♣❡r✐❡♥❝✐♥❣ t❤❡ ❧❛r❣❡st ✐♥❝r❡❛s❡ ♦❢ ✐ts

tr❡❛t♠❡♥t r❛t❡✳

❇❡❢♦r❡ t✉r♥✐♥❣ t♦ ✐❞❡♥t✐✜❝❛t✐♦♥✱ ✐t ✐s ✉s❡❢✉❧ t♦ ❞❡✜♥❡ ❢♦✉r s✉❜♣♦♣✉❧❛t✐♦♥s ♦❢ ✐♥t❡r❡st✳ ❚❤❡ ♠♦❞❡❧

✶ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✶ ✐♠♣❧② t❤❛t P (Dgt = 1) = P (V ≥ vgt|G = g)✳ ❚❤❡r❡❢♦r❡✱ ❆ss✉♠♣t✐♦♥ ✷

✐♠♣❧✐❡s v11 < v00✳ ▲❡t

AT = {V ≥ v00, G = 1} ∪ {V ≥ max(v00, v01), G = 0},
NT = {V < v11, G = 1} ∪ {V < min(v00, v01), G = 0},
S1 = {V ∈ [v11, v00), G = 1},
S0 = {V ∈ [min(v00, v01),max(v00, v01)), G = 0}.

AT st❛♥❞s ❢♦r ✏❛❧✇❛②s tr❡❛t❡❞✑✱ ❛♥❞ r❡❢❡rs t♦ ✉♥✐ts ✇✐t❤ ❛ t❛st❡ ❢♦r tr❡❛t♠❡♥t ❛❜♦✈❡ t❤❡

t❤r❡s❤♦❧❞ ❛t ❜♦t❤ ♣❡r✐♦❞s✳ NT st❛♥❞s ❢♦r ✏♥❡✈❡r tr❡❛t❡❞✑✱ ❛♥❞ r❡❢❡rs t♦ ✉♥✐ts ✇✐t❤ ❛ t❛st❡ ❢♦r

✻



tr❡❛t♠❡♥t ❜❡❧♦✇ t❤❡ t❤r❡s❤♦❧❞ ❛t ❜♦t❤ ♣❡r✐♦❞s✳ S1 st❛♥❞s ❢♦r ✏tr❡❛t♠❡♥t ❣r♦✉♣ s✇✐t❝❤❡rs✑✱

❛♥❞ r❡❢❡rs t♦ tr❡❛t♠❡♥t ❣r♦✉♣ ✉♥✐ts ✇✐t❤ ❛ t❛st❡ ❢♦r tr❡❛t♠❡♥t ❜❡t✇❡❡♥ t❤❡ s❡❝♦♥❞ ❛♥❞ ✜rst

♣❡r✐♦❞ t❤r❡s❤♦❧❞s✳ S0 st❛♥❞s ❢♦r ✏❝♦♥tr♦❧ ❣r♦✉♣ s✇✐t❝❤❡rs✑✱ ❛♥❞ r❡❢❡rs t♦ ❝♦♥tr♦❧ ❣r♦✉♣ ✉♥✐ts

✇✐t❤ ❛ t❛st❡ ❢♦r tr❡❛t♠❡♥t ❜❡t✇❡❡♥ t❤❡ t✇♦ t❤r❡s❤♦❧❞s✳

❲❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ✐s st❛❜❧❡ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ t✐♠❡ ❛✛❡❝ts s❡❧❡❝t✐♦♥ ✐♥t♦ tr❡❛t♠❡♥t

♦♥❧② ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣✳ ❚❛❜❧❡ ✶ ❜❡❧♦✇ ❝♦♥s✐❞❡rs ❛♥ ❡①❛♠♣❧❡✳ ❆t ❜♦t❤ ❞❛t❡s✱ ✉♥tr❡❛t❡❞

✉♥✐ts ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ❜❡❧♦♥❣ t♦ t❤❡ NT s✉❜❣r♦✉♣✱ ✇❤✐❧❡ tr❡❛t❡❞ ✉♥✐ts ❜❡❧♦♥❣ t♦ t❤❡ AT

s✉❜❣r♦✉♣✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉♥tr❡❛t❡❞ ✉♥✐ts ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ✐♥ ♣❡r✐♦❞ ✵ ❜❡❧♦♥❣

❡✐t❤❡r t♦ t❤❡ NT ♦r S1 s✉❜❣r♦✉♣✱ ✇❤✐❧❡ ✐♥ ♣❡r✐♦❞ ✶ t❤❡② ♦♥❧② ❜❡❧♦♥❣ t♦ t❤❡ NT s✉❜❣r♦✉♣✳

❈♦♥✈❡rs❡❧②✱ tr❡❛t❡❞ ✉♥✐ts ✐♥ ♣❡r✐♦❞ ✵ ♦♥❧② ❜❡❧♦♥❣ t♦ t❤❡ AT s✉❜❣r♦✉♣✱ ✇❤✐❧❡ ✐♥ ♣❡r✐♦❞ ✶ t❤❡②

❡✐t❤❡r ❜❡❧♦♥❣ t♦ t❤❡ NT ♦r S1 s✉❜❣r♦✉♣✳

Never Treated: Y(0)

Never Treated: Y(0)

Never Treated: Y(0)

Always Treated: Y(1)Always Treated: Y(1)

Always Treated: Y(1)

Switchers: Y(0) Switchers: Y(1)Treatment Group

Control Group

Period 0 Period 1

Never Treated: Y(0)

Always Treated: Y(1)

❚❛❜❧❡ ✶✿ P♦♣✉❧❛t✐♦♥s ♦❢ ✐♥t❡r❡st ✇❤❡♥ P (D00 = 0) = P (D01 = 0)✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ❝❤❛♥❣❡s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ t✐♠❡ ❛✛❡❝ts s❡❧❡❝t✐♦♥

✐♥t♦ tr❡❛t♠❡♥t ✐♥ ❜♦t❤ ❣r♦✉♣s✳ ❚❛❜❧❡ ✷ ❜❡❧♦✇ ❝♦♥s✐❞❡rs ❛♥ ❡①❛♠♣❧❡ ✇❤❡r❡ t❤❡ tr❡❛t♠❡♥t r❛t❡

✐♥❝r❡❛s❡s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✳ ❯♥tr❡❛t❡❞ ✉♥✐ts ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ✐♥ ♣❡r✐♦❞ ✵ ❜❡❧♦♥❣ ❡✐t❤❡r t♦

t❤❡ NT ♦r S0 s✉❜❣r♦✉♣✱ ✇❤✐❧❡ ✐♥ ♣❡r✐♦❞ ✶ t❤❡② ♦♥❧② ❜❡❧♦♥❣ t♦ t❤❡ NT s✉❜❣r♦✉♣✳ ❈♦♥✈❡rs❡❧②✱

tr❡❛t❡❞ ✉♥✐ts ✐♥ ♣❡r✐♦❞ ✵ ♦♥❧② ❜❡❧♦♥❣ t♦ t❤❡ AT s✉❜❣r♦✉♣✱ ✇❤✐❧❡ ✐♥ ♣❡r✐♦❞ ✶ t❤❡② ❡✐t❤❡r ❜❡❧♦♥❣

t♦ t❤❡ NT ♦r S0 s✉❜❣r♦✉♣✳

✼



Switchers: Y(0) Switchers: Y(1)

Never Treated: Y(0)

Always Treated: Y(1)

Always Treated: Y(1)

Never Treated: Y(0)

Switchers: Y(0) Switchers: Y(1)

Period 1

Control Group

Treatment Group

Period 0

Always Treated: Y(1)

Never Treated: Y(0)      

Always Treated: Y(1)

Never Treated: Y(0)

❚❛❜❧❡ ✷✿ P♦♣✉❧❛t✐♦♥s ♦❢ ✐♥t❡r❡st ✇❤❡♥ P (D01 = 1) > P (D00 = 1)✳

❖✉r ✐❞❡♥t✐✜❝❛t✐♦♥s r❡s✉❧ts ❢♦❝✉s ♦♥ tr❡❛t♠❡♥t ❣r♦✉♣ s✇✐t❝❤❡rs✳ ❖✉r ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡st ❛r❡

t❤❡✐r ▲♦❝❛❧ ❆✈❡r❛❣❡ ❚r❡❛t♠❡♥t ❊✛❡❝t ✭▲❆❚❊✮ ❛♥❞ ▲♦❝❛❧ ◗✉❛♥t✐❧❡ ❚r❡❛t♠❡♥t ❊✛❡❝ts ✭▲◗❚❊✮✱

✇❤✐❝❤ ❛r❡ r❡s♣❡❝t✐✈❡❧② ❞❡✜♥❡❞ ❜②

∆ = E (Y11(1)− Y11(0)|S1) ,
τq = F−1

Y11(1)|S1
(q)− F−1

Y11(0)|S1
(q), q ∈ (0, 1).

❲❡ ❢♦❝✉s ♦♥ t❤✐s s✉❜♣♦♣✉❧❛t✐♦♥ ❜❡❝❛✉s❡ ♦✉r ❛ss✉♠♣t✐♦♥s ❡✐t❤❡r ❧❡❛❞ t♦ ♣♦✐♥t ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢

∆ ❛♥❞ τq✱ ♦r ❛t ❧❡❛st t♦ r❡❧❛t✐✈❡❧② t✐❣❤t ❜♦✉♥❞s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦✉r ❛ss✉♠♣t✐♦♥s ♠♦st

♦❢t❡♥ ❧❡❛❞ t♦ ✇✐❞❡ ❛♥❞ ✉♥✐♥❢♦r♠❛t✐✈❡ ❜♦✉♥❞s ❢♦r t❤❡ ❛✈❡r❛❣❡ tr❡❛t♠❡♥t ❡✛❡❝t ❛♥❞ ❢♦r q✉❛♥t✐❧❡

tr❡❛t♠❡♥t ❡✛❡❝ts✳

✸ ■❞❡♥t✐✜❝❛t✐♦♥

✸✳✶ ■❞❡♥t✐✜❝❛t✐♦♥ ✉s✐♥❣ ❛ ❲❛❧❞✲❉■❉ r❛t✐♦

❲❡ ✜rst ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦♠♠♦♥❧② ✉s❡❞ str❛t❡❣② ♦❢ r✉♥♥✐♥❣ ❛♥ ■❱ r❡❣r❡ss✐♦♥ ♦❢ t❤❡ ♦✉t❝♦♠❡

♦♥ t❤❡ tr❡❛t♠❡♥t ✇✐t❤ t✐♠❡ ❛♥❞ ❣r♦✉♣ ❛s ✐♥❝❧✉❞❡❞ ✐♥str✉♠❡♥ts✱ ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡

t✇♦ ❛s t❤❡ ❡①❝❧✉❞❡❞ ✐♥str✉♠❡♥t✳ ❚❤❡ ❡st✐♠❛♥❞ ❛r✐s✐♥❣ ❢r♦♠ t❤✐s r❡❣r❡ss✐♦♥ ✐s t❤❡ ❲❛❧❞✲❉■❉

❞❡✜♥❡❞ ❜② WDID = DIDY /DIDD ✇❤❡r❡✱ ❢♦r ❛♥② r❛♥❞♦♠ ✈❛r✐❛❜❧❡ R✱ ✇❡ ❧❡t

DIDR = E(R11)− E(R10)− (E(R01)− E(R00)) .

❲❡ ❝♦♥s✐❞❡r ❛ s❡t ♦❢ ❛ss✉♠♣t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤✐s ❡st✐♠❛♥❞ ❝❛♥ r❡❝❡✐✈❡ ❛ ❝❛✉s❛❧ ✐♥t❡r♣r❡t❛t✐♦♥✳

❆ss✉♠♣t✐♦♥ ✸ ✭❈♦♠♠♦♥ tr❡♥❞s✮

E(h0(U0, 1)− h0(U0, 0)|G) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ G✳

✽



❆ss✉♠♣t✐♦♥ ✹ ✭❈♦♠♠♦♥ ❛✈❡r❛❣❡ ❡✛❡❝t ♦❢ t✐♠❡ ♦♥ ❜♦t❤ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s✮

E(h1(U1, 1)− h1(U1, 0)|G, V ≥ v00) = E(h0(U0, 1)− h0(U0, 0)|G, V ≥ v00).

❆ss✉♠♣t✐♦♥ ✸ r❡q✉✐r❡s t❤❛t t❤❡ ♠❡❛♥ ♦❢ Y (0) ❢♦❧❧♦✇ t❤❡ s❛♠❡ ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡ ✐♥ t❤❡

tr❡❛t♠❡♥t ❛♥❞ ❝♦♥tr♦❧ ❣r♦✉♣s✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♥♦t s♣❡❝✐✜❝ t♦ t❤❡ ❢✉③③② s❡tt✐♥❣ ✇❡ ❛r❡

❝♦♥s✐❞❡r✐♥❣ ❤❡r❡✿ ❉■❉ ✐♥ s❤❛r♣ s❡tt✐♥❣s ❛❧s♦ r❡❧② ♦♥ t❤✐s ❛ss✉♠♣t✐♦♥ ✭s❡❡✱ ❡✳❣✳✱ ❆❜❛❞✐❡✱ ✷✵✵✺✮✳

❆ss✉♠♣t✐♦♥ ✹ r❡q✉✐r❡s t❤❛t ✐♥ ❜♦t❤ ❣r♦✉♣s✱ t❤❡ ♠❡❛♥ ♦❢ Y (1) ❛♥❞ Y (0) ❢♦❧❧♦✇ t❤❡ s❛♠❡

❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡ ❛♠♦♥❣ ✉♥✐ts tr❡❛t❡❞ ✐♥ ♣❡r✐♦❞ 0✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ss✉♠✐♥❣ t❤❛t t❤❡

❛✈❡r❛❣❡ tr❡❛t♠❡♥t ❡✛❡❝t ✐♥ t❤✐s ♣♦♣✉❧❛t✐♦♥ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ♦✈❡r t✐♠❡✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s

s♣❡❝✐✜❝ t♦ t❤❡ ❢✉③③② s❡tt✐♥❣✳

❚❤❡♦r❡♠ ✸✳✶ ❆ss✉♠❡ t❤❛t ▼♦❞❡❧ ✭✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥s ✶✲✹ ❛r❡ s❛t✐s✜❡❞✳ ▲❡t α = P (D11=1)−P (D10=1)
DIDD

✳

✶✳ ■❢ P (D01 = 1) ≥ P (D00 = 1)✱ α ≥ 1 ❛♥❞

WDID =αE(Y11(1)− Y11(0)|S1)− (α− 1)E(Y01(1)− Y01(0)|S0).

✷✳ ■❢ P (D01 = 1) < P (D00 = 1)✱ α < 1 ❛♥❞

WDID =αE(Y11(1)− Y11(0)|S1) + (1− α)E(Y00(1)− Y00(0)|S0).

❲❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ✐♥❝r❡❛s❡s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ t❤❡ ❲❛❧❞✲❉■❉ ✐s ❡q✉❛❧ t♦ ❛ ✇❡✐❣❤t❡❞

❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ ▲❆❚❊s✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ ❚❛❜❧❡ ✷✳ ■♥ ❜♦t❤ ❣r♦✉♣s✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢

t❤❡ ♠❡❛♥ ♦✉t❝♦♠❡ ❜❡t✇❡❡♥ ♣❡r✐♦❞ ✵ ❛♥❞ ✶ ✐s t❤❡ s✉♠ ♦❢ t❤r❡❡ t❤✐♥❣s✿ t❤❡ ❡✛❡❝t ♦❢ t✐♠❡ ♦♥

t❤❡ ♠❡❛♥ ♦❢ Y (0) ❢♦r ♥❡✈❡r tr❡❛t❡❞ ❛♥❞ s✇✐t❝❤❡rs❀ t❤❡ ❡✛❡❝t ♦❢ t✐♠❡ ♦♥ t❤❡ ♠❡❛♥ ♦❢ Y (1) ❢♦r

❛❧✇❛②s tr❡❛t❡❞❀ t❤❡ ❛✈❡r❛❣❡ ❡✛❡❝t ♦❢ t❤❡ tr❡❛t♠❡♥t ❢♦r s✇✐t❝❤❡rs✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✸ ❛♥❞

✹✱ t❤❡ ❡✛❡❝t ♦❢ t✐♠❡ ✐♥ ❜♦t❤ ❣r♦✉♣s ❝❛♥❝❡❧ ♦♥❡ ❛♥♦t❤❡r ♦✉t✳ ❚❤❡ ❲❛❧❞✲❉■❉ ✐s ✜♥❛❧❧② ❡q✉❛❧ t♦

t❤❡ ✇❡✐❣❤t❡❞ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ tr❡❛t♠❡♥t ❛♥❞ ❝♦♥tr♦❧ ❣r♦✉♣ s✇✐t❝❤❡rs✬ ▲❆❚❊s✳

❚❤✐s ✇❡✐❣❤t❡❞ ❞✐✛❡r❡♥❝❡ ♠❛② ♥♦t r❡❝❡✐✈❡ ❛ ❝❛✉s❛❧ ✐♥t❡r♣r❡t❛t✐♦♥✳ ■t ♠✐❣❤t ❢♦r ✐♥st❛♥❝❡ ❜❡

♥❡❣❛t✐✈❡✱ ✇❤✐❧❡ ❜♦t❤ E(Y11(1) − Y11(0)|S1) ❛♥❞ E(Y01(1) − Y01(0)|S0) ❛r❡ ♣♦s✐t✐✈❡✳ ■❢ ♦♥❡

✐s r❡❛❞② t♦ ❢✉rt❤❡r ❛ss✉♠❡ t❤❛t t❤❡s❡ t✇♦ ▲❆❚❊s ❛r❡ ❡q✉❛❧✱ t❤❡ ❲❛❧❞✲❉■❉ ✐s t❤❡♥ ❡q✉❛❧ t♦

E(Y11(1)−Y11(0)|S1)✳ ❇✉t E(Y11(1)−Y11(0)|S1) = E(Y01(1)−Y01(0)|S0) ✐s ❛ str♦♥❣ r❡str✐❝t✐♦♥
♦♥ t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ t❤❡ tr❡❛t♠❡♥t ❡✛❡❝t✳ ❚♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ ✇❤② ✐t ✐s ♥❡❡❞❡❞✱ ❧❡t ✉s

❝♦♥s✐❞❡r ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ ✐♥ ✇❤✐❝❤ ❛❧❧ ❝♦♥tr♦❧ ❣r♦✉♣ ✉♥✐ts ❤❛✈❡ ❛ tr❡❛t♠❡♥t ❡✛❡❝t ❡q✉❛❧ t♦

+2✱ ✇❤✐❧❡ ❛❧❧ tr❡❛t♠❡♥t ❣r♦✉♣ ✉♥✐ts ❤❛✈❡ ❛ tr❡❛t♠❡♥t ❡✛❡❝t ❡q✉❛❧ t♦ +1✳ ▲❡t ✉s ❛❧s♦ ❛ss✉♠❡

t❤❛t t✐♠❡ ❤❛s ♥♦ ❡✛❡❝t ♦♥ t❤❡ ♦✉t❝♦♠❡✱ ❛♥❞ t❤❛t t❤❡ tr❡❛t♠❡♥t r❛t❡ ✐♥❝r❡❛s❡s t✇✐❝❡ ❛s ♠✉❝❤

✐♥ t❤❡ tr❡❛t♠❡♥t t❤❛♥ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✳ ❚❤❡♥✱ WDID = 2/3× 1− 1/3× 2 = 0✿ t❤❡ ❧♦✇❡r

✐♥❝r❡❛s❡ ♦❢ t❤❡ tr❡❛t♠❡♥t r❛t❡ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ✐s ❡①❛❝t❧② ❝♦♠♣❡♥s❛t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t

t❤❡ tr❡❛t♠❡♥t ❡✛❡❝t ✐s ❤✐❣❤❡r ✐♥ t❤✐s ❣r♦✉♣✳ ❚❤❡ ❲❛❧❞✲❉■❉ ❞♦❡s ♥♦t ❡st✐♠❛t❡ t❤❡ tr❡❛t♠❡♥t

❡✛❡❝t ✐♥ ❛♥② ♦❢ t❤❡ t✇♦ ❣r♦✉♣s✱ ♦r ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡ t✇♦✳

✾



❲❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ❞✐♠✐♥✐s❤❡s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ t❤❡ ❲❛❧❞✲❉■❉ ✐s ❡q✉❛❧ t♦ ❛ ✇❡✐❣❤t❡❞

❛✈❡r❛❣❡ ♦❢ ▲❆❚❊s✳ ❚❤✐s q✉❛♥t✐t② ✐s ♥♦t str❛✐❣❤t❢♦r✇❛r❞ t♦ ✐♥t❡r♣r❡t✱ ❜❡❝❛✉s❡ ✐t ❛❣❣r❡❣❛t❡s

t❤❡ ▲❆❚❊ ♦❢ tr❡❛t♠❡♥t ❣r♦✉♣ s✇✐t❝❤❡rs ✐♥ ♣❡r✐♦❞ ✶ ❛♥❞ t❤❡ ▲❆❚❊ ♦❢ ❝♦♥tr♦❧ ❣r♦✉♣ s✇✐t❝❤❡rs

✐♥ ♣❡r✐♦❞ ✵✳ ❇✉t ✐t s❛t✐s✜❡s t❤❡ ♥♦ s✐❣♥✲r❡✈❡rs❛❧ ♣r♦♣❡rt②✿ ✐❢ t❤❡ tr❡❛t♠❡♥t ❡✛❡❝t ✐s ♦❢ t❤❡

s❛♠❡ s✐❣♥ ❢♦r ❡✈❡r②❜♦❞② ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥✱ t❤❡ ❲❛❧❞✲❉■❉ ✐s ♦❢ t❤❛t s✐❣♥✳ ▼♦r❡♦✈❡r✱ ✉♥❞❡r

t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❝♦♥tr♦❧ ❣r♦✉♣ s✇✐t❝❤❡rs✬ ▲❆❚❊ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ❜❡t✇❡❡♥ ♣❡r✐♦❞ ✵ ❛♥❞ ✶✱

t❤✐s ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ r❡✇r✐t❡s ❛s E(Y (1)− Y (0)|S1 ∪ S0, T = 1)✳

❋✐♥❛❧❧②✱ ✇❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ✐s st❛❜❧❡ ♦✈❡r t✐♠❡ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ t❤❡ ❲❛❧❞✲❉■❉ ✐s

❡q✉❛❧ t♦ t❤❡ ▲❆❚❊ ♦❢ tr❡❛t♠❡♥t ❣r♦✉♣ s✇✐t❝❤❡rs✳ ■♥❞❡❡❞✱ ✐♥ s✉❝❤ ✐♥st❛♥❝❡s ✇❡ ❤❛✈❡ α = 1✱ s♦

t❤❡ ✜rst st❛t❡♠❡♥t ♦❢ t❤❡ t❤❡♦r❡♠ s✐♠♣❧✐✜❡s ✐♥t♦ WDID = ∆✳

❇✉t ❡✈❡♥ ✇❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ✐s st❛❜❧❡ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ t❤❡ ❲❛❧❞✲❉■❉ r❡❧✐❡s ♦♥ t❤❡

❛ss✉♠♣t✐♦♥ t❤❛t t✐♠❡ ❤❛s t❤❡ s❛♠❡ ❡✛❡❝t ♦♥ ❜♦t❤ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s✱ ❛t ❧❡❛st ❛♠♦♥❣ ✉♥✐ts

tr❡❛t❡❞ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✸ ❛❧♦♥❡✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t WDID ✐s ❡q✉❛❧

t♦ t❤❡ s❛♠❡ q✉❛♥t✐t② ❛s ✐♥ ❚❤❡♦r❡♠ ✸✳✶✱ ♣❧✉s ❛ ❜✐❛s t❡r♠ ❡q✉❛❧ t♦

1

DIDD
[E(C1 − C0|V ≥ v00, G = 1)P (D10 = 1)− E(C1 − C0|V ≥ v00, G = 0)P (D00 = 1)] ,

✇❤❡r❡ Cd = hd(Ud, 1) − hd(Ud, 0)✳ ❆ss✉♠♣t✐♦♥ ✺ ❡♥s✉r❡s t❤❛t t❤✐s ❜✐❛s t❡r♠ ✐s ❡q✉❛❧ t♦ ✵✳

❖t❤❡r✇✐s❡✱ ✐t ♠✐❣❤t ✈❡r② ✇❡❧❧ ❞✐✛❡r ❢r♦♠ ✵✳✹

❚♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ ✇❤② t❤✐s r❡str✐❝t✐♦♥ ✐s ♥❡❡❞❡❞✱ ❝♦♥s✐❞❡r ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ ✇❤❡r❡ t✐♠❡

✐♥❝r❡❛s❡s Y (1) ❜② ✶ ✉♥✐t✱ ✇❤✐❧❡ ❧❡❛✈✐♥❣ Y (0) ✉♥❝❤❛♥❣❡❞✳ ❆ss✉♠❡ ❛❧s♦ t❤❛t ✐♥ ♣❡r✐♦❞ ✵✱ tr❡❛t✲

♠❡♥t ❤❛❞ ♥♦ ❡✛❡❝t✳ ❋✐♥❛❧❧②✱ ❛ss✉♠❡ t❤❛t t❤❡ tr❡❛t♠❡♥t r❛t❡ ✇❡♥t ❢r♦♠ t♦ ✷✵ t♦ ✺✵✪ ✐♥

t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣✱ ✇❤✐❧❡ ✐t r❡♠❛✐♥❡❞ ❡q✉❛❧ t♦ ✽✵✪ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✳ ❚❤❡♥✱ DIDY =

0.2×1+0.3×1+0.5×0−(0.8×1+0.2×0) = −0.3✳ ❚❤❡ ✜rst ❛♥❞ t❤✐r❞ t❡r♠s r❡s♣❡❝t✐✈❡❧② ❝♦♠❡

❢r♦♠ t❤❡ ❡✛❡❝t ♦❢ t✐♠❡ ♦♥ ❛❧✇❛②s ❛♥❞ ♥❡✈❡r tr❡❛t❡❞ ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣✳ ❙✐♠✐❧❛r❧②✱ t❤❡

❢♦✉rt❤ ❛♥❞ ✜❢t❤ t❡r♠s r❡s♣❡❝t✐✈❡❧② ❝♦♠❡ ❢r♦♠ t❤❡ ❡✛❡❝t ♦❢ t✐♠❡ ♦♥ ❛❧✇❛②s ❛♥❞ ♥❡✈❡r tr❡❛t❡❞ ✐♥

t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✳ ❋✐♥❛❧❧②✱ t❤❡ s❡❝♦♥❞ t❡r♠ ❝♦♠❡s ❢r♦♠ t❤❡ tr❡❛t♠❡♥t ❡✛❡❝t ❛♠♦♥❣ tr❡❛t♠❡♥t

❣r♦✉♣ s✇✐t❝❤❡rs✳ ❚❤❡r❡❢♦r❡✱ WDID = −1✱ ✇❤✐❧❡ ❡✈❡r② ✉♥✐t ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❤❛s ❛ tr❡❛t♠❡♥t

❡✛❡❝t ❡q✉❛❧ t♦ 1 ✐♥ ♣❡r✐♦❞ ✶✱ ❛♥❞ t♦ 0 ✐♥ ♣❡r✐♦❞ ✵✳

❚❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t✐♠❡ ❤❛s ❤♦♠♦❣❡♥❡♦✉s ❡✛❡❝ts ♦♥ ❜♦t❤ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ♠✐❣❤t ♥♦t

❛❧✇❛②s ❜❡ ♣❧❛✉s✐❜❧❡✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ r❡❧❛t✐✈❡ ❡❛r♥✐♥❣s ♦❢ ❝♦❧❧❡❣❡ ❣r❛❞✉❛t❡s ✐♥ t❤❡ ❯❙ ✐♥✲

❝r❡❛s❡❞ ❞r❛♠❛t✐❝❛❧❧② ✐♥ t❤❡ ✶✾✽✵s ✭s❡❡ ❑❛t③ ❡t ❛❧✳✱ ✶✾✾✾✮✱ s✉❣❣❡st✐♥❣ t❤❛t t✐♠❡ ♠✐❣❤t ❤❛✈❡ ❤❛❞

❤❡t❡r♦❣❡♥❡♦✉s ❡✛❡❝ts ♦♥ ♣♦t❡♥t✐❛❧ ✇❛❣❡s ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛ ❝♦❧❧❡❣❡ ❞❡❣r❡❡✳

✸✳✷ ■❞❡♥t✐✜❝❛t✐♦♥ ✉s✐♥❣ ❛ t✐♠❡✲❝♦rr❡❝t❡❞ ❲❛❧❞ r❛t✐♦

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛ ✜rst s❡t ♦❢ ❛❧t❡r♥❛t✐✈❡ ❡st✐♠❛♥❞s t♦ WDID✳ ■♥st❡❛❞ ♦❢ r❡❧②✐♥❣ ♦♥

❆ss✉♠♣t✐♦♥s ✸ ❛♥❞ ✹✱ t❤❡② r❡❧② ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥✿

✹❆ss✉♠✐♥❣ t❤❛t E(C0 − C1|V < v0, G) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ G ✐s ♥♦t s✉✣❝✐❡♥t t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❜✐❛s ✐s

❡q✉❛❧ t♦ ✵✱ ✉♥❧❡ss P (D00 = 1) = P (D10 = 1)✳

✶✵



❆ss✉♠♣t✐♦♥ ✺ ✭❈♦♠♠♦♥ tr❡♥❞s ✇✐t❤✐♥ tr❡❛t♠❡♥t st❛t✉s ❛t ❞❛t❡ ✵✮

E(h0(U0, 1) − h0(U0, 0)|G, V < v00) ❛♥❞ E(h1(U1, 1) − h1(U1, 0)|G, V ≥ v00) ❞♦ ♥♦t ❞❡♣❡♥❞

♦♥ G✳

❆ss✉♠♣t✐♦♥ ✺ r❡q✉✐r❡s t❤❛t t❤❡ ♠❡❛♥ ♦❢ Y (0) ✭r❡s♣✳ Y (1)✮ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡

❛♠♦♥❣ tr❡❛t♠❡♥t ❛♥❞ ❝♦♥tr♦❧ ❣r♦✉♣ ✉♥✐ts t❤❛t ✇❡r❡ ✉♥tr❡❛t❡❞ ✭r❡s♣✳ tr❡❛t❡❞✮ ❛t ♣❡r✐♦❞ 0✳

▲❡t δd = E(Yd01)− E(Yd00) ❞❡♥♦t❡ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ♠❡❛♥ ♦✉t❝♦♠❡ ❜❡t✇❡❡♥ ♣❡r✐♦❞ ✵ ❛♥❞ ✶

❢♦r ❝♦♥tr♦❧ ❣r♦✉♣ ✉♥✐ts ✇✐t❤ tr❡❛t♠❡♥t st❛t✉s d✳ ❚❤❡♥✱ ❧❡t

WTC =
E(Y11)− E(Y10 + δD10

)

E(D11)− E(D10)
.

WTC st❛♥❞s ❢♦r ✏t✐♠❡✲❝♦rr❡❝t❡❞ ❲❛❧❞✑✳

❲❤❡♥ t❤❡ ♦✉t❝♦♠❡ ✐s ❜♦✉♥❞❡❞✱ ❧❡t y ❛♥❞ y r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡ t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ♦❢

✐ts s✉♣♣♦rt✳ ❋♦r ❛♥② g ∈ S(G)✱ ❧❡t λgd = P (Dg1 = d)/P (Dg0 = d) ❜❡ t❤❡ r❛t✐♦ ♦❢ t❤❡ s❤❛r❡s ♦❢

♣❡♦♣❧❡ r❡❝❡✐✈✐♥❣ tr❡❛t♠❡♥t d ✐♥ ♣❡r✐♦❞ ✶ ❛♥❞ ♣❡r✐♦❞ ✵ ✐♥ ❣r♦✉♣ g✳ ❋♦r ✐♥st❛♥❝❡✱ λ00 > 1 ✇❤❡♥

t❤❡ s❤❛r❡ ♦❢ ✉♥tr❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s ✐♥❝r❡❛s❡s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ❜❡t✇❡❡♥ ♣❡r✐♦❞ ✵ ❛♥❞ ✶✳ ❋♦r

❛♥② r❡❛❧ ♥✉♠❜❡r x✱ ❧❡t M0(x) = max(0, x) ❛♥❞ m1(x) = min(1, x)✳ ▲❡t ❛❧s♦✱ ❢♦r d ∈ {0, 1}✱

F d01(y) =M0 [1− λ0d(1− FYd01
(y))]−M0(1− λ0d)1{y < y},

F d01(y) = m1 [λ0dFYd01
(y)] + (1−m1(λ0d))1{y ≥ y}.

❚❤❡♥ ❞❡✜♥❡ δd =
∫
ydF d01(y)− E(Yd00) ❛♥❞ δd =

∫
ydF d01(y)− E(Yd00) ❛♥❞ ❧❡t

W TC =
E(Y11)− E(Y10 + δD10

)

E(D11)− E(D10)
, W TC =

E(Y11)− E(Y10 + δD10
)

E(D11)− E(D10)
.

❚❤❡♦r❡♠ ✸✳✷ ❆ss✉♠❡ t❤❛t ▼♦❞❡❧ ✭✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥s ✶✲✷ ❛♥❞ ✺ ❛r❡ s❛t✐s✜❡❞✳

✶✳ ■❢ 0 < P (D01 = 1) = P (D00 = 1) < 1✱ WTC = ∆.

✷✳ ■❢ 0 < P (D01 = 1) 6= P (D00 = 1) < 1 ❛♥❞ P (y ≤ Y (d) ≤ y) = 1 ❢♦r d ∈ {0, 1}✱
W TC ≤ ∆ ≤W TC .

✺

❖✉r ♣♦✐♥t ✐❞❡♥t✐✜❝❛t✐♦♥ r❡s✉❧t ❡①t❡♥❞s t❤❡ ❉■❉ ❧♦❣✐❝ t♦ ❢✉③③② s❡tt✐♥❣s✳ ❲❡ s❡❡❦ t♦ r❡❝♦✈❡r

t❤❡ ♠❡❛♥ ♦❢✱ s❛②✱ Y (1) ❛♠♦♥❣ s✇✐t❝❤❡rs ✐♥ t❤❡ tr❡❛t♠❡♥t × ♣❡r✐♦❞ ✶ ❝❡❧❧✳ ❖♥ t❤❛t ♣✉r♣♦s❡✱

✇❡ st❛rt ❢r♦♠ t❤❡ ♠❡❛♥ ♦❢ Y ❛♠♦♥❣ ❛❧❧ tr❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s ♦❢ t❤✐s ❝❡❧❧✳ ❆s s❤♦✇♥ ✐♥ ❚❛❜❧❡

✶✱ t❤♦s❡ ✐♥❝❧✉❞❡ ❜♦t❤ s✇✐t❝❤❡rs ❛♥❞ ❛❧✇❛②s tr❡❛t❡❞✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ♠✉st ✏✇✐t❤❞r❛✇✑ t❤❡

♠❡❛♥ ♦❢ Y (1) ❛♠♦♥❣ ❛❧✇❛②s tr❡❛t❡❞✳ ❚❤✐s q✉❛♥t✐t② ✐s ♥♦t ♦❜s❡r✈❡❞✳ ❚♦ r❡❝♦♥str✉❝t ✐t✱ ✇❡ ❛❞❞

t♦ t❤❡ ♠❡❛♥ ♦❢ Y (1) ❛♠♦♥❣ ❛❧✇❛②s tr❡❛t❡❞ ♦❢ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ✐♥ ♣❡r✐♦❞ ✵ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢

t❤❡ ♠❡❛♥ ♦❢ Y (1) ❛♠♦♥❣ ❛❧✇❛②s tr❡❛t❡❞ ♦❢ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ❜❡t✇❡❡♥ ♣❡r✐♦❞ ✵ ❛♥❞ ✶✳ ❲❡ ✉s❡

s✐♠✐❧❛r st❡♣s t♦ r❡❝♦✈❡r t❤❡ ♠❡❛♥ ♦❢ Y (0) ❛♠♦♥❣ s✇✐t❝❤❡rs ✐♥ t❤❡ tr❡❛t♠❡♥t × ♣❡r✐♦❞ ✵ ❝❡❧❧✳

✺■t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❤♦✇ t❤❛t t❤❡s❡ ❜♦✉♥❞s ❛r❡ s❤❛r♣✳ ❲❡ ♦♠✐t t❤❡ ♣r♦♦❢ ❞✉❡ t♦ ❛ ❝♦♥❝❡r♥ ❢♦r ❜r❡✈✐t②✳

✶✶



◆♦t❡ t❤❛t

WTC =
E(Y |G = 1, T = 1)− E(Y + (1−D)δ0 +Dδ1|G = 1, T = 0)

E(D|G = 1, T = 1)− E(D|G = 1, T = 0)
.

❚❤✐s ✐s ❛❧♠♦st t❤❡ ❲❛❧❞ r❛t✐♦ ✇✐t❤ t✐♠❡ ❛s t❤❡ ✐♥str✉♠❡♥t ❝♦♥s✐❞❡r❡❞ ✜rst ❜② ❍❡❝❦♠❛♥ ✫

❘♦❜❜ ✭✶✾✽✺✮✱ ❡①❝❡♣t t❤❛t ✇❡ ❤❛✈❡ Y + (1 − D)δ0 + Dδ1 ✐♥st❡❛❞ ♦❢ Y ✐♥ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢

t❤❡ ♥✉♠❡r❛t♦r✳ ❚❤✐s ❞✐✛❡r❡♥❝❡ ❛r✐s❡s ❜❡❝❛✉s❡ t✐♠❡ ✐s ♥♦t ❛ st❛♥❞❛r❞ ✐♥str✉♠❡♥t✿ ✐t ✐s ❞✐r❡❝t❧②

✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♦✉t❝♦♠❡ ❡q✉❛t✐♦♥✳ ❲❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ✐s st❛❜❧❡ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ✇❡

❝❛♥ ✐❞❡♥t✐❢② t❤❡ ❞✐r❡❝t ❡✛❡❝t ♦❢ t✐♠❡ ♦♥ Y (0) ❛♥❞ Y (1) ❜② ❧♦♦❦✐♥❣ ❛t ❤♦✇ t❤❡ ♠❡❛♥ ♦✉t❝♦♠❡

♦❢ ✉♥tr❡❛t❡❞ ❛♥❞ tr❡❛t❡❞ ✉♥✐ts ❝❤❛♥❣❡s ♦✈❡r t✐♠❡ ✐♥ t❤✐s ❣r♦✉♣✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✺✱ t❤✐s

❞✐r❡❝t ❡✛❡❝t ✐s t❤❡ s❛♠❡ ✐♥ t❤❡ t✇♦ ❣r♦✉♣s ❢♦r ✉♥✐ts s❤❛r✐♥❣ t❤❡ s❛♠❡ tr❡❛t♠❡♥t st❛t✉s ✐♥

t❤❡ ✜rst ♣❡r✐♦❞✳ ❆s ❛ r❡s✉❧t✱ ✇❡ ❝❛♥ ❛❞❞ t❤❡s❡ ❝❤❛♥❣❡s t♦ t❤❡ ♦✉t❝♦♠❡ ♦❢ ✉♥tr❡❛t❡❞ ❛♥❞

tr❡❛t❡❞ ✉♥✐ts ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ✐♥ ♣❡r✐♦❞ 0✱ t♦ r❡❝♦✈❡r t❤❡ ♠❡❛♥ ♦✉t❝♦♠❡ ✇❡ ✇♦✉❧❞ ❤❛✈❡

♦❜s❡r✈❡❞ ✐♥ t❤✐s ❣r♦✉♣ ✐♥ ♣❡r✐♦❞ 1 ✐❢ t✐♠❡ ❤❛❞ ♥♦t ❛✛❡❝t❡❞ s❡❧❡❝t✐♦♥ ✐♥t♦ tr❡❛t♠❡♥t✳ ❚❤✐s ✐s

✇❤❛t (1 −D)δ0 +Dδ1 ❞♦❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♥✉♠❡r❛t♦r ♦❢ WTC ✐s ❡q✉❛❧ t♦ t❤❡ ❡✛❡❝t ♦❢ t✐♠❡

♦♥ t❤❡ ♦✉t❝♦♠❡ ✇❤✐❝❤ ♦♥❧② ❣♦❡s t❤r♦✉❣❤ ✐ts ❡✛❡❝t ♦♥ s❡❧❡❝t✐♦♥ ✐♥t♦ tr❡❛t♠❡♥t✳ ❖♥❝❡ ♣r♦♣❡r❧②

♥♦r♠❛❧✐③❡❞✱ t❤✐s ②✐❡❧❞s t❤❡ ▲❆❚❊ ♦❢ tr❡❛t♠❡♥t ❣r♦✉♣ s✇✐t❝❤❡rs✳

❲❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ❝❤❛♥❣❡s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♦✉t❝♦♠❡ ✐♥ t❤✐s

❣r♦✉♣ ❝❛♥ st❡♠ ❜♦t❤ ❢r♦♠ t❤❡ ❞✐r❡❝t ❡✛❡❝t ♦❢ t✐♠❡ ♦♥ t❤❡ ♦✉t❝♦♠❡✱ ❛♥❞ ❢r♦♠ ✐ts ❡✛❡❝t ♦♥

s❡❧❡❝t✐♦♥ ✐♥t♦ tr❡❛t♠❡♥t✳ ❋♦r ✐♥st❛♥❝❡✱ ❛♥❞ ❛s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ ❚❛❜❧❡ ✷✱ ✇❤❡♥ t❤❡ tr❡❛t♠❡♥t

r❛t❡ ✐♥❝r❡❛s❡s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ E(Y101) ❛♥❞ E(Y100) ❛r✐s❡s ❜♦t❤

❢r♦♠ t❤❡ ❡✛❡❝t ♦❢ t✐♠❡ ♦♥ Y (1)✱ ❛♥❞ ❢r♦♠ t❤❡ ❢❛❝t t❤❡ ❢♦r♠❡r ❡①♣❡❝t❛t✐♦♥ ✐s ❢♦r ❛❧✇❛②s tr❡❛t❡❞

❛♥❞ s✇✐t❝❤❡rs ✇❤✐❧❡ t❤❡ ❧❛t❡r ✐s ♦♥❧② ❢♦r ❛❧✇❛②s tr❡❛t❡❞✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ♥♦ ❧♦♥❣❡r ✐❞❡♥t✐❢② t❤❡

❞✐r❡❝t ❡✛❡❝t ♦❢ t✐♠❡ ♦♥ t❤❡ ♦✉t❝♦♠❡✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡ ♦✉t❝♦♠❡ ❤❛s ❜♦✉♥❞❡❞ s✉♣♣♦rt✱ t❤✐s

❞✐r❡❝t ❡✛❡❝t ❝❛♥ ❜❡ ❜♦✉♥❞❡❞✱ ❜❡❝❛✉s❡ ✇❡ ❦♥♦✇ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ s✇✐t❝❤❡rs

❛❝❝♦✉♥t ❢♦r✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ▲❆❚❊ ♦❢ tr❡❛t♠❡♥t ❣r♦✉♣ s✇✐t❝❤❡rs ❝❛♥ ❛❧s♦ ❜❡ ❜♦✉♥❞❡❞✳ ❚❤❡

s♠❛❧❧❡r t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ tr❡❛t♠❡♥t r❛t❡ ♦✈❡r t✐♠❡ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ t❤❡ t✐❣❤t❡r t❤❡ ❜♦✉♥❞s✳

❲❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ♠✉❝❤ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥

WTC ❛♥❞ ∆ ✐s ❧✐❦❡❧② t♦ ❜❡ s♠❛❧❧✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ✐♥❝r❡❛s❡s ✐♥ t❤❡

❝♦♥tr♦❧ ❣r♦✉♣✱ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t ✉♥❞❡r t❤❡ ❆ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸✳✷✱ WTC ✐s ❡q✉❛❧

t♦ ∆ ♣❧✉s t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐❛s t❡r♠✿

P (D10 = 0)
(
1− P (D01=0)

P (D00=0)

)
(E(Y01(0)|S0)− E(Y01(0)|NT ))

P (D11 = 1)− P (D10 = 1)

−
P (D10 = 1)

(
1− P (D00=1)

P (D01=1)

)
(E(Y01(1)|S0)− E(Y01(1)|AT ))

P (D11 = 1)− P (D10 = 1)
. ✭✷✮

❚❤✐s t❡r♠ ❝❛♥❝❡❧s ✐❢ P (D01 = 1) = P (D00 = 1)✱ ❜✉t ❛❧s♦ ✐❢

U0|S0, G = 0 ∼ U0|NT,G = 0 ❛♥❞ U1|S0, G = 0 ∼ U1|AT,G = 0. ✭✸✮
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❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♥♦t ✈❡r② ❛♣♣❡❛❧✐♥❣✱ ❛s ✐t r❡q✉✐r❡s t❤❛t ❝♦♥tr♦❧ ❣r♦✉♣ s✇✐t❝❤❡rs ❤❛✈❡ t❤❡

s❛♠❡ ❞✐str✐❜✉t✐♦♥ ♦❢ U0 ❛s ♥❡✈❡r tr❡❛t❡❞✱ ❛♥❞ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ♦❢ U1 ❛s ❛❧✇❛②s tr❡❛t❡❞✳

❇✉t ❊q✉❛t✐♦♥s ✭✷✮ ❛♥❞ ✭✸✮ st✐❧❧ s❤♦✇ t❤❛t ✇❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ♠✉❝❤ ✐♥

t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ WTC ✐s ❝❧♦s❡ t♦ ∆ ✉♥❧❡ss s✇✐t❝❤❡rs ❛r❡ ❡①tr❡♠❡❧② ❞✐✛❡r❡♥t ❢r♦♠ ♥❡✈❡r ❛♥❞

❛❧✇❛②s tr❡❛t❡❞✳

❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t ✇❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ✐s st❛❜❧❡ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ ✇❡ ❤❛✈❡

WDID =
E(Y11)− E(Y10 + δD00

)

E(D11)− E(D10)
.

❲❤❡♥ ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ❡✛❡❝t ♦❢ t✐♠❡ ♦♥ t❤❡ ♦✉t❝♦♠❡✱WDID ✇❡✐❣❤ts δ0 ❛♥❞ δ1 ❜② P (D00 = 0)

❛♥❞ P (D00 = 1)✱ ✇❤✐❧❡ WTC ✇❡✐❣❤ts t❤❡s❡ t❡r♠s ❜② P (D10 = 0) ❛♥❞ P (D10 = 1)✳ ❚❤❡s❡ t✇♦

❡st✐♠❛♥❞s ❛r❡ ❡q✉❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✐t❤❡r δ0 = δ1 ♦r P (D00 = 1) = P (D10 = 1)✳ ❖t❤❡r✇✐s❡✱

t❤❡② ❞✐✛❡r✳ ❚❤❡ ❛ss✉♠♣t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ WDID ❛♥❞ WTC r❡❧② ❛r❡ ♥♦♥✲♥❡st❡❞✳ WTC r❡q✉✐r❡s

♠♦r❡ ❝♦♠♠♦♥ tr❡♥❞s ❛ss✉♠♣t✐♦♥s ❜❡t✇❡❡♥ ❣r♦✉♣s✱ ❜✉t ✐t ❞♦❡s ♥♦t r❡q✉✐r❡ ❝♦♠♠♦♥ tr❡♥❞s

❛ss✉♠♣t✐♦♥s ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ✇✐t❤✐♥ ❣r♦✉♣s✳ ❚❤❡r❡❢♦r❡✱ t❡st✐♥❣ WDID =

WTC ✐s ❛ ❥♦✐♥t t❡st ♦❢ ❆ss✉♠♣t✐♦♥s ✶ ❛♥❞ ✸✲✺✳

✸✳✸ ■❞❡♥t✐✜❝❛t✐♦♥ ✉s✐♥❣ ✐♥str✉♠❡♥t❡❞ ❝❤❛♥❣❡s✲✐♥✲❝❤❛♥❣❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛ s❡❝♦♥❞ s❡t ♦❢ ❛❧t❡r♥❛t✐✈❡ ❡st✐♠❛♥❞s ❢♦r ❝♦♥t✐♥✉♦✉s ♦✉t❝♦♠❡s✱

✐♥s♣✐r❡❞ ❢r♦♠ t❤❡ ❈■❈ ♠♦❞❡❧ ✐♥ ❆t❤❡② ✫ ■♠❜❡♥s ✭✷✵✵✻✮✳ ❚❤❡s❡ ❡st✐♠❛♥❞s ❝r✉❝✐❛❧❧② r❡❧② ♦♥ ❛

♠♦♥♦t♦♥✐❝✐t② ❛ss✉♠♣t✐♦♥✳

❆ss✉♠♣t✐♦♥ ✻ ✭▼♦♥♦t♦♥✐❝✐t②✮

Ud ∈ R ❛♥❞ hd(u, t) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ u ❢♦r ❛❧❧ (d, t) ∈ S(D)× S(T )✳

❆ss✉♠♣t✐♦♥ ✻ r❡q✉✐r❡s t❤❛t ❛t ❡❛❝❤ ♣❡r✐♦❞✱ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ❛r❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s

♦❢ ❛ s❝❛❧❛r ✉♥♦❜s❡r✈❡❞ ❤❡t❡r♦❣❡♥❡✐t② t❡r♠✳ ❍❡r❡❛❢t❡r✱ ✇❡ r❡❢❡r t♦ ❆ss✉♠♣t✐♦♥s ✶✲✷ ❛♥❞ ✻

❛s t♦ t❤❡ ■❱✲❈■❈ ♠♦❞❡❧✳ ❚❤❡ ■❱✲❈■❈ ♠♦❞❡❧ ❣❡♥❡r❛❧✐③❡s t❤❡ ❈■❈ ♠♦❞❡❧ t♦ ❢✉③③② s❡tt✐♥❣s✳

❆ss✉♠♣t✐♦♥ ✶ ✐♠♣❧✐❡s Ud ⊥⊥ T |G ❛♥❞ V ⊥⊥ T |G✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ t✐♠❡ ✐♥✈❛r✐❛♥❝❡

❛ss✉♠♣t✐♦♥ ✐♥ ❆t❤❡② ✫ ■♠❜❡♥s ✭✷✵✵✻✮✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ■❱✲❈■❈ ♠♦❞❡❧ ✐♠♣♦s❡s ❛ st❛♥❞❛r❞ ❈■❈

♠♦❞❡❧ ❜♦t❤ ♦♥ Y ❛♥❞ D✳ ❇✉t ❆ss✉♠♣t✐♦♥ ✶ ❛❧s♦ ✐♠♣❧✐❡s Ud ⊥⊥ T |G, V ✿ ✐♥ ❡❛❝❤ ❣r♦✉♣✱ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢✱ s❛②✱ ❛❜✐❧✐t② ❛♠♦♥❣ ♣❡♦♣❧❡ ✇✐t❤ ❛ ❣✐✈❡♥ t❛st❡ ❢♦r tr❡❛t♠❡♥t s❤♦✉❧❞ ♥♦t ❝❤❛♥❣❡

♦✈❡r t✐♠❡✳ ❖✉r r❡s✉❧ts r❡❧② ♦♥ t❤✐s s✉♣♣❧❡♠❡♥t❛r② r❡str✐❝t✐♦♥✳

❚❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ■❱✲❈■❈ ♠♦❞❡❧ ❤❛✈❡ ❛❞✈❛♥t❛❣❡s ❛♥❞ ❞r❛✇❜❛❝❦s ✇✐t❤ r❡s♣❡❝t t♦ t❤♦s❡

✉♥❞❡r❧②✐♥❣ t❤❡ ❲❛❧❞✲❉■❉ ❛♥❞ ❲❛❧❞✲❚❈ ❡st✐♠❛♥❞s✳ ❋♦r ✐♥st❛♥❝❡✱ ♦♥❡ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ ❆s✲

s✉♠♣t✐♦♥s ✶ ❛♥❞ ✺ ✐s t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠❡❛♥ ♦✉t❝♦♠❡ ♦❢ ❛❧✇❛②s tr❡❛t❡❞ ✐♥ t❤❡

tr❡❛t♠❡♥t ❛♥❞ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ s❤♦✉❧❞ r❡♠❛✐♥ st❛❜❧❡ ♦✈❡r t✐♠❡✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♥♦t

✐♥✈❛r✐❛♥t t♦ t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ♦✉t❝♦♠❡✱ ❜✉t ✐t ♦♥❧② r❡str✐❝ts ✐ts ✜rst ♠♦♠❡♥t✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ ❆ss✉♠♣t✐♦♥s ✶ ❛♥❞ ✻ ✐s t❤❛t t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ✉♥✐ts ✐♥
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t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ❛♠♦♥❣ ❛♥② q✉❛♥t✐❧❡ ❣r♦✉♣ ♦❢ t❤❡ ❛❧✇❛②s tr❡❛t❡❞ r❡♠❛✐♥s ❝♦♥st❛♥t ♦✈❡r

t✐♠❡✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢✱ ✐♥ ♣❡r✐♦❞ ✵✱ ✼✵✪ ♦❢ ✉♥✐ts ✐♥ t❤❡ ✜rst ❞❡❝✐❧❡ ♦❢ ❛❧✇❛②s tr❡❛t❡❞ ❜❡❧♦♥❣❡❞

t♦ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣✱ ✐♥ ♣❡r✐♦❞ ✶ t❤❡r❡ s❤♦✉❧❞ st✐❧❧ ❜❡ ✼✵✪ ♦❢ tr❡❛t♠❡♥t ❣r♦✉♣ ✉♥✐ts ✐♥ t❤❡

✜rst ❞❡❝✐❧❡✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ✐♥✈❛r✐❛♥t t♦ t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ♦✉t❝♦♠❡✱ ❜✉t ✐t r❡str✐❝ts ✐ts ❡♥t✐r❡

❞✐str✐❜✉t✐♦♥✳ ❲❤❡♥ t❤❡ tr❡❛t♠❡♥t ❛♥❞ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣s ❤❛✈❡ ❞✐✛❡r❡♥t ♦✉t❝♦♠❡ ❞✐str✐❜✉t✐♦♥s

✐♥ t❤❡ ✜rst ♣❡r✐♦❞ ✭s❡❡ ❡✳❣✳ ❇❛t❡♥ ❡t ❛❧✳✱ ✷✵✶✹✮✱ t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ♦✉t❝♦♠❡ ♠✐❣❤t ❤❛✈❡ ❛ ❧❛r❣❡

❡✛❡❝t ♦♥ t❤❡ r❡s✉❧ts✱ s♦ ✉s✐♥❣ ❛ ♠♦❞❡❧ ✐♥✈❛r✐❛♥t t♦ t❤✐s s❝❛❧✐♥❣ ♠✐❣❤t ❜❡ ♣r❡❢❡r❛❜❧❡✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ t❤❡ ♦✉t❝♦♠❡ ❞✐str✐❜✉t✐♦♥s ✐♥ t❤❡ tr❡❛t♠❡♥t ❛♥❞ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ❛r❡

s✐♠✐❧❛r ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✱ ✉s✐♥❣ ❛ ♠♦❞❡❧ t❤❛t ♦♥❧② r❡str✐❝ts t❤❡ ✜rst ♠♦♠❡♥t ♦❢ t❤❡ ♦✉t❝♦♠❡

♠✐❣❤t ❜❡ ♣r❡❢❡r❛❜❧❡✳

❲❡ ❛❧s♦ ✐♠♣♦s❡ t❤❡ ❛ss✉♠♣t✐♦♥ ❜❡❧♦✇✱ ✇❤✐❝❤ ✐s t❡st❛❜❧❡ ✐♥ t❤❡ ❞❛t❛✳

❆ss✉♠♣t✐♦♥ ✼ ✭❉❛t❛ r❡str✐❝t✐♦♥s✮

✶✳ S(Ydgt) = S(Y ) = [y, y] ✇✐t❤ −∞ ≤ y < y ≤ +∞✱ ❢♦r (d, g, t) ∈ S(D)× S(G)× S(T )✳

✷✳ FYdgt
✐s ❝♦♥t✐♥✉♦✉s ♦♥ R ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ S(Y )✱ ❢♦r (d, g, t) ∈ S(D)× S(G)×

S(T )✳

❚❤❡ ✜rst ❝♦♥❞✐t✐♦♥ r❡q✉✐r❡s t❤❛t t❤❡ ♦✉t❝♦♠❡ ❤❛✈❡ t❤❡ s❛♠❡ s✉♣♣♦rt ✐♥ ❡❛❝❤ ♦❢ t❤❡ ❡✐❣❤t

tr❡❛t♠❡♥t × ❣r♦✉♣ × ♣❡r✐♦❞ ❝❡❧❧✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ❞♦❡s ♥♦t r❡str✐❝t t❤❡ s✉♣♣♦rt t♦ ❜❡ ❜♦✉♥❞❡❞✿

y ❛♥❞ y ❝❛♥ ❜❡ ❡q✉❛❧ t♦ − ❛♥❞ +∞✳ ❆t❤❡② ✫ ■♠❜❡♥s ✭✷✵✵✻✮ ♠❛❦❡ ❛ s✐♠✐❧❛r ❛ss✉♠♣t✐♦♥✳

❈♦♠♠♦♥ s✉♣♣♦rt ❝♦♥❞✐t✐♦♥s ♠✐❣❤t ♥♦t ❜❡ s❛t✐s✜❡❞ ✇❤❡♥ ♦✉t❝♦♠❡ ❞✐str✐❜✉t✐♦♥s ❞✐✛❡r ✐♥ t❤❡

tr❡❛t♠❡♥t ❛♥❞ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ t❤❡ ✈❡r② s✐t✉❛t✐♦♥s ✇❤❡r❡ ❈■❈ ♠✐❣❤t ❜❡ ♠♦r❡ ❛♣♣❡❛❧✐♥❣

t❤❛♥ ❉■❉✳ ❆t❤❡② ✫ ■♠❜❡♥s ✭✷✵✵✻✮ s❤♦✇ t❤❛t ✐♥ s✉❝❤ ✐♥st❛♥❝❡s✱ q✉❛♥t✐❧❡ tr❡❛t♠❡♥t ❡✛❡❝ts ❛r❡

st✐❧❧ ♣♦✐♥t ✐❞❡♥t✐✜❡❞ ♦✈❡r ❛ ❧❛r❣❡ s❡t ♦❢ q✉❛♥t✐❧❡s✱ ✇❤✐❧❡ t❤❡ ❛✈❡r❛❣❡ tr❡❛t♠❡♥t ❡✛❡❝t ❝❛♥ ❜❡

❜♦✉♥❞❡❞✳ ❊✈❡♥ t❤♦✉❣❤ ✇❡ ❞♦ ♥♦t ♣r❡s❡♥t t❤❡♠ ❤❡r❡✱ s✐♠✐❧❛r r❡s✉❧ts ❛♣♣❧② ✐♥ ❢✉③③② s❡tt✐♥❣s✳

❚❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ✐❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Y ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ ♣♦s✐t✐✈❡ ❞❡♥s✐t② ✐♥

❡❛❝❤ ♦❢ t❤❡ ❡✐❣❤t ❣r♦✉♣s × ♣❡r✐♦❞s × tr❡❛t♠❡♥t st❛t✉s ❝❡❧❧s✳ ❲✐t❤ ❛ ❞✐s❝r❡t❡ ♦✉t❝♦♠❡✱ ❆t❤❡②

✫ ■♠❜❡♥s ✭✷✵✵✻✮ s❤♦✇ t❤❛t ♦♥❡ ❝❛♥ ❜♦✉♥❞ tr❡❛t♠❡♥t ❡✛❡❝ts ✉♥❞❡r t❤❡✐r ❛ss✉♠♣t✐♦♥s✳ ❙✐♠✐❧❛r

r❡s✉❧ts ❛♣♣❧② ✐♥ ❢✉③③② s❡tt✐♥❣s✱ ❜✉t ❛s ❈■❈ ❜♦✉♥❞s ❢♦r ❞✐s❝r❡t❡ ♦✉t❝♦♠❡s ❛r❡ ♦❢t❡♥ ♥♦t ✈❡r②

✐♥❢♦r♠❛t✐✈❡✱ ✇❡ ❞♦ ♥♦t ♣r❡s❡♥t t❤❡♠ ❤❡r❡✳

▲❡t Qd(y) = F−1
Yd01

◦ FYd00
(y) ❜❡ t❤❡ q✉❛♥t✐❧❡✲q✉❛♥t✐❧❡ tr❛♥s❢♦r♠ ♦❢ Y ❢r♦♠ ♣❡r✐♦❞ ✵ t♦ ✶

✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ D = d✳ ❚❤✐s tr❛♥s❢♦r♠ ♠❛♣s y ❛t r❛♥❦ q ✐♥ ♣❡r✐♦❞ 0

✐♥t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ y′ ❛t r❛♥❦ q ✐♥ ♣❡r✐♦❞ ✶✳ ▲❡t ❛❧s♦ Hd(q) = FYd10
◦ F−1

Yd00
(q) ❜❡ t❤❡

✐♥✈❡rs❡ q✉❛♥t✐❧❡✲q✉❛♥t✐❧❡ tr❛♥s❢♦r♠ ♦❢ Y ❢r♦♠ t❤❡ ❝♦♥tr♦❧ t♦ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ✐♥ ♣❡r✐♦❞ ✵

❝♦♥❞✐t✐♦♥❛❧ ♦♥ D = d✳ ❚❤✐s tr❛♥s❢♦r♠ ♠❛♣s r❛♥❦ q ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ✐♥t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

r❛♥❦ q′ ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ✇✐t❤ t❤❡ s❛♠❡ ✈❛❧✉❡ ♦❢ y✳ ❋✐♥❛❧❧②✱ ❢♦r ❛♥② ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥

F ♦♥ t❤❡ r❡❛❧ ❧✐♥❡✱ ✇❡ ❞❡♥♦t❡ ❜② F−1 ✐ts ❣❡♥❡r❛❧✐③❡❞ ✐♥✈❡rs❡✿

F−1(q) = inf {x ∈ R : F (x) ≥ q} .

✶✹



■♥ ♣❛rt✐❝✉❧❛r✱ F−1
X ✐s t❤❡ q✉❛♥t✐❧❡ ❢✉♥❝t✐♦♥ ♦❢ X✳ ❲❡ ❛❞♦♣t t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t F−1

X (q) =

inf S(X) ❢♦r q < 0✱ ❛♥❞ F−1
X (q) = supS(X) ❢♦r q > 1✳

❖✉r ✐❞❡♥t✐✜❝❛t✐♦♥ r❡s✉❧ts r❡❧② ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✸✳✶ ■❢ ❆ss✉♠♣t✐♦♥s ✶✲✷ ❛♥❞ ✻✲✼ ❤♦❧❞ ❛♥❞ ✐❢ P (D00 = d) > 0✱

FY11(d)|S1
(y) =

P (D10 = d)Hd ◦ (λ0dFYd01
(y) + (1− λ0d)FY01(d)|S0

(y))− P (D11 = d)FYd11
(y)

P (D10 = d)− P (D11 = d)
.

❚❤✐s ❧❡♠♠❛ s❤♦✇s t❤❛t ✉♥❞❡r ♦✉r ■❱✲❈■❈ ❛ss✉♠♣t✐♦♥s✱ FY11(d)|S1
✐s ♣♦✐♥t ✐❞❡♥t✐✜❡❞ ✇❤❡♥ t❤❡

tr❡❛t♠❡♥t r❛t❡ r❡♠❛✐♥s ❝♦♥st❛♥t ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ ❛s ✐♥ t❤✐s ❝❛s❡ λ0d = 1✳ ▲❡t

FCIC,d(y) =
P (D10 = d)Hd ◦ (FYd01

(y))− P (D11 = d)FYd11
(y)

P (D10 = d)− P (D11 = d)

WCIC =
E(Y11)− E(QD10

(Y10))

E(D11)− E(D10)
.

❲❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ❝❤❛♥❣❡s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ FY11(d)|S1
✐s ♣❛rt✐❛❧❧② ✐❞❡♥t✐✜❡❞✳ ❙❤❛r♣

❜♦✉♥❞s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ▲❡♠♠❛ ✸✳✶✳ ❋♦r ❛♥② ❝❞❢ Td✱ ❧❡t

Gd(Td) = λ0dFYd01
+ (1− λ0d)Td

Cd(Td) =
P (D10 = d)Hd ◦Gd(Td)− P (D11 = d)FYd11

P (D10 = d)− P (D11 = d)
.

■t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✸✳✶ t❤❛t Cd(FY11(d)|S0
) = FY11(d)|S1

✳ ▼♦r❡♦✈❡r✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t

G0(FY11(0)|S0
) = FY01(0)|V <v00 ❛♥❞ G1(FY11(1)|S0

) = FY01(1)|V≥v00 ✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❤❛r♣ ❧♦✇❡r

❜♦✉♥❞ ♦♥ FY11(d)|S1
✐s

min
Td∈D

Cd(Td) s✳t✳ (Td, Gd(Td), Cd(Td)) ∈ D3,

✇❤❡r❡ D ✐s t❤❡ s❡t ♦❢ ❝❞❢s ♦♥ S(Y )✳

❯♥❢♦rt✉♥❛t❡❧②✱ ✐t ✐s ❞✐✣❝✉❧t t♦ ❞❡r✐✈❡ ❛ ❝❧♦s❡❞ ❢♦r♠ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠✱

❜❡❝❛✉s❡ ✐t ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r

♦❢ ✐♥❡q✉❛❧✐t② ❝♦♥str❛✐♥ts✳ ❲❡ t❤❡r❡❢♦r❡ ❝♦♥s✐❞❡r s✐♠♣❧❡r ❜♦✉♥❞s✱ ✇❤✐❝❤ ❛r❡ s❤❛r♣ ✉♥❞❡r ❛

s✐♠♣❧❡ t❡st❛❜❧❡ ❛ss✉♠♣t✐♦♥✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❧❡t M01(x) = min(1,max(0, x))✱ ❛♥❞ ❧❡t

T d =M01

(
λ0dFYd01

−H−1
d (λ1dFYd11

)

λ0d − 1

)
, T d =M01

(
λ0dFYd01

−H−1
d (λ1dFYd11

+ (1− λ1d))

λ0d − 1

)
,

FCIC,d(y) = sup
y′≤y

Cd (T d) (y
′), FCIC,d(y) = inf

y′≥y
Cd

(
T d

)
(y′),

WCIC =

∫
ydFCIC,1(y)−

∫
ydFCIC,0(y), WCIC =

∫
ydFCIC,1(y)−

∫
ydFCIC,0(y),

τ q = max(F
−1
CIC,1(q), y)−min(F−1

CIC,0(q), y), τ q = min(F−1
CIC,1(q), y)−max(F

−1
CIC,0(q), y).

❋✐♥❛❧❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✳

✶✺



❆ss✉♠♣t✐♦♥ ✽ ✭❊①✐st❡♥❝❡ ♦❢ ♠♦♠❡♥ts✮
∫
|y|dFCIC,d(y) < +∞ ❛♥❞

∫
|y|dFCIC,d(y) < +∞ ❢♦r d ∈ {0, 1}.

❆ss✉♠♣t✐♦♥ ✾ ✭■♥❝r❡❛s✐♥❣ ❜♦✉♥❞s✮

❋♦r (d, g, t) ∈ S(D) × {0, 1}2✱ FYdgt
✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✱ ✇✐t❤ ♣♦s✐t✐✈❡ ❞❡r✐✈❛t✐✈❡ ♦♥

t❤❡ ✐♥t❡r✐♦r ♦❢ S(Y )✳ ▼♦r❡♦✈❡r✱ T d, T d, Gd(T d), Gd(T d), Cd(T d) ❛♥❞ Cd(T d) ❛r❡ ✐♥❝r❡❛s✐♥❣ ♦♥

S(Y )✳

❚❤❡♦r❡♠ ✸✳✸ ❆ss✉♠❡ t❤❛t ▼♦❞❡❧ ✭✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥s ✶✲✷ ❛♥❞ ✻✲✼ ❤♦❧❞✳

✶✳ ■❢ 0 < P (D01 = 1) = P (D00 = 1) < 1✱ t❤❡♥ FCIC,d(y) = FY11(d)|S1
(y) ❢♦r d ∈ {0, 1}✱

WCIC = ∆ ❛♥❞ F−1
CIC,1(q)− F−1

CIC,0(q) = τq✳

✷✳ ■❢ 0 < P (D01 = 1) 6= P (D00 = 1) < 1 ❛♥❞ ❆ss✉♠♣t✐♦♥ ✽ ✐s s❛t✐s✜❡❞✱ t❤❡♥ FY11(d)|S1
(y) ∈

[FCIC,d(y), FCIC,d(y)] ❢♦r d ∈ {0, 1}✱ ∆ ∈ [WCIC ,WCIC ] ❛♥❞ τq ∈ [τ q, τ q]✳ ▼♦r❡♦✈❡r✱

✐❢ ❆ss✉♠♣t✐♦♥ ✾ ❤♦❧❞s✱ t❤❡s❡ ❜♦✉♥❞s ❛r❡ s❤❛r♣✳

❖✉r ♣♦✐♥t ✐❞❡♥t✐✜❝❛t✐♦♥ r❡s✉❧ts ❝♦♠❜✐♥❡ ✐❞❡❛s ❢r♦♠ ■♠❜❡♥s ✫ ❘✉❜✐♥ ✭✶✾✾✼✮ ❛♥❞ ❆t❤❡② ✫

■♠❜❡♥s ✭✷✵✵✻✮✳ ❲❡ s❡❡❦ t♦ r❡❝♦✈❡r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢✱ s❛②✱ Y (1) ❛♠♦♥❣ s✇✐t❝❤❡rs ✐♥ t❤❡

tr❡❛t♠❡♥t × ♣❡r✐♦❞ ✶ ❝❡❧❧✳ ❖♥ t❤❛t ♣✉r♣♦s❡✱ ✇❡ st❛rt ❢r♦♠ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Y ❛♠♦♥❣ ❛❧❧

tr❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s ♦❢ t❤✐s ❝❡❧❧✳ ❆s s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✶✱ t❤♦s❡ ✐♥❝❧✉❞❡ ❜♦t❤ s✇✐t❝❤❡rs ❛♥❞ ❛❧✇❛②s

tr❡❛t❡❞✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ♠✉st ✏✇✐t❤❞r❛✇✑ ❢r♦♠ t❤✐s ❞✐str✐❜✉t✐♦♥ t❤❛t ♦❢ Y (1) ❛♠♦♥❣ ❛❧✇❛②s

tr❡❛t❡❞✱ ❡①❛❝t❧② ❛s ✐♥ ■♠❜❡♥s ✫ ❘✉❜✐♥ ✭✶✾✾✼✮✳ ❇✉t t❤✐s ❧❛st ❞✐str✐❜✉t✐♦♥ ✐s ♥♦t ♦❜s❡r✈❡❞✳

❚♦ r❡❝♦♥str✉❝t ✐t✱ ✇❡ ❛❞❛♣t t❤❡ ✐❞❡❛s ✐♥ ❆t❤❡② ✫ ■♠❜❡♥s ✭✷✵✵✻✮ ❛♥❞ ❛♣♣❧② t❤❡ q✉❛♥t✐❧❡✲

q✉❛♥t✐❧❡ tr❛♥s❢♦r♠ ❢r♦♠ ♣❡r✐♦❞ ✵ t♦ ✶ ❛♠♦♥❣ tr❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ t♦ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ Y (1) ❛♠♦♥❣ tr❡❛t❡❞ ✉♥✐ts ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ✐♥ ♣❡r✐♦❞ ✵✳

■♥t✉✐t✐✈❡❧②✱ t❤❡ q✉❛♥t✐❧❡✲q✉❛♥t✐❧❡ tr❛♥s❢♦r♠ ✉s❡s ❛ ❞♦✉❜❧❡✲♠❛t❝❤✐♥❣ t♦ r❡❝♦♥str✉❝t t❤❡ ✉♥♦❜✲

s❡r✈❡❞ ❞✐str✐❜✉t✐♦♥✳ ❈♦♥s✐❞❡r ❛♥ ❛❧✇❛②s tr❡❛t❡❞ ✐♥ t❤❡ tr❡❛t♠❡♥t × ♣❡r✐♦❞ ✵ ❝❡❧❧✳ ❙❤❡ ✐s ✜rst

♠❛t❝❤❡❞ t♦ ❛♥ ❛❧✇❛②s tr❡❛t❡❞ ✐♥ t❤❡ ❝♦♥tr♦❧ × ♣❡r✐♦❞ ✵ ❝❡❧❧ ✇✐t❤ s❛♠❡ y✳ ❚❤♦s❡ t✇♦ ❛❧✇❛②s

tr❡❛t❡❞ ❛r❡ ♦❜s❡r✈❡❞ ❛t t❤❡ s❛♠❡ ♣❡r✐♦❞ ♦❢ t✐♠❡ ❛♥❞ ❛r❡ ❜♦t❤ tr❡❛t❡❞✳ ❚❤❡r❡❢♦r❡✱ ✉♥❞❡r ❆s✲

s✉♠♣t✐♦♥ ✻ t❤❡② ♠✉st ❤❛✈❡ t❤❡ s❛♠❡ u1✳ ❙❡❝♦♥❞✱ t❤❡ ❝♦♥tr♦❧ × ♣❡r✐♦❞ 0 ❛❧✇❛②s tr❡❛t❡❞ ✐s

♠❛t❝❤❡❞ t♦ ❤❡r r❛♥❦ ❝♦✉♥t❡r♣❛rt ❛♠♦♥❣ ❛❧✇❛②s tr❡❛t❡❞ ♦❢ t❤❡ ❝♦♥tr♦❧ × ♣❡r✐♦❞ ✶ ❝❡❧❧✳ ❲❡

❞❡♥♦t❡ y∗ t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤✐s ❧❛st ♦❜s❡r✈❛t✐♦♥✳ ❇❡❝❛✉s❡ U1 ⊥⊥ T |G, V ≥ v00✱ t❤♦s❡ t✇♦ ♦❜✲

s❡r✈❛t✐♦♥s ♠✉st ❛❧s♦ ❤❛✈❡ t❤❡ s❛♠❡ u1✳ ❈♦♥s❡q✉❡♥t❧②✱ y
∗ = h1(u1, 1)✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t y∗ ✐s

t❤❡ ♦✉t❝♦♠❡ t❤❛t t❤❡ tr❡❛t♠❡♥t × ♣❡r✐♦❞ ✵ ❝❡❧❧ ✉♥✐t ✇♦✉❧❞ ❤❛✈❡ ♦❜t❛✐♥❡❞ ✐♥ ♣❡r✐♦❞ ✶✳

◆♦t❡ t❤❛t

WCIC =
E(Y |G = 1, T = 1)− E((1−D)Q0(Y ) +DQ1(Y )|G = 1, T = 0)

E(D|G = 1, T = 1)− E(D|G = 1, T = 0)
.

❍❡r❡ ❛❣❛✐♥✱ WCIC ✐s ❛❧♠♦st t❤❡ st❛♥❞❛r❞ ❲❛❧❞ r❛t✐♦ ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ✇✐t❤ T ❛s t❤❡

✐♥str✉♠❡♥t✱ ❡①❝❡♣t t❤❛t ✇❡ ❤❛✈❡ (1 − D)Q0(Y ) + DQ1(Y ) ✐♥st❡❛❞ ♦❢ Y ✐♥ t❤❡ s❡❝♦♥❞ t❡r♠

✶✻



♦❢ t❤❡ ♥✉♠❡r❛t♦r✳ (1 −D)Q0(Y ) +DQ1(Y ) ❛❝❝♦✉♥ts ❢♦r t❤❡ ❢❛❝t t✐♠❡ ❤❛s ❛ ❞✐r❡❝t ❡✛❡❝t ♦♥

t❤❡ ♦✉t❝♦♠❡✳ ❲❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ✐s st❛❜❧❡ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② t❤✐s

❞✐r❡❝t ❡✛❡❝t ❜② ❧♦♦❦✐♥❣ ❛t ❤♦✇ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦✉t❝♦♠❡ ❡✈♦❧✈❡s ✐♥ t❤✐s ❣r♦✉♣✳ ❲❡ ❝❛♥

t❤❡♥ ♥❡t ♦✉t t❤✐s ❞✐r❡❝t ❡✛❡❝t ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣✳ ❚❤✐s ✐s ✇❤❛t (1−D)Q0(Y ) +DQ1(Y )

❞♦❡s✳ ❇♦t❤ WCIC ❛♥❞ WTC ♣r♦❝❡❡❞ ❢r♦♠ t❤❡ s❛♠❡ ❧♦❣✐❝✱ ❡①❝❡♣t t❤❛t WTC ❝♦rr❡❝ts ❢♦r

t❤❡ ❡✛❡❝t ♦❢ t✐♠❡ t❤r♦✉❣❤ ❛❞❞✐t✐✈❡ s❤✐❢ts✱ ✇❤✐❧❡ WCIC ❞♦❡s s♦ ✐♥ ❛ ♥♦♥✲❧✐♥❡❛r ❢❛s❤✐♦♥✳ ■❢

hd(Ud, T ) = ad(Ud) + bd(T ) ✇✐t❤ ad(.) str✐❝t❧② ✐♥❝r❡❛s✐♥❣✱ ❆ss✉♠♣t✐♦♥s ✺ ❛♥❞ ✻ ❛r❡ ❜♦t❤

s❛t✐s✜❡❞✳ ❲❡ t❤❡♥ ❤❛✈❡ WCIC =WTC ✳

❖✉r ♣❛rt✐❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥ r❡s✉❧ts ❛r❡ ♦❜t❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❲❤❡♥ 0 < P (D00 = 1) 6= P (D01 =

1) < 1✱ t❤❡ s❡❝♦♥❞ ♠❛t❝❤✐♥❣ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❝♦❧❧❛♣s❡s✱ ❜❡❝❛✉s❡ tr❡❛t❡❞ ✭r❡s♣✳ ✉♥tr❡❛t❡❞✮

♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ❛r❡ ♥♦ ❧♦♥❣❡r ❝♦♠♣❛r❛❜❧❡ ✐♥ ♣❡r✐♦❞ ✵ ❛♥❞ ✶✳ ❋♦r ✐♥st❛♥❝❡✱

✇❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ✐♥❝r❡❛s❡s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ tr❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ ❝♦♥tr♦❧

❣r♦✉♣ ✐♥❝❧✉❞❡ ♦♥❧② ❛❧✇❛②s tr❡❛t❡❞ ✐♥ ♣❡r✐♦❞ ✵✳ ■♥ ♣❡r✐♦❞ ✶ t❤❡② ❛❧s♦ ✐♥❝❧✉❞❡ s✇✐t❝❤❡rs✱ ❛s ✐s

s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✷✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥♥♦t ♠❛t❝❤ ♣❡r✐♦❞ ✵ ❛♥❞ ♣❡r✐♦❞ ✶ ♦❜s❡r✈❛t✐♦♥s ♦♥ t❤❡✐r

r❛♥❦ ❛♥②♠♦r❡✳ ❍♦✇❡✈❡r✱ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✶ t❤❡ r❡s♣❡❝t✐✈❡ ✇❡✐❣❤ts ♦❢ s✇✐t❝❤❡rs ❛♥❞ ❛❧✇❛②s

tr❡❛t❡❞ ✐♥ ♣❡r✐♦❞ ✶ ❛r❡ ❦♥♦✇♥✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❞❡r✐✈❡ ❜❡st ❛♥❞ ✇♦rst ❝❛s❡ ❜♦✉♥❞s ❢♦r t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦✉t❝♦♠❡ ❢♦r ❛❧✇❛②s tr❡❛t❡❞ ✐♥ ♣❡r✐♦❞ ✶✱ ❛♥❞ ♠❛t❝❤ ♣❡r✐♦❞ ✵ ♦❜s❡r✈❛t✐♦♥s

t♦ t❤❡✐r ❜❡st ❛♥❞ ✇♦rst ❝❛s❡ r❛♥❦ ❝♦✉♥t❡r♣❛rts✳

■❢ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ♦✉t❝♦♠❡ ✐s ✉♥❜♦✉♥❞❡❞✱ FCIC,0 ❛♥❞ FCIC,0 ❛r❡ ♣r♦♣❡r ❝❞❢ ✇❤❡♥ λ00 > 1✱

❜✉t t❤❡② ❛r❡ ❞❡❢❡❝t✐✈❡ ✇❤❡♥ λ00 < 1✳ ❲❤❡♥ λ00 < 1✱ s✇✐t❝❤❡rs ❜❡❧♦♥❣ t♦ t❤❡ ❣r♦✉♣ ♦❢ tr❡❛t❡❞

♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ ❝♦♥tr♦❧ × ♣❡r✐♦❞ ✶ ❝❡❧❧ ✭❝❢✳ ❚❛❜❧❡ ✷✮✳ ❚❤❡✐r Y (0) ✐s ♥♦t ♦❜s❡r✈❡❞ ✐♥

♣❡r✐♦❞ ✶✱ s♦ t❤❡ ❞❛t❛ ❞♦❡s ♥♦t ✐♠♣♦s❡ ❛♥② r❡str✐❝t✐♦♥ ♦♥ FY01(0)|S0
✿ ✐t ❝♦✉❧❞ ❜❡ ❡q✉❛❧ t♦ 0 ♦r

t♦ 1✱ ❤❡♥❝❡ t❤❡ ❞❡❢❡❝t✐✈❡ ❜♦✉♥❞s✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✇❤❡♥ λ00 > 1✱ s✇✐t❝❤❡rs ❜❡❧♦♥❣ t♦ t❤❡

❣r♦✉♣ ♦❢ ✉♥tr❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ ❝♦♥tr♦❧ × ♣❡r✐♦❞ ✶ ❝❡❧❧✱ ❛♥❞ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✶ ✇❡

❦♥♦✇ t❤❛t t❤❡② ❛❝❝♦✉♥t ❢♦r 100(1− 1/λ00) ♦❢ t❤✐s ❣r♦✉♣✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝❛♥ ✉s❡ tr✐♠♠✐♥❣

❜♦✉♥❞s ❢♦r FY01(0)|S0
✭s❡❡ ❍♦r♦✇✐t③ ✫ ▼❛♥s❦✐✱ ✶✾✾✺✮✱ ❤❡♥❝❡ t❤❡ ♥♦♥✲❞❡❢❡❝t✐✈❡ ❜♦✉♥❞s✳ ❖♥ t❤❡

❝♦♥tr❛r②✱ FCIC,1 ❛♥❞ FCIC,1 ❛r❡ ❛❧✇❛②s ♣r♦♣❡r ❝❞❢✱ ✇❤✐❧❡ ✇❡ ❝♦✉❧❞ ❤❛✈❡ ❡①♣❡❝t❡❞ t❤❡♠ t♦

❜❡ ❞❡❢❡❝t✐✈❡ ✇❤❡♥ λ00 > 1✳ ❚❤✐s ❛s②♠♠❡tr② st❡♠s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✇❤❡♥ λ00 > 1✱ s❡tt✐♥❣

FY01(1)|S0
(y) = 0 ✇♦✉❧❞ ②✐❡❧❞ FY01(1)|S1

(y) > 1 ❢♦r ✈❛❧✉❡s ♦❢ y ❛♣♣r♦❛❝❤✐♥❣ y✱ ✇❤✐❧❡ s❡tt✐♥❣

FY01(1)|S0
(y) = 1 ✇♦✉❧❞ ②✐❡❧❞ FY01(1)|S1

(y) < 0 ❢♦r ✈❛❧✉❡s ♦❢ y ❛♣♣r♦❛❝❤✐♥❣ y✳

❚❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥ ✐♠♣❧✐❡s t❤❛t ✇❤❡♥ S(Y ) ✐s ✉♥❜♦✉♥❞❡❞ ❛♥❞ λ00 < 1✱ ♦✉r ❜♦✉♥❞s ♦♥ ∆

❛r❡ ✐♥✜♥✐t❡ ❜❡❝❛✉s❡ ♦✉r ❜♦✉♥❞s ❢♦r t❤❡ ❝❞❢ ♦❢ Y (0) ♦❢ s✇✐t❝❤❡rs ❛r❡ ❞❡❢❡❝t✐✈❡✳ ❖✉r ❜♦✉♥❞s ♦♥

τq ❛r❡ ❛❧s♦ ✐♥✜♥✐t❡ ❢♦r ❧♦✇ ❛♥❞ ❤✐❣❤ ✈❛❧✉❡s ♦❢ q✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ✇❤❡♥ λ00 > 1 ♦✉r ❜♦✉♥❞s ♦♥

τq ❛r❡ ✜♥✐t❡ ❢♦r ❡✈❡r② q ∈ (0, 1)✳ ❖✉r ❜♦✉♥❞s ♦♥ ∆ ❛r❡ ❛❧s♦ ✜♥✐t❡ ♣r♦✈✐❞❡❞ FCIC,0 ❛♥❞ FCIC,0

❛❞♠✐t ❛♥ ❡①♣❡❝t❛t✐♦♥✳

❋✐♥❛❧❧②✱ ✇❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ❝❤❛♥❣❡s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ ♦♥❡ ❝❛♥ r❡❝♦✈❡r ♣♦✐♥t ✐❞❡♥t✐✜✲

❝❛t✐♦♥ ✐❢ ♦♥❡ ✐s r❡❛❞② t♦ ✐♠♣♦s❡ t❤❡ s❛♠❡ s✉♣♣❧❡♠❡♥t❛r② ❛ss✉♠♣t✐♦♥ ❛s ✐♥ ❊q✉❛t✐♦♥ ✸✳

✶✼



✸✳✹ ■❞❡♥t✐✜❝❛t✐♦♥ ✇✐t❤ ❛ ❢✉❧❧② tr❡❛t❡❞ ♦r ❢✉❧❧② ✉♥tr❡❛t❡❞ ❝♦♥tr♦❧ ❣r♦✉♣

❯♣ t♦ ♥♦✇✱ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ❣❡♥❡r❛❧ ❢✉③③② s✐t✉❛t✐♦♥s ✇❤❡r❡ t❤❡ P (Dgt = d) ✇❡r❡ r❡str✐❝t❡❞

♦♥❧② ❜② ❆ss✉♠♣t✐♦♥ ✷✳ ❆♥ ✐♥t❡r❡st✐♥❣ s♣❡❝✐❛❧ ❝❛s❡✱ ✇❤✐❝❤ ✐s ❝❧♦s❡ t♦ t❤❡ s❤❛r♣ ❞❡s✐❣♥✱ ✐s ✇❤❡♥

P (D00 = 1) = P (D01 = 1) = P (D10 = 1) = 0✳ ■♥ s✉❝❤ ✐♥st❛♥❝❡s✱ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛✈❡r❛❣❡

tr❡❛t♠❡♥t ❡✛❡❝t ♦♥ t❤❡ tr❡❛t❡❞ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✉♥❞❡r t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s ❛s t❤♦s❡ ♦❢ t❤❡

st❛♥❞❛r❞ ❉■❉ ♦r ❈■❈ ♠♦❞❡❧s✳

❚❤❡♦r❡♠ ✸✳✹ ❙✉♣♣♦s❡ t❤❛t P (D00 = 1) = P (D01 = 1) = P (D10 = 1) = 0 < P (D11 = 1)✱

U0 ⊥⊥ T |G✱ ❛♥❞ t❤❡ ♦✉t❝♦♠❡ ❡q✉❛t✐♦♥ ♦❢ ▼♦❞❡❧ ✭✶✮ ✐s s❛t✐s✜❡❞✳

✶✳ ■❢ ❆ss✉♠♣t✐♦♥ ✸ ❤♦❧❞s✱ t❤❡♥ WDID =WTC = E(Y11(1)− Y11(0)|D = 1)✳

✷✳ ■❢ ❆ss✉♠♣t✐♦♥s ✻ ❛♥❞ ✼ ❤♦❧❞✱ t❤❡♥ WCIC = E(Y11(1)− Y11(0)|D = 1)✳

❍❡♥❝❡✱ r❡s✉❧ts ♦❢ t❤❡ s❤❛r♣ ❝❛s❡ ❡①t❡♥❞ t♦ t❤✐s ✐♥t❡r♠❡❞✐❛t❡ ❝❛s❡✳ ◆♦t❡ t❤❛t ✉♥❞❡r ▼♦❞❡❧ ✭✶✮

❛♥❞ ❆ss✉♠♣t✐♦♥ ✶✱ t❤❡ tr❡❛t❡❞ ♣♦♣✉❧❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ S1✱ s♦ E(Y11(1)−Y11(0)|D = 1) = ∆

✉♥❞❡r t❤❡s❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s✳

❆♥♦t❤❡r s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ✐♥t❡r❡st ✐s ✇❤❡♥ P (D00 = 0) = P (D01 = 0) ∈ {0, 1}✳ ❙✉❝❤ s✐t✉❛t✐♦♥s

❛r✐s❡✱ ❢♦r ✐♥st❛♥❝❡ ✇❤❡♥ ❛ ♣♦❧✐❝② ✐s ❡①t❡♥❞❡❞ t♦ ❛ ♣r❡✈✐♦✉s❧② ❛ ❣r♦✉♣✱ ♦r ✇❤❡♥ ❛ ♣r♦❣r❛♠ ♦r ❛

t❡❝❤♥♦❧♦❣② ♣r❡✈✐♦✉s❧② ❛✈❛✐❧❛❜❧❡ ✐♥ s♦♠❡ ❣❡♦❣r❛♣❤✐❝ ❛r❡❛s ✐s ❡①t❡♥❞❡❞ t♦ ♦t❤❡rs ✭s❡❡ ♦✉r s❡❝♦♥❞

s✉♣♣❧❡♠❡♥t❛r② ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ❞❡ ❈❤❛✐s❡♠❛rt✐♥ ✫ ❉✬❍❛✉❧t❢÷✉✐❧❧❡ ✭✷✵✶✺✮✮✳ ❚❤❡♦r❡♠ ✸✳✶ ❛♣♣❧✐❡s

✐♥ t❤✐s s♣❡❝✐❛❧ ❝❛s❡✱ ❜✉t ♥♦t ❚❤❡♦r❡♠s ✸✳✷✲✸✳✸✱ ❛s t❤❡② r❡q✉✐r❡ t❤❛t 0 < P (D00 = 0) = P (D01 =

0) < 1✳ ■♥ s✉❝❤ ✐♥st❛♥❝❡s✱ ✐❞❡♥t✐✜❝❛t✐♦♥ ♠✉st r❡❧② ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t✐♠❡ ❤❛s t❤❡ s❛♠❡

❡✛❡❝t ♦♥ ❜♦t❤ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ P (D00 = 1) = P (D01 = 1) = 1 ❛♥❞

P (D10 = 1) < 1✱ t❤❡r❡ ❛r❡ ♥♦ ✉♥tr❡❛t❡❞ ✉♥✐ts ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ✇❤✐❝❤ ✇❡ ❝❛♥ ✉s❡ t♦ ✐♥❢❡r

tr❡♥❞s ❢♦r ✉♥tr❡❛t❡❞ ✉♥✐ts ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣✳ ❲❡ ♠✉st t❤❡r❡❢♦r❡ ✉s❡ tr❡❛t❡❞ ✉♥✐ts✱ ✉♥❞❡r

t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t✐♠❡ ❤❛s t❤❡ s❛♠❡ ❡✛❡❝t ♦♥ ❜♦t❤ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s✳ ■♥st❡❛❞ ♦❢ t❤❡ ❲❛❧❞✲

❚❈ ❡st✐♠❛♥❞✱ ♦♥❡ ❝♦✉❧❞ t❤❡♥ ✉s❡ E(Y11)−E(Y10+δ1)
E(D11)−E(D10)

✳ ❇❡❝❛✉s❡ P (D00 = 1) = P (D01 = 1) = 1✱

t❤✐s ❛❝t✉❛❧❧② ❛♠♦✉♥ts t♦ ✉s✐♥❣ WDID ✐♥st❡❛❞ ♦❢ WTC ✳ ❲❡ ❝❛♥ ❛❧s♦ ❛❞❛♣t ♦✉r ❲❛❧❞✲❈■❈

❡st✐♠❛♥❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥✳

❆ss✉♠♣t✐♦♥ ✶✵ ✭❈♦♠♠♦♥ ❡✛❡❝t ♦❢ t✐♠❡ ♦♥ ❜♦t❤ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s✮

h0(h
−1
0 (y, 0), 1) = h1(h

−1
1 (y, 0), 1) ❢♦r ❡✈❡r② y ∈ S(Y )✳

❆ss✉♠♣t✐♦♥ ✶✵ r❡q✉✐r❡s t❤❛t t✐♠❡ ❤❛✈❡ t❤❡ s❛♠❡ ❡✛❡❝t ♦♥ ❜♦t❤ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s✿ ♦♥❝❡

❝♦♠❜✐♥❡❞ ✇✐t❤ ❊q✉❛t✐♦♥ ✭✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✻✱ ❆ss✉♠♣t✐♦♥ ✶✵ ✐♠♣❧✐❡s t❤❛t ❛ tr❡❛t❡❞ ❛♥❞

❛♥ ✉♥tr❡❛t❡❞ ✉♥✐t ✇✐t❤ t❤❡ s❛♠❡ ♦✉t❝♦♠❡ ✐♥ ♣❡r✐♦❞ ✵ ❛❧s♦ ❤❛✈❡ t❤❡ s❛♠❡ ♦✉t❝♦♠❡ ✐♥ ♣❡r✐♦❞

✶✳ ❚❤✐s r❡str✐❝t✐♦♥ ✐s ♥♦t ✐♠♣❧✐❡❞ ❜② t❤❡ ■❱✲❈■❈ ❛ss✉♠♣t✐♦♥s ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✿

❊q✉❛t✐♦♥ ✭✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✻ ❛❧♦♥❡ ♦♥❧② ✐♠♣❧② t❤❛t t✇♦ tr❡❛t❡❞ ✭r❡s♣✳ ✉♥tr❡❛t❡❞✮ ✉♥✐ts

✇✐t❤ t❤❡ s❛♠❡ ♦✉t❝♦♠❡ ✐♥ ♣❡r✐♦❞ ✵ ❛❧s♦ ❤❛✈❡ t❤❡ s❛♠❡ ♦✉t❝♦♠❡ ✐♥ ♣❡r✐♦❞ ✶✳ ❆♥ ❡①❛♠♣❧❡ ♦❢

✶✽



❛ str✉❝t✉r❛❧ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ✶✵ ✐s hd(Ud, T ) = f(gd(Ud), T ) ✇✐t❤ f(., t) ❛♥❞

gd(.) str✐❝t❧② ✐♥❝r❡❛s✐♥❣✳ ❚❤✐s s❤♦✇s t❤❛t ❆ss✉♠♣t✐♦♥ ✶✵ ❞♦❡s ♥♦t r❡str✐❝t t❤❡ ❡✛❡❝ts ♦❢ t✐♠❡

❛♥❞ tr❡❛t♠❡♥t t♦ ❜❡ ❤♦♠♦❣❡♥❡♦✉s✳ ❋✐♥❛❧❧②✱ ❆ss✉♠♣t✐♦♥s ✹ ❛♥❞ ✶✵ ❛r❡ r❡❧❛t❡❞✱ ❜✉t t❤❡② ❛❧s♦

❞✐✛❡r ♦♥ s♦♠❡ r❡s♣❡❝ts✳ ❆ss✉♠♣t✐♦♥ ✹ r❡str✐❝ts t✐♠❡ t♦ ❤❛✈❡ t❤❡ s❛♠❡ ❛✈❡r❛❣❡ ❡✛❡❝t ♦♥ t❤❡

♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ♦❢ ❛❧✇❛②s tr❡❛t❡❞✳ ❆ss✉♠♣t✐♦♥ ✶✵ r❡str✐❝ts t✐♠❡ t♦ ❤❛✈❡ t❤❡ s❛♠❡ ❡✛❡❝t

♦♥ t❤❡ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ♦❢ ✉♥✐ts s❛t✐s❢②✐♥❣ Y (0) = Y (1) ❛t t❤❡ ✜rst ♣❡r✐♦❞✳

❯♥❞❡r ❛ss✉♠♣t✐♦♥ ✶✵✱ ✐❢ P (D00 = d) = P (D01 = d) = 1 ✇❡ ❝❛♥ ✉s❡ ❝❤❛♥❣❡s ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥

♦❢ Y (d) ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ♦✈❡r t✐♠❡ t♦ ✐❞❡♥t✐❢② t❤❡ ❡✛❡❝t ♦❢ t✐♠❡ ♦♥ Y (1−d)✱ ❤❡♥❝❡ ❛❧❧♦✇✐♥❣
✉s t♦ r❡❝♦✈❡r ❜♦t❤ FY11(d)|S1

❛♥❞ FY11(1−d)|S1
✳

❚❤❡♦r❡♠ ✸✳✺ ■❢ ❆ss✉♠♣t✐♦♥s ✶✲✷✱ ✻✲✼✱ ❛♥❞ ✶✵ ❤♦❧❞✱ ❛♥❞ P (D00 = d) = P (D01 = d) = 1 ❢♦r

s♦♠❡ d ∈ {0, 1}✱

P (D10 = d)FQd(Yd10)(y)− P (D11 = d)FYd11
(y)

P (D10 = d)− P (D11 = d)
= FY11(d)|S1

(y),

P (D10 = 1− d)FQd(Y1−d10)(y)− P (D11 = 1− d)FY1−d11
(y)

P (D10 = 1− d)− P (D11 = 1− d)
= FY11(1−d)|S1

(y),

E(Y11)− E(Q1−d(Y10))

E(D11)− E(D10)
= ∆.

❚❤❡ ❡st✐♠❛♥❞s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s t❤❡♦r❡♠ ❛r❡ ✈❡r② s✐♠✐❧❛r t♦ t❤♦s❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ✜rst ♣♦✐♥t

♦❢ ❚❤❡♦r❡♠ ✸✳✸✱ ❡①❝❡♣t t❤❛t t❤❡② ❛♣♣❧② t❤❡ s❛♠❡ q✉❛♥t✐❧❡✲q✉❛♥t✐❧❡ tr❛♥s❢♦r♠ t♦ ❛❧❧ tr❡❛t♠❡♥t

✉♥✐ts ✐♥ ♣❡r✐♦❞ ✵✱ ✐♥st❡❛❞ ♦❢ ❛♣♣❧②✐♥❣ ❞✐✛❡r❡♥t tr❛♥s❢♦r♠s t♦ ✉♥✐ts ✇✐t❤ ❛ ❞✐✛❡r❡♥t tr❡❛t♠❡♥t✳

❋✐♥❛❧❧②✱ ✇❤❡♥ 0 < P (D00 = 1) = P (D01 = 1) < 1✱ ❆ss✉♠♣t✐♦♥ ✶✵ ✐s t❡st❛❜❧❡✳ ■❢ ✐t ✐s s❛t✐s✜❡❞✱

t❤❡ q✉❛♥t✐❧❡✲q✉❛♥t✐❧❡ tr❛♥s❢♦r♠s Q0 ❛♥❞ Q1 ♠✉st ❜❡ ❡q✉❛❧✳ ❲❤❡♥ t❤✐s t❡st ✐s ♥♦t r❡❥❡❝t❡❞✱

❛♣♣❧②✐♥❣ ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡s❡ t✇♦ tr❛♥s❢♦r♠s t♦ ❛❧❧ tr❡❛t♠❡♥t ❣r♦✉♣ ✉♥✐ts ✐♥ ♣❡r✐♦❞ ✵

♠✐❣❤t r❡s✉❧t ✐♥ ❡✣❝✐❡♥❝② ❣❛✐♥s ✇✐t❤ r❡s♣❡❝t t♦ ♦✉r ❲❛❧❞✲❈■❈ ❡st✐♠❛t♦r✳

✸✳✺ P❛♥❡❧ ❞❛t❛ ♠♦❞❡❧s

▼♦❞❡❧ ✭✶✮ ✐s ✇❡❧❧ s✉✐t❡❞ ❢♦r r❡♣❡❛t❡❞ ❝r♦ss s❡❝t✐♦♥s ♦r ❝♦❤♦rt ❞❛t❛ ✇❤❡r❡ ✇❡ ♦❜s❡r✈❡ ✉♥✐ts ♦♥❧②

♦♥❝❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ✐♠♣❧✐❡s ❛ str♦♥❣ r❡str✐❝t✐♦♥ ♦♥ s❡❧❡❝t✐♦♥ ✐♥t♦ tr❡❛t♠❡♥t ✇❤❡♥ ♣❛♥❡❧

❞❛t❛ ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❆s V ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t✐♠❡✱ ♦✉r s❡❧❡❝t✐♦♥ ❡q✉❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t ✇✐t❤✐♥

❡❛❝❤ ❣r♦✉♣✱ t✐♠❡ ❝❛♥ ❛✛❡❝t ✐♥❞✐✈✐❞✉❛❧s✬ tr❡❛t♠❡♥t ❞❡❝✐s✐♦♥ ✐♥ ♦♥❧② ♦♥❡ ❞✐r❡❝t✐♦♥✳ ❆❝t✉❛❧❧②✱ ❛❧❧

♦✉r r❡s✉❧ts ✇♦✉❧❞ r❡♠❛✐♥ ✈❛❧✐❞ ✐❢ Ud ❛♥❞ V ✇❡r❡ ✐♥❞❡①❡❞ ❜② t✐♠❡✱ ❡①❝❡♣t t❤❛t ✇❡ ✇♦✉❧❞ ❤❛✈❡

t♦ r❡✇r✐t❡ ❆ss✉♠♣t✐♦♥ ✶ ❛s ❢♦❧❧♦✇s✿ ❢♦r d ∈ S(D)✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ (Udt, Vt) |G ❞♦❡s ♥♦t

❞❡♣❡♥❞ ♦♥ t✳ ❲✐t❤✐♥ ❡❛❝❤ ❣r♦✉♣✱ t✐♠❡ ❝♦✉❧❞ t❤❡♥ ✐♥❞✉❝❡ s♦♠❡ ✉♥✐ts t♦ ❣♦ ❢r♦♠ ♥♦♥✲tr❡❛t♠❡♥t

t♦ tr❡❛t♠❡♥t✱ ✇❤✐❧❡ ❤❛✈✐♥❣ t❤❡ ♦♣♣♦s✐t❡ ❡✛❡❝t ♦♥ ♦t❤❡r ✉♥✐ts✳

❲❡ ♥♦✇ ❞✐s❝✉ss ✇❤❡t❤❡r t❤❡ ❝♦♠♠♦♥ tr❡♥❞s ❛♥❞ ♠♦♥♦t♦♥✐❝✐t② ❛ss✉♠♣t✐♦♥s ✇❡ ✐♥tr♦❞✉❝❡❞

❛❜♦✈❡ ❛r❡ s❛t✐s✜❡❞ ✐♥ st❛♥❞❛r❞ ♣❛♥❡❧ ❞❛t❛ ♠♦❞❡❧s✳ ❲❡ ✐♥❞❡① r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❜② i✱ t♦ ❞✐st✐♥✲

❣✉✐s❤ ✐♥❞✐✈✐❞✉❛❧ ❡✛❡❝ts ❢r♦♠ ❝♦♥st❛♥t t❡r♠s✳

✶✾



❋✐rst✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧✿

Yit = γt + αi + βiDit + εit, ✭✹✮

Dit = 1{Vit ≥ vgt}, ✭✺✮

(εi1, Vi1, αi, βi)|Gi ∼ (εi0, Vi0, αi, βi)|Gi. ✭✻✮

❚❤❡ ♦✉t❝♦♠❡ ❡q✉❛t✐♦♥ ❤❛s t✐♠❡ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ ❡✛❡❝ts✳ ■t ❛❧❧♦✇s ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ❜✉t

t✐♠❡ ✐♥✈❛r✐❛♥t tr❡❛t♠❡♥t ❡✛❡❝ts ✇❤✐❝❤ ❝❛♥ ❜❡ ❛r❜✐tr❛r✐❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ tr❡❛t♠❡♥t✱ t❤❡

✜①❡❞ ❡✛❡❝ts✱ ❛♥❞ t❤❡ ✐❞✐♦s②♥❝r❛t✐❝ s❤♦❝❦s✳ ❊q✉❛t✐♦♥ ✭✻✮ r❡q✉✐r❡s t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

(εit, Vit, αi, βi)|Gi ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t✐♠❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ❞♦❡s ♥♦t r❡str✐❝t t❤❡

❝r♦ss✲s❡❝t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ εit ❛♥❞ Vit✱ ♥♦r s❡r✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ (εi0, Vi0) ❛♥❞

(εi1, Vi1)✳ ❚❤✐s ✐♠♣❧✐❡s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t ✐♥ t❤❡ ✜rst✲❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥✱ Di1 −Di0 ✐s ❡♥❞♦❣❡✲

♥♦✉s ✐♥ ❣❡♥❡r❛❧✳ ❚❤❡ ❲❛❧❞✲❉■❉ ❡st✐♠❛♥❞ t❤❡♥ ❛♠♦✉♥ts t♦ ✐♥str✉♠❡♥t Di1−Di0 ❜② Gi ✐♥ t❤✐s

✜rst✲❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✐❢ ❊q✉❛t✐♦♥s ✭✹✮✲✭✻✮ ❤♦❧❞✱ t❤❡♥ ❆ss✉♠♣t✐♦♥s

✶✲✺ ❛r❡ s❛t✐s✜❡❞✿✻ t❤❡ ❛❞❞✐t✐✈❡ t✐♠❡ ❡✛❡❝t ❛♥❞ t❤❡ t✐♠❡ ✐♥✈❛r✐❛♥t tr❡❛t♠❡♥t ❡✛❡❝t ❡♥s✉r❡ t❤❛t

❆ss✉♠♣t✐♦♥s ✸✱ ✹ ❛♥❞ ✺ ❛r❡ s❛t✐s✜❡❞✳ ❍❡♥❝❡✱ ❜♦t❤ t❤❡ ❲❛❧❞✲❉■❉ ❛♥❞ t❤❡ ❲❛❧❞✲❚❈ ❡st✐♠❛♥❞s

❛r❡ ❡q✉❛❧ t♦ ∆✳

❙❡❝♦♥❞✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♦✉t❝♦♠❡ ❡q✉❛t✐♦♥ ✐♥st❡❛❞ ♦❢ ❊q✉❛t✐♦♥ ✭✹✮✿

Yit = γt + λtDit + αi + βiDit + εit. ✭✼✮

❯♥❞❡r ❊q✉❛t✐♦♥ ✭✼✮✱ ❆ss✉♠♣t✐♦♥ ✹ ✐s ♥♦ ❧♦♥❣❡r s❛t✐s✜❡❞ ❜❡❝❛✉s❡ tr❡❛t♠❡♥t ❡✛❡❝ts ❝❤❛♥❣❡ ♦✈❡r

t✐♠❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡✛❡❝t ♦❢ t✐♠❡ ♦♥ ❜♦t❤ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s ✐s st✐❧❧ ❛❞❞✐t✐✈❡✱ s♦

❊q✉❛t✐♦♥s ✭✼✮ ❛♥❞ ✭✺✮✲✭✻✮ ❣✉❛r❛♥t❡❡ t❤❛t ❆ss✉♠♣t✐♦♥s ✶✲✷ ❛♥❞ ✺ ❛r❡ s❛t✐s✜❡❞✳ ❍❡♥❝❡✱ t❤❡

❲❛❧❞✲❚❈ ❡st✐♠❛♥❞ ✐s ❡q✉❛❧ t♦ ∆✳

❚❤❡♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♦✉t❝♦♠❡ ❡q✉❛t✐♦♥✿

Yit = γt + λtDit + µt(αi + βiDit + εit). ✭✽✮

❯♥❞❡r ❊q✉❛t✐♦♥ ✭✽✮✱ ❆ss✉♠♣t✐♦♥ ✹ ✐s ♥♦ ❧♦♥❣❡r s❛t✐s✜❡❞ ❜❡❝❛✉s❡ t✐♠❡ ❤❛s ❛♥ ❤❡t❡r♦❣❡♥❡♦✉s

❡✛❡❝t ♦♥ t❤❡ ♦✉t❝♦♠❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ❊q✉❛t✐♦♥s ✭✽✮ ❛♥❞ ✭✺✮✲✭✻✮ ❤♦❧❞✱ t❤❡♥ ❆ss✉♠♣t✐♦♥s

✶✲✷ ❛♥❞ ✻ ❛r❡ s❛t✐s✜❡❞✳ ❚♦ s❡❡ t❤✐s✱ ❞❡✜♥❡ hd(u, t) = γt + λtd+ µtu ❛♥❞ Udit = αi + βid+ εit✳

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❧❛st ♦✉t❝♦♠❡ ❡q✉❛t✐♦♥✿

Yit = γt + λtDit + αi + βiDit + µtεit. ✭✾✮

❆❧❧ ♦✉r ❛ss✉♠♣t✐♦♥s ❢❛✐❧ t♦ ❤♦❧❞ ✉♥❞❡r t❤✐s ✜①❡❞ ❡✛❡❝ts ♠♦❞❡❧ ✇✐t❤ t✐♠❡✲✈❛r②✐♥❣ ❡✛❡❝ts ♦❢

t❤❡ ✐❞✐♦s②♥❝r❛t✐❝ s❤♦❝❦✳ ❆s ❛❜♦✈❡✱ ❆ss✉♠♣t✐♦♥ ✹ ❢❛✐❧s ❜❡❝❛✉s❡ t✐♠❡ ❤❛s ❤❡t❡r♦❣❡♥❡♦✉s ❡✛❡❝ts

✻Ud ❛♥❞ V s❤♦✉❧❞ ❜❡ ✐♥❞❡①❡❞ ❜② t✐♠❡✱ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✶ s❤♦✉❧❞ ❜❡ r❡✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿ ❢♦r d ∈ S(D)✱ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ (Udt, Vt) |G ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t✳

✷✵



♦♥ t❤❡ ♦✉t❝♦♠❡✳ ❆ss✉♠♣t✐♦♥ ✻ ❛❧s♦ ❢❛✐❧s ❜❡❝❛✉s❡ t❤❡ ♦✉t❝♦♠❡ ❝❛♥ ♥♦ ❧♦♥❣❡r ❜❡ ✇r✐tt❡♥ ❛s ❛

❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ❛♥❞ ❛ s❝❛❧❛r ✉♥♦❜s❡r✈❡❞ t❡r♠✳ ❇♦♥❤♦♠♠❡ ✫ ❙❛✉❞❡r ✭✷✵✶✶✮ st✉❞② ❛ s✐♠✐❧❛r

♠♦❞❡❧ ✇✐t❤ ✜①❡❞ ❡✛❡❝ts ❛♥❞ ♥♦♥✲st❛t✐♦♥❛r② ✐❞✐♦s②♥❝r❛t✐❝ s❤♦❝❦s✳ ■♥ t❤❡ s❤❛r♣ ❝❛s❡✱ t❤❡②

s❤♦✇ t❤❛t ❛✈❡r❛❣❡ ❛♥❞ q✉❛♥t✐❧❡ tr❡❛t♠❡♥t ❡✛❡❝ts ❛r❡ ✐❞❡♥t✐✜❡❞ ✐❢ t❤❡ ✐❞✐♦s②♥❝r❛t✐❝ s❤♦❝❦s ❛r❡

✐♥❞❡♣❡♥❞❡♥t ♦❢ tr❡❛t♠❡♥t ❛♥❞ ♦❢ t❤❡ ✜①❡❞ ❡✛❡❝ts✳

✹ ❊①t❡♥s✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡①t❡♥❞ ♦✉r ❛♥❛❧②s✐s t♦ s✐t✉❛t✐♦♥s ✇❤❡r❡ t❤❡ ❞❛t❛ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ s❡✈❡r❛❧

❣r♦✉♣s ❛♥❞ s❡✈❡r❛❧ ♣❡r✐♦❞s✱ ✇❤❡r❡ ❝♦✈❛r✐❛t❡s ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ♦r ✇❤❡r❡ t❤❡ tr❡❛t♠❡♥t ✐s ♥♦♥✲

❜✐♥❛r②✳ ❚♦ ❣❡♥❡r❛❧✐③❡ ♦✉r r❡s✉❧ts✱ ✇❡ ❤❛✈❡ t♦ ♠♦❞✐❢② s♦♠❡ ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥s ✇❡ ✐♥tr♦❞✉❝❡❞

❛❜♦✈❡✳ ❚♦ ❡❛s❡ t❤❡ ❝♦♠♣❛r✐s♦♥✱ ✇❡ ❧❛❜❡❧ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ✉s✐♥❣ s✉✣①❡s✳ ❋♦r ✐♥st❛♥❝❡

❆ss✉♠♣t✐♦♥ ✶❳ ✐s s✐♠✐❧❛r t♦ ❆ss✉♠♣t✐♦♥ ✶ ❡①❝❡♣t t❤❛t ✐t ❛❝❝♦✉♥ts ❢♦r ❝♦✈❛r✐❛t❡s X✳

✹✳✶ ▼✉❧t✐♣❧❡ ❣r♦✉♣s ❛♥❞ t✐♠❡ ♣❡r✐♦❞s

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❞❛t❛ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ ♠♦r❡ t❤❛♥ t✇♦ ❣r♦✉♣s ❛♥❞

t✐♠❡ ♣❡r✐♦❞s✳ ▲❡t G ∈ {0, 1, ..., g} ❜❡ t❤❡ ❣r♦✉♣ ❛ ✉♥✐t ❜❡❧♦♥❣s t♦✳ ▲❡t T ∈ {0, 1, ..., t}
❜❡ t❤❡ ♣❡r✐♦❞ ✇❤❡♥ s❤❡ ✐s ♦❜s❡r✈❡❞✳ ❋♦r ❛♥② (g, t) ∈ S(G) × {1, ..., t}✱ ❧❡t Sgt = {V ∈
[min(vgt−1, vgt),max(vgt−1, vgt)), G = g} ❜❡ t❤❡ s✉❜s❡t ♦❢ ❣r♦✉♣ g ✇❤✐❝❤ s✇✐t❝❤❡s tr❡❛t♠❡♥t

st❛t✉s ❜❡t✇❡❡♥ t − 1 ❛♥❞ t✳ ❆❧s♦✱ ❧❡t St = ∪g
g=0Sgt ❞❡♥♦t❡ t❤❡ ✉♥✐ts s✇✐t❝❤✐♥❣ ❜❡t✇❡❡♥ t − 1

❛♥❞ t✳ ❋✐♥❛❧❧②✱ ❧❡t S =
⋃t

t=1 St ❜❡ t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ s✇✐t❝❤❡rs✳ ❆t ❡❛❝❤ ❞❛t❡✱ ✇❡ ❝❛♥ ♣❛rt✐t✐♦♥

t❤❡ ❣r♦✉♣s ✐♥t♦ t❤r❡❡ s✉❜s❡ts✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r t❤❡✐r tr❡❛t♠❡♥t r❛t❡ ✐s st❛❜❧❡✱ ✐♥❝r❡❛s❡s✱

♦r ❞❡❝r❡❛s❡s ❜❡t✇❡❡♥ t− 1 ❛♥❞ t✳ ❋♦r ❡✈❡r② t ∈ {1, ..., t}✱ ❧❡t

Gst = {g ∈ S(G) : E(Dgt) = E(Dgt−1)}
Git = {g ∈ S(G) : E(Dgt) > E(Dgt−1)}
Gdt = {g ∈ S(G) : E(Dgt) < E(Dgt−1)},

❛♥❞ ❧❡t G∗
t = 1{G ∈ Git} − 1{G ∈ Gdt}✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✱ ✇❤✐❝❤

❣❡♥❡r❛❧✐③❡ ❆ss✉♠♣t✐♦♥s ✸✲✺ t♦ s❡tt✐♥❣s ✇✐t❤ ♠✉❧t✐♣❧❡ ❣r♦✉♣s ❛♥❞ ♣❡r✐♦❞s ✭❆ss✉♠♣t✐♦♥s ✻ ❛♥❞

✼ ❛♣♣❧② t♦ t❤✐s ❝❛s❡ ✇✐t❤♦✉t ♠♦❞✐✜❝❛t✐♦♥s✮✳

❆ss✉♠♣t✐♦♥ ✸▼ ✭❈♦♠♠♦♥ tr❡♥❞s✮

❋♦r ❡✈❡r② t ∈ {1, ..., t}✱ E(h0(U0, t)− h0(U0, t− 1)|G) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ G✳

❆ss✉♠♣t✐♦♥ ✹▼ ✭❈♦♠♠♦♥ ❛✈❡r❛❣❡ ❡✛❡❝t ♦❢ t✐♠❡ ♦♥ ❜♦t❤ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s✮

❋♦r ❡✈❡r② t ∈ {1, ..., t}✱ E(h1(U1, t) − h1(U1, t − 1)|G, V ≥ vG0) = E(h0(U0, t) − h0(U0, t −
1)|G, V ≥ vG0).

✷✶



❆ss✉♠♣t✐♦♥ ✺▼ ✭❈♦♠♠♦♥ tr❡♥❞s ✇✐t❤✐♥ tr❡❛t♠❡♥t ❛t ♣r❡✈✐♦✉s ♣❡r✐♦❞✮

❋♦r ❡✈❡r② t ∈ {1, ..., t}✱ E(h0(U0, t)−h0(U0, t− 1)|G, V < vGt−1) ❛♥❞ E(h1(U1, t)−h1(U1, t−
1)|G, V ≥ vGt−1) ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ G✳

❚❤❡♦r❡♠ ✹✳✶ ❜❡❧♦✇ s❤♦✇s t❤❛t ✇❤❡♥ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❣r♦✉♣ ✐♥ ✇❤✐❝❤ t❤❡ tr❡❛t♠❡♥t r❛t❡

✐s st❛❜❧❡ ❜❡t✇❡❡♥ ❡❛❝❤ ♣❛✐r ♦❢ ❝♦♥s❡❝✉t✐✈❡ ❞❛t❡s✱ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛❧❧♦✇ ✉s

t♦ ♣♦✐♥t ✐❞❡♥t✐❢② ∆w✱ ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ ▲❆❚❊s ♦✈❡r ❞✐✛❡r❡♥t ♣❡r✐♦❞s✿

∆w =

t∑

t=1

P (St|T = t)
∑t

t=1 P (St|T = t)
E(Y (1)− Y (0)|St, T = t).

❲❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥✱ ✉♥❞❡r ✇❤✐❝❤ ∆w ✐s ❡q✉❛❧ t♦ t❤❡ ▲❆❚❊ ❛♠♦♥❣ t❤❡

✇❤♦❧❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ s✇✐t❝❤❡rs S✳

❆ss✉♠♣t✐♦♥ ✶✶ ✭❙t❛❜❧❡ ❣r♦✉♣s✱ ♠♦♥♦t♦♥✐❝ ❡✈♦❧✉t✐♦♥ ♦❢ tr❡❛t♠❡♥t✱ ❛♥❞ ❤♦♠♦❣❡♥♦✉s ❡✛❡❝ts

♦✈❡r t✐♠❡✮

✶✳ G ⊥⊥ T ✳

✷✳ ❋♦r ❡✈❡r② t 6= t′ ∈ {1, ..., t}2 Git ∩ Gdt′ = ∅✳

✸✳ ❋♦r ❡✈❡r② (t, t′) ∈ {1, ..., t}2✱ E(Y (1)− Y (0)|St, T = t′) = E(Y (1)− Y (0)|St, T = 1)✳

❚❤❡ ✜rst ♣♦✐♥t ♦❢ ❆ss✉♠♣t✐♦♥ ✶✶ r❡q✉✐r❡s t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❣r♦✉♣s ❜❡ st❛❜❧❡ ♦✈❡r t✐♠❡✳

❚❤✐s ✇✐❧❧ ❛✉t♦♠❛t✐❝❛❧❧② ❜❡ s❛t✐s✜❡❞ ✐❢ t❤❡ ❞❛t❛ ✐s ❛ ❜❛❧❛♥❝❡❞ ♣❛♥❡❧ ❛♥❞ G ✐s t✐♠❡ ✐♥✈❛r✐❛♥t✳

❲✐t❤ r❡♣❡❛t❡❞ ❝r♦ss✲s❡❝t✐♦♥s ♦r ❝♦❤♦rt ❞❛t❛✱ t❤✐s ❛ss✉♠♣t✐♦♥ ♠✐❣❤t ❢❛✐❧ t♦ ❤♦❧❞✳ ❍♦✇❡✈❡r✱

❧❛r❣❡ ❞❡✈✐❛t✐♦♥s ❢r♦♠ t❤✐s st❛❜❧❡ ❣r♦✉♣ ❛ss✉♠♣t✐♦♥ ✐♥❞✐❝❛t❡ t❤❛t s♦♠❡ ❣r♦✉♣s ❣r♦✇ ♠✉❝❤

❢❛st❡r t❤❛♥ ♦t❤❡rs✱ ✇❤✐❝❤ ♠✐❣❤t ❛♥②✇❛② ❝❛❧❧ ✐♥t♦ q✉❡st✐♦♥ t❤❡ ❝♦♠♠♦♥ tr❡♥❞s ❛ss✉♠♣t✐♦♥s

✉♥❞❡r❧②✐♥❣ ❉■❉ ✐❞❡♥t✐✜❝❛t✐♦♥ str❛t❡❣✐❡s✳ ❚❤❡ s❡❝♦♥❞ ♣♦✐♥t ♦❢ ❆ss✉♠♣t✐♦♥ ✶✶ r❡q✉✐r❡s t❤❛t

✐♥ ❡✈❡r② ❣r♦✉♣✱ t❤❡ tr❡❛t♠❡♥t r❛t❡ ❢♦❧❧♦✇s ❛ ♠♦♥♦t♦♥✐❝ ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡✳ ❚❤❡ t❤✐r❞ ♣♦✐♥t

r❡q✉✐r❡s t❤❛t s✇✐t❝❤❡rs✬ ▲❆❚❊ ❜❡ ❤♦♠♦❣❡♥❡♦✉s ♦✈❡r t✐♠❡✳

❋♦r ❛♥② r❛♥❞♦♠ ✈❛r✐❛❜❧❡ R ❛♥❞ ❢♦r ❛♥② (g, t) ∈ {−1, 0, 1} × S(T )✱ ❧❡t R∗
gt ∼ R|G∗

t = g, T = t

❛♥❞ R∗
dgt ∼ R|D = d,G∗

t = g, T = t✳ ❋♦r ❛♥② g 6= g′ ∈ {−1, 0, 1}2 ❛♥❞ t ∈ {1, ..., t} ❧❡t

DID∗
R(g, g

′, t) = E(R∗
gt)− E(R∗

gt−1)− (E(R∗
g′t)− E(R∗

g′t−1))

W ∗
DID(g, g

′, t) =
DID∗

Y (g, g
′, t)

DID∗
D(g, g

′, t)

wt =
DID∗

D(1, 0, t)P (G ∈ Git|T = t) +DID∗
D(0,−1, t)P (G ∈ Gdt|T = t)

∑t
t=1DID

∗
D(1, 0, t)P (G ∈ Git|T = t) +DID∗

D(0,−1, t)P (G ∈ Gdt|T = t)

w01|t =
DID∗

D(1, 0, t)P (G ∈ Git|T = t)

DID∗
D(1, 0, t)P (G ∈ Git|T = t) +DID∗

D(0,−1, t)P (G ∈ Gdt|T = t)
.

✷✷



▲❡t ❛❧s♦

δ∗dt = E(Y ∗
d0t)− E(Y ∗

d0t−1) ❢♦r d ∈ {0, 1}

W ∗
TC(1, 0, t) =

E(Y ∗
1t)− E(Y ∗

1t−1 + δ∗D∗
1t−1

)

E(D∗
1t)− E(D∗

1t−1)

W ∗
TC(−1, 0, t) =

E(Y ∗
−1t)− E(Y ∗

−1t−1 + δ∗D∗
−1t−1

)

E(D∗
−1t)− E(D∗

−1t−1)
.

❋✐♥❛❧❧②✱ ❧❡t

Q∗
dt(y) = F−1

Y ∗
d0t

◦ FY ∗
d0t−1

(y) d ∈ {0, 1}

W ∗
CIC(1, 0, t) =

E(Y ∗
1t)− E(Q∗

D∗
1t−1

(Y ∗
1t−1))

E(D∗
1t)− E(D∗

1t−1)

W ∗
CIC(−1, 0, t) =

E(Y ∗
−1t)− E(Q∗

D∗
−1t−1

(Y ∗
−1t−1))

E(D∗
−1t)− E(D∗

−1t−1)
.

❚❤❡♦r❡♠ ✹✳✶ ❆ss✉♠❡ t❤❛t ▼♦❞❡❧ ✭✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✶ ❛r❡ s❛t✐s✜❡❞✳ ❆ss✉♠❡ ❛❧s♦ t❤❛t ❢♦r

❡✈❡r② t ∈ {1, ..., t}✱ Gst 6= ∅✳

✶✳ ■❢ ❆ss✉♠♣t✐♦♥s ✸▼ ❛♥❞ ✹▼ ❛r❡ s❛t✐s✜❡❞✱

t∑

t=1

wt(w10|tW
∗
DID(1, 0, t) + (1− w10|t)W

∗
DID(−1, 0, t)) =∆w.

✷✳ ■❢ ❆ss✉♠♣t✐♦♥ ✺▼ ✐s s❛t✐s✜❡❞✱

t∑

t=1

wt(w10|tW
∗
TC(1, 0, t) + (1− w10|t)W

∗
TC(−1, 0, t)) =∆w.

✸✳ ■❢ ❆ss✉♠♣t✐♦♥s ✻ ❛♥❞ ✼ ❛r❡ s❛t✐s✜❡❞✱

t∑

t=1

wt(w10|tW
∗
CIC(1, 0, t) + (1− w10|t)W

∗
CIC(−1, 0, t)) =∆w.

✹✳ ■❢ ❡✐t❤❡r t = 1 ♦r ❆ss✉♠♣t✐♦♥ ✶✶ ❤♦❧❞s✱

∆w = E(Y (1)− Y (0)|S, T > 0).

▲❡t ✉s ✜rst ❝♦♥s✐❞❡r t❤❡ s✐♠♣❧❡ ❝❛s❡ ✇✐t❤ ♠✉❧t✐♣❧❡ ❣r♦✉♣s ❛♥❞ t✇♦ ♣❡r✐♦❞s✳ ■♥ s✉❝❤ ✐♥st❛♥❝❡s✱

t❤❡ ✜rst✱ s❡❝♦♥❞✱ ❛♥❞ t❤✐r❞ r❡s✉❧ts ♦❢ t❤❡ t❤❡♦r❡♠ ❝❛♥ r❡s♣❡❝t✐✈❡❧② ❜❡ r❡✇r✐tt❡♥ ❛s

w10|1W
∗
DID(1, 0, 1) + (1− w10|1)W

∗
DID(−1, 0, 1) = E(Y (1)− Y (0)|S1, T = 1),

w10|1W
∗
TC(1, 0, 1) + (1− w10|1)W

∗
TC(−1, 0, 1) = E(Y (1)− Y (0)|S1, T = 1),

w10|1W
∗
CIC(1, 0, 1) + (1− w10|1)W

∗
CIC(−1, 0, 1) = E(Y (1)− Y (0)|S1, T = 1).

✷✸



❚❤✐s s❤♦✇s t❤❛t ✇✐t❤ ♠✉❧t✐♣❧❡ ❣r♦✉♣s ❛♥❞ t✇♦ ♣❡r✐♦❞s ♦❢ t✐♠❡✱ tr❡❛t♠❡♥t ❡✛❡❝ts ❢♦r s✇✐t❝❤❡rs

❛r❡ ✐❞❡♥t✐✜❡❞ ✐❢ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❣r♦✉♣ ✐♥ ✇❤✐❝❤ t❤❡ tr❡❛t♠❡♥t r❛t❡ ✐s st❛❜❧❡ ♦✈❡r t✐♠❡✳

❚❤✐s ❤♦❧❞s ✉♥❞❡r ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡ s❡ts ♦❢ ❛ss✉♠♣t✐♦♥s ✇❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳

❚❤❡ ❡st✐♠❛♥❞s ✇❡ ♣r♦♣♦s❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ❢♦✉r st❡♣s✳ ❋✐rst✱ ✇❡ ❢♦r♠ t❤r❡❡ ✏s✉♣❡r ❣r♦✉♣s✑✱

❜② ♣♦♦❧✐♥❣ t♦❣❡t❤❡r t❤❡ ❣r♦✉♣s ✇❤❡r❡ tr❡❛t♠❡♥t ✐♥❝r❡❛s❡s ✭G∗ = 1✮✱ t❤♦s❡ ✇❤❡r❡ ✐t ✐s st❛❜❧❡

✭G∗ = 0✮✱ ❛♥❞ t❤♦s❡ ✇❤❡r❡ ✐t ❞❡❝r❡❛s❡s ✭G∗ = −1✮✳ ❲❤✐❧❡ ✐♥ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s t❤❡s❡ t❤r❡❡

s❡ts ♦❢ ❣r♦✉♣s ❛r❡ ❦♥♦✇♥ t♦ t❤❡ ❛♥❛❧②st✱ ✐♥ ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s t❤❡② ♠✉st ❜❡ ❡st✐♠❛t❡❞✳ ■♥

♦✉r s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧✱ ✇❡ r❡✈✐❡✇ r❡s✉❧ts ❢r♦♠ ●❡♥t③❦♦✇ ❡t ❛❧✳ ✭✷✵✶✶✮ ✇❤❡r❡ t❤❡s❡ s❡ts

❛r❡ ❦♥♦✇♥ t♦ t❤❡ ❛♥❛❧②st✳ ■♥ ❙❡❝t✐♦♥ ✻ ✇❡ r❡✈✐❡✇ r❡s✉❧ts ❢r♦♠ ❉✉✢♦ ✭✷✵✵✶✮ ✇❤❡r❡ t❤❡s❡ s❡ts

❛r❡ ♥♦t ❦♥♦✇♥ t♦ t❤❡ ❛♥❛❧②st✳ ❲❡ ♣r♦♣♦s❡ ❛♥ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❛♥❞ ♣❡r❢♦r♠ ❛ ♥✉♠❜❡r ♦❢

r♦❜✉st♥❡ss ❝❤❡❝❦s t♦ ❛ss❡ss ✇❤❡t❤❡r r❡s✉❧ts ❛r❡ s❡♥s✐t✐✈❡ t♦ t❤✐s ✜rst st❡♣ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡✳

❙❡❝♦♥❞✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❡st✐♠❛♥❞ ✇❡ s✉❣❣❡st❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✇✐t❤G∗ = 1 ❛♥❞G∗ = 0

❛s t❤❡ tr❡❛t♠❡♥t ❛♥❞ ❝♦♥tr♦❧ ❣r♦✉♣s✳ ❚❤✐r❞✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❡st✐♠❛♥❞ ✇❡ s✉❣❣❡st❡❞ ✐♥ t❤❡

♣r❡✈✐♦✉s s❡❝t✐♦♥ ✇✐t❤ G∗ = −1 ❛♥❞ G∗ = 0 ❛s t❤❡ tr❡❛t♠❡♥t ❛♥❞ ❝♦♥tr♦❧ ❣r♦✉♣s✳ ❋✐♥❛❧❧②✱ ✇❡

❝♦♠♣✉t❡ ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤♦s❡ t✇♦ ❡st✐♠❛♥❞s✳

■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡r❡ t > 1✱ ❛❣❣r❡❣❛t✐♥❣ ❡st✐♠❛♥❞s ❛t ❞✐✛❡r❡♥t ❞❛t❡s ♣r♦✈❡s ♠♦r❡ ❞✐✣✲

❝✉❧t t❤❛♥ ❛❣❣r❡❣❛t✐♥❣ ❡st✐♠❛♥❞s ❢r♦♠ ❞✐✛❡r❡♥t ❣r♦✉♣s✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ♣♦♣✉❧❛t✐♦♥s s✇✐t❝❤✐♥❣

tr❡❛t♠❡♥t ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ❞❛t❡s ♠✐❣❤t ♦✈❡r❧❛♣✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ ❛ ✉♥✐t ❣♦❡s ❢r♦♠ ♥♦♥ tr❡❛t✲

♠❡♥t t♦ tr❡❛t♠❡♥t ❜❡t✇❡❡♥ ♣❡r✐♦❞ ✵ ❛♥❞ ✶✱ ❛♥❞ ❢r♦♠ tr❡❛t♠❡♥t t♦ ♥♦♥ tr❡❛t♠❡♥t ❜❡t✇❡❡♥

♣❡r✐♦❞ ✶ ❛♥❞ ✷✱ s❤❡ ❜♦t❤ ❜❡❧♦♥❣s t♦ ♣❡r✐♦❞ ✶ ❛♥❞ ♣❡r✐♦❞ ✷ s✇✐t❝❤❡rs✳ ❆ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢✱

s❛②✱ ♦✉r ❲❛❧❞✲❉■❉ ❡st✐♠❛♥❞s ❜❡t✇❡❡♥ ♣❡r✐♦❞ ✵ ❛♥❞ ✶ ❛♥❞ ❜❡t✇❡❡♥ ♣❡r✐♦❞ ✶ ❛♥❞ ✷ ❡st✐♠❛t❡s ❛

✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡ ▲❆❚❊s ♦❢ t✇♦ ♣♦t❡♥t✐❛❧❧② ♦✈❡r❧❛♣♣✐♥❣ ♣♦♣✉❧❛t✐♦♥s✳ ❚❤❡r❡ ✐s t❤❡r❡❢♦r❡

♥♦ ♥❛t✉r❛❧ ✇❛② t♦ ✇❡✐❣❤t t❤❡s❡ t✇♦ ❡st✐♠❛♥❞s t♦ r❡❝♦✈❡r t❤❡ ▲❆❚❊ ♦❢ t❤❡ ✉♥✐♦♥ ♦❢ ♣❡r✐♦❞ ✶

❛♥❞ ✷ s✇✐t❝❤❡rs✳ ❆s s❤♦✇♥ ✐♥ t❤❡ ❢♦✉rt❤ ♣♦✐♥t ♦❢ t❤❡ t❤❡♦r❡♠✱ t❤❡ ❛❣❣r❡❣❛t❡❞ ❡st✐♠❛♥❞ ✇❡

♣✉t ❢♦r✇❛r❞ st✐❧❧ s❛t✐s✜❡s ❛ ♥✐❝❡ ♣r♦♣❡rt②✿ ✐t ✐s ❡q✉❛❧ t♦ t❤❡ ▲❆❚❊ ♦❢ t❤❡ ✉♥✐♦♥ ♦❢ s✇✐t❝❤❡rs

✐♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡ t❤❡ str✉❝t✉r❡ ♦❢ ❣r♦✉♣s ❞♦❡s ♥♦t ❝❤❛♥❣❡ ♦✈❡r t✐♠❡ ❛♥❞ ❡❛❝❤ ❣r♦✉♣

❡①♣❡r✐❡♥❝❡s ❛ ♠♦♥♦t♦♥✐❝ ❡✈♦❧✉t✐♦♥ ♦❢ ✐ts tr❡❛t♠❡♥t r❛t❡ ♦✈❡r t✐♠❡✳ ❲❤❡♥ t❤✐s ✐s t❤❡ ❝❛s❡✱ ♣♦♣✲

✉❧❛t✐♦♥s s✇✐t❝❤✐♥❣ tr❡❛t♠❡♥t st❛t✉s ❛t ❞✐✛❡r❡♥t ❞❛t❡s ❝❛♥♥♦t ♦✈❡r❧❛♣✱ s♦ ♦✉r ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡

♦❢ s✇✐t❝❤❡rs✬ ▲❆❚❊ ❛❝r♦ss ♣❡r✐♦❞s ✐s ❛❝t✉❛❧❧② t❤❡ ▲❆❚❊ ♦❢ ❛❧❧ s✇✐t❝❤❡rs✳

❚❤r❡❡ ❧❛st ❝♦♠♠❡♥ts ♦♥ ❚❤❡♦r❡♠ ✹✳✶ ❛r❡ ✐♥ ♦r❞❡r✳ ❋✐rst✱ ✐t ❝♦♥tr❛sts ✇✐t❤ t❤❡ ❝✉rr❡♥t ♣r❛❝t✐❝❡

✐♥ ❡♠♣✐r✐❝❛❧ ✇♦r❦✳ ❲❤❡♥ ♠❛♥② ❣r♦✉♣s ❛♥❞ ♣❡r✐♦❞s ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ❛♣♣❧✐❡❞ r❡s❡❛r❝❤❡rs ✉s✉❛❧❧②

✐♥❝❧✉❞❡ ❣r♦✉♣ ❛♥❞ t✐♠❡ ✜①❡❞ ❡✛❡❝ts ✐♥ t❤❡✐r r❡❣r❡ss✐♦♥s✱ ✐♥st❡❛❞ ♦❢ ♣♦♦❧✐♥❣ t♦❣❡t❤❡r ❣r♦✉♣s

✐♥t♦ s✉♣❡r ❝♦♥tr♦❧ ❛♥❞ tr❡❛t♠❡♥t ❣r♦✉♣s ❛s ✇❡ ❛❞✈♦❝❛t❡ ❤❡r❡✳ ❲❡ s❤♦✇ ✐♥ t❤❡ s✉♣♣❧❡♠❡♥t❛r②

♠❛t❡r✐❛❧ ✭s❡❡ ❚❤❡♦r❡♠s ❙✶ ❛♥❞ ❙✷✮ t❤❛t s✉❝❤ r❡❣r❡ss✐♦♥s ❡st✐♠❛t❡ ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢

s✇✐t❝❤❡rs ▲❆❚❊s ❛❝r♦ss ❣r♦✉♣s✱ ✇✐t❤ ♣♦t❡♥t✐❛❧❧② ♠❛♥② ♥❡❣❛t✐✈❡ ✇❡✐❣❤ts ❛♥❞ ✇✐t❤♦✉t t❤❡

❛❣❣r❡❣❛t✐♦♥ ♣r♦♣❡rt② ✇❡ ♦❜t❛✐♥ ❤❡r❡✳ ❙❡❝♦♥❞✱ ❣r♦✉♣s ✇❤❡r❡ t❤❡ tr❡❛t♠❡♥t r❛t❡ ❞✐♠✐♥✐s❤❡s ❝❛♥

❜❡ ✉s❡❞ ❛s ✏tr❡❛t♠❡♥t✑ ❣r♦✉♣s✱ ❥✉st ❛s t❤♦s❡ ✇❤❡r❡ ✐t ✐♥❝r❡❛s❡s✳ ■♥❞❡❡❞✱ ✐t ✐s ❡❛s② t♦ s❤♦✇

t❤❛t ❛❧❧ t❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ st✐❧❧ ❤♦❧❞ ✐❢ t❤❡ tr❡❛t♠❡♥t r❛t❡ ❞❡❝r❡❛s❡s ✐♥ t❤❡

✷✹



tr❡❛t♠❡♥t ❣r♦✉♣ ❛♥❞ ✐s st❛❜❧❡ ✐♥ t❤❡ ❝♦♥tr♦❧✳ ❋✐♥❛❧❧②✱ ✇❤❡♥ t❤❡r❡ ❛r❡ ♠♦r❡ t❤❛♥ t✇♦ ❣r♦✉♣s

✇❤❡r❡ t❤❡ tr❡❛t♠❡♥t r❛t❡ ✐s st❛❜❧❡ ♦✈❡r t✐♠❡✱ ♦✉r t❤r❡❡ s❡ts ♦❢ ❛ss✉♠♣t✐♦♥s ❜❡❝♦♠❡ t❡st❛❜❧❡✳

❯♥❞❡r ❡❛❝❤ s❡t ♦❢ ❛ss✉♠♣t✐♦♥s✱ ✉s✐♥❣ ❛♥② s✉❜s❡t ♦❢ Gs ❛s t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ s❤♦✉❧❞ ②✐❡❧❞ t❤❡

s❛♠❡ r❡s✉❧t✳

❲❡ ♥♦✇ t✉r♥ t♦ ♣❛rt✐❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥ r❡s✉❧ts ✇❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ❝❤❛♥❣❡s ✐♥ ❡✈❡r② ❣r♦✉♣✳

❚♦ s✐♠♣❧✐❢② t❤❡ ❡①♣♦s✐t✐♦♥✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ✇✐t❤ ♠✉❧t✐♣❧❡ ❣r♦✉♣s ❛♥❞ t✇♦ ♣❡r✐♦❞s✳ ❘❡s✉❧ts

❝❛♥ ❡❛s✐❧② ❜❡ ❡①t❡♥❞❡❞ t♦ ❛❝❝♦♠♠♦❞❛t❡ ♠✉❧t✐♣❧❡ ♣❡r✐♦❞s✳

❲❤❡♥ t❤❡ ♦✉t❝♦♠❡ ❤❛s ❜♦✉♥❞❡❞ s✉♣♣♦rt [y, y]✱ ❧❡t✱ ❢♦r (d, g) ∈ {0, 1} × S(G)✱

F dg1(y) =M0

[
1− λgd(1− FYdg1

(y))
]
−M0(1− λgd)1{y < y},

F dg1(y) = m1

[
λgdFYdg1

(y)
]
+ (1−m1(λgd))1{y ≥ y}.

❚❤❡♥ ❞❡✜♥❡

δ
−

d = max
g∈S(G)

∫
ydF dg1(y)− E(Ydg0), δ

+
d = min

g∈S(G)

∫
ydF dg1(y)− E(Ydg0),

W−
TC(g) =

E(Yg1)− E(Yg0 + δ+Dg0
)

E(Dg1)− E(Dg0)
, W+

TC(g) =
E(Yg1)− E(Yg0 + δ

−

Dg0
)

E(Dg1)− E(Dg0)
.

▲❡t ❛❧s♦ F gg′d(y) ❛♥❞ F gg′d(y) ❞❡♥♦t❡ t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ♦♥ FYg1(d)|Sg
♦♥❡ ❝❛♥ ♦❜t❛✐♥

✉s✐♥❣ G = g ❛s t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ❛♥❞ G = g′ ❛s t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ❛♥❞ ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠

✸✳✸✳ ❋✐♥❛❧❧②✱ ❧❡t

W−
CIC(g) =

∫ (
max

g′∈S(G)
F gg′0(y)− min

g′∈S(G)
F gg′1(y)

)
dy,

W+
CIC(g) =

∫ (
min

g′∈S(G)
F gg′0(y)− max

g′∈S(G)
F gg′1(y)

)
dy.

❚❤❡♦r❡♠ ✹✳✷ ❆ss✉♠❡ t❤❛t ▼♦❞❡❧ ✭✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✶ ✐s s❛t✐s✜❡❞✳ ❆ss✉♠❡ ❛❧s♦ t❤❛t Gs1 =

∅✳

✶✳ ■❢ ❆ss✉♠♣t✐♦♥ ✺ ✐s s❛t✐s✜❡❞ ❛♥❞ P (y ≤ Y (d) ≤ y) = 1 ❢♦r d ∈ {0, 1}✱

W−
TC(g) ≤ E(Yg1(1)− Yg1(0)|Sg) ≤W+

TC(g).

✷✳ ■❢ ❆ss✉♠♣t✐♦♥s ✻ ❛♥❞ ✼ ❛r❡ s❛t✐s✜❡❞✱

W−
CIC(g) ≤ E(Yg1(1)− Yg1(0)|Sg) ≤W+

CIC(g).

❚❤✐s t❤❡♦r❡♠ s❤♦✇s t❤❛t ✇✐t❤ ♠✉❧t✐♣❧❡ ❣r♦✉♣s✱ ♦♥❡ ❝❛♥ ❝♦♥str✉❝t ✐♥t❡rs❡❝t✐♦♥ ❜♦✉♥❞s ❢♦r

s✇✐t❝❤❡rs✬ ▲❆❚❊ ✇❤❡♥ t❤❡ tr❡❛t♠❡♥t r❛t❡ ❝❤❛♥❣❡s ✐♥ ❡✈❡r② ❣r♦✉♣ ♦✈❡r t✐♠❡✳ ❚❤✐s ❤♦❧❞s ✉♥❞❡r

t❤❡ t✇♦ s❡ts ♦❢ ❛ss✉♠♣t✐♦♥s ❢♦r ✇❤✐❝❤ ✇❡ ❝♦♥s✐❞❡r❡❞ ♣❛rt✐❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥ r❡s✉❧ts ✐♥ t❤❡ ♣r❡✈✐♦✉s

s❡❝t✐♦♥✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✺✱ ♦♥❡ ❝❛♥ ❜♦✉♥❞ t❤❡ ▲❆❚❊ ❛♠♦♥❣ s✇✐t❝❤❡rs ✐♥ ❛ ❣✐✈❡♥ ❣r♦✉♣

❜② ✉s✐♥❣ ❡✈❡r② ♦t❤❡r ❣r♦✉♣ ❛s ❛ ♣♦t❡♥t✐❛❧ ❝♦♥tr♦❧ ❣r♦✉♣ ❛♥❞ ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✸✳✷✳ ❖♥❡ ❝❛♥

✷✺



t❤❡♥ s❡❧❡❝t t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ②✐❡❧❞✐♥❣ t❤❡ ❤✐❣❤❡st ✭r❡s♣✳ s♠❛❧❧❡st✮ ❧♦✇❡r ✭r❡s♣✳ ✉♣♣❡r✮ ❜♦✉♥❞✳

❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✻✱ ♦♥❡ ❝❛♥ ❜♦✉♥❞ t❤❡ ❝❞❢ ♦❢ Y (1) ❛♥❞ Y (0) ❛♠♦♥❣ s✇✐t❝❤❡rs ✐♥ ❛ ❣✐✈❡♥

❣r♦✉♣ ❜② ✉s✐♥❣ ❡✈❡r② ♦t❤❡r ❣r♦✉♣ ❛s ❛ ♣♦t❡♥t✐❛❧ ❝♦♥tr♦❧ ❣r♦✉♣ ❛♥❞ ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✸✳✸✳

❋♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ y✱ ♦♥❡ ❝❛♥ t❤❡♥ s❡❧❡❝t t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ②✐❡❧❞✐♥❣ t❤❡ ❤✐❣❤❡st ✭r❡s♣✳ ❧♦✇❡st✮

❧♦✇❡r ✭r❡s♣✳ ✉♣♣❡r✮ ❜♦✉♥❞✳ ❖♥❡ ❝❛♥ ✜♥❛❧❧② ❜♦✉♥❞ s✇✐t❝❤❡rs ▲❆❚❊s ❜② ✉s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜②

♣❛rts ❢♦r ▲❡❜❡s❣✉❡✲❙t✐❡❧❥❡s ✐♥t❡❣r❛❧s✳ ◆♦t❡ t❤❛t ❛♥② ❣r♦✉♣ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♥str✉❝t ❜♦✉♥❞s

❢♦r t❤❡ ▲❆❚❊ ♦❢ s✇✐t❝❤❡rs ✐♥ ❣r♦✉♣ g✱ ❡✈❡♥ ❣r♦✉♣s g′ ✇❤✐❝❤ ❡①♣❡r✐❡♥❝❡❞ ❛ ❧❛r❣❡r ❝❤❛♥❣❡ ♦❢

t❤❡✐r tr❡❛t♠❡♥t r❛t❡✳ ❍❡r❡✱ ✇❡ ♦♥❧② ♣r❡s❡♥t ♣❛rt✐❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥ r❡s✉❧ts ❢♦r tr❡❛t♠❡♥t ❡✛❡❝ts

❛♠♦♥❣ s✇✐t❝❤❡rs ♦❢ ❣r♦✉♣ g✳ ❖♥❡ ❝❛♥ ❛❧s♦ ❞❡r✐✈❡ ❜♦✉♥❞s ❢♦r t❤❡ ❡♥t✐r❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ s✇✐t❝❤❡rs✱

❜② t❛❦✐♥❣ ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡s❡ ❜♦✉♥❞s✳

✹✳✷ ❈♦✈❛r✐❛t❡s

❲❡ ♥♦✇ r❡t✉r♥ t♦ ♦✉r ✐♥✐t✐❛❧ s❡t✉♣ ✇✐t❤ t✇♦ ❣r♦✉♣s ❛♥❞ t✇♦ ♣❡r✐♦❞s ❜✉t ❝♦♥s✐❞❡r ❛ ❢r❛♠❡✇♦r❦

✐♥❝♦r♣♦r❛t✐♥❣ ❝♦✈❛r✐❛t❡s✳ ▲❡t X ❜❡ ❛ ✈❡❝t♦r ♦❢ ❝♦✈❛r✐❛t❡s✳ ❆ss✉♠❡ t❤❛t

Y (d) = hd(Ud, T,X), d ∈ S(D),

D = 1{V ≥ vGTX}, vG0X = v00X ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ G.
✭✶✵✮

❚❤❡♥ ✇❡ r❡♣❧❛❝❡ ❆ss✉♠♣t✐♦♥s ✶✲✼ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✳

❆ss✉♠♣t✐♦♥ ✶❳ ✭❈♦♥❞✐t✐♦♥❛❧ t✐♠❡ ✐♥✈❛r✐❛♥❝❡ ✇✐t❤✐♥ ❣r♦✉♣s✮

❋♦r d ∈ S(D)✱ (Ud, V ) ⊥⊥ T |G,X✳

❆ss✉♠♣t✐♦♥ ✷❳ ✭❈♦♥❞✐t✐♦♥❛❧ ✜rst st❛❣❡✮

E(D11|X) > E(D10|X)✱ ❛♥❞ E(D11|X)− E(D10|X) > E(D01|X)− E(D00|X)✳

❆ss✉♠♣t✐♦♥ ✸❳ ✭❈♦♥❞✐t✐♦♥❛❧ ❝♦♠♠♦♥ tr❡♥❞s✮

E(h0(U0, 1, X)− h0(U0, 0, X)|G,X) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ G✳

❆ss✉♠♣t✐♦♥ ✹❳ ✭❈♦♥❞✐t✐♦♥❛❧ ❝♦♠♠♦♥ ❡✛❡❝t ♦❢ t✐♠❡ ♦♥ ❜♦t❤ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s✮

E(h1(U1, 1, X)−h1(U1, 0, X)|G, V ≥ v00X , X) = E(h0(U0, 1, X)−h0(U0, 0, X)|G, V ≥ v00X , X).

❆ss✉♠♣t✐♦♥ ✺❳ ✭❈♦♥❞✐t✐♦♥❛❧ ❝♦♠♠♦♥ tr❡♥❞s ✇✐t❤✐♥ tr❡❛t♠❡♥t st❛t✉s✮

E(h0(U0, 1, X) − h0(U0, 0, X)|G, V < v00X , X) ❛♥❞ E(h1(U1, 1, X) − h1(U1, 0, X)|G, V ≥
v00X , X) ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ G✳

❆ss✉♠♣t✐♦♥ ✻❳ ✭▼♦♥♦t♦♥✐❝✐t②✮

Ud ∈ R ❛♥❞ hd(u, t, x) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ u ❢♦r ❛❧❧ (d, t, x) ∈ S(D)× S(T )× S(X)✳

✷✻



❆ss✉♠♣t✐♦♥ ✼❳ ✭❉❛t❛ r❡str✐❝t✐♦♥s✮

✶✳ S(Ydgt|X = x) = S(Y ) = [y, y] ✇✐t❤ −∞ ≤ y < y ≤ +∞✱ ❢♦r (d, g, t, x) ∈ S(D) ×
S(G)× S(T )× S(X)✳

✷✳ FYdgt|X=x ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ R ❛♥❞ ❝♦♥t✐♥✉♦✉s ♦♥ S(Y )✱ ❢♦r (d, g, t, x) ∈ S(D) ×
S(G)× S(T )× S(X)✳

✸✳ S(Xgt) = S(X) ❢♦r (g, t) ∈ S(G)× S(T )✳

❋♦r ❛♥② r❛♥❞♦♠ ✈❛r✐❛❜❧❡ R✱ ❧❡t DIDR(X) = E(R11|X)−E(R10|X)−(E(R01|X)−E(R00|X))✳

❲❡ ❛❧s♦ ❧❡t δd(x) = E(Yd01|X = x)−E(Yd00|X = x)✱ Qd,x(y) = F−1
Yd01|X=x ◦FYd00|X=x(y)✱ ❛♥❞

WDID(X) =
DIDY (X)

DIDD(X)

WTC(X) =
E(Y11|X)− E(Y10 + δD10

(X)|X)

E(D11|X)− E(D10|X)

WCIC(X) =
E(Y11|X)− E(QD10,X(Y10)|X)

E(D11|X)− E(D10|X)
.

❋✐♥❛❧❧②✱ ❧❡t S1 = {V ∈ [v11X , v00X ], G = 1} ❛♥❞ ∆(X) = E(Y11(1)− Y11(0)|S1, X)✳

❚❤❡♦r❡♠ ✹✳✸ ❆ss✉♠❡ t❤❛t ▼♦❞❡❧ ✭✶✵✮ ❛♥❞ ❆ss✉♠♣t✐♦♥s ✶❳✲✷❳ ❤♦❧❞✱ ❛♥❞ t❤❛t ❢♦r ❡✈❡r②

d ∈ S(D)✱ 0 < P (D00 = d|X) = P (D01 = d|X) ❛❧♠♦st s✉r❡❧②✳ ❚❤❡♥

✶✳ ■❢ ❆ss✉♠♣t✐♦♥s ✸❳✲✹❳ ❛r❡ s❛t✐s✜❡❞✱ WDID(X) = ∆(X) ❛♥❞

WX
DID ≡ E[DIDY (X)|G = 1, T = 1]

E[DIDD(X)|G = 1, T = 1]
= ∆.

✷✳ ■❢ ❆ss✉♠♣t✐♦♥ ✺❳ ✐s s❛t✐s✜❡❞✱ WTC(X) = ∆(X) ❛♥❞

WX
TC ≡ E(Y11)− E[E(Y10 +D10δ1(X) + (1−D10)δ0(X)|X)|G = 1, T = 1]

E(D11)− E(E(D10|X)|G = 1, T = 1)
= ∆.

✸✳ ■❢ ❆ss✉♠♣t✐♦♥s ✻❳✲✼❳ ❛r❡ s❛t✐s✜❡❞✱ WCIC(X) = ∆(X) ❛♥❞

WX
CIC ≡ E(Y11)− E[E(D10Q1,X(Y10) + (1−D10)Q0,X(Y10)|X)|G = 1, T = 1]

E(D11)− E(E(D10|X)|G = 1, T = 1)
= ∆.

■♥❝♦r♣♦r❛t✐♥❣ ❝♦✈❛r✐❛t❡s ✐♥t♦ t❤❡ ❛♥❛❧②s✐s ❤❛s t✇♦ ❛❞✈❛♥t❛❣❡s✳ ❋✐rst✱ ✐t ❛❧❧♦✇s ✉s t♦ ✇❡❛❦❡♥

♦✉r ✐❞❡♥t✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❤❡♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s♦♠❡ X ❡✈♦❧✈❡s ♦✈❡r t✐♠❡

✐♥ t❤❡ ❝♦♥tr♦❧ ♦r ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣✱ ❆ss✉♠♣t✐♦♥ ✶❳ ✐s ♠♦r❡ ♣❧❛✉s✐❜❧❡ t❤❛♥ ❆ss✉♠♣t✐♦♥

✶✿ ✐❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ X ✐s ♥♦t st❛❜❧❡ ♦✈❡r t✐♠❡ ❛♥❞ X ✐s ❝♦rr❡❧❛t❡❞ ✇✐t❤ (Ud, V )✱ t❤❡♥ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ (Ud, V ) ✐s ❛❧s♦ ♥♦t st❛❜❧❡✳ ❙❡❝♦♥❞✱ t❤❡r❡ ♠✐❣❤t ❜❡ ✐♥st❛♥❝❡s ✇❤❡r❡ P (D00 =

d) 6= P (D01 = d) ❜✉t P (D00 = d|X) = P (D01 = d|X) > 0 ❛❧♠♦st s✉r❡❧②✱ ♠❡❛♥✐♥❣ t❤❛t ✐♥

✷✼



t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ tr❡❛t♠❡♥t r❛t❡ ✐s ❡♥t✐r❡❧② ❞r✐✈❡♥ ❜② ❛ ❝❤❛♥❣❡ ✐♥ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ X✳ ■❢ t❤❛t ✐s t❤❡ ❝❛s❡✱ ♦♥❡ ❝❛♥ ✉s❡ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ t♦ ♣♦✐♥t ✐❞❡♥t✐❢②

tr❡❛t♠❡♥t ❡✛❡❝ts ❛♠♦♥❣ s✇✐t❝❤❡rs✱ ✇❤✐❧❡ ♦✉r t❤❡♦r❡♠s ✇✐t❤♦✉t ❝♦✈❛r✐❛t❡s ♦♥❧② ②✐❡❧❞ ❜♦✉♥❞s✳

❲❤❡♥ P (D00 = d|X) 6= P (D01 = d|X)✱ ♦♥❡ ❝❛♥ ❞❡r✐✈❡ ❜♦✉♥❞s ❢♦r ∆(X) ❛♥❞ t❤❡♥ ❢♦r ∆✳

❚❤❡s❡ ❜♦✉♥❞s ❝♦✉❧❞ ❜❡ t✐❣❤t❡r t❤❛♥ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ♦♥❡s ✐❢ ❝❤❛♥❣❡s ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

X ❞r✐✈❡ ♠♦st ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ tr❡❛t♠❡♥t r❛t❡ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✳

✹✳✸ ◆♦♥✲❜✐♥❛r②✱ ♦r❞❡r❡❞ tr❡❛t♠❡♥t

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ tr❡❛t♠❡♥t ✐s ♥♦t ❜✐♥❛r② ❜✉t t❛❦❡s ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢

✈❛❧✉❡s✿ D ∈ {0, 1, ..., d} ❛♥❞ ✐s ♦r❞❡r❡❞✳ ❖♥❡ ♣r♦♠✐♥❡♥t ❡①❛♠♣❧❡ ✐s ❡❞✉❝❛t✐♦♥✱ ❝♦♥s✐❞❡r❡❞ ✐♥

t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❜❡❧♦✇✳ ❲❡ ❡①t❡♥❞ ♦✉r ♠♦❞❡❧ t♦ t❤✐s ❝❛s❡ ❛s ❢♦❧❧♦✇s✿

Y (d) = hd(Ud, T ), d ∈ {0, ..., d},

D =
∑d

d=1 1{V ≥ vdGT }, −∞ = v0gt < v1gt... < vd+1
gt = +∞ ((g, t) ∈ {0, 1}2).

✭✶✶✮

❆ss✉♠♣t✐♦♥ ✹❖ ✭❈♦♠♠♦♥ ❛✈❡r❛❣❡ ❡✛❡❝t ♦❢ t✐♠❡ ♦♥ ❛❧❧ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s✮

❋♦r d ∈ {0, ..., d}✱

E(hd(Ud, 1)− hd(Ud, 0)|G, V ∈ [vdG0, v
d+1
G0 )) = E(h0(U0, 1)− h0(U0, 0)|G, V ∈ [vdG0, v

d+1
G0 )).

❆ss✉♠♣t✐♦♥ ✺❖ ✭❈♦♠♠♦♥ tr❡♥❞s ✇✐t❤✐♥ tr❡❛t♠❡♥t st❛t✉s ❛t ❞❛t❡ ✵✮

❋♦r ❡✈❡r② d ∈ S(D)✱ E(hd(Ud, 1)− hd(Ud, 0)|G, V ∈ [vdG0, v
d+1
G0 )) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ G✳

▼♦❞❡❧ ✭✶✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥s ✹❖✲✺❖ ❣❡♥❡r❛❧✐③❡ r❡s♣❡❝t✐✈❡❧② ▼♦❞❡❧ ✭✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥s ✹✲✺ t♦

s✐t✉❛t✐♦♥s ✇❤❡r❡ t❤❡ tr❡❛t♠❡♥t ✐s ♥♦♥✲❜✐♥❛r② ❛♥❞ ♦r❞❡r❡❞ ✳ ▲❡t & ❞❡♥♦t❡ st♦❝❤❛st✐❝ ❞♦♠✐♥❛♥❝❡

❜❡t✇❡❡♥ t✇♦ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ✇❤✐❧❡ ∼ ❞❡♥♦t❡s ❡q✉❛❧✐t② ✐♥ ❞✐str✐❜✉t✐♦♥✳

❚❤❡♦r❡♠ ✹✳✹ ❆ss✉♠❡ t❤❛t ❊q✉❛t✐♦♥ ✭✶✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥s ✶✲✷ ❛r❡ s❛t✐s✜❡❞✱ t❤❛t D01 ∼ D00✱

❛♥❞ t❤❛t D11 & D10✳ ▲❡t wd = P (D11≥d)−P (D10≥d)
E(D11)−E(D10)

.

✶✳ ■❢ ❆ss✉♠♣t✐♦♥s ✸ ❛♥❞ ✹❖ ❛r❡ s❛t✐s✜❡❞✱

WDID =
d∑

d=1

E(Y11(d)− Y11(d− 1)|V ∈ [vd11, v
d
10))wd.

✷✳ ■❢ ❆ss✉♠♣t✐♦♥ ✺❖ ✐s s❛t✐s✜❡❞✱

WTC =
d∑

d=1

E(Y11(d)− Y11(d− 1)|V ∈ [vd11, v
d
10))wd.

✷✽



✸✳ ■❢ ❆ss✉♠♣t✐♦♥s ✻ ❛♥❞ ✼ ❛r❡ s❛t✐s✜❡❞✱

WCIC =
d∑

d=1

E(Y11(d)− Y11(d− 1)|V ∈ [vd11, v
d
10))wd.

❚❤❡♦r❡♠ ✹✳✹ s❤♦✇s t❤❛t ✇✐t❤ ❛♥ ♦r❞❡r❡❞ tr❡❛t♠❡♥t✱ t❤❡ ❡st✐♠❛♥❞s ✇❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ♣r❡✈✐✲

♦✉s s❡❝t✐♦♥s ❛r❡ ❡q✉❛❧ t♦ t❤❡ ❛✈❡r❛❣❡ ❝❛✉s❛❧ r❡s♣♦♥s❡ ✭❆❈❘✮ ♣❛r❛♠❡t❡r ❝♦♥s✐❞❡r❡❞ ✐♥ ❆♥❣r✐st

✫ ■♠❜❡♥s ✭✶✾✾✺✮✳ ❚❤✐s ♣❛r❛♠❡t❡r ✐s ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡✱ ♦✈❡r ❛❧❧ ✈❛❧✉❡s ♦❢ d✱ ♦❢ t❤❡ ❡✛❡❝t

♦❢ ✐♥❝r❡❛s✐♥❣ tr❡❛t♠❡♥t ❢r♦♠ d − 1 t♦ d ❛♠♦♥❣ s✇✐t❝❤❡rs ✇❤♦s❡ tr❡❛t♠❡♥t st❛t✉s ❣♦❡s ❢r♦♠

str✐❝t❧② ❜❡❧♦✇ t♦ ❛❜♦✈❡ d ♦✈❡r t✐♠❡✳

❋♦r t❤✐s t❤❡♦r❡♠ t♦ ❤♦❧❞✱ ❛ ♥✉♠❜❡r ♦❢ ❝♦♥❞✐t✐♦♥s ♠✉st ❜❡ s❛t✐s✜❡❞✳ ❋✐rst✱ t❤❡ ❞✐str✐❜✉t✐♦♥

♦❢ tr❡❛t♠❡♥t ♠✉st ❜❡ st❛❜❧❡ ♦✈❡r t✐♠❡ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✳ ❲❤❡♥ ✐t ✐s ♥♦t✱ ♦♥❡ ❝❛♥ ❞❡r✐✈❡

❜♦✉♥❞s ❢♦r t❤❡ s❛♠❡ ❝❛✉s❛❧ ♣❛r❛♠❡t❡r✳ ❙❡❝♦♥❞✱ ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

tr❡❛t♠❡♥t ✐♥ ♣❡r✐♦❞ ✶ ♠✉st st♦❝❤❛st✐❝❛❧❧② ❞♦♠✐♥❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐str✐❜✉t✐♦♥ ✐♥ ♣❡r✐♦❞

✵✳ ■❢ t❤❛t ✐s ♥♦t t❤❡ ❝❛s❡✱ s♦♠❡ ♦❢ t❤❡ ✇❡✐❣❤ts wd ❛r❡ ♥❡❣❛t✐✈❡✳ ❆♥❣r✐st ✫ ■♠❜❡♥s ✭✶✾✾✺✮ ❛❧s♦

r❡q✉✐r❡ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ tr❡❛t♠❡♥t ❝♦♥❞✐t✐♦♥❛❧ ♦♥ Z = 1 ❞♦♠✐♥❛t❡ t❤❛t ❝♦♥❞✐t✐♦♥❛❧ ♦♥

Z = 0✳

❚❤❡♦r❡♠ ✹✳✹ ❝♦✉❧❞ ❡❛s✐❧② ❜❡ ❡①t❡♥❞❡❞ t♦ ❝♦♥t✐♥✉♦✉s tr❡❛t♠❡♥ts✳ ❖✉r t❤r❡❡ ❡st✐♠❛t♦rs ✇♦✉❧❞

t❤❡♥ ❡st✐♠❛t❡ ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ❞❡r✐✈❛t✐✈❡ s✐♠✐❧❛r t♦ t❤❛t st✉❞✐❡❞ ✐♥ ❆♥❣r✐st ❡t ❛❧✳ ✭✷✵✵✵✮✳

❍♦✇❡✈❡r✱ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❲❛❧❞✲❚❈ ❛♥❞ ❲❛❧❞✲❈■❈ ♠✐❣❤t ❜❡ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣✳ ❖♥❡ ✇♦✉❧❞

❤❛✈❡ t♦ ❡st✐♠❛t❡ t❤❡ ❢✉♥❝t✐♦♥s d 7→ δd ❛♥❞ d 7→ Qd ✐♥ ❛ ✜rst st❡♣✳ ❚❤✐s ❝♦✉❧❞ ❜❡ ❞♦♥❡

♣❛r❛♠❡tr✐❝❛❧❧②✱ ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ✐♠♣♦s✐♥❣ s♦♠❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ s❤❛♣❡ ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥s✳

◆♦♥✲♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ✇♦✉❧❞ ❜❡ ❢❡❛s✐❜❧❡ ❢♦r t❤❡ ❲❛❧❞✲❚❈ ❡st✐♠❛t♦r✱ ❜✉t ✇♦✉❧❞ ❜❡ ♠♦r❡

❝❤❛❧❧❡♥❣✐♥❣ ❢♦r t❤❡ ❲❛❧❞✲❈■❈ ❡st✐♠❛t♦r✳

✺ ■♥❢❡r❡♥❝❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡st✐♠❛t♦rs ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡

❡st✐♠❛♥❞s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳ ❲❡ ❢♦❝✉s ♦♥ t❤❡ ♣♦✐♥t ✐❞❡♥t✐✜❡❞ ❝❛s❡✳ ❊s✲

t✐♠❛t♦rs ♦❢ t❤❡ ❜♦✉♥❞s ♦♥ ❛✈❡r❛❣❡ ❛♥❞ q✉❛♥t✐❧❡ tr❡❛t♠❡♥t ❡✛❡❝ts ✐♥ t❤❡ ♣❛rt✐❛❧❧② ✐❞❡♥t✐✜❡❞

❝❛s❡ ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧✳ ❲❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ r❡♣❡❛t❡❞ ❝r♦ss

s❡❝t✐♦♥s✳ ❋♦r ♥♦✇✱ ✇❡ s✉♣♣♦s❡ t❤❛t ✇❡ ❤❛✈❡ ❛♥ ✐✳✐✳❞✳ s❛♠♣❧❡ ✇✐t❤ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s

(Y,D,G, T,X)✳

❆ss✉♠♣t✐♦♥ ✶✷ ✭■♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ♦❜s❡r✈❛t✐♦♥s✮

(Yi, Di, Gi, Ti, Xi)i=1,...,n ❛r❡ ✐✳✐✳❞✳

❊✈❡♥ ✐❢ ✇❡ ❞♦ ♥♦t ♦❜s❡r✈❡ t❤❡ s❛♠❡ ✉♥✐t t✇✐❝❡✱ ✐♥❞❡♣❡♥❞❡♥❝❡ ♠❛② ❜❡ ❛ str♦♥❣ ❛ss✉♠♣t✐♦♥

✐♥ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s✿ ❝❧✉st❡r✐♥❣ ❛t t❤❡ ❣r♦✉♣ ❧❡✈❡❧ ❝❛♥ ✐♥❞✉❝❡ ❜♦t❤ ❝r♦ss✲s❡❝t✐♦♥❛❧ ❛♥❞ s❡r✐❛❧

❝♦rr❡❧❛t✐♦♥ ✇✐t❤✐♥ ❝❧✉st❡rs✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ❡①t❡♥❞ s♦♠❡ ♦❢ ♦✉r r❡s✉❧ts t♦ ❛❧❧♦✇ ❢♦r ❝❧✉st❡r✐♥❣✱

❛s ✇❡ ❞✐s❝✉ss ❜❡❧♦✇✳

✷✾



✺✳✶ ■♥❢❡r❡♥❝❡ ✇✐t❤♦✉t ❝♦✈❛r✐❛t❡s

▲❡t Igt = {i : Gi = g, Ti = t} ✭r❡s♣✳ Idgt = {i : Di = d,Gi = g, Ti = t}✮ ❛♥❞ ngt ✭r❡s♣✳

ndgt✮ ❞❡♥♦t❡ t❤❡ s✐③❡ ♦❢ Igt ✭r❡s♣✳ Idgt✮ ❢♦r ❛❧❧ (d, g, t) ∈ {0, 1}3✳ ❚❤❡ ❲❛❧❞✲❉■❉ ❛♥❞ ❲❛❧❞✲❚❈

❡st✐♠❛t♦rs ❛r❡ s✐♠♣❧② ❞❡✜♥❡❞ ❜②

ŴDID =
1

n11

∑
i∈I11

Yi − 1
n10

∑
i∈I10

Yi − 1
n01

∑
i∈I01

Yi +
1

n00

∑
i∈I00

Yi
1

n11

∑
i∈I11

Di − 1
n10

∑
i∈I10

Di − 1
n01

∑
i∈I01

Di +
1

n00

∑
i∈I00

Di
,

ŴTC =

1
n11

∑
i∈I11

Yi − 1
n10

∑
i∈I10

[
Yi + δ̂Di

]

1
n11

∑
i∈I11

Di − 1
n10

∑
i∈I10

Di
,

✇❤❡r❡ δ̂d (d ∈ {0, 1}) ✐s ❞❡✜♥❡❞ ❜②

δ̂d =
1

nd01

∑

i∈Id01

Yi −
1

nd00

∑

i∈Id00

Yi.

▲❡t F̂Ydgt
❞❡♥♦t❡ t❤❡ ❡♠♣✐r✐❝❛❧ ❝❞❢ ♦❢ Y ♦♥ t❤❡ s✉❜s❛♠♣❧❡ Idgt✿

F̂Ydgt
(y) =

1

ndgt

∑

i∈Idgt

1{Yi ≤ y}.

❙✐♠✐❧❛r❧②✱ ✇❡ ❡st✐♠❛t❡ t❤❡ q✉❛♥t✐❧❡ ♦❢ ♦r❞❡r q ∈ (0, 1) ♦❢ Ydgt ❜② F̂
−1
Ydgt

(q) = inf{y : F̂Ydgt
(y) ≥

q}✳ ❚❤❡ ❡st✐♠❛t♦r ♦❢ t❤❡ q✉❛♥t✐❧❡✲q✉❛♥t✐❧❡ tr❛♥s❢♦r♠ ✐s Q̂d = F̂−1
Yd01

◦ F̂Yd00
✳ ❚❤❡♥✱ t❤❡ ❲❛❧❞✲

❈■❈ ❡st✐♠❛t♦r ✐s ❞❡✜♥❡❞ ❜②

ŴCIC =
1

n11

∑
i∈I11

Yi − 1
n10

∑
i∈I10

Q̂Di
(Yi)

1
n11

∑
i∈I11

Di − 1
n10

∑
i∈I10

Di
.

▲❡t P̂ (Dgt = d) ❜❡ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ s✉❜❥❡❝ts ✇✐t❤ D = d ✐♥ t❤❡ s❛♠♣❧❡ Igt✱ ❧❡t Ĥd =

F̂Yd10
◦ F̂−1

Yd00
✱ ❛♥❞ ❧❡t

F̂Y11(d)|S1
=
P̂ (D10 = d)Ĥd ◦ F̂Yd01

− P̂ (D11 = d)F̂Yd11

P̂ (D10 = d)− P̂ (D11 = d)
.

❖✉r ❡st✐♠❛t♦r ♦❢ t❤❡ ▲◗❚❊ ♦❢ ♦r❞❡r q ❢♦r s✇✐t❝❤❡rs ✐s

τ̂q = F̂−1
Y11(1)|S1

(q)− F̂−1
Y11(0)|S1

(q).

❲❡ ❞❡r✐✈❡ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ♦✉r ❈■❈ ❡st✐♠❛t♦rs ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥✱

✇❤✐❝❤ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♠❛❞❡ ❜② ❆t❤❡② ✫ ■♠❜❡♥s ✭✷✵✵✻✮ ❢♦r t❤❡ ❈■❈ ❡st✐♠❛t♦rs ✐♥ s❤❛r♣

s❡tt✐♥❣s✳

❆ss✉♠♣t✐♦♥ ✶✸ ✭r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❈■❈ ❡st✐♠❛t♦rs✮

S(Y ) ✐s ❛ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧ [y, y]✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ (d, g, t) ∈ {0, 1}3✱ FYdgt
❛♥❞ FY11(d)|S1

❛r❡

❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ str✐❝t❧② ♣♦s✐t✐✈❡ ❞❡r✐✈❛t✐✈❡s ♦♥ [y, y]✳

✸✵



❚❤❡♦r❡♠ ✺✳✶ ❜❡❧♦✇ s❤♦✇s t❤❛t ❜♦t❤ ∆̂ ❛♥❞ τ̂q ❛r❡ r♦♦t✲♥ ❝♦♥s✐st❡♥t ❛♥❞ ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧✳

❲❡ ❛❧s♦ ❞❡r✐✈❡ t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s ♦❢ ♦✉r ❡st✐♠❛t♦rs✳ ❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ t❤❡s❡ ✐♥✢✉❡♥❝❡

❢✉♥❝t✐♦♥s t❛❦❡ ❝♦♠♣❧✐❝❛t❡❞ ❡①♣r❡ss✐♦♥s✱ ✉s✐♥❣ t❤❡ ❜♦♦tstr❛♣ ♠✐❣❤t ❜❡ ❝♦♥✈❡♥✐❡♥t ❢♦r ✐♥❢❡r❡♥❝❡✳

❋♦r ❛♥② st❛t✐st✐❝ T ✱ ✇❡ ❧❡t T ∗ ❞❡♥♦t❡ ✐ts ❜♦♦tstr❛♣ ❝♦✉♥t❡r♣❛rt✳ ❋♦r ❛♥② r♦♦t✲♥ ❝♦♥s✐st❡♥t

st❛t✐st✐❝ θ̂ ❡st✐♠❛t✐♥❣ ❝♦♥s✐st❡♥t❧② θ✱ ✇❡ s❛② t❤❛t t❤❡ ❜♦♦tstr❛♣ ✐s ❝♦♥s✐st❡♥t ✐❢ ✇✐t❤ ♣r♦❜❛❜✐❧✐t②

♦♥❡ ❛♥❞ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ s❛♠♣❧❡✱
√
n(θ̂∗ − θ̂) ❝♦♥✈❡r❣❡s t♦ t❤❡ s❛♠❡ ❞✐str✐❜✉t✐♦♥ ❛s t❤❡

❧✐♠✐t ❞✐str✐❜✉t✐♦♥ ♦❢
√
n(θ̂ − θ)✳✼ ❚❤❡♦r❡♠ ✺✳✶ s❤♦✇s t❤❛t ❜♦♦tstr❛♣ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❛r❡

❛s②♠♣t♦t✐❝❛❧❧② ✈❛❧✐❞ ❢♦r ❛❧❧ ♦✉r ❡st✐♠❛t♦rs✳

❚❤❡♦r❡♠ ✺✳✶ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥s ✶✲✷✱ ✶✷ ❤♦❧❞ ❛♥❞ 0 < P (D00 = 0) = P (D01 = 1) <

1✳ ❚❤❡♥

✶✳ ■❢ E(Y 2) <∞ ❛♥❞ ❆ss✉♠♣t✐♦♥s ✸✲✹ ❛❧s♦ ❤♦❧❞✱

√
n
(
ŴDID −∆

)
L−→ N (0, V (ψDID)) ,

✇❤❡r❡ ψDID ✐s ❞❡✜♥❡❞ ✐♥ ❊q✉❛t✐♦♥ ✭✹✽✮ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳ ▼♦r❡♦✈❡r✱ t❤❡ ❜♦♦tstr❛♣ ✐s

❝♦♥s✐st❡♥t ❢♦r ŴDID✳

✷✳ ■❢ E(Y 2) <∞ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✺ ❛❧s♦ ❤♦❧❞s✱

√
n
(
ŴTC −∆

)
L−→ N (0, V (ψTC))

✇❤❡r❡ ψTC ✐s ❞❡✜♥❡❞ ✐♥ ❊q✉❛t✐♦♥ ✭✹✾✮ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳ ▼♦r❡♦✈❡r✱ t❤❡ ❜♦♦tstr❛♣ ✐s

❝♦♥s✐st❡♥t ❢♦r ŴTC ✳

✸✳ ■❢ ❆ss✉♠♣t✐♦♥s ✻✱ ✼ ❛♥❞ ✶✸ ❛❧s♦ ❤♦❧❞✱

√
n
(
ŴCIC −∆

)
L−→ N (0, V (ψCIC)) ,

√
n (τ̂q − τq)

L−→ N (0, V (ψq,CIC)) ,

✇❤❡r❡ ψCIC ❛♥❞ ψq,CIC ❛r❡ ❞❡✜♥❡❞ ✐♥ ❊q✉❛t✐♦♥s ✭✺✵✮ ❛♥❞ ✭✺✶✮ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳ ▼♦r❡✲

♦✈❡r✱ t❤❡ ❜♦♦tstr❛♣ ✐s ❝♦♥s✐st❡♥t ❢♦r ❜♦t❤ ❡st✐♠❛t♦rs✳

❚❤❡ r❡s✉❧t ✐s str❛✐❣❤t❢♦r✇❛r❞ ❢♦r t❤❡ ❲❛❧❞✲❉■❉ ❛♥❞ ❲❛❧❞✲❚❈✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❈■❈✱ ♦✉r ♣r♦♦❢

❞✐✛❡rs ❢r♦♠ t❤❡ ♦♥❡ ♦❢ ❆t❤❡② ✫ ■♠❜❡♥s ✭✷✵✵✻✮✳ ■t ✐s ❜❛s❡❞ ♦♥ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡

❡♠♣✐r✐❝❛❧ ❝❞❢s ♦❢ t❤❡ ❞✐✛❡r❡♥t s✉❜❣r♦✉♣s✱ ❛♥❞ ♦♥ ❛ r❡♣❡❛t❡❞ ✉s❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡❧t❛ ♠❡t❤♦❞✳

❚❤✐s ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ r❡❛❞✐❧② ❛♣♣❧✐❡❞ t♦ ♦t❤❡r ❢✉♥❝t✐♦♥❛❧s ♦❢ (FY11(0)|S1
, FY11(1)|S1

)✳ ❲❡ ❛❧s♦

s❤♦✇ ✐♥ t❤❡ s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧s ❤♦✇ ✐t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❡st✐♠❛t❡ ❜♦✉♥❞s ♦♥ ❛✈❡r❛❣❡

❛♥❞ q✉❛♥t✐❧❡ tr❡❛t♠❡♥t ❡✛❡❝ts ✐♥ t❤❡ ♣❛rt✐❛❧❧② ✐❞❡♥t✐✜❡❞ ❝❛s❡✳

✼❙❡❡✱ ❡✳❣✳✱ ✈❛♥ ❞❡r ❱❛❛rt ✭✷✵✵✵✮✱ ❙❡❝t✐♦♥ ✷✸✳✷✳✶✱ ❢♦r ❛ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❝♦♥✈❡r❣❡♥❝❡✳
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✺✳✷ ■♥❢❡r❡♥❝❡ ✇✐t❤ ❝♦✈❛r✐❛t❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❡st✐♠❛t♦rs ♦❢ t❤❡ ❲❛❧❞✲❉■❉✱ ❲❛❧❞✲❚❈✱ ❛♥❞ ❲❛❧❞✲❈■❈ ❡st✐♠❛♥❞s

✇✐t❤ ❝♦✈❛r✐❛t❡s ❞❡r✐✈❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✹✳✹✳ ❋♦r t❤❡ ❲❛❧❞✲❉■❉ ❛♥❞ ❲❛❧❞✲❚❈✱ ♦✉r ❡st✐♠❛t♦rs ❛r❡

❡♥t✐r❡❧② ♥♦♥✲♣❛r❛♠❡tr✐❝✳ ❋♦r t❤❡ ❲❛❧❞✲❈■❈✱ ✇❡ ❝♦✉❧❞ ❞❡✜♥❡ ❛♥ ❡st✐♠❛t♦r ✉s✐♥❣ ❛ ♥♦♥♣❛r❛♠❡t✲

r✐❝ ❡st✐♠❛t♦r ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ q✉❛♥t✐❧❡✲q✉❛♥t✐❧❡ tr❛♥s❢♦r♠ Qd,X ✳ ❍♦✇❡✈❡r✱ s✉❝❤ ❛♥ ❡st✐♠❛t♦r

✇♦✉❧❞ ❜❡ ❝✉♠❜❡rs♦♠❡ t♦ ❝♦♠♣✉t❡✳ ❋♦❧❧♦✇✐♥❣ ▼❡❧❧② ✫ ❙❛♥t❛♥❣❡❧♦ ✭✷✵✶✺✮✱ ✇❡ ❝♦♥s✐❞❡r ✐♥st❡❛❞

❛♥ ❡st✐♠❛t♦r ♦❢ Qd,X ❜❛s❡❞ ♦♥ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥s✳ ❚❤✐s ❡st✐♠❛t♦r r❡❧✐❡s ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥

t❤❛t ❝♦♥❞✐t✐♦♥❛❧ q✉❛♥t✐❧❡s ♦❢ t❤❡ ♦✉t❝♦♠❡ ❛r❡ ❧✐♥❡❛r✳ ❍♦✇❡✈❡r✱ ✐t ❞♦❡s ♥♦t r❡q✉✐r❡ t❤❛t t❤❡

❡✛❡❝t ♦❢ t❤❡ tr❡❛t♠❡♥t ❜❡ t❤❡ s❛♠❡ ❢♦r ✉♥✐ts ✇✐t❤ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡✐r ❝♦✈❛r✐❛t❡s✱ ❝♦♥tr❛r②

t♦ t❤❡ ❡st✐♠❛t♦r ✇✐t❤ ❝♦✈❛r✐❛t❡s s✉❣❣❡st❡❞ ✐♥ ❆t❤❡② ✫ ■♠❜❡♥s ✭✷✵✵✻✮✳

❲❡ ✜rst ✐♥tr♦❞✉❝❡ ♦✉r ❲❛❧❞✲❉■❉ ❛♥❞ ❲❛❧❞✲❚❈ ❡st✐♠❛t♦rs ✇✐t❤ ❝♦✈❛r✐❛t❡s✳ ▲❡t X ∈ R
r ❜❡

❛ ✈❡❝t♦r ♦❢ ❝♦♥t✐♥✉♦✉s ❝♦✈❛r✐❛t❡s✳ ❆❞❞✐♥❣ ❞✐s❝r❡t❡ ❝♦✈❛r✐❛t❡s ✐s ❡❛s② ❜② r❡❛s♦♥✐♥❣ ❝♦♥❞✐t✐♦♥❛❧

♦♥ ❡❛❝❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❡❧❧✳ ❋♦r ❛♥② r❛♥❞♦♠ ✈❛r✐❛❜❧❡ R✱ ❧❡t mR
gt(x) = E(Rgt|X = x) ❛♥❞ ❧❡t

m̂R
gt(x) ❞❡♥♦t❡ ✐ts ❦❡r♥❡❧ ❡st✐♠❛t♦r✿

m̂R
gt(x) =

∑
i∈Igt

K
(
x−Xi

hn

)
Ri

∑
i∈Igt

K
(
x−Xi

hn

) ,

✇❤❡r❡ K ❛♥❞ hn ❛r❡ r❡s♣❡❝t✐✈❡❧② ❛ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥ ❛♥❞ ❛ ❜❛♥❞✇✐❞t❤ s❛t✐s❢②✐♥❣ t❤❡ r❡str✐❝t✐♦♥s

♦❢ ❆ss✉♠♣t✐♦♥ ✶✹ ❜❡❧♦✇✳ ❲❡ ❞❡✜♥❡ s✐♠✐❧❛r❧② mR
dgt(x) = E(Rdgt|X = x) ❛♥❞ m̂R

dgt(x)✳ ❚❤❡♥

❧❡t ✉s ❝♦♥s✐❞❡r

ŴX
DID =

1
n11

∑
i∈I11

[
Yi − m̂Y

10(Xi)− m̂Y
01(Xi) + m̂Y

00(Xi)
]

1
n11

∑
i∈I11

[
Di − m̂D

10(Xi)− m̂D
01(Xi) + m̂D

00(Xi)
] ,

ŴX
TC =

1
n11

∑
i∈I11

[
Yi − m̂Y

10(Xi)− m̂D
10(Xi)δ̂1(Xi)− (1− m̂D

10(Xi))δ̂0(Xi)
]

1
n11

∑
i∈I11

[
Di − m̂D

10(Xi)
] ,

✇❤❡r❡ δ̂d(x) = m̂Y
d01(x)− m̂Y

d00(x)✳

❲❡ ♣r♦✈❡ t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ ♦✉r ❡st✐♠❛t♦rs ✉♥❞❡r t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✳

❆ss✉♠♣t✐♦♥ ✶✹ ✭❘❡str✐❝t✐♦♥s ♦♥ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥s ❛♥❞ ❜❛♥❞✇✐❞t❤✮ K : Rr 7→ R ✐s ③❡r♦ ♦✉ts✐❞❡

❛ ❜♦✉♥❞❡❞ s❡t✱
∫
K(u1, ..., ur)du1...dur = 1 ❛♥❞

∫ ∏r
k=1 u

αk

k K(u) = 0 ❢♦r ❛❧❧ (α1, ..., αr) ∈ N
r

s✉❝❤ t❤❛t
∑r

k=1 αk < m ✇❤✐❧❡
∫
|∏r

k=1 u
αk

k K(u)|du < ∞ ❢♦r
∑r

k=1 αk = m✳ hn s❛t✐s✜❡s

n1/2hrn/ ln(n) → ∞ ❛♥❞ n1/2hmn → 0✳

❆ss✉♠♣t✐♦♥ ✶✺ ✭r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❲❛❧❞✲❉■❉ ❛♥❞ ❲❛❧❞✲❚❈ ❡st✐♠❛✲

t♦rs✮

✶✳ X ∈ R
r ❤❛s ❛ ❝♦♠♣❛❝t s✉♣♣♦rt ❛♥❞ ❛❞♠✐ts ❛ ❞❡♥s✐t② fX t❤❛t ✐s m t✐♠❡s ❝♦♥t✐♥✉♦✉s❧②

❞✐✛❡r❡♥t✐❛❜❧❡✱ ✇✐t❤ m > r✳ ▼♦r❡♦✈❡r infx∈S(X) fX(x) = c > 0✳

✸✷



✷✳ E(Y 4) < ∞ ❛♥❞ ❢♦r ❛♥② (αd, αg, αt, αy) ∈ {0, 1}4✱ infx∈S(X)E(DαdGαgTαt |X = x) > 0

❛♥❞ x 7→ E(DαdGαgTαtY αy |X = x) ✐s m t✐♠❡s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ S(X)✳

❲❡ t❤❡♥ ✐♥tr♦❞✉❝❡ ♦✉r ❲❛❧❞✲❈■❈ ❡st✐♠❛t♦r ✇✐t❤ ❝♦✈❛r✐❛t❡s✳ ▲❡t X ∈ R
r ❞❡♥♦t❡ ❛ ✈❡❝t♦r ♦❢

❞✐s❝r❡t❡ ❛♥❞✴♦r ❝♦♥t✐♥✉♦✉s ❝♦✈❛r✐❛t❡s✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r ❛❧❧ (d, g, t, τ) ∈ {0, 1}3 × (0, 1)✱

F−1
Ydgt|X=x = x′βdgt(τ).

❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t F−1
Ydgt|X=x =

∫ 1
0 1{F−1

Ydgt|X=x(τ) ≤ y}dτ ✭s❡❡ ❈❤❡r♥♦③❤✉❦♦✈ ❡t ❛❧✳✱ ✷✵✶✵✮✱

✇❡ ♦❜t❛✐♥

Qd,x(y) = x′βd01

(∫ 1

0
1{x′βd00(τ) ≤ y}dτ

)
.

❇❡s✐❞❡s✱ s♦♠❡ ❛❧❣❡❜r❛ s❤♦✇s t❤❛t

E [QD10,X(Y10)|X] = mD
10(X)

∫ 1

0
Q1,X(X ′β110(u))du+ (1−mD

10(X))

∫ 1

0
Q0,X(X ′β010(u))du.

❍❡♥❝❡✱ ✇❡ ❡st✐♠❛t❡ ŴX
CIC ❜②

ŴX
CIC =

1
n11

∑
i∈I11

[
Yi − m̂D

10(Xi)
∫ 1
0 Q̂1,Xi

(X ′
iβ̂110(u))du− (1− m̂D

10(Xi))
∫ 1
0 Q̂0,Xi

(X ′
iβ̂010(u))du

]

1
n11

∑
i∈I11

[
Di − m̂D

10(Xi)
] ,

✇❤❡r❡ t❤❡ ❡st✐♠❛t♦r ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ q✉❛♥t✐❧❡✲q✉❛♥t✐❧❡ tr❛♥s❢♦r♠ s❛t✐s✜❡s

Q̂d,x(y) = x′β̂d01

(∫ 1

0
1{x′β̂d00(τ) ≤ y}dτ

)
,

❛♥❞ β̂dgt(τ) ✐s ♦❜t❛✐♥❡❞ ❜② ❛ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥ ♦❢ Y ♦♥ X ♦♥ t❤❡ s✉❜s❛♠♣❧❡ Idgt✿

β̂dgt(τ) = argmin
β∈B

∑

i∈Idgt

(τ − 1{Yi −X ′
iβ ≤ 0})(Yi −X ′

iβ),

✇❤❡r❡ B ❞❡♥♦t❡s ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ Rr ✐♥❝❧✉❞✐♥❣ βdgt(τ) ❢♦r ❛❧❧ (d, g, t, τ) ∈ {0, 1}3 × (0, 1)✳

■♥ ♣r❛❝t✐❝❡✱ ✐♥st❡❛❞ ♦❢ ❝♦♠♣✉t✐♥❣ t❤❡ ✇❤♦❧❡ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥ ♣r♦❝❡ss✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡

τ 7→ β̂dgt(τ) ♦♥ ❛ ✜♥❡ ❡♥♦✉❣❤ ❣r✐❞ ❛♥❞ r❡♣❧❛❝❡ ✐♥t❡❣r❛❧s ❜② ❝♦rr❡s♣♦♥❞✐♥❣ ❛✈❡r❛❣❡s✳ ❙❡❡ ▼❡❧❧②

✫ ❙❛♥t❛♥❣❡❧♦ ✭✷✵✶✺✮ ❢♦r ❛ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ♦♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ✐ss✉❡s✳

❲❡ ♣r♦✈❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ ♦✉r ❲❛❧❞✲❈■❈ ❡st✐♠❛t♦r ✇✐t❤ ❝♦✈❛r✐❛t❡s ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣

❛ss✉♠♣t✐♦♥✳

❆ss✉♠♣t✐♦♥ ✶✻ ✭r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❲❛❧❞✲❈■❈ ❡st✐♠❛t♦r✮

✶✳ S(X) ✐s ❝♦♠♣❛❝t ❛♥❞ E(XX ′) ✐s ♥♦♥s✐♥❣✉❧❛r✳

✷✳ ❋♦r ❛❧❧ (d, g, t, x, τ) ∈ {0, 1}3×S(X)×(0, 1)✱ F−1
Ydgt|X=x(τ) = x′βdgt(τ)✱ ✇✐t❤ βdgt(τ) ∈ B,

❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ Rr✳ ▼♦r❡♦✈❡r✱ FYdgt|X=x ✐s ❞✐✛❡r❡♥t✐❛❜❧❡✱ ✇✐t❤

0 < inf
(x,y)∈S(X)×S(Y )

fYdgt|X=x(y) ≤ sup
(x,y)∈S(X)×S(Y )

fYdgt|X=x(y) < +∞.

✸✸



❆ss✉♠♣t✐♦♥ ✶✻ ✐♠♣❧✐❡s t❤❛t Y ❤❛s ❛ ❝♦♠♣❛❝t s✉♣♣♦rt✳ ■❢ ✐ts ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t② ✐s ♥♦t ❜♦✉♥❞❡❞

❛✇❛② ❢r♦♠ ③❡r♦✱ tr✐♠♠✐♥❣ ♠❛② ❜❡ ♥❡❝❡ss❛r② ❛s ❞✐s❝✉ss❡❞ ✐♥ ❈❤❡r♥♦③❤✉❦♦✈✱ ❋❡r♥á♥❞❡③✲❱❛❧ ✫

▼❡❧❧② ✭✷✵✶✸✮ ❛♥❞ ▼❡❧❧② ✫ ❙❛♥t❛♥❣❡❧♦ ✭✷✵✶✺✮✳

❚❤❡♦r❡♠ ✺✳✷ ❙✉♣♣♦s❡ t❤❛t ▼♦❞❡❧ ✭✶✵✮ ❛♥❞ ❆ss✉♠♣t✐♦♥s ✶❳✲✷❳✱ ✶✷ ❛♥❞ ✶✹✲✶✺ ❤♦❧❞✳ ❚❤❡♥

✶✳ ■❢ ❆ss✉♠♣t✐♦♥s ✸❳✲✹❳ ❛❧s♦ ❤♦❧❞✱

√
n
(
ŴX

DID −∆
)

L−→ N
(
0, V (ψX

DID)
)
,

✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡ ψX
DID ✐s ❞❡✜♥❡❞ ✐♥ ❊q✉❛t✐♦♥ ✭✺✷✮ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

✷✳ ■❢ ❆ss✉♠♣t✐♦♥ ✺❳ ❛❧s♦ ❤♦❧❞✱

√
n
(
ŴX

TC −∆
)

L−→ N
(
0, V (ψX

TC)
)
,

✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡ ψX
TC ✐s ❞❡✜♥❡❞ ✐♥ ❊q✉❛t✐♦♥ ✭✺✸✮ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

✸✳ ■❢ ❆ss✉♠♣t✐♦♥s ✻❳✲✼❳ ❛♥❞ ✶✻ ❛❧s♦ ❤♦❧❞✱

√
n
(
ŴX

CIC −∆
)

L−→ N
(
0, V (ψX

CIC)
)
,

✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡ ψX
CIC ✐s ❞❡✜♥❡❞ ✐♥ ❊q✉❛t✐♦♥ ✭✺✺✮ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

❲❡ ♣r♦✈❡ t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡ ❲❛❧❞✲❉■❉ ❛♥❞❲❛❧❞✲❚❈ ❡st✐♠❛t♦rs ✉s✐♥❣ r❡♣❡❛t❡❞❧②

r❡s✉❧ts ♦♥ t✇♦✲st❡♣ ❡st✐♠❛t♦rs ✐♥✈♦❧✈✐♥❣ ♥♦♥♣❛r❛♠❡tr✐❝ ✜rst✲st❡♣ ❡st✐♠❛t♦rs✱ s❡❡ ❡✳❣✳ ◆❡✇❡②

✫ ▼❝❋❛❞❞❡♥ ✭✶✾✾✹✮✳ Pr♦✈✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡ ❲❛❧❞✲❈■❈ ❡st✐♠❛t♦r ✐s ♠♦r❡

❝❤❛❧❧❡♥❣✐♥❣✳ ❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢
√
n
(
β̂dgt(.)− βdgt(.)

)
✱ s❡❡♥ ❛s ❛

st♦❝❤❛st✐❝ ♣r♦❝❡ss✱ ♦♥ t❤❡ ✇❤♦❧❡ ✐♥t❡r✈❛❧ (0, 1)✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ s♦ ❢❛r t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❤❛s

❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ♦♥❧② ♦♥ [ε, 1 − ε]✱ ❢♦r ❛♥② ε > 0 ✭s❡❡✱ ❡✳❣✳✱ ❆♥❣r✐st ❡t ❛❧✳✱ ✷✵✵✻✮✳ ❚❤✐s r❡s✉❧t

❤♦❧❞s ❤❡r❡ t❤❛♥❦s t♦ ♦✉r ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ Y ✳ ❈♦♥s✐st❡♥❝② ♦❢ t❤❡

❜♦♦tstr❛♣ ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤❡ ♣❛♣❡r ❜✉t ❝♦✉❧❞ ❜❡ ❡st❛❜❧✐s❤❡❞ ✉s✐♥❣✱ ❡✳❣✳✱ ❈❤❡♥ ❡t ❛❧✳

✭✷✵✵✸✮✳

■♥ ♦✉r s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧✱ ✇❡ r❡✈✐s✐t r❡s✉❧ts ❢r♦♠ ❋✐❡❧❞ ✭✷✵✵✺✮✳ ❲❡ ❡st✐♠❛t❡ WX
CIC ❛♥❞

q✉❛♥t✐❧❡ tr❡❛t♠❡♥t ❡✛❡❝ts ✇✐t❤ t❤❡ s❛♠❡ ✈❡r② r✐❝❤ s❡t ♦❢ ❝♦✈❛r✐❛t❡s ❛s t❤❛t ♦r✐❣✐♥❛❧❧② ✉s❡❞ ❜②

t❤❡ ❛✉t❤♦r✳

✺✳✸ ❆❝❝♦✉♥t✐♥❣ ❢♦r ❝❧✉st❡r✐♥❣

■♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ✐✳✐✳❞✳ ❝♦♥❞✐t✐♦♥ ✐♥ ❆ss✉♠♣t✐♦♥ ✶✷ ✐s t♦♦ str♦♥❣✱ ❜❡❝❛✉s❡ ♦❢ ❝r♦ss✲

s❡❝t✐♦♥❛❧ ♦r s❡r✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ✇✐t❤✐♥ ❝❧✉st❡rs✳ ❍♦✇❡✈❡r✱ ✐♥ s✉❝❤ ✐♥st❛♥❝❡s ♦♥❡ ❝❛♥ ❜✉✐❧❞ ✉♣♦♥

♦✉r ♣r❡✈✐♦✉s r❡s✉❧ts t♦ ❞r❛✇ ✐♥❢❡r❡♥❝❡ ♦♥ t❤❡ t❤❡ ❲❛❧❞✲❉■❉ ❛♥❞ ❲❛❧❞✲❚❈ ✇✐t❤♦✉t ❝♦✈❛r✐❛t❡s✳

❲❡ ❝♦♥s✐❞❡r ❛♥ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦ ✇❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝❧✉st❡rs C t❡♥❞s t♦ ✐♥✜♥✐t② ✇❤✐❧❡

t❤❡ s❛♠♣❧❡ s✐③❡ ✇✐t❤✐♥ ❡❛❝❤ ❝❧✉st❡r r❡♠❛✐♥s ❜♦✉♥❞❡❞ ✐♥ ♣r♦❜❛❜✐❧✐t②✳ ▲❡t nc = #{i ∈ c}✱ nc =

✸✹



1
C

∑C
c=1 nc✱ nct = #{i ∈ c : Ti = t}✱ ncdt = #{i ∈ c : Ti = t,Di = d}✱ Dct =

1
nct

∑
i∈c:Ti=tDi✱

Yct =
1
nct

∑
i∈c:Ti=t Yi✱ ❛♥❞ Ycdt =

1
ncdt

∑
i∈c:Ti=t,Di=d Yi✱ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t t❤❡ s✉♠s ❛r❡

❡q✉❛❧ t♦ ③❡r♦ ✐❢ t❤❡② s✉♠ ♦✈❡r ❛♥ ❡♠♣t② s❡t✳ ❚❤❡♥ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❡st✐♠❛t♦rs ♦❢ t❤❡ ❲❛❧❞✲❉■❉

❛♥❞ ❲❛❧❞✲❚❈ ❛s s✐♠♣❧❡ ❢✉♥❝t✐♦♥s ♦❢ ❛✈❡r❛❣❡s ♦❢ t❤❡s❡ ✈❛r✐❛❜❧❡s ❞❡✜♥❡❞ ❛t t❤❡ ❝❧✉st❡r ❧❡✈❡❧✳

❯s✐♥❣ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✱ ✇❡ ❝❛♥ ❧✐♥❡❛r✐③❡ ❜♦t❤ ❡st✐♠❛t♦rs✱

❡♥❞✐♥❣ ✉♣ ✇✐t❤

√
C
(
ŴDID −∆

)
=

1√
C

C∑

c=1

nc
nc
ψc,DID + oP (1),

√
C
(
ŴTC −∆

)
=

1√
C

C∑

c=1

nc
nc
ψc,TC + oP (1),

✇❤❡r❡ ψc,DID = 1
nc

∑
i∈c ψi,DID ❛♥❞ s✐♠✐❧❛r❧② ❢♦r ψc,TC ✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t♦ ❡st✐♠❛t❡ t❤❡

❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦❢ ♦✉r ❡st✐♠❛t♦rs ❛❝❝♦✉♥t✐♥❣ ❢♦r ❝❧✉st❡r✐♥❣✱ ✐t s✉✣❝❡s t♦ ❝♦♠♣✉t❡ t❤❡

❛✈❡r❛❣❡ ♦✈❡r ❝❧✉st❡rs ♦❢ t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s ✇❡ ♦❜t❛✐♥❡❞ ❛ss✉♠✐♥❣ t❤❛t ♦❜s❡r✈❛t✐♦♥s ✇❡r❡

✐✳✐✳❞✱ ♠✉❧t✐♣❧② t❤❡♠ ❜② nc

nc
✱ ❛♥❞ t❤❡♥ ❝♦♠♣✉t❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤✐s ✈❛r✐❛❜❧❡ ♦✈❡r ❝❧✉st❡rs✳

❖✉r ♦t❤❡r ❡st✐♠❛t♦rs ❝❛♥♥♦t ❜❡ ✇r✐tt❡♥ ❛s ❢✉♥❝t✐♦♥s ♦❢ ✈❛r✐❛❜❧❡s ❛❣❣r❡❣❛t❡❞ ❛t t❤❡ ❝❧✉st❡r

❧❡✈❡❧✿ t❤❡② ❞❡♣❡♥❞ ♦♥ t❤❡ ✈❛r✐❛❜❧❡s ♦❢ ❡✈❡r② ✉♥✐t ✐♥ ❡❛❝❤ ❝❧✉st❡r✳ ❇✉t ❛s ❧♦♥❣ ❛s t❤❡② ❝❛♥

st✐❧❧ ❜❡ ❧✐♥❡❛r✐③❡❞ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❝❧✉st❡r✐♥❣✱ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ❛❜♦✈❡ ❛♣♣❧✐❡s✳ ❙✉❝❤ ❛

❧✐♥❡❛r✐③❛t✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❲❛❧❞✲❈■❈ ❡st✐♠❛t♦r ✇✐t❤ ❝❧✉st❡rs ♦❢ s❛♠❡ s✐③❡✱ ❜❡❝❛✉s❡

✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❝❞❢s ♦❢ t❤❡ ❞✐✛❡r❡♥t s✉❜❣r♦✉♣s st✐❧❧ ❤♦❧❞s ✐♥ t❤✐s ❝♦♥t❡①t✳✽

❲❡ ❝♦♥❥❡❝t✉r❡ t❤❛t ✐t ❝❛♥ ❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞ ✇❤❡♥ ❝❧✉st❡rs ❛r❡ ♦❢ r❛♥❞♦♠ s✐③❡s✱ ♦r ✇✐t❤ ♦✉r

❡st✐♠❛t♦rs ✐♥❝❧✉❞✐♥❣ ❝♦✈❛r✐❛t❡s✳ Pr♦✈✐♥❣ t❤✐s ❧❛st ♣♦✐♥t ✇♦✉❧❞ ♥❡✈❡rt❤❡❧❡ss r❡q✉✐r❡ t♦ ❛❞❛♣t

r❡s✉❧ts ♦♥ t✇♦✲st❡♣ ❡st✐♠❛t♦rs t♦ s✉❝❤ ❛ ❝❧✉st❡r ❢r❛♠❡✇♦r❦✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦

s✉❝❤ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ②❡t✳

❉❡r✐✈✐♥❣ ✐♥❢❡r❡♥❝❡ t❤❛t ❛❝❝♦✉♥ts ❢♦r ❝❧✉st❡r✐♥❣ ❢♦r ♦✉r ❡st✐♠❛t♦rs ✇✐t❤ ❝♦✈❛r✐❛t❡s ✐s ❧❡❢t ❢♦r

❢✉t✉r❡ ✇♦r❦✳ ❚❤✐s ✇♦✉❧❞ r❡q✉✐r❡ t♦ ❛❞❛♣t r❡s✉❧ts ♦♥ t✇♦✲st❡♣ ❡st✐♠❛t♦rs t♦ s✉❝❤ ❛ ❢r❛♠❡✲

✇♦r❦✳ ❚♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦ s✉❝❤ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ②❡t✳ ❍♦✇❡✈❡r✱ ✇❡

❝♦♥❥❡❝t✉r❡ t❤❛t t❤❡ ♠❡t❤♦❞ ♦✉t❧✐♥❡❞ ❛❜♦✈❡ ❛❧s♦ ❛♣♣❧✐❡s t♦ t❤❡s❡ ❡st✐♠❛t♦rs✳

✻ ❆♣♣❧✐❝❛t✐♦♥✿ r❡t✉r♥s t♦ ❡❞✉❝❛t✐♦♥ ✐♥ ■♥❞♦♥❡s✐❛

✻✳✶ ❊st✐♠❛t✐♦♥ str❛t❡❣②

■♥ ✶✾✼✸✲✶✾✼✹✱ t❤❡ ■♥❞♦♥❡s✐❛♥ ❣♦✈❡r♥♠❡♥t ❧❛✉♥❝❤❡❞ ❛ ♠❛❥♦r ♣r✐♠❛r② s❝❤♦♦❧ ❝♦♥str✉❝t✐♦♥ ♣r♦✲

❣r❛♠✱ t❤❡ s♦✲❝❛❧❧❡❞ ■◆P❘❊❙ ♣r♦❣r❛♠✳ ❉✉✢♦ ✭✷✵✵✶✮ ✉s❡s ✐t t♦ ♠❡❛s✉r❡ r❡t✉r♥s t♦ ❡❞✉❝❛t✐♦♥

✽❚♦ s❡❡ ✇❤②✱ ✐❣♥♦r❡ ❢♦r s✐♠♣❧✐❝✐t② t❤❡ ❞✐✛❡r❡♥t s✉❜❣r♦✉♣s ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ st❛♥❞❛r❞ ❡♠♣✐r✐❝❛❧ ♣r♦❝❡ss ♦♥

Y ✳ ▲❡t Yc = (Yc1, ...., Ycnc)
′✱ ✇❤❡r❡ Yci ❞❡♥♦t❡s t❤❡ ♦✉t❝♦♠❡ ✈❛r✐❛❜❧❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧ i ✐♥ ❝❧✉st❡r c✳ ❇❡❝❛✉s❡

t❤❡ (Yc)c=1...C ❛r❡ ✐✳✐✳❞✳✱ ✐ts ♠✉❧t✐✈❛r✐❛t❡ ❡♠♣✐r✐❝❛❧ ♣r♦❝❡ss ❝♦♥✈❡r❣❡s t♦ ❛ ♠✉❧t✐✈❛r✐❛t❡ ❣❛✉ss✐❛♥ ♣r♦❝❡ss✳ ❚❤❡

st❛♥❞❛r❞ ❡♠♣✐r✐❝❛❧ ♣r♦❝❡ss ♦♥ Y ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ ❛✈❡r❛❣❡ ♦✈❡r t❤❡ nc ❝♦♠♣♦♥❡♥ts ♦❢ t❤✐s ♠✉❧t✐✈❛r✐❛t❡

♣r♦❝❡ss✳ ❚❤❡r❡❢♦r❡✱ ✐t ❛❧s♦ ❝♦♥✈❡r❣❡s t♦ ❛ ❣❛✉ss✐❛♥ ♣r♦❝❡ss✳
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❛♠♦♥❣ ♠❡♥ t❤r♦✉❣❤ ❛ ❢✉③③② ❉■❉ ✐❞❡♥t✐✜❝❛t✐♦♥ str❛t❡❣②✳ ■♥ ❤❡r ❛♥❛❧②s✐s✱ ❣r♦✉♣s ❛r❡ ❞✐str✐❝ts✱

t❤❡ ❛❞♠✐♥✐str❛t✐✈❡ ✉♥✐t ❛t ✇❤✐❝❤ t❤❡ ♣r♦❣r❛♠ ✇❛s ✐♠♣❧❡♠❡♥t❡❞✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ ❣r♦✉♣s ❝♦✉❧❞

✈✐♦❧❛t❡ ❆ss✉♠♣t✐♦♥ ✶ ✐❢ t❤❡ ♣r♦❣r❛♠ ❣❡♥❡r❛t❡❞ ❡♥❞♦❣❡♥♦✉s ♠✐❣r❛t✐♦♥ ❜❡t✇❡❡♥ ❞✐str✐❝ts✳ ❚❤❡

❛✉t❤♦r t❤❡r❡❢♦r❡ ✉s❡s ❞✐str✐❝t ♦❢ ❜✐rt❤ ✐♥st❡❛❞ ♦❢ ❞✐str✐❝t ♦❢ r❡s✐❞❡♥❝❡✳ ❙❤❡ t❤❡♥ ❝♦♥str✉❝ts t✇♦

✏s✉♣❡r ❣r♦✉♣s✑ ♦❢ tr❡❛t♠❡♥t ❛♥❞ ❝♦♥tr♦❧ ❞✐str✐❝ts✱ ❜② r❡❣r❡ss✐♥❣ ♥✉♠❜❡r ♦❢ s❝❤♦♦❧s ❝♦♥str✉❝t❡❞

♦♥ ♥✉♠❜❡r ♦❢ s❝❤♦♦❧✲❛❣❡ ❝❤✐❧❞r❡♥✳ ❚r❡❛t♠❡♥t ❞✐str✐❝ts ❛r❡ t❤♦s❡ ✇✐t❤ ❛ ♣♦s✐t✐✈❡ r❡s✐❞✉❛❧ ✐♥

t❤❛t r❡❣r❡ss✐♦♥✱ ❛s t❤❡② r❡❝❡✐✈❡❞ ♠♦r❡ s❝❤♦♦❧s t❤❛♥ ✇❤❛t t❤❡✐r ♣♦♣✉❧❛t✐♦♥ ♣r❡❞✐❝ts✳ ❙❤❡ ❛❧s♦

✉s❡s t❤❡ ❢❛❝t t❤❛t ❡①♣♦s✉r❡ t♦ tr❡❛t♠❡♥t ✈❛r✐❡❞ ❛❝r♦ss ❝♦❤♦rts✳ ❈❤✐❧❞r❡♥ ❜♦r♥ ❜❡t✇❡❡♥ ✶✾✻✽

❛♥❞ ✶✾✼✷ ❡♥t❡r❡❞ ♣r✐♠❛r② s❝❤♦♦❧ ❛❢t❡r t❤❡ ♣r♦❣r❛♠ ✇❛s ❧❛✉♥❝❤❡❞✱ ✇❤✐❧❡ ❝❤✐❧❞r❡♥ ❜♦r♥ ❜❡t✇❡❡♥

✶✾✺✼ ❛♥❞ ✶✾✻✷ ❤❛❞ ✜♥✐s❤❡❞ ♣r✐♠❛r② s❝❤♦♦❧ ❜② t❤❛t t✐♠❡✳

❍♦✇❡✈❡r✱ t❤❡ ■◆P❘❊❙ ♣r♦❣r❛♠ ❡①♣❧❛✐♥s ❛ s♠❛❧❧ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ ✐♥❝r❡❛s❡s ✐♥ ②❡❛rs

♦❢ s❝❤♦♦❧✐♥❣ ❜❡t✇❡❡♥ ❞✐str✐❝ts✳ ❆ ❞✐str✐❝t✲❧❡✈❡❧ r❡❣r❡ss✐♦♥ ♦❢ t❤❡ ✐♥❝r❡❛s❡ ✐♥ ②❡❛rs ♦❢ s❝❤♦♦❧✐♥❣

❜❡t✇❡❡♥ ❝♦❤♦rts ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣r✐♠❛r② s❝❤♦♦❧s ❝♦♥str✉❝t❡❞ ♣❡r s❝❤♦♦❧✲❛❣❡ ❝❤✐❧❞r❡♥ ♦♥❧②

❤❛s ❛♥ ❘✲sq✉❛r❡❞ ♦❢ ✵✳✵✸✳ ❚❤❡ ■◆P❘❊❙ ♣r♦❣r❛♠ ✇❛s ♥♦t t❤❡ ♦♥❧② s❝❤♦♦❧ ❝♦♥str✉❝t✐♦♥ ♣r♦❣r❛♠

t❛❦✐♥❣ ♣❧❛❝❡ ❛t t❤❛t t✐♠❡✿ ❜❡t✇❡❡♥ ✶✾✼✸ ❛♥❞ ✶✾✽✸✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣r✐♠❛r②✱ ♠✐❞❞❧❡✱ ❛♥❞ ❤✐❣❤

s❝❤♦♦❧s ✐♥ t❤❡ ❝♦✉♥tr② r❡s♣❡❝t✐✈❡❧② ✐♥❝r❡❛s❡❞ ❜② ✾✻✱ ✾✹✱ ❛♥❞ ✶✸✾✪✳ ■♥❝❧✉❞✐♥❣ t❤❡ ❝❤❛♥❣❡ ✐♥

t❤❡ ♥✉♠❜❡r ♦❢ ♠✐❞❞❧❡ ❛♥❞ ❤✐❣❤ s❝❤♦♦❧s ✐♥ t❤❡ ❞✐str✐❝t✲❧❡✈❡❧ r❡❣r❡ss✐♦♥ ✐♥❝r❡❛s❡s ✐ts ❘✲sq✉❛r❡❞

t♦ ✵✳✶✹✱ ❜✉t st✐❧❧ ❧❡❛✈❡s ♠♦st ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ✉♥❡①♣❧❛✐♥❡❞✳

❇❡❝❛✉s❡ ♦❢ t❤✐s✱ t❤❡ r❡s✉❧ts ✐♥ ❉✉✢♦✬s ♣❛♣❡r r❡❧② ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t r❡t✉r♥s t♦ ❡❞✉❝❛t✐♦♥

❛r❡ ❤♦♠♦❣❡♥❡♦✉s ❜❡t✇❡❡♥ ❞✐str✐❝ts✳ ❚❤❡ ❛✉t❤♦r ✜rst ✉s❡s ❛ s✐♠♣❧❡ ❲❛❧❞✲❉■❉ ✇✐t❤ ❤❡r t✇♦

❣r♦✉♣s ♦❢ ❞✐str✐❝ts ❛♥❞ ❝♦❤♦rts t♦ ❡st✐♠❛t❡ r❡t✉r♥s t♦ ❡❞✉❝❛t✐♦♥✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✸

❛♥❞ ✹❖✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t t❤✐s s✐♠♣❧❡ ❲❛❧❞✲❉■❉ ✐s ❡q✉❛❧ t♦ 0.47
0.11ACR1 − 0.36

0.11ACR0, ✇❤❡r❡

ACR1 ❛♥❞ ACR0 r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡ t❤❡ ❆❈❘ ♣❛r❛♠❡t❡rs ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸ ✐♥

t❤❡ tr❡❛t♠❡♥t ❛♥❞ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ ❛♥❞ ✇❤❡r❡ t❤❡ ✇❡✐❣❤ts ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ ❚❛❜❧❡

✸✳✾ ■❢ ACR1 6= ACR0✱ t❤✐s s✐♠♣❧❡ ❲❛❧❞✲❉■❉ ❝♦✉❧❞ ❧✐❡ ❢❛r ❢r♦♠ ❜♦t❤ ACR1 ❛♥❞ ACR0✳ ❚❤❡♥✱

t❤❡ ❛✉t❤♦r ❝♦♥s✐❞❡rs r✐❝❤❡r s♣❡❝✐✜❝❛t✐♦♥s✳ ❆❧❧ ♦❢ t❤❡♠ ✐♥❝❧✉❞❡ ❝♦❤♦rt ❛♥❞ ❞✐str✐❝t ♦❢ ❜✐rt❤

✜①❡❞ ❡✛❡❝ts✳ ❲❡ s❤♦✇ ✐♥ t❤❡ s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ✭s❡❡ ❚❤❡♦r❡♠ ❙✷✮ t❤❛t s✉❝❤ r❡❣r❡ss✐♦♥s

❡st✐♠❛t❡ ❛ ✇❡✐❣❤t❡❞ s✉♠ ♦❢ s✇✐t❝❤❡rs r❡t✉r♥s t♦ ❡❞✉❝❛t✐♦♥ ❛❝r♦ss ❞✐str✐❝ts✱ ✇✐t❤ ♣♦t❡♥t✐❛❧❧②

♠❛♥② ♥❡❣❛t✐✈❡ ✇❡✐❣❤ts✳ ❲❡ ❡st✐♠❛t❡ t❤❡ ✇❡✐❣❤ts r❡❝❡✐✈❡❞ ❜② ❡❛❝❤ ❞✐str✐❝t ✐♥ ❤❡r ❞❛t❛✱ ❛♥❞

✜♥❞ t❤❛t ❛❧♠♦st ❤❛❧❢ ♦❢ ❞✐str✐❝ts r❡❝❡✐✈❡ ❛ ♥❡❣❛t✐✈❡ ✇❡✐❣❤t✱ ✇✐t❤ ♥❡❣❛t✐✈❡ ✇❡✐❣❤ts s✉♠♠✐♥❣ ✉♣

t♦ ✲✸✳✷✽✳ ❍❡r❡ ❛❣❛✐♥✱ ✐❢ s✇✐t❝❤❡rs✬ r❡t✉r♥s ❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s ❛❝r♦ss ❞✐str✐❝ts ✇✐t❤ ♣♦s✐t✐✈❡ ❛♥❞

♥❡❣❛t✐✈❡ ✇❡✐❣❤ts✱ t❤❡s❡ r❡❣r❡ss✐♦♥ ❝♦❡✣❝✐❡♥ts ❝♦✉❧❞ ❧✐❡ ✈❡r② ❢❛r ❢r♦♠ r❡t✉r♥s ✐♥ ❛♥② ❞✐str✐❝t✳

❚❤❡r❡❢♦r❡✱ t❤❡s❡ r✐❝❤❡r s♣❡❝✐✜❝❛t✐♦♥s ❛❧s♦ r❡❧② ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t r❡t✉r♥s t♦ ❡❞✉❝❛t✐♦♥

❛r❡ ❤♦♠♦❣❡♥❡♦✉s ❛❝r♦ss ❞✐str✐❝ts✳

❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♥♦t ✇❛rr❛♥t❡❞ ✐♥ t❤✐s ❝♦♥t❡①t✳ ❆s ♦♥❡ ❝❛♥ s❡❡ ✐♥ ❚❛❜❧❡ ✸✱ ❡❞✉❝❛t✐♦♥❛❧

❛tt❛✐♥♠❡♥t ✐♥ t❤❡ ♦❧❞❡r ❝♦❤♦rt ✐s s✉❜st❛♥t✐❛❧❧② ❤✐❣❤❡r ✐♥ ❝♦♥tr♦❧ t❤❛♥ ✐♥ tr❡❛t♠❡♥t ❞✐str✐❝ts✱

✐♠♣❧②✐♥❣ t❤❛t t❤❡ s✉♣♣❧② ♦❢ s❦✐❧❧❡❞ ❧❛❜♦r ✐s ❤✐❣❤❡r t❤❡r❡✳ ❘❡t✉r♥s t♦ ❡❞✉❝❛t✐♦♥ ❝♦✉❧❞ ❜❡

✾❚❤❡ ✜rst ♣♦✐♥t ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ❝❛♥ ❡❛s✐❧② ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ♥♦♥✲❜✐♥❛r②✱ ♦r❞❡r❡❞ tr❡❛t♠❡♥ts✳

✸✻



❧♦✇❡r ✐♥ ❝♦♥tr♦❧ ❞✐str✐❝ts ✐❢ t❤❡ t✇♦ ❣r♦✉♣s ❢❛❝❡ t❤❡ s❛♠❡ ❞❡♠❛♥❞ ❢♦r s❦✐❧❧❡❞ ❧❛❜♦r✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ t❤✐s ❞✐✛❡r❡♥❝❡ ✐♥ ❡❞✉❝❛t✐♦♥❛❧ ❛tt❛✐♥♠❡♥t ♠✐❣❤t ❛❧s♦ ✐♥❞✐❝❛t❡ ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢

❡❝♦♥♦♠✐❝ ❞❡✈❡❧♦♣♠❡♥t ✐♥ ❝♦♥tr♦❧ ❞✐str✐❝ts✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ❞❡♠❛♥❞ ❢♦r s❦✐❧❧❡❞ ❧❛❜♦r ❛♥❞ r❡t✉r♥s

t♦ ❡❞✉❝❛t✐♦♥ ❝♦✉❧❞ ❜❡ ❤✐❣❤❡r t❤❡r❡✳

❚❛❜❧❡ ✸✿ ❆✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ②❡❛rs ♦❢ ❡❞✉❝❛t✐♦♥ ❝♦♠♣❧❡t❡❞

❈♦❤♦rt ✵ ❈♦❤♦rt ✶ ❊✈♦❧✉t✐♦♥ s✳❡✳

●r♦✉♣s ✐♥ ❉✉✢♦ ✭✷✵✵✶✮

❚r❡❛t♠❡♥t ❞✐str✐❝ts ✽✳✵✷ ✽✳✹✾ ✵✳✹✼ ✭✵✳✵✼✵✮

❈♦♥tr♦❧ ❞✐str✐❝ts ✾✳✹✵ ✾✳✼✻ ✵✳✸✻ ✭✵✳✵✸✽✮

◆❡✇ ❣r♦✉♣s

❚r❡❛t♠❡♥t ❞✐str✐❝ts ✽✳✻✺ ✾✳✻✹ ✵✳✾✾ ✭✵✳✵✽✷✮

❈♦♥tr♦❧ ❞✐str✐❝ts ✾✳✻✵ ✾✳✺✺ ✲✵✳✵✺ ✭✵✳✵✾✼✮

◆♦t❡s✳ ❚❤✐s t❛❜❧❡ r❡♣♦rts t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛✈❡r❛❣❡ ②❡❛rs ♦❢ s❝❤♦♦❧✐♥❣ ❜❡t✇❡❡♥ ❝♦❤♦rts ✵ ❛♥❞ ✶ ✐♥ t❤❡ tr❡❛t♠❡♥t

❛♥❞ ❝♦♥tr♦❧s ❣r♦✉♣s ✉s❡❞ ❜② ❉✉✢♦ ✭✷✵✵✶✮ ❛♥❞ ✐♥ ♦✉r ♥❡✇ tr❡❛t♠❡♥t ❛♥❞ ❝♦♥tr♦❧ ❣r♦✉♣s✳ ❙t❛♥❞❛r❞ ❡rr♦rs ❛r❡

❝❧✉st❡r❡❞ ❛t t❤❡ ❞✐str✐❝t ❧❡✈❡❧✳

❚♦ ❛✈♦✐❞ t❤✐s ✐ss✉❡✱ ✇❡ ✉s❡ ❛ ❞✐✛❡r❡♥t st❛t✐st✐❝❛❧ ♣r♦❝❡❞✉r❡ ❢r♦♠ t❤❛t ✉s❡❞ ❜② ❉✉✢♦ t♦ ❝❧❛ss✐❢②

❞✐str✐❝ts ✐♥t♦ ❛ tr❡❛t♠❡♥t ❛♥❞ ❛ ❝♦♥tr♦❧ ❣r♦✉♣✳ ❚♦ ❡♥s✉r❡ t❤❛t ♦✉r ❡st✐♠❛t❡s ❞♦ ♥♦t r❡❧② ♦♥

❤♦♠♦❣❡♥❡✐t② ❛ss✉♠♣t✐♦♥s✱ t❤✐s ♣r♦❝❡❞✉r❡ s❤♦✉❧❞ ❝❧❛ss✐❢② ❛s ❝♦♥tr♦❧s ♦♥❧② ❞✐str✐❝ts ✇✐t❤ ❛ st❛❜❧❡

❞✐str✐❜✉t✐♦♥ ♦❢ ❡❞✉❝❛t✐♦♥✳ ❆♥② ❝❧❛ss✐✜❝❛t✐♦♥ ♠❡t❤♦❞ ❧❡❛❞s ✉s t♦ ♠❛❦❡ t✇♦ t②♣❡s ♦❢ ❡rr♦rs✿

❝❧❛ss✐❢② s♦♠❡ ❞✐str✐❝ts ✇❤❡r❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❞✉❝❛t✐♦♥ r❡♠❛✐♥❡❞ ❝♦♥st❛♥t ❛s tr❡❛t♠❡♥ts

✭t②♣❡ ✶ ❡rr♦r✮❀ ❛♥❞ ❝❧❛ss✐❢② s♦♠❡ ❞✐str✐❝ts ✇❤❡r❡ t❤✐s ❞✐str✐❜✉t✐♦♥ ❝❤❛♥❣❡❞ ❛s ❝♦♥tr♦❧s ✭t②♣❡ ✷

❡rr♦r✮✳ ❚②♣❡ ✶ ❡rr♦rs ❛r❡ ✐♥♥♦❝✉♦✉s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ ❆ss✉♠♣t✐♦♥s ✸ ❛♥❞ ✹ ❛r❡ s❛t✐s✜❡❞✱ ❛❧❧

❝♦♥tr♦❧ ❞✐str✐❝ts ❤❛✈❡ t❤❡ s❛♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡✐r ❡①♣❡❝t❡❞ ♦✉t❝♦♠❡✳ ▼✐s❝❧❛ss✐❢②✐♥❣ s♦♠❡ ❛s

tr❡❛t♠❡♥t ❞✐str✐❝ts ❧❡❛✈❡s t❤❡ ❲❛❧❞✲❉■❉ ❡st✐♠❛t♦r ✉♥❝❤❛♥❣❡❞✱ ✉♣ t♦ s❛♠♣❧✐♥❣ ❡rr♦r✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ t②♣❡ ✷ ❡rr♦rs ❛r❡ ❛ ♠♦r❡ s❡r✐♦✉s ❝♦♥❝❡r♥✳ ❚❤❡② ❧❡❛❞ ✉s t♦ ✐♥❝❧✉❞❡ ❞✐str✐❝ts ✇❤❡r❡

t❤❡ tr✉❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❞✉❝❛t✐♦♥ ✇❛s ♥♦t st❛❜❧❡ ✐♥ ♦✉r s✉♣❡r ❝♦♥tr♦❧ ❣r♦✉♣✱ t❤✉s ✈✐♦❧❛t✐♥❣

♦♥❡ ♦❢ t❤❡ r❡q✉✐r❡♠❡♥ts ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳

❲❡ t❤❡r❡❢♦r❡ ❝❤♦♦s❡ ❛ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ χ2 t❡sts ✇✐t❤ ✈❡r② ❧✐❜❡r❛❧ ❧❡✈❡❧✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡

❛ss✐❣♥ ❛ ❞✐str✐❝t t♦ ♦✉r ❝♦♥tr♦❧ ❣r♦✉♣ ✐❢ t❤❡ ♣✲✈❛❧✉❡ ♦❢ ❛ χ2 t❡st ❝♦♠♣❛r✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

❡❞✉❝❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝♦❤♦rts ✐♥ t❤❛t ❞✐str✐❝t ✐s ❣r❡❛t❡r t❤❛♥ 0.5✳ ■❢ t❤❛t ♣✲✈❛❧✉❡ ✐s ❧♦✇❡r

t❤❛♥ 0.5 ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ②❡❛rs ♦❢ ❡❞✉❝❛t✐♦♥ ✐♥❝r❡❛s❡❞ ✐♥ t❤❛t ❞✐str✐❝t✱ ✇❡ ❛ss✐❣♥ ✐t

t♦ ♦✉r tr❡❛t♠❡♥t ❣r♦✉♣✳ ❲❡ ❡♥❞ ✉♣ ✇✐t❤ ❝♦♥tr♦❧ ❛♥❞ tr❡❛t♠❡♥t ❣r♦✉♣s r❡s♣❡❝t✐✈❡❧② ♠❛❞❡ ✉♣

♦❢ ✻✹ ❛♥❞ ✶✷✸ ❞✐str✐❝ts✳ ❲❡ ❡①❝❧✉❞❡ ❢r♦♠ t❤❡ ❛♥❛❧②s✐s ✾✼ ❞✐str✐❝ts ✇✐t❤ ❛ ♣✲✈❛❧✉❡ ❧♦✇❡r t❤❛♥

✵✳✺ ❛♥❞ ✇❤❡r❡ ②❡❛rs ♦❢ ❡❞✉❝❛t✐♦♥ ❞❡❝r❡❛s❡❞✳ ❆s s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✱ ✇❡ ❝♦✉❧❞ ❣❛t❤❡r t❤❡♠

✸✼



t♦❣❡t❤❡r t♦ ❢♦r♠ ❛ t❤✐r❞ s✉♣❡r ❣r♦✉♣✱ ❛♥❞ ✉s❡ r❡s✉❧ts ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✶ t♦ ❡st✐♠❛t❡ r❡t✉r♥s

t♦ ❡❞✉❝❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ❞♦✐♥❣ t❤✐s ❤❛r❞❧② ❝❤❛♥❣❡s ♦✉r ♣♦✐♥t ❡st✐♠❛t❡s✳ ❲❡ t❤❡r❡❢♦r❡ st✐❝❦ t♦

t✇♦ s✉♣❡r ❣r♦✉♣s✱ t♦ ❦❡❡♣ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ❛s s✐♠♣❧❡ ❛s ♣♦ss✐❜❧❡ ❛♥❞ t♦ ❢♦❧❧♦✇ ❉✉✢♦ ✭✷✵✵✶✮

✇❤♦ ❛❧s♦ ❤❛s t✇♦ s✉♣❡r tr❡❛t♠❡♥t ❛♥❞ ❝♦♥tr♦❧ ❣r♦✉♣s✳

❆s s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✸✱ ✐♥ tr❡❛t♠❡♥t ❞✐str✐❝ts t❤❡ ②♦✉♥❣❡r ❝♦❤♦rt ❝♦♠♣❧❡t❡❞ ♦♥❡ ♠♦r❡ ②❡❛r ♦❢

❡❞✉❝❛t✐♦♥ t❤❛♥ t❤❡ ♦❧❞❡r ♦♥❡✱ ✇❤✐❧❡ ✐♥ ❝♦♥tr♦❧ ❞✐str✐❝ts t❤❡ t✇♦ ❝♦❤♦rts ❝♦♠♣❧❡t❡❞ ❛❧♠♦st

t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ②❡❛rs ♦❢ ❡❞✉❝❛t✐♦♥✳ ❚❤❡♦r❡♠ ✹✳✹ r❡q✉✐r❡s t❤❛t ✐♥ tr❡❛t♠❡♥t ❞✐str✐❝ts✱

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❞✉❝❛t✐♦♥ ✐♥ t❤❡ ②♦✉♥❣❡r ❝♦❤♦rt st♦❝❤❛st✐❝❛❧❧② ❞♦♠✐♥❛t❡ t❤❛t ✐♥ t❤❡ ♦❧❞❡r

❝♦❤♦rt✳ ❚❤✐s ✐s ❝❧♦s❡ t♦ ❜❡✐♥❣ s❛t✐s✜❡❞✱ ❛s ♦♥❡ ❝❛♥ s❡❡ ❢r♦♠ ❚❛❜❧❡ ✹✳ ❚❤❡ ❝♦❧❧❡❣❡ ❝♦♠♣❧❡t✐♦♥

r❛t❡ ✐s ✷✳✺ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥ts ❤✐❣❤❡r ✐♥ t❤❡ ♦❧❞❡r t❤❛♥ ✐♥ t❤❡ ②♦✉♥❣❡r ❝♦❤♦rt✱ ❜✉t t❤❛t ❞✐✛❡r❡♥❝❡

✐s ❢❛✐r❧② s♠❛❧❧✳ ❚❤❡♦r❡♠ ✹✳✹ ❛❧s♦ r❡q✉✐r❡s t❤❛t ✐♥ ❝♦♥tr♦❧ ❞✐str✐❝ts✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❞✉❝❛t✐♦♥

❜❡ t❤❡ s❛♠❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝♦❤♦rts✳ ❍❡r❡ ❛s ✇❡❧❧✱ t❤✐s r❡q✉✐r❡♠❡♥t ✐s ❝❧♦s❡ t♦ ❜❡✐♥❣ s❛t✐s✜❡❞✳

❚❤❡ ♣r✐♠❛r② s❝❤♦♦❧ ❛♥❞ ❝♦❧❧❡❣❡ ❝♦♠♣❧❡t✐♦♥ r❛t❡ ❛r❡ r❡s♣❡❝t✐✈❡❧② ✷✳✻ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥ts ❤✐❣❤❡r

❛♥❞ ✸✳✸ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥ts ❧♦✇❡r ✐♥ t❤❡ ②♦✉♥❣❡r ❝♦❤♦rt✱ ❜✉t t❤❡s❡ ❞✐✛❡r❡♥❝❡s ❛r❡ s♠❛❧❧ t♦♦✳

❚❛❜❧❡ ✹✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❞✉❝❛t✐♦♥

❈♦❤♦rt ✵ ❈♦❤♦rt ✶ ❊✈♦❧✉t✐♦♥ s✳❡✳

❚r❡❛t♠❡♥t ❣r♦✉♣

❈♦♠♣❧❡t❡❞ ♣r✐♠❛r② s❝❤♦♦❧ ✵✳✽✶✺ ✵✳✾✸✶ ✵✳✶✶✻ ✭✵✳✵✵✽✮

❈♦♠♣❧❡t❡❞ ♠✐❞❞❧❡ s❝❤♦♦❧ ✵✳✺✸✶ ✵✳✻✼✻ ✵✳✶✹✺ ✭✵✳✵✶✶✮

❈♦♠♣❧❡t❡❞ ❤✐❣❤ s❝❤♦♦❧ ✵✳✹✵✻ ✵✳✹✾✶ ✵✳✵✽✺ ✭✵✳✵✶✸✮

❈♦♠♣❧❡t❡❞ ✉♥❞❡r❣r❛❞ ✵✳✵✾✹ ✵✳✵✻✾ ✲✵✳✵✷✺ ✭✵✳✵✵✻✮

◆ ✶✼✹✼✶

❈♦♥tr♦❧ ❣r♦✉♣

❈♦♠♣❧❡t❡❞ ♣r✐♠❛r② s❝❤♦♦❧ ✵✳✽✼✼ ✵✳✾✵✹ ✵✳✵✷✻ ✭✵✳✵✵✽✮

❈♦♠♣❧❡t❡❞ ♠✐❞❞❧❡ s❝❤♦♦❧ ✵✳✻✹✵ ✵✳✻✺✻ ✵✳✵✶✻ ✭✵✳✵✶✷✮

❈♦♠♣❧❡t❡❞ ❤✐❣❤ s❝❤♦♦❧ ✵✳✺✶✵ ✵✳✹✽✾ ✲✵✳✵✷✶ ✭✵✳✵✶✸✮

❈♦♠♣❧❡t❡❞ ✉♥❞❡r❣r❛❞ ✵✳✶✵✹ ✵✳✵✼✶ ✲✵✳✵✸✸ ✭✵✳✵✵✻✮

◆ ✹✽✻✽

◆♦t❡s✳ ❚❤✐s t❛❜❧❡ r❡♣♦rts t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ s❝❤♦♦❧✐♥❣ ❜❡t✇❡❡♥ ❝♦❤♦rts ✵ ❛♥❞ ✶ ❜② ❜r♦❛❞ ❝❛t❡❣♦r✐❡s ✐♥ ♦✉r ♥❡✇

tr❡❛t♠❡♥t ❛♥❞ ❝♦♥tr♦❧ ❣r♦✉♣s✳ ❙t❛♥❞❛r❞ ❡rr♦rs ❛r❡ ❝❧✉st❡r❡❞ ❛t t❤❡ ❞✐str✐❝t ❧❡✈❡❧✳

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r t✇♦ ♣❧❛❝❡❜♦ ❡①♣❡r✐♠❡♥ts t♦ ❛ss❡ss t❤❡ ♣❧❛✉s✐❜✐❧✐t② ♦❢ t❤❡ ❝♦♠♠♦♥ tr❡♥❞s

❛ss✉♠♣t✐♦♥s ✉♥❞❡r❧②✐♥❣ ♦✉r ❡st✐♠❛t♦rs ✇✐t❤ t❤❡s❡ s✉♣❡r ❣r♦✉♣s✳ ❋✐rst✱ ❢♦❧❧♦✇✐♥❣ ❉✉✢♦ ✭✷✵✵✶✮✱

✇❡ ❝♦♠♣❛r❡ ②❡❛rs ♦❢ s❝❤♦♦❧✐♥❣ ❛♥❞ ✇❛❣❡s ❢♦r ♠❡♥ ❜♦r♥ ❜❡t✇❡❡♥ ✶✾✺✼ ❛♥❞ ✶✾✻✷ ❛♥❞ t❤♦s❡

✸✽



❜♦r♥ ❜❡t✇❡❡♥ ✶✾✺✶ ❛♥❞ ✶✾✺✻ ✭❝♦❤♦rt ✲✶✮✳ ❚❤❡♥✱ ✇❡ ❝♦♠♣❛r❡ ♠❡♥ ❜♦r♥ ❜❡t✇❡❡♥ ✶✾✺✶ ❛♥❞

✶✾✺✻ ❛♥❞ t❤♦s❡ ❜♦r♥ ❜❡t✇❡❡♥ ✶✾✹✺ ❛♥❞ ✶✾✺✵ ✭❝♦❤♦rt ✲✷✮✳ ❘❡s✉❧ts ❧❡♥❞ str♦♥❣ s✉♣♣♦rt t♦ ♦✉r

✐❞❡♥t✐✜❝❛t✐♦♥ str❛t❡❣②✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❛✈❡r❛❣❡ ②❡❛rs ♦❢ ❡❞✉❝❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❣r♦✉♣s

♦❢ ❞✐str✐❝ts ✐s st❛❜❧❡ ✐♥ t❤❡ t❤r❡❡ ♦❧❞❡r ❝♦❤♦rts✱ ❜✉t ✐t ✐s ♠✉❝❤ ❧❛r❣❡r ❢♦r t❤❡ ②♦✉♥❣❡r ❝♦❤♦rt✳

❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❛✈❡r❛❣❡ ✇❛❣❡s ❜❡t✇❡❡♥ t❤❡ t✇♦ ❣r♦✉♣s ♦❢ ❞✐str✐❝ts ✐s ❛❧s♦ ✈❡r②

st❛❜❧❡ ✐♥ t❤❡ t❤r❡❡ ♦❧❞❡r ❝♦❤♦rts✱ ❜✉t ✐t ✐s ♠✉❝❤ ❧❛r❣❡r ❢♦r t❤❡ ②♦✉♥❣❡r ❝♦❤♦rt✳ ❚❤✐s r❡♠❛✐♥s

tr✉❡ ✇❤❡♥ ✐♥st❡❛❞ ♦❢ ❝♦♠♣❛r✐♥❣ ❛✈❡r❛❣❡ ✇❛❣❡s ✇❡ ❡st✐♠❛t❡ t❤❡ ♥✉♠❡r❛t♦r ♦❢ t❤❡ ❲❛❧❞✲❚❈ ❛♥❞

♦❢ t❤❡ ❲❛❧❞✲❈■❈✳ ❲❤✐❧❡ t❤❡ ♣❧❛❝❡❜♦ ❡st✐♠❛t♦rs ❛r❡ s♠❛❧❧ ❛♥❞ ✐♥s✐❣♥✐✜❝❛♥t✱ t❤❡ tr✉❡ ❡st✐♠❛t♦rs

❛r❡ ❧❛r❣❡ ❛♥❞ s✐❣♥✐✜❝❛♥t✳

❚❛❜❧❡ ✺✿ P❧❛❝❡❜♦ t❡sts

❈♦❤♦rt ✲✷ ✈❡rs✉s ✲✶ ❈♦❤♦rt ✲✶ ✈❡rs✉s ✵ ❈♦❤♦rt ✵ ✈❡rs✉s ✶

❉■❉ s❝❤♦♦❧✐♥❣ ✵✳✶✵✽ ✲✵✳✵✵✻ ✶✳✵✸✵

✭✵✳✶✾✶✮ ✭✵✳✶✻✵✮ ✭✵✳✶✷✼✮

❉■❉ ✇❛❣❡s ✵✳✵✺✵ ✵✳✵✵✷ ✵✳✶✻✹

✭✵✳✵✸✺✮ ✭✵✳✵✷✻✮ ✭✵✳✵✷✽✮

◆✉♠❡r❛t♦r ❲❛❧❞✲❚❈ ✵✳✵✷✹ ✲✵✳✵✶✷ ✵✳✶✵✸

✭✵✳✵✷✻✮ ✭✵✳✵✷✶✮ ✭✵✳✵✷✽✮

◆✉♠❡r❛t♦r ❲❛❧❞✲❈■❈ ✵✳✵✷✸ ✲✵✳✵✵✾ ✵✳✵✾✾

✭✵✳✵✷✼✮ ✭✵✳✵✷✶✮ ✭✵✳✵✷✽✮

◆ ✶✹✹✺✷ ✶✾✾✸✽ ✷✷✸✸✾

◆♦t❡s✳ ❚❤✐s t❛❜❧❡ r❡♣♦rts ♣❧❛❝❡❜♦ ❛♥❞ tr✉❡ ❡st✐♠❛t❡s ❝♦♠♣❛r✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❡❞✉❝❛t✐♦♥ ❛♥❞ ✇❛❣❡s ❢r♦♠

❝♦❤♦rt ✲✷ t♦ ✶ ✐♥ ♦✉r t✇♦ ❣r♦✉♣s ♦❢ ❞✐str✐❝ts✳ ❙t❛♥❞❛r❞ ❡rr♦rs ❛r❡ ❝❧✉st❡r❡❞ ❛t t❤❡ ❞✐str✐❝t ❧❡✈❡❧✳ ❋♦r t❤❡

♥✉♠❡r❛t♦r ♦❢ t❤❡ ❲❛❧❞✲❈■❈✱ ❝❧✉st❡r❡❞ st❛♥❞❛r❞ ❡rr♦rs ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❜❧♦❝❦ ❜♦♦tstr❛♣✳

✻✳✷ ❘❡s✉❧ts

❋✐rst✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ ❲❛❧❞✲❉■❉s ✐♥ ❉✉✢♦ ✭✷✵✵✶✮ t♦ ❛ s✐♠♣❧❡ ❲❛❧❞✲❉■❉

✇✐t❤ ♦✉r ❝♦♥tr♦❧ ❣r♦✉♣s✳ ■♥ ❚❛❜❧❡ ✻✱ ✇❡ ❡st✐♠❛t❡ t❤❡ s❛♠❡ ✷❙▲❙ r❡❣r❡ss✐♦♥ ❛s t❤❛t r❡♣♦rt❡❞

✐♥ t❤❡ ✜rst ❝♦❧✉♠♥ ❛♥❞ t❤✐r❞ ❧✐♥❡ ♦❢ ❚❛❜❧❡ ✼ ✐♥ ❉✉✢♦ ✭✷✵✵✶✮✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ r❡t✉r♥s ♦❢ ✼✳✸✪

♣❡r ②❡❛r ♦❢ s❝❤♦♦❧✐♥❣✳✶✵ ❚❤❡♥✱ ✇❡ ❡st✐♠❛t❡ t❤❡ ❲❛❧❞✲❉■❉ ✇✐t❤ ♦✉r ❣r♦✉♣s ❛♥❞ ✜♥❞ r❡t✉r♥s

♦❢ ✶✺✳✾✪ ♣❡r ②❡❛r ♦❢ s❝❤♦♦❧✐♥❣✳ ❚❤✐s ❝♦❡✣❝✐❡♥t ✐s s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s

♦♥❡ ✭t✲st❛t❂✲✷✳✶✺✮✱ ❛♥❞ ✐t ✐s ❛❧s♦ ♠♦r❡ ♣r❡❝✐s❡❧② ❡st✐♠❛t❡❞✿ ✐ts st❛♥❞❛r❞ ❡rr♦r ✐s ✸✼✪ s♠❛❧❧❡r✱

♣r❡s✉♠❛❜❧② ❜❡❝❛✉s❡ ✐t r❡❧✐❡s ♦♥ ❛ ♠✉❝❤ ❧❛r❣❡r ✜rst st❛❣❡✳ ❲❤✐❧❡ t❤❡ ❡st✐♠❛t♦r ✐♥ ❉✉✢♦

✶✵❖✉r ❝♦❡✣❝✐❡♥t ❞✐✛❡rs ✈❡r② s❧✐❣❤t❧② ❢r♦♠ t❤❛t ♦❢ t❤❡ ❛✉t❤♦r ❜❡❝❛✉s❡ ✇❡ ✇❡r❡ ♥♦t ❛❜❧❡ t♦ ♦❜t❛✐♥ ❡①❛❝t❧② ❤❡r

s❛♠♣❧❡ ♦❢ ✸✶✵✻✶ ♦❜s❡r✈❛t✐♦♥s✳

✸✾



✭✷✵✵✶✮ ✐s ♦♥❧② s✐❣♥✐✜❝❛♥t ❛t t❤❡ ✶✵✪ ❧❡✈❡❧ ✭t✲st❛t❂✶✳✻✽✮✱✶✶ ♦✉r ❲❛❧❞✲❉■❉ ✐s s✐❣♥✐✜❝❛♥t ❛t ❛♥②

❝♦♥✈❡♥t✐♦♥❛❧ ❧❡✈❡❧✳ ◆♦t❡ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❡st✐♠❛t♦rs ❞♦❡s ♥♦t ❝♦♠❡ ❢r♦♠

t❤❡ ❢❛❝t t❤❡② ❛r❡ ❡st✐♠❛t❡❞ ♦♥ ❞✐✛❡r❡♥t s❛♠♣❧❡s✳ ❊st✐♠❛t✐♥❣ ❉✉✢♦✬s r❡❣r❡ss✐♦♥ ♦♥ ♦✉r s❛♠♣❧❡

♦❢ ✷✷✱✸✸✾ ♦❜s❡r✈❛t✐♦♥s ❛❝t✉❛❧❧② ②✐❡❧❞s ❛ s♠❛❧❧❡r ❝♦❡✣❝✐❡♥t t❤❛♥ ❤❡r ♦r✐❣✐♥❛❧ ❡st✐♠❛t❡✱ ✇❤✐❝❤ ✐s

st✐❧❧ s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ❢r♦♠ ♦✉rs✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❡st✐♠❛t❡s ❝♦✉❧❞ st❡♠

❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❞✐str✐❝ts ✇❤❡r❡ ②❡❛rs ♦❢ s❝❤♦♦❧✐♥❣ ✐♥❝r❡❛s❡❞ ❧❡ss ❛❧s♦ ❤❛✈❡ ❤✐❣❤❡r r❡t✉r♥s

t♦ ❡❞✉❝❛t✐♦♥✳ ❚❤✐s ✇♦✉❧❞ ❜✐❛s ❞♦✇♥✇❛r❞ t❤❡ ❡st✐♠❛t❡ ✐♥ ❉✉✢♦ ✭✷✵✵✶✮✱ ✇❤✐❧❡ ♦✉r ❲❛❧❞✲❉■❉

❡st✐♠❛t♦r ❞♦❡s ♥♦t r❡❧② ♦♥ ❛♥② tr❡❛t♠❡♥t ❡✛❡❝t ❤♦♠♦❣❡♥❡✐t② ❛ss✉♠♣t✐♦♥✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✈❛❧✐❞✐t② ♦❢ ♦✉r ❲❛❧❞✲❉■❉ st✐❧❧ r❡❧✐❡s ♦♥ ❆ss✉♠♣t✐♦♥ ✹✱ ✇❤✐❝❤ ♠✐❣❤t

♥♦t ❜❡ ♣❧❛✉s✐❜❧❡ ✐♥ t❤✐s ❝♦♥t❡①t✳ ❋♦r ✐♥st❛♥❝❡✱ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✹ t❤❡ ✇❛❣❡ ❣❛♣ ❜❡t✇❡❡♥

❤✐❣❤✲s❝❤♦♦❧ ❣r❛❞✉❛t❡s ✐♥ ❝♦❤♦rt ✵ ❛♥❞ ✶ s❤♦✉❧❞ r❡♠❛✐♥ t❤❡ s❛♠❡ ✐❢ t❤❡② ❤❛❞ ♦♥❧② ❝♦♠♣❧❡t❡❞

♣r✐♠❛r② s❝❤♦♦❧✳ ❍❛❞ t❤❡② ♦♥❧② ❝♦♠♣❧❡t❡❞ ♣r✐♠❛r② s❝❤♦♦❧✱ ❤✐❣❤ s❝❤♦♦❧ ❣r❛❞✉❛t❡s ♦❢ ❜♦t❤

❝♦❤♦rts ✇♦✉❧❞ ❤❛✈❡ ❥♦✐♥❡❞ t❤❡ ❧❛❜♦r ♠❛r❦❡t ❡❛r❧✐❡r✱ ❛♥❞ ✇♦✉❧❞ ❤❛✈❡ ❤❛❞ ♠♦r❡ ❧❛❜♦r ♠❛r❦❡t

❡①♣❡r✐❡♥❝❡ ❛t t❤❡ t✐♠❡ ✇❡ ❝♦♠♣❛r❡ t❤❡✐r ✇❛❣❡s✳ ❚❤❡ ✇❛❣❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝♦❤♦rts ♠✐❣❤t

t❤❡♥ ❤❛✈❡ ❜❡❡♥ ❧♦✇❡r✱ ❜❡❝❛✉s❡ r❡t✉r♥s t♦ ❡①♣❡r✐❡♥❝❡ t❡♥❞ t♦ ❜❡ ❞❡❝r❡❛s✐♥❣ ✭s❡❡ ❡✳❣✳ ▼✐♥❝❡r

✫ ❏♦✈❛♥♦✈✐❝✱ ✶✾✼✾✮✳✶✷ ❚❤❡ ❞❛t❛ ❧❡♥❞s s♦♠❡ s✉♣♣♦rt t♦ t❤✐s ❤②♣♦t❤❡s✐s✳ ■♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱

✇❤✐❧❡ ❤✐❣❤✲s❝❤♦♦❧ ❣r❛❞✉❛t❡s ✐♥ ❝♦❤♦rt ✶ ❡❛r♥ ✺✹✪ ❧❡ss t❤❛♥ t❤❡✐r ❝♦❤♦rt ✵ ❝♦✉♥t❡r♣❛rt✱ t❤❡ ❣❛♣

✐s ♦♥❧② ✷✵✪ ❢♦r ♥♦♥✲❣r❛❞✉❛t❡s✱ ❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s s✐❣♥✐✜❝❛♥t ✭t✲st❛t❂✲✼✳✻✹✮✳ ❚❤✐s ❞✐✛❡r❡♥❝❡

❝♦✉❧❞ ♣❛rt❧② ❛r✐s❡ ❢r♦♠ s❡❧❡❝t✐♦♥ ❡✛❡❝ts✿ ♥♦♥✲❣r❛❞✉❛t❡s ❞✐✛❡r ❢r♦♠ ❤✐❣❤ s❝❤♦♦❧ ❣r❛❞✉❛t❡s✱ s♦

t❤❡ ❝♦❤♦rt ❣❛♣ ❛♠♦♥❣ ♥♦♥✲❣r❛❞✉❛t❡s ♠✐❣❤t ♥♦t ❜❡ ❡q✉❛❧ t♦ t❤❡ ❝♦❤♦rt ❣❛♣ ✇❡ ✇♦✉❧❞ ❤❛✈❡

♦❜s❡r✈❡❞ ❛♠♦♥❣ ❣r❛❞✉❛t❡s ❤❛❞ t❤❡② ♥♦t ❣r❛❞✉❛t❡❞✳ ❙t✐❧❧✱ ✐t s❡❡♠s ✉♥❧✐❦❡❧② t❤❛t s❡❧❡❝t✐♦♥ ❝❛♥

❢✉❧❧② ❛❝❝♦✉♥t ❢♦r t❤✐s ❛❧♠♦st t❤r❡❡❢♦❧❞ ❞✐✛❡r❡♥❝❡✳

❖✉r ❲❛❧❞✲❚❈ ❛♥❞ ❲❛❧❞✲❈■❈ ❡st✐♠❛t♦rs ❞♦ ♥♦t r❡❧② ♦♥ ❆ss✉♠♣t✐♦♥ ✹✳ ❚❤❡② ❧✐❡ ✐♥✲❜❡t✇❡❡♥

t❤❡ ❡st✐♠❛t❡ ✐♥ ❉✉✢♦ ✭✷✵✵✶✮ ❛♥❞ ♦✉r ❲❛❧❞✲❉■❉✳ ❚❤❡② ❞♦ ♥♦t ❞✐✛❡r s✐❣♥✐✜❝❛♥t❧② ❢r♦♠ t❤❡

❝♦❡✣❝✐❡♥t ✐♥ ❉✉✢♦ ✭✷✵✵✶✮✱ ❜✉t t❤✐s ✐s ♣❛rt❧② ❜❡❝❛✉s❡ t❤✐s ❝♦❡✣❝✐❡♥t ✐s ✐♠♣r❡❝✐s❡❧② ❡st✐♠❛t❡❞✳

❯s✐♥❣ t❤❡ ❲❛❧❞✲❚❈ ❡st✐♠❛t♦r✱ ♦♥❡ ❝❛♥ ❢♦r ✐♥st❛♥❝❡ r❡❥❡❝t t❤❛t r❡t✉r♥s t♦ ❡❞✉❝❛t✐♦♥ ❛r❡ ❧♦✇❡r

t❤❛♥ ✻✪ ❛t t❤❡ ✺✪ ❧❡✈❡❧✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❲❛❧❞✲❚❈ ❛♥❞ ❲❛❧❞✲❈■❈ s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r

❢r♦♠ t❤❡ ❲❛❧❞✲❉■❉✱ ✇✐t❤ t✲st❛ts r❡s♣❡❝t✐✈❡❧② ❡q✉❛❧ t♦ ✲✸✳✺✷ ❛♥❞ ✲✸✳✻✻✳ ❚❤❡ ❲❛❧❞✲❉■❉ ❛♥❞

❲❛❧❞✲❚❈ r❡❧② ♦♥ ❞✐✛❡r❡♥t ✏❝♦♠♠♦♥ tr❡♥❞s✑ ❛ss✉♠♣t✐♦♥s ❜❡t✇❡❡♥ ❞✐str✐❝ts ✭❆ss✉♠♣t✐♦♥s ✸ ❛♥❞

✺✮✳ ❇✉t ❝❤❛❧❧❡♥❣✐♥❣ ♦♥❡ ✇❤✐❧❡ ❞❡❢❡♥❞✐♥❣ t❤❡ ♦t❤❡r s❡❡♠s ❞✐✣❝✉❧t ❛s t❤❡s❡ t✇♦ ❛ss✉♠♣t✐♦♥s ❛r❡

s✉❜st❛♥t✐✈❡❧② ✈❡r② ❝❧♦s❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❲❛❧❞✲❚❈ ❛♥❞ ❲❛❧❞✲❈■❈ ❞♦ ♥♦t r❡q✉✐r❡ t❤❛t

t❤❡ ✇❛❣❡ ❣❛♣ ❜❡t✇❡❡♥ ❝♦❤♦rts ❜❡ ❝♦♥st❛♥t ❛❝r♦ss ♣♦t❡♥t✐❛❧ ❧❡✈❡❧s ♦❢ ❡❞✉❝❛t✐♦♥ ✭❆ss✉♠♣t✐♦♥

✹✮✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♥♦t ✇❛rr❛♥t❡❞ ✐♥ t❤✐s ❝♦♥t❡①t✳

✶✶❚❤✐s ♣♦✐♥t ❡st✐♠❛t❡ ✇❛s s✐❣♥✐✜❝❛♥t ❛t t❤❡ ✺✪ ❧❡✈❡❧ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣❛♣❡r✳ ❇✉t ♦♥❝❡ ❝❧✉st❡r✐♥❣ st❛♥❞❛r❞

❡rr♦rs ❛t t❤❡ ❞✐str✐❝t ❧❡✈❡❧✱ ✇❤✐❝❤ ❤❛s ❜❡❝♦♠❡ st❛♥❞❛r❞ ♣r❛❝t✐❝❡ ✐♥ ❉■❉ ♣❛♣❡rs s✐♥❝❡ ❇❡rtr❛♥❞ ❡t ❛❧✳ ✭✷✵✵✹✮✱ ✐t

❧♦s❡s s♦♠❡ st❛t✐st✐❝❛❧ s✐❣♥✐✜❝❛♥❝❡✳
✶✷❲❡ ❢♦❧❧♦✇ ▼✐♥❝❡r ✫ ❏♦✈❛♥♦✈✐❝ ✭✶✾✼✾✮ ❛♥❞ ❡st✐♠❛t❡ ❛ ♠✐♥❝❡r✐❛♥ r❡❣r❡ss✐♦♥ ♦❢ ✇❛❣❡s ♦♥ ❡❞✉❝❛t✐♦♥✱ ❡❞✉❝❛t✐♦♥

sq✉❛r❡❞✱ ❛❣❡✱ ❛♥❞ ❛❣❡ sq✉❛r❡❞ ✐♥ ♦✉r ❞❛t❛✳ ❲❡ ❛❧s♦ ✜♥❞ ❛ s✐❣♥✐✜❝❛♥t❧② ♥❡❣❛t✐✈❡ ❝♦❡✣❝✐❡♥t ♦❢ ❛❣❡ sq✉❛r❡❞✳
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❲❡ t❤❡r❡❢♦r❡ ❝❤♦♦s❡ t❤❡ ❲❛❧❞✲❚❈ ❛♥❞ ❲❛❧❞✲❈■❈ ❛s ♦✉r ♣r❡❢❡rr❡❞ ❡st✐♠❛t♦rs✳✶✸

❚❛❜❧❡ ✻✿ ❘❡t✉r♥s t♦ ❡❞✉❝❛t✐♦♥

❉✉✢♦ ✭✷✵✵✶✮ WDID WTC WCIC ❖▲❙

❘❡t✉r♥s t♦ ❡❞✉❝❛t✐♦♥ ✵✳✵✼✸ ✵✳✶✺✾ ✵✳✶✵✹ ✵✳✶✵✵ ✵✳✵✼✼

✭✵✳✵✹✸✮ ✭✵✳✵✷✽✮ ✭✵✳✵✷✼✮ ✭✵✳✵✷✼✮ ✭✵✳✵✵✶✮

◆ ✸✵✽✷✽ ✷✷✸✸✾ ✷✷✸✸✾ ✷✷✸✸✾ ✸✵✽✷✽

◆♦t❡s✳ ❚❤✐s t❛❜❧❡ r❡♣♦rts ❡st✐♠❛t❡s ♦❢ r❡t✉r♥s t♦ s❝❤♦♦❧✐♥❣✳ ❙t❛♥❞❛r❞ ❡rr♦rs ❛r❡ ❝❧✉st❡r❡❞ ❛t t❤❡ ❞✐str✐❝t ❧❡✈❡❧✳

❋♦r t❤❡ ❲❛❧❞✲❚❈ ❛♥❞ ❲❛❧❞✲❈■❈✱ ❝❧✉st❡r❡❞ st❛♥❞❛r❞ ❡rr♦rs ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❜❧♦❝❦ ❜♦♦tstr❛♣✳

❆s s❤♦✇♥ ✐♥ ❚❤❡♦r❡♠ ✹✳✹✱ t❤❡ ♣❛r❛♠❡t❡r ✇❡ ❡st✐♠❛t❡ ✐s ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❡✛❡❝t ♦❢

✐♥❝r❡❛s✐♥❣ ②❡❛rs ♦❢ ❡❞✉❝❛t✐♦♥ ❢r♦♠ d − 1 t♦ d✱ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ d✳ ❚❤❡ ✇❡✐❣❤ts wd

❝❛♥ ❜❡ ❡st✐♠❛t❡❞✳ ❚❤❡② ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳ ❖✉r ♣❛r❛♠❡t❡r ♣✉ts t❤❡ ♠♦st ✇❡✐❣❤t ♦♥ t❤❡

❧❛st ②❡❛rs ♦❢ ♣r✐♠❛r② s❝❤♦♦❧✱ ♦♥ ♠✐❞❞❧❡✲s❝❤♦♦❧ ②❡❛rs✱ ❛♥❞ ♦♥ ❤✐❣❤✲s❝❤♦♦❧ ②❡❛rs✳

Years of education
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Weights

95% confidence intervals

❋✐❣✉r❡ ✶✿ ❲❡✐❣❤t r❡❝❡✐✈❡❞ ❜② ❡❛❝❤ ②❡❛r ♦❢ ❡❞✉❝❛t✐♦♥✳

✶✸❚♦ ❡st✐♠❛t❡ t❤❡ ♥✉♠❡r❛t♦r ♦❢ t❤❡ ❲❛❧❞✲❈■❈✱ ✇❡ ❞♦ ♥♦t ❡st✐♠❛t❡ Qd ❢♦r ❡❛❝❤ ②❡❛r ♦❢ s❝❤♦♦❧✐♥❣✳ ■♥st❡❛❞✱

✇❡ ❣r♦✉♣ s❝❤♦♦❧✐♥❣ ✐♥t♦ ✺ ❝❛t❡❣♦r✐❡s ✭❞✐❞ ♥♦t ❝♦♠♣❧❡t❡ ♣r✐♠❛r② s❝❤♦♦❧✱ ❝♦♠♣❧❡t❡❞ ♣r✐♠❛r② s❝❤♦♦❧✱ ❝♦♠♣❧❡t❡❞

♠✐❞❞❧❡ s❝❤♦♦❧✱ ❝♦♠♣❧❡t❡❞ ❤✐❣❤ s❝❤♦♦❧✱ ❝♦♠♣❧❡t❡❞ ❝♦❧❧❡❣❡✮✳ ❚❤✉s✱ ✇❡ ❛✈♦✐❞ ❡st✐♠❛t✐♥❣ q✉❛♥t✐❧❡✲q✉❛♥t✐❧❡ tr❛♥s✲

❢♦r♠s ♦♥ ❛ ✈❡r② s♠❛❧❧ ♥✉♠❜❡r ♦❢ ✉♥✐ts✳ ❚♦ ❜❡ ❝♦♥s✐st❡♥t✱ ✇❡ ✉s❡ t❤✐s ❞❡✜♥✐t✐♦♥ t♦ ❡st✐♠❛t❡ t❤❡ ♥✉♠❡r❛t♦r ♦❢

t❤❡ ❲❛❧❞✲❚❈✳ ❯s✐♥❣ ②❡❛rs ♦❢ s❝❤♦♦❧✐♥❣ ❤❛r❞❧② ❝❤❛♥❣❡s ♦✉r ❲❛❧❞✲❚❈ ❡st✐♠❛t♦r✳
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✻✳✸ ❘♦❜✉st♥❡ss ❝❤❡❝❦s

❆s ❛ ✜rst r♦❜✉st♥❡ss ❝❤❡❝❦✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r ♠✐s❝❧❛ss✐✜❝❛t✐♦♥s ♦❢ tr❡❛t♠❡♥t ❞✐str✐❝ts ❛s

❝♦♥tr♦❧s ❝❛♥ ❜✐❛s ♦✉r r❡s✉❧ts✳ ❚♦ ❞♦ s♦✱ ✇❡ ❝♦♥str✉❝t ♦✉r ❣r♦✉♣s ❛❣❛✐♥ ✉s✐♥❣ ❛ ♠♦r❡ ❧✐❜❡r❛❧

❝r✐t❡r✐♦♥✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❛ss✐❣♥ ❛ ❞✐str✐❝t t♦ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ✐❢ t❤❡ ♣✲✈❛❧✉❡ ♦❢ t❤❡ χ2 t❡st ✐s

❣r❡❛t❡r t❤❛♥ 0.6✳ ■❢ t❤❛t ♣✲✈❛❧✉❡ ✐s ❧♦✇❡r t❤❛♥ 0.6 ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ ②❡❛rs ♦❢ ❡❞✉❝❛t✐♦♥

✐♥❝r❡❛s❡❞ ✐♥ t❤❛t ❞✐str✐❝t✱ ✇❡ ❛ss✐❣♥ ✐t t♦ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣✳ ❚❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ✇❡ ♦❜t❛✐♥ t❤✐s

✇❛② ✐s ✸✵✪ s♠❛❧❧❡r t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳ ■t ❛❧s♦ ❤❛s ❛ ♠♦r❡ st❛❜❧❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❞✉❝❛t✐♦♥✿

❛ χ2 t❡st ❞♦❡s ♥♦t r❡❥❡❝t t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤✐s ❞✐str✐❜✉t✐♦♥ ✐s t❤❡ s❛♠❡ ❜❡t✇❡❡♥ t❤❡ t✇♦

❝♦❤♦rts✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉s✐♥❣ t❤✐s ♥❡✇ ❝♦♥tr♦❧ ❣r♦✉♣ ❧❡❛✈❡s ♦✉r ❡st✐♠❛t❡s ❡ss❡♥t✐❛❧❧②

✉♥❝❤❛♥❣❡❞✿ t❤❡ ❲❛❧❞✲❉■❉✱ ❲❛❧❞✲❚❈✱ ❛♥❞ ❲❛❧❞✲❈■❈ ❛r❡ ♥♦✇ r❡s♣❡❝t✐✈❡❧② ❡q✉❛❧ t♦ ✶✺✳✽✱ ✾✳✽✱

❛♥❞ ✾✳✻✪✳ ❚❤✐s s✉❣❣❡sts t❤❛t t❤❡ s♠❛❧❧ ❝❤❛♥❣❡s ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❞✉❝❛t✐♦♥ ✐♥ ♦✉r ❝♦♥tr♦❧

❣r♦✉♣ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✹ ❞♦ ♥♦t ❞r✐✈❡ ♦✉r r❡s✉❧ts✳

❆s ❛ s❡❝♦♥❞ r♦❜✉st♥❡ss ❝❤❡❝❦✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r t❤❡ st❛t✐st✐❝❛❧ ♣r♦❝❡❞✉r❡ ✇❡ ✉s❡ t♦ ❢♦r♠

♦✉r ❣r♦✉♣s ❜✐❛s❡s ♦✉r ❡st✐♠❛t❡s✳ ❖✉r ♠❡t❤♦❞ ✉s❡s t❤❡ s❛♠❡ ❞❛t❛ t✇✐❝❡✱ t♦ ❢♦r♠ ❣r♦✉♣s ❛♥❞

t♦ ❡st✐♠❛t❡ r❡t✉r♥s t♦ ❡❞✉❝❛t✐♦♥✳ ■t t❤❡r❡❢♦r❡ s❤❛r❡s s♦♠❡ s✐♠✐❧❛r✐t✐❡s ✇✐t❤ t❤❡ ❡♥❞♦❣❡♥♦✉s

str❛t✐✜❝❛t✐♦♥ ♠❡t❤♦❞s st✉❞✐❡❞ ✐♥ ❆❜❛❞✐❡ ❡t ❛❧✳ ✭✷✵✶✸✮✱ ✇❤✐❝❤ ❝❛♥ ♣r♦❞✉❝❡ ✜♥✐t❡ s❛♠♣❧❡ ❜✐❛s❡s✳

❲❡ ❝♦♥❞✉❝t ❛ s✐♠✉❧❛t✐♦♥ st✉❞② t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ t❤❡ ❜✐❛s✳ ❲❡ ✜♥❞ t❤❛t ✜♥✐t❡

s❛♠♣❧❡ ❜✐❛s ✐s ✐♥❝r❡❛s✐♥❣ ✇✐t❤ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ tr❡❛t♠❡♥t ❛♥❞ t❤❡ ✉♥♦❜s❡r✈❡❞

❞❡t❡r♠✐♥❛♥ts ♦❢ t❤❡ ♦✉t❝♦♠❡✱✶✹ ❞❡❝r❡❛s✐♥❣ ✇✐t❤ t❤❡ s✐③❡ ♦❢ t❤❡ ❣r♦✉♣s ✇❤❡r❡ t❤❡ ✜rst st❛❣❡ χ2

t❡sts ❛r❡ ❝♦♥❞✉❝t❡❞✱ ❛♥❞ ❞❡❝r❡❛s✐♥❣ ✇✐t❤ t❤❡ ❝❤❛♥❣❡ ♦❢ tr❡❛t♠❡♥t ✐♥t❡♥s✐t② ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥✳

❚♦ ❞❡t❡❝t ♣♦t❡♥t✐❛❧ ❜✐❛s❡s✱ ❆❜❛❞✐❡ ❡t ❛❧✳ ✭✷✵✶✸✮ s✉❣❣❡st ❝♦♠♣❛r✐♥❣ t❤❡ ❜❛s❡❧✐♥❡ ❡st✐♠❛t♦r t♦

❛ s♣❧✐t✲s❛♠♣❧❡ ❡st✐♠❛t♦r ✇❤❡r❡ ❤❛❧❢ ♦❢ t❤❡ s❛♠♣❧❡ ✐s ✉s❡❞ t♦ ❝♦♥str✉❝t ❣r♦✉♣s✱ ✇❤✐❧❡ t❤❡ ♦t❤❡r

❤❛❧❢ ✐s ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❡st✐♠❛t♦r✳ ❖✉r s✐♠✉❧❛t✐♦♥s ❛❧s♦ s✉❣❣❡st t❤✐s ✐s ❛ ❣♦♦❞ ✇❛② t♦

❛ss❡ss t❤❡ s❡r✐♦✉s♥❡ss ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❲✐t❤ ❉●Ps ❢♦r ✇❤✐❝❤ ♦✉r ♣r♦❝❡❞✉r❡ ❣❡♥❡r❛t❡s ❧✐tt❧❡ ♦r

♥♦ ❜✐❛s✱ t❤❡ s♣❧✐t✲s❛♠♣❧❡ ❛♥❞ ❜❛s❡❧✐♥❡ ❡st✐♠❛t♦rs ❛r❡ ✈❡r② ❝❧♦s❡ ❢r♦♠ ❡❛❝❤ ♦t❤❡r❀ ♦♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ ✇✐t❤ ❉●Ps ❢♦r ✇❤✐❝❤ ♦✉r ♣r♦❝❡❞✉r❡ ❣❡♥❡r❛t❡s ♠♦r❡ ❜✐❛s✱ t❤❡ s♣❧✐t✲s❛♠♣❧❡ ❛♥❞ ❜❛s❡❧✐♥❡

❡st✐♠❛t♦rs ❛r❡ ❢❛r ❛✇❛②✳ ❚❤❡r❡❢♦r❡✱ ✇❡ r❡✲❡st✐♠❛t❡ ✶✵✵ t✐♠❡s ♦✉r ❲❛❧❞✲❉■❉ ❛♥❞ ❲❛❧❞✲❚❈

❡st✐♠❛t♦rs ✉s✐♥❣ ❛ s♣❧✐t✲s❛♠♣❧❡ ♣r♦❝❡❞✉r❡✳ ❚❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ s♣❧✐t✲s❛♠♣❧❡ ❡st✐♠❛t♦rs ❛r❡

r❡s♣❡❝t✐✈❡❧② ✶✼✳✼✪ ❛♥❞ ✽✳✺✪✳ ❇♦t❤ ❛r❡ ♥♦t s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ❛♥❞ ❧❡ss t❤❛♥ ✷✵✪ ❛✇❛②

❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ❡st✐♠❛t♦rs✳ ❖✈❡r❛❧❧✱ ❡♥❞♦❣❡♥♦✉s str❛t✐✜❝❛t✐♦♥ ❞♦❡s ♥♦t s❡❡♠ t♦ ❜❡ ❛ str♦♥❣

❝♦♥❝❡r♥ ✐♥ t❤✐s ❛♣♣❧✐❝❛t✐♦♥✳

❆s ❛ ❧❛st r♦❜✉st♥❡ss ❝❤❡❝❦✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ s❛♠♣❧✐♥❣ ✈❛r✐❛♥❝❡ ✐♥✲

❞✉❝❡❞ ❜② ♦✉r ❝❧❛ss✐✜❝❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✇♦✉❧❞ ❣r❡❛t❧② ❛✛❡❝t ♦✉r ❝♦♥❝❧✉s✐♦♥s✳ ❉♦✐♥❣ s♦ ✐s ♥♦t

str❛✐❣❤t❢♦r✇❛r❞✳ ❆ ♥❛t✉r❛❧ ✐❞❡❛ ✐s t♦ ✉s❡ ❛ t✇♦✲st❡♣ ❜♦♦tstr❛♣ ✇❤❡r❡ ✐♥ ❛ ✜rst st❡♣ ✇❡ ❜♦♦t✲

✶✹❆♥ ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ ♠❡t❤♦❞s st✉❞✐❡❞ ✐♥ ❆❜❛❞✐❡ ❡t ❛❧✳ ✭✷✵✶✸✮ ✐s t❤❛t ♦✉r ♠❡t❤♦❞ ❞♦❡s ♥♦t

✉s❡ t❤❡ ♦✉t❝♦♠❡ ❜✉t t❤❡ tr❡❛t♠❡♥t t♦ ❝♦♥str✉❝t ❣r♦✉♣s✳ ❚❤❡r❡❢♦r❡✱ ♦✉r ♠❡t❤♦❞ ♣r♦❞✉❝❡s ❜✐❛s❡❞ ❡st✐♠❛t❡s

♦♥❧② ✐❢ t❤❡ tr❡❛t♠❡♥t ✐s str♦♥❣❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ ✉♥♦❜s❡r✈❡❞ ❞❡t❡r♠✐♥❛♥ts ♦❢ t❤❡ ♦✉t❝♦♠❡✳ ■❢ tr❡❛t♠❡♥t ✐s

❡①♦❣❡♥♦✉s ♦r ♦♥❧② ✇❡❛❦❧② ❡♥❞♦❣❡♥♦✉s✱ ✐t ❞♦❡s ♥♦t ♣r♦❞✉❝❡ ❜✐❛s❡s✳

✹✷



str❛♣ ✐♥❞✐✈✐❞✉❛❧s ✇✐t❤✐♥ ❡❛❝❤ ❝♦❤♦rt ♦❢ ❡❛❝❤ ❞✐str✐❝t ❛♥❞ r✉♥ ♦✉r ♣r♦❝❡❞✉r❡ t♦ ❢♦r♠ ♦✉r ❝♦♥tr♦❧

❛♥❞ tr❡❛t♠❡♥t ❣r♦✉♣s✱ ✇❤✐❧❡ ✐♥ ❛ s❡❝♦♥❞ st❡♣ ✇❡ ❜♦♦tstr❛♣ ❞✐str✐❝ts ❛♥❞ ❡st✐♠❛t❡ t❤❡ ❲❛❧❞✲

❉■❉✱ t❤❡ ❲❛❧❞✲❚❈✱ ❛♥❞ t❤❡ ❲❛❧❞✲❈■❈✳ ■♥ ♣r❛❝t✐❝❡✱ t❤✐s ♣r♦❝❡❞✉r❡ ❞♦❡s ♥♦t ✇♦r❦ ✇❡❧❧✳ ❯♥❞❡r

t❤❡ ♥✉❧❧ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❞✉❝❛t✐♦♥ ❞✐❞ ♥♦t ❝❤❛♥❣❡ ♦✈❡r t✐♠❡✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡

❜♦♦tstr❛♣ st❛t✐st✐❝s ✇❡ ✉s❡ ✐♥ ♦✉r χ2 t❡sts ❞♦ ♥♦t ❤❛✈❡ ❛♥ ❛♣♣r♦①✐♠❛t❡ χ2 ❞✐str✐❜✉t✐♦♥✱ ❜✉t

❛r❡ ❛♣♣r♦①✐♠❛t❡❧② ❞✐str✐❜✉t❡❞ ❛s s✉♠s ♦❢ sq✉❛r❡s ♦❢ N (0, 2) ✈❛r✐❛❜❧❡s✳✶✺ ❲❡ t❤❡r❡❢♦r❡ ❝❧❛s✲

s✐❢② ♠✉❝❤ ❢❡✇❡r ❞✐str✐❝ts ❛s ❝♦♥tr♦❧s t❤❛♥ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ s❛♠♣❧❡✳ ❉✐✈✐❞✐♥❣ t❤❡ ❜♦♦tstr❛♣ t❡st

st❛t✐st✐❝s ❜② t✇♦ ❞♦❡s ♥♦t s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠✱ ❜❡❝❛✉s❡ t❤❡ ♠♦❞✐✜❡❞ st❛t✐st✐❝ t❤❡♥ ❤❛s ❛ ❞✐✛❡r❡♥t

❞✐str✐❜✉t✐♦♥ ❢r♦♠ t❤❛t ♦❢ t❤❡ ♦r✐❣✐♥❛❧ st❛t✐st✐❝ ✉♥❞❡r t❤❡ ❛❧t❡r♥❛t✐✈❡ ❤②♣♦t❤❡s✐s✳ ■♥st❡❛❞✱ ✇❡

♦♣t ❢♦r ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ t✇♦✲st❡♣ ❜♦♦tstr❛♣✿ ❛s ✐♥ t❤❡ ♦r✐❣✐♥❛❧ s❛♠♣❧❡ ✇❡ ❝❧❛ss✐❢② ✷✸✪

♦❢ ❞✐str✐❝ts ❛s ❝♦♥tr♦❧s✱ ✐♥ ❡❛❝❤ ❜♦♦tstr❛♣ r❡♣❧✐❝❛t✐♦♥ ✇❡ ❝❧❛ss✐❢② t❤❡ ✷✸✪ ♦❢ ❞✐str✐❝ts ✇✐t❤ t❤❡

❧♦✇❡st χ2 st❛t✐st✐❝ ❛s ❝♦♥tr♦❧s✳ ❚❤❡ st❛♥❞❛r❞ ❡rr♦rs ♦❢ ♦✉r t❤r❡❡ ❡st✐♠❛t♦rs ❛r❡ ♥♦✇ r❡s♣❡❝✲

t✐✈❡❧② ❡q✉❛❧ t♦ ✵✳✵✹✹✱ ✵✳✵✹✺✱ ❛♥❞ ✵✳✵✹✺✳ ❚❤✉s✱ ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ s❛♠♣❧✐♥❣ ✈❛r✐❛♥❝❡ ✐♥ ♦✉r

✜rst st❡♣ ♣r♦❝❡❞✉r❡ s❡❡♠s t♦ ✐♥❝r❡❛s❡ ♥♦t❛❜❧② t❤❡ st❛♥❞❛r❞ ❡rr♦rs ♦❢ ♦✉r ❡st✐♠❛t♦rs✱ ❜✉t ❛❧s♦

❧❡❛✈❡s ♦✉r ♠❛✐♥ ❝♦♥❝❧✉s✐♦♥s ✉♥❝❤❛♥❣❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ ♦✉r ❲❛❧❞✲❉■❉ ❡st✐♠❛t♦r ✇♦✉❧❞ st✐❧❧

❜❡ s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❲❛❧❞✲❚❈ ❛♥❞ ❲❛❧❞✲❈■❈ ✇✐t❤ t❤❡s❡ ❧❛r❣❡r st❛♥❞❛r❞ ❡rr♦rs✳

❍♦✇❡✈❡r✱ ♣r♦✈✐♥❣ t❤❛t t❤✐s ♣r♦❝❡❞✉r❡ ✐♥❞❡❡❞ r❡♣r♦❞✉❝❡s ✇❡❧❧ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♦✉r ❡st✐♠❛t♦rs

❣♦❡s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♣❛♣❡r ❛♥❞ ✐s ❧❡❢t ❢♦r ❢✉t✉r❡ ✇♦r❦✳

❚❤✐s ❛♣♣❧✐❝❛t✐♦♥ ❞✐✛❡rs ❢r♦♠ ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❢✉③③② ❉■❉ ♠❡t❤♦❞ ✐♥ t✇♦ ✐♠♣♦rt❛♥t

✇❛②s✳ ❋✐rst✱ ✐t ♠❛❦❡s ✉s❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧✲❧❡✈❡❧ ❞❛t❛✳ ▼❛♥② ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❢✉③③② ❉■❉ ♠❡t❤♦❞

✇❡ ❢♦✉♥❞ ✐♥ ♦✉r ❧✐t❡r❛t✉r❡ r❡✈✐❡✇ ❞✐r❡❝t❧② ✉s❡ ❛❣❣r❡❣❛t❡ ❞❛t❛ ❛t t❤❡ ❝♦✉♥t② × ②❡❛r ♦r st❛t❡ ×
②❡❛r ❧❡✈❡❧✳ ❙❡❝♦♥❞✱ t❤❡ s❡t ♦❢ ❞✐str✐❝ts ✇❤❡r❡ ❡❞✉❝❛t✐♦♥ ❞✐❞ ♥♦t ❝❤❛♥❣❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝♦❤♦rts

✐s ♥♦t ❦♥♦✇♥ t♦ t❤❡ ❛♥❛❧②st ❛♥❞ ♥❡❡❞s t♦ ❜❡ ❡st✐♠❛t❡❞✳ ■♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❢✉③③② ❉■❉

♠❡t❤♦❞ t❤❡ s❡t ♦❢ ❣r♦✉♣s ✇❤❡r❡ tr❡❛t♠❡♥t ✐s st❛❜❧❡ ✐s ❦♥♦✇♥ t♦ t❤❡ ❛♥❛❧②st ✭❡①❛♠♣❧❡s ✐♥❝❧✉❞❡

❉r❛❝❛ ❡t ❛❧✳✱ ✷✵✶✶✱ ❋✐❡❧❞✱ ✷✵✵✼✱ ♦r ●❡♥t③❦♦✇ ❡t ❛❧✳✱ ✷✵✶✶✮✳ ■♥ ♦✉r s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧✱

✇❡ r❡✈✐s✐t ●❡♥t③❦♦✇ ❡t ❛❧✳ ✭✷✵✶✶✮ ✇❤♦ ✉s❡ ❛❣❣r❡❣❛t❡ ❞❛t❛ ❛♥❞ ✇❤❡r❡ t❤❡ s❡t ♦❢ ❣r♦✉♣s ✇❤❡r❡

tr❡❛t♠❡♥t ✐s st❛❜❧❡ ✐s ❦♥♦✇♥✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ♠❡t❤♦❞s ✇❡ ♣r♦♣♦s❡ ✐♥ t❤✐s ♣❛♣❡r ❝❛♥ ❛❧s♦ ❜❡

❛♣♣❧✐❡❞ t♦ t❤✐s t②♣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥✱ ❛♥❞ t❤❛t t❤❡② ❝❛♥ ❧❡❛❞ t♦ s✉❜st❛♥t✐❛❧❧② ❞✐✛❡r❡♥t ❝♦♥❝❧✉s✐♦♥s

❢r♦♠ t❤♦s❡ r❡❛❝❤❡❞ ❜② t❤❡ ❛✉t❤♦rs ✉s✐♥❣ ❡①✐st✐♥❣ ♠❡t❤♦❞s✳

✼ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r st✉❞✐❡s tr❡❛t♠❡♥t ❡✛❡❝ts ❡st✐♠❛t✐♦♥ ✐♥ ❢✉③③② ❉■❉ ❞❡s✐❣♥s✳ ■t ♠❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣

❝♦♥tr✐❜✉t✐♦♥s✳ ❋✐rst✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❲❛❧❞✲❉■❉ ✐s ❡q✉❛❧ t♦ ❛ ❧♦❝❛❧ ❛✈❡r❛❣❡ tr❡❛t♠❡♥t ❡✛❡❝t

✭▲❆❚❊✮ ♦♥❧② ✐❢ t✇♦ str♦♥❣ ❛ss✉♠♣t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿ t✐♠❡ s❤♦✉❧❞ ❤❛✈❡ t❤❡ s❛♠❡ ❡✛❡❝t ♦♥ ❛❧❧

♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s❀ ❛♥❞ ✇❤❡♥ tr❡❛t♠❡♥t ✐♥❝r❡❛s❡s ❜♦t❤ ✐♥ t❤❡ tr❡❛t♠❡♥t ❛♥❞ ✐♥ t❤❡ ❝♦♥tr♦❧

❣r♦✉♣✱ t❤❡ ❲❛❧❞✲❉■❉ ✐s ❡q✉❛❧ t♦ ❛ ▲❆❚❊ ♦♥❧② ✐❢ tr❡❛t♠❡♥t ❡✛❡❝ts ❛r❡ ❤♦♠♦❣❡♥❡♦✉s ✐♥ t❤❡

✶✺❇❡❝❛✉s❡ ❞✐str✐❝ts ❛r❡ ♦❢ ✜♥✐t❡ s✐③❡✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ t❡st st❛t✐st✐❝ ✐s ♥♦t ❡①❛❝t❧② ❡q✉❛❧ t♦ ✐ts ❛s②♠♣t♦t✐❝

❞✐str✐❜✉t✐♦♥✳
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t✇♦ ❣r♦✉♣s✳ ❙❡❝♦♥❞✱ ✇❡ ♣r♦♣♦s❡ t✇♦ ❛❧t❡r♥❛t✐✈❡ ❡st✐♠❛t♦rs ❢♦r t❤❡ s❛♠❡ ▲❆❚❊ ✇❤❡♥ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ tr❡❛t♠❡♥t ✐s st❛❜❧❡ ♦✈❡r t✐♠❡ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✳ ❖✉r ✜rst ❡st✐♠❛t♦r ✐s ❛

♥❛t✉r❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❉■❉ t♦ t❤❡ ❢✉③③② ❝❛s❡✳ ❖✉r s❡❝♦♥❞ ❡st✐♠❛t♦r ❣❡♥❡r❛❧✐③❡s t❤❡ ❝❤❛♥❣❡s✲

✐♥✲❝❤❛♥❣❡s ❡st✐♠❛t♦r ✐♥tr♦❞✉❝❡❞ ❜② ❆t❤❡② ✫ ■♠❜❡♥s ✭✷✵✵✻✮✳ ❖✉r ❡st✐♠❛t♦rs ❞♦ ♥♦t r❡q✉✐r❡

t❤❛t t✐♠❡ ❤❛✈❡ t❤❡ s❛♠❡ ❡✛❡❝t ♦♥ ❛❧❧ ♣♦t❡♥t✐❛❧ ♦✉t❝♦♠❡s✳ ❚❤✐r❞✱ ✇❡ s❤♦✇ t❤❛t ✉♥❞❡r t❤❡ s❛♠❡

❛ss✉♠♣t✐♦♥s ❛s t❤♦s❡ ✉♥❞❡r❧②✐♥❣ ♦✉r ❡st✐♠❛t♦rs✱ t❤❡ s❛♠❡ ▲❆❚❊ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ✇❤❡♥ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ tr❡❛t♠❡♥t ❝❤❛♥❣❡s ♦✈❡r t✐♠❡ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✳

❲❤❡♥ ✉s✐♥❣ t❤❡ ❉■❉ ♠❡t❤♦❞ ✇✐t❤ ❢✉③③② ❣r♦✉♣s✱ ✐t ✐s ❝r✉❝✐❛❧ t♦ ✜♥❞ ❛ ❝♦♥tr♦❧ ❣r♦✉♣ ✇❤❡r❡

tr❡❛t♠❡♥t ✐s st❛❜❧❡ ♦✈❡r t✐♠❡ t♦ ❛❝❤✐❡✈❡ ♣♦✐♥t ✐❞❡♥t✐✜❝❛t✐♦♥ ✇✐t❤♦✉t ✐♠♣♦s✐♥❣ tr❡❛t♠❡♥t ❡✛❡❝t

❤♦♠♦❣❡♥❡✐t② ❛ss✉♠♣t✐♦♥s✳ ■♥ s✉❝❤ ✐♥st❛♥❝❡s✱ t❤r❡❡ ❡st✐♠❛t♦rs ❛r❡ ❛✈❛✐❧❛❜❧❡✿ t❤❡ ❲❛❧❞✲❉■❉

❛♥❞ ♦✉r t✇♦ ❛❧t❡r♥❛t✐✈❡ ❡st✐♠❛t♦rs✳ ❯s✐♥❣ ♦♥❡ ♦r t❤❡ ♦t❤❡r ❡st✐♠❛t♦r ❝❛♥ ♠❛❦❡ ❛ s✉❜st❛♥t✐❛❧

❞✐✛❡r❡♥❝❡✱ ❛s ✇❡ s❤♦✇ ✐♥ ♦✉r ❛♣♣❧✐❝❛t✐♦♥✳
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❘❡❢❡r❡♥❝❡s

❆❜❛❞✐❡✱ ❆✳ ✭✷✵✵✺✮✱ ❵❙❡♠✐♣❛r❛♠❡tr✐❝ ❞✐✛❡r❡♥❝❡✲✐♥✲❞✐✛❡r❡♥❝❡s ❡st✐♠❛t♦rs✬✱ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s

✼✷✭✶✮✱ ✶✕✶✾✳

❆❜❛❞✐❡✱ ❆✳✱ ❈❤✐♥❣♦s✱ ▼✳ ▼✳ ✫ ❲❡st✱ ▼✳ ❘✳ ✭✷✵✶✸✮✱ ❊♥❞♦❣❡♥♦✉s str❛t✐✜❝❛t✐♦♥ ✐♥ r❛♥❞♦♠✐③❡❞ ❡①♣❡r✐✲

♠❡♥ts✱ ❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱ ◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤✳

❆♥❣r✐st✱ ❏✳✱ ❈❤❡r♥♦③❤✉❦♦✈✱ ❱✳ ✫ ❋❡r♥á♥❞❡③✲❱❛❧✱ ■✳ ✭✷✵✵✻✮✱ ❵◗✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥ ✉♥❞❡r ♠✐ss♣❡❝✐✜❝❛t✐♦♥✱

✇✐t❤ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ✉✳s✳ ✇❛❣❡ str✉❝t✉r❡✬✱ ❊❝♦♥♦♠❡tr✐❝❛ ✼✹✭✷✮✱ ✺✸✾✕✺✻✸✳

❆♥❣r✐st✱ ❏✳ ❉✳✱ ●r❛❞❞②✱ ❑✳ ✫ ■♠❜❡♥s✱ ●✳ ❲✳ ✭✷✵✵✵✮✱ ❵❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s

❡st✐♠❛t♦rs ✐♥ s✐♠✉❧t❛♥❡♦✉s ❡q✉❛t✐♦♥s ♠♦❞❡❧s ✇✐t❤ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❞❡♠❛♥❞ ❢♦r ✜s❤✬✱ ❚❤❡

❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s ✻✼✭✸✮✱ ✹✾✾✕✺✷✼✳

❆♥❣r✐st✱ ❏✳ ❉✳ ✫ ■♠❜❡♥s✱ ●✳ ❲✳ ✭✶✾✾✺✮✱ ❵❚✇♦✲st❛❣❡ ❧❡❛st sq✉❛r❡s ❡st✐♠❛t✐♦♥ ♦❢ ❛✈❡r❛❣❡ ❝❛✉s❛❧ ❡❢✲

❢❡❝ts ✐♥ ♠♦❞❡❧s ✇✐t❤ ✈❛r✐❛❜❧❡ tr❡❛t♠❡♥t ✐♥t❡♥s✐t②✬✱ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❙t❛t✐st✐❝❛❧ ❆ss♦❝✐❛t✐♦♥

✾✵✭✹✸✵✮✱ ♣♣✳ ✹✸✶✕✹✹✷✳

❆t❤❡②✱ ❙✳ ✫ ■♠❜❡♥s✱ ●✳ ❲✳ ✭✷✵✵✻✮✱ ❵■❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ ✐♥❢❡r❡♥❝❡ ✐♥ ♥♦♥❧✐♥❡❛r ❞✐✛❡r❡♥❝❡✲✐♥✲❞✐✛❡r❡♥❝❡s

♠♦❞❡❧s✬✱ ❊❝♦♥♦♠❡tr✐❝❛ ✼✹✭✷✮✱ ✹✸✶✕✹✾✼✳

❇❛t❡♥✱ ❏✳✱ ❇✐❛♥❝❤✐✱ ◆✳ ✫ ▼♦s❡r✱ P✳ ✭✷✵✶✹✮✱ ❵P❛t❡♥ts✱ ❝♦♠♣❡t✐t✐♦♥✱ ❛♥❞ ✐♥♥♦✈❛t✐♦♥✲❡✈✐❞❡♥❝❡ ❢r♦♠ ❝♦♠✲

♣✉❧s♦r② ❧✐❝❡♥s✐♥❣ ❞✉r✐♥❣ ✇✇✐✬✱ ❆✈❛✐❧❛❜❧❡ ❛t ❙❙❘◆ ✷✹✶✼✺✸✷ ✳

❇❡rtr❛♥❞✱ ▼✳✱ ❉✉✢♦✱ ❊✳ ✫ ▼✉❧❧❛✐♥❛t❤❛♥✱ ❙✳ ✭✷✵✵✹✮✱ ❵❍♦✇ ♠✉❝❤ s❤♦✉❧❞ ✇❡ tr✉st ❞✐✛❡r❡♥❝❡s✲✐♥✲

❞✐✛❡r❡♥❝❡s ❡st✐♠❛t❡s❄✬✱ ❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ✶✶✾✭✶✮✱ ✷✹✾✕✷✼✺✳

❇❧✉♥❞❡❧❧✱ ❘✳✱ ❉✐❛s✱ ▼✳ ❈✳✱ ▼❡❣❤✐r✱ ❈✳ ✫ ❘❡❡♥❡♥✱ ❏✳ ❱✳ ✭✷✵✵✹✮✱ ❵❊✈❛❧✉❛t✐♥❣ t❤❡ ❡♠♣❧♦②♠❡♥t ✐♠♣❛❝t ♦❢

❛ ♠❛♥❞❛t♦r② ❥♦❜ s❡❛r❝❤ ♣r♦❣r❛♠✬✱ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❊❝♦♥♦♠✐❝ ❆ss♦❝✐❛t✐♦♥ ✷✭✹✮✱ ✺✻✾✕✻✵✻✳

❇♦♥❤♦♠♠❡✱ ❙✳ ✫ ❙❛✉❞❡r✱ ❯✳ ✭✷✵✶✶✮✱ ❵❘❡❝♦✈❡r✐♥❣ ❞✐str✐❜✉t✐♦♥s ✐♥ ❞✐✛❡r❡♥❝❡✲✐♥✲❞✐✛❡r❡♥❝❡s ♠♦❞❡❧s✿

❆ ❝♦♠♣❛r✐s♦♥ ♦❢ s❡❧❡❝t✐✈❡ ❛♥❞ ❝♦♠♣r❡❤❡♥s✐✈❡ s❝❤♦♦❧✐♥❣✬✱ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s

✾✸✭✷✮✱ ✹✼✾✕✹✾✹✳

❈❤❡♥✱ ❳✳✱ ▲✐♥t♦♥✱ ❖✳ ✫ ❱❛♥ ❑❡✐❧❡❣♦♠✱ ■✳ ✭✷✵✵✸✮✱ ❵❊st✐♠❛t✐♦♥ ♦❢ s❡♠✐♣❛r❛♠❡tr✐❝ ♠♦❞❡❧s ✇❤❡♥ t❤❡

❝r✐t❡r✐♦♥ ❢✉♥❝t✐♦♥ ✐s ♥♦t s♠♦♦t❤✬✱ ❊❝♦♥♦♠❡tr✐❝❛ ✼✶✱ ✶✺✾✶✕✶✻✵✽✳

❈❤❡r♥♦③❤✉❦♦✈✱ ❱✳✱ ❋❡r♥á♥❞❡③✲❱❛❧✱ ■✳ ✫ ●❛❧✐❝❤♦♥✱ ❆✳ ✭✷✵✶✵✮✱ ❵◗✉❛♥t✐❧❡ ❛♥❞ ♣r♦❜❛❜✐❧✐t② ❝✉r✈❡s ✇✐t❤♦✉t

❝r♦ss✐♥❣✬✱ ❊❝♦♥♦♠❡tr✐❝❛ ✼✽✭✸✮✱ ✶✵✾✸✕✶✶✷✺✳

❈❤❡r♥♦③❤✉❦♦✈✱ ❱✳✱ ❋❡r♥á♥❞❡③✲❱❛❧✱ ■✳✱ ❍❛❤♥✱ ❏✳ ✫ ◆❡✇❡②✱ ❲✳ ✭✷✵✶✸✮✱ ❵❆✈❡r❛❣❡ ❛♥❞ q✉❛♥t✐❧❡ ❡✛❡❝ts ✐♥

♥♦♥s❡♣❛r❛❜❧❡ ♣❛♥❡❧ ♠♦❞❡❧s✬✱ ❊❝♦♥♦♠❡tr✐❝❛ ✽✶✭✷✮✱ ✺✸✺✕✺✽✵✳

❈❤❡r♥♦③❤✉❦♦✈✱ ❱✳✱ ❋❡r♥á♥❞❡③✲❱❛❧✱ ■✳ ✫ ▼❡❧❧②✱ ❇✳ ✭✷✵✶✸✮✱ ❵■♥❢❡r❡♥❝❡ ♦♥ ❝♦✉♥t❡r❢❛❝t✉❛❧ ❞✐str✐❜✉t✐♦♥s✬✱

❊❝♦♥♦♠❡tr✐❝❛ ✽✶✭✻✮✱ ✷✷✵✺✕✷✷✻✽✳

❞❡ ❈❤❛✐s❡♠❛rt✐♥✱ ❈✳ ✭✷✵✶✸✮✱ ❆ ♥♦t❡ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥s ✉♥❞❡r❧②✐♥❣ ✐♥str✉♠❡♥t❡❞ ❞✐✛❡r❡♥❝❡s✲✐♥✲

❞✐✛❡r❡♥❝❡s✳✱ ❲♦r❦✐♥❣ ♣❛♣❡r✳

✹✺



❞❡ ❈❤❛✐s❡♠❛rt✐♥✱ ❈✳ ✫ ❉✬❍❛✉❧t❢÷✉✐❧❧❡✱ ❳✳ ✭✷✵✶✹✮✱ ❋✉③③② ❝❤❛♥❣❡s✲✐♥✲❝❤❛♥❣❡s✱ ❚❡❝❤♥✐❝❛❧ r❡♣♦rt✳

❞❡ ❈❤❛✐s❡♠❛rt✐♥✱ ❈✳ ✫ ❉✬❍❛✉❧t❢÷✉✐❧❧❡✱ ❳✳ ✭✷✵✶✺✮✱ ❙✉♣♣❧❡♠❡♥t t♦ ✏❢✉③③② ❞✐✛❡r❡♥❝❡s✲✐♥✲❞✐✛❡r❡♥❝❡s✑✱

❚❡❝❤♥✐❝❛❧ r❡♣♦rt✳

❉✬❍❛✉❧t❢÷✉✐❧❧❡✱ ❳✳✱ ❍♦❞❡r❧❡✐♥✱ ❙✳ ✫ ❙❛s❛❦✐✱ ❨✳ ✭✷✵✶✸✮✱ ◆♦♥❧✐♥❡❛r ❞✐✛❡r❡♥❝❡✲✐♥✲❞✐✛❡r❡♥❝❡s ✐♥ r❡♣❡❛t❡❞

❝r♦ss s❡❝t✐♦♥s ✇✐t❤ ❝♦♥t✐♥✉♦✉s tr❡❛t♠❡♥ts✳ ❈❊▼▼❆P ❲♦r❦✐♥❣ P❛♣❡r ❈❲P✹✵✴✶✸✳

❉r❛❝❛✱ ▼✳✱ ▼❛❝❤✐♥✱ ❙✳ ✫ ❲✐tt✱ ❘✳ ✭✷✵✶✶✮✱ ❵P❛♥✐❝ ♦♥ t❤❡ str❡❡ts ♦❢ ❧♦♥❞♦♥✿ P♦❧✐❝❡✱ ❝r✐♠❡✱ ❛♥❞ t❤❡ ❥✉❧②

✷✵✵✺ t❡rr♦r ❛tt❛❝❦s✬✱ ❚❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ♣♣✳ ✷✶✺✼✕✷✶✽✶✳

❉✉✢♦✱ ❊✳ ✭✷✵✵✶✮✱ ❵❙❝❤♦♦❧✐♥❣ ❛♥❞ ❧❛❜♦r ♠❛r❦❡t ❝♦♥s❡q✉❡♥❝❡s ♦❢ s❝❤♦♦❧ ❝♦♥str✉❝t✐♦♥ ✐♥ ✐♥❞♦♥❡s✐❛✿ ❊✈✐✲

❞❡♥❝❡ ❢r♦♠ ❛♥ ✉♥✉s✉❛❧ ♣♦❧✐❝② ❡①♣❡r✐♠❡♥t✬✱ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✾✶✭✹✮✱ ✼✾✺✕✽✶✸✳

❋✐❡❧❞✱ ❊✳ ✭✷✵✵✺✮✱ ❵Pr♦♣❡rt② r✐❣❤ts ❛♥❞ ✐♥✈❡st♠❡♥t ✐♥ ✉r❜❛♥ s❧✉♠s✬✱ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❊❝♦♥♦♠✐❝

❆ss♦❝✐❛t✐♦♥ ✸✭✷✲✸✮✱ ✷✼✾✕✷✾✵✳

❋✐❡❧❞✱ ❊✳ ✭✷✵✵✼✮✱ ❵❊♥t✐t❧❡❞ t♦ ✇♦r❦✿ ❯r❜❛♥ ♣r♦♣❡rt② r✐❣❤ts ❛♥❞ ❧❛❜♦r s✉♣♣❧② ✐♥ P❡r✉✬✱ ❚❤❡ ◗✉❛rt❡r❧②

❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ✶✷✷✭✹✮✱ ✶✺✻✶✕✶✻✵✷✳

●❡♥t③❦♦✇✱ ▼✳✱ ❙❤❛♣✐r♦✱ ❏✳ ▼✳ ✫ ❙✐♥❦✐♥s♦♥✱ ▼✳ ✭✷✵✶✶✮✱ ❵❚❤❡ ❡✛❡❝t ♦❢ ♥❡✇s♣❛♣❡r ❡♥tr② ❛♥❞ ❡①✐t ♦♥

❡❧❡❝t♦r❛❧ ♣♦❧✐t✐❝s✬✱ ❚❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✶✵✶✭✼✮✱ ✷✾✽✵✳

❍❡❝❦♠❛♥✱ ❏✳ ❏✳ ✫ ❘♦❜❜✱ ❘✳ ✭✶✾✽✺✮✱ ❵❆❧t❡r♥❛t✐✈❡ ♠❡t❤♦❞s ❢♦r ❡✈❛❧✉❛t✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ ✐♥t❡r✈❡♥t✐♦♥s✿

❆♥ ♦✈❡r✈✐❡✇✬✱ ❏♦✉r♥❛❧ ♦❢ ❡❝♦♥♦♠❡tr✐❝s ✸✵✭✶✮✱ ✷✸✾✕✷✻✼✳

❍♦r♦✇✐t③✱ ❏✳ ▲✳ ✫▼❛♥s❦✐✱ ❈✳ ❋✳ ✭✶✾✾✺✮✱ ❵■❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ r♦❜✉st♥❡ss ✇✐t❤ ❝♦♥t❛♠✐♥❛t❡❞ ❛♥❞ ❝♦rr✉♣t❡❞

❞❛t❛✬✱ ❊❝♦♥♦♠❡tr✐❝❛ ✻✸✭✷✮✱ ✷✽✶✕✸✵✷✳

■♠❜❡♥s✱ ●✳ ❲✳ ✫ ❘✉❜✐♥✱ ❉✳ ❇✳ ✭✶✾✾✼✮✱ ❵❊st✐♠❛t✐♥❣ ♦✉t❝♦♠❡ ❞✐str✐❜✉t✐♦♥s ❢♦r ❝♦♠♣❧✐❡rs ✐♥ ✐♥str✉♠❡♥t❛❧

✈❛r✐❛❜❧❡s ♠♦❞❡❧s✬✱ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s ✻✹✭✹✮✱ ✺✺✺✕✺✼✹✳

❑❛t③✱ ▲✳ ❋✳ ❡t ❛❧✳ ✭✶✾✾✾✮✱ ❵❈❤❛♥❣❡s ✐♥ t❤❡ ✇❛❣❡ str✉❝t✉r❡ ❛♥❞ ❡❛r♥✐♥❣s ✐♥❡q✉❛❧✐t②✬✱ ❍❛♥❞❜♦♦❦ ♦❢ ❧❛❜♦r

❡❝♦♥♦♠✐❝s ✸✱ ✶✹✻✸✕✶✺✺✺✳

▲❡❡✱ ❉✳ ❙✳ ✭✷✵✵✾✮✱ ❵❚r❛✐♥✐♥❣✱ ✇❛❣❡s✱ ❛♥❞ s❛♠♣❧❡ s❡❧❡❝t✐♦♥✿ ❊st✐♠❛t✐♥❣ s❤❛r♣ ❜♦✉♥❞s ♦♥ tr❡❛t♠❡♥t

❡✛❡❝ts✬✱ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s ✼✻✭✸✮✱ ✶✵✼✶✕✶✶✵✷✳

▼❛♥s❦✐✱ ❈✳ ❋✳ ✭✶✾✾✵✮✱ ❵◆♦♥♣❛r❛♠❡tr✐❝ ❜♦✉♥❞s ♦♥ tr❡❛t♠❡♥t ❡✛❡❝ts✬✱ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇

✽✵✭✷✮✱ ✸✶✾✕✷✸✳

▼❡❧❧②✱ ❇✳ ✫ ❙❛♥t❛♥❣❡❧♦✱ ●✳ ✭✷✵✶✺✮✱ ❚❤❡ ❝❤❛♥❣❡s✲✐♥✲❝❤❛♥❣❡s ♠♦❞❡❧ ✇✐t❤ ❝♦✈❛r✐❛t❡s✳

▼✐♥❝❡r✱ ❏✳ ✫ ❏♦✈❛♥♦✈✐❝✱ ❇✳ ✭✶✾✼✾✮✱ ❵▲❛❜♦r ♠♦❜✐❧✐t② ❛♥❞ ✇❛❣❡s✬✳

◆❡✇❡②✱ ❲✳ ❑✳ ✫ ▼❝❋❛❞❞❡♥✱ ❉✳ ✭✶✾✾✹✮✱ ❵▲❛r❣❡ s❛♠♣❧❡ ❡st✐♠❛t✐♦♥ ❛♥❞ ❤②♣♦t❤❡s✐s t❡st✐♥❣✬✱ ❍❛♥❞❜♦♦❦

♦❢ ❡❝♦♥♦♠❡tr✐❝s ✹✱ ✷✶✶✶✕✷✷✹✺✳

✈❛♥ ❞❡r ❱❛❛rt✱ ❆✳ ❲✳ ✭✷✵✵✵✮✱ ❆s②♠♣t♦t✐❝ ❙t❛t✐st✐❝s✱ ❈❛♠❜r✐❞❣❡ ❙❡r✐❡s ✐♥ ❙t❛t✐st✐❝❛❧ ❛♥❞ Pr♦❜❛❜✐❧✐st✐❝

▼❛t❤❡♠❛t✐❝s✳
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✈❛♥ ❞❡r ❱❛❛rt✱ ❆✳ ❲✳ ✫ ❲❡❧❧♥❡r✱ ❏✳ ❆✳ ✭✶✾✾✻✮✱ ❲❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ❊♠♣✐r✐❝❛❧ Pr♦❝❡ss❡s✱ ❙♣r✐♥❣❡r✳

❱②t❧❛❝✐❧✱ ❊✳ ✭✷✵✵✷✮✱ ❵■♥❞❡♣❡♥❞❡♥❝❡✱ ♠♦♥♦t♦♥✐❝✐t②✱ ❛♥❞ ❧❛t❡♥t ✐♥❞❡① ♠♦❞❡❧s✿ ❆♥ ❡q✉✐✈❛❧❡♥❝❡ r❡s✉❧t✬✱

❊❝♦♥♦♠❡tr✐❝❛ ✼✵✭✶✮✱ ✸✸✶✕✸✹✶✳

✹✼



❆ ▼❛✐♥ ♣r♦♦❢s

❚❤❡ ❧❡♠♠❛s ♣r❡✜①❡❞ ❜② ❙ ❛r❡ st❛t❡❞ ❛♥❞ ♣r♦✈❡♥ ✐♥ ♦✉r s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ✭s❡❡ ❞❡ ❈❤❛✐s❡✲

♠❛rt✐♥ ✫ ❉✬❍❛✉❧t❢÷✉✐❧❧❡ ✭✷✵✶✺✮✮✳ ❋♦r ❛♥② Θ ⊂ R
k✱ ❧❡t

◦
Θ ❞❡♥♦t❡ ✐ts ✐♥t❡r✐♦r ❛♥❞ ❧❡t C0(Θ) ❛♥❞

C1(Θ) r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ s❡t ♦❢ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥✲

t✐❛❜❧❡ ❢✉♥❝t✐♦♥s ✇✐t❤ str✐❝t❧② ♣♦s✐t✐✈❡ ❞❡r✐✈❛t✐✈❡ ♦♥ Θ✳ ❲❡ ♠♦st ♦❢t❡♥ ✉s❡ t❤❡s❡ ♥♦t❛t✐♦♥s ✇✐t❤

Θ = S(Y )✳ ■♥ s✉❝❤ ✐♥st❛♥❝❡s✱ ✇❡ ❧❡❛✈❡ S(Y ) ✐♠♣❧✐❝✐t✱ s♦ C0 ❛♥❞ C1 s❤♦✉❧❞ r❡s♣❡❝t✐✈❡❧② ❜❡ ✉♥✲

❞❡rst♦♦❞ ❛s t❤❡ s❡t ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ s❡t ♦❢ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s

✇✐t❤ str✐❝t❧② ♣♦s✐t✐✈❡ ❞❡r✐✈❛t✐✈❡ ♦♥ S(Y )✳ ❋✐♥❛❧❧②✱ ❢♦r ❛♥② (d, g, t) ∈ S(D)× S(G)× S(T )✱ ❧❡t
pgt = P (G = g, T = t)✱ pdgt = P (D = d,G = g, T = t)✱ pd|gt = P (Dgt = d)✱ ❛♥❞ Fdgt = FYdgt

✳

❚❤❡♦r❡♠ ✸✳✶

Pr♦♦❢ ♦❢ ✶

❆ss✉♠❡ p1|01 ≥ p1|00✳ ❇② ❛ss✉♠♣t✐♦♥ ✷✱ p1|11 > p1|10✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t❤r❡s❤♦❧❞ ♠♦❞❡❧ ♦♥ D

❛♥❞ ❆ss✉♠♣t✐♦♥ ✶ ✐♠♣❧② t❤❛t

vg1 ≤ v00, ❢♦r g ∈ {0, 1}. ✭✶✷✮

❚❤❡♥✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ▼♦❞❡❧ ✭✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✶ t❤❛t

p1|g1 − p1|g0 = P (V ≥ vg1|T = 1, G = g)− P (V ≥ v00|T = 0, G = g)

= P (V ∈ [vg1, v00)|G = g). ✭✶✸✮

❋♦r ❛♥② g ∈ {0, 1}✱

E(Yg1)− E(Yg0)

= E(hD(UD, 1)|G = g, T = 1)− E(hD(UD, 0)|G = g, T = 0)

= E(h1(U1, 1)|G = g, V ≥ vg1)P (V ≥ vg1|G = g) + E(h0(U0, 1)|G = g, V < vg1)P (V < vg1|G = g)

− E(h1(U1, 0)|G = g, V ≥ v00)P (V ≥ v00|G = g)− E(h0(U0, 0)|G = g, V < v00)P (V < v00|G = g)

= E(h1(U1, 1)− h0(U0, 1)|G = g, V ∈ [vg1, v00))P (V ∈ [vg1, v00)|G = g)

+ E(h1(U1, 1)− h1(U1, 0)|G = g, V ≥ v00)P (V ≥ v00|G = g)

+ E(h0(U0, 1)− h0(U0, 0)|G = g, V < v00)P (V < v00|G = g)

= E(Yg1(1)− Yg1(0)|V ∈ [vg1, v00))P (V ∈ [vg1, v00)|G = g)

+ E(h1(U1, 1)− h1(U1, 0)|G = g, V ≥ v00)P (V ≥ v00|G = g)

+ E(h0(U0, 1)− h0(U0, 0)|G = g, V < v00)P (V < v00|G = g)

= E(Yg1(1)− Yg1(0)|V ∈ [vg1, v00))P (V ∈ [vg1, v00)|G = g)

+ E(h0(U0, 1)− h0(U0, 0)|G = g). ✭✶✹✮

✹✽



❚❤❡ ✜rst✱ s❡❝♦♥❞✱ t❤✐r❞✱ ❢♦✉rt❤✱ ❛♥❞ ✜❢t❤ ❡q✉❛❧✐t✐❡s r❡s♣❡❝t✐✈❡❧② ❢♦❧❧♦✇ ❢r♦♠ ▼♦❞❡❧ ✭✶✮✱ ▼♦❞❡❧

✭✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✶✱ ❊q✉❛t✐♦♥ ✭✶✷✮✱ ▼♦❞❡❧ ✭✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✶✱ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✹✳

❈♦♠❜✐♥✐♥❣ ❊q✉❛t✐♦♥ ✭✶✹✮ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✸ ✐♠♣❧② t❤❛t

DIDY =E(Y11(1)− Y11(0)|S1)P (S1|G = 1)

−E(Y01(1)− Y01(0)|S0)P (S0|G = 0).

❉✐✈✐❞✐♥❣ ❡❛❝❤ s✐❞❡ ❜② DIDD ❛♥❞ ✉s✐♥❣ ❊q✉❛t✐♦♥ ✭✶✸✮ ♣r♦✈❡s t❤❡ ✜rst ♣♦✐♥t ♦❢ t❤❡ ❚❤❡♦r❡♠✳

Pr♦♦❢ ♦❢ ✷

❊q✉❛t✐♦♥ ✭✶✹✮ st✐❧❧ ❤♦❧❞s ❢♦r g = 1✱ ❜✉t ♥♦t ❢♦r g = 0 ❜❡❝❛✉s❡ v00 < v01✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

❛ r❡❛s♦♥✐♥❣ s✐♠✐❧❛r t♦ t❤❛t ✇❡ ✉s❡❞ t♦ ❞❡r✐✈❡ ❊q✉❛t✐♦♥s ✭✶✸✮ ❛♥❞ ✭✶✹✮ ②✐❡❧❞s

p1|00 − p1|01 = P (S0|G = 0) ✭✶✺✮

❛♥❞

E(Y01)− E(Y00) = −E(Y00(1)− Y00(0)|S0)P (S0|G = 0)

+ E(h0(U0, 1)− h0(U0, 0)|G = 0). ✭✶✻✮

❚❛❦✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❊q✉❛t✐♦♥ ✭✶✹✮ ✇✐t❤ g = 1 ❛♥❞ ❊q✉❛t✐♦♥ ✭✶✻✮ ②✐❡❧❞s

DIDY =E(Y11(1)− Y11(0)|S1)P (S1|G = 1)

+E(Y00(1)− Y00(0)|S0)P (S0|G = 0).

❉✐✈✐❞✐♥❣ ❡❛❝❤ s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❞✐s♣❧❛② ❜② DIDD ❛♥❞ ✉s✐♥❣ ❊q✉❛t✐♦♥s ✭✶✸✮ ❛♥❞ ✭✶✺✮ ♣r♦✈❡s

t❤❡ s❡❝♦♥❞ ♣♦✐♥t ♦❢ t❤❡ ❚❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✸✳✷

Pr♦♦❢ ♦❢ ✶

❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ st❡♣s ❛s t❤♦s❡ ✉s❡❞ t♦ r❡❛❝❤ t❤❡ ❧❛st ❜✉t ♦♥❡ ❡q✉❛❧✐t② ✐♥ ❊q✉❛t✐♦♥ ✭✶✹✮✱

✇❡ ♦❜t❛✐♥

E(Y11)− E(Y10)

= E(Y11(1)− Y11(0)|S1)P (S1|G = 1)

+ E(h1(U1, 1)− h1(U1, 0)|G = 1, V ≥ v00)P (V ≥ v00|G = 1)

+ E(h0(U0, 1)− h0(U0, 0)|G = 1, V < v00)P (V < v00|G = 1). ✭✶✼✮

❚❤❡♥✱

δ1 = E(Y101)− E(Y100)

= E(h1(U1, 1)|G = 0, V ≥ v00)− E(h1(U1, 0)|G = 0, V ≥ v01)

= E(h1(U1, 1)− h1(U1, 0)|G = 0, V ≥ v00). ✭✶✽✮

✹✾



❚❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ▼♦❞❡❧ ✭✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✶✳ ❚❤❡ t❤✐r❞ ♦♥❡ ❢♦❧❧♦✇s ❢r♦♠

t❤❡ ❢❛❝t t❤❛t p1|01 = p1|00 ❝♦♠❜✐♥❡❞ ✇✐t❤ ❆ss✉♠♣t✐♦♥ ✶ ✐♠♣❧✐❡s t❤❛t {G = 0, V ≤ v01} =

{G = 0, V ≤ v00}✳

❙✐♠✐❧❛r❧②✱

δ0 = E(h0(U0, 1)− h0(U0, 0)|G = 0, V < v00). ✭✶✾✮

❋✐♥❛❧❧②✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❝♦♠❜✐♥✐♥❣ ❊q✉❛t✐♦♥s ✭✶✼✮✱ ✭✶✽✮✱ ✭✶✾✮✱ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✺✱ ♦♥❝❡ ♥♦t❡❞

t❤❛t p1|10 = P (V ≥ v00|G = 1) ❛♥❞ P (S1|G = 1) = p1|11 − p1|10✳

Pr♦♦❢ ♦❢ ✷

❲❡ ♦♥❧② ♣r♦✈❡ t❤❛t W TC ✐s ❛ ❧♦✇❡r ❜♦✉♥❞ ✇❤❡♥ λ00 > 1✳ ❚❤❡ ♣r♦♦❢s ❢♦r t❤❡ ✉♣♣❡r ❜♦✉♥❞

❛♥❞ ✇❤❡♥ λ00 < 1 ❛r❡ s②♠♠❡tr✐❝✳

❲❡ ❤❛✈❡

E(Y11(1)− Y11(0)|S1)P (S1|G = 1)

= E(Y11)− E(Y10)

− E(h1(U1, 1)− h1(U1, 0)|G = 1, V ≥ v00)P (V ≥ v00|G = 1)

− E(h0(U0, 1)− h0(U0, 0)|G = 1, V < v00)P (V < v00|G = 1)

= E(Y11)− E(Y10)

− E(h1(U1, 1)− h1(U1, 0)|G = 0, V ≥ v00)P (V ≥ v00|G = 1)

− E(h0(U0, 1)− h0(U0, 0)|G = 0, V < v00)P (V < v00|G = 1)

= E(Y11)− E(Y10)

− (E(Y01(1)|V ≥ v00)− E(Y100))p1|10

− (E(Y01(0)|V < v00)− E(Y000))p0|10.

❚❤❡ ✜rst✱ s❡❝♦♥❞✱ ❛♥❞ t❤✐r❞ ❡q✉❛❧✐t✐❡s r❡s♣❡❝t✐✈❡❧② ❢♦❧❧♦✇ ❢r♦♠ ❊q✉❛t✐♦♥ ✭✶✼✮✱ ❆ss✉♠♣t✐♦♥ ✺✱

❛♥❞ ▼♦❞❡❧ ✭✶✮ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❆ss✉♠♣t✐♦♥ ✶✳

■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❧❛st ❞✐s♣❧❛② t❤❛t t❤❡ ♣r♦♦❢ ✇✐❧❧ ❜❡ ❝♦♠♣❧❡t❡ ✐❢ ✇❡ ❝❛♥ s❤♦✇ t❤❛t δ1 ❛♥❞ δ0 ❛r❡

r❡s♣❡❝t✐✈❡❧② ✉♣♣❡r ❜♦✉♥❞s ❢♦r E(Y01(1)|V ≥ v00)−E(Y100) ❛♥❞ E(Y01(0)|V < v00)−E(Y000)✳

❲❤❡♥ λ00 > 1✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ▼♦❞❡❧ ✭✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✶ t❤❛t v00 < v01✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡

P (V ≥ v01|G = 0, T = 1, V ≥ v00) =
P (V ≥ v01|G = 0, T = 1)

P (V ≥ v00|G = 0, T = 1)

=
P (V ≥ v01|G = 0, T = 1)

P (V ≥ v00|G = 0, T = 0)

=
p1|01

p1|00

= λ01, ✭✷✵✮

✺✵



✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ❆ss✉♠♣t✐♦♥ ✶✳ ❚❤❡r❡❢♦r❡✱

E(Y01(1)|V ≥ v00) = λ01E(Y01(1)|V ≥ v01) + (1− λ01)E(Y01(1)|V ∈ S0)

≤ λ01E(Y101) + (1− λ01)y =

∫
ydF 101(y). ✭✷✶✮

❚❤✐s ♣r♦✈❡s t❤❛t δ1 ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r E(Y01(1)|V ≥ v00)− E(Y100)✳

❙✐♠✐❧❛r❧②✱

P (V < v00|G = 0, T = 1, V < v01) = 1/λ00,

❛♥❞

E(Y001) = 1/λ00E(Y01(0)|V < v00) + (1− 1/λ00)E(Y01(0)|V ∈ S0).

❋♦❧❧♦✇✐♥❣ ❍♦r♦✇✐t③ ✫ ▼❛♥s❦✐ ✭✶✾✾✺✮✱ t❤❡ ❧❛st ❞✐s♣❧❛② ✐♠♣❧✐❡s t❤❛t

E(Y01(0)|V < v00) ≤
∫
ydF 001(y).

❚❤✐s ♣r♦✈❡s t❤❛t δ0 ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r E(Y01(0)|V < v00)− E(Y000)✳

▲❡♠♠❛ ✸✳✶

❲❡ ♦♥❧② ♣r♦✈❡ t❤❡ ❢♦r♠✉❧❛ ❢♦r d = 0✱ t❤❡ r❡❛s♦♥✐♥❣ ❜❡✐♥❣ s✐♠✐❧❛r ❢♦r d = 1✳

❯s✐♥❣ t❤❡ s❛♠❡ st❡♣s ❛s t❤♦s❡ ✉s❡❞ t♦ ♣r♦✈❡ ❊q✉❛t✐♦♥s ✭✷✵✮ ❛♥❞ ✭✷✶✮ ✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t

P (S1|G = 1, T = 1, V < v00) =
p0|10 − p0|11

p0|10

❛♥❞

FY11(0)|V <v00(y) =
p0|10 − p0|11

p0|10
FY11(0)|S1

(y) +
p0|11

p0|10
F011(y).

❚❤❡r❡❢♦r❡✱

FY11(0)|S1
(y) =

p0|10FY11(0)|V <v00(y)− p0|11F011(y)

p0|10 − p0|11
. ✭✷✷✮

❚❤❡♥✱ ✇❡ s❤♦✇ t❤❛t ❢♦r ❛❧❧ y ∈ S(Y11(0)|V < v00)✱

FY11(0)|V <v00 = F010 ◦ F−1
000 ◦ FY01(0)|V <v00 . ✭✷✸✮

❆ss✉♠♣t✐♦♥ ✶ ✐♠♣❧✐❡s t❤❛t U0 ⊥⊥ T |G, V < v00. ❆s ❛ r❡s✉❧t✱ ❢♦r ❛❧❧ (g, t) ∈ {0, 1}2✱

FYgt(0)|V <v00(y) = P (h0(U0, t) ≤ y|G = g, T = t, V < v00)

= P (U0 ≤ h−1
0 (y, t)|G = g, V < v00)

= FU0|G=g,V <v00(h
−1
0 (y, t)).

✺✶



❚❤❡ s❡❝♦♥❞ ♣♦✐♥t ♦❢ ❆ss✉♠♣t✐♦♥ ✼ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❆ss✉♠♣t✐♦♥s ✶ ❛♥❞ ✻ ✐♠♣❧✐❡s t❤❛t FU0|G=g,V <v00

✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣✳ ❍❡♥❝❡✱ ✐ts ✐♥✈❡rs❡ ❡①✐sts ❛♥❞ ❢♦r ❛❧❧ q ∈ (0, 1)✱

F−1
Ygt(0)|V <v00

(q) = h0

(
F−1
U0|G=g,V <v00

(q), t
)
.

❚❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❛❧❧ y ∈ S(Yg1(0)|V < v00)✱

F−1
Yg0(0)|V <v00

◦ FYg1(0)|V <v00(y) = h0(h
−1
0 (y, 1), 0). ✭✷✹✮

❇② ❆ss✉♠♣t✐♦♥ ✼✱ ✇❡ ❤❛✈❡

S(Y010) = S(Y000)
⇒ S(Y10(0)|V < v00) = S(Y00(0)|V < v00)

⇒ S(h0(U0, 0)|V < v00, G = 1, T = 0) = S(h0(U0, 0)|V < v00, G = 0, T = 0)

⇒ S(U0|V < v00, G = 1) = S(U0|V < v00, G = 0)

⇒ S(h0(U0, 1)|V < v00, G = 1, T = 1) = S(h0(U0, 1)|V < v00, G = 0, T = 1)

⇒ S(Y11(0)|V < v00) = S(Y01(0)|V < v00),

✇❤❡r❡ t❤❡ t❤✐r❞ ❛♥❞ ❢♦✉rt❤ ✐♠♣❧✐❝❛t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ❝♦♠❜✐♥✐♥❣ ❆ss✉♠♣t✐♦♥s ✻ ❛♥❞ ✶✳ ❖♥❝❡

❝♦♠❜✐♥❡❞ ✇✐t❤ ❊q✉❛t✐♦♥ ✭✷✹✮✱ t❤❡ ♣r❡✈✐♦✉s ❞✐s♣❧❛② ✐♠♣❧✐❡s t❤❛t ❢♦r ❛❧❧ y ∈ S(Y11(0)|V < v00)✱

F−1
Y10(0)|V <v00

◦ FY11(0)|V <v00(y) = F−1
Y00(0)|V <v00

◦ FY01(0)|V <v00(y).

❚❤✐s ♣r♦✈❡s ❊q✉❛t✐♦♥ ✭✷✸✮✱ ❜❡❝❛✉s❡ {V < v00, G = g, T = 0} = {D = 0, G = g, T = 0}✳

❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ t❤❛t

FY01(0)|V <v00(y) = λ00F001(y) + (1− λ00)FY01(0)|S0
(y). ✭✷✺✮

❙✉♣♣♦s❡ ✜rst t❤❛t λ00 ≤ 1✳ ❚❤❡♥✱ v01 ≤ v00 ❛♥❞ S0 = {V ∈ [v01, v00), G = 0}✳ ▼♦r❡♦✈❡r✱

r❡❛s♦♥✐♥❣ ❛s ❢♦r P (S1|G = 1, V < v00)✱ ✇❡ ❣❡t

λ00 =
P (V < v01|G = 0)

P (V < v00|G = 0)
= P (V < v01|G = 0, V < v00)

FY01(0)|V <v00(y) = λ00F001(y) + (1− λ00)FY01(0)|S0
(y).

■❢ λ00 > 1✱ v01 > v00 ❛♥❞ S0 = {V ∈ [v00, v01), G = 0}✳ ❲❡ t❤❡♥ ❤❛✈❡

1/λ00 = P (V < v00|G = 0, V < v01)

F001(y) = 1/λ00FY01(0)|V <v00(y) + (1− 1/λ00)FY01(0)|S0
(y),

s♦ ❊q✉❛t✐♦♥ ✭✷✺✮ ✐s ❛❧s♦ s❛t✐s✜❡❞✳

❚❤❡ ❧❡♠♠❛ ❢♦❧❧♦✇s ❜② ❝♦♠❜✐♥✐♥❣ ✭✷✷✮✱ ✭✷✸✮ ❛♥❞ ✭✷✺✮✳

✺✷



❚❤❡♦r❡♠ ✸✳✸

Pr♦♦❢ ♦❢ ✶

❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✸✳✶✿ λ00 = λ01 = 1 ✇❤❡♥ pd|00 = pd|01 > 0✳

Pr♦♦❢ ♦❢ ✷

❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞s✳

❲❡ ♦♥❧② ❡st❛❜❧✐s❤ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❜♦✉♥❞s ❢♦r FY11(0)|S1
(y)✳ ❚❤❡ r❡❛s♦♥✐♥❣ ✐s s✐♠✐❧❛r ❢♦r

FY11(1)|S1
(y)✳ ❇♦✉♥❞s ❢♦r ∆ ❛♥❞ τq ❞✐r❡❝t❧② ❢♦❧❧♦✇ ❢r♦♠ t❤♦s❡ ❢♦r t❤❡ ❝❞❢s✳

❲❡ st❛rt ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝❛s❡ ✇❤❡r❡ λ00 < 1✳ ❲❡ ✜rst s❤♦✇ t❤❛t ✐♥ s✉❝❤ ✐♥st❛♥❝❡s✱ 0 ≤
T0, G0(T0), C0(T0) ≤ 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢

T0 ≤ T0 ≤ T0. ✭✷✻✮

■♥❞❡❡❞✱ G0(T0) ✐s ✐♥❝❧✉❞❡❞ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶ ✐❢ ❛♥❞ ♦♥❧② ✐❢

−λ00F001

1− λ00
≤ T0 ≤

1− λ00F001

1− λ00
,

✇❤✐❧❡ C0(T0) ✐s ✐♥❝❧✉❞❡❞ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶ ✐❢ ❛♥❞ ♦♥❧② ✐❢

H−1
0 (λ10F011)− λ00F001

1− λ00
≤ T0 ≤

H−1
0 (λ10F011 + (1− λ10))− λ00F001

1− λ00
.

❙✐♥❝❡ −λ00F001/(1− λ00) ≤ 0 ❛♥❞ (1− λ00F001)/(1− λ00) ≥ 1✱ T0✱ G0(T0) ❛♥❞ C0(T0) ❛r❡ ❛❧❧
✐♥❝❧✉❞❡❞ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶ ✐❢ ❛♥❞ ♦♥❧② ✐❢

M0

(
H−1

0
(λ10F011)− λ00F001

1− λ00

)
≤ T0 ≤ m1

(
H−1

0
(λ10F011 + (1− λ10))− λ00F001

1− λ00

)
. ✭✷✼✮

❈♦♠♣♦s✐♥❣ ❡❛❝❤ t❡r♠ ♦❢ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❜② M0(.) ❛♥❞ t❤❡♥ ❜② m1(.) ②✐❡❧❞s ❊q✉❛t✐♦♥ ✭✷✻✮✱

s✐♥❝❡ M0(T0) = m1(T0) = T0 ❛♥❞ M0 ◦m1 = m1 ◦M0✳

◆♦✇✱ ✇❤❡♥ λ00 < 1✱ G0(T0) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ T0✱ s♦ C0(T0) ❛s ✇❡❧❧ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ T0✳ ❈♦♠❜✐♥✐♥❣

t❤✐s ✇✐t❤ ✭✷✻✮ ✐♠♣❧✐❡s t❤❛t ❢♦r ❡✈❡r② y′✱

C0(T0)(y
′) ≤ C0(T0)(y

′) ≤ C0(T0)(y
′). ✭✷✽✮

❇❡❝❛✉s❡ C0(T0)(y) ✐s ❛ ❝❞❢✱

C0(T0)(y) = inf
y′≥y

C0(T0)(y
′) ≤ inf

y′≥y
C0(T0)(y

′) = FCIC,0(y).

❚❤✐s ♣r♦✈❡s t❤❡ r❡s✉❧t ❢♦r t❤❡ ✉♣♣❡r ❜♦✉♥❞✳ ❚❤❡ r❡s✉❧t ❢♦r t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❢♦❧❧♦✇s s✐♠✐❧❛r❧②✳

▲❡t ✉s ♥♦✇ t✉r♥ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ λ00 > 1✳ ❯s✐♥❣ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ❛❜♦✈❡✱ ✇❡ ❣❡t t❤❛t

G0(T0) ❛♥❞ C0(T0) ❛r❡ ✐♥❝❧✉❞❡❞ ❜❡t✇❡❡♥ 0 ❛♥❞ 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢

λ00F001 − 1

λ00 − 1
≤ T0 ≤

λ00F001

λ00 − 1
,

λ00F001 −H−1
0 (λ10F011 + (1− λ10))

λ00 − 1
≤ T0 ≤

λ00F001 −H−1
0 (λ10F011)

λ00 − 1
.

✺✸



❚❤❡ ✐♥❡q✉❛❧✐t✐❡s ✐♥ t❤❡ ✜rst ❧✐♥❡ ❛r❡ ♥♦t ❜✐♥❞✐♥❣ s✐♥❝❡ t❤❡② ❛r❡ ✐♠♣❧✐❡❞ ❜② t❤♦s❡ ♦♥ t❤❡ s❡❝♦♥❞

❧✐♥❡✳ ❚❤✉s✱ ✇❡ ❛❧s♦ ❣❡t ✭✷✼✮✳ ❍❡♥❝❡✱ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ♣r❡✈✐♦✉s❧②✱

T0 ≤ T0 ≤ T0. ✭✷✾✮

❇❡s✐❞❡s✱ ✇❤❡♥ λ00 > 1✱ G0(T0) ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ T0✱ s♦ C0(T0) ✐s ❛❧s♦ ❞❡❝r❡❛s✐♥❣ ✐♥ T0✳ ❈♦♠❜✐♥✲

✐♥❣ t❤✐s ✇✐t❤ ❊q✉❛t✐♦♥ ✭✷✾✮ ✐♠♣❧✐❡s t❤❛t ❢♦r ❡✈❡r② y✱ ❊q✉❛t✐♦♥ ✭✷✽✮ ❤♦❧❞s ❛s ✇❡❧❧✳ ❚❤✐s ♣r♦✈❡s

t❤❡ r❡s✉❧t✳

❙❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ s❤❛r♣♥❡ss✳

❚❤❡ ❢✉❧❧ ♣r♦♦❢ ✐s ✐♥ t❤❡ s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ ✭s❡❡ ❞❡ ❈❤❛✐s❡♠❛rt✐♥ ✫ ❉✬❍❛✉❧t❢÷✉✐❧❧❡✱ ✷✵✶✺✮✳

❲❡ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ s❤❛r♣♥❡ss ♦❢ FCIC,0✱ t❤❡ r❡❛s♦♥✐♥❣ ❜❡✐♥❣ s✐♠✐❧❛r ❢♦r t❤❡ ✉♣♣❡r ❜♦✉♥❞✳

❚❤❡ ♣r♦♦❢ ✐s ❛❧s♦ s✐♠✐❧❛r ❛♥❞ ❛❝t✉❛❧❧② s✐♠♣❧❡r ❢♦r d = 1✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦✉♥❞s ❛r❡ ♣r♦♣❡r

❝❞❢✱ s♦ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ ❝♦♥s✐❞❡r ❝♦♥✈❡r❣✐♥❣ s❡q✉❡♥❝❡s ♦❢ ❝❞❢ ❛s ✇❡ ❞♦ ✐♥ ❝❛s❡ ❜✮ ❜❡❧♦✇✳

❛✳ λ00 > 1✳ ❲❡ s❤♦✇ t❤❛t ✐❢ ❆ss✉♠♣t✐♦♥s ✼✲✾ ❤♦❧❞✱ t❤❡♥ FCIC,0 ✐s s❤❛r♣✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱

✇❡ ❝♦♥str✉❝t h̃0, Ũ0, Ṽ s✉❝❤ t❤❛t✿

✭✐✮ Y = h̃0(Ũ0, T ) ✇❤❡♥ D = 0 ❛♥❞ D = 1{Ṽ ≥ vGT }❀

✭✐✐✮ (Ũ0, Ṽ ) ⊥⊥ T |G❀

✭✐✐✐✮ h̃0(., t) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❢♦r t ∈ {0, 1}❀

✭✐✈✮ F
h̃0(Ũ0,1)|G=0,T=1,Ṽ ∈[v00,v01)

= T 0✳

✭✐✮ ❡♥s✉r❡s t❤❛t ▼♦❞❡❧ ✭✶✮ ✐s s❛t✐s✜❡❞ ♦♥ t❤❡ ♦❜s❡r✈❡❞ ❞❛t❛✳ ❇❡❝❛✉s❡ ✇❡ ❝❛♥ ❛❧✇❛②s ❞❡✜♥❡

Ỹ (0) ❛s h̃0(Ũ0, T ) ✇❤❡♥ D = 1 ✇✐t❤♦✉t ❝♦♥tr❛❞✐❝t✐♥❣ t❤❡ ❞❛t❛ ❛♥❞ t❤❡ ♠♦❞❡❧✱ ✭✐✮ ✐s ❛❝t✉❛❧❧②

s✉✣❝✐❡♥t ❢♦r ▼♦❞❡❧ ✭✶✮ t♦ ❤♦❧❞ ❣❧♦❜❛❧❧②✱ ♥♦t ♦♥❧② ♦♥ t❤❡ ♦❜s❡r✈❡❞ ❞❛t❛✳ ✭✐✐✮ ❛♥❞ ✭✐✐✐✮ ❡♥s✉r❡ t❤❛t

❆ss✉♠♣t✐♦♥s ✶ ❛♥❞ ✻ ❤♦❧❞✳ ❋✐♥❛❧❧②✱ ✭✐✈✮ ❡♥s✉r❡s t❤❛t t❤❡ ❉●P ❝♦rr❡s♣♦♥❞✐♥❣ t♦ (h̃0, Ũ0, Ṽ )

r❛t✐♦♥❛❧✐③❡s t❤❡ ❜♦✉♥❞✳

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ h̃0✱ Ũ0✱ ❛♥❞ Ṽ ✐s ❧♦♥❣✱ s♦ ✐ts ♣r❡s❡♥t❛t✐♦♥ ✐s ❞❡❢❡rr❡❞ t♦ ♦✉r ✇❡❜ ❛♣♣❡♥❞✐①✳

❜✳ λ00 < 1✳ ❚❤❡ ✐❞❡❛ ✐s s✐♠✐❧❛r ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❆ ❞✐✛❡r❡♥❝❡✱ ❤♦✇❡✈❡r✱ ✐s t❤❛t ✇❤❡♥

λ00 < 1✱ T 0 ✐s ♥♦t ❛ ♣r♦♣❡r ❝❞❢✱ ❜✉t ❛ ❞❡❢❡❝t✐✈❡ ♦♥❡✱ s✐♥❝❡ limy→y T 0(y) < 1✳ ❆s ❛ r❡s✉❧t✱

✇❡ ❝❛♥♥♦t ❞❡✜♥❡ ❛ ❉●P s✉❝❤ t❤❛t T̃0 = T 0✱ ❍♦✇❡✈❡r✱ ❜② ▲❡♠♠❛ ❙✷ ✭s❡❡ ❞❡ ❈❤❛✐s❡♠❛rt✐♥

✫ ❉✬❍❛✉❧t❢÷✉✐❧❧❡✱ ✷✵✶✺✮✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (T k
0)k ♦❢ ❝❞❢ s✉❝❤ t❤❛t T k

0 → T 0✱ G0(T
k
0) ✐s

❛♥ ✐♥❝r❡❛s✐♥❣ ❜✐❥❡❝t✐♦♥ ❢r♦♠ S(Y ) t♦ (0, 1) ❛♥❞ C0(T
k
0) ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ♦♥t♦ (0, 1)✳ ❲❡ ❝❛♥

t❤❡♥ ❝♦♥str✉❝t ❛ s❡q✉❡♥❝❡ ♦❢ ❉●P (h̃k0(., 0), h̃
k
0(., 1), Ũ

k
0 , Ṽ

k) s✉❝❤ t❤❛t P♦✐♥ts ✭✐✮ t♦ ✭✐✐✐✮ ❧✐st❡❞

❛❜♦✈❡ ❤♦❧❞ ❢♦r ❡✈❡r② k✱ ❛♥❞ s✉❝❤ t❤❛t T̃ k
0 = T k

0✳ ❙✐♥❝❡ T
k
0(y) ❝♦♥✈❡r❣❡s t♦ T 0(y) ❢♦r ❡✈❡r② y ✐♥

◦

S(Y )✱ ✇❡ t❤✉s ❞❡✜♥❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❉●P s✉❝❤ t❤❛t T̃ k
0 ❝❛♥ ❜❡ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ T 0 ♦♥

◦

S(Y )

❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ k✳ ❙✐♥❝❡ C0(.) ✐s ❝♦♥t✐♥✉♦✉s✱ t❤✐s ♣r♦✈❡s t❤❛t FCIC,0 ✐s s❤❛r♣ ♦♥
◦

S(Y )✳

❚❤✐s ❝♦♥str✉❝t✐♦♥ ✐s ❧♦♥❣✱ s♦ ✐ts ❡①♣♦s✐t✐♦♥ ✐s ❞❡❢❡rr❡❞ t♦ ♦✉r ✇❡❜ ❛♣♣❡♥❞✐①✳

✺✹



❚❤❡♦r❡♠ ✸✳✹

Pr♦♦❢ ♦❢ ✶

p1|00 = p1|10 ✐♠♣❧✐❡s t❤❛t WDID =WTC ✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦♦❢ ✇✐❧❧ ❜❡ ❝♦♠♣❧❡t❡ ✐❢ ✇❡ ❝❛♥ s❤♦✇

t❤❛t WDID = E(Y11(1)− Y11(0)|D = 1)✳ ❖♥ t❤❛t ♣✉r♣♦s❡✱ ♥♦t✐❝❡ t❤❛t t❤❡ ♦✉t❝♦♠❡ ❊q✉❛t✐♦♥

♦❢ ▼♦❞❡❧ ✭✶✮✱ U0 ⊥⊥ T |G✱ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✸ ✐♠♣❧② t❤❛t

E(Y11(0))− E(Y10(0))− (E(Y01(0))− E(Y00(0))) = 0. ✭✸✵✮

❚❤❡♥✱

DIDY = E(Y11)− E(Y10)− (E(Y01)− E(Y00))

= p1|11E(Y11(1)− Y11(0)|D = 1) + E(Y11(0))− E(Y10(0))− (E(Y01(0))− E(Y00(0)))

= p1|11E(Y11(1)− Y11(0)|D = 1).

❚❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ p1|00 = p1|01 = p1|10 = 0✱ t❤❡ t❤✐r❞ ❢r♦♠ ❊q✉❛t✐♦♥ ✭✸✵✮✳ ❚❤✐s

❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦♥❝❡ ♥♦t❡❞ t❤❛t DIDD = p1|11✳

Pr♦♦❢ ♦❢ ✷

❆s p1|10 = 0✱ t❤❡ ♥✉♠❡r❛t♦r ♦❢ WCIC ✐s E(Y11)−E(Q0(Y10))✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ♣r♦♦❢

✇✐❧❧ ❜❡ ❝♦♠♣❧❡t❡ ✐❢ ✇❡ ❝❛♥ s❤♦✇ t❤❛t E(Q0(Y10)) = E(Y11(0))✳ ❆s p1|00 = p1|01 = 0✱ Q0 ✐s t❤❡

q✉❛♥t✐❧❡✲q✉❛♥t✐❧❡ tr❛♥s❢♦r♠ ♦❢ t❤❡ ♦✉t❝♦♠❡ ✐♥ t❤❡ ❡♥t✐r❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ s♦ E(Q0(Y10)) ✐s t❤❡

s❛♠❡ ❡st✐♠❛♥❞ ❛s t❤❛t ❝♦♥s✐❞❡r❡❞ ✐♥ ❊q✉❛t✐♦♥ ✭✶✻✮ ✐♥ ❆t❤❡② ✫ ■♠❜❡♥s ✭✷✵✵✻✮✳ ❚❤❡ ♦✉t❝♦♠❡

❡q✉❛t✐♦♥ ♦❢ ▼♦❞❡❧ ✭✶✮✱ U0 ⊥⊥ T |G✱ ❛♥❞ ❆ss✉♠♣t✐♦♥s ✻ ❛♥❞ ✼ ❡♥s✉r❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢

t❤❡✐r ❚❤❡♦r❡♠ ✸✳✶ ❤♦❧❞✳ ❚❤❡r❡❢♦r❡✱ E(Q0(Y10)) = E(Y11(0)) �

❚❤❡♦r❡♠ ✸✳✺

❆ss✉♠❡ t❤❛t p1|00 = p1|01 = 1 ✭t❤❡ ♣r♦♦❢ ✐s s②♠♠❡tr✐❝ ✇❤❡♥ p1|00 = p1|01 = 0✮✳ ❋♦r

FY11(1)|S1
(y)✱ t❤❡ ♣r♦♦❢ ❞✐r❡❝t❧② ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✸✳✶✳ ❋♦r FY11(0)|S1

(y)✱ ♦♥❡ ❝❛♥ ❢♦❧❧♦✇

s✐♠✐❧❛r st❡♣s ❛s t❤♦s❡ ✉s❡❞ t♦ ❡st❛❜❧✐s❤ ❊q✉❛t✐♦♥ ✭✷✹✮ ❛♥❞ s❤♦✇ t❤❛t ❢♦r ❛❧❧ y ∈ S(Y )✱

F−1
Y00(1)|V≥v0(0)

◦ FY01(1)|V≥v0(0)(y) = h1(h
−1
1 (y, 1), 0). ✭✸✶✮

❊q✉❛t✐♦♥s ✭✷✹✮ ❛♥❞ ✭✸✶✮✱ ❆ss✉♠♣t✐♦♥ ✶✵✱ ❛♥❞ p1|00 = p1|01 = 1 ✐♠♣❧② t❤❛t ❢♦r ❛❧❧ y ∈ S(Y )✱

FY11(0)|V <v0(0)(y) = F010 ◦ F−1
100 ◦ F101(y). ✭✸✷✮

❈♦♠❜✐♥✐♥❣ ❊q✉❛t✐♦♥s ✭✷✷✮ ❛♥❞ ✭✸✷✮ ②✐❡❧❞s t❤❡ r❡s✉❧t �

✺✺



❚❤❡♦r❡♠ ✹✳✶

❲❡ st❛rt ♣r♦✈✐♥❣ t❤❡ ✜rst st❛t❡♠❡♥t✳ ❋♦r ❡✈❡r② t ≥ 1 ❛♥❞ ❢♦r ❡✈❡r② g ∈ Gst✱ E(Dgt) =

E(Dgt−1)✳ ❚❤❡r❡❢♦r❡✱ E(D∗
0t) = E(D∗

0t−1)✳ ❚❤✉s✱

W ∗
DID(1, 0, t)

=
∑

g∈Git

E(Ygt)− E(Ygt−1)− (E(Y ∗
0t)− E(Y ∗

0t−1))

E(Dgt)− E(Dgt−1)

E(Dgt)− E(Dgt−1)

E(D∗
1t)− E(D∗

1t−1)
P (G = g|G ∈ Git, T = t). ✭✸✸✮

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ t❤❡♦r❡♠✱ ❆ss✉♠♣t✐♦♥s ✶✲✹ ❛r❡ s❛t✐s✜❡❞ ❢♦r t❤❡ tr❡❛t♠❡♥t ❛♥❞

❝♦♥tr♦❧ ❣r♦✉♣s G = g ❛♥❞ G∗ = 0 ❜❡t✇❡❡♥ ❞❛t❡s t − 1 ❛♥❞ t✳ ❚❤❡r❡❢♦r❡✱ ✐t ❢♦❧❧♦✇s ❢r♦♠

❚❤❡♦r❡♠ ✸✳✶ t❤❛t

E(Ygt)− E(Ygt−1)− (E(Y ∗
0t)− E(Y ∗

0t−1))

E(Dgt)− E(Dgt−1)
= E(Ygt(1)− Ygt(0)|Sgt). ✭✸✹✮

❇❡s✐❞❡s✱ r❡❛s♦♥✐♥❣ ❛s ✐♥ P❛rt ✶ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ②✐❡❧❞s

E(Dgt)− E(Dgt−1)

E(D∗
1t)− E(D∗

1t−1)
P (G = g|G ∈ Git, T = t) = P (Sgt|St, G ∈ Git, T = t). ✭✸✺✮

❈♦♠❜✐♥✐♥❣ ❊q✉❛t✐♦♥s ✭✸✸✮✱ ✭✸✹✮✱ ❛♥❞ ✭✸✺✮ ②✐❡❧❞s

W ∗
DID(1, 0, t) = E(Y (1)− Y (0)|St, G ∈ Git, T = t). ✭✸✻✮

◆♦✇✱ ❛s ✐♥ ✭✸✸✮✱

W
∗
DID(−1, 0, t)

=−
∑

g∈Gdt

E(Ygt)− E(Ygt−1)− (E(Y ∗
0t)− E(Y ∗

0t−1))

E(Dgt−1)− E(Dgt)

E(Dgt−1)− E(Dgt)

E(D∗
−1t−1

)− E(D∗
−1t)

P (G = g|G ∈ Gdt, T = t). ✭✸✼✮

❆ r❡❛s♦♥✐♥❣ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ ✜rst ♣♦✐♥t ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ②✐❡❧❞s

E(Ygt)− E(Ygt−1)− (E(Y ∗
0t)− E(Y ∗

0t−1))

E(Dgt−1)− E(Dgt)
= E(Y1t(0)− Y1t(1)|Sgt). ✭✸✽✮

❇❡s✐❞❡s✱ ❛s ❛❜♦✈❡✱

E(Dgt−1)− E(Dgt)

E(D∗
−1t−1)− E(D∗

−1t)
P (G = g|G ∈ Gdt, T = t) = P (Sgt|St, G ∈ Gdt, T = t). ✭✸✾✮

❈♦♠❜✐♥✐♥❣ ❊q✉❛t✐♦♥s ✭✸✼✮✱ ✭✸✽✮✱ ❛♥❞ ✭✸✾✮ ②✐❡❧❞s

W ∗
DID(−1, 0, t) = E(Y (1)− Y (0)|St, G ∈ Gdt, T = t). ✭✹✵✮

▼♦r❡♦✈❡r✱

DID∗
D(1, 0, t)P (G ∈ Git|T = t)

DID∗
D(1, 0, t)P (G ∈ Git|T = t) +DID∗

D(0,−1, t)P (G ∈ Gdt|T = t)
= P (G ∈ Git|St, T = t). ✭✹✶✮

❋✐♥❛❧❧②✱

DID∗
D(1, 0, t)P (G ∈ Git|T = t) +DID∗

D(0,−1, t)P (G ∈ Gdt|T = t) = P (St|T = t). ✭✹✷✮

✺✻



❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❝♦♠❜✐♥✐♥❣ ❊q✉❛t✐♦♥s ✭✸✻✮✱ ✭✹✵✮✱ ✭✹✶✮✱ ❛♥❞ ✭✹✷✮✳

❚❤❡ ♣r♦♦❢s ♦❢ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ st❛t❡♠❡♥ts ❢♦❧❧♦✇ ❢r♦♠ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✳ ❚♦ ♣r♦✈❡

t❤❡ ❢♦✉rt❤ st❛t❡♠❡♥t✱ ✐t s✉✣❝❡s t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ✜rst ♣♦✐♥t ♦❢ ❆ss✉♠♣t✐♦♥ ✶✶ ✐♠♣❧✐❡s t❤❛t

P (St|T = t) = P (St)✳ ▼♦r❡♦✈❡r✱ t❤❡ s❡❝♦♥❞ ♣♦✐♥t ✐♠♣❧✐❡s t❤❛t ❢♦r ❡✈❡r② g ∈ {0, 1, ..., g}
t❤❡ s❡q✉❡♥❝❡ vgt ✐s ♠♦♥♦t♦♥✐❝ ✐♥ t✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❡✈❡r② g ∈ S(G) ❛♥❞ t 6= t′ ∈ {1, ..., t}2✱
Sgt ∩ Sgt′ = ∅✳ ❚❤✐s ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t St ∩ St′ = ∅✳ ❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ t❤❡ t❤✐r❞ ♣♦✐♥t ♦❢

❆ss✉♠♣t✐♦♥ ✶✶ ②✐❡❧❞s t❤❡ r❡s✉❧t �

❚❤❡♦r❡♠ ✹✳✷

❚❤❡ t✇♦ r❡s✉❧ts ❛r❡ str❛✐❣❤t❢♦r✇❛r❞ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ s❡❝♦♥❞ ♣♦✐♥t ♦❢ ❚❤❡♦r❡♠s ✸✳✷ ❛♥❞ ✸✳✸✱

s♦ t❤❡✐r ♣r♦♦❢ ✐s ♦♠✐tt❡❞✳

❚❤❡♦r❡♠ ✹✳✸

❲❡ ♦♥❧② ♣r♦✈❡ t❤❡ ✜rst r❡s✉❧t✱ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ r❡s✉❧ts ❢♦❧❧♦✇ ❢r♦♠ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✳

WDID(X) = ∆(X) ❢♦❧❧♦✇s ❢r♦♠ t❤❡ s❛♠❡ st❡♣s ❛s t❤♦s❡ ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ ✜rst st❛t❡♠❡♥t ♦❢

❚❤❡♦r❡♠ ✸✳✶✳ ❚❤❡♥✱ WX
DID = ∆ ❢♦❧❧♦✇s ❛❢t❡r s♦♠❡ ❛❧❣❡❜r❛✱ ♦♥❝❡ ♥♦t❡❞ t❤❛t

fX11|S1
(x) =

E(D11|X = x)− E(D10|X = x)

E(D11)− E(E(D10|X)|G = 1, T = 1)
fX11

(x)

=
DIDD(x)

E[DIDD(X)|G = 1, T = 1]
fX11

(x).

❚❤❡ ✜rst ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ▼♦❞❡❧ ✭✶✵✮✱ ❆ss✉♠♣t✐♦♥ ✶❳✱ ❛♥❞ ❇❛②❡s✬s ❧❛✇✳ ❚❤❡ s❡❝♦♥❞

❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t E(D01|X)− E(D00|X) = 0 ❛❧♠♦st s✉r❡❧②✳ �

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✹

❲❡ ♦♥❧② ♣r♦✈❡ t❤❡ ✜rst st❛t❡♠❡♥t✱ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❢♦❧❧♦✇ ❢r♦♠ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✳

D01 ∼ D00 ❛♥❞ D11 & D10 ❝♦♠❜✐♥❡❞ ✇✐t❤ ▼♦❞❡❧ ✭✶✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✶ ✐♠♣❧② t❤❛t

vd01 = vd00, ❢♦r ❡✈❡r② d ∈ {1, d} ✭✹✸✮

vd11 ≤ vd10, ❢♦r ❡✈❡r② d ∈ {1, d}. ✭✹✹✮

❚❤❡♥✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ▼♦❞❡❧ ✭✶✶✮✱ ❆ss✉♠♣t✐♦♥ ✶ ❛♥❞ ❊q✉❛t✐♦♥ ✭✹✹✮ t❤❛t ❢♦r ❡✈❡r② d ∈
{1, 2, ..., d}✱

P (D11 ≥ d)− P (D10 ≥ d) = P (V ≥ vdg1|T = 1, G = g)− P (V ≥ vdg0|T = 0, G = g)

= P (V ∈ [vdg1, v
d
g0)|G = g). ✭✹✺✮

✺✼



❚❤❡♥✱ ❢♦r ❡✈❡r② g ∈ {0, 1}✱

E(Yg1)− E(Yg0)

= E(hD(UD, 1)|G = g, T = 1)− E(hD(UD, 0)|G = g, T = 0)

=
d∑

d=0

E(hd(Ud, 1)|G = g, V ∈ [vdg1, v
d+1
g1 ))P (V ∈ [vdg1, v

d+1
g1 )|G = g)

−
d∑

d=0

E(hd(Ud, 0)|G = g, V ∈ [vdg0, v
d+1
g0 ))P (V ∈ [vdg0, v

d+1
g0 )|G = g)

=

d∑

d=1

E(hd(Ud, 1)− hd−1(Ud−1, 1)|G = g, V ∈ [vdg1, v
d
g0))P (V ∈ [vdg1, v

d
g0)|G = g)

+

d∑

d=0

E(hd(Ud, 1)− E(hd(Ud, 0)|G = g, V ∈ [vdg0, v
d+1
g0 ))P (V ∈ [vdg0, v

d+1
g0 )|G = g)

=

d∑

d=1

E(Yg1(d)− Yg1(d− 1)|V ∈ [vdg1, v
d
g0))P (V ∈ [vdg1, v

d
g0)|G = g)

+ E(h0(U0, 1)− h0(U0, 0)|G = g). ✭✹✻✮

❚❤❡ ✜rst✱ s❡❝♦♥❞✱ t❤✐r❞✱ ❛♥❞ ❢♦✉rt❤✱ ❡q✉❛❧✐t✐❡s r❡s♣❡❝t✐✈❡❧② ❢♦❧❧♦✇ ❢r♦♠ ▼♦❞❡❧ ✭✶✶✮✱ ▼♦❞❡❧ ✭✶✶✮

❛♥❞ ❆ss✉♠♣t✐♦♥ ✶✱ ❊q✉❛t✐♦♥s ✭✹✸✮ ❛♥❞ ✭✹✹✮✱ ❛♥❞ ▼♦❞❡❧ ✭✶✶✮ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❆ss✉♠♣t✐♦♥s ✶

❛♥❞ ✹❖✳

❈♦♠❜✐♥✐♥❣ ❊q✉❛t✐♦♥ ✭✹✻✮ ✇✐t❤ ❊q✉❛t✐♦♥ ✭✹✸✮ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✸ ✐♠♣❧② t❤❛t

DIDY =

d∑

d=1

E(Y11(d)− Y11(d− 1)|V ∈ [vd11, v
d
10))P (V ∈ [vd11, v

d
10)|G = 1).

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ❊q✉❛t✐♦♥ ✭✹✺✮✱ ❛❢t❡r ❞✐✈✐❞✐♥❣ ❡❛❝❤ s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❞✐s♣❧❛② ❜②

DIDD �

❚❤❡♦r❡♠ ✺✳✶

Pr♦♦❢ ♦❢ ✶ ❛♥❞ ✷

❆s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ✐s ♦❜✈✐♦✉s ❜② t❤❡ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ❛♥❞ t❤❡ ❞❡❧t❛ ♠❡t❤♦❞✳ ❈♦♥✲

s✐st❡♥❝② ♦❢ t❤❡ ❜♦♦tstr❛♣ ❢♦❧❧♦✇s ❜② ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❜♦♦tstr❛♣ ❢♦r s❛♠♣❧❡ ♠❡❛♥s ✭s❡❡✱ ❡✳❣✳✱

✈❛♥ ❞❡r ❱❛❛rt✱ ✷✵✵✵✱ ❚❤❡♦r❡♠ ✷✸✳✹✮ ❛♥❞ t❤❡ ❞❡❧t❛ ♠❡t❤♦❞ ❢♦r ❜♦♦tstr❛♣ ✭✈❛♥ ❞❡r ❱❛❛rt✱ ✷✵✵✵✱

❚❤❡♦r❡♠ ✷✸✳✺✮✳ ❆ ❝♦♥✈❡♥✐❡♥t ✇❛② t♦ ♦❜t❛✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ✐s t♦ ✉s❡ r❡♣❡❛t❡❞❧② t❤❡

❢♦❧❧♦✇✐♥❣ ❛r❣✉♠❡♥t✳ ■❢

√
n
(
Â−A

)
=

1√
n

n∑

i=1

ai + oP (1) ❛♥❞
√
n
(
B̂ −B

)
=

1√
n

n∑

i=1

bi + oP (1),

✺✽



t❤❡♥ ▲❡♠♠❛ ❙✸ ❡♥s✉r❡s t❤❛t

√
n

(
Â

B̂
− A

B

)
=

1√
n

n∑

i=1

ai − (A/B)bi
B

+ oP (1). ✭✹✼✮

❚❤✐s ✐♠♣❧✐❡s ❢♦r ✐♥st❛♥❝❡ t❤❛t

√
n
(
Ê(Y11)− E(Y11)

)
=

1√
n

n∑

i=1

GiTi(Yi − E(Y11))

p11
+ oP (1),

❛♥❞ s✐♠✐❧❛r❧② ❢♦r Ê(D11)✳ ❆♣♣❧②✐♥❣ r❡♣❡❛t❡❞❧② t❤✐s ❛r❣✉♠❡♥t✱ ✇❡ ♦❜t❛✐♥✱ ❛❢t❡r s♦♠❡ ❛❧❣❡❜r❛

√
n
(
ŴDID −∆

)
=

1√
n

n∑

i=1

ψDID,i + oP (1),

✇❤❡r❡✱ ♦♠✐tt✐♥❣ t❤❡ ✐♥❞❡① i✱ ψDID ✐s ❞❡✜♥❡❞ ❜②

ψDID =
1

DIDD

[
GT (ε− E(ε11))

p11
− G(1− T )(ε− E(ε10))

p10
− (1−G)T (ε− E(ε01))

p01

+
(1−G)(1− T )(ε− E(ε00))

p00

]
. ✭✹✽✮

❛♥❞ ε = Y −∆D✳ ❙✐♠✐❧❛r❧②✱

√
n
(
ŴTC −∆

)
=

1√
n

n∑

i=1

ψTC,i + oP (1),

✇❤❡r❡ ψTC ✐s ❞❡✜♥❡❞ ❜②

ψTC =
1

E(D11)− E(D10)

{
GT (ε− E(ε11))

p11
− G(1− T )(ε+ (δ1 − δ0)D − E(ε10 + (δ1 − δ0)D10))

p10

− E(D10)D(1−G)

[
T (Y − E(Y101))

p101
− (1− T )(Y − E(Y100))

p100

]

− (1− E(D10))(1−D)(1−G)

[
T (Y − E(Y001))

p001
− (1− T )(Y − E(Y000))

p000

]}
. ✭✹✾✮

Pr♦♦❢ ♦❢ ✸

❲❡ ✜rst s❤♦✇ t❤❛t (F̂Y11(0)|S1
, F̂Y11(1)|S1

) t❡♥❞s t♦ ❛ ❝♦♥t✐♥✉♦✉s ❣❛✉ss✐❛♥ ♣r♦❝❡ss✳ ▲❡t θ̃ =

(F000, F001, ..., F111, λ10, λ11)✳ ❇② ▲❡♠♠❛ ❙✹✱
̂̃
θ = (F̂000, F̂001, ..., F̂111, λ̂10, λ̂11) ❝♦♥✈❡r❣❡s t♦ ❛

❝♦♥t✐♥✉♦✉s ❣❛✉ss✐❛♥ ♣r♦❝❡ss✳ ▲❡t

πd : (F000, F001, ..., F111, λ10, λ11) 7→ (Fd10, Fd00, Fd01, Fd11, 1, λ1d) , d ∈ {0, 1},

s♦ t❤❛t (F̂Y11(0)|S1
, F̂Y11(1)|S1

) =
(
R1 ◦ π0(θ̃), R1 ◦ π1(θ̃)

)
✱ ✇❤❡r❡ R1 ✐s ❞❡✜♥❡❞ ❛s ✐♥ ▲❡♠♠❛

❙✺✳ πd ✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛s ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♠❛♣✳ ❇❡❝❛✉s❡ Fd10, Fd00, Fd01, Fd11

❛r❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ str✐❝t❧② ♣♦s✐t✐✈❡ ❞❡r✐✈❛t✐✈❡ ❜② ❆ss✉♠♣t✐♦♥ ✶✸✱ λ1d > 0✱ ❛♥❞

✺✾



λ1d 6= 1 ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✼✱ R1 ✐s ❛❧s♦ ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t (Fd10, Fd00, Fd01, Fd11, 1, λ1d)

t❛♥❣❡♥t✐❛❧❧② t♦ (C0)4×R✳ ❇② t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡❧t❛ ♠❡t❤♦❞ ✭s❡❡✱ ❡✳❣✳✱ ✈❛♥ ❞❡r ❱❛❛rt ✫ ❲❡❧❧♥❡r✱

✶✾✾✻✱ ▲❡♠♠❛ ✸✳✾✳✹✮✱ (F̂Y11(0)|S1
, F̂Y11(1)|S1

) t❡♥❞s t♦ ❛ ❝♦♥t✐♥✉♦✉s ❣❛✉ss✐❛♥ ♣r♦❝❡ss✳

◆♦✇✱ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❢♦r ▲❡❜❡s❣✉❡✲❙t✐❡❧❥❡s ✐♥t❡❣r❛❧s✱

∆ =

∫ y

y
FY11(0)|S1

(y)− FY11(1)|S1
(y)dy.

▼♦r❡♦✈❡r✱ t❤❡ ♠❛♣ ϕ1 : (F1, F2) 7→
∫
S(Y )(F2(y)−F1(y))dy✱ ❞❡✜♥❡❞ ♦♥ t❤❡ ❞♦♠❛✐♥ ♦❢ ❜♦✉♥❞❡❞

❝à❞❧à❣ ❢✉♥❝t✐♦♥s✱ ✐s ❧✐♥❡❛r✳ ❇❡❝❛✉s❡ S(Y ) ✐s ❜♦✉♥❞❡❞ ❜② ❆ss✉♠♣t✐♦♥ ✶✸✱ ϕ1 ✐s ❛❧s♦ ❝♦♥✲

t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✉♣r❡♠✉♠ ♥♦r♠✳ ■t ✐s t❤✉s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡✳ ❇❡❝❛✉s❡

∆̂ = ϕ1

(
F̂Y11(1)|S1

, F̂Y11(0)|S1

)
✱ ∆̂ ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧ ❜② t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡❧t❛ ♠❡t❤♦❞✳

❚❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ τ̂q ❢♦❧❧♦✇s ❛❧♦♥❣ s✐♠✐❧❛r ❧✐♥❡s✳ ❇② ❆ss✉♠♣t✐♦♥ ✶✸✱ FY11(d)|S1

✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ str✐❝t❧② ♣♦s✐t✐✈❡ ❞❡r✐✈❛t✐✈❡ ♦♥ ✐ts s✉♣♣♦rt✳ ❚❤✉s✱ t❤❡ ♠❛♣ (F1, F2) 7→
F−1
2 (q) − F−1

1 (q) ✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t (FY11(0)|S1
, FY11(1)|S1

) t❛♥❣❡♥t✐❛❧❧② t♦ t❤❡ s❡t

♦❢ ❢✉♥❝t✐♦♥s t❤❛t ❛r❡ ❝♦♥t✐♥✉♦✉s ❛t (F−1
Y11(0)|S1

(q), F−1
Y11(1)|S1

(q)) ✭s❡❡ ▲❡♠♠❛ ✷✶✳✸ ✐♥ ✈❛♥ ❞❡r

❱❛❛rt✱ ✷✵✵✵✮✳ ❇② t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡❧t❛ ♠❡t❤♦❞✱ τ̂q ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧✳

❚❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❜♦♦tstr❛♣ ❢♦❧❧♦✇s ❛❧♦♥❣ t❤❡ s❛♠❡ ❧✐♥❡s✳ ❇② ▲❡♠♠❛ ❙✹✱ t❤❡ ❜♦♦tstr❛♣ ✐s

❝♦♥s✐st❡♥t ❢♦r θ̂✳ ❇❡❝❛✉s❡ ❜♦t❤ t❤❡ ▲❆❚❊ ❛♥❞ ▲◗❚❊ ❛r❡ ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s ♦❢

θ̂✱ ❛s s❤♦✇♥ ❛❜♦✈❡✱ t❤❡ r❡s✉❧t s✐♠♣❧② ❢♦❧❧♦✇s ❜② t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡❧t❛ ♠❡t❤♦❞ ❢♦r t❤❡ ❜♦♦tstr❛♣

✭s❡❡✱ ❡✳❣✳✱ ✈❛♥ ❞❡r ❱❛❛rt✱ ✷✵✵✵✱ ❚❤❡♦r❡♠ ✷✸✳✾✮✳

❋✐♥❛❧❧②✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦❢ ❜♦t❤ ❡st✐♠❛t♦rs✳ ❚❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡❧t❛ ♠❡t❤♦❞

❛❧s♦ ✐♠♣❧✐❡s t❤❛t ❜♦t❤ ❡st✐♠❛t♦rs ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② ❧✐♥❡❛r✳ ❚♦ ❝♦♠♣✉t❡ t❤❡✐r ❛s②♠♣t♦t✐❝ ✈❛r✐✲

❛♥❝❡✱ ✐t s✉✣❝❡s t♦ ♣r♦✈✐❞❡ t❤❡✐r ❛s②♠♣t♦t✐❝ ❧✐♥❡❛r ❛♣♣r♦①✐♠❛t✐♦♥✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ❧❡t ✉s ✜rst

❧✐♥❡❛r✐③❡ FY11(d)|S1
(y)✱ ❢♦r ❛❧❧ y✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst ♣♦✐♥t ♦❢ ▲❡♠♠❛ ❙✺ t❤❛t

t❤❡ ♠❛♣♣✐♥❣ φ1 : (F1, F2, F3) 7→ F1 ◦F−1
2 ◦F3 ✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t (Fd10, Fd00, Fd01)✱

t❛♥❣❡♥t✐❛❧❧② t♦ (C0)3 ✳ ▼♦r❡♦✈❡r ❛♣♣❧②✐♥❣ t❤❡ ❝❤❛✐♥ r✉❧❡✱ ✇❡ ♦❜t❛✐♥

dφ1(h1, h2, h3) = h1 ◦Q−1
d +H ′

d ◦ Fd01 ×
[
−h2 ◦Q−1

d + h3
]
.

❆♣♣❧✐❡❞ t♦ (F1, F2, F3) = (Fd10, Fd00, Fd01)✱ t❤✐s ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡❧t❛ ♠❡t❤♦❞ ♦♥❝❡ ♠♦r❡

✐♠♣❧② t❤❛t √
n
(
Ĥd ◦ F̂d01 −Hd ◦ Fd01

)
= dφ1(h1n, h2n, h3n) + oP (1),

✇❤❡r❡ t❤❡ oP (1) ✐s ✉♥✐❢♦r♠ ♦✈❡r y ❛♥❞ h1n =
√
n(F̂d10 − Fd10)✳ h2n ❛♥❞ h3n ❛r❡ ❞❡✜♥❡❞

s✐♠✐❧❛r❧②✳ ❋✉rt❤❡r♠♦r❡✱ ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ❙✸ ②✐❡❧❞s✱ ✉♥✐❢♦r♠❧② ♦✈❡r y✱

h1n(y) =
1√
n

n∑

i=1

1{Di = d}Gi(1− Ti)(1{Yi ≤ y} − Fd10(y))

pd10
+ oP (1).

✻✵



❆ s✐♠✐❧❛r ❡①♣r❡ss✐♦♥ ❤♦❧❞s ❢♦r h2n ❛♥❞ h3n✳ ❍❡♥❝❡✱ ❜② ❝♦♥t✐♥✉✐t② ♦❢ dφ1✱ ✇❡ ♦❜t❛✐♥✱ ❛❢t❡r s♦♠❡

❛❧❣❡❜r❛✱

√
n
(
Ĥd ◦ F̂d01(y)−Hd ◦ Fd01(y)

)

=
1√
n

n∑

i=1

1{Di = d}
{
Gi(1− Ti)(1{Qd(Yi) ≤ y} −Hd ◦ Fd01(y))

pd10
+ (1−Gi)H

′
d ◦ Fd01(y)

×
[
−(1− Ti)(1{Qd(Yi) ≤ y} − Fd01(y))

pd00
+
Ti(1{Yi ≤ y} − Fd01(y))

pd01

]}
+ oP (1),

✇❤✐❝❤ ❤♦❧❞s ✉♥✐❢♦r♠❧② ♦✈❡r y✳ ❆♣♣❧②✐♥❣ r❡♣❡❛t❡❞❧② ▲❡♠♠❛ ❙✸✱ ✇❡ t❤❡♥ ♦❜t❛✐♥✱ ❛❢t❡r s♦♠❡

❛❧❣❡❜r❛✱
√
n
(
F̂Y11(d)|S1

(y)− FY11(d)|S1
(y)
)
=

1√
n

n∑

i=1

Ψdi(y) + oP (1),

✇❤❡r❡✱ ♦♠✐tt✐♥❣ t❤❡ ✐♥❞❡① i✱

Ψd(y) =
1

pd|11 − pd|10

{
GT

p11

[
1{D = d}1{Y ≤ y} − pd|11Fd11(y)− FY11(d)|S1

(y)
(
1{D = d} − pd|11

)]

+
G(1− T )

p10

[
−1{D = d} (1{Qd(Y ) ≤ y} −Hd ◦ Fd01(y)) +

(
1{D = d} − pd|10

) (
FY11(d)|S1

(y)−Hd ◦ Fd01(y)
)]

+pd|10(1−G)1{D = d}H ′
d ◦ Fd01(y)

[
(1− T )(1{Qd(Y ) ≤ y} − Fd01(y))

pd00
− T (1{Y ≤ y} − Fd01(y))

pd01

]}
.

❇② t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡❧t❛ ♠❡t❤♦❞✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ✇❡ ❝❛♥ ❛❧s♦ ❧✐♥❡❛r✐③❡ ŴCIC ❛♥❞ τ̂q✳ ▼♦r❡♦✈❡r✱

✇❡ ♦❜t❛✐♥ ❜② t❤❡ ❝❤❛✐♥ r✉❧❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s✿

ψCIC =

∫
Ψ0(y)−Ψ1(y)dy, ✭✺✵✮

ψq,CIC =

[
Ψ1

fY11(1)|S1

]
◦ F−1

Y11(1)|S1
(q)−

[
Ψ0

fY11(0)|S1

]
◦ F−1

Y11(0)|S1
(q). ✭✺✶✮

❚❤❡♦r❡♠ ✺✳✷

Pr♦♦❢ ♦❢ ✶

❋♦r ❛♥② r❛♥❞♦♠ ✈❛r✐❛❜❧❡ R✱ ❧❡t mR
gt(x) = E(Rgt|X = x)✳ ❚❤❡ ❡st✐♠❛t♦r ŴX

DID ❝❛♥ ❜❡ ✇r✐tt❡♥

❛s ŴX
DID = N̂X

DID/D̂
X
DID✱ ✇✐t❤

N̂X
DID = Ê [Y11]− Ê

[
m̂Y

10(X11)
]
− Ê

[
m̂Y

01(X11)
]
+ Ê

[
m̂Y

00(X11)
]

D̂X
DID = Ê [D11]− Ê

[
m̂D

10(X11)
]
− Ê

[
m̂D

01(X11)
]
+ Ê

[
m̂D

00(X11)
]
.

❚❤❡ tr✉❡ ♣❛r❛♠❡t❡r ∆ = NX
DID/D

X
DID ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ s✐♠✐❧❛r❧②✳ ❲❡ s❤♦✇ ❜❡❧♦✇ t❤❛t t❤❡

❡✐❣❤t t❡r♠s ✐♥ t❤❡ ♥✉♠❡r❛t♦r N̂X
DID ❛♥❞ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r D̂X

DID ❝❛♥ ❜❡ ❧✐♥❡❛r✐③❡❞✳ ❲❡ ❝❛♥

t❤❡♥ ✉s❡✱ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢✱ t❤❡ ❢♦r♠✉❧❛ ❢♦r ❧✐♥❡❛r✐③✐♥❣ r❛t✐♦s✳

✻✶



▲❡t ✉s ✜rst ❝♦♥s✐❞❡r Ê
[
Ê(Y10|X)|G = 1, T = 1

]
✳ P❛rt ✷ ♦❢ ❆ss✉♠♣t✐♦♥ ✶✺ ❡♥s✉r❡s t❤❛t ✇❡

❝❛♥ ❛♣♣❧② ▲❡♠♠❛ ❙✽ t♦ I = G× T ✱ J = G× (1− T )✱ U = Y ❛♥❞ V = 1✳ ❆s ❛ r❡s✉❧t✱

√
n
(
Ê
[
Ê(Y10|X)|G = 1, T = 1

]
− E

[
mY

10(X)|G = 1, T = 1
])

=
1√
np11

n∑

i=1

Gi

[
Ti
(
mY

10(Xi)− E
[
mY

10(X)|G = 1, T = 1
])

+
(1− Ti)E(GT |Xi)

E(G(1− T )|Xi)

(
Yi −mY

10(Xi)
)]

+ oP (1).

❆♣♣❧②✐♥❣ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ❛❜♦✈❡ t♦ t❤❡ t✇♦ ♦t❤❡r t❡r♠s ♦❢ N̂X
DID✱ ✇❡ ♦❜t❛✐♥

√
n
(
N̂X

DID −NX
DID

)

=
1√
np11

n∑

i=1

GiTi(Yi −mY
10(Xi)−mY

01(Xi) +mY
00(Xi)−NX

DID)−
Gi(1− Ti)E(GT |Xi)

E(G(1− T )|Xi)

(
Yi −mY

10(Xi)
)

+
(1−Gi)TiE(GT |Xi)

E((1−G)T |Xi)

(
Yi −mY

01(Xi)
)
− (1−Gi)(1− Ti)E(GT |Xi)

E(1−G)(1− T )|Xi)

(
Yi −mY

00(Xi)
)
+ oP (1).

❙✐♠✐❧❛r❧②✱ t❤❡ ❞❡♥♦♠✐♥❛t♦r s❛t✐s✜❡s

√
n
(
D̂X

DID −DX
DID

)

=
1√
np11

n∑

i=1

{
GiTi(Di −mD

10(Xi)−mD
01(Xi) +mD

00(Xi)−DX
DID)−

Gi(1− Ti)E(GT |Xi)

E(G(1− T )|Xi)

(
Di −mD

10(Xi)
)

+
(1−Gi)TiE(GT |Xi)

E((1−G)T |Xi)

(
Di −mD

01(Xi)
)
− (1−Gi)(1− Ti)E(GT |Xi)

E((1−G)(1− T )|Xi)

(
Di −mD

00(Xi)
)
+ oP (1).

❈♦♠❜✐♥✐♥❣ t❤❡s❡ t✇♦ r❡s✉❧ts ❛♥❞ ✭✹✼✮✱ ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥

√
n
(
ŴX

DID −∆
)
=

1√
n

n∑

i=1

ψX
DID,i + oP (1),

✇❤❡r❡✱ ♦♠✐tt✐♥❣ t❤❡ ✐♥❞❡① i✱ ψX
DID ✐s ❞❡✜♥❡❞ ❜②

ψX
DID =

1

p11DX
DID

{
GT (ε−mε

10(X)−mε
01(X) +mε

00(X))−
[
G(1− T )E(GT |X)

E(G(1− T )|X)
(ε−mε

10(X))

+
(1−G)TE(GT |X)

E((1−G)T |X)
(ε−mε

01(X))− (1−G)(1− T )E(GT |X)

E((1−G)(1− T )|X)
(ε−mε

00(X))

]}
,

✭✺✷✮

❛♥❞ ε = Y −∆D✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❜② t❤❡ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠✳

Pr♦♦❢ ♦❢ ✷

❚❤❡ ♣r♦♦❢ ✐s ✈❡r② s✐♠✐❧❛r ❛s ❛❜♦✈❡✳ ❋♦r ❛♥② r❛♥❞♦♠ ✈❛r✐❛❜❧❡ R✱ ▲❡t mR
dgt(x) = E(Rdgt|X = x)✳

❚❤❡ ❡st✐♠❛t♦r s❛t✐s✜❡s ŴX
TC = N̂X

TC/D̂
X
TC ✱ ✇✐t❤

N̂X
TC = Ê [Y11]− Ê

[
m̂Y

10(X11)
]
− Ê

[
m̂Y

001(X11)
]
+ Ê

[
m̂Y

000(X11)
]
− Ê

[
m̂D

10(X11)m̂
Y
101(X11)

]

+ Ê
[
m̂D

10(X11)m̂
Y
100(X11)

]
+ Ê

[
m̂D

10(X11)m̂
Y
001(X11)

]
− Ê

[
m̂D

10(X11)m̂
Y
000(X11)

]

D̂X
TC = Ê [D11]− Ê

[
m̂D

10(X11)
]
.

✻✷



❚❤❡ t✇♦ t❡r♠s ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦r ❛♥❞ t❤❡ ✜rst ❢♦✉r t❡r♠s ♦❢ t❤❡ ♥✉♠❡r❛t♦r ❝❛♥ ❜❡ ❧✐♥❡❛r✐③❡❞

❡①❛❝t❧② ❛s ❛❜♦✈❡✳ ❘❡❣❛r❞✐♥❣ t❤❡ ♦t❤❡r ❢♦✉r t❡r♠s✱ r❡♠❛r❦ t❤❛t ❢♦r ✐♥st❛♥❝❡

Ê
[
m̂D

10(X11)m̂
Y
101(X11)

]
− Ê

[
mD

10(X11)m
Y
101(X11)

]

=Ê
[
mD

10(X11)
(
m̂Y

101(X11)−mY
101(X11)

)]
+ Ê

[
mY

101(X11)
(
m̂D

10(X11)−mD
10(X11)

)]

+ Ê
[(
m̂D

10(X11)−mD
10(X11)

) (
m̂Y

101(X11)−mY
101(X11)

)]
.

▲❡♠♠❛ ❙✼ ✐♠♣❧✐❡s t❤❛t t❤❡ ❧❛st t❡r♠ ✐s ❛♥ oP (1/
√
n)✳ ❆s ❛ r❡s✉❧t✱

N̂X
TC = Ê [Y11]− Ê

[
m̂Y

10(X11)
]
− Ê

[
m̂Y

001(X11)
]
+ Ê

[
m̂Y

000(X11)
]
− Ê

[
mD

10(X11)m̂
Y
101(X11)

]

− Ê
[
m̂D

10(X11)m
Y
101(X11)

]
+ Ê

[
mD

10(X11)m
Y
101(X11)

]
+ Ê

[
mD

10(X11)m̂
Y
100(X11)

]

+ Ê
[
m̂D

10(X11)m
Y
100(X11)

]
− Ê

[
mD

10(X11)m
Y
100(X11)

]
+ Ê

[
mD

10(X11)m̂
Y
001(X11)

]

+ Ê
[
m̂D

10(X11)m
Y
001(X11)

]
− Ê

[
mD

10(X11)m
Y
001(X11)

]
− Ê

[
mD

10(X11)m̂
Y
000(X11)

]

− Ê
[
m̂D

10(X11)m
Y
000(X11)

]
+ Ê

[
mD

10(X11)m
Y
000(X11)

]
+ oP (1/

√
n).

❲❡ t❤❡♥ ❛♣♣❧② ▲❡♠♠❛ ❙✽ t♦ ❡❛❝❤ ♦❢ t❤❡s❡ t❡r♠s✳ ◆♦t❡ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ▲✐♣s❝❤✐t③

❝♦♥❞✐t✐♦♥ ✐s ❛❧✇❛②s s❛t✐s✜❡❞ ✉♥❞❡r ♣❛rt ✷ ♦❢ ❆ss✉♠♣t✐♦♥ ✶✺✳ ❆❢t❡r s♦♠❡ t❡❞✐♦✉s ❛❧❣❡❜r❛✱ ✇❡

♦❜t❛✐♥
√
n
(
ŴX

TC −WX
TC

)
=

1√
n

n∑

i=1

ψX
TC,i + oP (1),

✇❤❡r❡ ψX
TC s❛t✐s✜❡s

ψX
TC =

1

p11DX
TC

{
GT

(
U −∆(D −mD

10(X))− E
[
U11 −∆(D11 −mD

10(X11))
])

+E(GT |X)

[
V −∆

G(1− T )

E(G(1− T )|X)
(D −mD

10(X))

]}
. ✭✺✸✮

❛♥❞

U = Y −mY
10(X)−mY

001(X) +mY
000(X)−mD

10(X)
(
mY

101(X)−mY
100(X)−mY

001(X) +mY
000(X)

)
,

V =
G(1− T )

E(G(1− T )|X)

{
−(Y −mY

10(X)) +
[
mY

100(X)−mY
101(X)−mY

000(X) +mY
001(X)

]
(D −mD

10(X))
}

+ (1−G)

{
mD

10(X)D

[
−T (Y −mY

101(X))

E(D(1−G)T )|X)
+

(1− T )
(
Y −mY

100(X)
)

E(D(1−G)(1− T )|X)

]

+(1−D)(1−mD
10(X))

[
T (Y −mY

001(X))

E((1−D)(1−G)T |X)
− (1− T )(Y −mY

000(X))

E((1−D)(1−G)(1− T )|X)

]}
.

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❜② t❤❡ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠✳

Pr♦♦❢ ♦❢ ✸

✻✸



❚❤❡ ❡st✐♠❛♥❞ ✐s t❤❡ s❛♠❡ ❛s WX
TC ✱ ❡①❝❡♣t ❢♦r t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡ ♥✉♠❡r❛t♦r✳ ❚❤❡r❡❢♦r❡✱

✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t ✇❡ ❝❛♥ ❧✐♥❡❛r✐③❡ t❤✐s s♣❡❝✐✜❝ t❡r♠✱ ✇❤✐❝❤ ✐s t❤❡ ♣❧✉❣✲✐♥ ❡st✐♠❛t♦r ♦❢

E [E(DQ1X(Y ) + (1−D)Q0X(Y )|X,G = 1, T = 0)|G = 1, T = 1] .

❚❤✐s ❡①♣❡❝t❛t✐♦♥ ❝♦♠♣r✐s❡s t✇♦ t❡r♠s✳ ❆s t❤❡ r❡❛s♦♥✐♥❣ ✐s s✐♠✐❧❛r ❢♦r ❜♦t❤✱ ❧❡t ✉s ❢♦❝✉s

♦♥ t❤❡ ✜rst✱ θ1 = E [E(DQ1X(Y )|X,G = 1, T = 0)|G = 1, T = 1]✳ ▲❡t ✉s ❞❡✜♥❡ mQ1

dgt(x) =

E(Q1X(Y )|X = x,D = d,G = g, T = t)✳ ❋✐rst✱ t❤❡ ❡st✐♠❛t♦r θ̂1 ♦❢ θ1 s❛t✐s✜❡s

θ̂1 − θ1 = Ê
[
m̂D

10(X)m̂Q1

110(X)|G = 1, T = 1
]
− θ1

= Ê
[
m̂D

10(X)mQ1

110(X)|G = T = 1
]
− Ê

[
mD

10(X)mQ1

110(X)|G = 1, T = 1
]

+ θ̃1 − θ1 + Ê
[(
m̂D

10(X)−mD
10(X)

) (
m̂Q1

110(X)−mQ1

110(X)
)
|G = 1, T = 1

]
, ✭✺✹✮

✇❤❡r❡ θ̃1 = Ê
[
mD

10(X)m̂Q1

110(X)|G = T = 1
]
✳ ❆s ✐♥ ♣❛rts ✶ ❛♥❞ ✷ ❛❜♦✈❡✱ t❤❡ ✜rst t✇♦ t❡r♠s

♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❝❛♥ ❜❡ ❧✐♥❡❛r✐③❡❞ ✉s✐♥❣ ▲❡♠♠❛ ❙✽✳ ❲❡ ❧✐♥❡❛r✐③❡ ❜❡❧♦✇ θ̃1 − θ1 ❛♥❞

♣r♦✈❡ t❤❛t t❤❡ ❧❛st t❡r♠ ✐s ❛♥ oP (1/
√
n)✳ ❆s ✐♥ ▲❡♠♠❛ ❙✺✱ ❧❡t ✉s ❞❡✜♥❡

R4(FX , Q1|X , Q2|X , Q3|X) =

∫
mD

10(x)×
∫ 1

0
Q1|X{Q−1

2|X [Q3|X(u|x)|x]|x}dudFX(x).

▲❡t ✉s ❞❡✜♥❡ ❤❡r❡❛❢t❡r Fdgt|X = FYdgt|X ❛♥❞ Fdgt|x = FYdgt|X=x✳ ❇❡❝❛✉s❡

E [Q1X(Y )|X = x,D = G = 1, T = 0] =

∫ 1

0
F−1
101|x ◦ F100|x ◦ F−1

110|x(u)du,

✇❡ ❤❛✈❡

θ1 = R4(FX11
, F−1

101|X , F
−1
100|X , F

−1
110|X), θ̃1 = R4(F̂X11

, F̂−1
101|X , F̂

−1
100|X , F̂

−1
110|X),

✇❤❡r❡ F̂X11
✐s t❤❡ ❡♠♣✐r✐❝❛❧ ❝❞❢ ♦❢ X11✳ ❇② ▲❡♠♠❛ ❙✾✱ t❤❡ ♣r♦❝❡ss

(x, τ) 7→ (F̂X11
(x), F̂−1

101|x(τ), F̂
−1
100|x(τ), F̂

−1
110|x(τ))✱ ❞❡✜♥❡❞ ♦♥ S(X) × (0, 1) ❛♥❞ s✉✐t❛❜❧② ♥♦r✲

♠❛❧✐③❡❞✱ ❝♦♥✈❡r❣❡s t♦ ❛ ❝♦♥t✐♥✉♦✉s ❣❛✉ss✐❛♥ ♣r♦❝❡ss G✳ ▼♦r❡♦✈❡r✱

√
n
[
F̂−1
dgt|x(τ)− F−1

dgt|x(τ)
]
=

1√
n

n∑

i=1

ψidgtx(τ) + oP (1),

✇❤❡r❡ t❤❡ oP (1) ✐s ✉♥✐❢♦r♠ ♦✈❡r (x, τ) ❛♥❞

ψidgtx(τ) =
1{Di = d}1{Gi = g}1{Ti = t}x′JτXi

pdgt

(
τ − 1{Yi −X ′

iβdgt(τ) ≤ 0}
)
.

❇❡s✐❞❡s✱ R4 ✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t (FX11
, F−1

101|X , F
−1
100|X , F

−1
110|X) t❛♥❣❡♥t✐❛❧❧② t♦ C0(S(X))×

C0((0, 1)× S(X))3✳ ❚❤❡r❡❢♦r❡✱ ❜② t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡❧t❛ ♠❡t❤♦❞ ❛♥❞ ❜❡❝❛✉s❡ G ✐s ❝♦♥t✐♥✉♦✉s✱

√
n(θ̃1 − θ1) =

1√
n

n∑

i=1

Ψ1i + oP (1),

✻✹



✇❤❡r❡

Ψ1i =
GiTi
p11

[
mD

10(Xi)m
Q1

110(Xi)− θ1

]
+

∫
mD

10(x)

{∫ 1

0
ψi101x

(
F100|x ◦ F−1

110|x(u)
)

+
F−1
101|x

′ ◦ F100|x ◦ F−1
110|x(u)

F−1
100|x

′ ◦ F100|x ◦ F−1
110|x(u)

[
− ψi100x

(
F100|x ◦ F−1

110|x(u)
)
+ ψi110x(u)

]
du

}
dFX11

(x).

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ t❤✐r❞ t❡r♠ ✐♥ ✭✺✹✮ ✐s ❛♥ oP (1/
√
n)✳ ❲❡ ❤❛✈❡

∣∣∣Ê
[(
m̂D

10(X)−mD
10(X)

) (
m̂Q1

110(X)−mQ1

110(X)
)
|G = 1, T = 1

]∣∣∣

≤
∥∥m̂D

10 −mD
10

∥∥
∞

×
∥∥∥m̂Q1

110 −mQ1

110

∥∥∥
∞
.

❇② ▲❡♠♠❛ ❙✼✱
∥∥m̂D

10 −mD
10

∥∥
∞

= oP (n
−1/4)✳ ❇❡s✐❞❡s✱ m̂Q1

110 = R5(F̂
−1
101|X , F̂

−1
100|X , F̂

−1
110|X)✱

✇❤❡r❡R5(Q1|X , Q2|X , Q3|X) =
∫ 1
0 Q1|X{Q−1

2|X [Q3|X(u|x)|x]|x}du✳ P❛rt ✸ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛
❙✺ ✐♠♣❧✐❡s t❤❛t R5 ✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t (F−1

101|X , F
−1
100|X , F

−1
110|X)✳ ❚❤❡♥✱ ❜② ▲❡♠♠❛

❙✾ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡❧t❛ ♠❡t❤♦❞✱
∥∥∥m̂Q1

110 −mQ1

110

∥∥∥
∞

= OP (n
−1/2)✳ ❚❤✉s✱ t❤❡ t❤✐r❞ t❡r♠ ✐♥

✭✺✹✮ ✐s ❛♥ oP (1/
√
n)✳

❚♦ ❝♦♥❝❧✉❞❡✱ ✇❡ ♣r♦✈✐❞❡ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ WX
CIC ✳ ▲❡t ✉s ❞❡✜♥❡ ❢♦r t❤❛t ♣✉r♣♦s❡

Ψ0i =
GiTi
p11

[
(1−mD

10(Xi))m
Q0

010(Xi)− θ0

]
+

∫
(1−mD

10(x))

{∫ 1

0
ψi001x

(
F000|x ◦ F−1

010|x(u)
)

+
F−1
001|x

′ ◦ F000|x ◦ F−1
010|x(u)

F−1
000|x

′ ◦ F000|x ◦ F−1
010|x(u)

[
− ψi000x

(
F000|x ◦ F−1

010|x(u)
)
+ ψi010x(u)

]
du

}
dFX11

(x),

✇❤❡r❡ θ0 = E [E((1−D)Q0X(Y )|X,G = 1, T = 0)|G = 1, T = 1]✳ ❯s✐♥❣ ✇❤❛t ♣r❡❝❡❞❡s ❛♥❞

▲❡♠♠❛ ❙✽ ♦♥ t❤❡ r❡♠❛✐♥✐♥❣ t❡r♠s✱ ✇❡ ♦❜t❛✐♥ ❛❢t❡r s♦♠❡ t❡❞✐♦✉s ❛❧❣❡❜r❛

√
n
(
ŴX

CIC −WX
CIC

)
=

1√
n

n∑

i=1

ψX
CIC,i + oP (1),

✇❤❡r❡ ψX
CIC s❛t✐s✜❡s

ψX
CIC =

1

p11DX
CIC

{
GT

(
Y −∆(D −mD

10(X))− E
[
Y11 −∆(D11 −mD

10(X11))
])

− p11(Ψ1 +Ψ0)

+
E(GT |X)G(1− T )

E(G(1− T )|X)
(D −mD

10(X))
[
mQ0

010(X)−mQ1

110(X)−∆
]}

. ✭✺✺✮

✻✺


