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❙✉♣♣❧❡♠❡♥t t♦ ✏❋✉③③② ❉✐✛❡r❡♥❝❡s✲✐♥✲❉✐✛❡r❡♥❝❡s✑

❈❧é♠❡♥t ❞❡ ❈❤❛✐s❡♠❛rt✐♥∗ ❳❛✈✐❡r ❉✬❍❛✉❧t❢÷✉✐❧❧❡†

❖❝t♦❜❡r ✻✱ ✷✵✶✺

❆❜str❛❝t

❚❤✐s ♣❛♣❡r ❣❛t❤❡rs t❤❡ s✉♣♣❧❡♠❡♥t❛r② ♠❛t❡r✐❛❧ t♦ ❞❡ ❈❤❛✐s❡♠❛rt✐♥ ✫ ❉✬❍❛✉❧t❢÷✉✐❧❧❡

✭✷✵✶✺✮✳ ❋✐rst✱ ✇❡ s❤♦✇ t❤❛t t✇♦ ❝♦♠♠♦♥❧② ✉s❡❞ ■❱ ❛♥❞ ❖▲❙ r❡❣r❡ss✐♦♥s ✇✐t❤ t✐♠❡ ❛♥❞ ❣r♦✉♣

✜①❡❞ ❡✛❡❝ts ❡st✐♠❛t❡ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡s ♦❢ ❲❛❧❞✲❉■❉s✳ ■t t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✶ ✐♥

❞❡ ❈❤❛✐s❡♠❛rt✐♥ ✫ ❉✬❍❛✉❧t❢÷✉✐❧❧❡ ✭✷✵✶✺✮ t❤❛t t❤❡s❡ r❡❣r❡ss✐♦♥s ❡st✐♠❛t❡ ✇❡✐❣❤t❡❞ s✉♠s ♦❢

▲❆❚❊s✱ ✇✐t❤ ♣♦t❡♥t✐❛❧❧② ♠❛♥② ♥❡❣❛t✐✈❡ ✇❡✐❣❤ts ❛s ✇❡ ✐❧❧✉str❛t❡ t❤r♦✉❣❤ t✇♦ ❛♣♣❧✐❝❛t✐♦♥s✳

❲❡ r❡✈✐❡✇ ❛❧❧ ♣❛♣❡rs ♣✉❜❧✐s❤❡❞ ✐♥ t❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ❜❡t✇❡❡♥ ✷✵✶✵ ❛♥❞ ✷✵✶✷

❛♥❞ ✜♥❞ t❤❛t ✶✵✳✶✪ ♦❢ t❤❡s❡ ♣❛♣❡rs ❡st✐♠❛t❡ ♦♥❡ ♦r t❤❡ ♦t❤❡r r❡❣r❡ss✐♦♥✳ ❙❡❝♦♥❞✱ ✇❡ ❝♦♥s✐❞❡r

❡st✐♠❛t♦rs ♦❢ t❤❡ ❜♦✉♥❞s ♦♥ ❛✈❡r❛❣❡ ❛♥❞ q✉❛♥t✐❧❡ tr❡❛t♠❡♥t ❡✛❡❝ts ❞❡r✐✈❡❞ ✐♥ ❚❤❡♦r❡♠s

✸✳✷ ❛♥❞ ✸✳✸ ✐♥ ❞❡ ❈❤❛✐s❡♠❛rt✐♥ ✫ ❉✬❍❛✉❧t❢÷✉✐❧❧❡ ✭✷✵✶✺✮ ❛♥❞ ✇❡ st✉❞② t❤❡✐r ❛s②♠♣t♦t✐❝

❜❡❤❛✈✐♦r✳ ❚❤✐r❞✱ ✇❡ r❡✈✐s✐t ●❡♥t③❦♦✇ ❡t ❛❧✳ ✭✷✵✶✶✮ ❛♥❞ ❋✐❡❧❞ ✭✷✵✵✼✮ ✉s✐♥❣ ♦✉r ❡st✐♠❛t♦rs✳

❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t ❛❧❧ t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦♦❢s ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♠❛✐♥ ♣❛♣❡r✳

✶ ❋✉③③② ❉■❉ r❡❣r❡ss✐♦♥s✱ ❛♥❞ t❤❡✐r ♣❡r✈❛s✐✈❡♥❡ss ✐♥ ❡❝♦♥♦♠✐❝s

✶✳✶ ❋✉③③② ❉■❉ r❡❣r❡ss✐♦♥s✳✳✳

❘❡s❡❛r❝❤❡rs ✉s✐♥❣ ❢✉③③② ❉■❉ ❞❡s✐❣♥s ✉s✉❛❧❧② ❞♦ ♥♦t ❡st✐♠❛t❡ s✐♠♣❧❡ r❡❣r❡ss✐♦♥s ✇✐t❤ t✇♦ ❣r♦✉♣s

❛♥❞ t✇♦ ♣❡r✐♦❞s✱ ❜✉t ♠♦r❡ ❝♦♠♣❧❡① s♣❡❝✐✜❝❛t✐♦♥s ✇✐t❤ ♠✉❧t✐♣❧❡ ❣r♦✉♣s ❛♥❞ ♣❡r✐♦❞s✳ Pr❛❝t✐❝❡s

❛r❡ ♥♦t ✉♥✐✜❡❞ s♦ ❞❡t❛✐❧s ♦❢ t❤❡✐r s♣❡❝✐✜❝❛t✐♦♥s ❝❛♥ ✈❛r②✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t✇♦ r❡❣r❡s✲

s✐♦♥ s♣❡❝✐✜❝❛t✐♦♥s ✇❤✐❝❤ ❤❛✈❡ ♦❢t❡♥ ❜❡❡♥ ✉s❡❞✳ ❲❡ s❤♦✇ t❤❛t ✐♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢

tr❡❛t♠❡♥t ✐s ❡q✉❛❧ t♦ ❛ ✇❡✐❣❤t❡❞ s✉♠ ♦❢ ❲❛❧❞✲❉■❉s✳ ❋♦❧❧♦✇✐♥❣ t❤❡ r❡s✉❧t ♦❢ t❤❡ ✜rst ♣♦✐♥t ♦❢

❚❤❡♦r❡♠ ✸✳✶✱ ✐t t❤❡♥ ❡❛s② t♦ s❤♦✇ t❤❛t t❤✐s ✇❡✐❣❤t❡❞ s✉♠ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❛ ✇❡✐❣❤t❡❞ s✉♠

♦❢ t❤❡ ▲❆❚❊s ♦❢ s✇✐t❝❤❡rs ✐♥ t❤❡ ❞✐✛❡r❡♥t ❣r♦✉♣s✱ ✇✐t❤ ♣♦t❡♥t✐❛❧❧② ♠❛♥② ♥❡❣❛t✐✈❡ ✇❡✐❣❤ts✱ ❛s

✇❡ ✐❧❧✉str❛t❡ t❤r♦✉❣❤ t✇♦ ❡①❛♠♣❧❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡s❡ ❝♦❡✣❝✐❡♥ts ❝♦✉❧❞ ❧✐❡ ❢❛r ❢r♦♠ t❤❡ ▲❆❚❊ ♦❢

s✇✐t❝❤❡rs ✐♥ ❛♥② ❣r♦✉♣✳

∗❲❛r✇✐❝❦ ❯♥✐✈❡rs✐t②✱ ❝❧❡♠❡♥t✳❞❡✲❝❤❛✐s❡♠❛rt✐♥❅✇❛r✇✐❝❦✳❛❝✳✉❦
†❈❘❊❙❚✱ ①❛✈✐❡r✳❞❤❛✉❧t❢♦❡✉✐❧❧❡❅❡♥s❛❡✳❢r

✶



❋✐rst✱ ✇❡ st✉❞② t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❛ tr❡❛t♠❡♥t ✈❛r✐❛❜❧❡ D ✐♥ ❛ ✷❙▲❙ r❡❣r❡ss✐♦♥ ♦❢ Y ♦♥ ❛ ❝♦♥st❛♥t✱

❣r♦✉♣ ❞✉♠♠✐❡s (1{G = g})1≤g≤g✱ t✐♠❡ ❞✉♠♠✐❡s (1{T = t})1≤t≤t✱ ❛♥❞ D✱ ✇✐t❤ ❛ ✜rst st❛❣❡ ❢✉❧❧②

s❛t✉r❛t❡❞ ✐♥ (T,G)✳ ❆s t❤❡ ✜rst st❛❣❡ ✐s ❢✉❧❧② s❛t✉r❛t❡❞✱ t❤❡ s❡❝♦♥❞ st❛❣❡ ✐s ❛ r❡❣r❡ss✐♦♥ ♦❢ Y ♦♥

❛ ❝♦♥st❛♥t✱ ❣r♦✉♣ ❞✉♠♠✐❡s (1{G = g})1≤g≤g✱ t✐♠❡ ❞✉♠♠✐❡s (1{T = t})1≤t≤t✱ ❛♥❞ E(D|T,G)✳

❚❤✐s ✷❙▲❙ r❡❣r❡ss✐♦♥ ✐s t❤❡r❡❢♦r❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ❛♥ ❖▲❙ r❡❣r❡ss✐♦♥ ❛t t❤❡ ❣r♦✉♣ ×
♣❡r✐♦❞ ❧❡✈❡❧ ♦❢ Y ♦♥ t✐♠❡ ❛♥❞ ❣r♦✉♣ ❞✉♠♠✐❡s ❛♥❞ ❛ ♠❡❛s✉r❡ ♦❢ tr❡❛t♠❡♥t ✐♥t❡♥s✐t② ✐♥ ❡❛❝❤ ❣r♦✉♣

× ♣❡r✐♦❞ ❝❡❧❧✳ ❆s s❤♦✇♥ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✱ s✉❝❤ ❖▲❙ r❡❣r❡ss✐♦♥s ❛r❡ ♣❡r✈❛s✐✈❡ ✐♥ ❛♣♣❧✐❡❞

✇♦r❦✳

❆ss✉♠❡ t❤❛t ❢♦r ❡✈❡r② 1 ≤ t ≤ t t❤❡ ♠❡❛♥ ♦❢ tr❡❛t♠❡♥t ❞♦❡s ♥♦t ❢♦❧❧♦✇ ❛ ♣❛r❛❧❧❡❧ ❡✈♦❧✉t✐♦♥ ✐♥

❛♥② ♣❛✐r ♦❢ ❣r♦✉♣s ❜❡t✇❡❡♥ t− 1 ❛♥❞ t✳✶ ❋♦r ❡✈❡r② (g, g′, t) ∈ {0, ..., g}2 × {1, ..., t}✱ ❧❡t

DIDD(g, g
′, t) = E(Dgt)− E(Dgt−1)− (E(Dg′t)− E(Dg′t−1)) ,

WDID(g, g
′, t) =

E(Ygt)− E(Ygt−1)− (E(Yg′t)− E(Yg′t−1))

E(Dgt)− E(Dgt−1)− (E(Dg′t)− E(Dg′t−1))
.

❋♦r (g, t) ∈ {1, ..., g} × {1, ..., t}✱ ❧❡t

wa
gt =

DIDD(g, g − 1, t)P (G ≥ g)P (T ≥ t) (E (D|G ≥ g, T ≥ t)− E (D|G ≥ g)− E (D|T ≥ t) + E(D))
∑t

t=1

∑g
g=1

DIDD(g, g − 1, t)P (G ≥ g)P (T ≥ t) (E (D|G ≥ g, T ≥ t)− E (D|G ≥ g)− E (D|T ≥ t) + E(D))
.

❋♦r (g, t) ∈ {0, ..., g} × {1, ..., t}✱ ❧❡t

wb
gt =

[E(Dgt)− E(Dgt−1)]P (G = g)P (T ≥ t)(E(D|G = g, T ≥ t)− E(D|G = g)− E(D|T ≥ t) + E(D))
∑t

t=1

∑g
g=0

[E(Dgt)− E(Dgt−1)]P (G = g)P (T ≥ t)(E(D|G = g, T ≥ t)− E(D|G = g)− E(D|T ≥ t) + E(D))
.

❚❤❡♦r❡♠ ❙✶ ▲❡t β ❞❡♥♦t❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ D ✐♥ ❛ ✷❙▲❙ r❡❣r❡ss✐♦♥ ♦❢ Y ♦♥ ❛ ❝♦♥st❛♥t✱ (1{G =

g})1≤g≤g✱ (1{T = t})1≤t≤t✱ ❛♥❞ D✱ ✇✐t❤ ❛ ✜rst st❛❣❡ ❢✉❧❧② s❛t✉r❛t❡❞ ✐♥ (T,G)✳

✶✳ ■❢ T ⊥⊥ G✱

β =
t∑

t=1

g∑

g=1

WDID(g, g − 1, t)wa
gt.

✷✳ ▼♦r❡✈❡r✱ ✐❢ D ✐s ❜✐♥❛r② ❛♥❞ ▼♦❞❡❧ ✭✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥s ✶✲✹ ❛r❡ s❛t✐s✜❡❞✱

β =
t∑

t=1

g∑

g=0

∆gtw
b
gt,

✇❤❡r❡ ∆gt ✐s t❤❡ ▲❆❚❊ ♦❢ ✉♥✐ts ✐♥ ❣r♦✉♣ g s✇✐t❝❤✐♥❣ tr❡❛t♠❡♥t ❜❡t✇❡❡♥ t− 1 ❛♥❞ t✳

✶■❢ ❢♦r s♦♠❡ t✱ t❤❡r❡ ❛r❡ ❣r♦✉♣s ✇❤✐❝❤ ❡①♣❡r✐❡♥❝❡ ❛ ♣❛r❛❧❧❡❧ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡✐r ♠❡❛♥ tr❡❛t♠❡♥t ❜❡t✇❡❡♥ t−1 ❛♥❞

t✱ t❤❡ ❢♦r♠✉❧❛ ✐♥ t❤❡ ✜rst ♣♦✐♥t ♦❢ ❚❤❡♦r❡♠ ✶ r❡♠❛✐♥s ✈❛❧✐❞ ❛❢t❡r ❣r♦✉♣✐♥❣ t♦❣❡t❤❡r t❤❡s❡ ❣r♦✉♣s✳ ❚❤❡ ❢♦r♠✉❧❛

✐♥ t❤❡ s❡❝♦♥❞ ♣♦✐♥t ♦❢ ❚❤❡♦r❡♠ ✶ r❡♠❛✐♥s ✈❛❧✐❞ ❛s ✐s✳

✷



❚❤❡ ✜rst st❛t❡♠❡♥t ♦❢ t❤❡ t❤❡♦r❡♠ s❤♦✇s t❤❛t ✐❢ T ⊥⊥ G✱ β ✐s ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ ❲❛❧❞✲❉■❉s

❜❡t✇❡❡♥ t− 1 ❛♥❞ t ❛♥❞ ❛❝r♦ss ♣❛✐rs ♦❢ ❣r♦✉♣s✱ ❢♦r ❛❧❧ ❝♦♥s❡❝✉t✐✈❡ ❞❛t❡s t− 1 ❛♥❞ t✳ ❲✐t❤ ♦♥❧②

t✇♦ ❞❛t❡s✱ ♦♥❡ ❝❛♥ ♦r❞❡r ❣r♦✉♣s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ✐♥❝r❡❛s❡ ✐♥ tr❡❛t♠❡♥t ❜❡t✇❡❡♥ t❤❡ t✇♦ ❞❛t❡s✱

t❤✉s ❡♥s✉r✐♥❣ t❤❛t ❛❧❧ t❤❡ ✇❡✐❣❤ts wa
gt ❛r❡ ♣♦s✐t✐✈❡✳ ❲✐t❤ ♠♦r❡ t❤❛♥ t✇♦ ❞❛t❡s✱ s♦♠❡ ♦❢ t❤❡

✇❡✐❣❤ts wa
gt ♠✐❣❤t ❜❡ ♥❡❣❛t✐✈❡✳

❚❤❡♥✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✶ t❤❛t ✇❤❡♥ D ✐s ❜✐♥❛r② ❛♥❞ ✉♥❞❡r ❛♣♣r♦♣r✐❛t❡ ❝♦♠♠♦♥ tr❡♥❞s

❛ss✉♠♣t✐♦♥s✱ ❡❛❝❤ ♦❢ t❤❡s❡ ❲❛❧❞✲❉■❉s ✐s ❡q✉❛❧ t♦ ❛ ✇❡✐❣❤t❡❞ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ▲❆❚❊ ♦❢ s✇✐t❝❤❡rs

♦❢ ❜♦t❤ ❣r♦✉♣s✳ ❘❡❛rr❛♥❣✐♥❣ t❤✐s s✉♠ ♦❢ ✇❡✐❣❤t❡❞ ❞✐✛❡r❡♥❝❡s ②✐❡❧❞s t❤❡ s❡❝♦♥❞ r❡s✉❧t✳ ❆ s✐♠✐❧❛r

r❡s✉❧t ✇✐t❤ t❤❡ s❛♠❡ ✇❡✐❣❤ts ❤♦❧❞s ✐❢ tr❡❛t♠❡♥t ✐s ♥♦t ❜✐♥❛r② ❜✉t ♦r❞❡r❡❞ ❛♥❞ ✇✐t❤ ❛ ✜♥✐t❡

s✉♣♣♦rt✳ ❆ ❞✐✛❡r❡♥❝❡ t❤♦✉❣❤ ✐s t❤❛t ✐♥ s✉❝❤ ✐♥st❛♥❝❡s✱ β ✐s ♥♦t ❡q✉❛❧ t♦ ❛ ✇❡✐❣❤t❡❞ s✉♠ ♦❢

▲❆❚❊s ❜✉t t♦ ❛ ✇❡✐❣❤t❡❞ s✉♠ ♦❢ t❤❡ ❆❈❘s ♣❛r❛♠❡t❡rs ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳ ❙♦♠❡ ♦❢

t❤❡ ✇❡✐❣❤ts wb
gt ♠✐❣❤t ❜❡ ♥❡❣❛t✐✈❡✳ ❲✐t❤ t✇♦ ♣❡r✐♦❞s✱ t❤❛t ✇✐❧❧ ❜❡ t❤❡ ❝❛s❡ ❢♦r ✐♥st❛♥❝❡ ✐❢ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❝❤❛♥❣❡s ✐♥ tr❡❛t♠❡♥t ❜❡t✇❡❡♥ ♣❡r✐♦❞ ✵ ❛♥❞ ✶ ❛❝r♦ss ❣r♦✉♣s ✐s ♥♦t s②♠♠❡tr✐❝

❛r♦✉♥❞ 0✳

▼❛♥② ♣❛♣❡rs ❡st✐♠❛t❡ t❤❡ r❡❣r❡ss✐♦♥ st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ✶ ✇✐t❤ ❛❣❣r❡❣❛t❡ ❞❛t❛ ❛t t❤❡ ❣r♦✉♣

× ♣❡r✐♦❞ ❧❡✈❡❧✳ ❘❡s✉❧ts ♦❢ ❚❤❡♦r❡♠ ✶ st✐❧❧ ❛♣♣❧② t♦ t❤❡s❡ r❡❣r❡ss✐♦♥s✳ ❲❡ ♥♦✇ r❡✈✐❡✇ t❤r❡❡

❝❛s❡s ♦❢ s✉❝❤ ❣r♦✉♣✲❧❡✈❡❧ r❡❣r❡ss✐♦♥s ✇❤✐❝❤ ❢r❡q✉❡♥t❧② ❛r✐s❡ ✐♥ ♣r❛❝t✐❝❡✳ ❋✐rst✱ ✇❤❡♥ t❤❡ ❣r♦✉♣

❧❡✈❡❧ ✈❛r✐❛❜❧❡s ❛r❡ ❝♦♥str✉❝t❡❞ ❢r♦♠ ♠✐❝r♦✲❧❡✈❡❧ ✈❛r✐❛❜❧❡s ✭❡✳❣✳✿ ❛✈❡r❛❣❡ ✇❛❣❡ ✐♥ ❝♦✉♥t② c ❛♥❞

②❡❛r t✮ ❛♥❞ t❤❡ ❖▲❙ r❡❣r❡ss✐♦♥ ✐s ✇❡✐❣❤t❡❞ ❜② t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐♥ ❡❛❝❤ ❣r♦✉♣ × ♣❡r✐♦❞✱ t❤❡ ✜rst

❛♥❞ s❡❝♦♥❞ st❛t❡♠❡♥ts ♦❢ ❚❤❡♦r❡♠ ✶ ❛♣♣❧② ❛s ✐s✳ ❙❡❝♦♥❞✱ ✇❤❡♥ t❤❡ ❣r♦✉♣ ❧❡✈❡❧ ✈❛r✐❛❜❧❡s ❛r❡

❝♦♥str✉❝t❡❞ ❢r♦♠ ♠✐❝r♦✲❧❡✈❡❧ ✈❛r✐❛❜❧❡s ❜✉t t❤❡ r❡❣r❡ss✐♦♥s ❛r❡ ♥♦t ✇❡✐❣❤t❡❞✱ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞

st❛t❡♠❡♥ts ♦❢ ❚❤❡♦r❡♠ ✶ ❛❧s♦ ❛♣♣❧② ❛s ✐s✱ ❡①❝❡♣t t❤❛t ♥♦✇ P (G = g) = 1
g
❢♦r ❡✈❡r② ❣r♦✉♣✳

◆♦t❡ t❤❛t ✇✐t❤ ✉♥✇❡✐❣❤t❡❞ r❡❣r❡ss✐♦♥s✱ G ✐s ❛✉t♦♠❛t✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ T ✉♥❧❡ss s♦♠❡ ❣r♦✉♣s

❛♣♣❡❛r ♦r ❞✐s❛♣♣❡❛r✱ ✇❤✐❝❤ ✐s ✉♥❧✐❦❡❧② t♦ ❜❡ t❤❡ ❝❛s❡ ✇❤❡♥ ❣r♦✉♣s ❛r❡ ❝♦✉♥t✐❡s✱ st❛t❡s✱ ♦r r❡❣✐♦♥s✳

❚❤✐r❞✱ t❤❡r❡ ❛r❡ ✐♥st❛♥❝❡s ✇❤❡r❡ ❛❧❧ ✉♥✐ts ✐♥ ❡❛❝❤ ❣r♦✉♣ × ♣❡r✐♦❞ s❤❛r❡ t❤❡ s❛♠❡ ✈❛❧✉❡ ♦❢ t❤❡

tr❡❛t♠❡♥t✳ ❚❤✐s ✐s ❢♦r ✐♥st❛♥❝❡ t❤❡ ❝❛s❡ ✐♥ ●❡♥t③❦♦✇ ❡t ❛❧✳ ✭✷✵✶✶✮✳ ❲❤❡♥ t❤❛t ✐s t❤❡ ❝❛s❡✱ t❤❡

s❡❝♦♥❞ st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✶ ❛❝t✉❛❧❧② ❣❡ts s✐♠♣❧❡r✳ ■♥ s✉❝❤ s❡tt✐♥❣s✱ ✇❤❡♥ tr❡❛t♠❡♥t ❝❤❛♥❣❡s

✐♥ ♦♥❡ ❣r♦✉♣✱ ❛❧❧ ✉♥✐ts s✇✐t❝❤ tr❡❛t♠❡♥t✳ ❚❤❡r❡❢♦r❡✱ ∆gt ✐s ❡q✉❛❧ t♦ t❤❡ ❛✈❡r❛❣❡ ❡✛❡❝t ♦❢ ❝❤❛♥❣✐♥❣

t❤❡ tr❡❛t♠❡♥t ❢r♦♠ ✐ts ✈❛❧✉❡ ✐♥ ♣❡r✐♦❞ t− 1 t♦ ✐ts ✈❛❧✉❡ ✐♥ ♣❡r✐♦❞ t ❛❝r♦ss ❛❧❧ ✉♥✐ts✱ ♥♦r♠❛❧✐③❡❞

❜② t❤❡ ❝❤❛♥❣❡ ✐♥ tr❡❛t♠❡♥t ❢r♦♠ ♣❡r✐♦❞ t− 1 t♦ t✳

❲❡ ✉s❡ ❚❤❡♦r❡♠ ✶ t♦ r❡✈✐s✐t ❛♥ ❡♠♣✐r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥✳ ❊♥✐❦♦❧♦♣♦✈ ❡t ❛❧✳ ✭✷✵✶✶✮ st✉❞② t❤❡ ❡✛❡❝t ♦❢

❤❛✈✐♥❣ ❛❝❝❡ss t♦ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❚❱ ❝❤❛♥♥❡❧ ♦♥ t❤❡ s❤❛r❡ ♦❢ ♣❡♦♣❧❡ ✈♦t✐♥❣ ❢♦r ♦♣♣♦s✐t✐♦♥ ♣❛rt✐❡s

✐♥ ❘✉ss✐❛✳ ❚❤❡② r❡❣r❡ss t❤❡ s❤❛r❡ ♦❢ ✈♦t❡s ❢♦r ♦♣♣♦s✐t✐♦♥ ♣❛rt✐❡s ✐♥ t❤❡ ✶✾✾✺ ❛♥❞ ✶✾✾✾ ❡❧❡❝t✐♦♥s ✐♥

r❡❣✐♦♥ r ♦♥ r❡❣✐♦♥ ❞✉♠♠✐❡s✱ ❛♥ ✐♥❞✐❝❛t♦r ❢♦r t❤❡ ✶✾✾✾ ❡❧❡❝t✐♦♥✱ ❛♥❞ ♦♥ t❤❡ s❤❛r❡ ♦❢ ♣❡♦♣❧❡ ❤❛✈✐♥❣

❛❝❝❡ss t♦ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ❚❱ ❝❤❛♥♥❡❧ ✐♥ r❡❣✐♦♥ r ❛t t❤❡ t✐♠❡ ♦❢ t❤❡ ❡❧❡❝t✐♦♥✳ ❋✐❣✉r❡ ✶ ❜❡❧♦✇

♣r❡s❡♥ts t❤❡ ✇❡✐❣❤ts wd
g1999 ❢♦r t❤❡ ✶✾✸✽ r❡❣✐♦♥s ✐♥ t❤❡✐r s❛♠♣❧❡✳ ❘❡❣✐♦♥s ❛r❡ ♦r❞❡r❡❞ ❛❝❝♦r❞✐♥❣

t♦ t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ s❤❛r❡ ♦❢ ♣❡♦♣❧❡ ✇❛t❝❤✐♥❣ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ❚❱ ❝❤❛♥♥❡❧ t❤❡② ❡①♣❡r✐❡♥❝❡❞

✸



❜❡t✇❡❡♥ t❤❡ t✇♦ ❡❧❡❝t✐♦♥s✱ ❢r♦♠ t❤❡ ❧♦✇❡st t♦ t❤❡ ❧❛r❣❡st ✐♥❝r❡❛s❡✳ ✶✵✷✵ ✇❡✐❣❤ts ❛r❡ ♥❡❣❛t✐✈❡✱

❛♥❞ t❤❡ ♥❡❣❛t✐✈❡ ✇❡✐❣❤ts s✉♠ ✉♣ t♦ ✲✷✳✷✻ ✭❛❣❛✐♥st ✸✳✷✻ ❢♦r ♣♦s✐t✐✈❡ ✇❡✐❣❤ts✿ ♥❡❣❛t✐✈❡ ✇❡✐❣❤ts

t❤❡r❡❢♦r❡ ❛❝❝♦✉♥t ❢♦r ✹✶✪ ♦❢ t❤❡ s✉♠ ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ✇❡✐❣❤ts✮✳ ■❢ t❤❡ ❡✛❡❝t ♦❢ ❣❛✐♥✐♥❣

❛❝❝❡ss t♦ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❚❱ ❝❤❛♥♥❡❧ ✐s ❤❡t❡r♦❣❡♥❡♦✉s ❛❝r♦ss r❡❣✐♦♥s ✇❤❡r❡ ❢❡✇ ✴ ♠❛♥② ✈♦t❡rs

❣❛✐♥❡❞ ❛❝❝❡ss t♦ ✐t ❜❡t✇❡❡♥ ✶✾✾✺ ❛♥❞ ✶✾✾✾✱ t❤❡ r❡❣r❡ss✐♦♥ ❝♦❡✣❝✐❡♥ts ✐♥ ❊♥✐❦♦❧♦♣♦✈ ❡t ❛❧✳ ✭✷✵✶✶✮

❝♦✉❧❞ ❧✐❡ ❢❛r ❢r♦♠ t❤❡ ▲❆❚❊ ✐♥ ❛♥② r❡❣✐♦♥✳
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Counties ordered by their increase in treatment

❋✐❣✉r❡ ❙ ✶✿ wb
gt ✐♥ ❊♥✐❦♦❧♦♣♦✈ ❡t ❛❧✳ ✭✷✵✶✶✮✳

❙❡❝♦♥❞✱ ✇❡ st✉❞② t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❛ tr❡❛t♠❡♥t ✈❛r✐❛❜❧❡D ✐♥ ❛ ✷❙▲❙ r❡❣r❡ss✐♦♥ ♦❢ Y ♦♥ ❛ ❝♦♥st❛♥t✱

❣r♦✉♣ ❞✉♠♠✐❡s (1{G = g})1≤g≤g✱ t✐♠❡ ❞✉♠♠✐❡s (1{T = t})1≤t≤t✱ ❛♥❞ D✱ ✇❤❡r❡ t❤❡ ✐♥str✉♠❡♥t

❢♦r D ✐s ❡q✉❛❧ t♦ f(G)1{T ≥ t0} ❢♦r s♦♠❡ t0 ≥ 1✳ ❚❤✐s s♣❡❝✐✜❝❛t✐♦♥ ❝♦rr❡s♣♦♥❞s ❡①❛❝t❧② t♦

t❤❡ ♦♥❡ ❡st✐♠❛t❡❞ ✐♥ t❤❡ ✜rst ❝♦❧✉♠♥ ❛♥❞ t❤✐r❞ ❧✐♥❡ ♦❢ ❚❛❜❧❡ ✼ ✐♥ ❉✉✢♦ ✭✷✵✵✶✮✿ t❤❡r❡ f(G) ✐s

t❤❡ ♥✉♠❜❡r ♦❢ s❝❤♦♦❧s ❝♦♥str✉❝t❡❞ ❞✉r✐♥❣ t❤❡ ■◆P❘❊❙ ♣r♦❣r❛♠ ✐♥ ♦♥❡✬s ❞✐str✐❝t ♦❢ ❜✐rt❤✱ ❛♥❞

1{T ≥ t0} ✐s ❛ ❞✉♠♠② ❢♦r ❜❡✐♥❣ ❜♦r♥ ❧❛t❡ ❡♥♦✉❣❤ t♦ ❡♥t❡r s❝❤♦♦❧ ❛❢t❡r t❤❡ ♣r♦❣r❛♠ ❝♦♠♣❧❡t✐♦♥✳

▲❡t T ∗∗ = 1{T ≥ t0}✳ ❋♦r ❛♥② r❛♥❞♦♠ ✈❛r✐❛❜❧❡ R ❛♥❞ ❢♦r ❛♥② (g, t) ∈ {0, ..., g} × {0, 1}✱ ❧❡t
R∗∗

gt ∼ R|G = g, T ∗∗ = t✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ ♥♦ ❣r♦✉♣s ✇❤❡r❡ tr❡❛t♠❡♥t ❢♦❧❧♦✇s ❛ ♣❛r❛❧❧❡❧

❡✈♦❧✉t✐♦♥ ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t0✱
✷ ❛♥❞ ❧❡t ❣r♦✉♣s ❜❡ ♦r❞❡r❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ✐♥❝r❡❛s❡ ♦❢ tr❡❛t♠❡♥t

❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t0✿

E(D∗∗
01)− E(D∗∗

00) < E(D∗∗
11)− E(D∗∗

10) < ... < E(D∗∗
g1)− E(D∗∗

g0).

✷■❢ t❤❡r❡ ❛r❡ ❣r♦✉♣s ✇❤✐❝❤ ❡①♣❡r✐❡♥❝❡ ❛ ♣❛r❛❧❧❡❧ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡✐r ♠❡❛♥ tr❡❛t♠❡♥t✱ t❤❡ ❢♦r♠✉❧❛ ✐♥ t❤❡ ✜rst

♣♦✐♥t ♦❢ ❚❤❡♦r❡♠ ✷ r❡♠❛✐♥s ✈❛❧✐❞ ❛❢t❡r ❣r♦✉♣✐♥❣ t♦❣❡t❤❡r t❤❡s❡ ❣r♦✉♣s✳ ❚❤❡ ❢♦r♠✉❧❛ ✐♥ t❤❡ s❡❝♦♥❞ ♣♦✐♥t r❡♠❛✐♥s

✈❛❧✐❞ ❛s ✐s✳

✹



❋♦r ❛♥② (g, g′) ∈ {0, ..., g}2✱ ❧❡t

DID∗∗
R (g, g′) = E(R∗∗

g1)− E(R∗∗
g0)− (E(R∗∗

g′1)− E(R∗∗
g′0)),

W ∗∗
DID(g, g

′) =
DID∗∗

Y (g, g′)

DID∗∗
D (g, g′)

.

▲❡t ❛❧s♦

wc
g =

DID∗∗
D (g, g − 1)P (G ≥ g)(E(f(G)|G ≥ g)− E(f(G)))∑g

g′=1 DID∗∗
D (g′, g′ − 1)P (G ≥ g′)(E(f(G)|G ≥ g′)− E(f(G)))

❢♦r 1 ≤ g ≤ g,

wd
g =

[
E(D∗∗

g1)− E(D∗∗
g0)
]
P (G = g)(f(g)− E(f(G)))

∑g
g=0

[
E(D∗∗

g1)− E(D∗∗
g0)
]
P (G = g)(f(g)− E(f(G)))

❢♦r 0 ≤ g ≤ g.

❚❤❡♦r❡♠ ❙✷ ▲❡t β ❞❡♥♦t❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ D ✐♥ ❛ ✷❙▲❙ r❡❣r❡ss✐♦♥ ♦❢ Y ♦♥ ❛ ❝♦♥st❛♥t✱ (1{G =

g})1≤g≤g✱ (1{T = t})1≤t≤t✱ ❛♥❞ D✱ ✇❤❡r❡ t❤❡ ✐♥str✉♠❡♥t ❢♦r D ✇r✐t❡s ❛s f(G)1{T ≥ t0} ❢♦r s♦♠❡

1 ≤ t0 ≤ t✳

✶✳ ■❢ T ⊥⊥ G✱

β =

g∑

g=1

W ∗∗
DID(g, g − 1)wc

g.

✷✳ ▼♦r❡✈❡r✱ ✐❢ D ✐s ❜✐♥❛r② ❛♥❞ ▼♦❞❡❧ ✭✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥s ✶✲✹ ❛r❡ s❛t✐s✜❡❞ ✇✐t❤ T ∗∗ ✐♥st❡❛❞

♦❢ T ✱

β =

g∑

g=0

∆gw
d
g ,

✇❤❡r❡ ∆g ✐s t❤❡ ▲❆❚❊ ♦❢ t❤❡ s✇✐t❝❤❡rs ♦❢ ❣r♦✉♣ g✳

❚❤❡ ✜rst st❛t❡♠❡♥t ♦❢ t❤❡ t❤❡♦r❡♠ s❤♦✇s t❤❛t ✐❢ T ⊥⊥ G✱ β ✐s ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ ❲❛❧❞✲

❉■❉s ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t0 ❛♥❞ ❛❝r♦ss ❣r♦✉♣s ✇✐t❤ ❝♦♥s❡❝✉t✐✈❡ ❡✈♦❧✉t✐♦♥s ♦❢ t❤❡✐r ♠❡❛♥ tr❡❛t♠❡♥t✳

❚❤❡♥✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✶ t❤❛t ✇❤❡♥ D ✐s ❜✐♥❛r② ❛♥❞ ✉♥❞❡r ❛♣♣r♦♣r✐❛t❡ ❝♦♠♠♦♥ tr❡♥❞s

❛ss✉♠♣t✐♦♥s✱ ❡❛❝❤ ♦❢ t❤❡s❡ ❲❛❧❞✲❉■❉s ✐s ❡q✉❛❧ t♦ ❛ ✇❡✐❣❤t❡❞ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ▲❆❚❊ ♦❢ s✇✐t❝❤❡rs

♦❢ ❜♦t❤ ❣r♦✉♣s✳ ❘❡❛rr❛♥❣✐♥❣ t❤✐s s✉♠ ♦❢ ✇❡✐❣❤t❡❞ ❞✐✛❡r❡♥❝❡s ②✐❡❧❞s t❤❡ s❡❝♦♥❞ r❡s✉❧t✳ ❍❡r❡ ❛s

✇❡❧❧✱ ❛ s✐♠✐❧❛r r❡s✉❧t ✇✐t❤ t❤❡ s❛♠❡ ✇❡✐❣❤ts ❤♦❧❞s ✐❢ tr❡❛t♠❡♥t ✐s ♥♦t ❜✐♥❛r② ❜✉t ♦r❞❡r❡❞ ❛♥❞

✇✐t❤ ❛ ✜♥✐t❡ s✉♣♣♦rt✳ ◆♦t❡ t❤❛t t❤❡ ✇❡✐❣❤ts wd
g ❛r❡ ❛❧❧ ♣♦s✐t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❛❧❧ ❣r♦✉♣s ✇❤❡r❡

tr❡❛t♠❡♥t ✐♥❝r❡❛s❡s ✭r❡s♣✳ ❞❡❝r❡❛s❡s✮ ❤❛✈❡ ❛ ✈❛❧✉❡ ♦❢ f(G) ❣r❡❛t❡r ✭r❡s♣✳ ❧♦✇❡r✮ t❤❛♥ t❤❡ ♠❡❛♥

♦❢ f(G) ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥✳

❲❡ ✐❧❧✉str❛t❡ t❤✐s r❡s✉❧t ❜② ❡st✐♠❛t✐♥❣ t❤❡ ✇❡✐❣❤ts wd
g ❢♦r t❤❡ ✷✽✹ ❞✐str✐❝ts ✐♥ ❉✉✢♦ ✭✷✵✵✶✮✳

❉✐str✐❝ts ❛r❡ ♦r❞❡r❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✐♥❝r❡❛s❡ ✐♥ ②❡❛rs ♦❢ s❝❤♦♦❧✐♥❣ t❤❡② ❡①♣❡r✐❡♥❝❡❞ ❜❡t✇❡❡♥

✺



t❤❡ t✇♦ ❝♦❤♦rts✱ ❢r♦♠ t❤❡ ❧♦✇❡st t♦ t❤❡ ❧❛r❣❡st ✐♥❝r❡❛s❡✳ ✶✸✷ ✇❡✐❣❤ts ♦✉t ♦❢ ✷✽✹ ❛r❡ ♥❡❣❛t✐✈❡✱

❛♥❞ t❤❡ ♥❡❣❛t✐✈❡ ✇❡✐❣❤ts s✉♠ ✉♣ t♦ ✲✸✳✷✽ ✭❛❣❛✐♥st ✹✳✷✽ ❢♦r ♣♦s✐t✐✈❡ ✇❡✐❣❤ts✮✳ ■❢ s✇✐t❝❤❡rs✬ ❆❈❘s

❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s ❛❝r♦ss ❞✐str✐❝ts ✇✐t❤ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ✇❡✐❣❤ts✱ t❤❡ r❡❣r❡ss✐♦♥ ❝♦❡✣❝✐❡♥t

✐♥ ❉✉✢♦ ✭✷✵✵✶✮ ❝♦✉❧❞ ❧✐❡ ❢❛r ❢r♦♠ t❤❡ ❆❈❘ ♦❢ s✇✐t❝❤❡rs ✐♥ ❛♥② ❞✐str✐❝t✳
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Districts ordered by their increase in years of schooling

❋✐❣✉r❡ ❙ ✷✿ wd
g ✐♥ ❉✉✢♦ ✭✷✵✵✶✮✳

✶✳✷ ✳✳✳ ❛♥❞ t❤❡✐r ♣❡r✈❛s✐✈❡♥❡ss ✐♥ ❡❝♦♥♦♠✐❝s✳

❲❡ ❛ss❡ss t❤❡ ♣❡r✈❛s✐✈❡♥❡ss ♦❢ t❤❡ ❢✉③③② ❉■❉ ♠❡t❤♦❞ ✐♥ ❡❝♦♥♦♠✐❝s ❜② ❝♦♥❞✉❝t✐♥❣ ❛ r❡✈✐❡✇ ♦❢

❛❧❧ ♣❛♣❡rs r❡❧②✐♥❣ ♣❛rt❧② ♦r ❢✉❧❧② ♦♥ t❤✐s ♠❡t❤♦❞ t❤❛t ✇❡r❡ ♣✉❜❧✐s❤❡❞ ✐♥ t❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝

❘❡✈✐❡✇ ✭❆❊❘✮ ❜❡t✇❡❡♥ ✷✵✶✵ ❛♥❞ ✷✵✶✷✳ ❲❡ ❝❤♦♦s❡ t❤✐s ❥♦✉r♥❛❧ ❜❡❝❛✉s❡ ❛♠♦♥❣ t❤❡ t♦♣ ❥♦✉r♥❛❧s

✐♥ ❡❝♦♥♦♠✐❝s✱ ✐t ✇❛s t❤❡ ✜rst ✇❤✐❝❤ st❛rt❡❞ ♣♦st✐♥❣ ♦♥❧✐♥❡ t❤❡ ❞❛t❛ ✉s❡❞ ✐♥ t❤❡ ❡♠♣✐r✐❝❛❧ ♣❛♣❡rs

✐t ♣✉❜❧✐s❤❡s✱ t❤✉s ❡♥❛❜❧✐♥❣ ✉s t♦ r❡❛♥❛❧②③❡ s♦♠❡ ♦❢ t❤❡ ❢✉③③② ❉■❉ ♣❛♣❡rs ♣✉❜❧✐s❤❡❞ t❤❡r❡✳

❖✈❡r t❤❡s❡ t❤r❡❡ ②❡❛rs✱ t❤❡ ❆❊❘ ♣✉❜❧✐s❤❡❞ ✸✸✼ ♣❛♣❡rs✳ ❚❤✐s ❡①❝❧✉❞❡s ♣❛♣❡rs ❛♥❞ ♣r♦❝❡❡❞✐♥❣s✱

❝♦♠♠❡♥ts✱ r❡♣❧✐❡s✱ ❛♥❞ ♣r❡s✐❞❡♥t✐❛❧ ❛❞❞r❡ss❡s✳ ❖✉t ♦❢ t❤❡s❡ ✸✸✼ ♣❛♣❡rs✱ ✸✹ ♣❛♣❡rs ❡st✐♠❛t❡

❡✐t❤❡r r❛t✐♦s ♦❢ ❉■❉s ♦♥ t❤❡✐r ♦✉t❝♦♠❡ ❛♥❞ tr❡❛t♠❡♥t ✈❛r✐❛❜❧❡s✱ ♦r t❤❡ r❡❣r❡ss✐♦♥s st✉❞✐❡❞ ✐♥

❚❤❡♦r❡♠s ❙✷ ❛♥❞ ❙✶✱ ♦r r❡❣r❡ss✐♦♥s ✈❡r② ❝❧♦s❡ t♦ ♦♥❡ ♦❢ t❤❡s❡ t✇♦ r❡❣r❡ss✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ t❤❡✐r

♠❛✐♥ ❝♦❡✣❝✐❡♥t ♦❢ ✐♥t❡r❡st ✐s ❡q✉❛❧ t♦ ❛ ❲❛❧❞✲❉■❉✱ ♦r t♦ ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ ❲❛❧❞✲❉■❉s✳

❲❤❡♥ ♦♥❡ ✇✐t❤❞r❛✇s ❢r♦♠ t❤❡ ❞❡♥♦♠✐♥❛t♦r t❤❡♦r② ♣❛♣❡rs ❛♥❞ ❧❛❜ ❡①♣❡r✐♠❡♥ts✱ t❤❡ ♣r♦♣♦rt✐♦♥

♦❢ ♣❛♣❡rs ✉s✐♥❣ t❤❡ ❢✉③③② ❉■❉ ♠❡t❤♦❞ r❛✐s❡s t♦ ✶✾✳✺✪✳ ❋✉③③② ❉■❉ ✐s t❤❡r❡❢♦r❡ ❛ ✈❡r② ♣♦♣✉❧❛r

♠❡t❤♦❞ ❛♠♦♥❣ ❡❝♦♥♦♠✐sts ✉s✐♥❣ r❡❛❧ ✇♦r❧❞ ❞❛t❛ t♦ st✉❞② ❡♠♣✐r✐❝❛❧ q✉❡st✐♦♥s✳
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❚❛❜❧❡ ❙ ✶✿ ❋✉③③② ❉■❉ ♣❛♣❡rs ♣✉❜❧✐s❤❡❞ ✐♥ t❤❡ ❆❊❘ ❜❡t✇❡❡♥ ✷✵✶✵ ❛♥❞ ✷✵✶✷

✷✵✶✵ ✷✵✶✶ ✷✵✶✷ ❚♦t❛❧

★ ♣❛♣❡rs ✉s✐♥❣ t❤❡ ❢✉③③② ❉■❉ ♠❡t❤♦❞ ✺ ✶✺ ✶✹ ✸✹

✪ ♦❢ ♣✉❜❧✐s❤❡❞ ♣❛♣❡rs ✺✳✷✪ ✶✸✳✵✪ ✶✶✳✷✪ ✶✵✳✶✪

✪ ♦❢ ❡♠♣✐r✐❝❛❧ ♣❛♣❡rs✱ ❡①❝❧✉❞✐♥❣ ❧❛❜ ❡①♣❡r✐♠❡♥ts ✶✷✳✽✪ ✷✹✳✻✪ ✶✾✳✷✪ ✶✾✳✼✪

❲❡ ♥♦✇ r❡✈✐❡✇ ❡❛❝❤ ♦❢ t❤❡ ✸✹ ♣❛♣❡rs ♣✉❜❧✐s❤❡❞ ❜② t❤❡ ❆❊❘ ❜❡t✇❡❡♥ ✷✵✶✵ ❛♥❞ ✷✵✶✷ ❛♥❞ ✇❤✐❝❤

✇❡ ✐♥❝❧✉❞❡❞ ✐♥ ♦✉r ❢✉③③② ❉■❉ ❝♦✉♥t✱ ❛♥❞ ❝❛r❡❢✉❧❧② ❥✉st✐❢② ✇❤② t❤❡✐r ♠❡t❤♦❞♦❧♦❣② q✉❛❧✐✜❡s ❛s ❛

❢✉③③② ❉■❉✳ ❋♦r ❡❛❝❤ ♣❛♣❡r✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r❡s❡♥t❛t✐♦♥✿

❚✐t❧❡ ♦❢ t❤❡ ♣❛♣❡r✳ ❲❤❡r❡ t❤❡ ❢✉③③② ❉■❉ ♠❡t❤♦❞ ✐s ✉s❡❞ ✐♥ t❤❡ ♣❛♣❡r✳

❲❤② t❤❡ ♠❡t❤♦❞ ✉s❡❞ ✐♥ t❤❡ ♣❛♣❡r q✉❛❧✐✜❡s ❛s ❛ ❢✉③③② ❉■❉✳

✶✳ P❛t✐❡♥t ❈♦st✲❙❤❛r✐♥❣ ❛♥❞ ❍♦s♣✐t❛❧✐③❛t✐♦♥ ❖✛s❡ts ✐♥ t❤❡ ❊❧❞❡r❧②✳ ❊❧❛st✐❝✐t✐❡s ♦❢

❝❛r❡ ✉s❡ t♦ ❝♦✲♣❛②♠❡♥t ❡st✐♠❛t❡❞ ❛❢t❡r ❚❛❜❧❡s ✷ ❛♥❞ ✸✳

❚❤❡ ❡❧❛st✐❝✐t② ❞✐s❝✉ss❡❞ ❛❢t❡r ❚❛❜❧❡ ✷ ✐s ❡st✐♠❛t❡❞ ❛s t❤❡ r❛t✐♦ ♦❢ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ▼❡❞✐❝❛r❡

r❡❢♦r♠ ♦♥ ✉t✐❧✐③❛t✐♦♥✱ ❞✐✈✐❞❡❞ ❜② t❤❡ ❡✛❡❝t ♦❢ t❤❡ ▼❡❞✐❝❛r❡ r❡❢♦r♠ ♦♥ ❝♦✲♣❛②♠❡♥t✳ ❇♦t❤

❡✛❡❝ts ❛r❡ ❡st✐♠❛t❡❞ t❤r♦✉❣❤ st❛♥❞❛r❞ s❤❛r♣ ❉■❉ s♣❡❝✐✜❝❛t✐♦♥s ✐♥ ❚❛❜❧❡ ✷✳ ❚❤❡r❡❢♦r❡✱

t❤❡ ❡❧❛st✐❝✐t② ❡st✐♠❛t❡ ✐s ❛ ❲❛❧❞✲❉■❉✳ ◆♦t❡ t❤❛t ❡✈❡♥ t❤♦✉❣❤ ❡❧❛st✐❝✐t✐❡s ❞♦ ♥♦t ❛♣♣❡❛r ✐♥

r❡❣r❡ss✐♦♥ t❛❜❧❡s✱ ❡st✐♠❛t✐♥❣ t❤❡♠ ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❣♦❛❧s ♦❢ t❤❡ ♣❛♣❡r✿ ❡❧❛st✐❝✐t② ❡st✐♠❛t❡s

❛r❡ r❡❢❡rr❡❞ t♦ ✐♥ t❤❡ ❛❜str❛❝t✳

✷✳ ❚❤❡ ❊✛❡❝t ♦❢ ▼❡❞✐❝❛r❡ P❛rt ❉ ♦♥ P❤❛r♠❛❝❡✉t✐❝❛❧ Pr✐❝❡s ❛♥❞ ❯t✐❧✐③❛t✐♦♥✳ ❚❛❜❧❡s

✷ ❛♥❞ ✸✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✶✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣r✐❝❡ ♦❢ ❞r✉❣ ❥

❜❡t✇❡❡♥ ✷✵✵✸ ❛♥❞ ✷✵✵✻✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡ ✐s t❤❡ ▼❡❞✐❝❛r❡ ♠❛r❦❡t s❤❛r❡ ❢♦r

❞r✉❣ ❥ ✐♥ ✷✵✵✸✳ ❚❤✐s r❡❣r❡ss✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❛t st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶✱ ✇✐t❤ t✇♦

♣❡r✐♦❞s ✭✷✵✵✸ ❛♥❞ ✷✵✵✻✮✱ ❞r✉❣ ❞✉♠♠✐❡s✱ ❛♥❞ ❛ tr❡❛t♠❡♥t ❡q✉❛❧ t♦ ✵ ✐♥ ✷✵✵✸ ❛♥❞ t♦ t❤❡

▼❡❞✐❝❛r❡ ♠❛r❦❡t s❤❛r❡ ♦❢ ❞r✉❣ ❥ ✐♥ ✷✵✵✸ ✐♥ ✷✵✵✻✳

✸✳ ❚❤❡ ●❡♥❞❡r ❲❛❣❡ ●❛♣ ❛♥❞ ❉♦♠❡st✐❝ ❱✐♦❧❡♥❝❡✳ ❚❛❜❧❡ ✷✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✷✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ❧♦❣ ♦❢ ❢❡♠❛❧❡ ❛ss❛✉❧ts ❛♠♦♥❣

❢❡♠❛❧❡s ♦❢ r❛❝❡ r ✐♥ ❝♦✉♥t② ❝ ✐♥ ②❡❛r t✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ r❛❝❡✱ ②❡❛r✱ ❝♦✉♥t②✱

r❛❝❡ × ②❡❛r✱ r❛❝❡ × ❝♦✉♥t②✱ ❛♥❞ ❝♦✉♥t② × ②❡❛r ❞✉♠♠✐❡s✱ ❛s ✇❡❧❧ ❛s t❤❡ ❣❡♥❞❡r ✇❛❣❡ ❣❛♣

✐♥ ❝♦✉♥t② ❝✱ ②❡❛r t✱ ❛♥❞ r❛❝❡ r✳ ❉✐✛❡r❡♥❝✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ♦♥❡ r❛❝❡ ✭s❛②

✇❤✐t❡ ♣❡♦♣❧❡✮ ②✐❡❧❞s t❤❡ s❛♠❡ r❡❣r❡ss✐♦♥ ❛s t❤❛t ❝♦♥s✐❞❡r❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶✳

✼



✹✳ ■♥❤❡r✐t❡❞ ❚r✉st ❛♥❞ ●r♦✇t❤✳ ❋✐❣✉r❡ ✹ ❛♥❞ ❚❛❜❧❡ ✻✳

❋✐❣✉r❡ ✹ ♣r❡s❡♥ts ❛ r❡❣r❡ss✐♦♥ ♦❢ ❝❤❛♥❣❡s ✐♥ ✐♥❝♦♠❡ ♣❡r ❝❛♣✐t❛ ❢r♦♠ ✶✾✸✺ t♦ ✷✵✵✵ ♦♥ ❝❤❛♥❣❡s

✐♥ ✐♥❤❡r✐t❡❞ tr✉st ♦✈❡r t❤❡ s❛♠❡ ♣❡r✐♦❞ ❛♥❞ ❛ ❝♦♥st❛♥t✳ ❚❤✐s r❡❣r❡ss✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦

t❤❛t ✐♥ ❚❤❡♦r❡♠ ❙✶ ✇✐t❤ ✷ ♣❡r✐♦❞s✱ ❝♦✉♥tr② ❞✉♠♠✐❡s✱ ❛♥❞ ✐♥❤❡r✐t❡❞ tr✉st ❛s t❤❡ tr❡❛t♠❡♥t

✈❛r✐❛❜❧❡✳

✺✳ ■♥❤❡r✐t❛♥❝❡ ▲❛✇ ❛♥❞ ■♥✈❡st♠❡♥t ✐♥ ❋❛♠✐❧② ❋✐r♠s✳ ❚❛❜❧❡ ✼✳

■♥ t❤❡ r❡❣r❡ss✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✼✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡

♦❢ ✜r♠ ❥ ✐♥ ②❡❛r t✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ ✜r♠ ❞✉♠♠✐❡s✱ ❛ ❞✉♠♠② ❢♦r ✇❤❡t❤❡r

②❡❛r t ✐s ❛ s✉❝❝❡ss✐♦♥ ♣❡r✐♦❞ ❢♦r ✜r♠ ❥✱ ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤✐s ❞✉♠♠② ✇✐t❤ t❤❡ ❧❡✈❡❧ ♦❢

✐♥✈❡st♦r ♣r♦t❡❝t✐♦♥ ✐♥ t❤❡ ❝♦✉♥tr② ✇❤❡r❡ ✜r♠ ❥ ✐s ❧♦❝❛t❡❞✳ ❚❤✐s s♣❡❝✐✜❝❛t✐♦♥ ✐s s✐♠✐❧❛r t♦

t❤❛t st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶ ✇✐t❤ t✇♦ ♣❡r✐♦❞s ✭s✉❝❝❡ss✐♦♥ ❛♥❞ ♥♦ s✉❝❝❡ss✐♦♥✮✳

✻✳ ❚r❛❞❡ ▲✐❜❡r❛❧✐③❛t✐♦♥✱ ❊①♣♦rts✱ ❛♥❞ ❚❡❝❤♥♦❧♦❣② ❯♣❣r❛❞✐♥❣✿ ❊✈✐❞❡♥❝❡ ♦♥ t❤❡

■♠♣❛❝t ♦❢ ▼❊❘❈❖❙❯❘ ♦♥ ❆r❣❡♥t✐♥✐❛♥ ❋✐r♠s✳ ❚❛❜❧❡s ✸ t♦ ✶✷✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✶✶✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ❝❤❛♥❣❡ ✐♥ ❡①♣♦rt✐♥❣ st❛t✉s ♦❢

✜r♠ ✐ ✐♥ s❡❝t♦r ❥ ❜❡t✇❡❡♥ ✶✾✾✷ ❛♥❞ ✶✾✾✻✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡ ✐s t❤❡ ❝❤❛♥❣❡ ✐♥

tr❛❞❡ t❛r✐✛s ✐♥ ❇r❛s✐❧ ❢♦r ♣r♦❞✉❝ts ✐♥ s❡❝t♦r ❥ ♦✈❡r t❤❡ s❛♠❡ ♣❡r✐♦❞✳ ❚❤✐s r❡❣r❡ss✐♦♥ ✐s

❡q✉✐✈❛❧❡♥t t♦ t❤❛t st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶✳

✼✳ ❯s✐♥❣ ▲♦♦♣❤♦❧❡s t♦ ❘❡✈❡❛❧ t❤❡ ▼❛r❣✐♥❛❧ ❈♦st ♦❢ ❘❡❣✉❧❛t✐♦♥✿ ❚❤❡ ❈❛s❡ ♦❢ ❋✉❡❧✲

❊❝♦♥♦♠② ❙t❛♥❞❛r❞s✳ ❚❛❜❧❡ ✺ ❝♦❧✉♠♥ ✷✳

■♥ t❤❡ r❡❣r❡ss✐♦♥ ✐♥ ❚❛❜❧❡ ✺ ❝♦❧✉♠♥ ✭✷✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s ❛ ❞✉♠♠② ❢♦r ✇❤❡t❤❡r

❛ ❝❛r s♦❧❞ ✐s ❛ ✢❡①✐❜❧❡ ❢✉❡❧ ✈❡❤✐❝❧❡✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ st❛t❡ ❛♥❞ ♠♦♥t❤

❞✉♠♠✐❡s✱ ❛♥❞ t❤❡ ♣❡r❝❡♥t ❡t❤❛♥♦❧ ❛✈❛✐❧❛❜✐❧✐t② ✐♥ ❡❛❝❤ ♠♦♥t❤ × st❛t❡✳ ❚❤✐s r❡❣r❡ss✐♦♥ ✐s

t❤❡ s❛♠❡ ❛s t❤❛t ❝♦♥s✐❞❡r❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶✳

✽✳ ❲❤❛t ❉♦ ❚r❛❞❡ ◆❡❣♦t✐❛t♦rs ◆❡❣♦t✐❛t❡ ❆❜♦✉t❄ ❊♠♣✐r✐❝❛❧ ❊✈✐❞❡♥❝❡ ❢r♦♠ t❤❡

❲♦r❧❞ ❚r❛❞❡ ❖r❣❛♥✐③❛t✐♦♥✳ ❚❛❜❧❡ ✸✱ ❖▲❙ ❝♦❧✉♠♥s✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥s ✭✶✺❛✮ ❛♥❞ ✭✶✺❜✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ❛❞ ✈❛❧♦r❡♠ t❛r✐✛

❧❡✈❡❧ ❜♦✉♥❞ ❜② ❝♦✉♥tr② ❝ ♦♥ ♣r♦❞✉❝t ❣✱ ✇❤✐❧❡ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ ❝♦✉♥tr② ❛♥❞

♣r♦❞✉❝t ✜①❡❞ ❡✛❡❝ts✱ ❛♥❞ t✇♦ tr❡❛t♠❡♥t ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ✈❛r② ❛t t❤❡ ❝♦✉♥tr② × ♣r♦❞✉❝t

❧❡✈❡❧✳ ❚❤❡s❡ r❡❣r❡ss✐♦♥s ❛r❡ t❤❡r❡❢♦r❡ t❤❡ s❛♠❡ ❛s t❤❛t ❝♦♥s✐❞❡r❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶✱ ❡①❝❡♣t

t❤❛t t❤❡② ❤❛✈❡ t✇♦ tr❡❛t♠❡♥t ✈❛r✐❛❜❧❡s✳

✾✳ ●r♦✉♣ ❙✐③❡ ❛♥❞ ■♥❝❡♥t✐✈❡s t♦ ❈♦♥tr✐❜✉t❡✿ ❆ ◆❛t✉r❛❧ ❊①♣❡r✐♠❡♥t ❛t ❈❤✐♥❡s❡

❲✐❦✐♣❡❞✐❛✳ ❚❛❜❧❡s ✸ ❛♥❞ ✹✱ ❝♦❧✉♠♥s ✹✲✻✳

■♥ t❤❡ r❡❣r❡ss✐♦♥ ✐♥✱ s❛②✱ ❚❛❜❧❡ ✸ ❝♦❧✉♠♥ ✭✹✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢

❝♦♥tr✐❜✉t✐♦♥s t♦ ❲✐❦✐♣❡❞✐❛ ❜② ✐♥❞✐✈✐❞✉❛❧ ✐ ❛t ♣❡r✐♦❞ t✱ r❡❣r❡ss❡❞ ♦♥ ✐♥❞✐✈✐❞✉❛❧ ✜①❡❞ ❡✛❡❝ts✱

❛ ❞✉♠♠② ❢♦r ✇❤❡t❤❡r ♣❡r✐♦❞ t ✐s ❛❢t❡r t❤❡ ❲✐❦✐♣❡❞✐❛ ❜❧♦❝❦✱ ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤✐s

✽



❞✉♠♠② ❛♥❞ ❛ ♠❡❛s✉r❡ ♦❢ s♦❝✐❛❧ ♣❛rt✐❝✐♣❛t✐♦♥ ❜② ✐♥❞✐✈✐❞✉❛❧ ✐✳ ❚❤✐s r❡❣r❡ss✐♦♥ ✐s t❤❡ s❛♠❡

❛s t❤❛t ❝♦♥s✐❞❡r❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶ ✭tr❡❛t♠❡♥t ✐s ❡q✉❛❧ t♦ ✵ ❜❡❢♦r❡ t❤❡ ❜❧♦❝❦✱ ❛♥❞ t♦ s♦❝✐❛❧

♣❛rt✐❝✐♣❛t✐♦♥ ❛❢t❡r ✐t✮✳

✶✵✳ P❛♥✐❝ ♦♥ t❤❡ ❙tr❡❡ts ♦❢ ▲♦♥❞♦♥✿ P♦❧✐❝❡✱ ❈r✐♠❡✱ ❛♥❞ t❤❡ ❏✉❧② ✷✵✵✺ ❚❡rr♦r

❆tt❛❝❦s✳ ❚❛❜❧❡ ✷✱ P❛♥❡❧ ❈✱ ❈♦❧✉♠♥s ✸✲✹✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✼✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s ❝❤❛♥❣❡ ✐♥ ❝r✐♠❡ r❛t❡s ❜❡t✇❡❡♥ ✇❡❡❦ t

❛♥❞ t❤❡ s❛♠❡ ✇❡❡❦ ♦♥❡ ②❡❛r ❛❣♦ ✐♥ ❜♦r♦✉❣❤ ❜✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ ❛ ❞✉♠♠②

❢♦r ✇❤❡t❤❡r ✇❡❡❦ t ✐s ❛r♦✉♥❞ t❤❡ t❡rr♦r✐st ❛tt❛❝❦s ✐♥ ▲♦♥❞♦♥✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦❧✐❝❡

❢♦r❝❡s ✐♥ ❜♦r♦✉❣❤ ❜ ✐♥ ✇❡❡❦ t✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ t✐♠❡ ❞✉♠♠② ❛♥❞ ♦❢ ✇❤❡t❤❡r ❜♦r♦✉❣❤

❜ ❜❡❧♦♥❣s t♦ ❚❤❡s❡✉s ♦♣❡r❛t✐♦♥ ✐s ✉s❡❞ ❛s t❤❡ ❡①❝❧✉❞❡❞ ✐♥str✉♠❡♥t ❢♦r ♣♦❧✐❝❡ ❢♦r❝❡s✳ ❚❤✐s

r❡❣r❡ss✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❛t st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✷ ✭❜♦r♦✉❣❤ ✜①❡❞ ❡✛❡❝ts ❞✐s❛♣♣❡❛r

❜❡❝❛✉s❡ ♦❢ t❤❡ ✜rst ❞✐✛❡r❡♥❝✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r❡✈✐♦✉s ②❡❛r✱ s♦♠❡t❤✐♥❣ t❤❡ ❛✉t❤♦rs

❞♦ t♦ ❝♦♥tr♦❧ ❢♦r s❡❛s♦♥❛❧✐t②✮✳

✶✶✳ ❚❤❡ ■♠♣❛❝t ♦❢ ❘❡❣✉❧❛t✐♦♥s ♦♥ t❤❡ ❙✉♣♣❧② ❛♥❞ ◗✉❛❧✐t② ♦❢ ❈❛r❡ ✐♥ ❈❤✐❧❞ ❈❛r❡

▼❛r❦❡ts✳ ❚❛❜❧❡ ✼✱ ❈♦❧✉♠♥s ✹ ❛♥❞ ✺✳

■♥ ❘❡❣r❡ss✐♦♥ ❊q✉❛t✐♦♥ ✭✶✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ♦✉t❝♦♠❡ ❢♦r ♠❛r❦❡t ♠ ✐♥ st❛t❡

s ✐♥ ②❡❛r t✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ st❛t❡ ❛♥❞ ②❡❛r ✜①❡❞ ❡✛❡❝ts ❛♥❞ ❛ ♠❡❛s✉r❡ ♦❢

r❡❣✉❧❛t✐♦♥s ✐♥ st❛t❡ s ✐♥ ②❡❛r t✳ ❚❤✐s r❡❣r❡ss✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❛t ❝♦♥s✐❞❡r❡❞ ✐♥ ❚❤❡♦r❡♠

❙✶✳

✶✷✳ ❍♦✉s❡ Pr✐❝❡s✱ ❍♦♠❡ ❊q✉✐t②✲❇❛s❡❞ ❇♦rr♦✇✐♥❣✱ ❛♥❞ t❤❡ ❯❙ ❍♦✉s❡❤♦❧❞ ▲❡✈❡r❛❣❡

❈r✐s✐s✳ ❚❛❜❧❡s ✷ ❛♥❞ ✸✳

❘❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥s ✭✶✮ ❛♥❞ ✭✷✮ ❛r❡ r❡s♣❡❝t✐✈❡❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ s❡❝♦♥❞ ❛♥❞ ✜rst st❛❣❡s ♦❢

t❤❡ ✷❙▲❙ r❡❣r❡ss✐♦♥ st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✷✳ ❍❡r❡✱ ❡✈❡r②t❤✐♥❣ ✐s ✐♥ ✜rst ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥

✷✵✵✻ ❛♥❞ ✷✵✵✷✳ ■♥ ❚❤❡♦r❡♠ ❙✷ ✇❡ ❝♦♥s✐❞❡r t❤❡ r❡❣r❡ss✐♦♥ ✐♥ ❧❡✈❡❧s ❜✉t ✇✐t❤ ✜①❡❞ ❡✛❡❝ts

s♦ t❤❡ t✇♦ s♣❡❝✐✜❝❛t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ■♥ ❧❡✈❡❧s✱ t❤❡ ✐♥str✉♠❡♥t ✇♦✉❧❞ ❜❡ t❤❡ ❡❧❛st✐❝✐t②

✐♥t❡r❛❝t❡❞ ✇✐t❤ t❤❡ ②❡❛r ✷✵✵✻✳

✶✸✳ ❙t❛t❡ ▼✐s❛❧❧♦❝❛t✐♦♥ ❛♥❞ ❍♦✉s✐♥❣ Pr✐❝❡s✿ ❚❤❡♦r② ❛♥❞ ❊✈✐❞❡♥❝❡ ❢r♦♠ ❈❤✐♥❛✳

❚❛❜❧❡ ✺✱ P❛♥❡❧ ❆✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✶✺✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ q✉❛♥t✐t② ♦❢ ❤♦✉s✐♥❣

s❡r✈✐❝❡s ✐♥ ❤♦✉s❡❤♦❧❞ ✐✬s r❡s✐❞❡♥❝❡ ✐♥ ②❡❛r t✱ ✇❤✐❧❡ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ ❛ ❞✉♠♠② ❢♦r

♣❡r✐♦❞ t ❜❡✐♥❣ ❛❢t❡r t❤❡ r❡❢♦r♠✱ ❛ ♠❡❛s✉r❡ ♦❢ ♠✐s♠❛t❝❤ ✐♥ ❤♦✉s❡❤♦❧❞ ✐✱ ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥

♦❢ t❤❡ ♠❡❛s✉r❡ ♦❢ ♠✐s♠❛t❝❤ ❛♥❞ t❤❡ t✐♠❡ ❞✉♠♠②✳ ❚❤✐s s♣❡❝✐✜❝❛t✐♦♥ ❛❧♠♦st ♣❡r❢❡❝t❧②

❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❛t st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶✱ ❡①❝❡♣t t❤❛t ✐t ❤❛s ❛ ♠❡❛s✉r❡ ❛ ♠✐s♠❛t❝❤ ✐♥

❤♦✉s❡❤♦❧❞ ✐ ✐♥st❡❛❞ ♦❢ ❤♦✉s❡❤♦❧❞ ✜①❡❞ ❡✛❡❝ts✳ ■❢ t❤❡ ♠✐s♠❛t❝❤ ♠❡❛s✉r❡ ❝❛♥ t❛❦❡ ♦♥❧② t✇♦

✈❛❧✉❡s✱ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ✐♥t❡r❡st α1 ✐s ❡q✉❛❧ t♦ t❤❡ ❉■❉ ♦❢ t❤❡

✾



♦✉t❝♦♠❡ ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ r❡❢♦r♠ ❛♥❞ ❛❝r♦ss t❤❡ t✇♦ ❣r♦✉♣s ♦❢ ❤♦✉s❡❤♦❧❞s✱ ❞✐✈✐❞❡❞ ❜②

t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✈❛❧✉❡ ♦❢ ♠✐s♠❛t❝❤ ✐♥ t❤❡s❡ t✇♦ ❣r♦✉♣s✳

✶✹✳ ❚❤❡ ❋✉♥❞❛♠❡♥t❛❧ ▲❛✇ ♦❢ ❘♦❛❞ ❈♦♥❣❡st✐♦♥✿ ❊✈✐❞❡♥❝❡ ❢r♦♠ ❯❙ ❈✐t✐❡s✳ ❚❛❜❧❡ ✺✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✹✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ❝❤❛♥❣❡ ✐♥ ✈❡❤✐❝❧❡ ❦✐❧♦♠❡t❡rs

tr❛✈❡❧❡❞ ✐♥ ▼❙❆ s ❜❡t✇❡❡♥ ♣❡r✐♦❞s t ❛♥❞ t✲✶✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡ ✐s t❤❡ ❝❤❛♥❣❡

✐♥ ❦✐❧♦♠❡t❡rs ♦❢ r♦❛❞s ✐♥ ▼❙❆ s ❜❡t✇❡❡♥ ♣❡r✐♦❞s t ❛♥❞ t✲✶✳ ❚❤✐s r❡❣r❡ss✐♦♥ ✐s ❛❧♠♦st

❡q✉✐✈❛❧❡♥t t♦ t❤❛t ❝♦♥s✐❞❡r❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶✱ ❡①❝❡♣t t❤❛t ✐t ❞♦❡s ♥♦t ❤❛✈❡ t✐♠❡ s♣❡❝✐✜❝

❝♦♥st❛♥ts✳ ❚❤❡ t✇♦ r❡❣r❡ss✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t ✐❢ t❤❡ ❡✛❡❝t ♦❢ t✐♠❡ ♦♥ t❤❡ ♦✉t❝♦♠❡ ✐s ❧✐♥❡❛r✳

■❢ t❤❛t ✐s t❤❡ ❝❛s❡✱ t❤❡ ✜rst ❞✐✛❡r❡♥❝❡s ♦❢ t❤❡ t✐♠❡ ❡✛❡❝ts ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✐♥ ❧❡✈❡❧s δt − δt−1

❛r❡ ❡q✉❛❧ t♦ ❡❛❝❤ ♦t❤❡r✱ s♦ ❡st✐♠❛t✐♥❣ t❤❡ ✜rst✲❞✐✛❡r❡♥❝❡ r❡❣r❡ss✐♦♥ ✇✐t❤ ❥✉st ♦♥❡ ❝♦♥st❛♥t

♦r ✇✐t❤ t✐♠❡ s♣❡❝✐✜❝ ❝♦♥st❛♥ts ✇✐❧❧ ②✐❡❧❞ t❤❡ s❛♠❡ r❡s✉❧t✳

✶✺✳ ❚❤❡ ❈♦♥s❡q✉❡♥❝❡s ♦❢ ❘❛❞✐❝❛❧ ❘❡❢♦r♠✿ ❚❤❡ ❋r❡♥❝❤ ❘❡✈♦❧✉t✐♦♥✳ ❚❛❜❧❡ ✸✳

■♥ ❊q✉❛t✐♦♥ ✭✶✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s ✉r❜❛♥✐③❛t✐♦♥ ✐♥ ♣♦❧✐t② ❥ ❛t t✐♠❡ t✱ ✇❤✐❧❡ t❤❡

❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ t✐♠❡ ❛♥❞ ♣♦❧✐t② ❞✉♠♠✐❡s✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ②❡❛rs ♦❢ ❋r❡♥❝❤

♣r❡s❡♥❝❡ ✐♥ ♣♦❧✐t② ❥ ✐♥t❡r❛❝t❡❞ ✇✐t❤ t❤❡ t✐♠❡ ❡✛❡❝ts✳ ❚❤✐s r❡❣r❡ss✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❛t

st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶✳

✶✻✳ ❙❝❤♦♦❧ ❉❡s❡❣r❡❣❛t✐♦♥✱ ❙❝❤♦♦❧ ❈❤♦✐❝❡✱ ❛♥❞ ❈❤❛♥❣❡s ✐♥ ❘❡s✐❞❡♥t✐❛❧ ▲♦❝❛t✐♦♥

P❛tt❡r♥s ❜② ❘❛❝❡✳

❚❛❜❧❡ ✻✳ ■♥ t❤❡ r❡❣r❡ss✐♦♥ ♣r❡s❡♥t❡❞ ✐♥✱ s❛②✱ t❤❡ ✜rst ❝♦❧✉♠♥ ♦❢ ❚❛❜❧❡ ✻✱ t❤❡ ❞❡♣❡♥❞❡♥t

✈❛r✐❛❜❧❡ ✐s ❡♥r♦❧♠❡♥t ✐♥ s❝❤♦♦❧s ♦❢ ▼❙❆ ❥ ✐♥ ②❡❛r t✱ ✇❤✐❧❡ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡

t✐♠❡ ❛♥❞ ▼❙❆ ❡✛❡❝ts ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞✐ss✐♠✐❧❛r✐t② ✐♥❞❡① ♦❢ s❝❤♦♦❧s ✐♥ ▼❙❆ ❥ ✐♥ ②❡❛r

t✳ ❚❤❡ ❡①❝❧✉❞❡❞ ✐♥str✉♠❡♥t ❢♦r t❤❡ ❞✐ss✐♠✐❧❛r✐t② ✐♥❞❡① ✐s ❛ ❞✉♠♠② ❢♦r ✇❤❡t❤❡r ✐♥ ♣❡r✐♦❞

t✱ t❤❡ ▼❙❆ ✇❛s ❞❡s❡❣r❡❣❛t❡❞✳ ❚❤✐s r❡❣r❡ss✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❛t st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✷✳

✶✼✳ ❚❤❡ ❊✛❡❝ts ♦❢ ❘✉r❛❧ ❊❧❡❝tr✐✜❝❛t✐♦♥ ♦♥ ❊♠♣❧♦②♠❡♥t✿ ◆❡✇ ❊✈✐❞❡♥❝❡ ❢r♦♠ ❙♦✉t❤

❆❢r✐❝❛✳ ❚❛❜❧❡s ✹ ❛♥❞ ✺ ❝♦❧✉♠♥s ✺✲✽✱ ❚❛❜❧❡ ✽ ❝♦❧✉♠♥s ✸✲✹✱ ❚❛❜❧❡ ✾ ❝♦❧✉♠♥ ✷✱ ❛♥❞ ❚❛❜❧❡

✶✵ ❝♦❧✉♠♥s ✷✱ ✹✱ ❛♥❞ ✻✳

❘❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥s ✭✸✮ ❛♥❞ ✭✹✮ ❛r❡ r❡s♣❡❝t✐✈❡❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ s❡❝♦♥❞ ❛♥❞ ✜rst st❛❣❡s ♦❢

t❤❡ ✷❙▲❙ r❡❣r❡ss✐♦♥ st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✷✳ ❍❡r❡✱ ❡✈❡r②t❤✐♥❣ ✐s ✐♥ ✜rst ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥

t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ ✇❛✈❡ ♦❢ t❤❡ ♣❛♥❡❧✳ ■♥ ❚❤❡♦r❡♠ ❙✷ ✇❡ ❝♦♥s✐❞❡r t❤❡ r❡❣r❡ss✐♦♥ ✐♥

❧❡✈❡❧s ❜✉t ✇✐t❤ ✜①❡❞ ❡✛❡❝ts s♦ t❤❡ t✇♦ s♣❡❝✐✜❝❛t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ■♥ ❚❤❡♦r❡♠ ❙✷✱ t❤❡

✐♥str✉♠❡♥t ✇♦✉❧❞ ❜❡ t❤❡ ❧❛♥❞ ❣r❛❞✐❡♥t Zj ✐♥t❡r❛❝t❡❞ ✇✐t❤ ❛ ❞✉♠♠② ❢♦r t❤❡ s❡❝♦♥❞ ✇❛✈❡

♦❢ t❤❡ ♣❛♥❡❧✳

✶✽✳ ▼❡❞✐❛ ❛♥❞ P♦❧✐t✐❝❛❧ P❡rs✉❛t✐♦♥✿ ❊✈✐❞❡♥❝❡ ❢r♦♠ ❘✉ss✐❛✳ ❚❛❜❧❡ ✸✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✺✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ s❤❛r❡ ♦❢ ✈♦t❡s ❢♦r ♣❛rt② ❥ ✐♥ ②❡❛r

t ❛♥❞ s✉❜r❡❣✐♦♥ s✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ s✉❜r❡❣✐♦♥ ❛♥❞ t✐♠❡ ❡✛❡❝ts✱ ❛♥❞ t❤❡

✶✵



◆❚❱ ❛✉❞✐❡♥❝❡ ✐♥ s✉❜r❡❣✐♦♥ s ✐♥ ♣❡r✐♦❞ t✳ ❚❤✐s r❡❣r❡ss✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❛t st✉❞✐❡❞ ✐♥

❚❤❡♦r❡♠ ❙✶✳

✶✾✳ ❉②♥❛♠✐❝ ■♥❡✣❝✐❡♥❝✐❡s ✐♥ ❛♥ ❊♠♣❧♦②♠❡♥t✲❇❛s❡❞ ❍❡❛❧t❤ ■♥s✉r❛♥❝❡ ❙②st❡♠✿

❚❤❡♦r② ❛♥❞ ❊✈✐❞❡♥❝❡✳ ❚❛❜❧❡s ✷✱ ✸✱ ✺✱ ❛♥❞ ✻✱ ❈♦❧✉♠♥ ✸✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✼✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ❤❡❛❧t❤ ❡①♣❡♥❞✐t✉r❡s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❥

✇♦r❦✐♥❣ ✐♥ ✐♥❞✉str② ✐ ✐♥ ♣❡r✐♦❞ t ❛♥❞ r❡❣✐♦♥ r✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ ✐♥❞✐✈✐❞✉❛❧

❡✛❡❝ts✱ r❡❣✐♦♥ s♣❡❝✐✜❝ t✐♠❡ ❡✛❡❝ts✱ ❛♥❞ t❤❡ ❥♦❜ t❡♥✉r❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❥✳ ❚❤❡ ❞❡❛t❤ r❛t❡ ♦❢

❡st❛❜❧✐s❤♠❡♥ts ✐♥ ✐♥❞✉str② ✐ ✐♥ ♣❡r✐♦❞ t ❛♥❞ r❡❣✐♦♥ r ✐s ✉s❡❞ ❛s ❛♥ ✐♥str✉♠❡♥t ❢♦r t❤❡ ❥♦❜

t❡♥✉r❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❥✳ ❲✐t❤✐♥ ❡❛❝❤ r❡❣✐♦♥✱ t❤❡ r❡❣r❡ss✐♦♥ ❤❛s t✐♠❡ ❡✛❡❝ts ❛♥❞ ✐♥❞✐✈✐❞✉❛❧

❡✛❡❝ts✱ ❛♥❞ ❛♥ ✐♥str✉♠❡♥t ✈❛r②✐♥❣ ♦♥❧② ❛❝r♦ss ✐♥❞✉str② × ♣❡r✐♦❞s ❝❡❧❧s✳ ❊✈❡♥ t❤♦✉❣❤ t❤✐s

✐♥str✉♠❡♥t ❞♦❡s ♥♦t ❤❛✈❡ t❤❡ ❡①❛❝t s❛♠❡ ❢♦r♠ ❛s t❤❛t ✐♥ t❤❡ r❡❣r❡ss✐♦♥ st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠

❙✷✱ t❤❡s❡ t✇♦ r❡❣r❡ss✐♦♥s ❛r❡ ❝❧♦s❡✳

✷✵✳ ❚❤❡ ❊✛❡❝t ♦❢ ◆❡✇s♣❛♣❡r ❊♥tr② ❛♥❞ ❊①✐t ♦♥ ❊❧❡❝t♦r❛❧ P♦❧✐t✐❝s✳ ❚❛❜❧❡s ✷ ❛♥❞ ✸✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✶✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s✱ s❛②✱ ✈♦t❡r t✉r♥♦✉t ✐♥ ❝♦✉♥t② ❝ ✐♥

❡❧❡❝t✐♦♥ ②❡❛r t✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ ❝♦✉♥t② ✜①❡❞ ❡✛❡❝ts✱ st❛t❡✲②❡❛r ❡✛❡❝ts✱

❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✇s♣❛♣❡rs ✐♥ ❝♦✉♥t② ❝ ✐♥ ②❡❛r t✳ ❲✐t❤✐♥ ❡❛❝❤ st❛t❡✱ t❤✐s r❡❣r❡ss✐♦♥ ✐s

t❤❡ s❛♠❡ ❛s t❤❛t st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶ ✭✇✐t❤✐♥ ❡❛❝❤ st❛t❡✱ st❛t❡✲②❡❛r ❡✛❡❝ts ❜❡❝♦♠❡ ②❡❛r

❡✛❡❝ts✮✳

✷✶✳ ❆♠❡r✐❝❛♥s ❉♦ ■❚ ❇❡tt❡r✿ ❯❙ ▼✉❧t✐♥❛t✐♦♥❛❧s ❛♥❞ t❤❡ Pr♦❞✉❝t✐✈✐t② ▼✐r❛❝❧❡✳

❚❛❜❧❡ ✷✱ ❈♦❧✉♠♥s ✻✲✽✳

■♥ t❤❡ r❡❣r❡ss✐♦♥ ✐♥✱ s❛②✱ ❝♦❧✉♠♥ ✻ ♦❢ ❚❛❜❧❡ ✷✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ❧♦❣ ♦❢ ♦✉t♣✉t

♣❡r ✇♦r❦❡r ✐♥ ✜r♠ ✐ ✐♥ ♣❡r✐♦❞ t✱ ✇❤✐❧❡ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ ✜r♠s ❛♥❞ t✐♠❡ ✜①❡❞

❡✛❡❝ts✱ ❛♥❞ t❤❡ ❧♦❣ ♦❢ t❤❡ ❛♠♦✉♥t ♦❢ ■❚ ❝❛♣✐t❛❧ ♣❡r ❡♠♣❧♦②❡❡ ✭ln(C/L)✮ ❛s ✇❡❧❧ ❛s t❤❡

✐♥t❡r❛❝t✐♦♥ ♦❢ ln(C/L) ❛♥❞ ❛ ❞✉♠♠② ❢♦r ✇❤❡t❤❡r t❤❡ ✜r♠ ✐s ♦✇♥❡❞ ❜② ❛ ❯❙ ♠✉❧t✐♥❛t✐♦♥❛❧✳

❚❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ln(C/L) ✐s ❡q✉❛❧ t♦ t❤❡ s❛♠❡ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ ❲❛❧❞✲❉■❉s ❛s t❤❡

❝♦❡✣❝✐❡♥t ❝♦♥s✐❞❡r❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶✱ ✇✐t❤✐♥ t❤❡ s❛♠♣❧❡ ♦❢ ✜r♠s ✇❤✐❝❤ ❛r❡ ♥♦t ♦✇♥❡❞ ❜② ❛

❯❙ ♠✉❧t✐♥❛t✐♦♥❛❧✳ ❚❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ✐s ❡q✉❛❧ t♦ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤✐s

✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ✐♥ t❤❡ s❛♠♣❧❡ ♦❢ ✜r♠s ♦✇♥❡❞ ❜② ❛ ❯❙ ♠✉❧t✐♥❛t✐♦♥❛❧✱ ❛♥❞ ✐♥ t❤❡ s❛♠♣❧❡

♦❢ t❤♦s❡ ♥♦t ♦✇♥❡❞ ❜② ❛ ❯❙ ♠✉❧t✐♥❛t✐♦♥❛❧✳

✷✷✳ ❙t❛♥❞❛r❞ ❙❡tt✐♥❣ ❈♦♠♠✐tt❡❡s✿ ❈♦♥s❡♥s✉s ●♦✈❡r♥❛♥❝❡ ❢♦r ❙❤❛r❡❞ ❚❡❝❤♥♦❧♦❣②

P❧❛t❢♦r♠s✳ ❚❛❜❧❡ ✹✱ ❝♦❧✉♠♥s ✶✲✸✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✺✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t✐♠❡ t♦ ❝♦♥s❡♥s✉s ❢♦r

♣r♦❥❡❝t ✐ s✉❜♠✐tt❡❞ t♦ ❝♦♠♠✐tt❡❡ ❥✱ ✇❤✐❧❡ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ ❛ ❞✉♠♠② ❢♦r

♣r♦❥❡❝ts s✉❜♠✐tt❡❞ t♦ t❤❡ st❛♥❞❛r❞s tr❛❝❦✱ ❛ ♠❡❛s✉r❡ ♦❢ ❞✐str✐❜✉t✐♦♥❛❧ ❝♦♥✢✐❝t✱ ❛♥❞ t❤❡

✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞s tr❛❝❦ ❛♥❞ ❞✐str✐❜✉t✐♦♥❛❧ ❝♦♥✢✐❝t✳ ❚❤✐s s♣❡❝✐✜❝❛t✐♦♥ ❛❧♠♦st

❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❛t st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶✱ ❡①❝❡♣t t❤❛t ✐t ❤❛s ❛ ♠❡❛s✉r❡ ♦❢ ❞✐str✐❜✉t✐♦♥❛❧

✶✶



❝♦♥✢✐❝t ✐♥st❡❛❞ ♦❢ ❝♦♠♠✐tt❡❡ ✜①❡❞ ❡✛❡❝ts✳ ■❢ t❤❡ ♠❡❛s✉r❡ ♦❢ ❞✐str✐❜✉t✐♦♥❛❧ ❝♦♥✢✐❝t ❝❛♥ t❛❦❡

♦♥❧② t✇♦ ✈❛❧✉❡s✱ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ✐♥t❡r❡st τ ✐s ❡q✉❛❧ t♦ t❤❡ ❉■❉ ♦❢

t❤❡ ♦✉t❝♦♠❡ ❛❝r♦ss t❤❡ st❛♥❞❛r❞s ❛♥❞ ♥♦♥✲st❛♥❞❛r❞s tr❛❝❦ ❛♥❞ t❤❡ ❧♦✇ ❛♥❞ ❤✐❣❤ ✈❛❧✉❡ ♦❢

❞✐str✐❜✉t✐♦♥❛❧ ❝♦♥✢✐❝t✱ ❞✐✈✐❞❡❞ ❜② t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✈❛❧✉❡ ♦❢ ❞✐str✐❜✉t✐♦♥❛❧ ❝♦♥✢✐❝t

✐♥ t❤❡s❡ t✇♦ ❣r♦✉♣s✳

✷✸✳ ❈♦♠♣✉❧s♦r② ▲✐❝❡♥s✐♥❣✿ ❊✈✐❞❡♥❝❡ ❢r♦♠ t❤❡ ❚r❛❞✐♥❣ ✇✐t❤ t❤❡ ❊♥❡♠② ❆❝t✳ ❚❛❜❧❡

✷✱ ❝♦❧✉♠♥s ✸✲✽✳

■♥ t❤❡ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ■■■✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡

♥✉♠❜❡r ♦❢ ♣❛t❡♥ts ❜② ❯❙ ✐♥✈❡♥t♦rs ✐♥ ♣❛t❡♥t ❝❧❛ss ❝ ❛t ♣❡r✐♦❞ t✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r②

✈❛r✐❛❜❧❡s ❛r❡ ♣❛t❡♥t ❝❧❛ss ❛♥❞ t✐♠❡ ✜①❡❞ ❡✛❡❝ts✱ ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ♣❡r✐♦❞ t ❜❡✐♥❣ ❛❢t❡r

t❤❡ tr❛❞✐♥❣ ✇✐t❤ t❤❡ ❡♥❡♠② ❛❝t ❛♥❞ ❛ ♠❡❛s✉r❡ ♦❢ tr❡❛t♠❡♥t ✐♥t❡♥s✐t②✳ ❚❤❡r❡❢♦r❡✱ t❤✐s

r❡❣r❡ss✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❛t ✐♥ ❚❤❡♦r❡♠ ❙✶ ✭tr❡❛t♠❡♥t ✐s ❡q✉❛❧ t♦ ✵ ❜❡❢♦r❡ t❤❡ ❛❝t✮✳

✷✹✳ ❚❤❡ ■♥t❡r♥❡t ❛♥❞ ▲♦❝❛❧ ❲❛❣❡s✿ ❆ P✉③③❧❡✳ ❚❛❜❧❡s ✷ ❛♥❞ ✹✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✶✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❧♦❣ ✇❛❣❡s

✐♥ ✷✵✵✵ ❛♥❞ ✶✾✾✺ ✐♥ ❝♦✉♥t② ✐✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡ ✐s t❤❡ ❡①t❡♥t ♦❢ ❛❞✈❛♥❝❡❞

■♥t❡r♥❡t ✐♥✈❡st♠❡♥t ❜② ❜✉s✐♥❡ss❡s ✐♥ ❝♦✉♥t② ✐ ✐♥ ✷✵✵✵✳ ❚❤✐s r❡❣r❡ss✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦

t❤❛t ✐♥ ❚❤❡♦r❡♠ ❙✶✳ ❚❛❜❧❡ ✹ ♣r❡s❡♥ts r❡❣r❡ss✐♦♥s ✇❤❡r❡ ❛❞✈❛♥❝❡❞ ✐♥t❡r♥❡t ✐♥✈❡st♠❡♥t

✐s ✐♥str✉♠❡♥t❡❞ ❜② ❛ ❝♦✉♥t② ❧❡✈❡❧ ✈❛r✐❛❜❧❡✳ ❚❤❡s❡ r❡❣r❡ss✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❛t ✐♥

❚❤❡♦r❡♠ ❙✷✳

✷✺✳ ❊st✐♠❛t✐♥❣ t❤❡ P❡❛❝❡ ❉✐✈✐❞❡♥❞✿ ❚❤❡ ■♠♣❛❝t ♦❢ ❱✐♦❧❡♥❝❡ ♦♥ ❍♦✉s❡ Pr✐❝❡s ✐♥

◆♦rt❤❡r♥ ■r❡❧❛♥❞✳ ❚❛❜❧❡ ✶✱ ❝♦❧✉♠♥s ✸ ❛♥❞ ✺✲✼✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✶✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ♣r✐❝❡ ♦❢ ❤♦✉s❡s ✐♥ r❡❣✐♦♥ r ❛t t✐♠❡

t✱ ✇❤✐❧❡ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ✐♥❝❧✉❞❡ r❡❣✐♦♥ ❛♥❞ t✐♠❡ ✜①❡❞ ❡✛❡❝ts✱ ❛♥❞ t❤❡ ♥✉♠❜❡rs

♦❢ ♣❡♦♣❧❡ ❦✐❧❧❡❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❝✐✈✐❧ ✇❛r ✐♥ r❡❣✐♦♥ r ❛t t✐♠❡ t✲✶✳ ❚❤✐s r❡❣r❡ss✐♦♥ ✐s t❤❡ s❛♠❡

❛s t❤❛t st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶✳

✷✻✳ P❛②✐♥❣ ❛ Pr❡♠✐✉♠ ♦♥ ❨♦✉r Pr❡♠✐✉♠❄ ❈♦♥s♦❧✐❞❛t✐♦♥ ✐♥ t❤❡ ❯❙ ❍❡❛❧t❤ ■♥s✉r✲

❛♥❝❡ ■♥❞✉str②✳ ❚❛❜❧❡s ✷ ❛♥❞ ✺✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✶✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ❧♦❣ ♣r❡♠✐✉♠ ❢♦r

❡♠♣❧♦②❡r ❡ ✐♥ ♠❛r❦❡t ♠ ✐♥ ②❡❛r t✱ ❛♥❞ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ t✐♠❡ ❛♥❞ ♠❛r❦❡t ❡✛❡❝ts✱

❛♥❞ t❤❡ ❝❤❛♥❣❡ ✐♥ ✈❛r✐♦✉s tr❡❛t♠❡♥t ✈❛r✐❛❜❧❡s ✭❝❤❛♥❣❡ ✐♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ s❡❧❢✲✐♥s✉r❡❞ ❡♠✲

♣❧♦②❡❡s✳✳✳✮✳ ❚❤✐s r❡❣r❡ss✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❛t st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶✱ ❡①❝❡♣t t❤❛t ✐t

❤❛s s❡✈❡r❛❧ tr❡❛t♠❡♥t ✈❛r✐❛❜❧❡s✳ ■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✸✮✱ t❤❡ tr❡❛t♠❡♥t ✈❛r✐❛❜❧❡s ❛r❡

✐♥str✉♠❡♥t❡❞ ❜② ❛ ❞✉♠♠② ❢♦r ♣❡r✐♦❞ t ❜❡✐♥❣ ❛❢t❡r t❤❡ ♠❡r❣❡r ♦❢ t✇♦ ✐♥s✉r❡rs ❛♥❞ ❛ ♠❛r❦❡t

❧❡✈❡❧✲✈❛r✐❛❜❧❡✳ ❚❤✐s r❡❣r❡ss✐♦♥ ✐s s✐♠✐❧❛r t♦ t❤❛t st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✷✳

✷✼✳ ❚❤❡ ❊♥❞✉r✐♥❣ ■♠♣❛❝t ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❉✉st ❇♦✇❧✿ ❙❤♦rt✲ ❛♥❞ ▲♦♥❣✲❘✉♥ ❆❞✲

✶✷



❥✉st♠❡♥ts t♦ ❊♥✈✐r♦♥♠❡♥t❛❧ ❈❛t❛str♦♣❤❡✳ ❚❛❜❧❡ ✷✳ ■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✶✮✱ t❤❡

❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s✱ s❛②✱ t❤❡ ❝❤❛♥❣❡ ✐♥ ❧♦❣ ❧❛♥❞ ✈❛❧✉❡ ✐♥ ❝♦✉♥t② ❝ ❜❡t✇❡❡♥ ♣❡r✐♦❞ t ❛♥❞

✶✾✸✵✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ st❛t❡ × ②❡❛r ❡✛❡❝ts✱ t❤❡ s❤❛r❡ ♦❢ ❝♦✉♥t② ❝ ✐♥ ❤✐❣❤

❡r♦s✐♦♥✱ ❛♥❞ t❤❡ s❤❛r❡ ♦❢ ❝♦✉♥t② ❝ ✐♥ ♠❡❞✐✉♠ ❡r♦s✐♦♥✳ ❲✐t❤✐♥ ❡❛❝❤ st❛t❡✱ t❤✐s r❡❣r❡ss✐♦♥

✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❛t ✐♥ ❚❤❡♦r❡♠ ❙✶✱ ❡①❝❡♣t t❤❛t ✐t ❤❛s t✇♦ tr❡❛t♠❡♥t ✈❛r✐❛❜❧❡s✳

✷✽✳ ❆ ❘❛t✐♦♥❛❧ ❊①♣❡❝t❛t✐♦♥s ❆♣♣r♦❛❝❤ t♦ ❍❡❞♦♥✐❝ Pr✐❝❡ ❘❡❣r❡ss✐♦♥s ✇✐t❤ ❚✐♠❡✲

❱❛r②✐♥❣ ❯♥♦❜s❡r✈❡❞ Pr♦❞✉❝t ❆ttr✐❜✉t❡s✿ ❚❤❡ Pr✐❝❡ ♦❢ P♦❧❧✉t✐♦♥✳ ❚❛❜❧❡ ✺✳

■♥✱ s❛②✱ t❤❡ ✜rst r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ❜♦tt♦♠ ♦❢ ♣❛❣❡ ✶✾✶✺✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡

✐s t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣r✐❝❡ ♦❢ ❤♦✉s❡ ❥ ❜❡t✇❡❡♥ s❛❧❡s ✷ ❛♥❞ ✸✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s

❛r❡ t❤❡ ❝❤❛♥❣❡ ✐♥ ✈❛r✐♦✉s ♣♦❧❧✉t❛♥ts ✐♥ t❤❡ ❛r❡❛ ❛r♦✉♥❞ ❤♦✉s❡ ❥ ❜❡t✇❡❡♥ s❛❧❡s ✷ ❛♥❞ ✸✳

❚❤✐s r❡❣r❡ss✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❛t ✐♥ ❚❤❡♦r❡♠ ❙✶✱ ❡①❝❡♣t t❤❛t ✐t ❤❛s s❡✈❡r❛❧ tr❡❛t♠❡♥t

✈❛r✐❛❜❧❡s✳

✷✾✳ ❚❤❡ ■♠♣❛❝t ♦❢ ❋❛♠✐❧② ■♥❝♦♠❡ ♦♥ ❈❤✐❧❞ ❆❝❤✐❡✈❡♠❡♥t✿ ❊✈✐❞❡♥❝❡ ❢r♦♠ t❤❡

❊❛r♥❡❞ ■♥❝♦♠❡ ❚❛① ❈r❡❞✐t✳ ❚❛❜❧❡ ✸✳

■♥ t❤❡ r❡❞✉❝❡❞ ❢♦r♠ ♦❢ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✹✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ❝❤❛♥❣❡ ✐♥

t❡st s❝♦r❡s ❢♦r ❝❤✐❧❞ ✐ ❜❡t✇❡❡♥ ②❡❛rs ❛ ❛♥❞ ❛✲✶✱ ✇❤✐❧❡ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡ ✐s t❤❡ ❝❤❛♥❣❡

✐♥ t❤❡ ❡①♣❡❝t❡❞ ❊■❚❈ ✐♥❝♦♠❡ ♦❢ ❤❡r ❢❛♠✐❧② ❜❛s❡❞ ♦♥ ❤❡r ❢❛♠✐❧② ✐♥❝♦♠❡ ✐♥ ②❡❛r ❛✲✶✳ ❚❤✐s

r❡❣r❡ss✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❛t ❝♦♥s✐❞❡r❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶✱ ❡①❝❡♣t t❤❛t ✐t ❞♦❡s ♥♦t ❤❛✈❡

②❡❛rs s♣❡❝✐✜❝ ✐♥t❡r❝❡♣ts✳ ❚❤❡ ✜rst st❛❣❡ ✐s t❤❡ s❛♠❡ r❡❣r❡ss✐♦♥ ❜✉t ✇✐t❤ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡

✐♥❝♦♠❡ ♦❢ t❤❡ ❢❛♠✐❧② ♦❢ st✉❞❡♥t ✐ ❜❡t✇❡❡♥ ②❡❛rs ❛ ❛♥❞ ❛✲✶✳ ❖✈❡r❛❧❧✱ t❤❡ ✷❙▲❙ ❝♦❡✣❝✐❡♥t

❛r✐s✐♥❣ ❢r♦♠ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✹✮ ✐s ❛ r❛t✐♦ ♦❢ ✷ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡s ♦❢ ❲❛❧❞✲❉■❉s✳

✸✵✳ ❑❛tr✐♥❛✬s ❈❤✐❧❞r❡♥✿ ❊✈✐❞❡♥❝❡ ♦♥ t❤❡ ❙tr✉❝t✉r❡ ♦❢ P❡❡r ❊✛❡❝ts ❢r♦♠ ❍✉rr✐❝❛♥❡

❊✈❛❝✉❡❡s✳ ❚❛❜❧❡s ✸✲✻✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✶✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ t❡st s❝♦r❡ ♦❢ st✉❞❡♥t ✐ ✐♥ s❝❤♦♦❧

❥ ✐♥ ❣r❛❞❡ ❣ ✐♥ ②❡❛r t✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ ❣r❛❞❡✱ s❝❤♦♦❧✱ ②❡❛r✱ ❛♥❞ ❣r❛❞❡ ×
②❡❛r ❡✛❡❝ts✱ ❛♥❞ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❑❛tr✐♥❛ st✉❞❡♥ts r❡❝❡✐✈❡❞ ❜② s❝❤♦♦❧ ❥ ✐♥ ❣r❛❞❡ ❣ ❛♥❞ ②❡❛r

t✳ ❲✐t❤✐♥ ❡❛❝❤ ❣r❛❞❡✱ t❤✐s r❡❣r❡ss✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❛t ❝♦♥s✐❞❡r❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶ ✭✇✐t❤✐♥

❡❛❝❤ ❣r❛❞❡✱ ❣r❛❞❡ × ②❡❛r ❡✛❡❝ts ❜❡❝♦♠❡ s✐♠♣❧❡ ②❡❛r ❡✛❡❝ts✮✳

✸✶✳ ❚❤❡ ❈♦❧❧❛t❡r❛❧ ❈❤❛♥♥❡❧✿ ❍♦✇ ❘❡❛❧ ❊st❛t❡ ❙❤♦❝❦s ❆✛❡❝t ❈♦r♣♦r❛t❡ ■♥✈❡st♠❡♥t✳

❚❛❜❧❡ ✺✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✶✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ✈❛❧✉❡ ♦❢ ✐♥✈❡st♠❡♥t ✐♥ ✜r♠ ✐ ❛♥❞

②❡❛r t ❞✐✈✐❞❡❞ ❜② t❤❡ ❧❛❣❣❡❞ ❜♦♦❦ ✈❛❧✉❡ ♦❢ ♣r♦♣❡rt✐❡s✱ ♣❧❛♥ts✱ ❛♥❞ ❡q✉✐♣♠❡♥ts ✭PP❊✮✱ ❛♥❞

t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ ✜r♠ ❛♥❞ t✐♠❡ ❞✉♠♠✐❡s ❛♥❞ t❤❡ ♠❛r❦❡t ✈❛❧✉❡ ♦❢ ✜r♠ ✐ ✐♥

②❡❛r t ❞✐✈✐❞❡❞ ❜② ✐ts ❧❛❣❣❡❞ PP❊✳ ❚❤✐s r❡❣r❡ss✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❛t st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠

❙✶✳

✶✸



✸✷✳ ❚❤❡ ❙♣❡♥❞✐♥❣ ❛♥❞ ❉❡❜t ❘❡s♣♦♥s❡ t♦ ▼✐♥✐♠✉♠ ❲❛❣❡ ❍✐❦❡s✳ ❚❛❜❧❡s ✶✱ ✷✱ ❛♥❞ ✺✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✶✮✱ t❤❡ ♦✉t❝♦♠❡ ✈❛r✐❛❜❧❡ ✐s✱ s❛②✱ ✐♥❝♦♠❡ ♦❢ ❤♦✉s❡❤♦❧❞ ✐ ❛t ♣❡r✐♦❞

t✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ✐♥❝❧✉❞❡ ❤♦✉s❡❤♦❧❞ ❛♥❞ t✐♠❡ ❞✉♠♠✐❡s✱ ❛♥❞ t❤❡ ♠✐♥✐♠✉♠

✇❛❣❡ ✐♥ t❤❡ st❛t❡ ✇❤❡r❡ ❤♦✉s❡❤♦❧❞ ✐ ❧✐✈❡s ✐♥ ♣❡r✐♦❞ t✳ ❚❤✐s r❡❣r❡ss✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❛t

❝♦♥s✐❞❡r❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶✳

✸✸✳ ❊①♣♦rts✱ ❊①♣♦rt ❉❡st✐♥❛t✐♦♥s✱ ❛♥❞ ❙❦✐❧❧s✳ ❚❛❜❧❡ ✺✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✼✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s ❛ ♠❡❛s✉r❡ ♦❢ s❦✐❧❧s ✐♥ t❤❡ ❧❛❜♦r ❢♦r❝❡

❡♠♣❧♦②❡❞ ❜② ❝♦♠♣❛♥② ✐ ✐♥ ✐♥❞✉str② ❥ ❛t ♣❡r✐♦❞ t✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ ✜r♠

❛♥❞ ✐♥❞✉str② × t✐♠❡ ❞✉♠♠✐❡s✱ t❤❡ r❛t✐♦ ♦❢ ❡①♣♦rts t♦ s❛❧❡s ✐♥ ✜r♠ ✐ ❛t ♣❡r✐♦❞ t✱ ❛♥❞

t❤❡ s❤❛r❡ ♦❢ ✜r♠ ❡①♣♦rts t♦ ❤✐❣❤ ✐♥❝♦♠❡ ❞❡st✐♥❛t✐♦♥s ♦✈❡r t♦t❛❧ ❡①♣♦rts✳ ❚♦ ✐♥str✉♠❡♥t

t❤✐s ✈❛r✐❛❜❧❡✱ t❤❡ ❛✉t❤♦rs ✉s❡ ❛ ❞✉♠♠② ❢♦r t❤❡ ②❡❛rs ✶✾✾✾ ♦r ✷✵✵✵ ✭❛ ❧❛r❣❡ ❞❡✈❛❧✉❛t❛t✐♦♥

❤❛♣♣❡♥❡❞ ✐♥ ❇r❛③✐❧ ✐♥ ✶✾✾✾✮ ✐♥t❡r❛❝t❡❞ ✇✐t❤ t❤❡ s❤❛r❡ ♦❢ ❡①♣♦rts ♦❢ ✜r♠ ✐ t♦ ❇r❛③✐❧ ✐♥ ✶✾✾✽✳

❚❤✐s s♣❡❝✐✜❝❛t✐♦♥ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❛t st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✷✳

✸✹✳ P♦❧✐t✐❝❛❧ ❆✐❞ ❈②❝❧❡s✳ ❚❛❜❧❡ ✸✱ ❝♦❧✉♠♥s ✹ ❛♥❞ ✺✱ ❛♥❞ ❚❛❜❧❡s ✹ ❛♥❞ ✺✳

■♥ r❡❣r❡ss✐♦♥ ❡q✉❛t✐♦♥ ✭✷✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ❛♠♦✉♥t ♦❢ ❞♦♥❛t✐♦♥s r❡❝❡✐✈❡❞

❜② r❡❝❡✐✈❡r r ❢r♦♠ ❞♦♥♦r ❞ ✐♥ ②❡❛r t✱ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ ❞♦♥♦r × r❡❝❡✐✈❡r

❞✉♠♠✐❡s✱ ❛ ❞✉♠♠② ❢♦r ✇❤❡t❤❡r t❤❡r❡ ✐s ❛♥ ❡❧❡❝t✐♦♥ ✐♥ ❝♦✉♥tr② r ✐♥ ②❡❛r t✱ ❛ ♠❡❛s✉r❡ ♦❢

❛❧✐❣♥♠❡♥t ❜❡t✇❡❡♥ t❤❡ r✉❧✐♥❣ ♣♦❧✐t✐❝❛❧ ♣❛rt✐❡s ✐♥ ❝♦✉♥tr✐❡s r ❛♥❞ ❞✱ ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢

t❤❡ ❡❧❡❝t✐♦♥ ❞✉♠♠② ❛♥❞ t❤❡ ♠❡❛s✉r❡ ♦❢ ❛❧✐❣♥♠❡♥t✳ ❚❤✐s s♣❡❝✐✜❝❛t✐♦♥ ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❛t

st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶✱ ✇✐t❤ ✉♥✐ts ♦❢ ♦❜s❡r✈❛t✐♦♥ ❜❡✐♥❣ ♣❛✐rs ♦❢ ❞♦♥♦rs ❛♥❞ r❡❝❡✐✈❡rs✳

✷ ■♥❢❡r❡♥❝❡ ✐♥ t❤❡ ♣❛rt✐❛❧❧② ✐❞❡♥t✐✜❡❞ ❝❛s❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ❞r❛✇ ✐♥❢❡r❡♥❝❡ ♦♥ t❤❡ ❜♦✉♥❞s ❣✐✈❡♥ ✐♥ t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥ts

♦❢ ❚❤❡♦r❡♠s ✸✳✷ ❛♥❞ ✸✳✸ ✐♥ ❞❡ ❈❤❛✐s❡♠❛rt✐♥ ✫ ❉✬❍❛✉❧t❢÷✉✐❧❧❡ ✭✷✵✶✺✮✳ ❲❡ ❛❞♦♣t t❤❡ s❛♠❡

♥♦t❛t✐♦♥s ❤❡r❡❛❢t❡r✳ ■♥ ♦r❞❡r ❢♦r t❤❡ ❜♦✉♥❞s t♦ ❜❡ ✜♥✐t❡✱ ✇❡ ❛ss✉♠❡ t❤❛t S(Y ) = [y, y] ✇✐t❤

−∞ < y < y < +∞✳ ❲❡ ❛❧s♦ s✉♣♣♦s❡ ❢♦r s✐♠♣❧✐❝✐t② t❤❛t y ❛♥❞ y ❛r❡ ❦♥♦✇♥ ❜② t❤❡ r❡s❡❛r❝❤❡r✳✸

■❢ ♥♦t✱ t❤❡② ❝❛♥ r❡s♣❡❝t✐✈❡❧② ❜❡ ❡st✐♠❛t❡❞ ❜② mini=1...n Yi ❛♥❞ maxi=1...n Yi✱ ❛♥❞ ❚❤❡♦r❡♠ ❙✸

❜❡❧♦✇ r❡♠❛✐♥s ✈❛❧✐❞ ✉♥❞❡r r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s ♦♥ FYd01
❛t t❤❡s❡ ❜♦✉♥❞❛r✐❡s✳

❋✐rst✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❲❛❧❞✲❚❈ ❜♦✉♥❞s✳ ▲❡t λ̂0d =
P̂ (D01=d)

P̂ (D00=d)
✱ λ̂1d =

P̂ (D11=d)

P̂ (D10=d)
✱ ❛♥❞

F̂ d01(y) = M0

[
1− λ̂0d(1− F̂Yd01

(y))
]
−M0(1− λ̂0d)1{y < y},

F̂ d01(y) = m1

[
λ̂0dF̂Yd01

(y)
]
+ (1−m1(λ̂0d))1{y ≥ y}.

✸■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❡st✐♠❛t❡ F−1
Ydgt

(0) ❛♥❞ F−1
Ydgt

(1) ❜② y ❛♥❞ y r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ F̂−1
Ydgt

(τ) ❢♦r

τ ∈ (0, 1) r❡♠❛✐♥s t❤❡ s❛♠❡ ❛s ✐♥ ❙❡❝t✐♦♥ ✺ ♦❢ ❞❡ ❈❤❛✐s❡♠❛rt✐♥ ✫ ❉✬❍❛✉❧t❢÷✉✐❧❧❡ ✭✷✵✶✺✮✳

✶✹



❚❤❡♥ ❞❡✜♥❡

δ̂d =

∫
ydF̂ d01(y)−

1

nd00

∑

i∈Id00

Yi, δ̂d =

∫
ydF̂ d01(y)−

1

nd00

∑

i∈Id00

Yi.

❋✐♥❛❧❧②✱ ✇❡ ❡st✐♠❛t❡ t❤❡ ❜♦✉♥❞s ❜②

Ŵ TC =

1
n11

∑
i∈I11 Yi − 1

n10

∑
i∈I10

[
Yi + δ̂Di

]

1
n11

∑
i∈I11 Di − 1

n10

∑
i∈I10 Di

, Ŵ TC =

1
n11

∑
i∈I11 Yi − 1

n10

∑
i∈I10

[
Yi + δ̂Di

]

1
n11

∑
i∈I11 Di − 1

n10

∑
i∈I10 Di

.

◆♦✇ ❧❡t ✉s t✉r♥ t♦ t❤❡ ❲❛❧❞✲❈■❈ ❜♦✉♥❞s✳ ❋♦r d ∈ {0, 1}✱ ❧❡t

T̂ d = M01

(
λ̂0dF̂Yd01

− Ĥ−1
d (λ̂1dF̂Yd11

)

λ̂0d − 1

)
, T̂ d = M01

(
λ̂0dF̂Yd01

− Ĥ−1
d (λ̂1dF̂Yd11

+ (1− λ̂1d))

λ̂0d − 1

)
,

Ĝd(T ) = λ̂0dF̂Yd01
+ (1− λ̂0d)T, Ĉd(T ) =

λ̂1dF̂Yd11
− Ĥd ◦ Ĝd(T )

λ̂1d − 1
.

❲❡ t❤❡♥ ❡st✐♠❛t❡ t❤❡ ❜♦✉♥❞s ♦♥ FY11(d)|S1
❜②

F̂CIC,d(y) = sup
y′≤y

Ĉd

(
T̂ d

)
(y′), F̂CIC,d(y) = inf

y′≥y
Ĉd

(
T̂ d

)
(y′).

❚❤❡r❡❢♦r❡✱ t♦ ❡st✐♠❛t❡ ❜♦✉♥❞s ❢♦r t❤❡ ▲❆❚❊ ❛♥❞ ▲◗❚❊✱ ✇❡ ✉s❡

ŴCIC =

∫
ydF̂CIC,1(y)−

∫
ydF̂CIC,0(y), ŴCIC =

∫
ydF̂CIC,1(y)−

∫
ydF̂CIC,0(y),

τ̂ q = F̂
−1

CIC,1(q)− F̂
−1

CIC,0(q), τ̂ q = F̂
−1

CIC,1(q)− F̂
−1

CIC,0(q).

❍❡r❡❛❢t❡r✱ ✇❡ ❞❡✜♥❡ q = FCIC,0(y)✱ q = FCIC,0(y)✱ q1 = [λ11FY111
◦ F−1

Y101
( 1
λ01

)− 1]/[λ11 − 1] ❛♥❞

q2 = [λ11FY111
◦ F−1

Y101
(1− 1/λ01)]/[λ11 − 1]✳ ❖✉r r❡s✉❧ts r❡❧② ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✳

❆ss✉♠♣t✐♦♥ ❙✶ ✭❚❡❝❤♥✐❝❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r ✐♥❢❡r❡♥❝❡ ✇✐t❤ ❚❈ ❜♦✉♥❞s✮

✶✳ S(Y ) = [y, y] ✇✐t❤ −∞ < y < y < +∞✳

✷✳ λ00 6= 1 ❛♥❞ ❢♦r d ∈ {0, 1}✱ t❤❡ ❡q✉❛t✐♦♥ Fd01(y) = 1/λd0 ❛❞♠✐ts ❛t ♠♦st ♦♥❡ s♦❧✉t✐♦♥✳

❆ss✉♠♣t✐♦♥ ❙✶ ❛❧❧♦✇s ❢♦r ❝♦♥t✐♥✉♦✉s ♦r ❞✐s❝r❡t❡ ♦✉t❝♦♠❡ ✈❛r✐❛❜❧❡s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❞✐s❝r❡t❡

✈❛r✐❛❜❧❡✱ t❤❡ ❡q✉❛t✐♦♥ Fd01(y) = 1/λd0 ✇✐❧❧ ❤❛✈❡ ♥♦ s♦❧✉t✐♦♥✱ ❡①❝❡♣t ✐❢ t❤❡r❡ ✐s ❛ ♣♦✐♥t ✐♥ t❤❡

s✉♣♣♦rt ♦❢ Yd01 ❛t ✇❤✐❝❤ Fd01(y) ✐s ❡①❛❝t❧② ❡q✉❛❧ t♦ 1/λd0✳ ❚❤❡r❡❢♦r❡✱ ❆ss✉♠♣t✐♦♥ ✶ r✉❧❡s ♦✉t

♦♥❧② ✈❡r② r❛r❡ s❝❡♥❛r✐♦s✳ ■♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❝❛s❡✱ t❤❡ ❡q✉❛t✐♦♥ Fd01(y) = 1/λd0 ✇✐❧❧ ❤❛✈❡ ❛ ✉♥✐q✉❡

s♦❧✉t✐♦♥ ✐❢✱ ❡✳❣✳✱ Fd01 ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ ✐ts s✉♣♣♦rt✳

❆ss✉♠♣t✐♦♥ ❙✷ ✭❚❡❝❤♥✐❝❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r ✐♥❢❡r❡♥❝❡ ✇✐t❤ ❈■❈ ❜♦✉♥❞s✮

✶✺



✶✳ λ00 6= 1 ❛♥❞ q < q✳

✷✳ FCIC,d ❛♥❞ FCIC,d ❛r❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ Sd = [F−1
CIC,d(q), F

−1
CIC,d(q)] ❛♥❞

Sd = [F
−1

CIC,d(q), F
−1

CIC,d(q)] r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡✐r ❞❡r✐✈❛t✐✈❡s ❛r❡ str✐❝t❧② ♣♦s✐t✐✈❡ ✇❤❡♥❡✈❡r

t❤❡② ❡①✐st✳

❚❤❡ ❝♦♥❞✐t✐♦♥ q < q ✐♥ ❆ss✉♠♣t✐♦♥ ❙✷ ✐s ❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s✜❡❞ ✇❤❡♥ λ00 > 1✱ ❜❡❝❛✉s❡ t❤❡♥

t❤❡ ❜♦✉♥❞s ❛r❡ ♣r♦♣❡r ❝❞❢s s♦ q = 0 ❛♥❞ q = 1✳ ❲❤❡♥ λ00 < 1 ❛♥❞ ❆ss✉♠♣t✐♦♥ ✾ ❤♦❧❞s✱ ♦♥❡

❝❛♥ s❤♦✇ t❤❛t ✐t ✐s s❛t✐s✜❡❞ ✇❤❡♥ λ10 < H0(λ00) − H0(1 − λ00)✳ ❚❤❡ ❧❛r❣❡r t❤❡ ✐♥❝r❡❛s❡ ♦❢

t❤❡ tr❡❛t♠❡♥t r❛t❡ ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ❛♥❞ t❤❡ s♠❛❧❧❡r t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱

t❤❡ ♠♦r❡ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❧✐❦❡❧② t♦ ❤♦❧❞✳✹ ❚❤❡ str✐❝t ♠♦♥♦t♦♥✐❝✐t② r❡q✉✐r❡♠❡♥t ✐s ♦♥❧② ❛ s❧✐❣❤t

r❡✐♥❢♦r❝❡♠❡♥t ♦❢ ❆ss✉♠♣t✐♦♥ ✾✳ ❲❤❡♥ λ00 < 1✱ FCIC,0 ❛♥❞ FCIC,0 s❛t✐s❢② ❆ss✉♠♣t✐♦♥ ❙✷ ✇❤❡♥

H0(λ00F001)− λ10F011 ❛♥❞ H0(λ00F001 + 1− λ00)− λ10F011 ❤❛✈❡ ♣♦s✐t✐✈❡ ❞❡r✐✈❛t✐✈❡s ♦♥ S(Y )✳ ■❢

H0 ✐s ❡q✉❛❧ t♦ t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥✱ t❤✐s ✇✐❧❧ ❤♦❧❞ ✐❢ t❤❡ r❛t✐♦ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ F011 ❛♥❞ F001

✐s str✐❝t❧② ❧♦✇❡r t❤❛♥ λ00

λ10

✳ ❍❡♥❝❡✱ ❤❡r❡ ❛s ✇❡❧❧✱ t❤❡ ❧❛r❣❡r t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ tr❡❛t♠❡♥t r❛t❡ ✐♥

t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ❛♥❞ t❤❡ s♠❛❧❧❡r t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✱ t❤❡ ♠♦r❡ t❤✐s ❝♦♥❞✐t✐♦♥

✐s ❧✐❦❡❧② t♦ ❤♦❧❞✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡r✐✈❡ s✐♠✐❧❛r s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ❆ss✉♠♣t✐♦♥ ❙✷ t♦ ❤♦❧❞

✐♥ t❤❡ t❤r❡❡ ♦t❤❡r ♣♦ss✐❜❧❡ ❝❛s❡s ✭FCIC,0 ❛♥❞ FCIC,0 ✇❤❡♥ λ00 > 1✱ FCIC,1 ❛♥❞ FCIC,1 ✇❤❡♥

λ00 < 1✱ ❛♥❞ FCIC,1 ❛♥❞ FCIC,1 ✇❤❡♥ λ00 > 1✮✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ❙✻

❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

❚❤❡♦r❡♠ ❙✸ ❡st❛❜❧✐s❤❡s t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡ ❡st✐♠❛t❡❞ ❜♦✉♥❞s ♦❢ ∆ ❛♥❞ τq ❢♦r q ∈ Q✱

✇✐t❤ Q = (q, q)\{q1, q2} ✇❤❡♥ λ00 > 1 ❛♥❞ Q = (0, 1) ✇❤❡♥ λ00 < 1✳

❚❤❡♦r❡♠ ❙✸ ❆ss✉♠❡ t❤❛t ▼♦❞❡❧ ✭✶✮ ❛♥❞ ❆ss✉♠♣t✐♦♥s ✶✲✷ ❛♥❞ ✶✷ ❤♦❧❞✳

✲ ■❢ ❆ss✉♠♣t✐♦♥s ✺ ❛♥❞ ❙✶ ❛❧s♦ ❤♦❧❞✱ t❤❡♥ (Ŵ TC −W TC , Ŵ TC −W TC) ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧②

♥♦r♠❛❧✳ ▼♦r❡♦✈❡r✱ t❤❡ ❜♦♦tstr❛♣ ✐s ❝♦♥s✐st❡♥t ❢♦r ❜♦t❤✳

✲ ■❢ ❆ss✉♠♣t✐♦♥s ✻✲✼✱ ✾✱ ✶✸ ❛♥❞ ❙✷ ❤♦❧❞✱ t❤❡♥ (ŴCIC − WCIC , ŴCIC − WCIC) ❛♥❞ (τ̂ q −
τ q, τ̂ q − τ q)✱ ❢♦r q ∈ Q✱ ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧✳ ▼♦r❡♦✈❡r✱ t❤❡ ❜♦♦tstr❛♣ ✐s ❝♦♥s✐st❡♥t

❢♦r ❜♦t❤✳

❋♦r t❤❡ ❈■❈ ❜♦✉♥❞s✱ ✇❡ r❡str✐❝t q t♦ Q ✇❤❡♥ λ00 < 1 ❜❡❝❛✉s❡ t❤❡ ❡st✐♠❛t❡❞ ❜♦✉♥❞s ♦♥ τq ❛r❡

♥♦t r♦♦t✲♥ ❝♦♥s✐st❡♥t ❛♥❞ ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧ ❢♦r ❡✈❡r② q✳ ❋✐rst✱ t❤❡ ❡st✐♠❛t❡❞ ❜♦✉♥❞s ❛r❡

❡q✉❛❧ t♦ t❤❡ tr✉❡ ❜♦✉♥❞s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛♣♣r♦❛❝❤✐♥❣ ♦♥❡ ❢♦r q < q ♦r q > q✱ ❜❡❝❛✉s❡ ❜❛s✐❝❛❧❧②✱

t❤❡ tr✉❡ ❜♦✉♥❞s ♣✉t ♠❛ss ❛t t❤❡ ❜♦✉♥❞❛r✐❡s y ♦r y✳✺ ❙❡❝♦♥❞✱ t❤❡ ❜♦✉♥❞s ♠❛② ❡①❤✐❜✐t ❦✐♥❦s

❛t q1 ❛♥❞ q2✱ ✇❤✐❝❤ ❛❧s♦ ❧❡❛❞s t♦ ❛s②♠♣t♦t✐❝ ♥♦♥✲♥♦r♠❛❧✐t② ♦❢ τ̂ q ❛♥❞ τ̂ q✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

✹◆♦t❡ t❤❛t t❤✐s ❡q✉❛t✐♦♥ ✐s ❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s✜❡❞ ✇❤❡♥ λ00 = 1✳
✺❆ s✐♠✐❧❛r ❝♦♥❝❧✉s✐♦♥ ❤♦❧❞s ✐❢ y ♦r y ❛r❡ ❡st✐♠❛t❡❞ r❛t❤❡r t❤❛♥ ❦♥♦✇♥ ❜② t❤❡ r❡s❡❛r❝❤❡r✿ t❤❡ ❡st✐♠❛t♦rs ❛r❡ ♥

❝♦♥s✐st❡♥t ❛♥❞ ♥♦t ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧✳

✶✻



✇❤❡♥ λ00 > 1✱ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ❤♦❧❞s ❢♦r ❡✈❡r② q ∈ (0, 1)✿ t❤❡ ❜♦✉♥❞s ♦♥ FY11(d)|S1
❛r❡ ♥♦t

❞❡❢❡❝t✐✈❡ ❝❞❢s✱ ❛♥❞ t❤❡② ❞♦ ♥♦t ❡①❤✐❜✐t ❦✐♥❦s✱ ❡①❝❡♣t ♣♦ss✐❜❧② ❛t t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡✐r s✉♣♣♦rt✳

❚❤❡♦r❡♠ ❙✸ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♥str✉❝t ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ♦♥ ∆ ❛♥❞ τq ❛s ❢♦❧❧♦✇s✳ ▲❡t ✉s ❢♦❝✉s

♦♥ t❤❡ ❲❛❧❞✲❚❈ ❜♦✉♥❞s ♦♥ ∆✱ t❤❡ r❡❛s♦♥✐♥❣ ❜❡✐♥❣ s✐♠✐❧❛r ❢♦r ♦t❤❡r ❜♦✉♥❞s ❛♥❞ ♣❛r❛♠❡t❡rs✳ ■❢

✇❡ ❦♥♦✇ ❡①✲❛♥t❡ t❤❛t ♣❛rt✐❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥ ❤♦❧❞s ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ t❤❛t λ00 6= 1✱ ✇❡ ❝❛♥ ❢♦❧❧♦✇

■♠❜❡♥s ✫ ▼❛♥s❦✐ ✭✷✵✵✹✮ ❛♥❞ ✉s❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ♦♥❡✲s✐❞❡❞ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ♦❢ ❧❡✈❡❧

1− α ♦♥ W TC ❛♥❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ♦♥❡✲s✐❞❡❞ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ♦❢ ❧❡✈❡❧ 1− α ♦♥ W TC ✳

❍♦✇❡✈❡r✱ ✐♥ ♣r❛❝t✐❝❡ ✇❡ r❛r❡❧② ❦♥♦✇ ❡①✲❛♥t❡ ✇❤❡t❤❡r λ00 = 1 ♦r ♥♦t✳ ❚❤✐s ✐s ❛♥ ✐♠♣♦rt❛♥t ✐ss✉❡✱

s✐♥❝❡ t❤❡ ❡st✐♠❛t♦rs ❛♥❞ t❤❡ ✇❛② ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❛r❡ ❝♦♥str✉❝t❡❞ ❞✐✛❡r ✐♥ t❤❡ t✇♦ ❝❛s❡s✳

❚♦ ❛❞❞r❡ss t❤✐s ✐ss✉❡✱ ✇❡ ♣r♦♣♦s❡ ❛ ♣r♦❝❡❞✉r❡ ✇❤✐❝❤ ②✐❡❧❞s ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ✇✐t❤ ❞❡s✐r❡❞

❛s②♠♣t♦t✐❝ ❝♦✈❡r❛❣❡ ✐♥ ❜♦t❤ ❝❛s❡s✳ ▲❡t σ̂λ00
❞❡♥♦t❡ ❛♥ ❡st✐♠❛t♦r ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ λ̂00✳ ❖✉r

♣r♦❝❡❞✉r❡ ❤❛s t❤r❡❡ st❡♣s✿

✶✳ ❈♦♠♣❛r❡ tλ00
=
∣∣∣ λ̂00−1

σ̂λ00

∣∣∣ t♦ s♦♠❡ s❡q✉❡♥❝❡ (cn)n∈N s❛t✐s❢②✐♥❣ cn → +∞ ❛♥❞ cn√
n
→ 0✳

✷✳ ■❢ tλ00
≤ cn✱ ❢♦r♠ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r ∆ ✉s✐♥❣ t❤❡ ♣♦✐♥t ✐❞❡♥t✐✜❝❛t✐♦♥ r❡s✉❧ts✳

✸✳ ■❢ tλ00
> cn✱ ❢♦r♠ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r ∆ ✉s✐♥❣ t❤❡ ♣❛rt✐❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥ r❡s✉❧ts✳

❚❤✐s ♣r♦❝❡❞✉r❡ ②✐❡❧❞s ♣♦✐♥t✇✐s❡ ✈❛❧✐❞ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s✱ ❜❡❝❛✉s❡ ❝♦♠♣❛r✐♥❣ |tλ00
| t♦ cn ✐♥st❡❛❞

♦❢ ❛ ✜①❡❞ ❝r✐t✐❝❛❧ ✈❛❧✉❡ ❡♥s✉r❡s t❤❛t ❛s②♠♣t♦t✐❝❛❧❧②✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❝♦♥❞✉❝t✐♥❣ ✐♥❢❡r❡♥❝❡ ✉♥❞❡r

t❤❡ ✇r♦♥❣ ♠❛✐♥t❛✐♥❡❞ ❛ss✉♠♣t✐♦♥ ✈❛♥✐s❤❡s t♦ 0✳ ❆♥ ✐♥❝♦♥✈❡♥✐❡♥t ♦❢ t❤✐s ♣r♦❝❡❞✉r❡ ✐s t❤❛t ✐t

r❡❧✐❡s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ t✉♥✐♥❣ ♣❛r❛♠❡t❡r✱ t❤❡ s❡q✉❡♥❝❡ (cn)n∈N✳ ◆♦t❡ t❤❛t ♠❛♥② ♣r♦❝❡❞✉r❡s

r❡❝❡♥t❧② s✉❣❣❡st❡❞ ✐♥ t❤❡ ♠♦♠❡♥t ✐♥❡q✉❛❧✐t② ❧✐t❡r❛t✉r❡ ❛❧s♦ s❤❛r❡ t❤✐s ✐♥❝♦♥✈❡♥✐❡♥t ✭s❡❡ ❆♥❞r❡✇s

✫ ❙♦❛r❡s✱ ✷✵✶✵ ♦r ❈❤❡r♥♦③❤✉❦♦✈ ❡t ❛❧✳✱ ✷✵✶✸✮✳ ❆❧s♦✱ ✐t ✐s ✉♥❝❧❡❛r ✇❤❡t❤❡r t❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧

CI1−α r❡s✉❧t✐♥❣ ❢r♦♠ t❤❛t ♣r♦❝❡❞✉r❡ ✐s ✉♥✐❢♦r♠❧② ✈❛❧✐❞✱ ✐✳❡✳ ✇❤❡t❤❡r ✐t s❛t✐s✜❡s

lim
n→∞

inf
P∈P0

inf
∆∈[WTC ,WTC ]

P (∆ ∈ CI1−α) ≥ 1− α,

✇❤❡r❡ P0 ❞❡♥♦t❡s ❛ s❡t ♦❢ ❞✐str✐❜✉t✐♦♥s ♦❢ (D,G, T, Y )✳ ❯♥✐❢♦r♠❧② ✈❛❧✐❞ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ♦♥

♣❛rt✐❛❧❧② ✐❞❡♥t✐✜❡❞ ♣❛r❛♠❡t❡rs ❤❛✈❡ ❢♦r ✐♥st❛♥❝❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ❜② ■♠❜❡♥s ✫ ▼❛♥s❦✐ ✭✷✵✵✹✮✱

❆♥❞r❡✇s ✫ ❙♦❛r❡s ✭✷✵✶✵✮✱ ❆♥❞r❡✇s ✫ ❇❛r✇✐❝❦ ✭✷✵✶✷✮✱ ❈❤❡r♥♦③❤✉❦♦✈ ❡t ❛❧✳ ✭✷✵✶✸✮✱ ❛♥❞ ❘♦♠❛♥♦

❡t ❛❧✳ ✭✷✵✶✹✮✳ ❍♦✇❡✈❡r✱ t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡ ♥♦♥❡ ♦❢ t❤❡ ❡①✐st✐♥❣ ♣r♦❝❡❞✉r❡ ❛♣♣❧✐❡s t♦ ♦✉r

❝♦♥t❡①t✳ ❚❤❡ s♦❧✉t✐♦♥s s✉❣❣❡st❡❞ ❜② ■♠❜❡♥s ✫ ▼❛♥s❦✐ ✭✷✵✵✹✮ ♦r ❙t♦②❡ ✭✷✵✵✾✮ r❡q✉✐r❡ t❤❛t t❤❡

❜♦✉♥❞s ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❧② t♦✇❛r❞s ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥s✳ ❇✉t ❛s ♦✉r ❜♦✉♥❞s ✐♥✈♦❧✈❡ t❤❡ ❦✐♥❦❡❞

❢✉♥❝t✐♦♥s m1(λ0d) ❛♥❞ M0(1− λ0d)✱ t❤❡✐r ❡st✐♠❛t♦r ✐s ♥♦t ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧ ✇❤❡♥ λ00 = 1✳

❚❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ♠♦♠❡♥t ✐♥❡q✉❛❧✐t② ♠♦❞❡❧s ❞♦❡s ♥♦t ❛♣♣❧② ❡✐t❤❡r✳ ❖♥❡ ❝❛♥ ❢♦r ✐♥st❛♥❝❡ s❤♦✇

t❤❛t ✉♥❞❡r ❆ss✉♠♣t✐♦♥s ✶ ✱ ✷✱ ❛♥❞ ✺✱ ♦✉r ♣❛r❛♠❡t❡r ♦❢ ✐♥t❡r❡st ∆ s❛t✐s✜❡s ❛ ♠♦♠❡♥t ✐♥❡q✉❛❧✐t②

♠♦❞❡❧ ✇✐t❤ ❢♦✉r ♠♦♠❡♥t ✐♥❡q✉❛❧✐t✐❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ♠♦♠❡♥ts ❞❡♣❡♥❞ ♦♥ ♣r❡❧✐♠✐♥❛r② ❡st✐♠❛t❡❞

♣❛r❛♠❡t❡rs t❤❛t ♦♥❝❡ ❛❣❛✐♥✱ ❞♦ ♥♦t ❤❛✈❡ ❛♥ ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇❤❡♥ λ00 = 1✱

✶✼



t❤✉s ✈✐♦❧❛t✐♥❣ t❤❡ r❡q✉✐r❡♠❡♥ts ♦❢✱ ❡✳❣✳✱ ❆♥❞r❡✇s ✫ ❙♦❛r❡s ✭✷✵✶✵✮ ❛♥❞ ❆♥❞r❡✇s ✫ ❇❛r✇✐❝❦

✭✷✵✶✷✮✳

✸ ❙✉♣♣❧❡♠❡♥t❛r② ❛♣♣❧✐❝❛t✐♦♥s

✸✳✶ ❊✛❡❝ts ♦❢ ♥❡✇s♣❛♣❡rs ♦♥ ❡❧❡❝t♦r❛❧ ♣❛rt✐❝✐♣❛t✐♦♥ ✐♥ t❤❡ ❯❙

●❡♥t③❦♦✇ ❡t ❛❧✳ ✭✷✵✶✶✮ st✉❞② t❤❡ ❡✛❡❝t ♦❢ ♥❡✇s♣❛♣❡rs ♦♥ ❡❧❡❝t♦r❛❧ ♣❛rt✐❝✐♣❛t✐♦♥ ✐♥ t❤❡ ❯❙✳ ❚❤❡②

❡st✐♠❛t❡ ❖▲❙ r❡❣r❡ss✐♦♥s ♦❢ t❤❡ ❝❤❛♥❣❡ ✐♥ t✉r♥♦✉t ❜❡t✇❡❡♥ ❝♦♥s❡❝✉t✐✈❡ ❡❧❡❝t✐♦♥s ✐♥ ❝♦✉♥t② c ♦♥

❡❧❡❝t✐♦♥ ❞✉♠♠✐❡s ❛♥❞ t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❞❛✐❧② ♥❡✇s♣❛♣❡rs ❛✈❛✐❧❛❜❧❡ ✐♥ ❝♦✉♥t② c✳ ■♥

❝♦❧✉♠♥ ✷ ♦❢ t❤❡✐r ❚❛❜❧❡ ✷✱ t❤❡② ✜♥❞ t❤❛t ♦♥❡ ❛❞❞✐t✐♦♥❛❧ ♥❡✇s♣❛♣❡r ✐♥❝r❡❛s❡s t✉r♥♦✉t ❜② ✵✳✷✻

♣❡r❝❡♥t❛❣❡ ♣♦✐♥ts ✐♥ ❯❙ ♣r❡s✐❞❡♥t✐❛❧ ❡❧❡❝t✐♦♥s ❢r♦♠ ✶✽✼✷ t♦ ✶✾✷✽✳ ❚❤❡✐r r❡❣r❡ss✐♦♥ s♣❡❝✐✜❝❛t✐♦♥ ✐s

❡①❛❝t❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❛t st✉❞✐❡❞ ✐♥ ❚❤❡♦r❡♠ ❙✶✳ ❲❡ ❡st✐♠❛t❡ t❤❡ ✇❡✐❣❤ts wb
gt ✐♥ t❤✐s ❛♣♣❧✐❝❛t✐♦♥✱

❛♥❞ ✜♥❞ t❤❛t tr❡❛t♠❡♥t ❡✛❡❝ts ✐♥ ✸✷✪ ♦❢ ❝♦✉♥t② × ❡❧❡❝t✐♦♥ ❝❡❧❧s r❡❝❡✐✈❡ ❛ ♥❡❣❛t✐✈❡ ✇❡✐❣❤t✱ ❛♥❞

t❤❛t ♥❡❣❛t✐✈❡ ✇❡✐❣❤ts s✉♠ ✉♣ t♦ ✲✵✳✷✼✳ ❚❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡✐r ❝♦❡✣❝✐❡♥t t❤❡r❡❢♦r❡ r❡❧✐❡s ♦♥ t❤❡

❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❡✛❡❝t ♦❢ ♥❡✇s♣❛♣❡rs ♦♥ t✉r♥♦✉t ✐s ❝♦♥st❛♥t ♦✈❡r t✐♠❡ ❛♥❞ ❛❝r♦ss ❝♦✉♥t✐❡s✳

❚♦ ❛✈♦✐❞ r❡❧②✐♥❣ ♦♥ t❤❛t ❛ss✉♠♣t✐♦♥✱ ✇❡ ✉s❡ ❛ ✜rst ❡st✐♠❛t♦r ✐♥s♣✐r❡❞ ❢r♦♠ t❤❡ ✇❡✐❣❤t❡❞ s✉♠

♦❢ ❲❛❧❞✲❉■❉s ✐♥ t❤❡ ✜rst ♣♦✐♥t ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳ ❆s t❤❡ ❛✉t❤♦rs ✐♥❝❧✉❞❡ st❛t❡✲②❡❛r ❡✛❡❝ts ✐♥

t❤❡✐r s♣❡❝✐✜❝❛t✐♦♥s✱ ✇❡ s❧✐❣❤t❧② ♠♦❞✐❢② ♦✉r ❡st✐♠❛t♦r t♦ ❛❧s♦ ❛❧❧♦✇ ❢♦r ❞✐✛❡r❡♥t✐❛❧ tr❡♥❞s ❛❝r♦ss

st❛t❡s✳ ❖✉r ❡st✐♠❛t♦r ✐s ♦❜t❛✐♥❡❞ ✐♥ ✜✈❡ st❡♣s✳ ❋✐rst✱ ❢♦r ❡❛❝❤ ❡❧❡❝t✐♦♥ t❤❡ s❡ts ♦❢ ❝♦✉♥t✐❡s

Gst✱ Git✱ ❛♥❞ Gdt ❛r❡ r❡s♣❡❝t✐✈❡❧② ❞❡✜♥❡❞ ❛s ❝♦✉♥t✐❡s ✇❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✇s♣❛♣❡rs r❡♠❛✐♥s

st❛❜❧❡✱ ✐♥❝r❡❛s❡s✱ ❛♥❞ ❞❡❝r❡❛s❡s ❜❡t✇❡❡♥ ❡❧❡❝t✐♦♥s t − 1 ❛♥❞ t✳ ❙❡❝♦♥❞✱ ✇❡ r❡str✐❝t t❤❡ s❛♠♣❧❡

t♦ ❝♦✉♥t✐❡s ✐♥ Gst ♦r Git ❛♥❞ ❡st✐♠❛t❡ ❛ ✷❙▲❙ r❡❣r❡ss✐♦♥ ♦❢ t❤❡ ❝❤❛♥❣❡ ✐♥ t✉r♥♦✉t ❜❡t✇❡❡♥

❡❧❡❝t✐♦♥s t − 1 ❛♥❞ t ♦♥ st❛t❡ ❞✉♠♠✐❡s ❛♥❞ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✇s♣❛♣❡rs✳ ❚❤❡

✐♥str✉♠❡♥t ❢♦r t❤❡ ❝❤❛♥❣❡ ✐♥ ♥❡✇s♣❛♣❡rs ✐s ❛ ❞✉♠♠② ❢♦r ❝♦✉♥t✐❡s ✐♥ Git✳ ▲❡t βDID(1, 0, t) ❞❡♥♦t❡

t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❝❤❛♥❣❡ ✐♥ ♥❡✇s♣❛♣❡rs ✐♥ t❤✐s r❡❣r❡ss✐♦♥✳ ❲✐t❤♦✉t t❤❡ st❛t❡ ❞✉♠♠✐❡s✱

✇❡ ✇♦✉❧❞ ❤❛✈❡ βDID(1, 0, t) = W ∗
DID(1, 0, t)✳ ❚❤❡r❡❢♦r❡✱ βDID(1, 0, t) ✐s ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢

W ∗
DID(1, 0, t) ❛❧❧♦✇✐♥❣ ❢♦r st❛t❡✲s♣❡❝✐✜❝ tr❡♥❞s✳ ❚❤✐r❞✱ ✇❡ r❡str✐❝t t❤❡ s❛♠♣❧❡ t♦ ❝♦✉♥t✐❡s ✐♥

Gst ♦r Gdt ❛♥❞ ❡st✐♠❛t❡ ❛ ✷❙▲❙ r❡❣r❡ss✐♦♥ ♦❢ t❤❡ ❝❤❛♥❣❡ ✐♥ t✉r♥♦✉t ❜❡t✇❡❡♥ ❡❧❡❝t✐♦♥s t − 1

❛♥❞ t ♦♥ st❛t❡ ❞✉♠♠✐❡s ❛♥❞ t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✇s♣❛♣❡rs✳ ❚❤❡ ✐♥str✉♠❡♥t ❢♦r t❤❡

❝❤❛♥❣❡ ✐♥ ♥❡✇s♣❛♣❡rs ✐s ❛ ❞✉♠♠② ❢♦r ❝♦✉♥t✐❡s ✐♥ Gdt✳ ❍❡r❡ ❛s ✇❡❧❧✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❝❤❛♥❣❡

✐♥ ♥❡✇s♣❛♣❡rs βDID(−1, 0, t) ✐s ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ W ∗
DID(−1, 0, t) ❛❧❧♦✇✐♥❣ ❢♦r st❛t❡✲s♣❡❝✐✜❝

tr❡♥❞s✳ ❋♦✉rt❤✱ ✇❡ ❡st✐♠❛t❡ t❤❡ ✇❡✐❣❤ts wt ❛♥❞ w10|t ❛❧❧♦✇✐♥❣ ❢♦r st❛t❡✲s♣❡❝✐✜❝ tr❡♥❞s✳ ❲❡

r❡♣❡❛t t❤❡s❡ st❡♣s ❢♦r ❡❛❝❤ ❡❧❡❝t✐♦♥ ❛♥❞ ♦✉r ❡st✐♠❛t♦r ✐s ✜♥❛❧❧② ❡q✉❛❧ t♦

βDID =
16∑

t=0

w1872+4t(w10|1872+4tβDID(1, 0, 1872 + 4t) + (1− w10|1872+4t)βDID(−1, 0, 1872 + 4t)).

✶✽



❚❤✐s ❡st✐♠❛t♦r ❞♦❡s ♥♦t r❡❧② ♦♥ ❛♥② ❝♦♥st❛♥t tr❡❛t♠❡♥t ❡✛❡❝t ❛ss✉♠♣t✐♦♥✱ ❜❡❝❛✉s❡ ✐t ♦♥❧② ✉s❡s

❝♦✉♥t✐❡s ✇❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✇s♣❛♣❡rs ✐s st❛❜❧❡ ❛s ❝♦♥tr♦❧s✳

❍♦✇❡✈❡r✱ t❤✐s ❡st✐♠❛t♦r st✐❧❧ r❡q✉✐r❡s t❤❛t t❤❡ ❡✛❡❝t ♦❢ ♥❡✇s♣❛♣❡rs ♦♥ t✉r♥♦✉t ❞♦ ♥♦t ✈❛r② ♦✈❡r

t✐♠❡ ✭❆ss✉♠♣t✐♦♥ ✹ ✐♥ t❤❡ ♠❛✐♥ ♣❛♣❡r✮✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♥♦t ✇❛rr❛♥t❡❞✳

❍✐st♦r✐❛♥s ❤❛✈❡ s❤♦✇♥ t❤❛t ✐♥ t❤❡ ❡♥❞ ♦❢ t❤❡ ✶✾t❤ ❝❡♥t✉r②✱ ❛❧t❡r♥❛t✐✈❡ ✇❛②s ♦❢ ❝♦♠♠✉♥✐❝❛t✐♥❣

✐♥❢♦r♠❛t✐♦♥ s✉❝❤ ❛s r❛❞✐♦ st❛t✐♦♥s✱ t❡❧❡❣r❛♣❤✐❝ ❧✐♥❡s✱ ❛♥❞ t❡❧❡♣❤♦♥✐❝ ❧✐♥❡s q✉✐❝❦❧② ❞❡✈❡❧♦♣❡❞

✐♥ t❤❡ ❯❙✱ t❤✉s ❡♥❞✐♥❣ t❤❡ ♣r✐♥t ♠♦♥♦♣♦❧② ♦❢ ♠❛ss ♠❡❞✐❛ ✭s❡❡ ❲❤✐t❡✱ ✷✵✵✸✮✳ ❚❤✐s ♠✐❣❤t

❤❛✈❡ r❡❞✉❝❡❞ t❤❡ ❡✛❡❝ts ♦❢ ♥❡✇s♣❛♣❡rs✳ ■♥ t❤❡✐r ❚❛❜❧❡ ✺✱ t❤❡ ❛✉t❤♦rs ❣✐✈❡ s✉❣❣❡st✐✈❡ ❡✈✐❞❡♥❝❡

♦❢ t❤✐s ❜② s❤♦✇✐♥❣ t❤❛t t❤❡✐r r❡❣r❡ss✐♦♥ ❝♦❡✣❝✐❡♥ts ❞✐♠✐♥✐s❤ ♦✈❡r t✐♠❡✳ ❚♦ ❛✈♦✐❞ r❡❧②✐♥❣ ♦♥

t❤❛t ❛ss✉♠♣t✐♦♥✱ ✇❡ ✉s❡ ❛ s❡❝♦♥❞ ❡st✐♠❛t♦r βTC ✳ βTC ❝❧♦s❡❧② r❡s❡♠❜❧❡s t❤❡ ✇❡✐❣❤t❡❞ s✉♠ ♦❢

❲❛❧❞✲❚❈s ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ♣♦✐♥t ♦❢ ❚❤❡♦r❡♠ ✹✳✶✱ ❡①❝❡♣t t❤❛t ✇❡ ❛❧❧♦✇ ❢♦r st❛t❡✲

s♣❡❝✐✜❝ tr❡♥❞s ✐♥ ❡❛❝❤ ♦❢ t❤❡ r❡❣r❡ss✐♦♥s ✇❡ ❡st✐♠❛t❡ t♦ ❝♦♠♣✉t❡ t❤✐s ✇❡✐❣❤t❡❞ s✉♠✳✻✼ ❖♥ t❤❡

♦t❤❡r ❡♥❞✱ ❡st✐♠❛t✐♥❣ ❛ ❲❛❧❞✲❈■❈ t②♣❡ ♦❢ ❡st✐♠❛t♦r ✇❤✐❧❡ ❝♦♥tr♦❧❧✐♥❣ ❢♦r st❛t❡✲s♣❡❝✐✜❝ tr❡♥❞s

❛♣♣❡❛rs ❞✐✣❝✉❧t✳ ❋♦r ❡❛❝❤ ♣❛✐rs ♦❢ ❝♦♥s❡❝✉t✐✈❡ ❡❧❡❝t✐♦♥s✱ t❤❡r❡ ❛r❡ ♠❛♥② st❛t❡s ✇❤❡r❡ ♦♥❧② ❢❡✇

❝♦✉♥t✐❡s ❤❛❞✱ s❛②✱ ✷ ♥❡✇s♣❛♣❡rs ❛t ❜♦t❤ ❡❧❡❝t✐♦♥s✳ ❚❤✐s ♠❛❦❡s ✐t ✐♠♣♦ss✐❜❧❡ t♦ ❡st✐♠❛t❡ t❤❡

q✉❛♥t✐❧❡✲q✉❛♥t✐❧❡ tr❛♥s❢♦r♠s Qd ✇✐t❤✐♥✲st❛t❡✳
✽ ❲❡ ❝♦✉❧❞ ❡st✐♠❛t❡ ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ ❲❛❧❞✲

❈■❈ ❡st✐♠❛t♦rs ✇✐t❤♦✉t ❝♦♥tr♦❧❧✐♥❣ ❢♦r st❛t❡✲s♣❡❝✐✜❝ tr❡♥❞s✱ ❜✉t ✇❡ ♣r❡❢❡r t♦ r❡♠❛✐♥ ❛s ❝❧♦s❡ ❛s

♣♦ss✐❜❧❡ t♦ t❤❡ ❛✉t❤♦rs✬ ♦r✐❣✐♥❛❧ s♣❡❝✐✜❝❛t✐♦♥

❘❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✷ ❜❡❧♦✇✳ βDID ✐s ❝❧♦s❡ t♦ t❤❡ ❡st✐♠❛t♦r ✐♥ ●❡♥t③❦♦✇ ❡t ❛❧✳

✭✷✵✶✶✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ βTC ✐s ❛❧♠♦st t✇✐❝❡ ❛s ❧❛r❣❡ ❛♥❞ ✐s s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡✐r

❡st✐♠❛t♦r ✭t✲st❛t❂✷✳✵✺✮✳ ■t ✐s ❛❧s♦ s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ❢r♦♠ βDID ❛t t❤❡ ✶✵✪ ❧❡✈❡❧ ✭t✲st❛t❂✶✳✼✷✮✳

❚♦ r❡❝♦♥str✉❝t t❤❡ ❝❤❛♥❣❡ ✐♥ t✉r♥♦✉t t❤❛t ❛ ❝♦✉♥t② ✐♥ Git ♦r Gdt ✇♦✉❧❞ ❤❛✈❡ ❡①♣❡r✐❡♥❝❡❞ ✐❢ ✐ts

♥✉♠❜❡r ♦❢ ♥❡✇s♣❛♣❡rs ❤❛❞ ♥♦t ❝❤❛♥❣❡❞✱ βDID ✉s❡s ❛❧❧ ❝♦✉♥t✐❡s ✐♥ t❤❡ s❛♠❡ st❛t❡ ❛♥❞ ✐♥ Gst✳ ❚♦

r❡❝♦♥str✉❝t t❤✐s ❝♦✉♥t❡r❢❛❝t✉❛❧ tr❡♥❞✱ βTC ♦♥❧② ✉s❡s ❝♦✉♥t✐❡s ✐♥ t❤❡ s❛♠❡ st❛t❡✱ ✐♥ Gst✱ ❛♥❞ ✇✐t❤

t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ♥❡✇s♣❛♣❡rs ✐♥ ♣❡r✐♦❞ t − 1 ❛s t❤❡ ❝♦✉♥t② ✐♥ Git ♦r Gdt✳ ❚❤❡ ❢❛❝t t❤❛t βTC

❛♥❞ βDID s✉❜st❛♥t✐❛❧❧② ❞✐✛❡r ✐♥❞✐❝❛t❡s t❤❛t ❛♠♦♥❣ ❝♦✉♥t✐❡s ✐♥ Gst✱ t❤♦s❡ ✇✐t❤ ❞✐✛❡r❡♥t ♥✉♠❜❡rs

♦❢ ♥❡✇s♣❛♣❡rs ❡①♣❡r✐❡♥❝❡ ❞✐✛❡r❡♥t ❡✈♦❧✉t✐♦♥s ♦❢ t❤❡✐r t✉r♥♦✉ts✳ βDID ❛♥❞ βTC r❡❧② ♦♥ ❞✐✛❡r❡♥t

✏❝♦♠♠♦♥ tr❡♥❞s✑ ❛ss✉♠♣t✐♦♥s ❜❡t✇❡❡♥ ❝♦✉♥t✐❡s✳ ❇✉t ❝❤❛❧❧❡♥❣✐♥❣ ♦♥❡ ✇❤✐❧❡ ❞❡❢❡♥❞✐♥❣ t❤❡ ♦t❤❡r

s❡❡♠s ❞✐✣❝✉❧t ❛s t❤❡s❡ t✇♦ ❛ss✉♠♣t✐♦♥s ❛r❡ s✉❜st❛♥t✐✈❡❧② ✈❡r② ❝❧♦s❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ βTC

❞♦❡s ♥♦t r❡q✉✐r❡ t❤❛t t❤❡ ❡✛❡❝t ♦❢ ♥❡✇s♣❛♣❡rs ♦♥ t✉r♥♦✉t ❜❡ ❝♦♥st❛♥t ♦✈❡r t✐♠❡✱ ❛♥ ❛ss✉♠♣t✐♦♥

✻❯s✐♥❣ ❞✐r❡❝t❧② t❤❡ t✇♦ ✇❡✐❣❤t❡❞ s✉♠s ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♣♦✐♥ts ♦❢ ❚❤❡♦r❡♠ ✹✳✶ ✐♥❝r❡❛s❡s

❡✈❡♥ ❢✉rt❤❡r t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♦✉r ❡st✐♠❛t♦rs ❛♥❞ t❤❛t ♦❢ ●❡♥t③❦♦✇ ❡t ❛❧✳ ✭✷✵✶✶✮✳
✼❖♥❧② ✶✽✪ ♦❢ ❝♦✉♥t② × ❡❧❡❝t✐♦♥ ❝❡❧❧s ❤❛✈❡ ✸ ♥❡✇s♣❛♣❡rs ♦r ♠♦r❡✱ ❛♥❞ ♦♥❧② ✾✪ ❤❛✈❡ ✹ ♦r ♠♦r❡✳ ❚♦ ❡st✐♠❛t❡

t❤❡ ♥✉♠❡r❛t♦rs ♦❢ ♦✉r ❲❛❧❞✲❚❈s✱ ✇❡ ❣r♦✉♣ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✇s♣❛♣❡rs ✐♥t♦ ✹ ❝❛t❡❣♦r✐❡s✿ ✵✱ ✶✱ ✷✱ ❛♥❞ ♠♦r❡ t❤❛♥

✸✳ ❘❡s✉❧ts r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞ ✐❢ ✇❡ ✐♥st❡❛❞ ❣r♦✉♣ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✇s♣❛♣❡rs ✐♥t♦ ✺ ❝❛t❡❣♦r✐❡s✿ ✵✱ ✶✱ ✷✱ ✸✱ ❛♥❞

♠♦r❡ t❤❛♥ ✹✳
✽❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤✐s ❞♦❡s ♥♦t ♣r❡✈❡♥t ✉s ❢r♦♠ ❡st✐♠❛t✐♥❣ t❤❡ ❛❞❞✐t✐✈❡ s❤✐❢ts δd ✇✐t❤✐♥✲st❛t❡✱ ✇❤✐❝❤ ✇❡

✉s❡ ✐♥ ♦✉r ❲❛❧❞✲❚❈ t②♣❡ ♦❢ ❡st✐♠❛t♦r✳

✶✾



✇❤✐❝❤ ✐s ♥♦t ✇❛rr❛♥t❡❞ ✐♥ t❤✐s ❝♦♥t❡①t ❛s ✇❡ ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✳ ❲❡ t❤❡r❡❢♦r❡ ❝❤♦♦s❡ βTC ❛s ♦✉r

♣r❡❢❡rr❡❞ ❡st✐♠❛t♦r✳

❚❛❜❧❡ ❙ ✷✿ ❊✛❡❝t ♦❢ ♦♥❡ ❛❞❞✐t✐♦♥❛❧ ♥❡✇s♣❛♣❡r ♦♥ t✉r♥♦✉t

●❡♥t③❦♦✇ ❡t ❛❧✳ ✭✷✵✶✶✮ βDID βTC ❖▲❙

❊✛❡❝t ♦❢ ♥❡✇s♣❛♣❡rs ♦♥ t✉r♥♦✉t ✵✳✵✵✷✻ ✵✳✵✵✸✶ ✵✳✵✵✹✼ ✲✵✳✵✵✼✾

✭✵✳✵✵✵✾✮ ✭✵✳✵✵✶✷✮ ✭✵✳✵✵✶✹✮ ✭✵✳✵✵✵✼✮

◆ ✶✺✻✷✼ ✶✺✻✷✼ ✶✺✻✷✼ ✶✺✻✷✼

◆♦t❡s✳ ❚❤✐s t❛❜❧❡ r❡♣♦rts ❡st✐♠❛t❡s ♦❢ t❤❡ ❡✛❡❝t ♦❢ ♦♥❡ ❛❞❞✐t✐♦♥❛❧ ♥❡✇s♣❛♣❡r ♦♥ t✉r♥♦✉t✳ ❙t❛♥❞❛r❞ ❡rr♦rs ❛r❡

❝❧✉st❡r❡❞ ❛t t❤❡ ❞✐str✐❝t ❧❡✈❡❧✳ ❋♦r βDID ❛♥❞ βTC ✱ ❝❧✉st❡r❡❞ st❛♥❞❛r❞ ❡rr♦rs ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❜❧♦❝❦ ❜♦♦tstr❛♣✳

❚❤✐s ❛♣♣❧✐❝❛t✐♦♥ ❛❧s♦ ✐❧❧✉str❛t❡s t❤❛t ♦✉r ❲❛❧❞✲❚❈ ❡st✐♠❛t♦r ❝❛♥ ❜❡ ✉s❡❞ ✇❤❡♥ ♦♥❧② ❛❣❣r❡❣❛t❡

❞❛t❛ ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ♣r♦✈✐❞❡❞ ❛❧❧ ✉♥✐ts ✐♥ ❡❛❝❤ ❣r♦✉♣ × ♣❡r✐♦❞ ❝❡❧❧ s❤❛r❡ t❤❡ s❛♠❡ ✈❛❧✉❡ ♦❢ t❤❡

tr❡❛t♠❡♥t✱ ❛s ✐s t❤❡ ❝❛s❡ ✐♥ ●❡♥t③❦♦✇ ❡t ❛❧✳ ✭✷✵✶✶✮✳ ■♥ s✉❝❤ ✐♥st❛♥❝❡s✱ ♦✉r ❲❛❧❞✲❈■❈ ❡st✐♠❛t♦r

❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ ✐❢ ♦♥❡ ✐s r❡❛❞② t♦ ❛ss✉♠❡ t❤❛t ❆ss✉♠♣t✐♦♥s ✶✲✷ ❛♥❞ ✻✲✼ ❛r❡ s❛t✐s✜❡❞ ✇✐t❤ Y gt

✐♥st❡❛❞ ♦❢ Y ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ ✉♥✐ts ✐♥ t❤❡ s❛♠❡ ❣r♦✉♣ × ♣❡r✐♦❞ ❝❡❧❧ ❝❛♥ ❤❛✈❡ ❞✐✛❡r❡♥t

✈❛❧✉❡s ♦❢ t❤❡ tr❡❛t♠❡♥t✱ ♦♥❡ ❝❛♥♥♦t ✉s❡ ♦✉r ❲❛❧❞✲❚❈ ❛♥❞ ❲❛❧❞✲❈■❈ ❡st✐♠❛t♦rs✱ ❜❡❝❛✉s❡ δd ❛♥❞

Qd ❝❛♥♥♦t ❜❡ ❡st✐♠❛t❡❞ ❢r♦♠ ❛❣❣r❡❣❛t❡ ❞❛t❛✳ ❚❤✐s ✐s ❢♦r ✐♥st❛♥❝❡ t❤❡ ❝❛s❡ ✐♥ ❊♥✐❦♦❧♦♣♦✈ ❡t ❛❧✳

✭✷✵✶✶✮✳ ■♥ s✉❝❤ ✐♥st❛♥❝❡s✱ ❛✉t❤♦rs ❝❛♥ st✐❧❧ ❢♦❧❧♦✇ ♦✉r r❡❝♦♠♠❡♥❞❛t✐♦♥ ♦❢ ✜♥❞✐♥❣ ❛ ❝♦♥tr♦❧ ❣r♦✉♣

✇❤❡r❡ tr❡❛t♠❡♥t ✐s st❛❜❧❡ ❛♥❞ t❤❡♥ ❡st✐♠❛t❡ t❤❡ ❲❛❧❞✲❉■❉✳

✸✳✷ ❊✛❡❝ts ♦❢ ❛ t✐t❧✐♥❣ ♣r♦❣r❛♠ ✐♥ P❡r✉ ♦♥ ❧❛❜♦✉r s✉♣♣❧②

❇❡t✇❡❡♥ ✶✾✾✻ ❛♥❞ ✷✵✵✸✱ t❤❡ P❡r✉✈✐❛♥ ❣♦✈❡r♥♠❡♥t ✐ss✉❡❞ ♣r♦♣❡rt② t✐t❧❡s t♦ ✶✳✷ ♠✐❧❧✐♦♥ ✉r❜❛♥

❤♦✉s❡❤♦❧❞s✱ t❤❡ ❧❛r❣❡st t✐t❧✐♥❣ ♣r♦❣r❛♠ t❛r❣❡t❡❞ t♦ sq✉❛tt❡rs ✐♥ t❤❡ ❞❡✈❡❧♦♣✐♥❣ ✇♦r❧❞✳ ❋✐❡❧❞

✭✷✵✵✼✮ ❡①❛♠✐♥❡s t❤❡ ❧❛❜♦r ♠❛r❦❡t ❡✛❡❝ts ♦❢ ✐♥❝r❡❛s❡s ✐♥ t❡♥✉r❡ s❡❝✉r✐t② r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ♣r♦✲

❣r❛♠✳ ❚♦ ✐s♦❧❛t❡ t❤❡ ❡✛❡❝t ♦❢ ♣r♦♣❡rt② r✐❣❤ts✱ t❤❡ ❛✉t❤♦r ✉s❡s ❛ s✉r✈❡② ❝♦♥❞✉❝t❡❞ ✐♥ ✷✵✵✵✱ ❛♥❞

❡①♣❧♦✐ts t✇♦ s♦✉r❝❡s ♦❢ ✈❛r✐❛t✐♦♥ ✐♥ ❡①♣♦s✉r❡ t♦ t❤❡ t✐t❧✐♥❣ ♣r♦❣r❛♠✳ ❋✐rst❧②✱ t❤✐s ♣r♦❣r❛♠ t♦♦❦

♣❧❛❝❡ ❛t ❞✐✛❡r❡♥t ❞❛t❡s ✐♥ ❞✐✛❡r❡♥t ♥❡✐❣❤❜♦r❤♦♦❞s✳ ■♥ ✷✵✵✵✱ ✐t ❤❛❞ ❛♣♣r♦①✐♠❛t❡❧② r❡❛❝❤❡❞ ✺✵✪ ♦❢

t❛r❣❡t❡❞ ♥❡✐❣❤❜♦r❤♦♦❞s✳ ❙❡❝♦♥❞❧②✱ ✐t ♦♥❧② ✐♠♣❛❝t❡❞ sq✉❛tt❡rs✱ ✐✳❡✳ ❤♦✉s❡❤♦❧❞s ✇✐t❤♦✉t ❛ ♣r♦♣✲

❡rt② t✐t❧❡ ♣r✐♦r t♦ t❤❡ ♣r♦❣r❛♠✳ ❚❤❡ ❛✉t❤♦r ❝❛♥ t❤❡r❡❢♦r❡ ❝♦♥str✉❝t ❢♦✉r ❣r♦✉♣s ♦❢ ❤♦✉s❡❤♦❧❞s✿

sq✉❛tt❡rs ✐♥ ♥❡✐❣❤❜♦r❤♦♦❞s r❡❛❝❤❡❞ ❜② t❤❡ ♣r♦❣r❛♠ ❜❡❢♦r❡ ✷✵✵✵✱ sq✉❛tt❡rs ✐♥ ♥❡✐❣❤❜♦r❤♦♦❞s

r❡❛❝❤❡❞ ❜② t❤❡ ♣r♦❣r❛♠ ❛❢t❡r ✷✵✵✵✱ ♥♦♥✲sq✉❛tt❡rs ✐♥ ♥❡✐❣❤❜♦r❤♦♦❞s r❡❛❝❤❡❞ ❜② t❤❡ ♣r♦❣r❛♠

❜❡❢♦r❡ ✷✵✵✵✱ ❛♥❞ ♥♦♥✲sq✉❛tt❡rs ✐♥ ♥❡✐❣❤❜♦r❤♦♦❞s r❡❛❝❤❡❞ ❜② t❤❡ ♣r♦❣r❛♠ ❛❢t❡r ✷✵✵✵✳ ❚❛❜❧❡ ✸

✷✵



♣r❡s❡♥ts t❤❡ s❤❛r❡ ♦❢ ❤♦✉s❡❤♦❧❞s ✇✐t❤ ❛ ♣r♦♣❡rt② t✐t❧❡ ✐♥ ✷✵✵✵ ✐♥ ❡❛❝❤ ❣r♦✉♣✳

❚❛❜❧❡ ❙ ✸✿ ❙❤❛r❡ ♦❢ ❤♦✉s❡❤♦❧❞s ✇✐t❤ ❛ ♣r♦♣❡rt② r✐❣❤t

❘❡❛❝❤❡❞ ❛❢t❡r ✷✵✵✵ ❘❡❛❝❤❡❞ ❜❡❢♦r❡ ✷✵✵✵

❙q✉❛tt❡rs ✵✪ ✼✶✪

◆♦♥✲sq✉❛tt❡rs ✶✵✵✪ ✶✵✵✪

■♥ ❚❛❜❧❡ ✺ ♦❢ ❤❡r ♣❛♣❡r✱ t❤❡ ❛✉t❤♦r ✉s❡s ✷❙▲❙ r❡❣r❡ss✐♦♥s t♦ ❡st✐♠❛t❡ t❤❡ ❡✛❡❝t ♦❢ ❤❛✈✐♥❣ ❛

♣r♦♣❡rt② r✐❣❤t ♦♥ ❤♦✉s❡❤♦❞s✬ ❧❛❜♦r s✉♣♣❧②✳ ❍❡r ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❤♦✉rs

✇♦r❦❡❞ ♣❡r ✇❡❡❦ ❜② ❡❛❝❤ ❤♦✉s❡❤♦❧❞✳ ❍❡r ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛r❡ ❛ ❞✉♠♠② ❢♦r sq✉❛tt❡rs✱ ❛

❞✉♠♠② ❢♦r ♥❡✐❣❤❜♦✉r❤♦♦❞s r❡❛❝❤❡❞ ❜❡❢♦r❡ ✷✵✵✵✱ ❛ ❞✉♠♠② ❢♦r ✇❤❡t❤❡r t❤❡ ❤♦✉s❡❤♦❧❞ ❤❛s ❛

♣r♦♣❡rt② r✐❣❤t✱ ❛♥❞ ❛ r✐❝❤ s❡t ♦❢ ✻✷ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s✳ ❍❡r ✐♥str✉♠❡♥t ❢♦r ♣r♦♣❡rt② r✐❣❤ts ✐s t❤❡

✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ sq✉❛tt❡rs ❛♥❞ r❡❛❝❤❡❞ ❜❡❢♦r❡ ✷✵✵✵ ❞✉♠♠✐❡s✳ ❚❤❡r❡❢♦r❡✱ ❤❡r ❡st✐♠❛t♦r ✐s ❛

❲❛❧❞✲❉■❉ ❛❝❝♦✉♥t✐♥❣ ❧✐♥❡❛r❧② ❢♦r t❤❡ ❡✛❡❝t ♦❢ ❝♦✈❛r✐❛t❡s✳ ❲❡ r❡✈✐s✐t ❤❡r r❡s✉❧ts ❛♥❞ ❝♦♠♣✉t❡

✐♥st❡❛❞ t❤❡ ❡st✐♠❛t♦r ŴX
CIC ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷ ♦❢ t❤❡ ♠❛✐♥ ♣❛♣❡r✱ ✇✐t❤ t❤❡ s❛♠❡ s❡t ♦❢

❝♦✈❛r✐❛t❡s✳ ŴX
CIC ❛❧s♦ ❛❝❝♦✉♥ts ❧✐♥❡❛r❧② ❢♦r t❤❡ ❡✛❡❝t ♦❢ ❝♦✈❛r✐❛t❡s s♦ t❤✐s ❡st✐♠❛t♦r ✐s ❝♦♠♣❛r❛❜❧❡

t♦ t❤❡ ❛✉t❤♦r✬s✳ ❆s ❛❧❧ ✉♥✐ts ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ❛r❡ tr❡❛t❡❞✱ ✇❡ ❝❛♥♥♦t ❡st✐♠❛t❡ ❡①❛❝t❧② ŴX
CIC

❜✉t ✇❡ ❢♦❧❧♦✇ ❚❤❡♦r❡♠ ✸✳✺ ❛♥❞ ❛♣♣❧② t❤❡ q✉❛♥t✐❧❡✲q✉❛♥t✐❧❡ tr❛♥s❢♦r♠ ♦❢ tr❡❛t❡❞ ✉♥✐ts ✐♥ t❤❡

❝♦♥tr♦❧ ❣r♦✉♣ t♦ ✉♥tr❡❛t❡❞ ✉♥✐ts ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣✳ ❖♥ t♦♣ ♦❢ ❆ss✉♠♣t✐♦♥s ✶❳✲✷❳ ❛♥❞

✻❳✲✼❳✱ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤✐s ❡st✐♠❛t♦r ❛❧s♦ r❡q✉✐r❡s ❛ ❝♦♥❞✐t✐♦♥❛❧ ✈❡rs✐♦♥ ♦❢ ❆ss✉♠♣t✐♦♥ ✶✵✳ ❍❡r

❲❛❧❞✲❉■❉ ❛♥❞ ♦✉r ❲❛❧❞✲❈■❈ ❡st✐♠❛t♦r ✇✐t❤ ❝♦✈❛r✐❛t❡s ❛r❡ r❡s♣❡❝t✐✈❡❧② ❡q✉❛❧ t♦ ✶✽✳✵✼ ❛♥❞ ✶✻✳✶✼✱

t❤✉s ✐♠♣❧②✐♥❣ t❤❛t ❜❡✐♥❣ ❣r❛♥t❡❞ ❛ ♣r♦♣❡rt② t✐t❧❡ ✐♥❝r❡❛s❡s t❤❡ ♥✉♠❜❡r ♦❢ ❤♦✉rs ✇♦r❦❡❞ ❜② ✶✻

t♦ ✶✽ ❤♦✉rs✳ ❚❤❡ t✇♦ ♣♦✐♥t ❡st✐♠❛t❡s ❛r❡ ♥♦t s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ✭t✲st❛t❂✶✳✷✾✮✳ ◗✉❛♥t✐❧❡

tr❡❛t♠❡♥t ❡✛❡❝ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳ ❚❤❡② ❛r❡ ♥❡❣❛t✐✈❡ ❛♥❞ ✐♥s✐❣♥✐✜❝❛♥t ✐♥ t❤❡ ❜♦tt♦♠ ♦❢

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦✉t❝♦♠❡✱ ❛♥❞ ♣♦s✐t✐✈❡ ❛♥❞ s✐❣♥✐✜❝❛♥t ✐♥ t❤❡ t♦♣✳ ❆s ♣❡r ♦✉r ❡st✐♠❛t❡s✱

❜❡✐♥❣ ❣r❛♥t❡❞ ❛ ♣r♦♣❡rt② t✐t❧❡ ❞❡❝r❡❛s❡s t❤❡ ✜rst ❞❡❝✐❧❡ ♦❢ ❧❛❜♦✉r s✉♣♣❧② ❜② ✺ ❤♦✉rs ❛♥❞ ✐♥❝r❡❛s❡s

t❤❡ ✾t❤ ❞❡❝✐❧❡ ❜② ✺✸ ❤♦✉rs✳ ❚❤❡s❡ t✇♦ ❡st✐♠❛t❡s ❛r❡ s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ✭t✲st❛t❂✷✳✷✶✮✳ ❚❤❡

❜❡st ❛✣♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ◗❚❊ ❢✉♥❝t✐♦♥ ❤❛s ❛ s❧♦♣❡ ♦❢ ✼✹✳✻ ✇✐t❤ ❛ st❛♥❞❛r❞ ❡rr♦r ♦❢ ✷✺✳✽✳✾

❖✈❡r❛❧❧✱ ♦✉r r❡❛♥❛❧②s✐s ②✐❡❧❞s ❛ ♣♦✐♥t ❡st✐♠❛t❡ ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ❛✉t❤♦r✬s ❢♦r t❤❡ ❛✈❡r❛❣❡ ❡✛❡❝t

♦❢ ♣r♦♣❡rt② t✐t❧❡s✱ ❜✉t ✐t ❛❧s♦ ✉♥✈❡✐❧s ❛♥ ✐♥t❡r❡st✐♥❣ ♣❛tt❡r♥ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ❡✛❡❝ts ❛❧♦♥❣ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦✉t❝♦♠❡✳

✾❲❡ ❡st✐♠❛t❡ t❤❡ st❛♥❞❛r❞ ❡rr♦r ♦❢ t❤✐s s❧♦♣❡ ❜② ❜♦♦tstr❛♣✿ ✐♥ ❡❛❝❤ ❜♦♦tstr❛♣ s❛♠♣❧❡✱ ✇❡ ❡st✐♠❛t❡ t❤❡ ◗❚❊

❛♥❞ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❜❡st ❛✣♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ◗❚❊ ❢✉♥❝t✐♦♥✳

✷✶
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❋✐❣✉r❡ ❙✸✿ ❊st✐♠❛t❡❞ ▲◗❚❊s ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❤♦✉rs ✇♦r❦❡❞ ✐♥ ❋✐❡❧❞ ✭✷✵✵✺✮✳

✹ ❙✉♣♣❧❡♠❡♥t❛r② ♣r♦♦❢s

■♥ t❤✐s s❡❝t✐♦♥ ❛♥❞ ✐♥ t❤❡ ♥❡①t✱ ✇❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s t❤♦s❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢s ♦❢ ❞❡ ❈❤❛✐s❡✲

♠❛rt✐♥ ✫ ❉✬❍❛✉❧t❢÷✉✐❧❧❡ ✭✷✵✶✺✮✳

❚❤❡♦r❡♠ ✸✳✸ ✭s❤❛r♣♥❡ss ♦❢ t❤❡ ❜♦✉♥❞s✮

❙❤❛r♣♥❡ss ♦❢ t❤❡ ❜♦✉♥❞s ❢♦r FY11(d)|S1
(y)

❲❡ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ s❤❛r♣♥❡ss ♦❢ FCIC,0✱ t❤❡ r❡❛s♦♥✐♥❣ ❜❡✐♥❣ s✐♠✐❧❛r ❢♦r t❤❡ ✉♣♣❡r ❜♦✉♥❞✳ ❚❤❡

♣r♦♦❢ ✐s ❛❧s♦ s✐♠✐❧❛r ❛♥❞ ❛❝t✉❛❧❧② s✐♠♣❧❡r ❢♦r d = 1✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦✉♥❞s ❛r❡ ♣r♦♣❡r ❝❞❢✱

s♦ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ ❝♦♥s✐❞❡r ❝♦♥✈❡r❣✐♥❣ s❡q✉❡♥❝❡s ♦❢ ❝❞❢ ❛s ✇❡ ❞♦ ✐♥ ❝❛s❡ ❜✮ ❜❡❧♦✇✳

❛✳ λ00 > 1✳ ❲❡ s❤♦✇ t❤❛t ✐❢ ❆ss✉♠♣t✐♦♥s ✷✱ ✼✱ ❛♥❞ ✾ ❤♦❧❞✱ t❤❡♥ FCIC,0 ✐s s❤❛r♣✳ ❋♦r t❤❛t

♣✉r♣♦s❡✱ ✇❡ ❝♦♥str✉❝t h̃0, Ũ0, Ṽ s✉❝❤ t❤❛t✿

✭✐✮ Y = h̃0(Ũ0, T ) ✇❤❡♥ D = 0 ❛♥❞ D = 1{Ṽ ≥ vGT}❀

✭✐✐✮ h̃0(., t) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❢♦r t ∈ {0, 1}❀

✭✐✐✐✮ (Ũ0, Ṽ ) ⊥⊥ T |G❀

✷✷



✭✐✈✮ Fh̃0(Ũ0,1)|G=0,T=1,Ṽ ∈[v00,v01) = T 0✳

❋✐rst✱ ❧❡t

h̃0(., 0) = F−1
000 ◦G0(T 0) ◦ F−1

001,

h̃0(., 1) = F−1
001.

❙❡❝♦♥❞✱ ❧❡t

Ũ0 = (1−D)h̃−1
0 (Y, T )

+D(1− T )(1−G)1{V ∈ [v00, v01)}Ũ1
0

+DTG1{V ∈ [v11, v00)}Ũ2
0

+D [1− (1− T )(1−G)1{V ∈ [v00, v01)} − TG1{V ∈ [v11, v00)}]U0,

✇❤❡r❡ Ũ1
0 ❛♥❞ Ũ2

0 ❛r❡ t✇♦ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s s✉❝❤ t❤❛t S(Ũ1
0 ) = S(Ũ2

0 ) = (0, 1)✱ ❛♥❞

FŨ1

0
|G=0,T=0,V ∈[v00,v01) = T 0 ◦ F−1

001,

FŨ2

0
|G=1,T=1,V ∈[v11,v00) = C0(T 0) ◦ F−1

001.

FŨ1

0
|G=0,T=0,V ∈[v00,v01) ✐s ❛ ✈❛❧✐❞ ❝❞❢ ♦♥ (0, 1) s✐♥❝❡ ✭✐✮ T 0 ✐s ✐♥❝r❡❛s✐♥❣ ❜② ❆ss✉♠♣t✐♦♥ ✾ ❛♥❞ F−1

001 ✐s

❛❧s♦ ✐♥❝r❡❛s✐♥❣✱ ✭✐✐✮ limy→y T 0(y) = 0 ❛♥❞ limy→y T 0(y) = 1 ✇❤❡♥ λ00 > 1✳ FŨ2

0
|G=1,T=1,V ∈[v11,v00)

✐s ❛❧s♦ ❛ ✈❛❧✐❞ ❝❞❢ ♦♥ (0, 1) s✐♥❝❡ ✭✐✮ C0(T 0) ✐s ✐♥❝r❡❛s✐♥❣ ❜② ❆ss✉♠♣t✐♦♥ ✾ ❛♥❞ F−1
001 ✐s ❛❧s♦

✐♥❝r❡❛s✐♥❣✱ ✭✐✐✮ C0(T 0) (S(Y )) = (0, 1) ✇❤❡♥ λ00 > 1✱ ❛s ♣❡r t❤❡ s❡❝♦♥❞ ♣♦✐♥t ♦❢ ▲❡♠♠❛ ❙✶✳

❚❤✐r❞✱ ❢♦r ❡✈❡r② u ∈ (0, 1)✱ ❧❡t

P0(u) = T 0 ◦ F−1
001(u),

P1(u) = C0(T 0) ◦ F−1
001(u),

P2(u) = H0 ◦G0(T 0) ◦ F−1
001(u).

❆s s❤♦✇♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ❙✻ ✭❧♦✇❡r ❜♦✉♥❞✱ ❝❛s❡ ✷✮✱ ❆ss✉♠♣t✐♦♥ ✾ ❡♥s✉r❡s t❤❛t P0(u)✱

P1(u)✱ ❛♥❞ P2(u) ❛r❡ ♥♦♥ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ♦♥❧② ♦♥❡ ♣♦✐♥t✳ ▼♦r❡♦✈❡r✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t

F001 =
1

λ00

G0 (T 0) +

(
1− 1

λ00

)
T 0, ✭✷✵✮

H0 ◦G0(T 0) = λ10F011 + (1− λ10)C0(T 0), ✭✷✶✮

❛♥❞ T 0✱ G (T 0)✱ ❛♥❞ C0(T 0) ❛r❡ ✐♥❝r❡❛s✐♥❣ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✾✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t

0 ≤
(
1− 1

λ00

)
P ′
0(u) ≤ 1,

0 ≤ (1− λ10)P
′
1(u)

P ′
2(u)

≤ 1,

✷✸



❢♦r ❛♥② u ❛t ✇❤✐❝❤ P0(.)✱ P1(.)✱ ❛♥❞ P2(.) ❛r❡ ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❛♥❞ P ′
2(u) > 0✳ ❚❤❡♥✱ ❧❡t BS0

❛♥❞

BS1
❜❡ t✇♦ ❇❡r♥♦✉❧❧✐ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s s✉❝❤ t❤❛t ❢♦r ❡✈❡r② u ∈ (0, 1)✱

P (BS0
= 1|Ũ0 = u,D = 0, G = 0, T = 1) =

(
1− 1

λ00

)
P ′
0(u),

P (BS1
= 1|Ũ0 = u,D = 0, G = 1, T = 0) =

(1− λ10)P
′
1(u)

P ′
2(u)

,

✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t P (BS0
= 1|Ũ0 = u,D = 0, G = 0, T = 1) ❛♥❞ P (BS1

= 1|Ũ0 =

u,D = 0, G = 1, T = 0) ❛r❡ ❡q✉❛❧ t♦ 0 ❛t t❤❡ ♣♦✐♥t ❛t ✇❤✐❝❤ P0(u)✱ P1(u)✱ ❛♥❞ P2(u) ❛r❡

♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❛♥❞ P (BS1
= 1|Ũ0 = u,D = 0, G = 1, T = 0) = 0 ✇❤❡♥ P ′

2(u) = 0✳ ❚❤❡

✜rst ❝♦♥✈❡♥t✐♦♥ ✐s ✐♥♥♦❝✉♦✉s ❛s ✐t ❛♣♣❧✐❡s t♦ ❛ 0 ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ s❡t✳ ❆s ✇❡ s❤❛❧❧ s❡❡ ❧❛t❡r✱

t❤❡ s❡❝♦♥❞ ❝♦♥✈❡♥t✐♦♥ ✐s ❛❧s♦ ✐♥♥♦❝✉♦✉s✱ ❜❡❝❛✉s❡ ✇❤❡♥ P ′
2(u) = 0✱ ❊q✉❛t✐♦♥ ✭✷✶✮ ✐♠♣❧✐❡s t❤❛t

P ′
1(u) = 0 ❛s ✇❡❧❧✳

❋✐♥❛❧❧②✱ ❧❡t

Ṽ = (1−D)(1−G)T
[
BS0

Ṽ 1 + (1− BS0
)Ṽ 2
]

+(1−D)G(1− T )
[
BS1

Ṽ 3 + (1− BS1
)Ṽ 4
]

+(1− (1−D) [(1−G)T +G(1− T )])V,

✇❤❡r❡ Ṽ 1✱ Ṽ 2✱ Ṽ 3✱ ❛♥❞ Ṽ 4 ❛r❡ s✉❝❤ t❤❛t S(Ṽ 1) = S(V ) ∩ [v00, v01)✱ S(Ṽ 2) = S(V ) ∩ (−∞, v00)✱

S(Ṽ 3) = S(V ) ∩ [v11, v00)✱ S(Ṽ 4) = S(V ) ∩ (−∞, v11)✱ ❛♥❞

fṼ 1|G=0,T=1,D=0,BS0
=1,Ũ0

(v|u) = fV |G=0,T=0,V ∈[v00,v01),Ũ0
(v|u),

fṼ 2|G=0,T=1,D=0,BS0
=0,Ũ0

(v|u) = fV |G=0,T=0,V <v00,Ũ0
(v|u),

fṼ 3|G=1,T=0,D=0,BS1
=1,Ũ0

(v|u) = fV |G=1,T=1,V ∈[v11,v00),Ũ0
(v|u),

fṼ 4|G=1,T=0,D=0,BS1
=0,Ũ0

(v|u) = fV |G=1,T=1,V <v11,Ũ0
(v|u).

❲❡ s❤❛❧❧ ♥♦✇ s❤♦✇ t❤❛t (h̃0(., 0), h̃0(., 1), Ũ0, Ṽ ) s❛t✐s✜❡s ✭✐✮✱ ✭✐✐✮✱ ✭✐✐✐✮✱ ❛♥❞ ✭✐✈✮✳ ❇② ❝♦♥str✉❝t✐♦♥✱

P♦✐♥t ✭✐✮ ✐s s❛t✐s✜❡❞✳ ▼♦r❡♦✈❡r✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❆ss✉♠♣t✐♦♥ ✼ t❤❛t h̃0(., 1) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣

♦♥ (0, 1)✳ ❇❡s✐❞❡s✱ G0(T 0) ◦ F−1
001 ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ (0, 1) ❛♥❞ ✐♥❝❧✉❞❡❞ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶ ❛s

s❤♦✇♥ ✐♥ t❤❡ ✜rst ♣♦✐♥t ♦❢ ▲❡♠♠❛ ❙✶✳ F−1
000 ✐s ❛❧s♦ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ (0, 1) ❜② ❆ss✉♠♣t✐♦♥ ✼✳

❚❤❡r❡❢♦r❡✱ h̃0(., 0) ✐s ❛❧s♦ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ (0, 1)✱ ❛♥❞ P♦✐♥t ✭✐✐✮ ✐s s❛t✐s✜❡❞✳

❚❤❡♥✱ ✇❡ ❝❤❡❝❦ P♦✐♥t ✭✐✐✐✮✳ ❲❡ s❤♦✇ t❤❛t ✐t ❤♦❧❞s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡
✉s❡ ❇❛②❡s ❧❛✇ t♦ ✇r✐t❡

f
Ũ0,Ṽ |G=0,T=t

(u, v)

= P (Ṽ < v01|G = 0, T = t)[P (Ṽ < v00|G = 0, T = t, Ṽ < v01)fŨ0|G=0,T=t,Ṽ <v00

(u)f
Ṽ |G=0,T=t,Ṽ <v00,Ũ0

(v|u)

+P (Ṽ ∈ [v00, v01)|G = 0, T = t, Ṽ < v01)fŨ0|G=0,T=t,Ṽ ∈[v00,v01)
(u)f

Ṽ |G=0,T=t,Ṽ ∈[v00,v01),Ũ0

(v|u)]

+P (Ṽ ≥ v01|G = 0, T = t)f
Ũ0,Ṽ |G=0,T=t,Ṽ≥v01

(u, v), ✭✷✷✮

✷✹



❛♥❞ ✇❡ s❤♦✇ t❤❛t ❛❧❧ ❡❧❡♠❡♥ts ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❞✐s♣❧❛② ❛r❡ ❡q✉❛❧ ❢♦r t = 0

❛♥❞ t = 1✳

❲❡ ✜rst ❡✈❛❧✉❛t❡ ❛❧❧ ♦❢ t❤❡s❡ q✉❛♥t✐t✐❡s ✇❤❡♥ T = 1✳ ❋✐rst✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ṽ

t❤❛t

P (Ṽ < v01|G = 0, T = 1) = p0|01. ✭✷✸✮

❚❤❡♥✱

P (Ũ0 ≤ u|G = 0, T = 1, Ṽ < v01) = P (Ũ0 ≤ u|G = 0, T = 1, D = 0)

= P (h̃−1
0 (Y, 1) ≤ u|G = 0, T = 1, D = 0)

= P (Y ≤ F−1
001(u)|G = 0, T = 1, D = 0)

= u.

❚❤❡r❡❢♦r❡✱

fŨ0|G=0,T=1,Ṽ <v01
(u) = 1.

❚❤❡♥✱ ✇❡ ❤❛✈❡✱ ❛❧♠♦st ❡✈❡r②✇❤❡r❡✱

fŨ0,1{Ṽ ∈[v00,v01)}|G=0,T=1,Ṽ <v01
(u, 1)

= P (Ṽ ∈ [v00, v01)|G = 0, T = 1, Ṽ < v01, Ũ0 = u)fŨ0|G=0,T=1,Ṽ <v01
(u)

= P (BS0
= 1|G = 0, T = 1, D = 0, Ũ0 = u)

=

(
1− 1

λ00

)
P ′
0(u). ✭✷✹✮

❚❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ṽ ✱ ❛♥❞ ❢r♦♠ fŨ0|G=0,T=1,Ṽ <v01
(u) = 1✳ ❊q✉❛t✐♦♥

✭✷✹✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t P ′
0 ✐s ❛ ❞❡♥s✐t② ✐♠♣❧② t❤❛t

P (Ṽ ∈ [v00, v01)|G = 0, T = 1, Ṽ < v01) = 1− 1

λ00

, ✭✷✺✮

fŨ0|G=0,T=1,Ṽ ∈[v00,v01)(u) = P ′
0(u), ✭✷✻✮

❛♥❞

P (Ṽ < v00|G = 0, T = 1, Ṽ < v01) =
1

λ00

, ✭✷✼✮

fŨ0|G=0,T=1,Ṽ <v00
(u) = λ00 − (λ00 − 1)P ′

0(u). ✭✷✽✮

◆❡①t✱ ✇❡ ❤❛✈❡

fṼ |G=0,T=1,Ṽ ∈[v00,v01),Ũ0
(v|u) = fṼ 1|G=0,T=1,D=0,BS0

=1,Ũ0
(v|u),

= fV |G=0,T=0,V ∈[v00,v01),Ũ0
(v|u), ✭✷✾✮

✷✺



❛♥❞

fṼ |G=0,T=1,Ṽ <v00,Ũ0
(v|u) = fṼ 2|G=0,T=1,D=0,BS0

=0,Ũ0
(v|u)

= fV |G=0,T=0,V <v00,Ũ0
(v|u). ✭✸✵✮

❚❤❡♥✱ ✇❡ ❡✈❛❧✉❛t❡ ❛❧❧ ♦❢ t❤❡s❡ q✉❛♥t✐t✐❡s ✇❤❡♥ T = 0✳ ❋✐rst✱ ♥♦t✐❝❡ t❤❛t

P (Ṽ < v01|G = 0, T = 0) = P (V < v01|G = 0, T = 0)

= P (V < v01|G = 0, T = 1)

= p0|01. ✭✸✶✮

❚❤❡ ✜rst ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ṽ ❛♥❞ t❤❡ s❡❝♦♥❞ ❢r♦♠ t❤❡ ❢❛❝t V s❛t✐s✜❡s

❆ss✉♠♣t✐♦♥ ✶✳ ❖♥❡ ❝❛♥ ✉s❡ s✐♠✐❧❛r ❛r❣✉♠❡♥ts t♦ s❤♦✇ t❤❛t

P (Ṽ ∈ [v00, v01)|G = 0, T = 0, Ṽ < v01) = 1− 1

λ00

, ✭✸✷✮

P (Ṽ < v00|G = 0, T = 0, Ṽ < v01) =
1

λ00

. ✭✸✸✮

❚❤❡♥✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ṽ ❛♥❞ Ũ0 t❤❛t

fŨ0|G=0,T=0,Ṽ ∈[v00,v01)(u) = fŨ1

0
|G=0,T=0,V ∈[v00,v01)(u) = P ′

0(u). ✭✸✹✮

◆❡①t✱

P (Ũ0 ≤ u|G = 0, T = 0, Ṽ < v00) = P (Ũ0 ≤ u|G = 0, T = 0, D = 0)

= P (h̃−1
0 (Y, 0) ≤ u|G = 0, T = 0, D = 0)

= P (Y ≤ F−1
000 ◦G0(T 0) ◦ F−1

001(u)|G = 0, T = 0, D = 0)

= G0(T 0) ◦ F−1
001(u)

= λ00u− (λ00 − 1)P0(u),

✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ✭✷✵✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

fŨ0|G=0,T=0,Ṽ <v00
(u) = λ00 − (λ00 − 1)P ′

0(u). ✭✸✺✮

❚❤❡♥✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ṽ t❤❛t

fṼ |G=0,T=0,Ṽ ∈[v00,v01),Ũ0
(v|u) = fV |G=0,T=0,V ∈[v00,v01),Ũ0

(v|u), ✭✸✻✮

fṼ |G=0,T=0,Ṽ <v00,Ũ0
(v|u) = fV |G=0,T=0,V <v00,Ũ0

(v|u). ✭✸✼✮

❋✐♥❛❧❧②✱

fŨ0,Ṽ |G=0,T=0,Ṽ≥v01
(u, v) = fU0,V |G=0,T=0,V≥v01(u, v)

= fU0,V |G=0,T=1,V≥v01(u, v)

= fŨ0,Ṽ |G=0,T=1,Ṽ≥v01
(u, v), ✭✸✽✮

✷✻



✇❤❡r❡ t❤❡ ✜rst ❛♥❞ ❧❛st ❡q✉❛❧✐t② ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ (Ũ0, Ṽ )✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t②

❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t (U0, V ) s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥ ✶✳

❋✐♥❛❧❧②✱ ❝♦♠❜✐♥✐♥❣ ❊q✉❛t✐♦♥ ✭✷✷✮ ✇✐t❤ ❊q✉❛t✐♦♥s ✭✷✸✮ ❛♥❞ ✭✸✶✮✱ ✭✷✺✮ ❛♥❞ ✭✸✷✮✱ ✭✷✼✮ ❛♥❞ ✭✸✸✮✱

✭✷✻✮ ❛♥❞ ✭✸✹✮✱ ✭✷✽✮ ❛♥❞ ✭✸✺✮✱ ✭✷✾✮ ❛♥❞ ✭✸✻✮✱ ✭✸✵✮ ❛♥❞ ✭✸✼✮✱ ❛♥❞ ✭✸✽✮✱ ✇❡ ❣❡t t❤❛t

fŨ0,Ṽ |G=0,T=1(u, v) = fŨ0,Ṽ |G=0,T=0(u, v).

❚❤✐s s❤♦✇s t❤❛t ✭✐✐✐✮ ❤♦❧❞s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣✳ ❙❤♦✇✐♥❣ t❤❛t ✐t ❛❧s♦ ❤♦❧❞s ✐♥ t❤❡ tr❡❛t♠❡♥t

❣r♦✉♣ r❡❧✐❡s ♦♥ ❛ ✈❡r② s✐♠✐❧❛r r❡❛s♦♥✐♥❣✱ s♦ ✇❡ s❦✐♣ t❤✐s ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ❞✉❡ t♦ ❛ ❝♦♥❝❡r♥ ❢♦r

❜r❡✈✐t②✳

❜✳ λ00 < 1✳ ❚❤❡ ✐❞❡❛ ✐s s✐♠✐❧❛r ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❆ ❞✐✛❡r❡♥❝❡✱ ❤♦✇❡✈❡r✱ ✐s t❤❛t ✇❤❡♥

λ00 < 1 ❛♥❞ y = +∞✱ T 0 ✐s ♥♦t ❛ ♣r♦♣❡r ❝❞❢✱ ❜✉t ❛ ❞❡❢❡❝t✐✈❡ ♦♥❡✱ s✐♥❝❡ limy→+∞ T 0(y) < 1✳

❆s ❛ r❡s✉❧t✱ ✇❡ ❝❛♥♥♦t ❞❡✜♥❡ ❛ ❉●P s✉❝❤ t❤❛t T̃0 = T 0✱ ❍♦✇❡✈❡r✱ ❜② ▲❡♠♠❛ ❙✷✱ t❤❡r❡ ❡①✐sts

❛ s❡q✉❡♥❝❡ (T k
0)k ♦❢ ❝❞❢ s✉❝❤ t❤❛t T k

0 → T 0✱ G0(T
k
0) ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❜✐❥❡❝t✐♦♥ ❢r♦♠ S(Y ) t♦

(0, 1) ❛♥❞ C0(T
k
0) ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ♦♥t♦ (0, 1)✳ ❲❡ ❝❛♥ t❤❡♥ ❝♦♥str✉❝t ❛ s❡q✉❡♥❝❡ ♦❢ ❉●P

(h̃k
0(., 0), h̃

k
0(., 1), Ũ

k
0 , Ṽ

k) s✉❝❤ t❤❛t P♦✐♥ts ✭✐✮ t♦ ✭✐✐✐✮ ❧✐st❡❞ ❛❜♦✈❡ ❤♦❧❞ ❢♦r ❡✈❡r② k✱ ❛♥❞ s✉❝❤ t❤❛t

T̃ k
0 = T k

0✳ ❙✐♥❝❡ T k
0(y) ❝♦♥✈❡r❣❡s t♦ T 0(y) ❢♦r ❡✈❡r② y ✐♥

◦
S(Y )✱ ✇❡ t❤✉s ❞❡✜♥❡ ❛ s❡q✉❡♥❝❡ ♦❢

❉●P s✉❝❤ t❤❛t T̃ k
0 ❝❛♥ ❜❡ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ T 0 ♦♥

◦
S(Y ) ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ k✳ ❙✐♥❝❡ C0(.) ✐s

❝♦♥t✐♥✉♦✉s✱ t❤✐s ♣r♦✈❡s t❤❛t FCIC,0 ✐s s❤❛r♣ ♦♥
◦

S(Y )✳

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❡①❤✐❜✐t h̃k
0(., 0) ❛♥❞ h̃k

0(., 1) s❛t✐s❢②✐♥❣ ✭✐✮✱ ❛s ✇❡❧❧ ❛s ❞✐str✐❜✉t✐♦♥s ♦❢ Ũk
0 ❢♦r

❛❧❧ r❡❧❡✈❛♥t s✉❜♣♦♣✉❧❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ❛✮ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❞❛t❛✱ ❜✮ s❛t✐s❢② ✭✐✐✐✮✱ ❛♥❞ ❝✮ r❡❛❝❤

t❤❡ ❜♦✉♥❞✳ ❲❡ ❞♦ ♥♦t ♥♦t ❡①❤✐❜✐t (Ũk
0 , Ṽ

k) ❛s ✇❡ ❞✐❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢✱ t♦ ❛✈♦✐❞ r❡♣❡❛t✐♥❣

t✇✐❝❡ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✳

▲❡t

h̃k
0(., 1) = G0(T

k
0)

−1

h̃k
0(., 0) = F−1

000

h̃k
0(., 1) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ (0, 1) s✐♥❝❡ G0(T

k
0) ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❜✐❥❡❝t✐♦♥ ♦♥ (0, 1) ❛s s❤♦✇♥ ✐♥

▲❡♠♠❛ ❙✷✳ h̃k
0(., 0) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ (0, 1) ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✼✳ ❚❤❡r❡❢♦r❡✱ ✭✐✮ ✐s ✈❡r✐✜❡❞✳

▲❡t ✉s ❝♦♥s✐❞❡r ✜rst t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Ũk
0 ❛♠♦♥❣ ✉♥tr❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣

✐♥ ♣❡r✐♦❞ ✶✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ❇❛②❡s r✉❧❡ t❤❛t

FŨk
0
|G=0,T=1,Ṽ <v00

= λ00FŨk
0
|G=0,T=1,Ṽ <v01

+ (1− λ00)FŨk
0
|G=0,T=1,Ṽ ∈[v01,v00) ✭✸✾✮

●✐✈❡♥ h̃k
0(., 1)✱ t♦ ❤❛✈❡ T̃

k
0 = T k

0✱ ✇❡ ♠✉st ❤❛✈❡

FŨk
0
|G=0,T=1,Ṽ ∈[v01,v00) = T k

0 ◦G0(T
k
0)

−1.

✷✼



❚❤✐s ❞❡✜♥❡s ❛ ✈❛❧✐❞ ❝❞❢ s✐♥❝❡ T k
0 ✐s ❛ ❝❞❢ ❛♥❞ G0(T

k
0)

−1 ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ♦♥t♦ S(Y )✳ ■t ❝❛♥ ❜❡

❛❝❤✐❡✈❡❞ ❜② ❝♦♥str✉❝t✐♥❣ Ṽ ✉s✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❇❡r♥♦✉❧❧✐ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ t♦ s♣❧✐t ✉♥tr❡❛t❡❞

♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ✐♥ ♣❡r✐♦❞ ✵ ❜❡t✇❡❡♥ s♦♠❡ ❢♦r ✇❤✐❝❤ Ṽ ∈ [v01, v00)✱ ❛♥❞ s♦♠❡

❢♦r ✇❤✐❝❤ Ṽ < v01✱ ❡①❛❝t❧② ❛s ✇❡ ❞✐❞ ❢♦r λ00 > 1✳

●✐✈❡♥ h̃k
0(., 1)✱ ❛♥❞ t❤❡ ❢❛❝t h̃k

0(Ũ
k
0 , 1) = Y ❢♦r ❛❧❧ ♦❜s❡r✈❛t✐♦♥s s✉❝❤ t❤❛t G = 0, T = 1, Ṽ < v01✱

❛ ❢❡✇ ❝♦♠♣✉t❛t✐♦♥s ②✐❡❧❞

FŨk
0
|G=0,T=1,Ṽ <v01

= F001 ◦G0(T
k
0)

−1.

P❧✉❣❣✐♥❣ t❤❡ ❧❛st t✇♦ ❡q✉❛t✐♦♥s ✐♥t♦ ✭✸✾✮ ✜♥❛❧❧② ②✐❡❧❞s FŨk
0
|G=0,T=1,Ṽ <v00

= I✱ ✇❤❡r❡ I ❞❡♥♦t❡s

t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥ ♦♥ [0, 1]✳

◆♦✇✱ ❧❡t ✉s t✉r♥ t♦ ✉♥tr❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ ❝♦♥tr♦❧ ❣r♦✉♣ ✐♥ ♣❡r✐♦❞ ✵✳ ●✐✈❡♥ h̃k
0(., 0)✱

❛♥❞ t❤❡ ❢❛❝t h̃k
0(Ũ

k
0 , 0) = Y ❢♦r ❛❧❧ ♦❜s❡r✈❛t✐♦♥s s✉❝❤ t❤❛t G = 0, T = 0, Ṽ < v00✱ ❛ ❢❡✇

❝♦♠♣✉t❛t✐♦♥s ②✐❡❧❞ FŨk
0
|G=0,T=0,Ṽ <v00

= I. ❙✐♥❝❡ Y (0) ✐s ♥♦t ♦❜s❡r✈❡❞ ❢♦r ♦❜s❡r✈❛t✐♦♥s s✉❝❤ t❤❛t

G = 0, T = 1, Ṽ ∈ [v01, v00)✱ t❤❡ ❞❛t❛ ❞♦❡s ♥♦t ✐♠♣♦s❡ ❛♥② ❝♦♥str❛✐♥t ♦♥ t❤❡✐r U0✱ s♦ ✇❡ ❝❛♥ s❡t

FŨk
0
|G=0,T=0,Ṽ ∈[v01,v00) = T k

0 ◦G0(T
k
0)

−1.

❚❤❡r❡❢♦r❡✱ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ Ũk
0 |G = 0, T = t, Ṽ < v01 ❛♥❞ Ũk

0 |G = 0, T = t, Ṽ ∈ [v01, v00)

s❛t✐s❢② ✭✐✐✐✮✳

❚❤❡♥✱ ❧❡t ✉s ❝♦♥s✐❞❡r ✉♥tr❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ✐♥ ♣❡r✐♦❞ ✶✳ ❯s✐♥❣ t❤❡

❞❡✜♥✐t✐♦♥ ♦❢ h̃k
0(., 1) ❛♥❞ t❤❡ ❢❛❝t h̃k

0(Ũ
k
0 , 1) = Y ❢♦r ❛❧❧ ♦❜s❡r✈❛t✐♦♥s s✉❝❤ t❤❛t G = 1, T = 1, Ṽ <

v11✱ ♦♥❡ ❝❛♥ s❤♦✇ ❛❢t❡r ❛ ❢❡✇ ❝♦♠♣✉t❛t✐♦♥s t❤❛t

FŨk
0
|G=1,T=1,Ṽ <v11

= F011 ◦G0(T
k
0)

−1.

❙✐♥❝❡ Y (0) ✐s ♥♦t ♦❜s❡r✈❡❞ ❢♦r ♦❜s❡r✈❛t✐♦♥s s✉❝❤ t❤❛t G = 1, T = 1, Ṽ ∈ [v11, v00)✱ t❤❡ ❞❛t❛ ❞♦❡s

♥♦t ✐♠♣♦s❡ ❛♥② ❝♦♥str❛✐♥t ♦♥ t❤❡✐r U0✱ s♦ ✇❡ ❝❛♥ s❡t

FŨk
0
|G=1,T=1,Ṽ ∈[v11,v00) = C0(T

k
0) ◦G0(T

k
0)

−1.

❚❤✐s ❞❡✜♥❡s ❛ ✈❛❧✐❞ ❝❞❢✱ ❛s s❤♦✇♥ ✐♥ P♦✐♥ts ✷ ❛♥❞ ✸ ♦❢ ▲❡♠♠❛ ❙✷✳

❋✐♥❛❧❧②✱ ❧❡t ✉s ❝♦♥s✐❞❡r ✉♥tr❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ✐♥ ♣❡r✐♦❞ ✵✳ ■t ❢♦❧❧♦✇s

❢r♦♠ ❇❛②❡s r✉❧❡ t❤❛t ✇❡ ♠✉st ❤❛✈❡

FŨk
0
|G=1,T=0,Ṽ <v00

= λ10FŨk
0
|G=1,T=0,Ṽ <v11

+ (1− λ10)FŨk
0
|G=1,T=0,Ṽ ∈[v11,v00). ✭✹✵✮

❚♦ s❛t✐s❢② ♣♦✐♥t ✭✐✐✐✮✱ ✇❡ ♠✉st ❤❛✈❡

FŨk
0
|G=1,T=0,Ṽ <v11

= F011 ◦G0(T
k
0)

−1.

✷✽



❚❤✐s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❝♦♥str✉❝t✐♥❣ Ṽ ✉s✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❇❡r♥♦✉❧❧✐ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ t♦ s♣❧✐t

✉♥tr❡❛t❡❞ ♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ tr❡❛t♠❡♥t ❣r♦✉♣ ✐♥ ♣❡r✐♦❞ ✵ ❜❡t✇❡❡♥ s♦♠❡ ❢♦r ✇❤✐❝❤ Ṽ ∈ [v11, v00)✱

❛♥❞ s♦♠❡ ❢♦r ✇❤✐❝❤ Ṽ < v11✱ ❡①❛❝t❧② ❛s ✇❡ ❞✐❞ ❢♦r λ00 > 1✳ ❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ h̃k
0(., 1) ❛♥❞

t❤❡ ❢❛❝t h̃k
0(Ũ

k
0 , 1) = Y ❢♦r ❛❧❧ ♦❜s❡r✈❛t✐♦♥s s✉❝❤ t❤❛t G = 0, T = 1, Ṽ < v11✱ ♦♥❡ ❝❛♥ s❤♦✇ ❛❢t❡r

❛ ❢❡✇ ❝♦♠♣✉t❛t✐♦♥s t❤❛t

FŨk
0
|G=1,T=0,Ṽ <v00

= F010 ◦ F−1
000.

P❧✉❣❣✐♥❣ t❤❡ ❧❛st t✇♦ ❡q✉❛t✐♦♥s ✐♥t♦ ✭✹✵✮ ✜♥❛❧❧② ②✐❡❧❞s

FŨk
0
|G=1,T=0,Ṽ ∈[v11,v00) =

p0|10F010 ◦ F−1
000 − p0|11F011 ◦G0(T

k
0)

−1

p0|10 − p0|11

= C0(T
k
0) ◦G0(T

k
0)

−1.

❚❤❡r❡❢♦r❡✱ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ Ũk
0 |G = 1, T = t, Ṽ < v11 ❛♥❞ Ũk

0 |G = 1, T = t, Ṽ ∈ [v11, v00)

s❛t✐s❢② ✭✐✐✐✮✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ✇❤❡♥ λ00 < 1✳

❙❤❛r♣♥❡ss ♦❢ t❤❡ ❜♦✉♥❞s ❢♦r ∆ ❛♥❞ τq

❲❡ ♣r♦✈❡ t❤❛t t❤❡ ❜♦✉♥❞s ♦♥ ∆ ❛♥❞ τq ❛r❡ s❤❛r♣ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✾✳ ❲❡ ♦♥❧② ❢♦❝✉s ♦♥

t❤❡ ❧♦✇❡r ❜♦✉♥❞✱ t❤❡ r❡s✉❧t ❜❡✐♥❣ s✐♠✐❧❛r ❢♦r t❤❡ ✉♣♣❡r ❜♦✉♥❞✳ ❚❤❡ ♠♦❞❡❧ ❛♥❞ ❞❛t❛ ✐♠♣♦s❡

♥♦ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ (U0, U1)✳ ❍❡♥❝❡✱ ❜② t❤❡ ♣r❡✈✐♦✉s s❤❛r♣♥❡ss ♣r♦♦❢ ✇❡

❝❛♥ r❛t✐♦♥❛❧✐③❡ t❤❡ ❢❛❝t t❤❛t (FY11(0)|S1
, FY11(1)|S1

) = (FCIC,0, FCIC,1) ✇❤❡♥ λ00 > 1✳ ❙❤❛r♣♥❡ss

♦❢ ∆ ❛♥❞ τq ❢♦❧❧♦✇s ❞✐r❡❝t❧②✳ ❲❤❡♥ λ00 < 1✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❝❛♥ ♦♥❧② r❛t✐♦♥❛❧✐③❡ t❤❡

❢❛❝t t❤❛t (FY11(0)|S1
, FY11(1)|S1

) = (C0k, FCIC,1)✱ ✇❤❡r❡ C0k ❝♦♥✈❡r❣❡s ♣♦✐♥t✇✐s❡ t♦ FCIC,0✳ ❚♦

s❤♦✇ t❤❡ s❤❛r♣♥❡ss ♦❢ t❤❡ ▲❆❚❊ ❛♥❞ ▲◗❚❊✱ ✇❡ t❤✉s ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t limk→∞
∫
ydC0k(y) =∫

ydFCIC,0(y) ❛♥❞ limk→∞ C−1
0k (q) = F−1

CIC,0(q)✳

❆s ❢♦r t❤❡ ▲❆❚❊✱ ✇❡ ❤❛✈❡✱ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❢♦r ▲❡❜❡s❣✉❡✲❙t✐❡❧❥❡s ✐♥t❡❣r❛❧s✱
∫

ydC0k(y) = y −
∫ y

y

C0kdy = −
∫ 0

y

C0k(y)dy +

∫ y

0

[1− C0k(y)] dy. ✭✹✶✮

❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❡❛❝❤ ✐♥t❡❣r❛❧ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡✳ ❆s s❤♦✇♥ ❜② ▲❡♠♠❛ ❙✷✱

C0k ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s C0k = C0(T
k
0) ✇✐t❤ T k

0 ≤ T0✱ T0 ❞❡♥♦t✐♥❣ FY11(0)|S0
✳ ❇❡❝❛✉s❡ C0(T0) =

FY11(0)|S1
❛♥❞ C0(.) ✐s ✐♥❝r❡❛s✐♥❣ ✇❤❡♥ λ00 < 1✱ C0k ≤ FY11(0)|S1

✳ E(|Y11(0)| |S1) < +∞ ✐♠♣❧✐❡s

t❤❛t
∫ 0

y
FY11(0)|S1

(y)dy < +∞✳ ❚❤✉s✱ ❜② t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱

lim
k→∞

∫ 0

y

C0kdy =

∫ 0

y

FCIC,0(y)dy < +∞.

◆♦✇ ❝♦♥s✐❞❡r t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧ ✐♥ ✭✹✶✮✳ ■❢ y < +∞✱ ✇❡ ❝❛♥ ❛❧s♦ ❛♣♣❧② t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r✲

❣❡♥❝❡ t❤❡♦r❡♠✿ 1−C0k ≤ 1 ✐♠♣❧✐❡s t❤❛t
∫ y

0
[1− C0k(y)] dy →

∫ y

0

[
1− FCIC,0(y)

]
dy✳ ■❢ y = +∞✱

limy→+∞ FCIC,0(y) = ℓ < 1 s♦ t❤❛t
∫ y

0

[
1− FCIC,0(y)

]
dy = +∞.

✷✾



❇② ❋❛t♦✉✬s ❧❡♠♠❛✱

lim inf

∫ y

0

[1− C0k(y)] dy ≥
∫ y

0

[
1− FCIC,0(y)

]
dy = +∞.

❚❤✉s✱ ✐♥ t❤✐s ❝❛s❡ ❛s ✇❡❧❧ t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧ ✐♥ ✭✹✶✮ ❝♦♥✈❡r❣❡s t♦
∫ y

0

[
1− FCIC,0(y)

]
dy✳ ❋✐♥❛❧❧②✱

❜❡❝❛✉s❡
∫ 0

y
C0k(y)dy ❝♦♥✈❡r❣❡s t♦ ❛ ✜♥✐t❡ ❧✐♠✐t✱

∫
ydC0k(y) ❝♦♥✈❡r❣❡s t♦

∫
ydFCIC,0(y)✳ ❍❡♥❝❡✱

t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ ∆ ✐s s❤❛r♣✳

◆♦✇✱ ❧❡t ✉s t✉r♥ t♦ τq✳ ❋♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ❙✷ ✱ ✇❡ ❝❛♥ ❧❡t C0k = C0(T
k
0)✱ ✇❤❡r❡ T k

0 ❛♥❞ C0(T
k
0)

s❛t✐s❢② t❤❡ t❤r❡❡ ❢♦❧❧♦✇✐♥❣ r❡q✉✐r❡♠❡♥ts✿

✶✳ T k
0 ≥ T 0

✷✳ ❢♦r ❛❧❧ y∗ ∈
◦

S(Y )✱ t❤❡r❡ ✐s ❛ k ∈ N s✉❝❤ t❤❛t ❢♦r ❡✈❡r② k′ ≥ k✱ T k′

0 (y) = T 0(y) ❢♦r ❛❧❧ y ≤ y∗✳

✸✳ C0(T
k
0) ✐s ✐♥❝r❡❛s✐♥❣✳

❙✉♣♣♦s❡ ✜rst t❤❛t yq ≡ F−1
CIC,0(q) ∈

◦
S(Y )✳ ❚❤❡♥ ♣♦✐♥t ✷ ❛❜♦✈❡ ✐♠♣❧✐❡s t❤❛t ❢♦r ❛❧❧ k ❧❛r❣❡

❡♥♦✉❣❤✱ C0k(y) = FCIC,0(y) ❢♦r ❡✈❡r② y ≤ yq✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t C−1
0k (q) = yq✳ ❍❡♥❝❡✱ C−1

0k (q)

❝♦♥✈❡r❣❡s t♦ yq✳ ◆♦✇ s✉♣♣♦s❡ t❤❛t yq 6∈
◦

S(Y )✳ ●✐✈❡♥ t❤❛t S(Y ) = [y, y]✱ yq ∈ {y, y}✳ ■❢

yq = y✱ y ≤ C−1
0k (q) ≤ F−1

CIC,0(q), ✇❤❡r❡ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ♣♦✐♥t

✶ ❛❜♦✈❡ ✐♠♣❧✐❡s t❤❛t C0k ≥ FCIC,0. ❚❤❡r❡❢♦r❡✱ C
−1
0k (q) = yq✳ ❋✐♥❛❧❧②✱ ✐❢ yq = y✱ t❤❡ ♣r♦♦❢ ♦❢

▲❡♠♠❛ ❙✷ s❤♦✇s t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (yk)k∈N ❝♦♥✈❡r❣✐♥❣ t♦✇❛r❞s y s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r②

k ≥ 1✱ C0k(yk − 1/k) = FCIC,0(yk − 1/k)✳ ▼♦r❡♦✈❡r✱ ❜② ❞❡✜♥✐t✐♦♥✱ FCIC,0(yk − 1/k) < q✳ ❚❤✉s✱

C0k(yk − 1/k) < q✱ ❛♥❞ y ≥ C−1
0k (q) ≥ yk − 1/k✱ ✇❤❡r❡ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ❤♦❧❞s ❜② ♣♦✐♥t ✸

❛❜♦✈❡✳ ❍❡♥❝❡✱ ✐♥ t❤✐s ❝❛s❡ ❛s ✇❡❧❧✱ C−1
0k (q) ❝♦♥✈❡r❣❡s t♦ y✳ ❚❤✐s ♣r♦✈❡s t❤❛t t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢

τq ✐s s❤❛r♣✱ ✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ �

❚❤❡♦r❡♠ ❙✶

Pr♦♦❢ ♦❢ ✶

❆s t❤❡ ✜rst st❛❣❡ r❡❣r❡ss✐♦♥ ✐s ❢✉❧❧② s❛t✉r❛t❡❞ ✐♥ (T,G)✱ t❤❡ ♣r❡❞✐❝t❡❞ ✈❛❧✉❡ ♦❢ D ❢r♦♠ t❤✐s

r❡❣r❡ss✐♦♥ ✐s E(D|T,G)✳ ❆s ❛ r❡s✉❧t✱ t❤❡ s❡❝♦♥❞ st❛❣❡ ✐s ❛ r❡❣r❡ss✐♦♥ ♦❢ Y ♦♥ ❛ ❝♦♥st❛♥t✱ t❤❡

t✐♠❡ ❛♥❞ ❣r♦✉♣ ❞✉♠♠✐❡s✱ ❛♥❞ E(D|T,G)✳ ❚❤❡♥✱ β = cov(Y,Z̃)

V (Z̃)
, ✇❤❡r❡ Z̃ ✐s t❤❡ r❡s✐❞✉❛❧ ❢r♦♠ ❛♥

❖▲❙ r❡❣r❡ss✐♦♥ ♦❢ E(D|T,G) ♦♥ t❤❡ ❝♦♥st❛♥t ❛♥❞ t❤❡ ❣r♦✉♣ ❛♥❞ t✐♠❡ ❞✉♠♠✐❡s✳ ▲❡t α✱ αg✱ ❛♥❞

αt r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❝♦♥st❛♥t ❛♥❞ ♦❢ t❤❡ ❣r♦✉♣ ❛♥❞ t✐♠❡ ❞✉♠♠✐❡s ✐♥

t❤❛t r❡❣r❡ss✐♦♥✳ ❲❡ ❤❛✈❡ V (Z̃) = cov(E(D|T,G), Z̃) = cov(D, Z̃)✳ ❚❤❡ ✜rst ❡q✉❛❧✐t② ❢♦❧❧♦✇s

❢r♦♠ t❤❡ ❢❛❝t t❤❛t

E(D|T,G) = α +

g∑

g=1

αg1{G = g}+
t∑

t=1

αt1{T = t}+ Z̃

✸✵



❛♥❞ Z̃ ✐s ❜② ❝♦♥str✉❝t✐♦♥ ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ t✐♠❡ ❛♥❞ ❣r♦✉♣ ❞✉♠♠✐❡s✳ ❚❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t②

❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❧❛✇ ♦❢ ✐t❡r❛t❡❞ ❡①♣❡❝t❛t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ β = cov(Y,Z̃)

cov(D,Z̃)
.

❆s G ⊥⊥ T ✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❋r✐s❝❤✲❲❛✉❣❤ t❤❡♦r❡♠ t❤❛t t❤❡ αt ❛r❡ ❡q✉❛❧ t♦ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢

t❤❡ t✐♠❡ ❞✉♠♠✐❡s ✐♥ ❛ r❡❣r❡ss✐♦♥ ♦❢ E(D|G, T ) ♦♥ t❤❡ ❝♦♥st❛♥t ❛♥❞ t❤❡ t✐♠❡ ❞✉♠♠✐❡s ❛❧♦♥❡✳

❚❤❡r❡❢♦r❡✱

αt = E(E(D|G, T )|T = t)− E(E(D|G, T )|T = 0) = E(D|T = t)− E(D|T = 0).

❙✐♠✐❧❛r❧②✱ ❛s G ⊥⊥ T ✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❋r✐s❝❤✲❲❛✉❣❤ t❤❡♦r❡♠ t❤❛t t❤❡ αg ❛r❡ ❡q✉❛❧ t♦ t❤❡

❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❣r♦✉♣ ❞✉♠♠✐❡s ✐♥ ❛ r❡❣r❡ss✐♦♥ ♦❢ E(D|G, T ) ♦♥ t❤❡ ❝♦♥st❛♥t ❛♥❞ t❤❡ ❣r♦✉♣

❞✉♠♠✐❡s ❛❧♦♥❡✳ ❚❤❡r❡❢♦r❡✱

αg = E(E(D|G, T )|G = g)− E(E(D|G, T )|G = 0) = E(D|G = g)− E(D|G = 0).

❚❤❡♥✱ ✇❡ ❤❛✈❡

Z̃ = E(D|G, T )− α− (E(D|G)− E(D|G = 0))− (E(D|T )− E(D|T = 0)) .

▲❡t ✉s ✜rst ❝♦♥s✐❞❡r t❤❡ ♥✉♠❡r❛t♦r ♦❢ β✳

cov(Y, Z̃) = cov(Y,E(D|G, T )− E(D|G)− E(D|T ))

= E((E(D|G, T )− E(D|G)− E(D|T ) + E(D))E(Y |G, T ))

=
t∑

t=0

g∑

g=0

P (G = g)P (T = t)(E(Dgt)− E(D|G = g)− E(D|T = t) + E(D))E(Ygt)

=
t∑

t=1

g∑

g=0

P (G = g)P (T = t)(E(Dgt)− E(D|G = g)− E(D|T = t) + E(D)) (E(Ygt)− E(Yg0)− (E(Y0t)− E(Y00)))

=
t∑

t=1

g∑

g=1

P (G = g)P (T = t)(E(Dgt)− E(D|G = g)− E(D|T = t) + E(D))
t∑

t′=1

g∑

g′=1

WDID(g′, g′ − 1, t′)DIDD(g′, g′ − 1, t′)

=

t∑

t=1

g∑

g=1

WDID(g, g − 1, t)DIDD(g, g − 1, t)

t∑

t′=t

g∑

g′=g

P (G = g′)P (T = t′)(E(Dg′t′ )− E(D|G = g′)− E(D|T = t′) + E(D))

=

t∑

t=1

g∑

g=1

WDID(g, g − 1, t)DIDD(g, g − 1, t)P (G ≥ g)P (T ≥ t) (E (D|G ≥ g, T ≥ t)− E (D|G ≥ g)− E (D|T ≥ t) + E(D)) .

❙✐♠✐❧❛r❧②✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t

cov(D, Z̃) =
t∑

t=1

g∑

g=1

DIDD(g, g − 1, t)P (G ≥ g)P (T ≥ t) (E (D|G ≥ g, T ≥ t)− E (D|G ≥ g)− E (D|T ≥ t) + E(D)) .

Pr♦♦❢ ♦❢ ✷

❚❤❡ r❡s✉❧t ❞✐r❡❝t❧② ❢♦❧❧♦✇s ❛❢t❡r ❝♦♠❜✐♥✐♥❣ t❤❡ ✜rst ♣♦✐♥t ✇✐t❤ ❚❤❡♦r❡♠ ✸✳✶ ❛♥❞ r❡❛rr❛♥❣✐♥❣ t❤❡

s✉♠♠❛t✐♦♥s✳ �

✸✶



❚❤❡♦r❡♠ ❙✷

Pr♦♦❢ ♦❢ ✶

❲❡ ❤❛✈❡ β = cov(Y,Z̃)

cov(D,Z̃)
, ✇❤❡r❡ Z̃ ✐s t❤❡ r❡s✐❞✉❛❧ ❢r♦♠ ❛♥ ❖▲❙ r❡❣r❡ss✐♦♥ ♦❢ T ∗∗ × f(G) ♦♥ t❤❡

❝♦♥st❛♥t ❛♥❞ t❤❡ ❣r♦✉♣ ❛♥❞ t✐♠❡ ❞✉♠♠✐❡s✳ ▲❡t α✱ αg✱ ❛♥❞ αt r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡ t❤❡ ❝♦❡✣❝✐❡♥ts

♦❢ t❤❡ ❝♦♥st❛♥t ❛♥❞ ♦❢ t❤❡ ❣r♦✉♣ ❛♥❞ t✐♠❡ ❞✉♠♠✐❡s ✐♥ t❤❛t r❡❣r❡ss✐♦♥✳ ❆s G ⊥⊥ T ✱ ✐t ❢♦❧❧♦✇s

❢r♦♠ t❤❡ ❋r✐s❝❤✲❲❛✉❣❤ t❤❡♦r❡♠ t❤❛t t❤❡ αt ❛r❡ ❡q✉❛❧ t♦ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ t✐♠❡ ❞✉♠♠✐❡s ✐♥

❛ r❡❣r❡ss✐♦♥ ♦❢ T ∗∗ × f(G) ♦♥ t❤❡ ❝♦♥st❛♥t ❛♥❞ t❤❡ t✐♠❡ ❞✉♠♠✐❡s ❛❧♦♥❡✳ ❚❤❡r❡❢♦r❡✱

αt = E(T ∗∗ × f(G)|T = t)− E(T ∗∗ × f(G)|T = 0) = 1{t ≥ t0}E(f(G)).

❙✐♠✐❧❛r❧②✱ ❛s G ⊥⊥ T ✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❋r✐s❝❤✲❲❛✉❣❤ t❤❡♦r❡♠ t❤❛t t❤❡ αg ❛r❡ ❡q✉❛❧ t♦ t❤❡

❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❣r♦✉♣ ❞✉♠♠✐❡s ✐♥ ❛ r❡❣r❡ss✐♦♥ ♦❢ T ∗∗ × f(G) ♦♥ t❤❡ ❝♦♥st❛♥t ❛♥❞ t❤❡ ❣r♦✉♣

❞✉♠♠✐❡s ❛❧♦♥❡✳ ❚❤❡r❡❢♦r❡✱

αg = E(T ∗∗ × f(G)|G = g)− E(T ∗∗ × f(G)|G = 0) = (f(g)− f(0))E(T ∗∗).

❚❤❡♥✱ ✇❡ ❤❛✈❡

Z̃ = T ∗∗f(G)− α− T ∗∗E(f(G))− (f(G)− f(0))E(T ∗∗).

❚❤❡r❡❢♦r❡✱ ❛ ❢❡✇ ❝♦♠♣✉t❛t✐♦♥s ②✐❡❧❞

β =
cov(Y, f(G)|T ∗∗ = 1)− cov(Y, f(G)|T ∗∗ = 0)

cov(D, f(G)|T ∗∗ = 1)− cov(D, f(G)|T ∗∗ = 0)
.

◆♦✇✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♥✉♠❡r❛t♦r✳

cov(Y, f(G)|T ∗∗ = 1)− cov(Y, f(G)|T ∗∗ = 0)

= E((f(G)− E(f(G)))Y |T ∗∗ = 1)− E((f(G)− E(f(G)))Y |T ∗∗ = 0)

= E((f(G)− E(f(G)))E(Y |G, T ∗∗ = 1)|T ∗∗ = 1)− E((f(G)− E(f(G)))E(Y |G, T ∗∗ = 0)|T ∗∗ = 0)

=

g∑

g′=1

P (G = g′|T ∗∗ = 1)(f(g′)− E(f(G)))E(Y |G = g′, T ∗∗ = 1)

−
g∑

g′=1

P (G = g′|T ∗∗ = 0)(f(g′)− E(f(G)))E(Y |G = g′, T ∗∗ = 0)

=

g∑

g′=1

P (G = g′)(f(g′)− E(f(G)))(E(Y |G = g′, T ∗∗ = 1)− E(Y |G = g′, T ∗∗ = 0))

=

g∑

g′=2

P (G = g′)(f(g′)− E(f(G)))DID∗∗
Y (g′, 0)

=

g∑

g′=2

P (G = g′)(f(g′)− E(f(G)))

g′∑

g=2

DID∗∗
Y (g, g − 1)

✸✷



❍❡♥❝❡✱

cov(Y, f(G)|T ∗∗ = 1)− cov(Y, f(G)|T ∗∗ = 0)

=

g∑

g′=2

P (G = g′)(f(g′)− E(f(G)))

g∑

g=2

W ∗∗
DID(g, g − 1)DID∗∗

D (g, g − 1)

=

g∑

g=2

W ∗∗
DID(g, g − 1)DID∗∗

D (g, g − 1)

g∑

g′=g

P (G = g′)(f(g′)− E(f(G)))

=

g∑

g=2

W ∗∗
DID(g, g − 1)DID∗∗

D (g, g − 1)P (G ≥ g)(E(f(G)|G ≥ g)− E(f(G))).

❙✐♠✐❧❛r❧②✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t

cov(D, f(G)|T ∗∗ = 1)− cov(D, f(G)|T ∗∗ = 0)

=

g∑

g=2

DID∗∗
D (g, g − 1)P (G ≥ g)(E(f(G)|G ≥ g)− E(f(G))).

Pr♦♦❢ ♦❢ ✷

❚❤❡ r❡s✉❧t ❞✐r❡❝t❧② ❢♦❧❧♦✇s ❛❢t❡r ❝♦♠❜✐♥✐♥❣ t❤❡ ✜rst ♣♦✐♥t ✇✐t❤ ❚❤❡♦r❡♠ ✸✳✶ ❛♥❞ r❡❛rr❛♥❣✐♥❣ t❤❡

s✉♠♠❛t✐♦♥s✳ �

❚❤❡♦r❡♠ ❙✸

❲❡ ❧❡t ❤❡r❡❛❢t❡r θ = (F000, ..., F011, F100, ..., F111, λ00, λ10, λ01, λ11)✳

Pr♦♦❢ ♦❢ ✶

❲❡ ❛❧r❡❛❞② s❤♦✇❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶ t❤❛t ❡❛❝❤ t❡r♠ ♦❢ t❤❡ ❜♦✉♥❞s✱ ❡①❝❡♣t
∫
ydF̂ d10(y)

❛♥❞
∫
ydF̂ d10(y)✱ ❝♦✉❧❞ ❜❡ ❧✐♥❡❛r✐③❡❞✳ ❚❤❡r❡❢♦r❡✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡s❡ ✐♥t❡❣r❛❧s ❝❛♥ ❜❡

❧✐♥❡❛r✐③❡❞ ❛s ✇❡❧❧✳ ▲❡t ✉s ❢♦❝✉s ♦♥
∫
ydF̂ d10(y)✱ ❛s t❤❡ r❡❛s♦♥✐♥❣ ✐s s✐♠✐❧❛r ❢♦r t❤❡ ♦t❤❡r✳ ❆♥

✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rt ②✐❡❧❞s
∫

ydF̂ d10(y)−
∫

ydF d10(y)

=−
∫ y

y

[
F̂ d10(y)− F d10(y)

]
dy

=−
∫ y

y

[
m1

(
λ̂0dF̂Yd01

(y)
)
−m1 (λ0dFYd01

(y))
]
dy + (y − y)

[
m1

(
λ̂0d

)
−m1 (λ0d)

]
.

❇② ❛ss✉♠♣t✐♦♥✱ t❤❡ ❡q✉❛t✐♦♥ λ0dFYd01
(y) = 1 ❛❞♠✐ts ❛t ♠♦st ♦♥❡ s♦❧✉t✐♦♥✳ ❍❡♥❝❡✱ ❜② P♦✐♥t

✷ ♦❢ ▲❡♠♠❛ ✻ ❛♥❞ t❤❡ ❝❤❛✐♥ r✉❧❡✱ θ 7→
∫ y

y
m1 [λ0dFYd01

(y)] dy + (y − y)m1 (λ0d) ✐s ❍❛❞❛♠❛r❞

✸✸



❞✐✛❡r❡♥t✐❛❜❧❡ t❛♥❣❡♥t✐❛❧❧② t♦ (C0)4 × R
2✳ ❚❤❡ r❡s✉❧t t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✹✱ t❤❡ ❢✉♥❝t✐♦♥❛❧

❞❡❧t❛ ♠❡t❤♦❞✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡❧t❛ ♠❡t❤♦❞ ❢♦r t❤❡ ❜♦♦tstr❛♣✳

Pr♦♦❢ ♦❢ ✷

▲❡t θ = (F000, ..., F011, F100, ..., F111, λ00, λ10, λ01, λ11)✳ ❇② ▲❡♠♠❛ ✻✱ ❢♦r d ∈ {0, 1} ❛♥❞ q ∈ Q✱

θ 7→
∫ y

y
FCIC,d(y)dy✱ θ 7→

∫ y

y
FCIC,d(y)dy✱ θ 7→ F

−1

CIC,d(q)✱ ❛♥❞ θ 7→ F−1
CIC,d(q) ❛r❡ ❍❛❞❛♠❛r❞

❞✐✛❡r❡♥t✐❛❜❧❡ t❛♥❣❡♥t✐❛❧❧② t♦ (C0)4 × R
2✳ ❇❡❝❛✉s❡ ∆ =

∫
S(Y )

FCIC,0(y) − FCIC,1(y)dy✱ ∆ ✐s ❛❧s♦

❛ ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥ ♦❢ θ t❛♥❣❡♥t✐❛❧❧② t♦ (C0)4 × R
2✳ ❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛♣♣❧✐❡s

❢♦r ∆✱ ❛♥❞ ❢♦r τq ❛♥❞ τq ❢♦r ❡✈❡r② q ∈ Q✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❛s ♣r❡✈✐♦✉s❧② �

✺ ❚❡❝❤♥✐❝❛❧ ❧❡♠♠❛s

✺✳✶ ▲❡♠♠❛s r❡❧❛t❡❞ t♦ ✐❞❡♥t✐✜❝❛t✐♦♥

▲❡♠♠❛ ❙✶ ❆ss✉♠❡ ❆ss✉♠♣t✐♦♥s ✼ ❛♥❞ ✾ ❤♦❧❞✱ ❛♥❞ λ0d > 1✳ ❚❤❡♥✿

✶✳ Gd(T d) ✐s ❛ ❜✐❥❡❝t✐♦♥ ❢r♦♠ S(Y ) t♦ [0, 1]❀

✷✳ Cd(T d) (S(Y )) = [0, 1]✳

Pr♦♦❢✿ ✇❡ ♦♥❧② ♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r d = 0✱ t❤❡ r❡❛s♦♥✐♥❣ ❜❡✐♥❣ s✐♠✐❧❛r ♦t❤❡r✇✐s❡✳ ❖♥❡ ❝❛♥ s❤♦✇

t❤❛t ✇❤❡♥ λ00 > 1✱

G0(T 0) = min
(
λ00F001,max

(
λ00F001 + (1− λ00), H

−1
0 ◦ (λ10F011)

))
. ✭✹✷✮

❇② ❆ss✉♠♣t✐♦♥ ✼✱ λ10F011 ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣✳ ▼♦r❡♦✈❡r✱ S(Y10|D = 0) = S(Y00|D = 0) ✐♠♣❧✐❡s

t❤❛t H−1
0 ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ [0, 1]✳ ❈♦♥s❡q✉❡♥t❧②✱ H−1

0 ◦ (λ10F011) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥

S(Y ) s✐♥❝❡ λ10 < 1✳ ❚❤❡r❡❢♦r❡✱ G0(T 0) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ♦♥ S(Y ) ❛s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡

max ❛♥❞ min ♦❢ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t G0(T 0) ◦F−1
001 ✐s str✐❝t❧②

✐♥❝r❡❛s✐♥❣ ♦♥ [0, 1]✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t s✐♥❝❡ S(Y1t|D = 0) = S(Y0t|D = 0)✱

lim
y→y

H−1
0 ◦ (λ10F011) ◦ F−1

001(y) = 0,

lim
y→y

H−1
0 ◦ (λ10F011) ◦ F−1

001(y) ≤ 1.

❍❡♥❝❡✱ ❜② ❊q✉❛t✐♦♥ ✭✹✷✮✱

lim
y→y

G0(T 0)(y) = 0, lim
y→y

G0(T 0)(y) = 1. ✭✹✸✮

❋✐♥❛❧❧②✱ G0(T 0) ◦ F−1
001 ✐s ❛❧s♦ ❝♦♥t✐♥✉♦✉s ❜② ❆ss✉♠♣t✐♦♥ ✼✱ ❛s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝✲

t✐♦♥s✳ P♦✐♥t ✶ t❤❡♥ ❢♦❧❧♦✇s✱ ❜② t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠✳

✸✹



◆♦✇✱ ✇❡ ❤❛✈❡

C0(T 0) =
p0|10F010 ◦ F−1

001 ◦G0(T 0)− p0|11F011

p0|10 − p0|11
.

✭✹✸✮ ✐♠♣❧✐❡s t❤❛t G0(T 0) ✐s ❛ ❝❞❢✳ ❍❡♥❝❡✱ ❜② ❆ss✉♠♣t✐♦♥ ✼✱

lim
y→y

C0(T 0)(y) = 0, lim
y→y

C0(T 0)(y) = 1.

▼♦r❡♦✈❡r✱ C0(T 0) ✐s ✐♥❝r❡❛s✐♥❣ ❜② ❆ss✉♠♣t✐♦♥ ✾✳ ❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ❆ss✉♠♣t✐♦♥ ✼ ②✐❡❧❞s

P♦✐♥t ✷✱ s✐♥❝❡ C0(T 0) ✐s ❝♦♥t✐♥✉♦✉s ❜② ❆ss✉♠♣t✐♦♥ ✼ ♦♥❝❡ ♠♦r❡ �

▲❡♠♠❛ ❙✷ ❙✉♣♣♦s❡ ❆ss✉♠♣t✐♦♥s ✼ ❛♥❞ ✾ ❤♦❧❞✱ p0|g0 > 0 ❢♦r g ∈ {0; 1} ❛♥❞ λ00 < 1✳ ❚❤❡♥

t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ ❝❞❢ T k
0 s✉❝❤ t❤❛t

✶✳ T k
0(y) → T 0(y) ❢♦r ❛❧❧ y ∈

◦
S(Y )❀

✷✳ G0(T
k
0) ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❜✐❥❡❝t✐♦♥ ❢r♦♠ S(Y ) t♦ [0, 1]❀

✸✳ C0(T
k
0) ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ♦♥t♦ [0, 1]✳

❚❤❡ s❛♠❡ ❤♦❧❞s ❢♦r t❤❡ ✉♣♣❡r ❜♦✉♥❞✳

Pr♦♦❢✿ ✇❡ ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ (yk)k∈N ❝♦♥✈❡r❣✐♥❣ t♦ y ❛♥❞ s✉❝❤ t❤❛t yk < y✳ ❙✐♥❝❡ yk < y✱ ✇❡

❝❛♥ ❛❧s♦ ❞❡✜♥❡ ❛ str✐❝t❧② ♣♦s✐t✐✈❡ s❡q✉❡♥❝❡ (ηk)k∈N s✉❝❤ t❤❛t yk + ηk < y✳ ❇② ❆ss✉♠♣t✐♦♥ ✾✱ H0

✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✳ ▼♦r❡♦✈❡r✱

H ′
0 =

F ′
010 ◦ F−1

000

F ′
000 ◦ F−1

000

✐s str✐❝t❧② ♣♦s✐t✐✈❡ ♦♥ S(Y ) ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✾✳ F ′
011 ✐s ❛❧s♦ str✐❝t❧② ♣♦s✐t✐✈❡ ♦♥ S(Y ) ✉♥❞❡r

❆ss✉♠♣t✐♦♥ ✾✳ ❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ❛ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ H0 ❛♥❞ F011✱ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t t❤❡r❡

❡①✐sts ❝♦♥st❛♥ts A1k > 0 ❛♥❞ A2k > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ y < y′ ∈ [yk, yk + ηk]
2✱

H0(y
′)−H0(y) ≥ A1k(y

′ − y), ✭✹✹✮

F011(y
′)− F011(y) ≤ A2k(y

′ − y). ✭✹✺✮

❲❡ ❛❧s♦ ❞❡✜♥❡ ❛ s❡q✉❡♥❝❡ (εk)k∈N ❜②

εk = min

(
ηk,

A1k(1− λ00) (T0(yk)− T 0(yk))

λ10A2k

)
. ✭✹✻✮

◆♦t❡ t❤❛t ❛s s❤♦✇♥ ✐♥ ✭✷✻✮✱ s✐♥❝❡ λ00 < 1✱ 0 ≤ T0, G0(T0), C0(T0) ≤ 1 ✐♠♣❧✐❡s t❤❛t ✇❡ ♠✉st ❤❛✈❡

T0 ≤ T0,

✸✺



✇❤✐❝❤ ✐♠♣❧✐❡s ✐♥ t✉r♥ t❤❛t εk ≥ 0✳ ❈♦♥s❡q✉❡♥t❧②✱ s✐♥❝❡ 0 ≤ εk ≤ ηk✱ ✐♥❡q✉❛❧✐t✐❡s ✭✹✹✮ ❛♥❞ ✭✹✺✮

❛❧s♦ ❤♦❧❞ ❢♦r y < y′ ∈ [yk, yk + εk]
2✳

❲❡ ♥♦✇ ❞❡✜♥❡ T k
0✳ ❋♦r ❡✈❡r② k s✉❝❤ t❤❛t εk > 0✱ ❧❡t

T k
0(y) =

∣∣∣∣∣∣∣

T 0(y) ✐❢ y < yk

T 0(yk) +
T0(yk+εk)−T

0
(yk)

εk
(y − yk) ✐❢ y ∈ [yk, yk + εk]

T0(y) ✐❢ y > yk + εk.

❋♦r ❡✈❡r② k s✉❝❤ t❤❛t εk = 0✱ ❧❡t

T k
0(y) =

∣∣∣∣∣
T 0(y) ✐❢ y < yk

T0(y) ✐❢ y ≥ yk

❚❤❡♥✱ ✇❡ ✈❡r✐❢② t❤❛t T k
0 ❞❡✜♥❡s ❛ s❡q✉❡♥❝❡ ♦❢ ❝❞❢ ✇❤✐❝❤ s❛t✐s❢② P♦✐♥ts ✶✱ ✷ ❛♥❞ ✸✳ ❯♥❞❡r

❆ss✉♠♣t✐♦♥ ✾✱ T 0(y) ✐s ✐♥❝r❡❛s✐♥❣✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t T k
0(y) ✐s ✐♥❝r❡❛s✐♥❣ ♦♥ (y, yk)✳ ❙✐♥❝❡ T0(y)

✐s ❛ ❝❞❢✱ T k
0(y) ✐s ❛❧s♦ ✐♥❝r❡❛s✐♥❣ ♦♥ (yk + εk, y)✳ ❋✐♥❛❧❧②✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ✇❤❡♥ εk > 0✱

T k
0(y) ✐s ✐♥❝r❡❛s✐♥❣ ♦♥ [yk, yk+εk]✳ T

k
0 ✐s ❝♦♥t✐♥✉♦✉s ♦♥ (y, yk) ❛♥❞ (yk+εk, y) ✉♥❞❡r ❆ss✉♠♣t✐♦♥

✼✳ ■t ✐s ❛❧s♦ ❝♦♥t✐♥✉♦✉s ❛t yk ❛♥❞ yk + εk ❜② ❝♦♥str✉❝t✐♦♥✳ ❚❤✐s ♣r♦✈❡s t❤❛t T k
0(y) ✐s ✐♥❝r❡❛s✐♥❣

♦♥ S(Y )✳ ▼♦r❡♦✈❡r✱

lim
y→y

T k
0(y) = lim

y→y
T 0(y) = 0,

lim
y→y

T k
0(y) = lim

y→y
T0(y) = 1.

❍❡♥❝❡✱ T k
0 ✐s ❛ ❝❞❢✳ P♦✐♥t ✶ ❛❧s♦ ❤♦❧❞s ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ T k

0(y)✳

G0(T
k
0) = λ00F001 + (1 − λ00)T

k
0 ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥t✐♥✉♦✉s ❛s ❛ s✉♠ ♦❢ t❤❡ str✐❝t❧②

✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ λ00F001 ❛♥❞ ❛♥ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ▼♦r❡♦✈❡r✱

G0(T
k
0) t❡♥❞s t♦ ✵ ✭r❡s♣✳ ✶✮ ✇❤❡♥ y t❡♥❞s t♦ y ✭r❡s♣✳ t♦ y✮✳ P♦✐♥t ✷ ❢♦❧❧♦✇s ❜② t❤❡ ✐♥t❡r♠❡❞✐❛t❡

✈❛❧✉❡ t❤❡♦r❡♠✳

❋✐♥❛❧❧②✱ ❧❡t ✉s s❤♦✇ P♦✐♥t ✸✳ ❇❡❝❛✉s❡ G0(T
k
0) ✐s ❛ ❝♦♥t✐♥✉♦✉s ❝❞❢✱ C0(T

k
0) ✐s ❛❧s♦ ❝♦♥t✐♥✉♦✉s ❛♥❞

❝♦♥✈❡r❣❡s t♦ ✵ ✭r❡s♣✳ ✶✮ ✇❤❡♥ y t❡♥❞s t♦ y ✭r❡s♣✳ t♦ y✮✳ ❚❤✉s✱ t❤❡ ♣r♦♦❢ ✇✐❧❧ ❜❡ ❝♦♠♣❧❡t❡❞ ✐❢

✇❡ s❤♦✇ t❤❛t C0(T
k
0) ✐s ✐♥❝r❡❛s✐♥❣✳ ❇② ❆ss✉♠♣t✐♦♥ ✾✱ C0(T

k
0) ✐s ✐♥❝r❡❛s✐♥❣ ♦♥ (y, yk)✳ ▼♦r❡♦✈❡r✱

s✐♥❝❡ FY11(0)|S1
= C0(T0)✱ C0(T

k
0) ✐s ❛❧s♦ ✐♥❝r❡❛s✐♥❣ ♦♥ (yk + εk, y)✳ ❋✐♥❛❧❧②✱ ✇❤❡♥ εk > 0✱ ✇❡ ❤❛✈❡

t❤❛t ❢♦r ❛❧❧ y < y′ ∈ [yk, yk + εk]
2✱

H0(λ00F001(y
′) + (1− λ00)T

k
0(y

′))−H0(λ00F001(y) + (1− λ00)T
k
0(y))

≥ A1k(1− λ00)
(
T k
0(y

′)− T k
0(y)

)

≥ A1k(1− λ00) (T0(yk)− T 0(yk))

εk
(y′ − y)

≥ λ10A2k(y
′ − y)

≥ λ10

(
F011(y

′)− F011(y)
)
,

✸✻



✇❤❡r❡ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❜② ✭✹✹✮ ❛♥❞ F001(y
′) ≥ F001(y)✱ t❤❡ s❡❝♦♥❞ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢

T k
0 ❛♥❞ T0(yk + εk) ≥ T0(yk)✱ t❤❡ t❤✐r❞ ❜② ✭✹✻✮ ❛♥❞ t❤❡ ❢♦✉rt❤ ❜② ✭✹✺✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t C0(T

k
0)

✐s ✐♥❝r❡❛s✐♥❣ ♦♥ [yk, yk + εk]✱ s✐♥❝❡

C0(T
k
0) =

H0(λ00F001 + (1− λ00)T
k
0)− λ10F011

1− λ10

.

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✼ C0(T
k
0) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ S(Y )✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡

♣r♦♦❢ �

✺✳✷ ▲❡♠♠❛s r❡❧❛t❡❞ t♦ ✐♥❢❡r❡♥❝❡

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛s✱ ✇❡ ❧❡t✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥❛❧ R✱ dRF ❞❡♥♦t❡ t❤❡ ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❧ ♦❢

R t❛❦❡♥ ❛t F ✳ ❲❤❡♥❡✈❡r ✐t ❡①✐sts✱ t❤✐s ❞✐✛❡r❡♥t✐❛❧ ✐s t❤❡ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢♦r♠ s❛t✐s❢②✐♥❣

dRF (h) = lim
t→0

R(F + tht)−R(F )

t
, ❢♦r ❛♥② ht s✳t✳ ||ht − h||∞ → 0.

■♥ ❛❜s❡♥❝❡ ♦❢ ❛♠❜✐❣✉✐t②✱ ✇❡ ❧❡t t❤❡ ♣♦✐♥t ❛t ✇❤✐❝❤ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✐s t❛❦❡♥ ✐♠♣❧✐❝✐t ❛♥❞ s✐♠♣❧②

❞❡♥♦t❡ ✐t ❜② dR✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ s❡ts C0(Θ) ❛♥❞ C1(Θ)✱ ✇❡ ❛❧s♦ ❞❡♥♦t❡ ❜② D(Θ) ✭r❡s♣✳ Dc(Θ)✮

t❤❡ s❡t ♦❢ ❜♦✉♥❞❡❞ ❝à❞❧à❣ ✭r❡s♣✳ ❝❞❢s✮ ❢✉♥❝t✐♦♥s ♦♥ Θ✳ ❖♥❝❡ ♠♦r❡✱ Θ ✐s ❧❡❢t ✐♠♣❧✐❝✐t ✇❤❡♥ ✐t ✐s

S(Y )✳

❆❧s♦✱ ❢♦r ❛♥② (r, k) ∈ N
∗✱ u = (u1, ..., ur) ∈ R

r ❛♥❞ ❛♥② ❢✉♥❝t✐♦♥ h = (h1, ...hk)
′ ❢r♦♠ R

r t♦ R
k✱

❧❡t ‖u‖1 =
∑r

j=1 |uj| ❛♥❞ ‖h‖∞ = maxj=1,...,k supx∈Rr |hj(x)| ❞❡♥♦t❡ t❤❡ ✉s✉❛❧ L1 ♥♦r♠ ♦❢ u ❛♥❞

t❤❡ s✉♣r❡♠✉♠ ♥♦r♠ ♦❢ h✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ♦♥ r❛t✐♦s ✐s ✉s❡❞ r❡♣❡❛t❡❞❧② ✐♥

t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✺✳✶ ❛♥❞ ✺✳✷✳ ■t ✐s ♣r♦❜❛❜❧② ✇❡❧❧✲❦♥♦✇♥ ❜✉t ✇❡ ♣r♦✈❡ ✐t ❢♦r t❤❡ s❛❦❡ ♦❢

❝♦♠♣❧❡t❡♥❡ss✳

▲❡♠♠❛ ❙✸ ▲❡t (x1, y1) ❛♥❞ (x2, y2) ❜❡ s✉❝❤ t❤❛t y2 ≥ C > 0 ❛♥❞ max(|x1−x2|, |y1−y2|) ≤ C/2✳

❚❤❡♥
∣∣∣∣
x1

y1
− x2

y2
− 1

y2

(
x1 − x2 −

x2

y2
(y1 − y2)

)∣∣∣∣ ≤
2(1 + |x2/y2|)

C2
max(|x1 − x2|, |y1 − y2|)2.

Pr♦♦❢✿

❋✐rst✱ s♦♠❡ ❛❧❣❡❜r❛ s❤♦✇s t❤❛t

x1

y1
− x2

y2
− 1

y2

(
x1 − x2 −

x2

y2
(y1 − y2)

)
=

y1 − y2
y22

[
(x2 − x1) +

x1

y1
(y1 − y2)

]
.

❆s ❛ r❡s✉❧t✱
∣∣∣∣
x1

y1
− x2

y2
− 1

y2

(
x1 − x2 −

x2

y2
(y1 − y2)

)∣∣∣∣ ≤
1 + |x1/y1|

C2
max(|x1 − x2|, |y1 − y2|)2.

✸✼



❇❡s✐❞❡s✱ y1 ≥ y2 − |y1 − y2| ≥ C/2✳ ❚❤✉s✱
∣∣∣∣
x1

y1
− x2

y2

∣∣∣∣ ≤
|x2||y2 − y1|

y1y2
+

|x1 − x2|
y1

≤ C

2y1

( |x2|
y2

+ 1

)
≤ 1 + |x2/y2|.

❚❤❡ tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✐t② t❤❡♥ ②✐❡❧❞s
∣∣∣∣
x1

y1
− x2

y2
− 1

y2

(
x1 − x2 −

x2

y2
(y1 − y2)

)∣∣∣∣ ≤
2(1 + |x2/y2|)

C2
max(|x1 − x2|, |y1 − y2|)2�

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ✉s❡❞ t♦ ❡st❛❜❧✐s❤ t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡ ❲❛❧❞✲❈■❈ ❡st✐♠❛t♦r

✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳

▲❡♠♠❛ ❙✹ ❙✉♣♣♦s❡ t❤❛t pd|g0 > 0 ❢♦r (d, g) ∈ {0, 1}2 ❛♥❞ ❧❡t

θ = (F000, F001, ..., F111, λ00, λ10, λ01, λ11)

❛♥❞

θ̂ = (F̂000, F̂001, ..., F̂111, λ̂00, λ̂10, λ̂01, λ̂11).

❚❤❡♥ √
n
(
θ̂ − θ

)
=⇒ G,

✇❤❡r❡ G ❞❡♥♦t❡s ❛ ❣❛✉ss✐❛♥ ♣r♦❝❡ss ❞❡✜♥❡❞ ♦♥ S(Y )8 × {0}4✳ ▼♦r❡♦✈❡r✱ G ✐s ❝♦♥t✐♥✉♦✉s ✐♥ ✐ts

k✲t❤ ❝♦♠♣♦♥❡♥t ✭k ∈ {1, ..., 8} ✐❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ Fdgt ✐s ❝♦♥t✐♥✉♦✉s✳
✶✵ ❋✐♥❛❧❧②✱ t❤❡ ❜♦♦tstr❛♣

✐s ❝♦♥s✐st❡♥t ❢♦r θ̂✳

Pr♦♦❢✿ ❧❡t Gn ❞❡♥♦t❡ t❤❡ st❛♥❞❛r❞ ❡♠♣✐r✐❝❛❧ ♣r♦❝❡ss✳ ❲❡ ♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r

η = (F000, F001, ..., F111, p1|00, p1|01, p1|10, p1|11)

✐♥st❡❛❞ ♦❢ θ✳ ❚❤❡ r❡s✉❧t ♦♥ θ t❤❡♥ ❢♦❧❧♦✇s ❛s (λ00, λ10, λ01, λ11) ✐s ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ♦❢ (p1|00, p1|01, p1|10, p1|11)✳

❋♦r ❛♥② (y, d, g, t) ∈ (S(Y ) ∪ {+∞})× {0, 1}3✱ ❧❡t

fdgty(Y,D,G, T ) =
1{D = d}1{G = g}1{T = t} [1{Y ≤ y} − Fdgt(y)]

pdgt
,

fgt(Y,D,G, T ) = 1{G = g}1{T = t}
[
1{D = 1} − p1|gt

]
/pgt.

❲❡ ❤❛✈❡✱ ❢♦r ❛❧❧ (y, d, g, t) ∈ (S(Y ) ∪ {−∞,+∞})× {0, 1}3✱

√
n
(
F̂dgt(y)− Fdgt(y)

)
=

√
n

ndgt

n∑

i=1

1{Di = d}1{Gi = g}1{Ti = t} [1{Yi ≤ y} − Fdgt(y)]

=
npdgt
ndgt

Gnfdgty

= Gnfdgty (1 + oP (1)) .

✶✵❋♦r♠❛❧❧②✱ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ (d, g, t) ❛♥❞ k ✐s k = 1 + t+ 2g + 4t✳

✸✽



❙✐♠✐❧❛r❧②✱
√
n
(
p̂1|gt − p1|gt

)
= Gnfg,t (1 + oP (1))✳ ❍❡♥❝❡✱ ❧❡tt✐♥❣

fy = (f000y, ..., f111y, f00, f01, f10, f11)
′,

✇❡ ♦❜t❛✐♥
√
n (η̂ − η) = Gnfy (1 + oP (1))✳ ❲❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ t♦ ❛ ❣❛✉s✲

s✐❛♥ ♣r♦❝❡ss ❢♦❧❧♦✇s ❜❡❝❛✉s❡ ❡❛❝❤ ❝❧❛ss {fdgty : y ∈ S(Y )} ✐s ❉♦♥s❦❡r✳ ▼♦r❡♦✈❡r✱ r❡♠❛r❦ t❤❛t
√
ndgt

(
F̂dgt(y)− Fdgt(y)

)
✐s t❤❡ st❛♥❞❛r❞ ❡♠♣✐r✐❝❛❧ ♣r♦❝❡ss ♦♥ t❤❡ s❛♠♣❧❡ Idgt ♦❢ r❛♥❞♦♠ s✐③❡

ndgt✳ ❚❤❡r❡❢♦r❡ ✭s❡❡✱ ❡✳❣✳ ❚❤❡♦r❡♠ ✸✳✺✳✶ ✐♥ ✈❛♥ ❞❡r ❱❛❛rt ✫ ❲❡❧❧♥❡r✱ ✶✾✾✻✮✱ ✐t ❝♦♥✈❡r❣❡s ✐♥

❞✐str✐❜✉t✐♦♥ t♦ ❛ ♣r♦❝❡ss B ◦ Fdgt✱ ✇❤❡r❡ B ✐s ❛ ❇r♦✇♥✐❛♥ ❜r✐❞❣❡✳ ❍❡♥❝❡✱ ❝♦♥t✐♥✉✐t② ❢♦❧❧♦✇s ❛s

❧♦♥❣ ❛s Fdgt ✐s ❝♦♥t✐♥✉♦✉s✳

◆♦✇ ❧❡t ✉s t✉r♥ t♦ t❤❡ ❜♦♦tstr❛♣✳ ❖❜s❡r✈❡ t❤❛t

√
n
(
F̂ ∗
dgt(y)− Fdgt(y)

)
=

npdgt
n∗
dgt

G
∗
nfy,d,g,t,

✇❤❡r❡ G
∗
n ❞❡♥♦t❡ t❤❡ ❜♦♦tstr❛♣ ❡♠♣✐r✐❝❛❧ ♣r♦❝❡ss✳ ❇❡❝❛✉s❡ npdgt/n

∗
dgt

P−→ 1 ❛♥❞ ❜② ❝♦♥s✐st❡♥❝②

♦❢ t❤❡ ❜♦♦tstr❛♣ ❡♠♣✐r✐❝❛❧ ♣r♦❝❡ss ✭s❡❡✱ ❡✳❣✳✱ ✈❛♥ ❞❡r ❱❛❛rt✱ ✷✵✵✵✱ ❚❤❡♦r❡♠ ✷✸✳✼✮✱ t❤❡ ❜♦♦tstr❛♣

✐s ❝♦♥s✐st❡♥t ❢♦r η̂ �

❚❤❡ ♥❡①t t✇♦ ❧❡♠♠❛s ❛❧❧♦✇s ✉s t♦ ✉s❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❞❡❧t❛ ♠❡t❤♦❞ ❢♦r t❤❡ ❈■❈ ❡st✐♠❛t♦rs ♦❢

❛✈❡r❛❣❡ ❛♥❞ q✉❛♥t✐❧❡ tr❡❛t♠❡♥t ❡✛❡❝ts✱ ❜♦t❤ ✐♥ t❤❡ ♣♦✐♥t ❛♥❞ ♣❛rt✐❛❧❧② ✐❞❡♥t✐✜❡❞ ❝❛s❡✱ ✇✐t❤ ❛♥❞

✇✐t❤♦✉t ❝♦✈❛r✐❛t❡s✳

▲❡♠♠❛ ❙✺ ✶✳ ▲❡t R1(F1, F2, F3, F4, λ, µ) =
µF4−F1◦F−1

2
◦q1(F3,λ)

µ−1
❛♥❞ R2(F1, F2, F3, F4, λ, µ) =

µF4−F1◦F−1

2
◦q2(F3,λ)

µ−1
✱ ✇✐t❤ q1(F3, λ) = λF3 ❛♥❞ q2(F3, λ) = λF3 + 1 − λ✳ R1 ❛♥❞ R2 ❛r❡

❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ❛♥② (F10, F20, F30, F40, λ00, λ10) ∈ (C1)4× [0,∞)× ([0,∞)\{1})✱
t❛♥❣❡♥t✐❛❧❧② t♦ (C0)4 × R

2✳ ▼♦r❡♦✈❡r✱ dR1 ((C0)4 × R
2) ❛♥❞ dR2 ((C0)4 × R

2) ❛r❡ ✐♥❝❧✉❞❡❞

✐♥ C0✳

✷✳ ▲❡t R3(F1) =
∫ y

y
m1(F1)(y)dy ❛♥❞ R4(F1, F2) =

∫ y

y
F2(m1(F1))(y)dy✳ ❚❛♥❣❡♥t✐❛❧❧② t♦ C0✱

R3 ✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ❛♥② F10 ∈ Dc ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ F10(y) = 1 ❛❞♠✐ts ❛t

♠♦st ♦♥❡ s♦❧✉t✐♦♥ ♦♥
◦

S(Y )✳ ❚❛♥❣❡♥t✐❛❧❧② t♦ (C0)2✱ R4 ✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ❛♥②

(F10, F20) s✉❝❤ t❤❛t F10 s❛t✐s✜❡s t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ❢♦r R3 ❛♥❞ F20 ✐s ❝♦♥t✐♥✉♦✉s❧②

❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ [0, 1]✳ ❚❤❡ s❛♠❡ ❤♦❧❞s ✐❢ ✇❡ r❡♣❧❛❝❡ m1 ✭❛♥❞ t❤❡ ❡q✉❛t✐♦♥ F10(y) = 1✮ ❜②

M0 ✭❛♥❞ F10(y) = 0✮✳

✸✳ ▲❡t R4(F,Q1|X , Q2|X , Q3|X) =
∫
mD

10(x)
∫ 1

0
Q1|X{Q−1

2|X [Q3|X(u|x)|x]|x}dudF (x)✱ ✇❤❡r❡mD
10(x) =

E(D10|X = x)✳ ❚❤❡♥✱ t❛♥❣❡♥t✐❛❧❧② t♦ C0(S(X))×C0((0, 1)×S(X))3 ✱ R4 ✐s ❍❛❞❛♠❛r❞ ❞✐❢✲

❢❡r❡♥t✐❛❜❧❡ ❛t ❛♥② (F0, Q10|X , Q20|X , Q30|X) s✉❝❤ t❤❛t F0 ∈ Dc(S(X))✱ (Q1|X(.|x), Q2|X(.|x), Q3|X(.|x)) ∈

✸✾



(C1(0, 1))3 ❢♦r ❛❧❧ x ∈ S(X) ❛♥❞ G(x) = mD
10(x)

∫ 1

0
Q10|X{Q−1

20|X [Q30|X(u|x)|x]|x}du ✐s ♦❢

❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ h1 s✉❝❤ t❤❛t h1(inf S(X)) = h1(supS(X)) = 0✱

dR4(h1, h2, h3, h4) =

∫
mD

10(x)

∫ 1

0

{
h2

[
Q−1

20|X [Q30|X(u|x)], x
]
+ ∂u

[
Q10|X ◦Q−1

20|X

]
[(Q30|X(u|x)|x)|x]

×
[
−h3

[
Q−1

20|X [Q30|X(u|x)], x
]
+ h4(u, x)

]}
dudF0(x)−

∫
h1(x)dG(x).

Pr♦♦❢ ♦❢ ✶✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t φ1(F1, F2, F3) = F1 ◦ F−1
2 ◦ F3 ✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t

(F10, F20, F30) ∈ (C1)
3
✳ ❇❡❝❛✉s❡ (F10, F20) ∈ (C1)

2
✱ t❤❡ ❢✉♥❝t✐♦♥ φ2 : (F1, F2, F3) 7→ (F1 ◦F−1

2 , F3)

✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t (F10, F20, F30) t❛♥❣❡♥t✐❛❧❧② t♦ D×C0 ×D ✭s❡❡✱ ❡✳❣✳✱ ✈❛♥ ❞❡r ❱❛❛rt

✫ ❲❡❧❧♥❡r✱ ✶✾✾✻✱ Pr♦❜❧❡♠ ✸✳✾✳✹✮✱ ❛♥❞ t❤❡r❡❢♦r❡ t❛♥❣❡♥t✐❛❧❧② t♦ (C0)
3
✳ ▼♦r❡♦✈❡r ❝♦♠♣✉t❛t✐♦♥s

s❤♦✇ t❤❛t ✐ts ❞❡r✐✈❛t✐✈❡ ❛t (F10, F20, F30) s❛t✐s✜❡s

dφ2(h1, h2, h3) =

(
h1 ◦ F−1

20 − F ′
10 ◦ F−1

20

F ′
20 ◦ F−1

20

h2 ◦ F−1
20 , h3

)
.

❚❤✐s s❤♦✇s t❤❛t dφ2

(
(C0)

3
)
⊆ (C0)

2
✳

❚❤❡♥✱ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ❢✉♥❝t✐♦♥ φ3 : (U, V ) 7→ U ◦V ✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ❛♥② (U0, V0) ∈
(C1)

2
✱ t❛♥❣❡♥t✐❛❧❧② t♦ C0 × D ✭s❡❡✱ ❡✳❣✳✱ ✈❛♥ ❞❡r ❱❛❛rt ✫ ❲❡❧❧♥❡r✱ ✶✾✾✻✱ ▲❡♠♠❛ ✸✳✾✳✷✼✮✱ ❛♥❞

t❤❡r❡❢♦r❡ t❛♥❣❡♥t✐❛❧❧② t♦ (C0)
2
✳ ■t ✐s t❤✉s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t (F10 ◦ F−1

20 , F30)✱ ❛♥❞ ♦♥❡

❝❛♥ s❤♦✇ t❤❛t dφ3

(
(C0)

2
)
⊆ C0✳ ❚❤✉s✱ ❜② t❤❡ ❝❤❛✐♥ r✉❧❡ ✭s❡❡ ✈❛♥ ❞❡r ❱❛❛rt ✫ ❲❡❧❧♥❡r✱ ✶✾✾✻✱

▲❡♠♠❛ ✸✳✾✳✸✮✱ φ1 = φ3 ◦ φ2 ✐s ❛❧s♦ ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t (F10, F20, F30) t❛♥❣❡♥t✐❛❧❧② t♦

(C0)3✱ ❛♥❞ dφ1

(
(C0)

3
)
⊆ C0✳

❋✐♥❛❧❧②✱ ❜❡❝❛✉s❡ q1(F3, λ) ✐s ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ♦❢ F3 ❛♥❞ λ✱ ❛♥❞ R1 ✐s ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ♦❢

(φ1(F1, F2, q1(F3, λ)), F4, µ)✱ ✐t ✐s ❛❧s♦ ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t (F10, F20, F30, F40, λ00, λ10) t❛♥✲

❣❡♥t✐❛❧❧② t♦ (C0)4 × R
2✱ ❛♥❞ dR1 ((C0)4 × R

2) ⊆ C0✳

Pr♦♦❢ ♦❢ ✷✳ ❲❡ ♦♥❧② ♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r R4 ❛♥❞ m1✱ t❤❡ r❡❛s♦♥✐♥❣ ❜❡✐♥❣ s✐♠✐❧❛r ✭❛♥❞ s✐♠♣❧❡r✮

❢♦r R3 ❛♥❞ M0✳ ❋♦r ❛♥② ❝♦❧❧❡❝t✐♦♥s ♦❢ ❢✉♥❝t✐♦♥s (ht1) ❛♥❞ (ht2) ✐♥ C0✱ r❡s♣❡❝t✐✈❡❧② ❝♦♥✈❡r❣✐♥❣

✉♥✐❢♦r♠❧② t♦✇❛r❞s h1 ❛♥❞ h2 ✐♥ C0✱ ✇❡ ❤❛✈❡

R4(F10 + tht1, F20 + tht2)−R4(F10, F20)

t
=

∫ y

y

ht2 ◦m1(F10 + tht1)(y)dy

+

∫ y

y

F20 ◦m1(F10 + tht1)− F20 ◦m1(F10)

t
(y)dy.

❈♦♥s✐❞❡r t❤❡ ✜rst ✐♥t❡❣r❛❧ I1✳

|ht2 ◦m1(F10 + tht1)(y)− h2 ◦m1(F10)(y)|
≤ |ht2 ◦m1(F10 + tht1)(y)− h2 ◦m1(F10 + tht1)(y)|
+ |h2 ◦m1(F10 + tht1)(y)− h2 ◦m1(F10)(y)|
≤ ||ht2 − h2||∞ + |h2 ◦m1(F10 + tht1)(y)− h2 ◦m1(F10)(y)|.

✹✵



❇② ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ht2 t♦✇❛r❞s h2✱ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♥✈❡r❣❡s t♦ 0

✇❤❡♥ t ❣♦❡s t♦ ✵✳ ❇② ❝♦♥✈❡r❣❡♥❝❡ ♦❢ m1(F10 + tht1) t♦✇❛r❞s m1(F10) ❛♥❞ ❝♦♥t✐♥✉✐t② ♦❢ h2✱ t❤❡

s❡❝♦♥❞ t❡r♠ ❛❧s♦ ❝♦♥✈❡r❣❡s t♦ 0✳ ❆s ❛ r❡s✉❧t✱

ht2 ◦m1(F10 + tht1)(y) → h2 ◦m1(F10)(y).

▼♦r❡♦✈❡r✱ ❢♦r t s♠❛❧❧ ❡♥♦✉❣❤✱

|ht2 ◦m1(F10 + tht1)(y)| ≤ ||h2||∞ + 1.

❚❤✉s✱ ❜② t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ I1 →
∫ y

y
h2 ◦m1(F10)(y)dy✱ ✇❤✐❝❤ ✐s ❧✐♥❡❛r ✐♥ h2

❛♥❞ ❝♦♥t✐♥✉♦✉s s✐♥❝❡ t❤❡ ✐♥t❡❣r❛❧ ✐s t❛❦❡♥ ♦✈❡r ❛ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧✳

◆♦✇ ❝♦♥s✐❞❡r t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧ I2✳ ▲❡t ✉s ❞❡✜♥❡ y
1
❛s t❤❡ s♦❧✉t✐♦♥ t♦ F10(y) = 1 ♦♥ (y, y) ✐❢

t❤❡r❡ ✐s ♦♥❡ s✉❝❤ s♦❧✉t✐♦♥✱ y
1
= y ♦t❤❡r✇✐s❡✳ ❲❡ ♣r♦✈❡ t❤❛t ❛❧♠♦st ❡✈❡r②✇❤❡r❡✱

F20 ◦m1(F10(y) + tht1(y))− F20 ◦m1(F10(y))

t
→ F ′

20(F10(y))h1(y)1{y < y
1
}. ✭✹✼✮

❆s F10 ✐s ✐♥❝r❡❛s✐♥❣✱ ❢♦r y < y
1
✱ F10(y) < 1✱ s♦ t❤❛t ❢♦r t s♠❛❧❧ ❡♥♦✉❣❤✱ F10(y) + tht1(y) < 1✳

❚❤❡r❡❢♦r❡✱ ❢♦r t s♠❛❧❧ ❡♥♦✉❣❤✱

F20 ◦m1(F10(y) + tht1(y))− F20 ◦m1(F10(y))

t
=

F20 ◦ (F10(y) + tht1(y))− F20 ◦ F10(y)

t

=
(F ′

20(F10(y)) + ε(t))(F10(y) + tht1(y)− F10(y))

t
= (F ′

20(F10(y)) + ε(t))ht1(y)

❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ ε(t) ❝♦♥✈❡r❣✐♥❣ t♦✇❛r❞s 0 ✇❤❡♥ t ❣♦❡s t♦ 0✳ ❚❤❡r❡❢♦r❡✱

F20 ◦m1(F10(y) + tht1(y))− F20 ◦m1(F10(y))

t
→ F ′

20(F10(y))h1(y),

s♦ t❤❛t ✭✹✼✮ ❤♦❧❞s ❢♦r y < y
1
✳ ◆♦✇✱ ✐❢ y > y > y

1
✱ F10(y) > 1 ❜❡❝❛✉s❡ F10 ✐s ✐♥❝r❡❛s✐♥❣✳ ❚❤✉s✱

❢♦r t s♠❛❧❧ ❡♥♦✉❣❤✱ F10(y) + tht1(y) > 1✳ ❚❤❡r❡❢♦r❡✱ ❢♦r t s♠❛❧❧ ❡♥♦✉❣❤✱

F20 ◦m1(F10(y) + tht1(y))− F20 ◦m1(F10(y))

t
= 0,

s♦ t❤❛t ✭✹✼✮ ❤♦❧❞s ❛s ✇❡❧❧✳ ❚❤✉s✱ ✭✹✼✮ ❤♦❧❞s ❛❧♠♦st ❡✈❡r②✇❤❡r❡✳

◆♦✇✱ r❡♠❛r❦ t❤❛t m1 ✐s ✶✲▲✐♣s❝❤✐t③✳ ❆s ❛ r❡s✉❧t✱

∣∣∣∣
F20 ◦m1(F10(y) + tht1(y))− F20 ◦m1(F10(y))

t

∣∣∣∣ ≤ ||F ′
20||∞|ht1(y)|

≤ ||F ′
20||∞ (|h1(y)|+ ||ht1 − h1||∞) .

✹✶



❇❡❝❛✉s❡ ||ht1 − h1||∞ → 0✱ |h1(y)|+ ||ht1 − h1||∞ ≤ |h1(y)|+ 1 ❢♦r t s♠❛❧❧ ❡♥♦✉❣❤✳ ❚❤✉s✱ ❜② t❤❡

❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱

∫ y

y

F20 ◦m1(F10 + tht1)− F20 ◦m1(F10)

t
(y)dy →

∫ y
1

y

F ′
20(F10(y))h1(y)dy.

❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❧✐♥❡❛r ✇✐t❤ r❡s♣❡❝t t♦ h1✳ ■t ✐s ❛❧s♦ ❝♦♥t✐♥✉♦✉s s✐♥❝❡ t❤❡ ✐♥t❡❣r❛❧ ✐s t❛❦❡♥

♦✈❡r ❛ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧✳ ❚❤❡ s❡❝♦♥❞ ♣♦✐♥t ❢♦❧❧♦✇s✳

Pr♦♦❢ ♦❢ ✸✳ ❈♦♠❜✐♥✐♥❣ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ✐♥ ♣❛rt ✶ ✇✐t❤ ❛ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ ❛r✲

❣✉♠❡♥t✱ ✇❡ ♦❜t❛✐♥ t❤❛t R5(Q1|X , Q2|X , Q3|X) =
∫ 1

0
Q1|X{Q−1

2|X [Q3|X(u|x)|x]|x}du ✐s ❍❛❞❛♠❛r❞

❞✐✛❡r❡♥t✐❛❜❧❡ ❛t (Q10|X , Q20|X , Q30|X)✱ ✇✐t❤

dR5(h1, h2, h3) =

∫ 1

0

{
h1

[
Q−1

20|X [Q30|X(u|x)], x
]
+ ∂u

[
Q10|X ◦Q−1

20|X

]
[(Q30|X(u|x)|x), x]

×
[
−h2

[
Q−1

20|X [Q30|X(u|x)], x
]
+ h3(u, x)

]}
du.

❇❡s✐❞❡s✱ ❜② t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✵✳✶✵ ♦❢ ✈❛♥ ❞❡r ❱❛❛rt ✭✷✵✵✵✮✱

R6(FX , G) =
∫
mD

10(x)G(x)dFX(x) ✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ❛♥② (FX , G) s✉❝❤ t❤❛t FX

✐s ❛ ❝❞❢ ❛♥❞ G ✐s ♦❢ ❜♦✉♥❞❡❞ ✈❛r✐❛t✐♦♥✳ ▼♦r❡♦✈❡r✱

dR6(h1, h2) = −
∫

h1d[m
D
10 ×G] +

∫ [
mD

10 × h2

]
dFX .

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❜② t❤❡ ❝❤❛✐♥ r✉❧❡ �

▲❡♠♠❛ ❙✻ ❆ss✉♠❡ ❆ss✉♠♣t✐♦♥s ✷✱ ✼✱ ✾✱ ✶✷ ❛♥❞ ❙✷ ❤♦❧❞✳ ▲❡t

θ = (F000, ..., F011, F100, ..., F111, λ00, λ10, λ01, λ11).

❋♦r d ∈ {0, 1} ❛♥❞ q ∈ Q✱ θ 7→
∫ y

y
FCIC,d(y)dy✱ θ 7→

∫ y

y
FCIC,d(y)dy✱ θ 7→ F

−1

CIC,d(q) ❛♥❞

θ 7→ F−1
CIC,d(q) ❛r❡ ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ t❛♥❣❡♥t✐❛❧❧② t♦ (C0)4 × R

2✳

Pr♦♦❢✿ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧✐❝❛t❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ❡✈❡♥ ✐❢ t❤❡ ♣r✐♠✐t✐✈❡ ❝❞❢ ❛r❡ s♠♦♦t❤✱ t❤❡ ❜♦✉♥❞s

FCIC,d ❛♥❞ FCIC,d ♠❛② ❛❞♠✐t ❦✐♥❦s✱ s♦ t❤❛t ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ✐s ♥♦t tr✐✈✐❛❧ t♦ ❞❡r✐✈❡✳

❚❤❡ ♣r♦♦❢ ✐s ❛❧s♦ ❧❡♥❣t❤② ❛s FCIC,d ❛♥❞ FCIC,d t❛❦❡ ❞✐✛❡r❡♥t ❢♦r♠s ❞❡♣❡♥❞✐♥❣ ♦♥ d ∈ {0, 1} ❛♥❞
✇❤❡t❤❡r λ00 < 1 ♦r λ00 > 1✳ ❇❡❢♦r❡ ❝♦♥s✐❞❡r✐♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ❝❛s❡s✱ ♥♦t❡ t❤❛t ❜② ❆ss✉♠♣t✐♦♥ ✾✱

FCIC,d = Cd(T d)✳

✶✳ ▲♦✇❡r ❜♦✉♥❞ FCIC,d

❋♦r d ∈ {0, 1}✱ ❧❡t Ud =
λ0dFd01−H−1

d
(m1(λ1dFd11))

λ0d−1
✱ s♦ t❤❛t

T d = M0 (m1 (Ud)) ,

Cd(T d) =
λ1dFd11 −Hd (λ0dFd01 + (1− λ0d)T d)

λ1d − 1
.

✹✷



❆❧s♦✱ ❧❡t

yu0d = inf{y : Ud(y) > 0} ❛♥❞ yu1d = inf{y : Ud(y) > 1}.

❲❤❡♥ yu0d ❛♥❞ yu1d ❛r❡ ✐♥ R✱ ✇❡ ❤❛✈❡✱ ❜② ❝♦♥t✐♥✉✐t② ♦❢ Ud✱ Ud(y
u
0d) = 0 ❛♥❞ Ud(y

u
1d) = 1✳ ❈♦♥s❡✲

q✉❡♥t❧②✱ T d(y
u
0d) = Ud(y

u
0d) ❛♥❞ T d(y

u
1d) = Ud(y

u
1d)✳

❈❛s❡ ✶✿ λ00 < 1 ❛♥❞ d = 0✳

■♥ t❤✐s ❝❛s❡✱ U0 =
H−1

0
(λ10F011)−λ00F001

1−λ00

✳ ❲❡ ✜rst ♣r♦✈❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t yu00 = +∞✳ ❋✐rst✱

❜❡❝❛✉s❡ limy→+∞ U0(y) < 1✱ ✇❡ ❤❛✈❡

lim
y→+∞

T 0(y) = M0( lim
y→+∞

U0(y)) < 1.

❚❤✉s✱ ❜② ❆ss✉♠♣t✐♦♥ ✾✱ U0(y) < 1 ❢♦r ❛❧❧ y✱ ♦t❤❡r✇✐s❡ T 0(y) ✇♦✉❧❞ ❜❡ ❞❡❝r❡❛s✐♥❣✳ ❍❡♥❝❡✱

yu10 = +∞.

❚❤❡r❡❢♦r❡✱ ✇❤❡♥ yu00 < +∞✱ t❤❡r❡ ❡①✐sts y s✉❝❤ t❤❛t 0 < U0(y) < 1✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts

y′ ≥ y s✉❝❤ t❤❛t U0(y
′) < 0✳ ❇② ❝♦♥t✐♥✉✐t② ❛♥❞ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠✱ t❤✐s ✇♦✉❧❞

✐♠♣❧② t❤❛t t❤❡r❡ ❡①✐sts y′′ ∈ (y, y′) s✉❝❤ t❤❛t U0(y
′′) = 0✳ ❇✉t s✐♥❝❡ ❜♦t❤ U0(y) ❛♥❞ U0(y

′′) ❛r❡

✐♥❝❧✉❞❡❞ ✐♥ [0, 1]✱ t❤✐s ✇♦✉❧❞ ✐♠♣❧② t❤❛t T 0 ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ❜❡t✇❡❡♥ y ❛♥❞ y′′✱ ✇❤✐❝❤ ✐s ♥♦t

♣♦ss✐❜❧❡ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✾✳ ❚❤✐s ♣r♦✈❡s t❤❛t ✇❤❡♥ yu00 < +∞✱ t❤❡r❡ ❡①✐sts y s✉❝❤ t❤❛t ❢♦r

❡✈❡r② y′ ≥ y✱ 0 ≤ U0(y
′) < 1✳

❈♦♥s❡q✉❡♥t❧②✱ T 0 = U0 ❢♦r ❡✈❡r② y′ ≥ y✳ ❚❤✐s ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t C0(T 0) = 0 ❢♦r ❡✈❡r② y′ ≥ y✳

▼♦r❡♦✈❡r✱ C0(T 0) ✐s ✐♥❝r❡❛s✐♥❣ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✾✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t C0(T 0) = 0 ❢♦r ❡✈❡r② y✳

❚❤✐s ♣r♦✈❡s t❤❛t ✇❤❡♥ yu00 < +∞✱ C0(T 0) = 0✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t S0 ✐s ❡♠♣t②✱ ✇❤✐❝❤ ✈✐♦❧❛t❡s

❆ss✉♠♣t✐♦♥ ❙✷✳ ❚❤❡r❡❢♦r❡✱ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✾✱ ✇❡ ❝❛♥♥♦t ❤❛✈❡ yu00 < +∞ ✇❤❡♥ λ00 < 1✳

❇❡❝❛✉s❡ yu00 = +∞✱ T 0 = 0✳ ❚❤❡r❡❢♦r❡✱

C0(T 0)(y) =
λ10F011(y)−H0 (λ00F001(y))

λ10 − 1
.

❚❤❡ ♠❛♣ F 7→
∫
S(Y )

F (y)dy ✐s ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✉♣r❡♠✉♠ ♥♦r♠ ❛t ❛♥②

❝♦♥t✐♥✉♦✉s F ❜❡❝❛✉s❡ S(Y ) ✐s ❜♦✉♥❞❡❞✳ ■t ✐s t❤✉s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡✱ t❛♥❣❡♥t✐❛❧❧② t♦ C0✳

❚❤❡r❡❢♦r❡✱ ❜② ❆ss✉♠♣t✐♦♥ ❙✷✱ t❤❡ ✜rst ♣♦✐♥t ♦❢ ▲❡♠♠❛ ❙✺✱ ❛♥❞ t❤❡ ❝❤❛✐♥ r✉❧❡✱

θ 7→
∫

S(Y )

FCIC,0(y)dy

✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ t❛♥❣❡♥t✐❛❧❧② t♦ (C0)4 × R
2✳

❚❤❡♥✱ t❤❡ ♠❛♣ F 7→ F−1 ✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ❛♥② F ✇✐t❤ str✐❝t❧② ♣♦s✐t✐✈❡ ❞❡r✐✈❛t✐✈❡✱

t❛♥❣❡♥t✐❛❧❧② t♦ C0 ✭s❡❡✱ ❡✳❣✳✱ ✈❛♥ ❞❡r ❱❛❛rt✱ ✷✵✵✵✱ ▲❡♠♠❛ ✷✶✳✹✮✳ ▼♦r❡♦✈❡r✱ ❜② ❆ss✉♠♣t✐♦♥ ❙✷✱

C0(T 0) ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ str✐❝t❧② ♣♦s✐t✐✈❡ ❞❡r✐✈❛t✐✈❡ ♦♥ S0✱ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦

✹✸



S(Y ) ✐♥ t❤✐s ❝❛s❡✳ ❚❤✉s✱ ❜② t❤❡ ✜rst ♣♦✐♥t ♦❢ ▲❡♠♠❛ ✺ ❛♥❞ t❤❡ ❝❤❛✐♥ r✉❧❡✱ θ 7→ F−1
CIC,0(q) ✐s

❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ t❛♥❣❡♥t✐❛❧❧② t♦ (C0)4 × R
2 ❢♦r ❛♥② q ∈ Q✳

❈❛s❡ ✷✿ λ00 > 1 ❛♥❞ d = 0✳

■♥ t❤✐s ❝❛s❡✱

U0 =
λ00F001 −H−1

0 (λ10F011)

λ00 − 1
.

❚❤❡r❡❢♦r❡✱ limy→y U0(y) = 0, ❛♥❞ limy→y U0(y) > 1✳ ❆s ❛ r❡s✉❧t✱ −∞ < yu10 < +∞✱ ❛♥❞

T 0(y
u
10) = U0(y

u
10) = 1✳ ❚❤✐s ✐♥ t✉r♥ ✐♠♣❧✐❡s C0(T 0)(y

u
10) = 0. ❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ❆ss✉♠♣t✐♦♥

✾ ✐♠♣❧✐❡s t❤❛t C0(T 0)(y) = 0 ❢♦r ❡✈❡r② y ≤ yu10✳ ▼♦r❡♦✈❡r✱ ❆ss✉♠♣t✐♦♥ ✾ ❛❧s♦ ✐♠♣❧✐❡s t❤❛t

T d(y) = 1 ❢♦r ❡✈❡r② y ≥ yu10✳ ❚❤❡r❡❢♦r❡✱

C0(T 0)(y) =

∣∣∣∣∣
0 ✐❢ y ≤ yu10,
λ10F011(y)−H0(λ00F001(y)+(1−λ00))

λ10−1
✐❢ y > yu10.

❚❤✉s✱ C0(T 0)(y) = M0(R2(F011, F010, F000, F001, λ00, λ10))✱ ✇❤❡r❡ R2 ✐s ❞❡✜♥❡❞ ❛s ✐♥ ▲❡♠♠❛ ❙✺✳

❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢
∫ y

y
C0(T 0)(y)dy t❛♥❣❡♥t✐❛❧❧② t♦ (C0)4×R

2 t❤✉s ❢♦❧❧♦✇s ❜② P♦✐♥ts ✶

❛♥❞ ✷ ♦❢ ▲❡♠♠❛ ❙✺✱ t❤❡ ❝❤❛✐♥ r✉❧❡ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❜② ❆ss✉♠♣t✐♦♥ ✶✸✱ (F011, F010, F000, F001, λ00, λ10) ∈
(C1)4× [0,∞)× ([0,∞)\{1})✳ ❆s ❢♦r t❤❡ ▲◗❚❊✱ ♥♦t❡ t❤❛t ❜② P♦✐♥t ✶ ♦❢ ▲❡♠♠❛ ❙✺✱ θ 7→ C0(T 0)

✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦♥ (yu10, y)✱ t❛♥❣❡♥t✐❛❧❧② t♦ (C0)4 ×R
2✳ ❇② ❆ss✉♠♣t✐♦♥

❙✷✱ C0(T 0) ✐s ❛❧s♦ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ ♣♦s✐t✐✈❡ ❞❡r✐✈❛t✐✈❡ ♦♥ S0 = (yu10, y)✳

❚❤✉s✱ ❜② ♣♦✐♥t ✶ ♦❢ ▲❡♠♠❛ ❙✺✱ ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ F 7→ F−1(q) ❛t (C0(T 0), q) ❢♦r

q ∈ Q t❛♥❣❡♥t✐❛❧❧② t♦ C0✱ ❛♥❞ t❤❡ ❝❤❛✐♥ r✉❧❡✱ θ 7→ F−1
CIC,0(q) ✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ t❛♥❣❡♥✲

t✐❛❧❧② t♦ (C0)4 × R
2✳

❈❛s❡ ✸✿ λ00 < 1 ❛♥❞ d = 1✳

■♥ t❤✐s ❝❛s❡✱

U1 =
λ01F100 −H−1

1 (λ11F111)

λ01 − 1
.

λ11 > 1 ✐♠♣❧✐❡s t❤❛t 1
λ11

< 1✳ ❚❤❡r❡❢♦r❡✱ y∗ = F−1
111(

1
λ11

) ✐s ✐♥
◦
S(Y ) ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✼✳

❈❛s❡ ✸✳❛✿ λ00 < 1✱ d = 1 ❛♥❞ yu01 < y∗✳

❲❡ ❤❛✈❡ U1(y
∗) = λ01F100(y∗)−1

λ01−1
< 1✳ ❆ss✉♠❡ t❤❛t U1(y

∗) < 0✳ ❙✐♥❝❡ yu01 < y∗✱ t❤✐s ✐♠♣❧✐❡s t❤❛t

t❤❡r❡ ❡①✐sts y < y∗ s✉❝❤ t❤❛t 0 < U1(y)✳ ❙✐♥❝❡ U1 ✐s ❝♦♥t✐♥✉♦✉s✱ t❤❡r❡ ❛❧s♦ ❡①✐sts y′ < y∗ s✉❝❤

t❤❛t 0 < U1(y
′) < 1✳ ❇② ❝♦♥t✐♥✉✐t② ❛♥❞ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠✱ t❤✐s ✜♥❛❧❧② ✐♠♣❧✐❡s t❤❛t

t❤❡r❡ ❡①✐sts y′′ s✉❝❤ t❤❛t y′ < y′′ ❛♥❞ U1(y
′′) = 0✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts ❆ss✉♠♣t✐♦♥ ✾ s✐♥❝❡ t❤✐s

✇♦✉❧❞ ✐♠♣❧② t❤❛t T 1 ✐s ❞❡❝r❡❛s✐♥❣ ❜❡t✇❡❡♥ y′ ❛♥❞ y′′✳ ❚❤✐s ♣r♦✈❡s t❤❛t

0 ≤ U1(y
∗) < 1.

✹✹



❚❤❡r❡❢♦r❡✱ T 1(y
∗) = U1(y

∗)✱ ✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t C1(T 1)(y
∗) = 0✳ ❇② ❆ss✉♠♣t✐♦♥ ✾✱ t❤✐s

✐♠♣❧✐❡s t❤❛t ❢♦r ❡✈❡r② y ≤ y∗✱ C1(T 1)(y) = 0✳

❋♦r ❡✈❡r② y ❣r❡❛t❡r t❤❛♥ y∗✱

U1(y) =
λ01F100(y)− 1

λ01 − 1
.

U1(y) < 1✳ ❙✐♥❝❡ U1(y
∗) ≥ 0 ❛♥❞ y 7→ λ01F100(y)−1

λ01−1
✐s ✐♥❝r❡❛s✐♥❣✱ U1(y) ≥ 0✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r

y ≥ y∗✱ T 1(y) = U1(y)✳

❋✐♥❛❧❧②✱ ✇❡ ♦❜t❛✐♥

C1(T 1)(y) =

∣∣∣∣∣
0 ✐❢ y ≤ y∗,
λ11F111(y)−1

λ11−1
✐❢ y > y∗.

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❛s ✐♥ ❈❛s❡ ✷ ❛❜♦✈❡✳

❈❛s❡ ✸✳❜✿ λ00 < 1✱ d = 1 ❛♥❞ yu01 ≥ y∗✳

❋♦r ❛❧❧ y ≥ y∗✱ U1(y) =
λ01F100(y)−1

λ01−1
✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t yu01 = F−1

100(1/λ01) < +∞ ❛♥❞ U1(y
u
01) = 0✳

❇❡❝❛✉s❡ y 7→ λ01F100(y)−1
λ01−1

✐s ✐♥❝r❡❛s✐♥❣✱ U1(y) ≥ 0 ❢♦r ❡✈❡r② y ≥ yu01✳ ▼♦r❡♦✈❡r✱ U1(y) ≤ 1✳

❚❤❡r❡❢♦r❡✱ T 1(y) = U1(y) ❢♦r ❡✈❡r② y ≥ yu01✳ ❇❡s✐❞❡✱ ❢♦r ❡✈❡r② y ❧♦✇❡r t❤❛♥ yu01✱ T 1(y) = 0✳ ❆s ❛

r❡s✉❧t✱

C1(T 1)(y) =

∣∣∣∣∣
λ11F111(y)−H1(λ01F101(y))

λ11−1
✐❢ y ≤ yu01,

λ11F111(y)−1
λ11−1

✐❢ y > yu01.

❚❤✐s ✐♠♣❧✐❡s t❤❛t

∫ y

y

C1(T 1)(y)dy =
1

λ11 − 1

[
λ11

∫ y

y

F111(y)dy −R4(λ01F101, H1)

]
,

✇❤❡r❡ R4 ✐s ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ❙✺✳ θ 7→
∫ y

y
F111(y)dy ✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t F111✱ t❛♥✲

❣❡♥t✐❛❧❧② t♦ C0✳ ❆s s❤♦✇♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ❙✺✱ H1 = F110 ◦ F−1
100 ✐s ❛ ❍❛❞❛♠❛r❞ ❞✐✛❡r✲

❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥ ♦❢ (F110, F100)✱ t❛♥❣❡♥t✐❛❧❧② t♦ (C0)2✳ ❚❤✉s✱ ❜② ▲❡♠♠❛ ❙✺ ❛♥❞ t❤❡ ❝❤❛✐♥ r✉❧❡✱

R4(λ01F101, H1) ✐s ❛ ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥ ♦❢ (F101, F110, F100)✱ t❛♥❣❡♥t✐❛❧❧② t♦ (C0)3✳

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢♦r
∫ y

y
C1(T 1)(y)dy✳

❚❤❡ ♣r❡✈✐♦✉s ❞✐s♣❧❛② ❛❧s♦ s❤♦✇s t❤❛t C1(T 1) ✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢

(F100, F101, F110, F111, λ01, λ11)

✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥s t♦ (y, yu01) ♦♥❧②✳ ❇② ❆ss✉♠♣t✐♦♥ ❙✷✱ C1(T 1)

✐s ❛❧s♦ ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥ ✇✐t❤ ♣♦s✐t✐✈❡ ❞❡r✐✈❛t✐✈❡ ♦♥ (y, yu01)✳ ❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ♦♥❝❡ ❛❣❛✐♥

t❤❡ ✜rst ♣♦✐♥t ♦❢ ▲❡♠♠❛ ❙✺ ❛♥❞ t❤❡ ❝❤❛✐♥ r✉❧❡✱ θ 7→ C1(T 1)
−1(q) ✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡

t❛♥❣❡♥t✐❛❧❧② t♦ (C0)4×R
2✱ ❢♦r q ∈ (C1(T 1)(y), C1(T 1)(y

u
01)) = (0, q1)✳ ❚❤❡ s❛♠❡ ❤♦❧❞s ✇❤❡♥ ❝♦♥✲

s✐❞❡r✐♥❣ t❤❡ ✐♥t❡r✈❛❧ (yu01, y) ✐♥st❡❛❞ ♦❢ (y, yu01)✳ ❍❡♥❝❡✱ θ 7→ F−1
CIC,1(q) ✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡

t❛♥❣❡♥t✐❛❧❧② t♦ (C0)4 × R
2✱ ❢♦r q ∈ (0, 1)\{q1} = Q✳

✹✺



❈❛s❡ ✹✿ λ00 > 1 ❛♥❞ d = 1✳

■♥ t❤✐s ❝❛s❡✱

U1 =
H−1

1 (λ11F111)− λ01F100

1− λ01

.

❚❤❡r❡❢♦r❡✱ limy→y U1(y) = 0, ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t yu11 > −∞✳ ❆s ❛❜♦✈❡✱ λ11 > 1 ✐♠♣❧✐❡s t❤❛t

y∗ ✐s ✐♥
◦
S(Y ) ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✼✳ U1(y

∗) = 1−λ01F100(y∗)
1−λ01

> 1✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t yu11 < +∞✳

❚❤❡r❡❢♦r❡✱ r❡❛s♦♥✐♥❣ ❛s ❢♦r ❈❛s❡ ✷✱ ✇❡ ♦❜t❛✐♥

C1(T 1)(y) =

∣∣∣∣∣
0 ✐❢ y ≤ yu11,
λ11F111(y)−H1(λ01F100(y)+(1−λ01))

λ11−1
✐❢ y > yu11.

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❛s ✐♥ ❈❛s❡ ✷ ❛❜♦✈❡✳

✷✳ ❯♣♣❡r ❜♦✉♥❞ FCIC,d✳

▲❡t Vd =
λ0dFd01−H−1

d
(M0(λ1dFd11+(1−λ1d)))

λ0d−1
✱ s♦ t❤❛t

T d = M0 (m1 (Vd)) ,

Cd(T d) =
λ1dFd11 −Hd

(
λ0dFd01 + (1− λ0d)T d

)

λ1d − 1
.

❆❧s♦✱ ❧❡t

yv0d = inf{y : Vd(y) > 0}, yv1d = inf{y : Vd(y) > 1}.

◆♦t❡ t❤❛t ✇❤❡♥ yv0d ❛♥❞ yv1d ❛r❡ ✐♥ R✱ ❜② ❝♦♥t✐♥✉✐t② ♦❢ Vd ✇❡ ❤❛✈❡ Vd(y
v
0d) = 0 ❛♥❞ Vd(y

v
1d) = 1✳

❈♦♥s❡q✉❡♥t❧②✱ T d(y
v
0d) = Vd(y

v
0d) ❛♥❞ T d(y

v
1d) = Vd(y

v
1d)✳

❈❛s❡ ✶✿ λ00 < 1 ❛♥❞ d = 0✳

■♥ t❤✐s ❝❛s❡✱

V0 =
H−1

0 (λ10F011 + (1− λ10))− λ00F001

1− λ00

.

❙✐♥❝❡ λ10 < 1✱ limy→y V0(y) > 0 ❛♥❞ ❝❛♥ ❡✈❡♥ ❜❡ ❣r❡❛t❡r t❤❛♥ ✶✳

❋✐rst✱ ❧❡t ✉s ♣r♦✈❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t yv10 = −∞✳ V0(y) ≤ 1 ❢♦r ❡✈❡r② y ≤ yv10✳ ❯s✐♥❣ t❤❡ ❢❛❝t

t❤❛t limy→y V0(y) > 0 ❛♥❞ t❤❛t T 0 ♠✉st ❜❡ ✐♥❝r❡❛s✐♥❣ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✾✱ ♦♥❡ ❝❛♥ ❛❧s♦ s❤♦✇

t❤❛t 0 ≤ V0(y) ❢♦r ❡✈❡r② y ≤ yv10✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t T 0(y) = V0(y) ✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t

C0(T 0)(y) = 1 ❢♦r ❡✈❡r② y ≤ yv10✳ ❙✐♥❝❡ C0(T 0) ♠✉st ❜❡ ✐♥❝r❡❛s✐♥❣ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✾✱ t❤✐s

✐♠♣❧✐❡s t❤❛t ❢♦r ❡✈❡r② y ∈ S(Y )✱

C0(T 0)(y) = 1.

❚❤✐s ✐♠♣❧✐❡s t❤❛t S0 ✐s ❡♠♣t②✱ ✇❤✐❝❤ ✈✐♦❧❛t❡s ❆ss✉♠♣t✐♦♥ ❙✷✳ ❚❤❡r❡❢♦r❡✱ yv10 = −∞✳

✹✻



yv10 = −∞ ✐♠♣❧✐❡s t❤❛t limy→y T 0(y) = 1. ❚❤✐s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❆ss✉♠♣t✐♦♥ ✾ ✐♠♣❧✐❡s t❤❛t

T 0(y) = 1 ❢♦r ❡✈❡r② y ∈ S(Y )✳ ❚❤❡r❡❢♦r❡✱

C0(T 0)(y) =
λ10F011(y)−H0 (λ00F001(y) + (1− λ00))

λ10 − 1
.

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❛s ✐♥ ❈❛s❡ ✶ ♦❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞✳

❈❛s❡ ✷✿ λ00 > 1 ❛♥❞ d = 0✳

■♥ t❤✐s ❝❛s❡✱

V0 =
λ00F001 −H−1

0 (λ10F011 + (1− λ10))

λ00 − 1
.

❙✐♥❝❡ λ10 < 1✱ limy→y V0(y) < 0. ❚❤❡r❡❢♦r❡✱ yv00 > −∞✳

❈❛s❡ ✷✳❛✮✿ λ00 > 1✱ d = 0 ❛♥❞ yv00 < +∞✳

■❢ yv00 ∈ R✱ T 0(y
v
00) = V0(y

v
00) ✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t C0(T 0)(y

v
00) = 1✳ ❇② ❆ss✉♠♣t✐♦♥ ✾✱ t❤✐s

✐♠♣❧✐❡s t❤❛t ❢♦r ❡✈❡r② y ≥ yv00✱ C0(T 0)(y) = 1✳ ❋♦r ❡✈❡r② y ≤ yv00✱ T 0(y) = 0✱ s♦ t❤❛t

C0(T 0) =
λ10F011 −H0 (λ00F001)

λ10 − 1
.

❆s ❛ r❡s✉❧t✱

C0(T 0)(y) =

∣∣∣∣∣
λ10F011(y)−H0(λ00F001(y))

λ10−1
✐❢ y ≤ yv00,

1 ✐❢ y > yv00.

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❛s ✐♥ ❈❛s❡ ✷ ♦❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞✳

❈❛s❡ ✷✳❜✮✿ λ00 > 1✱ d = 0 ❛♥❞ yv00 = +∞✳

■❢ yv00 = +∞✱ T 0(y) = 0 ❢♦r ❡✈❡r② y ∈ S(Y )✱ s♦ t❤❛t

C0(T 0)(y) =
λ10F011(y)−H0 (λ00F001(y))

λ10 − 1
.

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❛s ✐♥ ❈❛s❡ ✶ ♦❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞✳

❈❛s❡ ✸✿ λ00 < 1 ❛♥❞ d = 1✳

■♥ t❤✐s ❝❛s❡✱

V1 =
λ01F101 −H−1

1 (λ11F111 − (λ11 − 1))

λ01 − 1
.

❚❤❡r❡❢♦r❡✱ limy→y V1(y) = 0, ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t yv11 > −∞✳ λ11 > 1 ✐♠♣❧✐❡s t❤❛t λ11−1
λ11

< 1✳

❚❤❡r❡❢♦r❡✱ y∗ = F−1
111(

λ11−1
λ11

) ✐s ✐♥
◦
S(Y ) ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✼✳

❈❛s❡ ✸✳❛✮✿ λ00 < 1✱ d = 1 ❛♥❞ yv11 > y∗✳

✹✼



❲❡ ❤❛✈❡ V1(y
∗) = λ01F101(y

∗)/(λ01 − 1) > 0✳ ■❢ y∗ < yv11✱ V1(y
∗) < 1✳ ❚❤❡r❡❢♦r❡✱ 0 < T 1(y

∗) =

V1(y
∗) < 1✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t C1(T 1)(y

∗) = 1 ✇❤✐❝❤ ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t C1(T 1)(y) = 1 ❢♦r ❡✈❡r②

y ≥ y∗ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✾✳

❋♦r ❡✈❡r② y ❧♦✇❡r t❤❛♥ y∗✱

V1(y) =
λ01F101(y)

λ01 − 1
.

V1(y) > 0✳ ❙✐♥❝❡ ❜② ❛ss✉♠♣t✐♦♥ yv11 > y∗✱ V1(y) < 1✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r y ≤ y∗✱ ✇❡ ❤❛✈❡

T 1(y) = V1(y)✳ ❆s ❛ r❡s✉❧t✱

C1(T 1)(y) =

∣∣∣∣∣
λ11F111(y)

λ11−1
✐❢ y ≤ y∗,

1 ✐❢ y > y∗.

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❛s ✐♥ ❈❛s❡ ✷ ♦❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞✳

❈❛s❡ ✸✳❜✮✿ λ00 < 1✱ d = 1✱ ❛♥❞ yv11 ≤ y∗✳

❋✐rst✱ V1(y
v
11) = 1✱ ✐♠♣❧②✐♥❣ T 1(y

v
11) = 1✳ ❇② ❆ss✉♠♣t✐♦♥ ✾✱ T 1(y) = 1 ❢♦r ❛❧❧ y ≥ yv11✳ ❙❡❝♦♥❞✱

✐❢ y ≤ yv11 ≤ y∗✱ V1(y) =
λ01F101(y)

λ01−1
✳ ❚❤✉s V1 ✐s ✐♥❝r❡❛s✐♥❣ ♦♥ (−∞, yv11)✳ ▼♦r❡♦✈❡r V1(y

v
11) = 1✳

❍❡♥❝❡✱ V1(y) ≤ 1 ❢♦r ❡✈❡r② y ≤ yv11✳ ❇❡❝❛✉s❡ ✇❡ ❛❧s♦ ❤❛✈❡ V1(y) ≥ 0✱ T 1(y) = V1(y) ❢♦r ❡✈❡r②

y ≤ yv11✳

❆s ❛ r❡s✉❧t✱

C1(T 1)(y) =

∣∣∣∣∣
λ11F111(y)

λ11−1
✐❢ y ≤ yv11,

λ11F111(y)−H1(λ01F101(y)+1−λ01)
λ11−1

✐❢ y > yv11.

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❛s ✐♥ ❈❛s❡ ✸✳❜✮ ♦❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞✳ ◆♦t❡ t❤❛t ❤❡r❡✱ C1(T 1)(y) ✐s ❦✐♥❦❡❞

❛t yv11✱ ✇✐t❤ C1(T 1)(y
v
11) = q2✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ t♦ ❡①❝❧✉❞❡ t❤✐s ♣♦✐♥t ♦❢ t❤❡ ❞♦♠❛✐♥ ♦♥ ✇❤✐❝❤

θ 7→ F
−1

CIC,1(q) ✐s ❍❛❞❛♠❛r❞ ❞✐✛❡r❡♥t✐❛❜❧❡✳

❈❛s❡ ✹✿ λ00 > 1 ❛♥❞ d = 1✳

■♥ t❤✐s ❝❛s❡✱

V1 =
H−1

1 (λ11F111 − (λ11 − 1))− λ01F101

1− λ01

.

limy→y V1(y) = 1✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t yv01 < +∞✳ ❆s ❛❜♦✈❡✱ λ11 > 1 ✐♠♣❧✐❡s t❤❛t λ11−1
λ11

< 1✳

❚❤❡r❡❢♦r❡✱ y∗ = F−1
111(

λ11−1
λ11

) ✐s ✐♥
◦
S(Y ) ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✼✳ V1(y

∗) = −λ01F101(y∗)
1−λ01

< 0✳ ❙✐♥❝❡

T 1 ✐s ✐♥❝r❡❛s✐♥❣ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✾✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t t❤✐s ✐♠♣❧✐❡s t❤❛t yv01 > y∗✳ ❚❤❡r❡❢♦r❡✱

r❡❛s♦♥✐♥❣ ❛s ❢♦r ❈❛s❡ ✷✱ ✇❡ ♦❜t❛✐♥ t❤❛t

C1(T 1)(y) =

∣∣∣∣∣
λ11F111(y)−H1(λ01F101(y))

λ11−1
✐❢ y ≤ yv01,

1 ✐❢ y > yv01.

✹✽



❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❛s ✐♥ ❈❛s❡ ✷ ♦❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞ �

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ♦♥ ❦❡r♥❡❧ ❡st✐♠❛t♦rs ✐s ❝❧❛ss✐❝❛❧ ❜✉t st❛t❡❞ ❛♥❞ ♣r♦✈❡❞ ❢♦r ❝♦♠♣❧❡t❡♥❡ss✳

❲❡ ❧❡t ❤❡r❡❛❢t❡r m̂U ❞❡♥♦t❡ t❤❡ ◆❛❞❛r❛②❛✲❲❛ts♦♥ ❡st✐♠❛t♦r ♦❢ mU(x) = E(U |X = x) ✇✐t❤

❜❛♥❞✇✐❞t❤ hn✳

▲❡♠♠❛ ❙✼ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥s ✶✷ ❛♥❞ ✶✹✲✶✺✲❤♦❧❞✳ ❚❤❡♥
∥∥m̂U −mU

∥∥
∞ = oP (n

−1/4) ❢♦r

U ∈ {Y,D}✳

Pr♦♦❢✿ ▲❡t NU(x) = E(U |X = x)fX(x) ❛♥❞

N̂U(x) =
1

nhn

n∑

i=1

UiK

(
x−Xi

hn

)
,

s♦ t❤❛t mU = NU/fX ❛♥❞ m̂U = N̂U/f̂X ✳ ❆ss✉♠♣t✐♦♥s ✶✹ ❛♥❞ ✶✺ ✐♠♣❧② t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢

▲❡♠♠❛ ✽✳✶✵ ♦❢ ◆❡✇❡② ✫ ▼❝❋❛❞❞❡♥ ✭✶✾✾✹✮ ❛r❡ ♠❡t ❢♦r U = D ❛♥❞ U = Y ✳ ❆s ❛ r❡s✉❧t✱

max
(∥∥∥N̂U −NU

∥∥∥
∞
,
∥∥∥f̂X − fX

∥∥∥
∞

)
= OP

[
(lnn)1/2(nhr

n)
−1/2 + hm

n

]
.

▼♦r❡♦✈❡r✱ ❜② ❆ss✉♠♣t✐♦♥ ✶✹✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❛♥ oP (n
−1/4)✳ ❍❡♥❝❡✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t②

❛♣♣r♦❛❝❤✐♥❣ ♦♥❡✱ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ✐s s♠❛❧❧❡r t❤❛♥ c/2✱ ✇❤❡r❡ c = infx∈S(X) fX(x) > 0✳ ❚❤❡♥✱

❜② ▲❡♠♠❛ ❙✸ ❛♥❞ t❤❡ tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✐t②✱

∥∥m̂U −mU
∥∥
∞ ≤ 1

c

[∥∥∥N̂U −NU
∥∥∥
∞
+
∥∥mU

∥∥
∞

∥∥∥f̂X − fX

∥∥∥
∞

]

+
2(1 +

∥∥mU
∥∥
∞)

c2
max

(∥∥∥N̂U −NU
∥∥∥
∞
,
∥∥∥f̂X − fX

∥∥∥
∞

)2
.

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s �

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✷ ✉s❡s r❡♣❡❛t❡❞❧② ▲❡♠♠❛ ❙✽ ❜❡❧♦✇✱ ✇❤✐❝❤ ❡st❛❜❧✐s❤❡s ❛ ❧✐♥❡❛r r❡♣r❡s❡♥✲

t❛t✐♦♥ r❡s✉❧t ♦♥ t✇♦✲st❡♣s ❡st✐♠❛t♦rs ✐♥✈♦❧✈✐♥❣ ❛ ♥♦♥♣❛r❛♠❡tr✐❝ ✜rst st❡♣✳ ▲❡t ✉s ❝♦♥s✐❞❡r t✇♦

❞✉♠♠② ✈❛r✐❛❜❧❡ I ❛♥❞ J ❛♥❞ U ❛♥❞ V ❜❡ ♦t❤❡r t✇♦ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ■♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠

✺✳✷✱ I ❛♥❞ J ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ D✱ G ❛♥❞ T ✱ U ✐s D ♦r Y ❛♥❞ V ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ X✳ ▲❡t ❛❧s♦

β0 = E[V E[U |X, J = 1]|I = 1] ❛♥❞

β̂ =

∑n
i=1 IiVim̂

U
J=1(Xi)∑n

i=1 Ii
,

✇❤❡r❡ m̂U
J=1 ✐s t❤❡ ◆❛❞❛r❛②❛✲❲❛ts♦♥ ❡st✐♠❛t♦r ♦❢ mU

J=1(x) = E(U |X, J = 1) ❛ r❡❣r❡ss✐♦♥ ❢✉♥❝✲

t✐♦♥ ♦♥ ❛♥♦t❤❡r s✉❜❣r♦✉♣✿

m̂U
J=1(x) =

∑n
i=1 JiKhn

(x−Xi)Ui∑n
i=1 JiKhn

(x−Xi)
.

❲❡ ❤❛✈❡ ❧❡t Kh(x) = K(x/h)/h✱ ✇✐t❤ K ❛ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥✱ ❛♥❞ hn ❛ ❜❛♥❞✇✐❞t❤ ♣❛r❛♠❡t❡r✳ ❚❤❡

❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s t❤❛t ✉♥❞❡r s✉✐t❛❜❧❡ ❝♦♥❞✐t✐♦♥s✱ β̂ ❛❞♠✐ts ❛ ❧✐♥❡❛r r❡♣r❡s❡♥t❛t✐♦♥✳

✹✾



▲❡♠♠❛ ❙✽ ❙✉♣♣♦s❡ t❤❛t (Ii, Ji, Ui, Vi, Xi)i=1,...,n ❛r❡ ✐✳✐✳❞✳ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✶✹ ❛♥❞ t❤❡ ✜rst

♣♦✐♥t ♦❢ ❆ss✉♠♣t✐♦♥ ✶✺ ❤♦❧❞✳ ❙✉♣♣♦s❡ ❛❧s♦ t❤❛t x 7→ E(JU |X = x) ❛♥❞ x 7→ E(J |X = x) ❛r❡

m t✐♠❡s ❞✐✛❡r❡♥t✐❛❜❧❡✱ E(V 4) < ∞✱ x 7→ E(V 4|X = x) ✐s ▲✐♣s❝❤✐t③✱ x 7→ E(IV |X = x) ❛♥❞

x 7→ P (J = 1|X = x) ❛r❡ ❝♦♥t✐♥✉♦✉s✱ P (J = 1|X) ≥ p > 0 ❛❧♠♦st s✉r❡❧② ❛♥❞ P (I = 1) > 0✳

❚❤❡♥

√
n
(
β̂ − β0

)
=

1√
n

n∑

i=1

Ii(Vim
U
J=1(Xi)− β0) + λ(Xi)Ji(Ui −mU

J=1(Xi))

P (I = 1)
+ oP (1), ✭✹✽✮

✇❤❡r❡ λ(x) = E(IV |X = x)/P (J = 1|X = x)✳

Pr♦♦❢✿ ❧❡t θ̂ = 1
n

∑n
i=1 IiVim̂

U
J=1(Xi) ❛♥❞ θ0 = E(IV mU

J=1(X))✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t θ̂ ✐s r♦♦t✲

♥ ❝♦♥s✐st❡♥t ❛♥❞ ❝❛♥ ❜❡ ❧✐♥❡❛r✐③❡❞✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡ ❝❤❡❝❦ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s ✭✐✮✲✭✐✈✮

♦❢ ❚❤❡♦r❡♠ ✽✳✶✶ ♦❢ ◆❡✇❡② ✫ ▼❝❋❛❞❞❡♥ ✭✶✾✾✹✮ ❛♣♣❧② ❤❡r❡✳ ❲❡ ❛❞♦♣t t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s

❛s ◆❡✇❡② ✫ ▼❝❋❛❞❞❡♥ ✭✶✾✾✹✮✳ ▲❡t γ0 = (γ01, γ02)
′✱ ✇✐t❤ γ01(x) = E[JU |X = x]fX(x) ❛♥❞

γ02(x) = E[J |X = x]fX(x)✳ ▲❡t ❛❧s♦ γ̂ = (γ̂1, γ̂2)
′✱ ✇✐t❤ γ̂1(x) =

1
n

∑n
i=1 JiKhn

(x − Xi)Ui ❛♥❞

γ̂2(x) =
1
n

∑n
i=1 JiKhn

(x−Xi)✳ ▲❡t Zi = (Ii, Ji, Xi, Ui, Vi) ❛♥❞ ❧❡t g(Z, γ) = IV γ1(X)/γ2(X)−θ0✱

s♦ t❤❛t θ̂ − θ0 = 1
n

∑n
i=1 g(Zi, γ̂)✳ ❋✐♥❛❧❧②✱ ❧❡t G(Z, γ) = IV

γ02(X)

[
γ1(X)−mU

J=1(X)× γ2(X)
]
✳

▲❡t C = pc✱ s♦ t❤❛t ‖γ02‖∞ ≥ C✳ ❇② ▲❡♠♠❛ ❙✸ ❛♣♣❧✐❡❞ t♦ x1 = IV γ1(X)✱ y1 = γ2(X)✱

x2 = IV γ01(X) ❛♥❞ y2 = γ02(X)✱ ✇✐t❤ γ s❛t✐s❢②✐♥❣ ‖γ − γ0‖∞ < C/2✱

|g(Z, γ)− g(Z, γ0)−G(Z, γ − γ0)| ≤
2(1 + |V mU

J=1(X)|)
C2

max (|V | ‖γ1 − γ01‖∞ , ‖γ2 − γ02‖∞)2

≤ 2(1 + |V mU
J=1(X)|)

C2
(1 + |V |)2 ‖γ − γ0‖2∞ .

▼♦r❡♦✈❡r✱ E[|V |3] < ∞ ❛♥❞ t❤❡r❡ ❡①✐sts K0 s✉❝❤ t❤❛t |mU
J=1(x)| ≤ K0 ♦♥ S(X)✳ ❚❤✉s✱

E
[
(1 + |V mU

J=1(X)|)|V |2
]
< ∞

❛♥❞ ✭✐✮ ♦❢ ❚❤❡♦r❡♠ ✽✳✶✶ ♦❢ ◆❡✇❡② ✫ ▼❝❋❛❞❞❡♥ ✭✶✾✾✹✮ ❤♦❧❞s✳

❙t✐❧❧ ✉s✐♥❣ ‖γ02‖∞ ≥ C✱ ✇❡ ❣❡t

|G(z, γ)| ≤ |v|
2C

(1 + |mU
J=1(x)|) ‖γ‖∞ ,

✇✐t❤ E[|V |(1 + |mU
J=1(X)|)2] < ∞✳ ❚❤✐s ♣r♦✈❡s t❤❡ ❝♦♥❞✐t✐♦♥ ✭✐✐✮ ✐♥ ❚❤❡♦r❡♠ ✽✳✶✶ ♦❢ ◆❡✇❡② ✫

▼❝❋❛❞❞❡♥ ✭✶✾✾✹✮✳

◆♦✇ r❡♠❛r❦ t❤❛t ❢♦r ❛❧❧ ❢✉♥❝t✐♦♥ γ s❛t✐s❢②✐♥❣ ‖γ‖∞ < ∞✱

E [G(Z, γ)] =

∫
v(x)′γ(x)dx,

✺✵



✇✐t❤ v(x) = E(IV |X = x)(1,−mU
J=1(x))

′
1S(X)(x)/P (J = 1|X = x)✳ ❍❡♥❝❡✱ ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ✐♥

❚❤❡♦r❡♠ ✽✳✶✶ ♦❢ ◆❡✇❡② ✫ ▼❝❋❛❞❞❡♥ ✭✶✾✾✹✮ ❤♦❧❞s✳

❋✐♥❛❧❧②✱ t♦ ♣r♦✈❡ t❤❡✐r ✭✐✈✮✱ ♥♦t❡ ✜rst t❤❛t v ✐s ❝♦♥t✐♥✉♦✉s ♦♥ S(X) ❜② ❛ss✉♠♣t✐♦♥✳ ▼♦r❡♦✈❡r✱

❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t②✱ t❤❡ tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✐t② ❛♥❞ ❆ss✉♠♣t✐♦♥ ✶✺ ②✐❡❧❞
∫

‖v(x)‖1 dx ≤ 1 +K0

p

∫
fX(x)

c
E(|V ||X = x)dx

≤ (1 +K0)E(|V |
cp

< ∞.

❇❡s✐❞❡s✱ ❢♦r ❛❧❧ t s✉❝❤ t❤❛t ‖t‖1 ≤ 1✱ ✇❡ ❤❛✈❡✱ ❜② ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❢❛❝t t❤❛t x 7→
E(V 4|X = x) ✐s ▲✐♣s❝❤✐t③ ✭✇✐t❤ ❛ ❝♦♥st❛♥t K1✱ s❛②✮✱

‖v(x+ t)‖41 =
E(IV |X = x+ t)4

P (J = 1|X = x)4
[1 + |m(x+ t)|]4 1S(X)(x+ t)

≤ E(V 4|X = x+ t)

p4
[1 +K0]

4

≤ (K1 + E(V 4|X = x))

p4
[1 +K0]

4 .

❚❤✐s ❛♥❞ E(V 4) < ∞ ✐♠♣❧② t❤❛t E
[
supt∈Rp:‖t‖

1
≤1 ‖v(X + t)‖41

]
< ∞✳ ❍❡♥❝❡✱ ❈♦♥❞✐t✐♦♥ ✭✐✈✮

♦❢ ❚❤❡♦r❡♠ ✽✳✶✶ ♦❢ ◆❡✇❡② ✫ ▼❝❋❛❞❞❡♥ ✭✶✾✾✹✮ ❤♦❧❞s✱ ❛♥❞ t❤✐s t❤❡♦r❡♠ ❛♣♣❧✐❡s✳ ❚❤❡ ♣r♦♦❢ ♦❢

❚❤❡♦r❡♠ ✽✳✶✶ t❤❡♥ ✐♠♣❧✐❡s t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✽✳✶ ♦❢ ◆❡✇❡② ✫ ▼❝❋❛❞❞❡♥ ✭✶✾✾✹✮

❛r❡ s❛t✐s✜❡❞✱ ✇✐t❤

δ(Z) = v(X)′(JU, J)′ − E[v(X)′(JU, J)′] =
E(IV |X)J

P (J = 1|X)
(U −mU

J=1(X)).

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✶ ♦❢ ◆❡✇❡② ✫ ▼❝❋❛❞❞❡♥ ✭✶✾✾✹✮ ✜♥❛❧❧② ✐♠♣❧✐❡s t❤❛t

√
n
(
θ̂ − θ0

)
=

1√
n

n∑

i=1

g(Zi, γ0) + δ(Zi) + oP (1).

◆♦✇✱ ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ❙✸ ✇✐t❤ x1 = θ̂✱ y1 = P̂ (Ii = 1)✱ x2 = θ0 ❛♥❞ y2 = P (I = 1)✱ ✇❡ ♦❜t❛✐♥✱

✇✐t❤ ❛ ❧❛r❣❡ ♣r♦❜❛❜✐❧✐t②✱
∣∣∣∣β̂ − β0 −

1

P (I = 1)

[
θ̂ − θ0 − β0

(
P̂ (I = 1)− P (I = 1)

)]∣∣∣∣

≤ 2(1 + |β0|)
P (I = 1)2

max(|θ̂ − θ0|, |P̂ (I = 1)− P (I = 1)|)2.

▼♦r❡♦✈❡r✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❛♥ oP (1/
√
n)✳ ❇② r❡❛rr❛♥❣✐♥❣ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡✱ ✇❡ ✜♥❛❧❧②

♦❜t❛✐♥ t❤❡ ❧✐♥❡❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✹✽✮ �

❋✐♥❛❧❧②✱ t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡ ❈■❈✲t②♣❡ ❡st✐♠❛t♦r ✇✐t❤ ❝♦✈❛r✐❛t❡s✱ ❡st❛❜❧✐s❤❡❞ ✐♥ P❛rt

✸ ♦❢ ❚❤❡♦r❡♠ ✺✳✷✱ ✉s❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ❙✾✱ t♦❣❡t❤❡r ✇✐t❤ P❛rt ✸ ♦❢ ▲❡♠♠❛ ❙✺ ❛❜♦✈❡✳

✺✶



▲❡♠♠❛ ❙✾ ✶✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✼❳ ❛♥❞ ✶✻❳✱ ✇❡ ❤❛✈❡

√
n
[
F̂−1
dgt|x(τ)− F−1

dgt|x(τ)
]
=

1√
n

∑

i∈Idgt

x′JτXi

pdgt
(τ − 1{Yi −X ′

iβ(τ) ≤ 0}) + oP (1),

✇❤❡r❡ Jτ = E
[
fY |X(X

′β(τ))XX ′]−1
❛♥❞ t❤❡ oP (1) ✐s ✉♥✐❢♦r♠ ♦✈❡r (τ, x) ∈ (0, 1)× S(X)✳

✷✳ ❋♦r ❛♥② (x, τ) ∈ S(X)× (0, 1)✱ ❧❡t Ĝ(τ, x) = (F̂X11
(x), F̂−1

101|x(τ), F̂
−1
100|x(τ), F̂

−1
110|x(τ))✳ ❚❤❡♥

√
n
[
Ĝ−G

]
=⇒ G,

✇❤❡r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ✐♥ t❤❡ s♣❛❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss ♦♥ (0, 1) × S(X) ❛♥❞ G ❞❡♥♦t❡s ❛

❝♦♥t✐♥✉♦✉s ❣❛✉ss✐❛♥ ♣r♦❝❡ss ❞❡✜♥❡❞ ♦♥ t❤❛t s♣❛❝❡✳

Pr♦♦❢✿ P❛rt ✶✳ ❲❡ ♣r♦✈❡ t❤❛t ✉♥✐❢♦r♠❧② ♦✈❡r (τ, x)✱

√
ndgt

[
F̂−1
dgt|x(τ)− F−1

dgt|x(τ)
]
=

1
√
ndgt

∑

i∈Idgt
x′JτXi

(
τ − 1{Yi −X ′

iβdgt(τ) ≤ 0}
)
+ oP (1). ✭✹✾✮

❚❤❡ r❡s✉❧t t❤❡♥ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ndgt/[npdgt]
P−→ 1✱ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ❙✹✳ ❚♦ ❛❧❧❡✈✐❛t❡

t❤❡ ♥♦t❛t✐♦♥❛❧ ❜✉r❞❡♥✱ ✇❡ ❧❡t t❤❡ ❞❡♣❡♥❞❡♥❝② ✐♥ (d, g, t) ✐♠♣❧✐❝✐t ❤❡r❡❛❢t❡r✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❧❡t

I ❞❡♥♦t❡ Idgt✱ n ❞❡♥♦t❡ ndgt✱ ❡t❝✳✳ ❲❡ ❞❡♥♦t❡ ❜② Pn t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ (X, Y ) ♦♥ I✱
P ❞❡♥♦t❡ ✐ts tr✉❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ Gn =

√
n(Pn − P )✳ ❲❡ ✇r✐t❡✱ ❡✳❣✳✱ Ph ❛s ❛ s❤♦rt❝✉t ❢♦r∫

hdP ✳ ❲❡ ❛❧s♦ ❧❡t ρτ,β(x, y) = (τ − 1{y − x′β ≤ 0})(y − x′β)✱ hτ,β(x, y) = x(τ − 1{y ≤ x′β})✱
R = {ρτ,β, (τ, β) ∈ [0, 1] × B} ❛♥❞ H = {hτ,β, (τ, β) ∈ [0, 1] × B}✳ ❚♦ ❡st❛❜❧✐s❤ ♦✉r ♣r♦♦❢ ♦❢

✭✹✾✮✱ ✇❡ ✜rst s❤♦✇ t❤❛t β̂(τ) ✐s ✉♥✐❢♦r♠❧② ❝♦♥s✐st❡♥t ✐♥ τ ✳ ❚❤❡♥ ✇❡ ♣r♦✈❡ ❛ ✉♥✐❢♦r♠ ❇❛❤❛❞✉r

r❡♣r❡s❡♥t❛t✐♦♥ ♦♥ β̂(τ)✳

❛✳ ❯♥✐❢♦r♠ ❝♦♥s✐st❡♥❝②

▲❡t Mτ (β) = −Pρτ,β ❛♥❞ Mnτ (β) = −Pnρτ,β✳ ❋✐rst✱ R ✐s ●❧✐✈❡♥❦♦✲❈❛♥t❡❧❧✐ ❜❡❝❛✉s❡ ✐t s❛t✐s✜❡s

t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ♣♦✐♥t✇✐s❡ ❝♦♠♣❛❝t ❝❧❛ss❡s ❝♦♥s✐❞❡r❡❞ ✐♥ ❊①❛♠♣❧❡ ✶✾✳✽ ✐♥ ✈❛♥ ❞❡r ❱❛❛rt ✭✷✵✵✵✮✳

❆s ❛ r❡s✉❧t✱

sup
β,τ

|Mnτ (β)−Mτ (β)| P−→ 0.

❋♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✼ ♦❢ ✈❛♥ ❞❡r ❱❛❛rt ✭✷✵✵✵✮✱ t❤✐s ✐♠♣❧✐❡s

0 ≤ sup
τ∈(0,1)

Mτ (β(τ))−Mτ (β̂(τ))
P−→ 0. ✭✺✵✮

❙❡❝♦♥❞✱ ✉s✐♥❣ ❊q✉❛t✐♦♥ ✭✹✳✸✮ ♦❢ ❑♦❡♥❦❡r ✭✷✵✵✺✮✱ ✇❡ ♦❜t❛✐♥✱ ❢♦r ❛♥② β✱

Mτ (β(τ))−Mτ (β) = E[ρτ (Y −X ′β)]− E[ρτ (Y −X ′β(τ))]

= E

[∫ X′(β−β(τ))

0

FY |X(s+X ′β(τ))− FY |X(X
′β(τ))ds

]
.

✺✷



❇❡❝❛✉s❡ inf(y,x) fY |X(y|x) = c > 0 ❛♥❞ X ✐s ❛ss✉♠❡❞ t♦ ❤❛✈❡ ❜♦✉♥❞❡❞ s✉♣♣♦rt✱ t❤✐s ②✐❡❧❞s

Mτ (β(τ))−Mτ (β) ≥ K ‖β(τ)− β‖2 , ✭✺✶✮

❢♦r s♦♠❡ ❝♦♥st❛♥t K > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ τ ✳ ❋✐① ε > 0✳ ■❢ supτ∈(0,1)

∥∥∥β̂(τ)− β(τ)
∥∥∥ > ε✱ t❤❡♥

t❤❡r❡ ❡①✐sts τ0 s✉❝❤ t❤❛t
∥∥∥β̂(τ0)− β(τ0)

∥∥∥ > ε/2✳ ❚❤❡♥ ✭✺✶✮ ✐♠♣❧✐❡s t❤❛t

sup
τ∈(0,1)

Mτ (β(τ))−Mτ (β̂(τ)) ≥ Kε2/4,

✇❤✐❝❤ ❤❛♣♣❡♥s ✇✐t❤ ♣r♦❛❜✐❧✐t② ❛♣♣r♦❛❝❤✐♥❣ ✵ ✐♥ ✈✐❡✇ ♦❢ ✭✺✵✮✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

❜✳ ❯♥✐❢♦r♠ ❇❛❤❛❞✉r r❡♣r❡s❡♥t❛t✐♦♥

▲❡t X ✭r❡s♣✳ Y✮ ❞❡♥♦t❡ t❤❡ ♠❛tr✐① ✭r❡s♣✳ t❤❡ ✈❡❝t♦r✮ st❛❝❦✐♥❣ ❛❧❧ Xi ✭r❡s♣✳ Yi✮✱ ❢♦r i ∈ I✳ ❋♦r ❛❧❧
τ ∈ (0, 1)✱ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡t h ⊂ I ♦❢ r ❡❧❡♠❡♥ts s✉❝❤ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜♠❛tr✐① ✭r❡s♣✳

s✉❜✈❡❝t♦r✮ X(h) ✭r❡s♣✳ Y (h)✮ ♦❢ X ✭r❡s♣✳ ♦❢ Y✮ s❛t✐s✜❡s β̂(τ) = X(h)−1Y (h) ✭s❡❡ ❑♦❡♥❦❡r✱ ✷✵✵✺✱

♣✳✸✹✮✳ ◆♦t❡ ❛❧s♦ t❤❛t ❜② ❆ss✉♠♣t✐♦♥ ✶✻✱ Y ❛♥❞ X ❛r❡ ✐♥ ❣❡♥❡r❛❧ ♣♦s✐t✐♦♥ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡

✭s❡❡ ❑♦❡♥❦❡r✱ ✷✵✵✺✱ ♣✳✸✺✮✳ ❚❤❡♥

∑

i∈h
Xi(τ − 1{Yi ≤ X ′

iβ̂(τ)} = (τ − 1)X(h)′ιr,

✇❤❡r❡ ιr ✐s ❛ ✈❡❝t♦r ♦❢ ♦♥❡ ♦❢ s✐③❡ r✳ ▼♦r❡♦✈❡r✱ ❜② ❚❤❡♦r❡♠ ✷✳✶ ♦❢ ❑♦❡♥❦❡r ✭✷✵✵✺✮✱ t❤❡r❡ ❡①✐sts

λ = (λ1, ..., λr)
′ ✇✐t❤ |λj| ≤ 1 s✉❝❤ t❤❛t

∑

i∈h

Xi(τ − 1{Yi ≤ X ′
iβ̂(τ)} = X(h)′λ,

✇❤❡r❡ h ❞❡♥♦t❡s t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ h ✐♥ I✳ ❇② ❆ss✉♠♣t✐♦♥ ✶✻✱ ‖Xi‖1 ≤ C ❢♦r s♦♠❡ C > 0✳

❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥✱
∥∥∥∥∥
∑

i∈I
Xi(τ − 1{Yi ≤ X ′

iβ̂(τ)})
∥∥∥∥∥
1

≤ 2
∑

i∈h
‖Xi‖1 ≤ 2Cr,

✇❤✐❝❤ ❤♦❧❞s ✉♥✐❢♦r♠❧② ♦✈❡r (d, g, t, τ)✳ ❚❤✉s✱

sup
τ∈(0,1)

∥∥∥∥∥
1√
n

∑

i∈I
Xi(τ − 1{Yi ≤ X ′

iβ̂(τ)})
∥∥∥∥∥
1

P−→ 0.

◆♦✇✱ ✉s✐♥❣ Phτ,β(τ) = 0✱ ✇❡ ♦❜t❛✐♥

−
√
nP
[
hτ,β̂(τ) − hτ,β(τ)

]
= Gn

[
hτ,β̂(τ) − hτ,β(τ)

]
+Gnhτ,β(τ) + oP (1),

✉♥✐❢♦r♠❧② ♦✈❡r τ ✳ ▼♦r❡♦✈❡r✱ ❜② t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠✱

√
nP
[
hτ,β̂(τ) − hτ,β(τ)

]
= E

[
fY |X(X

′(tτ β̂(τ) + (1− tτ )β(τ))|X)XX ′
]√

n
(
β̂(τ)− β(τ)

)
.

✺✸



❢♦r s♦♠❡ r❛♥❞♦♠ tτ ∈ [0, 1]✳ ◆♦✇✱ ❜② ✉♥✐❢♦r♠ ❝♦♥s✐st❡♥❝② ♦❢ β̂(τ) ❛♥❞ ❝♦♥t✐♥✉✐t② ♦❢ fY |X(.|x)✱

sup
τ∈(0,1)

∣∣∣fY |X(X
′(tτ β̂(τ) + (1− tτ )β(τ))|X)− fY |X(X

′(tτ β̂(τ) + (1− tτ )β(τ))|X)
∣∣∣ P−→ 0.

❇❡❝❛✉s❡ fY |X(.|x) ✐s ❜♦✉♥❞❡❞ ❛♥❞ S(X) ✐s ❝♦♠♣❛❝t✱ ❚❤❡♦r❡♠ ✷✳✷✵ ✐♥ ✈❛♥ ❞❡r ❱❛❛rt ✭✷✵✵✵✮

✐♠♣❧✐❡s t❤❛t √
nP
[
hτ,β̂(τ) − hτ,β(τ)

]
=
(
J−1
τ + oP (1)

)√
n
(
β̂(τ)− β(τ)

)
,

✇❤❡r❡ t❤❡ oP (1) ✐s ✉♥✐❢♦r♠ ♦✈❡r τ ✳

◆❡①t✱ r❡♠❛r❦ t❤❛t H = H1 + H2✱ ✇✐t❤ H1 = {(x, y) 7→ xτ, τ ∈ [0, 1]} ❛♥❞ H2 = {(x, y) 7→
−x1{y− x′β ≤ 0}, β ∈ B}✳ ❚❤❡ s❡ts H1 ❛♥❞ {(x, y) 7→ y− x′β}, β ∈ B} ❛r❡ ❉♦♥s❦❡r ❛s s✉❜s❡ts
♦❢ ✈❡❝t♦r s♣❛❝❡s ✭s❡❡ ✈❛♥ ❞❡r ❱❛❛rt✱ ✷✵✵✵✱ ❊①❛♠♣❧❡ ✶✾✳✶✼✮✳ ❙t✐❧❧ ❜② ❊①❛♠♣❧❡ ✶✾✳✶✼ ✐♥ ✈❛♥ ❞❡r

❱❛❛rt✱ ✷✵✵✵✱ t❤✐s ✐♠❧✐❡s t❤❛t H2✱ ❛♥❞ t❤❡♥ ❛❧s♦ H✱ ✐s ❉♦♥s❦❡r✳ ❇❡s✐❞❡s✱

P
∥∥∥hτ,β̂(τ) − hτ,β(τ)

∥∥∥
2

1
= E

[
‖X‖21

∣∣∣1{Y ≤ X ′β̂(τ)} − 1{Y ≤ X ′β̂(τ)}
∣∣∣
2
]

≤ C2E
[∣∣∣FY |X(X

′β̂(τ))− FY |X(X
′β(τ))

∣∣∣
]

≤ K ′ sup
(y,x)

fY |X(y|x)
∥∥∥β̂(τ)− β(τ)

∥∥∥
1
.

❍❡♥❝❡✱ supτ∈(0,1) P
∥∥∥hτ,β̂(τ) − hτ,β(τ)

∥∥∥
2

1

P−→ 0✳ ❚❤❡♥✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✾✳✷✻ ♦❢

✈❛♥ ❞❡r ❱❛❛rt ✭✷✵✵✵✮✱ ✇❡ ❣❡t✱ ✉♥✐❢♦r♠❧② ♦✈❡r τ ✱

Gn

[
hτ,β̂(τ) − hτ,β(τ)

]
P−→ 0.

❋♦r ❛❧❧ τ ∈ (0, 1)✱ t❤❡ s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ J−1
τ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ cE[XX ′]✳ ■t ✐s t❤✉s

❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ ✵✱ ✉♥✐❢♦r♠❧② ♦✈❡r τ ✳ ❚❤✐s✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ S(X) ❛♥❞

✇❤❛t ♣r❡❝❡❞❡s✱ ②✐❡❧❞s

sup
x,τ

∣∣∣x′JτGn

[
hτ,β̂(τ) − hτ,β(τ)

]∣∣∣ P−→ 0.

❊q✉❛t✐♦♥ ✭✹✾✮ ❢♦❧❧♦✇s✳

✷✳ ❲❡ ♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r F̂−1 ♦♥❧②✳ ❇② t❤❡ ❈r❛♠❡r✲❲♦❧❞ ❞❡✈✐❝❡✱ ❛ s✐♠✐❧❛r r❡❛s♦♥✐♥❣ ❛♣♣❧✐❡s ❢♦r

Ĝ✳ ❇② t❤❡ st❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ♦❢ ❉♦♥s❦❡r ❝❧❛ss❡s ✭s❡❡✱ ❡✳❣✳✱✈❛♥ ❞❡r ❱❛❛rt✱ ✷✵✵✵✱ ❊①❛♠♣❧❡ ✶✾✳✶✽✮✱

✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s

{(d, g, t, x, y) 7→ 1{d = d̃, g = g̃, t = t̃}x̃′Jτ (y − 1{y − x′β ≤ 0}), (x̃, τ, β) ∈ S(X)× (0, 1)× B}

✐s ❉♦♥s❦❡r✱ ❢♦r ❛♥② (d̃, g̃, t̃) ∈ {0, 1}3✳ ❍❡♥❝❡✱
1√
n

∑

i∈I
x′JτXi (τ − 1{Yi −X ′

iβ(τ) ≤ 0}) =⇒ G,

✇❤❡r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ✐♥ t❤❡ s♣❛❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s ♣r♦❝❡ss ♦♥ (0, 1) × S(X) ❛♥❞ G ❞❡♥♦t❡s ❛

❝♦♥t✐♥✉♦✉s ❣❛✉ss✐❛♥ ♣r♦❝❡ss✳ P❛rt ✶ ❛♥❞✱ ❡✳❣✳ ❚❤❡♦r❡♠ ✶✽✳✶✵✲✭✐✈✮ ♦❢ ✈❛♥ ❞❡r ❱❛❛rt ✭✷✵✵✵✮ t❤❡♥

✐♠♣❧② t❤❡ r❡s✉❧t �

✺✹



❘❡❢❡r❡♥❝❡s

❆♥❞r❡✇s✱ ❉✳ ❲✳ ❑✳ ✫ ❇❛r✇✐❝❦✱ P✳ ❏✳ ✭✷✵✶✷✮✱ ❵■♥❢❡r❡♥❝❡ ❢♦r ♣❛r❛♠❡t❡rs ❞❡✜♥❡❞ ❜② ♠♦♠❡♥t

✐♥❡q✉❛❧✐t✐❡s✿ ❆ r❡❝♦♠♠❡♥❞❡❞ ♠♦♠❡♥t s❡❧❡❝t✐♦♥ ♣r♦❝❡❞✉r❡✬✱ ❊❝♦♥♦♠❡tr✐❝❛ ✽✵✱ ✷✽✵✺✕✷✽✷✻✳

❆♥❞r❡✇s✱ ❉✳ ❲✳ ❑✳ ✫ ❙♦❛r❡s✱ ●✳ ✭✷✵✶✵✮✱ ❵■♥❢❡r❡♥❝❡ ❢♦r ♣❛r❛♠❡t❡rs ❞❡✜♥❡❞ ❜② ♠♦♠❡♥t ✐♥❡q✉❛❧✐t✐❡s

✉s✐♥❣ ❣❡♥❡r❛❧✐③❡❞ ♠♦♠❡♥t s❡❧❡❝t✐♦♥✬✱ ❊❝♦♥♦♠❡tr✐❝❛ ✼✽✭✶✮✱ ✶✶✾✕✶✺✼✳

❈❤❡r♥♦③❤✉❦♦✈✱ ❱✳✱ ▲❡❡✱ ❙✳ ✫ ❘♦s❡♥✱ ❆✳ ▼✳ ✭✷✵✶✸✮✱ ❵■♥t❡rs❡❝t✐♦♥ ❜♦✉♥❞s✿ ❊st✐♠❛t✐♦♥ ❛♥❞ ✐♥❢❡r✲

❡♥❝❡✬✱ ❊❝♦♥♦♠❡tr✐❝❛ ✽✶✭✷✮✱ ✻✻✼✕✼✸✼✳

❞❡ ❈❤❛✐s❡♠❛rt✐♥✱ ❈✳ ✫ ❉✬❍❛✉❧t❢÷✉✐❧❧❡✱ ❳✳ ✭✷✵✶✺✮✱ ❋✉③③② ❞✐✛❡r❡♥❝❡s✲✐♥✲❞✐✛❡r❡♥❝❡s✱ ❚❡❝❤♥✐❝❛❧

r❡♣♦rt✳

❉✉✢♦✱ ❊✳ ✭✷✵✵✶✮✱ ❵❙❝❤♦♦❧✐♥❣ ❛♥❞ ❧❛❜♦r ♠❛r❦❡t ❝♦♥s❡q✉❡♥❝❡s ♦❢ s❝❤♦♦❧ ❝♦♥str✉❝t✐♦♥ ✐♥ ✐♥❞♦♥❡s✐❛✿

❊✈✐❞❡♥❝❡ ❢r♦♠ ❛♥ ✉♥✉s✉❛❧ ♣♦❧✐❝② ❡①♣❡r✐♠❡♥t✬✱ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✾✶✭✹✮✱ ✼✾✺✕✽✶✸✳

❊♥✐❦♦❧♦♣♦✈✱ ❘✳✱ P❡tr♦✈❛✱ ▼✳ ✫ ❩❤✉r❛✈s❦❛②❛✱ ❊✳ ✭✷✵✶✶✮✱ ❵▼❡❞✐❛ ❛♥❞ ♣♦❧✐t✐❝❛❧ ♣❡rs✉❛s✐♦♥✿ ❊✈✐❞❡♥❝❡

❢r♦♠ r✉ss✐❛✬✱ ❚❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✶✵✶✭✼✮✱ ✸✷✺✸✳

❋✐❡❧❞✱ ❊✳ ✭✷✵✵✺✮✱ ❵Pr♦♣❡rt② r✐❣❤ts ❛♥❞ ✐♥✈❡st♠❡♥t ✐♥ ✉r❜❛♥ s❧✉♠s✬✱ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❊✉r♦♣❡❛♥

❊❝♦♥♦♠✐❝ ❆ss♦❝✐❛t✐♦♥ ✸✭✷✲✸✮✱ ✷✼✾✕✷✾✵✳

❋✐❡❧❞✱ ❊✳ ✭✷✵✵✼✮✱ ❵❊♥t✐t❧❡❞ t♦ ✇♦r❦✿ ❯r❜❛♥ ♣r♦♣❡rt② r✐❣❤ts ❛♥❞ ❧❛❜♦r s✉♣♣❧② ✐♥ P❡r✉✬✱ ❚❤❡

◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s ✶✷✷✭✹✮✱ ✶✺✻✶✕✶✻✵✷✳

●❡♥t③❦♦✇✱ ▼✳✱ ❙❤❛♣✐r♦✱ ❏✳ ▼✳ ✫ ❙✐♥❦✐♥s♦♥✱ ▼✳ ✭✷✵✶✶✮✱ ❵❚❤❡ ❡✛❡❝t ♦❢ ♥❡✇s♣❛♣❡r ❡♥tr② ❛♥❞ ❡①✐t

♦♥ ❡❧❡❝t♦r❛❧ ♣♦❧✐t✐❝s✬✱ ❚❤❡ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✶✵✶✭✼✮✱ ✷✾✽✵✳

■♠❜❡♥s✱ ●✳ ❲✳ ✫ ▼❛♥s❦✐✱ ❈✳ ❋✳ ✭✷✵✵✹✮✱ ❵❈♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s ❢♦r ♣❛rt✐❛❧❧② ✐❞❡♥t✐✜❡❞ ♣❛r❛♠❡t❡rs✬✱

❊❝♦♥♦♠❡tr✐❝❛ ✼✷✭✻✮✱ ✶✽✹✺✕✶✽✺✼✳

❑♦❡♥❦❡r✱ ❘✳ ✭✷✵✵✺✮✱ ◗✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥✱ ❈❛♠❜r✐❞❣❡ ✉♥✐✈❡rs✐t② ♣r❡ss✳

◆❡✇❡②✱ ❲✳ ❑✳ ✫ ▼❝❋❛❞❞❡♥✱ ❉✳ ✭✶✾✾✹✮✱ ❵▲❛r❣❡ s❛♠♣❧❡ ❡st✐♠❛t✐♦♥ ❛♥❞ ❤②♣♦t❤❡s✐s t❡st✐♥❣✬✱ ❍❛♥❞✲

❜♦♦❦ ♦❢ ❡❝♦♥♦♠❡tr✐❝s ✹✱ ✷✶✶✶✕✷✷✹✺✳

❘♦♠❛♥♦✱ ❏✳ P✳✱ ❙❤❛✐❦❤✱ ❆✳ ▼✳ ✫ ❲♦❧❢✱ ▼✳ ✭✷✵✶✹✮✱ ❵❆ ♣r❛❝t✐❝❛❧ t✇♦✲st❡♣ ♠❡t❤♦❞ ❢♦r t❡st✐♥❣

♠♦♠❡♥t ✐♥❡q✉❛❧✐t✐❡s✬✱ ❊❝♦♥♦♠❡tr✐❝❛ ✽✷✱ ✶✾✼✾✕✷✵✵✷✳
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