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Introduction

A common form of heteroskedasticity occurs when data used to estimate a
relation are drawn from two or more distinct populations. Formally, suppose
we have the model

. =X.B+ e, i=1... M
Y. Xlﬂ ess (L)

in which Yi and e, are ni-element vectors and Xi is a k x n, matrix, all

pertaining to group i. B is a k-element vector of coefficients, invariant

over groups. ai is the variance of e which in general differs from a?, j#

i.

This model is usually termed the grouped heteroskedasticity model. If
the error variances were known, estimation of B would be accomplished by
straightforward generalized least squares (GLS), i.e., OLS on data weighted by
ai-l. In practice, (1) is estimated either by OLS (knowingly or unknowingly
ignoring the heteroskedasticity) or by an operational version of GLS
("feasible GLS") in which estimates of the error variances replace the unknown
values.

Some aspects of this model have received detailed examination in the
literatﬁre. Taylor (1977, 1978) analyzed the gain of feasible GLS over OLS
and its loss compared to GLS. He found the former typically large and the
latter typically small. Swamy and Mehta (1979) examined conditions under
which feasible GLS is not optimal and developed an alternative estimator.

However, there is one aspect of the grouped heteroskedasticity model that
has not been considered. There are two standard approaches to estimating the
error variances, differing in whether the information about the common B
coefficients is imposed. Although different authors make different

recommendations, there is little if any information available on the

comparative performance of alternative procedures. The purpose of this paper




is to provide such information. Since any weighting scheme results in
unbiased estimates, the concern is estimator efficiency and reliability in
making inferences. The analysis primarily will be based on Monte Carlo
simulation. Although with this method results can depend on the specific
nature of the experiment, it is a useful tool for detecting broad differences
among alternative procedures. We find that, under some conditions, such
differences exist for the grouped heteroskedasticity model. Since in most
cases these conditions can be identified, the results of the study are of
potential practical use.

Alternative Approaches

The standard method to estimate (1) is, as suggested above, weighted
1

. A2 . 2 * A -
least squares. Given os, an estimate of o;, one computes Yi = Yiai

and X% =
i

1

- * % 1% % * *
Xiéi and then obtains ﬁ = (X 'X) 1X 'Y , where X and Y contain the data

from individual groups appropriately stacked. The issue here is the
estimation of ag. A common and simple method is to use the unbiased estimate
from a separate OLS regression on group i, that is,

Y. - Xibi)'(Yi - Xibi)

A2 i :
Ui = ni _ k ) (2)

where bi = (Xi'Xi)-lxi'Yi. This is the estimator employed by Taylor and by
Swamy and Mehta. It is probably the estimator most often used in practice,
since it is readily available from standard computer output. However, most
authors are douﬁtful that this is the best procedure. As stated by Judge et.
al., it makes

no allowance for the fact that each bi is an estimate of

the same B. If we incorporate the additional information
given by this restriction it is likely that the resulting

Qi's will be more efficient, and, although there will be

no difference asymptotically, this may lead to a ﬁ that is
more efficient in finite samples. (1985, p. 429)




Their suggestion is to obtain a pooled OLS estimate of B, i.e.,

b = (X'X)-IX'Y, and then take
(Yi - Xib)'(Yi - Xib)

n. - k
i

~2

g, =
1

This is somewhat more troublesome to employ, since it requires the
partitioning of a residual vector.

In his 1977 paper, Taylor notes the likely inefficiency of (2) but uses
it because of its popularity and tractability. In his text, Johnston (1984)
recommends (3) without discussion, although in a related case, estimating a
demand system with cross-equation restrictions, he states it is a "moot point"
whether the first stage residuals for estimating the error structure should be
based on OLS with or without the constraints. Kmenta (1986) implicitly
endorses (3), since in his discussion of the cross-sectionally
heteroskedastistic and timewise autoregressive model he states that first
stage residuals should be obtained from OLS on all groups simultaneously.
Pindyck and Rﬁbinfeld (1985) also say that pooled residuals should be used.
The one exception is the textbook by Fomby, et al., in which only (2) is
mentioned. .

Since (3) incorporates additional information, it is plausible that it is
the better estimator. However, this should not be accepted without question.

Although it is obviously consistent, it is biased in small samples. This

follows from the fact that (2) is unbiased. Since bi is the estimate of B

that minimizes (2), (3) is always larger. It therefore has an upward bias.
It is reasonable to expect the bias to increase with the difference in error
variances. This suggests that whether and to what extent (3) is better than
(2) depends upon the degree of heteroskedasticity.

So far the discussion has been concerned with initial estimates of the
2
i

o.'s, which lead to estimates of B. But these estimates can themselves be




used to obtain new estimates of the variances, which in turn generate revised
estimates of B, and so on in an iterative fashion. Based on (3), such a
method is iterative maximum likelihood under normality (Oberhofer and Kmenta,
1974), and this provides another approach to estimating S. Since it is a
maximum likelihood method, it has optimal large sample properties. Whether it
is an improvement in small samples depends on the performance of the revised
variance estimates.
The Monte Carlo Experiment
The Monte Carlo experiment was conducted using the following model:
Y; = By + ByXyy + ByXoy + ByXg. + e, i=1...M
where i refers to group. The core of the analysis was conducted with M=2, the
case considered‘by Taylor and by Swamy and Mehta. All B’s were set at 1. e;
was N(O, ai), with differences in variances as described below. Each

experiment was replicated 1000 times. The general procedure was to estimate

a% in different ways and to use the estimates in weighted least squares.

Three methods of estimating ai were employed:
WLS1: 9? from formula (2)
WLS2: o from formula (3)
WLS3: o, estimated with (3), using the residuals from WLS2. This
two iterations of MLE estimation.
The model was also estimated with OLS and GLS, i.e., using the true variances
as weights. Experiments were conducted with three sample sizes for each
group: 10, 20, and 40.
The X's, which were fixed in each individual experiment but differed
across experiments, were generated as uniform random variables. Two
approaches were employed. In the first, the variables for each group were

#(10,30) in all experiments. In the second, the variation in the data was

increased along with that of the error by generating the elements of Xi as




p(lOai,30ai). We will rgfer to these as X1 and X2, respectively. With X1,
heteroskedasticity can be thought of as arising simply due to differences in
the amount of unexplained behavior, whereas with X2 it can be thought of as
due to size differences, as might occur with data from different countries;1
Results

The efficiency of the different weighted least squares estimates of g
was measured as follows. In each experiment of 1000 replications, the sample
variance of each of the four coefficients in the model as estimated by the
different methods was calculated. GLS was used as a benchmark by taking
ratios of the sample variances of the other estimators to that of GLS. These

were averaged over the four coefficients. Thus, letting r, be such an

average, we would expect r, > 1, although sampling error can reverse this. If

r, < rj, this is evidence that method i is more efficient than method j.
These ratios are presented in table 1 for the three sample sizes. In each
section, the first line is for the homoskedastic case and movement down the
columns involves a greater degree of heteroskedasticity, which we define as
the ratio of the larger variance to the smaller and which will be denoted by
A.

Let us first consider the results for OLS. Comparing the columns for OLS
to the others, we see that at a low level of heteroskedasticity, OLS was
superior to all. the weighted least squares estimators. However, this
superiority did not last long. When the variance in one equation was twice
that in the other, OLS lost its advantage, even at the smallest sample size.
This agrees with Taylor’'s (1977) analytic results. It does suggest that
unless X exceeds two - which it often may not in models of this sort -
ignoring heteroskedasticity may at worst generate only.a negligible loss in

efficiency. But clearly, the loss can be very large, as occurred with X1 at

the higher levels of heteroskedasticity examined. The much poorer performance




Table 1. Ratio of Sample Variance of Estimators to that of GLS, Two Group
Case. ‘
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of OLS here than in the X2 case follows since, at any given A, there is much

less variation in the pooled X1 data. As a result, the OLS estimates are more

variable.

The most interesting aspect of the Monte Carlo results involves comparing
WLS1 and WLS2. It is evident that, as conjectured above, which was the better
estimator in the two group case depended upon A. If this was low, then the
use of residuals from a pooled OLS regression on all 2n observations was the
better procedure. However, with stronger heteroskedasticity (generally, A
exceeding 3 or 5), the method using residuals from separate regressions became
superior. This occurred in both cases and for all three sample sizes. For
n=40, and with X2 regardless of sample size, this superiority was typically
not of large conéequence. However, for n=10 or 20 and severe
heteroskedasticity the advantage of WLS1 was substantial under data condition
x1.2

The reason for these results was made evident by examining some
additional information from the experiments. As expected, the estimates of
error variance using formula (3) were always biased upward. However, the bias
for the smaller variance was always proportionately larger. As a result, A
was underestimated. This is illustrated by data in table 2, which are:
estimates of A for WLS1 and WLS2 for the expgriments with n=20. It is quite
clear from these that with strong heteroskedasticity formula (3) can lead to a
weighting scheme that only partly'eliminates the problem, in which case its
efficiency suffers. This is more serious with the X1 data because of the
weaker OLS estimates used to generate the pooled residuals.

Generally, the results for WLS1l and WLS2 display two counteracting
forces. If X is low, then the loss associated with implicitly assuming the
error variances are the same is also small and is outweighed by the benefits

of a larger sample. With large differences in error variances, the relative




Table 2. Estimated Degrees of Heteroskedasticity, n = 20.
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importance of these two effects reverses. As a result, in the first case WLS2
is more efficient while WLS1 is in the second.3

WLS3 is a second iteration of WLS2 and as such represents the first two
iterations of maximum likelihood estimation. The results in table 1 indicate
that with severe heteroskedasticity this method substantially improved on
WLS2. But even at the largest sample size considered, unless ) exceeded three
there was no gain - indeed a slight loss - associated with a second iteration
of WLS2. Furthermore, the experimental results suggest that if A is large the
iterative method is at best only marginally better than-the conventional
procedure using separate OLS residuals. Although additional iterations might

bring additional gains, a brief analysis described below suggests this is

likely to be important in few cases. Furthermore, for the two-group case

there does not seem to be much room for improvement if sample size is
reasonably adequate.

From these results it is fairly evident that no one estimation method
dominates the others and no method is dominated by the others. Each was best
in several individual experiments. If we categorize the degree of
heteroskedasticity as "low," "medium," or "high,"” with the specific
definitions depending upon sample size, the corresponding optimal technique
would seem to be OLS, WLS2, and either WLS1l or WLS3.

How, then,- should one proceed? 1In a world of total ignorance of )\, WLS1
appears to be the minimax approach. In the experiments, it often outperformed
the others and was measurably less efficient only with small X and a small
sample (when OLS was best). It is also easy to implement. However, one need
not proceed in complete ignorance. Information about A is readily available
from estimates of regression variance for the individual groups. If this
suggests A is quite large, then one would not be inclined to employ WLS2

except possibly as the first step in an iterative process. This is
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particularly true if the explanatory variables have the characteristics of our
X1 data, which is also easily ascertained. If X is small, then the logical
choice would seem to be between OLS and WLS2.

Additional Experiments

The two-group results show that use of pooled residuals in the first
stage of estimation leads to a gain due to the larger sample size and a loss
due to ignoring the heteroskedasticity. Thus, the relative performance of
WLS2 should improve with more groups, since the number of observations in the
first stage of WLS1 remains constant. To investigate this, a set of
experiments with more groups was conducted. The error variances were chosen
in an attempt to get a reasonable coverage of the possibilities. The resuits
are presented in table 3, and they have the same interpretation as before.
Here we have confined attention to the smaller sample sizes. The
heteroskedasticity is characterized by spelling out the variances, with a%
always being one.

The relative performance of WLS2 indeed improved. This is especially
apparent with n = 10. At low levels of heteroskedasticity, it clearly
outperformed WLS1 regardless of the nature of the explanatory variables, and
with X2 data it did so with virtually all levels of heteroskedasticity. It
thus appears that with several groups and a quite small sample (with n = 10
there were six degrees of freedom for each group), WLS2 will often be

preferred to WLS1l, more so than in the two group case. As before, however

WLS1 appears much more efficient with X1 data and large differences in error

variance.4 Indeed, the largest advantage of WLS1 over WLS2 in the study

occurred in this group of experiments, suggesting that the correct choice

requires particular attention to the data under these conditions.
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Table 3. Ratio of Sample Variances of Estimators to That of GLS, Various

Three and Four Group Cases, o% = 1.
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With n = 20, the pattern of results was similar, but in corresponding
experiments either the magnitude of the WLS2 advantage over WLS1l declined or
its disadvantage increased. Thus, for example, while in the X2 case WLS2 was
superior in about the same set of experiments (actually one less), this
superiority was seldom of any significance and certainly less than before.
The difference between n=10 and 20 illustrates that increasing sample size is
a more important consideration when it is small in the first place. In fact,
with n=20 the results do not greatly differ from the corresponding ones for
the two-group case. The only change of any importance is the indication that
with several groups and X2-type data, users of the pooled approach are nearly
assured of a gain regardless of the extent of heteroskedasticity (assuming it
exists at all). However, the magnitude of the gain is not likely to warrant
any additional effort that may be required.

Now consider WLS3, the iterative approach; With n = 20, its performance
was similar to that in the two-group case, tending to parallel that of WLS1.
But with ten observations, in several instances it substantially improved on
both WLS1 and WLS2. These occurred with X1 data, in the middle to upper
ranges of heteroskedasticity. Still, the fact that in the majority of
experiments its variance exceeded that of WLS1l and/or WLS2 suggests that
iterative estimation to improve efficiency is at best problematic.

However, our results involve an estimator with just two iterations.
practice, more would typically be used, generally until some convergence
criterion is met. Although it is beyond the scope of this paper to

extensively analyze this procedure, a representative group of experiments was '

repeated with more iterations added to WLS3. For all cases in which WLS3 was

inferior to WLS2 (and several others as well), further iterations made matters
worse, even with 40 observations per group. Only with strong

heteroskedasticity was there an improvement. Even then, the efficiency
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achieved after five iterations was at best only marginally better than that of
WLS1, the much simpler procedure. This is similar to the result obtained by
Kmenta and Gilbert (1968) in the case of seemingly unrelated regression. They
also found that iterations often reduced‘estimator efficiency.

Firm conclusions about iterative estimation in the grouped
heteroskedasticity model will require additional research. However, based on
our results we can conclude that its routine application is unwise.
Furthermore, the evidence here is that, unless sample size is quite small, it
is of limited wvalue. Although a second iteration often significantly improved
on WLS2, additional iterations seldom did. More typically, efficiency was
reduced, and in most cases, the simpler approach provided by WLS1l was nearly
as good and in ﬁumerous instances better.

Summary and Concluding Remarks

In this paper we have examined the estimation of error variances in the
grouped heteroskedasticity model and the implications for feasible generalized
least squares estimation of the common coefficient vector. These variances
are always estimated using residuals from a first stage OLS. This can be
applied to each group separately or on all groups simultaneously. Since the
latter incorporates the common coefficient vector into the first stage, it is
widely believed to be a more efficient procedure and thus is most often
recommended by textbooks.

The results of this study would not support this recommendation.

Although using pooled residuals generates a gain due to the larger sample,
this comes at the cost of biased variance estimates due to ignoring the

heteroskedasticity in the first stage. The desirability of this approach

depends upon the relative strength of these two effects. In simulations based

on two groups, it tended to be demonstrably better only when

heteroskedasticity was not too serious and the sample size was small. With
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substantial differences in group variances, residuals from separate
regressions led to better estimates. In some cases, the differences were
pronounced. It was found that problems with pooled residuals could largely be
eliminated by iterating the method once, with further iterations usually
reducing efficiency. Generally, only limited support for iterative estimation
was found, since in few cases was it more than negligibly better than using
separate residuals without iteration.

With more than two groups, the relative performance of the pooled
procedure improved. When the groups each had few observations, it was often
substantially more efficient than the method using separate residuals.
However, even then it performed rather badly in some of our experiments, and
users need to be aware of this possibility. For moderate to large samples,
results of the study suggest th;t the advantage of pooled OLS in the first
stage is not likely to be large even with many groups, and there remain cases
in which it can have a substantial disadvantage. Since in general it is more
troublesome to employ, we see little recommendation for this method when
sample size is adequate.

A conclusion from this study is that none of the methods considered is
always best, for this depends upon circumstance. Although this may be

unfortunate, it is perhaps comforting that a second conclusion is that the

simplest and hence most often used procedure is in many cases probably the

best procedure. That a method which ignores information about the common
vector of coefficients can often outperform one which uses it might come as a
surprise. However, the use of pooled residuals ignores the fact that the
error variances are not the same, and results here suggest this can be an
important consideration. Perhaps this should not be surprising. It is, after

all, the estimation of the error structure that is at issue.
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Footnotes

However, if size differences primarily affect means, X1 is appropriate.
It is important to note that some experiments were tried with normal and
log normal data. Results for these were substantially the same as those
with uniform data.

Such heteroskedasticity can certainly occur. As Taylor notes, "In
cross-section studies involving aggregates of vastly different sizes
(states or countries), it is not unreasonable to expect [the degree of
heteroskedasticity] to be on the order of 50." (1977, p. 504)

A contributing factor to the bias of WLS2 is the denominator in (3).
Since Eni observations were used to estimate k parameters, n, - k
understates the degrees of freedom. This is clear in the two group case

with ai = a% and n; =n,. Then an appropriate divisor for an unbiased

estimate would be 1/2(n1 + 0, -k) = n, - %. However, inappropriate

degrees of freedom is not the only source of bias. Consider, for

-example, the unrealistic case of ai = 0. The estimate of a% from (3)

would necessarily be non-zero regardless of the denominator.

Although the entire residual vector used in WLS2 has a sample mean
of zero, the subvectors used to estimate the group variances do not.
This prompted us to investigate a version of WLS2 in which the
partitioned error sum of squares in (3) was corrected for its sample
mean. This reduces the estimated error variances and hence their bias.
However, the performance of this estimator was generally inferior to the
version reported in the text.

With X1 data, the overestimation of small error variances was more
pronounced when they were outnumbered by large error variances. This
was less true with X2 data, which explains some of the specific patterns
in the results. Notice that several of the experiments in the table can
proxy for the case of two groups each with different sample sizes.
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