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Synopsis

This paper considers explicitly costly choice between mean-preserving
distributions of a random variable. First, we extend a theorem of Diamond-
Rothschild-Stiglitz to our environment. We then apply the result to risk
and inequality analysis. W.r.t. the former, we generalise Ehrlich and
Becker's seminal analysis of self-protection. W.r.t. the latter, we
establish a sufficient condition for lump-sum-tax-financed and proportional
tax-financed expenditure upon reducing inequality in pre-tax income or
abilities to increase with society's absolute inequality aversion. This
requires everyone's relative inequality aversion to lie within the interval
[1,2]. We draw upon empirical evidence to shaw: Norway may satisfy this
requirement; the U.S; may not. Additionally, we examine the impact of
variations in national income upon proportional tax-financed inequality
reduction.

Clive D. Fraser
Department of Economics
University of Warwick

November 1983
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RISK AVERSION, INEQUALITY AVERSION, AND OPTIMAL CHOICE OF DISTRIBUTIONS

In a large number of important decision contexts involving risk
(or concepts formally akin to risk, such as economic inequality), economic
agents take actidns which directly influence the probability distributions
which confront them. For example, in Ehrlich and Becker's (1972 [73)
seminal analysis of self-protection, an individual affects the risk of
pecuniary loss by spending on safety precautions.(1)

Again, attempts to reduce inequality by promoting "equality of
opportunity" - via, say, tax-financed educational expenditure and most
forms of social engineering - can be usefully characterized as attempts
to «change the distribution of abilities to make it “less unequal" in some
sense. E.g., some might interpret the U.K. policy of comprehensive
education in precisely these terms. While having a statistically insignifi-
cant impact upon mean ability (as measured, perhaps, by mean G.C.E.
qualifications), the policy can be argued to have resulted in regression
to the mean from both tails of the distribution. Indexing different
ability levels by e, under this policy we have, in effect, educational
expenditure converting someone who might have been an e-person under a
different regime to an e,-person. To the extent that real incomes or
utilities are directly related to abilities, a policy with such an out-
come can also result in a less unequal distribution of utilities.

An interesting question which arises in such environments is:
what, if any, is the relationship between an individual's risk aversion
(resp., society's inequality aversion) and the riskiness (resp., inequality)
of the distribution of income or chosen abilities? Diamond and Stiglitz

(D-S, 1971 [6]) dealt with this question in their influential paper when
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they considered, inter alia, risk aversion and career choice. However,
a careful reading of their work reveals that they did not consider
explicitly costly choice between distributions in a manner which allowed
for interaction between the cost of choice and the decision-maker's
utility function in each state.

This is potenfia]]y an important omission because, e.g., choosing
a career which is less risky either atemporally or intertemporally frequently
involves some sacrifice of.expected income as well as direct expenditure
—.upon schooling/training costs, books, journals, tools and the like. At
the societal level, choice of less unequal distributions of income often
involves not only the costs of attempted social engineering via the
educational system, but also the resource costs of administering the soéia]
security safety net.

Authors subsequent to D-S, notably Dean Hiebert (1983, [5]), Honda
(1983 [111), and Paroush (1981 [16]) have extended D-S's work to consider
environments in which choice between distributions is costly. Moreover,
this was done for problems explicitly involving more than one decision
variable. However, these authors confined attention to one of two cases.
'(i) Where the mean-preservihgichange in fhe distribution ofrtherfe1evan£
randon variable (r.v.) occurred only via a multiplicative transformation of |
the original r.v., hence its variance, leaving intact the shape of the
distribution (Honda and Paroush); (ii) Where there were effectively only
two possible states of the world (Dean Hiebert).(z)

In this paper we will consider optimal costly choice of distributions
in a more general context than Dean H%ebert, Honda or Paroush'by requiring

only that mean-preserving changes in the riskiness of the r.v. satisfy the



famous Diamond-Rothschild-Stiglitz (D-R-S) integral conditions (D-S, 1974,
[61). However, this is done only for a single decision variable problen.
Section I formulates the model and derives the main result linking
choice of riskiness (resp., inequality) in the randon component of wealth
to the decision-maker's risk (resp., inequality) aversion. The cost of
choice in this section is interpreted as either a state-invariant
expenditure upon self-protection or a lump-sum tax to finance egalitarianism.
We elucidate briefly the sources of differences from D-S's corresponding
theorems. II obtains some corollaries for a special utility function and
for special relationships between wealth and the r.v. III extends the
analysis to consider proportional tax financed egalitarianism. This
enables us to analyze explicitly, albeit in a highly stylized model, the
optimal relationships between national income and the rate of taxation and
tetal expenditure upon egalitarianism. In IV we examine two recent studies
which, respectively, derive estimates for the index of relative inequality
aversion and the index of relative risk aversion. This enables us to bring
some empirical evidence to bear upon our theoretical findings. V concludes.

An Appendix contains the proofs of the main results.

I. THE MODEL AND MAIN RESULT

We will first introduce and interpret the notation appropriate to
a context of risky choice and subsequently extend it to inequality analysis.
Following D-S, consider a family of utility functions U[w,p], at
least thrice-differentiable and once-differentiable in the first and second
_ argument, respectively. Here, p is an ordinal measure parameterising the

degree of Arrow-Pratt (Arrow, 1970, [2]; Pratt, 1964, [17]) absolute risk
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aversion exhibited by U(-) at w and satisfies D-S's Theorem 3. The
decision-maker's wealth at arbitrary x, e and c, w = m(x,e,c,) >0, is a
twice continuously differentiable function of each of: e, the realisation
of the r.v. (or state of the wor]d),we + 03 ¢, the expenditure on choice
of distribution of e; x, a parameter or carrier variable which, in some
extensions, could be treated as endogenous.(3) U(-) exhibits strict risk
aversion: wa < 0.

We assume e € [e,e] = E and e ~ FLe,y(c)]. E is non-empty. vy
parameterises different mean=preserving distributions for e. F is at
vleast thrice continuously differentiable in its arguments. An increase
in y represents an increase in the riskiness of F in the sense of D-S
and thus satisfies (for differential changes) the D-R-S conditions (cf.

[6], eqns. (1) and (3)),

e
'je FY(e,Y) de = 0 ' (1)
and
S -
 T(s,y) = J Fley) de20, vseled] (2)
e

(1) is the mean-preserving condition; (2) is the second degree stochastic
dominance condition for all risk averters to prefer the "less risky" |
distribution.

As effecting mean-preserving decreases in risk for the random

component of wealth is assumed costly, it is natural to presume

y'(c) <0, YceC (3)



C being a compact, non-empty interval. The presumption of diminishing
returns to risk reduction (y" 2 0) is neither completely easy to defend,
nor, happily, strictly necessary for our analysis. Equally indefensible,
except for theoretical convenience, is our assumption that the technology
of risk reduction (resp., inequality reduction) is common to all individuais
(all societies). However, this assumption is indispensable for some cet. par.
comparative static deductions.,

We are interested in the impact of changes in p upon c. At arbitrary

p the decision maker solves

¢ 1 (4)
Max. B0 = [ Ulu(x,e,c).0] Fylenvic))de (4)
c €

We will assume the conditions for the existence of a regular
interior maximiser, c*(p), are satisfied.(s) We deal only with interior
solutions.

The first-order necessary condition (FONC) for the above optimisation
is

e e
je U [w,pT0 F (exr(c*))de + v'(c%) Je ULo,pIF, (e,¥(c*))de = 0. (5)

This should be compared with D-S's (1974, [6], eqn. (16), p. 345) condition
for optimal choice of distribution.

The essential difference is in the presence of the first term of (5).
This reflects the interaction between the cost of the choice of distribution
and each state's utility function.(s)

Using routine comparative statics (CS) techniques, it is possible

to demonstrate the following when (1) and (2) are satisfied.



Theorem 1: IfU , U , 0w, w
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(A) (1) Upo = 0 (ii) Usop & (6)

(1) w

[7aY

c 0: (11) wee (7)

[\
o

with at least one strict inequality in each of (6) and (7), then c*'(p) > 0,
i.e., the decision-maker will choose a less risky distribution for the

random component of wealth; if

(BYH) U, 20, (D) U205 ®

wwp

and

(i) w, S 0, (i) Wg 2 0 (9)

with at least one strict inequality in each of (8) and (9), then ¢*'(p) < 0

Proof: See the Appendix.

We must stress that (6) anqr(7) or (8) and (9) are only sufficient

conditions. Other combinations of signs for Uwp, wap, w. and Woe which

c
yield either c*'(p) > 0 or c*'(p) < 0 are not precluded.
These sufficient conditions might seem rather stringent when compared
- with D-S's which, typically, only required the sign of an analogue of wap
together with that (1) and (2) (or a more stringent analogue of (2)) should
hold. However, we will demonstrate presently that our requirements are
relatively innocuous in some plausible environments. Of course, at the

technical level, the additional sufficiency requirements present in Theorem 1



arise from the influence of the additional term in our FONC, (5).

Note that our mean-preserving changes in the distribution of e
relate only to a partial determinant of wealth. Thus, the mean of w
can increase or decrease in c. (For special w(+)'s examined below, the
mean declines in c unambiguouslyu) Hence, even in the case where
c*'(p) > 0, thus v*'(p) = yv'(c*(p)) c*'(p) < 0, we would need to be
careful in interpreting the outcome as indicating that, cet. par., an
increase in risk aversion motivates choice of a less risky distribution
of final (net) wea]th.(7)

D-S were well aware of this problem in environments with final
wealth only some function of the r.v. This motivated their consideration
of mean utility preserving changes in risk. Equality of mean utility is
a natural competitive equilibrium condition under uncertainty and a
referent in certain other related contexts (e.g., c¢f. Kanbur, 1979 [12]).
However, while costly choice between mean-preserving distributions of an
r.v. which leave mean net wealth monotonically related to the level of
risk chosen seems perfectly intuitive, costly choice between mean utility
preserving distributions leaving mean utility constant bar the cost of the
choice presents separability problems. Simultaneously, within the context
of equality analysis, we certainly do not wish to consider costly choice
preserving mean net utility because expected social welfare would then be
invariant w.r.t. choice of distribution. Therefore, despite the equivalence
of mean utility preserving changes in risk and mean preserving changes in
risk for an r.v. (D-S, 1974, [6], Theorem 3), we will not extend our

analysis to consider costly mean utility preserving risk changes here.



The key to Theorem 1, particularly the counter-intuitive possibility
that c*'(p) < 0 (and the main source of the difference from D-S), is the
trade-off between the disutility of increased risk (or inequality) in a
component of income and the disutility .of having to expend resources to
mitigate the relevant increase. These resources would otherwise certainly
be aQai1ab1e for consumption.

The intuition underlying Theorem 1 perhaps can be aided further
by noting corollaries valid when w(x,e,c) takes plausible special forms,

Consider cases where

wixse.c) = w'(x,e) - ¢ (10)
w(x,e,c) E'wz(x) + ke - ¢, k >0, a constant (11)
w(x,e,¢) = w(x)e - ¢ (12)

Then

Corollary 1: If (10) holds and w;e(x,e) > 0o0nE=xC, then c*'(p) > 0

if Uwp

A

0 and wap £ 0onE xCwith at Teast one strict inequality;
i . . .
c*'(p) < 0 if Uwp 2 0 and wap 2 0 onE x Cwith at least one strict

~inequality.
Proof: By Theorem 1 and by inspection, noting that w, < 0 unambiguously.

Corollary 2: If (11) or (12) holds (i.e. w is linear in e on E x C),

then c*'(p) > 0 if Uwp < 0 and wa s 0 on E x C with at least one inequality

p
strict; c*'(p) < 0 if Uwp > 0 and Umwp 2 0onE x C with at Teast ohe

inequality strict.



Proof: As for Corollary 1, noting that Wae = 0 additionally now.

In the context of our model, cases (10)-(12) represent, inter alia,
generalisations to a continuum of states of Ehrlich and Becker's two
states example of an environment where an individual's self-protective
expenditure (c) can affect the probability distribution of losses confronted.
It should be clear that, in a many-states environment, some restriction
of the admissable variations in the distributions of loss, hence of gross
wealth, is required for tractability. (11) and (12) together with (1) and
(2) provide a restriction to distributions preserving mean gross wealth

prior to self-protective expenditure.

Inequality Analysis

Above we alluded to the familial relationship between inequality and
risk analysis (a relationship exploited by Atkinson, 1970 [3]1, among others).
This relationship allows a natural reinterpretation of our model and results
so far,

Under this reinterpretation, our decision-maker is a population of
normalized size unity, Its constituents are indexed by e € E with distri-

e

bution Fle,y(c)]. ([ .Fe(e,y(c))de =1.) An e-person has net ("post-tax")
e

income w(x,e,c). w(-s.can be considered the "earnings function" relating
ability or "schooling", e, to net income at arbitrary ¢ (a government
instrument, such aé a lump-sum tax) and x (a parameter, such as common
working life) when individuals behave optimally. The distribution of
ability is subject to social choice (e.g., via educational expenditure and
other aspects of redistributive social policy) and we confine attention to
choice restricted between distributions preserving mean ability in the

population. Also, to keep things simple in this paper, we assume there are
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no disincentive effects to taxation.

The society has the utilitarian social welfare function (SWF) given
by (4). In the spirit of Atkinson (p. 251), p is now interpreted as an
index of absolute inequality aversion.

Assuming w(-) takes one of the forms (11) or (12), our problem is
then to see how optimal chaice of inequality in gross income - i.e., prior
to the cost of egalitarianism - varies with society's absolute inequality
aversion.

If the society exhibits constant absolute inequality aversion, then
identical absolute decreases in net income for all individuals increases
inequality if inequality is measured by Atkinson's index.(g) Thus, greater
Tump-sum-financed expenditure designed to achieve a less unequal distribution
of the pre-tax income while preserving mean pre-tax income if society's
absolute inequality aversion increased actually increases inequality,
neglecting the impact of the redistribution, according to Atkinson's index.
Corollary 2 gives sufficient conditions for this outcome. However, if
inequality is measured by Kolm's (1976, [14], p. 419)"leftist" index,(g)
inequality is unaffected by lump-sum taxation of all individuals. Therefore,
we could neglect the influence of variations in lump-sum taxation (l.s.t,)
upon overall inequality. Corollary 2 then gives sufficient conditions for
~an increase in society's absolute inequality aversion to result in either
an increase or a decrease in redistributive expenditures, hence in inequality.

The above comments apply to egalitarianism financed by 1.s.t., an
instrument generally regarded as inegalitarian,per se, except in the context

of Kolm's leftist index. Because of this, a given sum raised by 1.s.t. can
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be welfare-improved upon by a revenue-neutral shift to other forms of tax

for the purposes of reducing inequality. To that extent, our sufficient
conditions for an increase in society's absolute inequality aversion to

result in a reduction in inequality are “over—sufficient".(lo) This motivates

our consideration of proportional tax financed expenditure in Section IiI.

IT. AN EXAMPLE

We will confine attention to utility functions exhibiting constant
absolute risk or inequality aversion (RA or IA, resp.). These have the

general form
Ulw(x,e,c),p] = A-B-exp{-pu(x,e,c)}, A,B >0 (13)

Thus (suppressing functional arguments),

Up = wB-exp(-pw) (i)
Uwp = (1-pw)B-exp(-pw) (i1) (14)
wap = -p(2-pw)B-exp(-pw) (iii)

Hence,

Upo (31 0 as pu (5 1 (103 U (33 0as o (3} 2 (44) (15)

But, depending on the context, pw is either simply the Arrow-Pratt
index of relative risk aversion (RRA) (Arrow, 1970, [2]; Pratt, 1964, [17]),
or the analogous index of relative inequality aversion (Atkinson, 1970, [3],

p. 251). Thus, utilizing Corollary 2, we have the following.
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Corollary 3: If individua]s (societies) possess constant but different
RA (IA) and possess otherwise identical preferences, and identical mean
incomes, then the individuals' self-protective expenditure (societies'
T.s.t. - financed inequality reducing expenditure) is increasing in

RA(IA) - i.e., c*'(p) > 0 - if RRA(RIA)€.[1,2], v e€ [e,e].

Proof: By Corollary 2 and (15).

Despite its simplicity, Corollary 3 seems of some importance for
inequality analysis. We know that constant IA implies increasing RIA
(analogously with RA and RRA - e.g., cf. D-S (p. 352, eqns. (34)). Thatv
RIA should have the latter feature is argued by Atkinson (e.g., p. 251),
among others. Similarly, Arrow (1970), [2], essay 3, and elsewhere)
argues strongly for increasing RRA. He demonstrates that this must be
true over some range of wealth for bounded utility functions. Indeed,
Arrow demonstrates that RRA tends to a limit >1 for "large" wealth but
also must be <1 for "small" wealth. Thus, by exact analogy, we would
expect that RIA € [1,2] for e-persons with incomes "middling to high" in
some sense.

Given this, Corollary 3 suggests the following. If we compared
societies with any particu1ar common and suitably "low" mean income and
common level of inequality and asked how much resources each would be
prepared to utilise in order to reduce inequality, it is quite possible
that the societies would be prepared to sacrifice less resources the
greater was their absolute inequality aversion. Certainly, c*'(p) is

(11)

Tikely to be of ambiguous sign, a priori, for such societies.
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Similarly, if we repeated the exercise for societies with any given
suitably "high" common mean income and common level of inequality, a simila:
outcome would be likely.

However, were the identical exercise repeated for societies with a
suitéb!y "middling to high" common ﬁean income, and such that RIA € [1,2], Ve,
for individuals in these societies, then the societies would be prepared to
devote greater resources to reducing inequality the greater was their
absolute inequality aversion. In fact, leading on from this, Corollary 3
also suggests the following, counter-intuitively. If mean income is suitably
“middling to high" but "not too unequally distributed" already in a given
society (thus RIA € [1,2], ve, or for "most" e), the more likely is greater
expenditure upon achieving even more equality as absolute inequality aversion
increases.

The observations so far seem to capture the notion that, at a given
level of inequality and inequality aversion, everyone in a society might be
“too poor" to be inclined to devote resources to reducing inequality, or
everyone might be already "too rich" to care.(13a)

If, as is typically true with RA cf. RRA, IA is negligibly small cf.
RIA, more can be said. p(2-pw) will then be negligibly small in absolute
value cf. (1-pw). In that event, from (14), the term in Uwp will dominate
that in wap for each e-person. Then,from (15) and Corollary 2, if

(12) it will be approximately true that c*'(p){Z}0

v'(c) is suitably small also,
as RIA{Z}, This reinstates our intuitive notions about inequality: optimal
mean gross income preserving expenditure upon reducing inequality will be
increasing (decreasing) in absolute inequality aversion if relative inequality

aversion is relatively high (1ow).(13’
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(x+e)(1-t) = e1(1-t)

ahd gross national income is now
Wy Z X+ E(e) = E(e1)

Differences in x across societies could be due to, say. differences
in natural resource endowments.

Perturbing x and using routine CS techniques, we have

Theorem 2: t*'(u) is ambiguous. RIA 2 1 and U111 < 0, ve, are sufficient,
but unnecessary, for d[p1t*(u1)]/du1 > 0. If U[-] exhibits decreasing IA,
then d[p1t*(u1)]/du1 is ambiguous. (Uddw = U111, and so on, for short.)

Proof: See the Appendix.

There are two obvious sources of the ambiguities revea]éd by Theorem 2.
First, with an inérease in Hys it is possible for u1t* to increase even if
t? decreases. Thus, even if the society exhibits increasing absolute
inequality aversion and is prepared to pay an increasing amount to effect
a given reduction in inequality as its wealth increases, this might still
be consistent with a reduction in the tax rate. Second, as is well known,
the amount the society will pay to effect a given reduction in inequality
will decrease as its wealth increases if it exhibits decreasing absolute
inequality aversion,

These observations also provide the requisite insight into the role
of U

" As is also well known, U111 > 0 is necessary but insufficient for

decreasing IA; U111 < 0 is sufficient but unnecessary for increasing IA.
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The role of RIA is equally straightforward. For our purposes, RIA
measures the value of a reduction in equality effected by an equi-proportionate
variation in everyone's income with the distribution of individuals unchanged.
But this is précisely what we have with proportional taxation prior to
consideration of the impact of changes in the shape of the distribution of
individuals.

Before closing the theoretical analysis, it seems desirable to
emphasize the significance of the assumed absence of disincentive effects
for our model. To do this, it is only necessary to consider the outcome
were the government able to levy a linear income tax, with lump-sum component
a, in our environment. Its resources (R) for financing egalitarianism would

then be

R=a+ tp.

It is trivial to show the following, which we state without proof.

Theorem 3: With two instruments, a Tump-sum tax (subsidy), and a pro-
portional tax, t, the government attains the firstebest and sets t* = 1,

a* = -,

The key to this result is simply the observation that, in our rodel,
while egalitarianism which involves changing some e, persons to e, persons
consumes resources, there are no opportunity costs to operating the tax
system itself in the absence of disincentives. Therefore, the governnent

can attain the first-best wholly by direct redistribution. Hence R* = (.
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IV. EMPIRICS

Given its importance, it remains for us to examine, albeit briefly,
empirical evidence on the magnitude of RIA. Two main pieces of evidence
are available.

First, Christiansen and Jansen (C-J, 1978, [4])(14) derive estimates
of RIA implicit in the Norwegian system of indirect taxation from cross-
section data for 1975. They make the assumption that the indirect taxes
and the associated induced househo]é consumption patterns observed were
chosen optimally in order to maximize an individualistic utilitarian SWF.
They then ask what utilitarian SWF rationalizes the data.(15) Additionally,
they assume that RIA is constant (implying decreasing IA).(16) Without us
going into details of their estimation here, this produced estimates of RIA
ranging from 0.867 to 1.706 under different assumptions (C-J, p. 232).

Second, while there appears to be no direct estimates of RIA for the
U.S., we can draw upon empirical results for the conceptually similar RRA.
As Arrow and others (e.g., Allingham, 1972, [1], p. 165) have observed,
risk aversion is one explanation of the inequality aversion (and hence,
derived demand for social security) typically embodied in the SWF. In
their empirical work using cross-sectional data on household asset holdings
in the U.S., Friend and Blume conclude that, inter alia,

"regardless of their wealth level, [RRAs] for households are on
average well in excess of one and probably in excess of 2" (Friend and
Blume, 1972, [101, p. 900).¢17)

Despite their troublesome assumption of constant RIA, Christiansen

and Jansen's results éuggest that Norway might be in the class of societies
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for which a cet. par. increase in IA would result in increased expenditure
upon reducing inequality. This accords with casual observation about the

Scandinavian countries. These are noted for their relatively high levels

of social expenditure motivated by egalitarianism.

For the U.S., if we accept Friend and Blume's conclusions about the
size of RRA as approximately indicative of that of RIA, a different
conclusion follows. It seems possible then that the U.S. might be among
a class of societies for which, cet. par., c*'(p) is ambiguous at best.

It might even be that a cet. par. increase in IA now reduced the optimal
amount to be spent on inequality reduction.(18)

Suppose, however, the argument suggesting the terms in wap could be
neglected in signing c*'(p) were valid. Friend and Blume's and Christiansen
and Jansen's results then suggest that both the U.S. and Norway are in a
class of countries for which, cet. par., increased IA is associated with
increased inequality-reducing expenditure.

Again, using Friend and Blume's results on RRA, analogous comments

about comparable individuals' self-protective responses to an increase in

RA can be made.

V. CONCLUSIONS

We have studied a very simple model of costly choice of distributions
applicable to either risk or inequality analysis.

W.r.t. the former, inter alia, we extended Ehrlich and Becker's
seminal analysis of self-protection. In view of their observation that "the
incentive to self-protect, unlike the incentive to insure, is not so

dependent on attitudes towards risk..." (E-B, 1972, [7], pp. 639-640), it
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seemed natural to ask: Under what circumstances would increased risk

aversion be associated with increased self-protection, appropriately defined,
cet. par.? This paper has provided an answer. We also strengthen their
observation by showing, in a more general multi-state setting, that the
relationship between RA and self-protection need not be unambiguous.

W.r.t. the latter, we have integrated inequality and tax analysis
when, as is reasonable empirically, it is assumed that reducing inequality
consumes resources. With due allowance for the many simplifications and
caveats expressed, our main result here can be stated as follows: If
policies to effect mean gross income preserving or mean ability preserving
changes in inequality are financed by 1.s.t., or a proportional tax, there
will not be, cet. par., an unambiguous relationship between society's
absolute inequality aversion and the extent of inequality in gross incomes
or abilities unless all members' indices of relative risk aversion (RIA)
fall within a critical randge. We then appealed to some empirical evidence
to show that Norway's RIA is likely to be within that critical range while
the U.S.A.'s was not.

Analysis of how our results on inequality would be modified when
taxations disincentive effects are incorporated in the model remains on the
agenda for future research. The presence of disincentive effects alongside
the resource costs of egalitarianism as modelled in this paper will, in
principle, enable analysis of the trade-off between reducing inequality by

progressivity in the tax system and by other means.
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APPENDIX  Proof of Theorem 1.

Totally differentiating the FONC (5) and rearranging yields

-1 _f€ .
5 [L (U, 0 F, + 1'UF, Yde] (A.1)

dc*/dp

e
—_ 2 ] 1] § 2
D=1[ Je{(wa(wc) +wacc)Fe + 2y UmwcFeY+Y UFeY+(Y ) UFEYY}de} (A.2)

D < 0 by the assumption that the second-order sufficient condition for
the maximization is satisfied. Thus the sign of dc*/dp is that of the
[-] factor in (A.1). Integrating the second term of this by parts and
using (1) repeatedly,

e e
' _ i 2
Y 'Ie U Fede =y Je T(e,y)[wap(we) + Uwpmee]de
Thus,
e 2
, s ,
sign dc*/dp = sign [Je {UwpwcFe +y T(e,y)[wap(we) +Uwpwee]}de] (A.3)

—

Noting that T(e,vy) 2 0 (by (2)) and using (6)-(9), the result follows. Q.E.D.

Note, for the purposes of Corollaries 2 and 3, that when w(-) is

linear in e, the third term of (A.3) vanishes.

Proof of Theorem 2.

The FONC for the proportional tax problem is
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e ' e '
- Je U1[e1(1't*)sp]e1Fe[e9Y(U1t*)]de + Je U[e1(1't*)!p]FeY[e!Y(U1t*)]YlU1de =0

e, =x+e,eckE, (A.4)

Perturbing x is equivalent to perturbing Hy without affecting

E(e). Doing this, totally differentiating (A.4) and rearranging yields

= -1 € 1 - Y 2 - n '
dter/ang = 0037 ey P 0 Pt -rger s+ vur,,

+ (Uy + (1-t*)e U, )F, - Y'u1(1-t*)U1FeY}de] (A.5)

= I-Je - t 2 0 2
D1 =1 . 2y y1(e1u1)Fe + e1U11F + (y' H ) UF +Y u1UFeY}de

<0 (A.6)
by the second-order condition.

Ambiguity of t*'(u1) should be clear by inspection.

Next, note
dfu,t*(u,)1/du, o 210 as MyEE () + té () {%} 0
<====>  gag 1_111;*-(1._11)/1:*(1}1)‘ { % } -

Using (A.5) and (A.6), this becomes as

e
u1[Je {Y't*(U1e1)Fey'(Y')2“1t*”Fe “(Y" By UF G+ (U (1-t¥)e Uy OF

- Y'u1(1-t*)U1Fe}de] 51 -t*,

e
<=> as Je {-Y'p1t*(e )F 1Y 'UF, v (Ug+(1- -t*)e,U 11)Fe-Y'u?U-t*)UlFe

(-

=
+ ted Uy F Mde (51 0 (A7)
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We can consider the elements of the RHS (A.7) in turn:

-

e e b
(1) gt | oyt de = - e[| upFeyee JIEAY

e e
- -(y'u1t*){x(1-t)2L T(e,y)Uy g de + L T(e,y){ZU”(1-t*)+e(1—t)2U1“}de}

<0 if U111 < 0, ve, with at least one strict inequality. (A.8)

3
(2) J {U1 + e1(1-t*)U“}Fe <0 if RIA 2 1, ve, with at least one

e
strict equality. (A.9)

8 C [ ]
(3) HqY Je UFeyde = =UgY §¥i[fe UFedeJ <0, (A.10)

because increases in y represent mean-preserving increases in inequality,
and assuming the regularity which permits interchanging the order of
integration and differentiation. (More simply, by the FONC (A.4).)

e e
; 0, 8pa_ o i B
(@) -y'ud(1-t%) je UjFeyde = ' ul(1-t¥) Je Tle,y)Uy yde < 0
if U111 < 0, ve, with at least one inequality strict. (A.11)
9 e
(5) t*e) J U,yFde < 0 by concavity. (A.12)
o e

By (A.7) - (A.12), d[u1t*(u1)]/du1 >0 if RIA 2 1, Ve, and U111 < 0,ve.
Noting that U111 > 0 is necessary for decreasing IA, if U[-] exhibits

decreasing IA, then d[u1t*(u1)]/du1 is of ambiguous sign. Q.E.D.
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FOOTNOTES

Others who apply Ehrlich and Becker's self-protection notion include
Dean Hiebert (1983, [5]), Fraser (1983a, [8]; 1983b, [9]), Laffont
(1980), [15]), and Paroush (1981, [16]).

See Fraser (1983a, [8]) and Karni (forthcoming, [13]) for applications
of the two-states model to the comparative statics of risk aversion
with state-dependent preferences.

Particular interpretations of w(.) will be given in due course.

Note that we could formulate an equivalent problem yielding identical
results with

e
Max.EU = j ULw(c(y) x,) ,o3F  (e,y)de.
Y e

Laffont (1980, [15], Essay 3, esp. p. 67, fn. 5 and Appendix, pp. 82-86)
presents a general treatment of the requirements for quasi-concavity

of EU in a similar environment.

Overall, (5) is merely a suitable generalization to a continuum of states
of Ehrlich and Becker's (1972, [7], p. 639, eq. (28)) and Laffont's (1980,
[15], p.79) conditions for optimal self-protection in the absence of
market insurance.

A brief heuristic argument for just such an interpretation, however, is
the following. It is clear that by increasing ¢ the mean net wealth is
decreased, but the more risk averse individual still prefers this to the
previous situation. Thus risk must have decreased in'some sense.

In our notation, Atkinson's (1970, 3, p.250) index, I, is given by

I=1- [wEDE/E(w)]

where E(.) is the expectation operator and WEpE? the equally distributed
equivalent income, is defined by

e
Ulugpg 0] Je FoLe.v(c)1de (= Ulugpg.o)

= |7 utu(-) 00F Lev(e)1de (F.1)
e

Verification of our statement is on his page 252.

Kolm defined his "leftist" index, 12, for a finite population. In a

continuum case the corresponding definition is



10.

11'

12.

3.

4.

15.

] 4

e
1y = (1/atTog | Cexp(a(E(w)o(e))IIF, lesv)de, (F.2)
e

a being a non-negative parameter.

Among other things, both Atkinson and Koim's indices enable comparisons
between distributions with different means.

It is well-known that while 1.s.t. is non-distortionary,. it is usually
administratively infeasible because of the difficulty in taxing leisure.
Here, the ambiguity of c*'(p) is more 1ikely the greater was inequality
within the societies to start with. This is because a low mean income
society with high inequality will have many poor individuals with low
incomes, hence RIA, thus with Ump > 0, and only a few with relatively

high incomes, hence high RIA, thus with Ump < 0. By the same token,

there would be many with wap < 0 and few with Umwp > 0. A similar story
can be told for societies with a suitably high mean income and high
inequality. I.e., the greater is the dispersion of income within given
societies, so that some individuals possess RIA > 2 and others RIA < 1,
the greater is the ambiguity of c*'(p), cet. par.

This would be true if, cet. par., the reduction in inequality associated
with a given increment of expenditure is “"small" (perhaps because, if

y" > 0, considerable expenditure has been incurred already).

Then, e.g., we would not expect to see an increase in IA associated with
an increase is egalitarianism in countries with low mean incomes and high
inequality. In these, a few individuals would have high incomes, hence
high RIA (> 1, perhaps), but the majority would have Tow incomes, thus

low RIA (< 1), which would dominate. The intuition for this is that, at
the (predominantly) low RIA, the resource costs of any given reduction in
inequality would dominate the calculations in a given society cf. the
putative benefits from the reduction. Analogous comments are applicable
to the self-protective behaviour of an individual with low mean income
with wide dispersion.

I am indebted to Jesus Seade for referring me to Christiansen and Jansen's
work.,

For their application, this SWF defines the Norwegian government's implicit
preferences over income distributions. "The implicit preferences in
economic policy are defined as the preferences which make the actual policy
optimal, given these preferences" (C~J, [4], p. 218). This is a form of
the well-known "inverse optimum" problem.



16.

17.

18.
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Hence, they assume that the same relative income change for all
individuals implies distributive neutrality. This corresponds to what
Koim (1976, [14]) calls a "rightist" notion of inequality. This also
corresponds to the Atkinson index defined in fn. 8 above.

They also concluded that, as a first approximation, the assumption

of constant RRA for households is a fairly accurate description of

the market place (p. 901). However, they acknowledged that the

Tatter follows from their treatment of investment in housing. "Other
plausible treatments would imply either moderately increasing or
moderately decreasing RRA" (p. 901).

A possibte quatification on this rather conservative conclusion, apart

from that we are inferring RIA from RRA, is that Friend and Blume
excluded from the sample households with net worth less than $1,000
(Friend and Blume, 1975, [10], pp. 906-7). If RRA (RIA) is increasing
in wealth, (in econometric jargon) there will be a "censoring" bias
to their estimate.

As Nick Stern has emphasized to me, it is possible to defend exactly
the opposite interpretation of the behaviour of poor societies. Viz:
It is precisely because they care so much about inequality that they
are likely to reduce the regressive Tump sum tax as their inequality
aversion increases. However, we show in Corollary 4 below that our
findings are substantially unmodified even when we consider the less
regressive case of a proportional tax.



-] -

REFERENCES

1] Allingham, M.G., "The Measurement of Inequality". Journal of Beonomic
Theory 5 (August 1972), 163-169.

[2] Arrow, K.J., FEssaye in the Theory of Risk-Bearing, Oxford, North-
Holland, 1970.

[3] Atkinson, A,B., "On the Measurement of Inequality". Journal of Economic
Theory 2 (September, 1970}, 244-263.

[4] Christiansen, V., and Jansen, E.S., “Implicit Social Preferences in the
Norwegian System of Indirect Taxation". Journal of'Pubiic Economics
10 (October 1978), 217-245.

[{5] Dean Hiebert, L., "Self Insurance, Self Protection and the Theory of the
Competitive Firm". Southern Economic Journal 50 (July 1983), 160-168.

[6] Diamond, P.A., and Stiglitz, J.E., "Increases in Risk and in Risk Aversion".
Journal of Economic Theory 8 (July 1974), 337-360.

[7]1 Ehrlich, I. and Becker, G.S., "Market Insurance, Self Insurance and Self-
Protection". dJournal of Political Economy 80 (July/August 1972),
623-648.

[8] Fraser, C.D., "Optimal Compensation for Potential Fatality", mimeo,

[9]

[10]

[11]

[12]

[13]

[14]

[15]

Revised (March 1983), forthcoming Journal of Public Economics.

- "Risk Aversion in A Principal-Agent Model with Endogenous

Hazards". Mimeo, University of Warwick (July 1983b).

Friend, I., and Blume, M.E., "The Demand for Risky Assets". American
Economic Review 65 (December 1975), 900-922.

Honda, Y., "Risk, Risk Aversion and Many Control Variables". Mimeo.
Kobe University of Commerce, revised (March 1983). Forthcoming,
Zeitsehrift flr Nationalokonomie (1983).

Kanbur, S.M., "Of Risk Taking and the Personal Distribution of Income".
Journal of Politiecal Economy 87 (August 1979), 769-797.

Karni, E., "Risk Aversicn for State-Dependent Utility Functions: Measure-

ment and Applications”. Mimeo. Tel-Aviv University, Foerder Institute,
Working Paper 25-80. Forthcoming, International Economic Review

Kolm, S-C., "Unequal Inequalities. I". Journal of Economic Theory 12
(June 1976), 416-442.

Laffont, J=J., Essays in the Economics of Uncertainty. London,
Harvard University Press, 1980.




-28-

[16] Paroush, J., "Market Research as Self-Protection of A Competitive
Firm under Price Uncertainty". International Economic Review 22
(June 1981), 365-375.

(171 Pratt, J.W., "Risk Aversion in the Small and in the Large", Econometrica
32 (January-Apri] 1964), 122-136.




