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~ I. Introduction

This paper is a continuation of work by Hildenbrand (1971) and Bhattacharya
and Majumdar (1973) (henceforth B - M). They consider pure exchange economies
in which both preferences and endowments are random, Hildenbrand examines the
convergence behaviour of price vectors for which total expected excess demand is
zero. He shows that as an economy increases in size, if agents are stochastically
independent, then the 1limit of such a sequence of price vectors is an equilibrium
price vector in a suitably defined 1imif economy. B - M consider the case where
prices guarantee equilibrium in almost all states of the world. In other words,
market-clearing prices are treated as random vectors. In particular, B - M show
that under suitable assumptions there will exist a sequence of such random price
vectors displaying almost sure convergence to any equilibrium price vector in a
detemministic 1limit economy. As in the case of any convergence result, the speed
of convergence is a natural question to investigate and we will be concerned in
this note with establishing a result on the speed of convergence of the random
price vectors as the economy increases in size. In order to provide a character-

ization of the result in a simple case, let us suppose that the detemministic

limit economy has a unique equilibrium p . Assume also that the random economy
consists of individuals with the same independently distributed random preferences
and endowments. Then our result states that the probability that the random equili-
brium price vector is further from p, than some distance which converges to zero
slower than N'l/2 (where N is the mmber of agents in the random economy) is
1/2

less than a term which converges tc zero faster than N In the more general case

we consider both distance and probability will depend upon the proportions of dif-
ferent types of agent in the economy. In addition, the distance will also depend upon

the rate at which the proportions of agents of different types approach their limiting

values.



The Model.

Let the commodity space be R* » and let P be the set of all contimious pre-
ference orderings on Rz . Then we may describe the characteristics of an agent in a
deterministic pure exchange econamy by a point in P x Rz, thus specifying the agent's
preferences and initial endowment of cammodities.

If we restrict our attention to the set QCP of orderings defined on the posi-
tive orthant R_{’ which are monotonic and strictly convex, we can introduce the con-
cept of an agent's demand function. Let the set A be defined as

2-1

1
A ={p= (pl"“pz-l) : p>0, _z-l p; <1} and R, the set of strictly positive
‘ i-

reals. Then the demand function for an agent is a continuous function

3 : 2’
f A-xR_H—>R+ .

If we denote
A=QxT

where T is a closed and bounded subset of the strictly positive orthant, Rf N

then we may write the demand function of an agent of type a€A as ¢ (a,p).
The excess demand function is then % (a,p) = ¢ (a,p) - € . It gives the desired

net trades at prices p for an agent of type a . Since, if the agent satisfies
his budget constraint, the value of net trades must sum to zero, we may equivalently

restrict our attention to the (%-1)-vector valued function <z(a,p) .

1 We will write x > 0 to indicate that the vector x is non-negative i.e. if

each element x1 >0 :x 0 will indicate that x' > 0 for each i,



A random agent is represented as a random variable defined on the space of

agents' characteristics i.e. a measurable mapping o( ) of a probability space
( n,!%,,% into A. @ is the set'of all possible states of the world. Hence for

’ every Borel subset G of A the set {w € 2 | a(w) € G} = a'l(G) belongs to P.
We can summarize all the information we need about a random agent by considering the
distribution of the random variable.

A random pure exchange econany ¢§= {a;} is a finite collection of random
iel

agents. Consider a sequence (gn)n of such economies. Let (ul,uz,...) be a

countable set of measures on A representing the possible distributions of the random

agents, and define C};/Nn as the fraction of agents in & o With distribution My

Two agents are said to be of the same type if they are identically distributed.

The sequence (@@ n)n is called a regular increasing sequence if

(i) all agents in ¢§  are stochastically independent,

(ii) the number of agents in é‘n, N, 1is strictly increasing in n,

(19 &, € &

(iv) the fraction CII:/N - of agents with distribution W, converges to Cy as

n+o , and ;:,Ck=1.
k=1

We will call the measure u defined on A by

u(B) = Z i (B) (1)

the asymptotic distribution of the sequence (é"n) a



The distribution u on the space of agents' characteristics can be interpreted
as determining a non-random pure exchange economy with many agents. The set of

equilibrium price vectors for such an economy is

W) = {p :p e€a, IAc(a, )du = 0} . ' (2)

We now introduce the concept of a random price equilibrium as defined in B - M.

_Define for each w € @

Ny

WED = :pey, 2 tleg@p = 0 3)
i=

Wz(g'r‘l’)- is the set of all equilibrium price vectors for econamy gn in state o .

Then a random price equilibrium for é”n is a measurable mapping pn( ) on

(ﬂ,ﬁ,% into A such that for almost every state o , pn(m) € W(g’:) .

The excess demand of individual j of type k in state o will be written
as ;;f“(w,p) . We will denote the matrix of first partial derivatives of the excess

ok
demand function 2%j (w,p) , which is a square (2-1) - dimensional matrix.
3p

We will need the following assumption:
k

385 (u,p) is nonsingular a.e. for all pe A,

)
GX)€I(E) op

and for all n .

(A) The matrix

Remark. For a motivation behind this assumption, see B - M (Section 1V.3).
We than have the following:

Theoren Let () be a regular increasing sequence of economies. If assumptiom

(A) holds, then for every P, € W(u) there exists a sequence pn(-) . of randam

irice equilibria satisfying, for aome positive (unsts ko ;
price eq ht 14 satisiy ng, fou auniie &’“”_'if“!,‘_’_____‘__‘%ﬁﬂ?"iS do' .11, (k= 142...)



. 3 k | |
Prcb ( | P (1) -, | >4, ingg ((C,,k)'l/2 (1og C-],f)llz + Eck(w,«Po)))i

1- &% (10g 75 (@)

Proof. Consider the equation from a first-order Taylor expansion

z k.
g s(w,p) = 2 z (w,p (p-p,) I j (w,p)
ij(é”n) 3 jel(é”n) J " ° "I(éa ) 3P
where | p-p,| < |p-p, | (5)
A result due to von Bahr (1967) is now needed. Let {Z } be a sequence of i.i.d.
n>1

random vectors each with mean p and dispersion matrix V . Let A denote the

largest eigenvalue of V . Then, if K| le_s < » for some integer s> 3

Prob (| 2 -u | > 02 ((s-1) & 1og MY/ « an”D/2 (105 n)"5/2 (5)
- n
where Z =nl T L and d is bounded on any bounded set of values of A .

Since the ck(-,p) are by assumption i.i.d. random vectors for each k , we may

apply this result to obtain, for some constants dll( . d12< , d]:,f , k=1,...m, and s=3,

Prob(lck-l zc(,p)—Ec(,p)|>d (/2 '1ogC::)1/2)f_

noj
& (@Y7 (105 cly-3/2 | o
o (1 3£ 50D SO GV g Y

C, 7 ap p

& (C) “1/2 (10g g -3/2 (8)



-1/2 1/2

Let us denote (é)_ll 2 (log Ckn)'s/ 2 by f(" ) and (C ) (log C ) by
g(C.]!:) . Then we may rewrite the inequalities
Ck . k .
Prob (| 5 o5Com) - g2 ENCOP > 2ok oy cdked) @
n j n N
k k k
3T .. Cn 3T(. 1) .. C
1 i 1G5 O I (-,p n .k _ .k k ¢k
Prob | T - 5= P o d C d, £(C 10
TOCINnjap Nn ap |>N'n Sg(n))iZ (n) (10)

Because of our assumption that all agents are stochastically independent we observe

that ) |
Prob ( | %,njz : 5 - : ;“I; BcKCoP)| 5> o : Nc;n- g <
1-7q- & £(ck) (1)
Prob (| § © I :—i.f-ljicf’p) - 1 :;‘i- E:%l(("p) | >d; ¢ ;"1: 2(C) <
njok x 0 N S
1- l’i (- & £c) (12)

- Sk _ k
where d1 = mix (dl) and d3 = mix (d3)

Now if P, € W(u) we know that

k
) Gk
1im z g— Et¢ ‘(‘D-’p ) =0

Returning to (5) and suming over k , we observe that

k
1 L.
Wy ;}- - X —J (w,p) =
Ny G0 e (@ o, @ n) G e1gy ® P70 09

will solve implicitly for p € wcg;‘;)



Using (11) and (12), we see that on a set of probability at least

1I(I' 1 - dg f(C::)) we may rewrite (14)

k k
s S ok | L G N P i} | ,
l’-; N Eg (w,py) + oy + (P - p,) 1’2 N E;—ﬁJ(w,p) + 8 |=0 (15)
where L B,n are random matrices with nomm less than d4 Izé N_::. g(cj]:) ,

d4 = max (d1 , d3,).

Assumption (A) assures us that we may solve a.e. for (p - po) fram (15)

o 1 G —Cilf( o -EC::E'k‘( ) + (16)
P-P) = —-—_ Egg” (w,p) + 8, U, Bl + oy ¢
-k k
4 Cn ¥ -1 ‘ :
Since | k N BTpJ( w,p) + 8, must have a bounded nomn, it will be possible
n
to find a positive constant do- such that the solution to (16) satisfies
Ck
lp-py | <d) = 2@ +B*w,p)) (17)
ppo —UangCn c“”po)

We have already observed that p € W(éa-’;"'l) . But by definition a random price
equilibrium p (w) is such that P, (w) ¢ wcg;’) for almost all w . This es-
tablishes the result. Q.E.D.

Remark. The proof is an adaptation of a result in Bhattacharya and Ghosh ( 1978).



Discussion.
We will first provide support for our characterization of thr result in the
simple case where there is only one type of random agent. Then we may rewrite (4)

as

prob (1 B () - B | > 4, N /2108 Y/ 2) ca V200w Y2

observing that Ec(m,Po) = 0 in this case.’

It is clear that N'I/ z(log N)l/ 2 converges to zero by an application of
L'Hapital's rule. Although it converges to zero more slowly than N°1/ 2, it con-
-1/2+¢ '

verges to zero faster than N for any ¢ > 0. To see this, observe that

1/2 1/2,.-¢
(l1og N _ (1o N
i_;%:)___ = Lil%—e— (19)

But for any e > 0, the mmerator in (19) can be shown to converge to zero,

again by an application of L'Hapital's rule. A similar argument may be used to

establish that NV 2-(10g y 32 converges to zero more slowly than N (1/2+¢)
for any ¢ > 0.

The result referred to in footnote (1) above shows in the general case, that

X
lin £ (M Bt¥(w,p) = 0 (20)
nee  Nn o

From this it follows that the expression in (20) is equal to zero for all n in

the case where ;]r(‘— are constants independent of n. This is the case of a simple
” :

replica econamy.

This follows from Theorem 4.1 of B - M, equation (6.24).



~ We note also that the convergence to zero of the expressibn
2
- 1 - afteh V2 0g 32

seems to be guarantsed only in the case where the set of measures (“1’“2""}

is f1n1te, and 1lim C:: =«, In this respect the result is weaker than Theorem
Ti=x0:

4.1.(ii) of B - M, since they show that p-n(-) converges almost surely to P,
without the restrictions mentioned above. However, it is perhaps not surprising
that a certzin amount of efficiency is lost in applying a result on the speed of
convergence of sample means of i.i.d. random variables to sums of such sample

means across randam variables which are net i.i.d.
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