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Abstract

This paper considers the analysis of cointegrated time series using principal components
methods. These methods have the advantage of neither requiring the normalisation
imposed by the triangular error correction model, nor the specification of a finite order
vector autoregression. An asymptotically efficient estimator of the cointegrating vectors
is given, along with tests for cointegration and tests of certain linear restrictions on the

cointegrating vectors. An illustrative application is provided.
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1 Introduction

It is convenient to consider estimators and tests for cointegrating vectors as falling into
two categories. One category requires restrictions to be placed on the cointegrating vec-
tors so that the individual elements of the vectors are identified. An obvious example of

this is the use of a cointegrating regression, or, equivalently, a triangular error correction

model. This topic has been studied extensively, with the properties of OLS regression

being derived by Stock (1987), Phillips and Durlauf (1986) and Park and Phillips (1988).

Modifications to OLS regression designed to give asymptotically efficient estimators were
provided by Phillips and Hansen (1990), Park (1991), Saikkonen (1991), Engle and Yoo
(1990), Phillips and Loretan (1992), Stock and Watson (1993) and Inder (1995), and
maximum likelihood estimation of the triangular error correction model was considered
by Phillips (1991a). Related estimators that do not refer explicitly to cointegrating
regressions include Ahn and Reinsel (1990), Engle and Granger (1987) and Saikkonen
(1992). The optimal properties of these estimators and resulting hypothesis tests are
dependent on these identifying restrictions being valid. The advantage of most of the
methods listed above is that they apply for a wide class of data generating processes,
since it is often not necessary to fully parameterise the short run dynamic part of the
model.

The second category of estimators of cointegrating vectors does not impose identi-
fying restrictions. Instead, a basis for the space spanned by the cointegrating vectors
is estimated, and any identifying restrictions can subsequently be tested. The most
prominent of these methods is based on the reduced rank regression estimation of an
error correction model, the theory for which was derived by Johansen (1988, 1991). The
disadvantage of this method is that it requires the specification of a finite order VAR
prior to estimation. Unlike many of the regression methods listed above, it is necessary
to parameterise the short run dynamic part of the error correction model before estima-
tion and inference can be carried out on the cointegrating vectors. In many applications,
varying the length of the VAR can result in varying conclusions about the cointegrating

vectors.




It is the purpose of this paper to provide an estimator of the cointegrating vectors

that requires neither the prior imposition of identifying restrictions, nor the prior spec-

ification of a full model of the short run dynamics. This will be done by considering

another method which falls in the second category of estimators, but which has received
less attention in the literature. This is the principal components estimator, which was
first used in the context of testing for common trends by Stock and Watson (1988). Its
asymptotic properties have not been published (apart from Gonzalo (1994), who derived
its asymptotic distribution for a particular data generating process), and its potential
as an estimator of cointegrating vvectors has not been fully explored. ‘In section 2 of this
paper we will show that the principal components estimator is consistent but asymp-
totically inefficient in general. We will then provide a modified principal components
estimator that is asymptotically efficient for a wide class of data generating processes.
This is done for three cases — where the model contains no deterministic components,
where the model contains a level term, and where the model contains a linear trend. In
sections 3 and 4 we consider some hypothesis testing problems which can be addressed
using the modified principal components estimator. These are tests of certain linear
restrictions on the cointegrating vectors and testing for cointegration. An illustrative

application is provided in section 5.

2 Principal Components Estimation

In this section we will define the Principal Components (PC) estimator of the cointe-
grating vectors, derive its asymptotic distribution, and give a modified PC estimator
that is asymptotically efficient in the sense of Saikkonen (1991). In the next subsection
we consider the prototypical case of a cointegrated system with no deterministic terms,

and we then allow for a level and a linear trend in the following subsection.

2.1 No Deterministic Terms

Suppose that we have a sample y;, (t =1,...,T), which is a p dimensional I(1) cointe-




grated time series generated by

Byt = z, (1)
B Ay = w, (2)

where § is a full rank p x r matrix of cointegrating vectors and 3, is a full rank px (p —r)
matrix such that /3, = 0. Throughout we will assume that the cointegrating rank r
is known, although in practice we could simply proceed conditional on the outcome of
some statistical procedure to choose r. Further we assume that the p x 1 random vector
¢t = (z;,w;)’ is a zero mean stationary time series satisfying the functional central limit
theorem

(Ts]
77125 ¢ % Be(s), 0<s<1, (3)

t=1

where B is a p dimensional Brownian motion with covariance matrix
(o)
Q= > E(y),
j=—c0
(see Phillips and Durlauf (1986) for more on the multivariate functional central limit

theorem). We will also assume that the additional weak convergence result

o0

T t
Ty (Z g) ¢ [ Be(9)aBi () + Y B (sc) (@)

t=1 \j=1 k=0

holds (see Hansen (1992b) for appropriate conditions and a proof of this convergence).

We then partition B¢ and ¢ conformably with ¢; as follows:

QZZ sz

Q¢¢ =
wz wa
Note that the data generating process (1)—(2) is a natural extension of a cointegrating
regression. However, one difference is that a cointegrating regression generally does not
involve the arbitrary normalisation of 3’3, = 0. For example, if we let
Y1t I,

Yt =
Yot —Bo




where y;; is 7 x 1 and y2; is (p — r) X 1, then the data generating process
ﬁlyt = 2,

BeAye = w,
becomes
Y1t = Boyat + 2t (7)
Ayar = w, (8)

which is the standard cointegrating regression data generating process. That is, if we
want to use a cointegrating regression to obtain estimates of the r cointegrating vectors
in 3, we require the partitioning of y; into y;; and yo; such that neither Y1t OT Yot are
individually cointegrated. The properties of cointegrating regression estimators depend
upon this identification being made correctly. We aim to use the principal components
method to obtain an estimator of the space spanned by the columns of 8 that does
not require the prior specification of these identifying restrictions. Our normalisation of
6. =0 does not affect this space. Note also that we make no assumptions about the
data generating process for (; apart from it being stationary and satisfying the regularity
conditions for (3) and (4) above.

The PC estimator of 3 in (1)—(2) is based on the sample cross-product matrix

T
Syy = T! Zytyé-

t=1

We define 8 to be the p X r matrix of eigenvectors corresponding to the smallest r

eigenvalues satisfying

I/\Ip - Syyl =0, (9)

normalised such that ﬁ’ B = I.. It follows that an estimator of 3, (denoted i 1) is the
p X (p — r) matrix of eigenvectors corresponding to the largest p—r eigenvalues. The in-
tuition behind suggesting [ is the same as that behind OLS in a cointegrating regression.
Using OLS in a cointegrating regression such as (7) provides the linear combination of
y1t and yz; with minimum sample variance, or, the “most stationary” linear combina-

tion. In (1)-(2), the I(1) time series y; has explosive variance, but the cointegrating
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vectors (3 give r linear combinations 2; = ('y; that have finite variance. We therefore
choose the r linear combinations of y; with minimum variance (i.e. the smallest 7 prin-
cipal components) to be those corresponding to the estimated cointegrating vectors. On
this basis, PC provides a natural extension of OLS estimation to models without the
identifying restrictions necessary to write down a cointegrating regression.

Engle and Granger (1987) went some way towards this motivation of a PC approach
in their discussion of possible estimators of cointegrating vectors. In particular, they
demonstrated that the matrix 7715, (M7 in their notation) converges to a singular
matrix whose null space is the same as the space spanned by the cointegrating vectors.
This fact lies at the heart of our proof of the consistency of the PC estimator given in
Lemma 1 below. However, Engle and Granger (1987) proceeded to impose identifying
restrictions on the cointegrating vectors before suggesting their least squares estimator,
while we aim to avoid the prior imposition of these restrictions.

The PC estimator can also be given a reduced rank regression interpretation. It is
well known (see Brillinger (1981) for example) that the principal components analysis of
y¢ is the same as a reduced rank regression of y; on itself. In this case we choose the lin-
ear combinations of y; that have minimum sample correlations with y;, since they should
correspond to the stationary linear combinations of y; which will have zero correlation
with the I(1) time series y;. With this interpretation, principal components has much in
common with the reduced rank regression estimator of Yang (1994), which involves a re-
duced rank regression of (pre-whitened versions of) y; on y;—; and the choice of the linear
combinations corresponding to the minimum correlations. The reduced rank regression
estimator of Johansen (1988, 1991) uses a reduced rank regression of (pre-whitened ver-
sions of) Ay; on ;—; and the choice of the linear combinations corresponding to the
maximum correlations.

We can now give the asymptotic properties of the PC estimator.

LEMMA 1 If y; is generated by (1)-(2) then B is super-consistent in the sense that




(I, — B(B'B)~1pF) B = O,(T~Y). The asymptotic distribution of B is given by
T (86966 -6) - —0u ([ BuBL) 1 ([ButBittu),  (10)
where Ay = 32329 E(wi—jz;). Also, B | is consistent in the sense that
(L, — BL (BLBL) ™ BL) B = 0p (T7).

Note that we are estimating a basis for the space spanned by 3, and not 3 itself, so we
do not have a standard consistency result such as “B £, 8”. Instead we have the result
in Lemma 1 which shows that the columns of 3 asymptotically span the same space
as the columns of 3, and hence that a basis for the cointegrating space is consistently
estimated. Similarly, the asymptotic distribution does not deal with the standardised
error T' (B - [3) , but rather with a re-arranged form of T’ ([5’ - B (6 ﬂ)'l Iea B) The dis-
tribution given in (10) is dependent on the nuisance parameters §2,,, and A,,,. As a
result, the distribution is not mixed normal (see Phillips (1991a)) and does not have
a zero mean. If these nuisance parameters were zero, then the distribution would be
normal with a zero mean (conditional on B,,), and, as shown by Saikkonen (1991), 3
would then be an asymptotically efficient estimator. These results correspond to those
found by Park and Phillips (1988) for the OLS estimation of a cointegrating regression.
As suggested by (7) and (8), 2; plays the role of the regression error term, while w; drives
the I(1) part of the system. Both OLS and PC are asymptotically efficient if z; and w;
are uncorrelated at all lags (or at least Q,, = Ay, = 0), but their distributions are de-
pendent on nuisance parameters otherwise. Phillips and Hansen (1990) and Park (1992)
have suggested semi-parametric modifications to OLS that always produce asymptoti-
cally efficient estimators, and we will now give an asymptotically efficient modified PC
estimator analogous to Park’s estimator.

As can be seen in the proof of the previous lemma, £ can be given the representation

s f a1 -1
T(5(08)" 0-8) = —Bu (T718L5BL) " BLSwB+0p(T71), (1)
and the nuisance parameter dependency of the asymptotic distribution arises from the

intermediate result

B1SyyB < /deB; + Aws. (12)
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In particular, it is the correlation between B,, and B, (given by §2,,.) and the presence
of A, that causes the problems. We define a transformation of the data which directly
addresses these two nuisance parameters. The transformation makes use of consistent
(but not necessarily asymptotically efficient) estimators of § and B, and it follows
from Lemma 1 that PC provides consistent estimators B and ,3 . We also make use of
consistent estimators of the nuisance parameters which have the general form

tw= 3 k(L)fu0), Aab=§k(-j;) Pas(i), (13)

j=—T+1

T
Lap() =T arjb},
t=1

a; and b; are any time series, k (.) is a lag window and m is a bandwidth parameter such
that m — oo and m/T — 0 as T — oo. Andrews (1991) gives the optimal choice of
k(.) and m for estimating 24 in the sense of the minimisation of the asymptotic mean
squared error of the estimator. This corresponds to using the Quadratic Spectral lag
window and an automatic data-dependent bandwidth parameter, formulae for which are
given by Andrews (1991). Furthermore, Hansen (1992a, section 2.1) advocates the use of
these optimal estimators when calculating the Fully Modified OLS estimator of Phillips
and Hansen (1990), and provides additional exposition of their use in this context. Given
that our aim is to suggest a modification to the PC estimator analogous to the Phillips
and Hansen (1990) modification to the OLS estimator, these optimal estimators should

be well suited. If we let
2= .Blyta Wy = B.,].Ayta

then the transformation to y; is
s /s av=1 A = s far s N=1 o A o
v =y -B(BB) Qulobin— B (BLBL)” AucSé (14)
where 5’« = T~ 3 (,¢;. The first modification in (14) is designed to remove the nuisance
parameter {2,,,, while the second modification removes A,,,;. Notice that y; is invariant

to the normalisation of 3 and ,3 |, in the sense that B (or B 1) may be replaced by ﬁn
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(BLK), where & is a full rank 7 x r ((p — ) x (p — r)) matrix, without affecting y;. The
modified PC estimator ,B* is defined to be the p x 7 matrix of eigenvectors corresponding

to the smallest r eigenvalues satisfying
M, — Sg,| =0, (15)

where Sj, = T-'Syry;'. That is, we simply apply the PC estimator to y; instead of

y:. The asymptotic properties of this estimator are given by the following theorem.

THEOREM 1 The modified PC estimator * is consistent, and its asymptotic distribution

is given by

r(p (067) " 06-8) <. ([ B.8,)" [ Buas?, (16)

where B = B, — Q,,Q,) By, is independent of B,.

Clearly the asymptotic distribution of * does not depend on the nuisance parameters
Q.. and A, and it follows that 3* is asymptotically efficient. Conditional on B,,, the
distribution specified by the right hand side of (16) is normal with mean 0 and variance
matrix 81 ([ BwB.) ' B, ® Q.:, a fact we will use in defining hypothesis tests for 8

below.

2.2 Deterrhinistic Terms

We now consider the principal components estimation of the cointegrating vectors where
deterministic terms may also enter the system. In particular, we consider the two cases
of

Yo = p+ T, (17)

ye = p+ 0t + x4, (18)

where z; is an I(1) time series generated by
Bzt = z,

ﬂj_A:z:t = wy,




and (; = (2, w})" is a zero mean I(0) time series that satisfies the functional central limit
theorem, just as in the previous section. Then y; in both (17) and (18) is cointegrated
with cointegrating vectors given by the columns of 3, since §'y; is stationary about a
constant in (17), and stationary about a linear trend in (18).

When v, is generated by (17) the PC estimator f is the p X r matrix of eigenvectors

corresponding to the smallest r eigenvalues satisfying

AL, — S;z| =0, (21)
p

where S;p = T-1 L %, and & = y: — T~' Y1_; y:- When y; is generated by (18)

the PC estimator £ is the p x  matrix of eigenvectors corresponding to the smallest r
eigenvalues satisfying

AL, — Szz] =0, 22
P

where Sy = T! Z?:x Z:Z} and Z; are the residuals from a de-trending regression of y;
on a constant and time trend.

It is shown in Theorem 2 below that both 3 and B suffer from the same problems
as (3 in the previous section. That is, although both are consistent, their asymptotic
distributions are dependent on the nuisance parameters 2, and A,., and they are
neither asymptotically normal nor asymptotically efficient. This is to be expected since
the source of these problems is the correlation between z; and w; in (19) and (20).
However we can use the modified PC estimator from the previous section to provide
asymptotically efficient alternatives to B and ,B

In the case of (3, we define the variables
z=[F1, o =pLA%,
and the data transformation
% = 5= B (F5) ™ Qeulizhdn — Bu (BLBL) ™ BucSG. (23)

In (23) we make use of the consistent estimator 3, , which is the estimator of 3, obtained

using the eigenvectors corresponding to the largest p —r eigenvalues satisfying (21), and
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the nuisance parameter estimators ., Quw and A, which are of the form (13) and
calculated using % and w;. Then the modified PC estimator B* is the p x 7 matrix of

eigenvectors corresponding to the smallest 7 eigenvalues satisfying
M, — 5;.| =0, (24)
where §%, = T-1 YL 7337

We proceed similarly to modify (. Define

=%, a0 =pFA0%,
~ fmy =1~ ~ ~ o~ \—1 ~ 4~
5=~ B (FB) Qeullahin—Bu (BLBr) BucSil (25)

The modified PC estimator 3* is the p x r matrix of eigenvectors corresponding to the

smallest r eigenvalues satisfying
IAIP - g:::z:l = 0: (26)

where §*_ = T-1°F | #¥&}. The asymptotic properties of these estimators are given

in the following theorem.

THEOREM 2 (i) If y; is generated by (17), (19)-(20) then B and B* are consistent and

have asymptotic distributions given by

T (35 #5-5) Lo~ ([BuBl) ([ButBiran), (21

7 (5 (05) 98- ) % 81 ([ BuBL) [ Buas?, (28)
where By, (s) = By(s) — [ Buy.

(ii) If ys is generated by (18), (19)-(20) then B and B* are consistent and have asymp-

totic distributions given by
r(5(98)" 98 -8) 2o~ ([ BuB) ([ Buimivau),  (20)
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T (5 (05) " 88 -8) < 6. ( [ BuBL) " [ Buasy, (50)
where By (s) = Bu(s) +2(35 —2) [ By —6(2s — 1) [TBy.

Equations (27) and (29) provide a natural extension of the results in Theorems 3.2(a)
and 3.3(a) of Park and Phillips (1988) for the OLS estimation of cointegrating regressions
to the case of PC estimation. Clearly both 3 and B suffer from the same nuisance
parameter dependencies as 3. Equations (28) and (30) show that the modified PC

estimators 3* and §* are asymptotically efficient.

3 Tests of Linear Restrictions on the Cointegrating Vectors

We consider here two types of linear restrictions on the cointegrating vectors. Both types
of restrictions have been used by Johansen and Juselius (1992) among others. The first
hypothesis is that
Ho: = Hip, (31)
where H; is a known p X s matrix, ¢ is an s X r matrix of unknown parameters and
r < s < p. Equation (31) states that the cointegrating space lies within the space
spanned by the columns of Hj. If s = r then the null hypothesis fully specifies 3, and if
s = p then no restriction is placed on §. To test (31) we introduce the p X (p — s) matrix
Jy chosen such that Jj H; = 0. For example, J; can be obtained as the p x (p — s) matrix
of eigenvectors corresponding to the zero eigenvalues of HyH;. Then 3 can always be
written
B = Hip+ N19, (32)
where ¢ is an unknown (p — s) x 7 matrix. Clearly, if (31) is true, then ¢ = 0. Alter-
natively, J;8 = 0 if (31) is true, and J{3 # 0 if (31) is not true. We will therefore base
our tests on the significance of the sample quantities J}3*, J{B* and J|3*. The test

statistics and their asymptotic properties are given in the following theorem.

THEOREM 3 (i) If y; is generated by (1)-(2), then the test statistic for testing (81) is

a - -1 -
s =T o780 (J1Sit )~ A8,
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where Q;z = sz - szfl;,}uf)wz. If Hy is true then §; 2 xf(p_s). If Hy is false then
51 =0,(T).
(ii) If y; is generated by (17), (19)-(20), then the test statistic for testing (81) is

— - — -1 —
5 =T Q157 (NS5 ) JiB,

where Q;z =Q,, — szﬁg}uﬂm. If Hy is true then 3 2 Xf(p_s). If Hy is false then
(iii) If ys is generated by (18), (19)-(20), then the test statistic for testing (31) is

~ ~ ~ -1 ~
5 =T ul 50 (JS5h) I8

where 2, = Q. — 0wQZL Q. If Ho is true then 5 A xf(p_s). If Hy is false then
51 =0,(T).

These three tests can be considered as Wald-type tests in the sense that each statistic
tests the significance of the difference between an unrestricted estimate of 8 and the
null hypothesis. The fact that each has an asymptotic x? distribution under the null
hypothesis is a direct consequence of B*, B* and B* having asymptotically conditionally
normal distributions. The use of asymptotically inefficient estimators such as 3, §
and 3 in the test statistics would not result in tests with asymptotic x? distributions.
The derivation of the asymptotic distributions for each test statistic is unaffected by

the replacement of Sy, Szz and Sz by i, Sk and 52, respectively. The presence of

vy
these terms partially standardises the asymptotic normal distributions of the estimators,
and the choice may potentially be made on the grounds of finite sample performance.
Given that the test statistics diverge under the alternative hypothesis, rejecting the
null hypothesis for values of the test statistics larger than the appropriate x? critical
values will provide consistent tests. Note that the test statistics are invariant to the
normalisation of both J; and the estimator of #. This is appropriate since the null
hypothesis is a test about the space spanned by (3, and we would not want a different

test from a re-normalised version of the null. Similarly, the test statistic is invariant to

the method of constructing J; from H;.




The second hypothesis we consider is
Hy:8= (HQ)H)’ (33)

where Hj is a known p x r; matrix, 6 is a p X (r — r1) matrix of unknown parameters,
and 0 < r; < 7. The hypothesis specifies 7; columns of § and leaves the other columns
unspecified. If 7 = r; then § is completely specified and (33) is equivalent to (31) with
s =r. Note that (33) is similar to (31) in the sense that in (31) § must lie in the space
spanned by the columns of Hj, while in (33) Hy must lie in the space spanned by the
columns of 8. Tests of the two hypotheses are therefore quite similar. If (33) is true
then 8| Ha = 0 since 3 # = 0. We therefore base our tests of (33) on the significance of
the sample quantities ,Bj_’Hz, B% Ha and ,Bj_’Hz, where lé_*u B} and ,51 are calculated from
the corresponding efficient estimators of the cointegrating vectors to satisfy ﬁ_*,_’ﬂ* =0,

B'B* =0 and 51’ 3* = 0 respectively. The tests are given in the following theorem.
THEOREM 4 (i) If y; is generated by (1)-(2), then the test statistic for testing (33) is
. N A \—1 4
8o =T Oy HyPL (BTS;01) " BLHa,
A T AN, Axt w1 Awr ; . A2
where Qg = H)B* (,8* ﬂ*) Qr. (,8 ﬂ“) B*'H. If Ho is true then 85 % x2,,_,. If
Hy is false then 32 = Oy (T?).
(ii) If y; is generated by (17), (19)-(20), then the test statistic for testing (33) is
_ N
52 = T iz Hyft (BYSZIAL) BLH:,
where Qpy = HB* (B*’B*)_l Qz, (B*’E*)_1 B* Hy. If Hy is true then 3q 2 Xfl(p_r). If
Hy is false then 52 = O, (T?).
(iii) If y; is generated by (18), (19)-(20), then the test statistic for testing (33) is

- ~ ~ o~ 2~ \N—1
5y =T el HyBL (B 87101) " AL,

~ ~ ~ o~ \N=1 N
where Qyy = Hé,B* (ﬂ*'ﬁ*) Q. (ﬂ*'ﬂ*) B* Hy. If Hy is true then 39 rd sz(p—r)' If
Hy is false then 52 = Op (T?).

This theorem provides Wald-type tests of (33) that have asymptotic x? distributions

and that are consistent when we reject the null for large values of the test statistics.
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The comments following Theorem 3 apply equally here. One difference between the
tests of Theorems 3 and 4 is that the rates of divergence of the test statistics under the
alternative hypotheses are O (T?) for Theorem 4 rather than O, (T) for Theorem 3.
To explore this point more fully we give the asymptotic distributions of the §; and 3§,

under sequences of local alternatives.

LEMMA 2 (i) Under the sequence of local alternatives
Har: J1B=T""4A,

where A; is a fized p— s x r matriz, §; has a non-central Xf(p_ 5) distribution conditional

on B,,, with non-centrality parameter

—1 -1
ter—zlA’l |:J{,3_L (/ BwB.:u) ,BiJl] A;.

(i) Under the sequence of local alternatives
Hpr : Hyfy =T A,

where As is a fized ™ X (p — r) matriz, $2 has a non-central xfl(p_r) distribution condi-

tional on B,,, with non-centrality parameter

trQpp A) [ﬁiﬂl ( / Bwau)_lﬁiﬂJ.}—lAz-

This result shows that both 3; and 32 have power against alternatives that approach the
null at rate O (T'), and hence the faster rate of divergence of 3§ under a fixed alterna-
tive does not lead to asymptotic power of a higher order. The conditional distributions
are presented for convenience, and the calculation of the asymptotic local power func-
tions would require the evaluation of the non-standard unconditional distributions. The
unconditional distribution of §; is a mixture of non-central xf(p_ 5) random variables,
averaged over realisations of [ B,,B,,, while 5, is similarly a mixture of non-central

xfl(p_,,) random variables.




4 Testing for Cointegration

All estimators of the cointegrating vectors require prior knowledge of the cointegrating
rank r. In this section we provide a test for cointegration based on the efficient estimators
in section 2. This test may be used as a diagnostic to check if a predetermined 7 is
appropriate, or it may be used to form a sequence of tests to select r if it is unknown.
The test we suggest is an extension of the residual based tests of the null hypothesis
of cointegration in cointegrating regressions developed by Harris and Inder (1994) and
Shin (1994), which in turn extended tests of the null hypothesis of stationarity of a
univariate time series given by Kwiatkowski, Phillips, Schmidt and Shin (1992). Choi
and Ahn (1995) have also suggested tests for the null hypothesis of cointegration that
are applicable in systems of cointegrating regressions. They extend Shin’s (1994) tests to
the case of a multivariate cointegrating regression, and do the same to the test of the null
hypothesis of stationarity of Choi (1994). Of course, these tests require the imposition of
identifying restrictions to specify the cointegrating regressions, while our tests suggested
here using principal components analysis do not require these restrictions.

Suppose the null hypothesis is that y; has r cointegrating vectors, and the alternative
is that there are fewer than r cointegrating vectors. We note that this selection of
hypotheses is the opposite of that used for tests for cointegration by Johansen (1988,
1991) in the sense that, in Johansen’s tests, the alternative hypothesis is that there
are greater than r cointegrating vectors. It should be relatively straightforward to
derive tests against this alternative by adapting the residual based tests of Phillips and
Ouliaris (1990) to principal components estimation. However, since the theory for such
tests would not be derived from Theorems 1 and 2, we do not pursue them here.

We define the time series

g=8", Z=B"5, #=5"%

Under the null hypothesis the relevant time series will be I (0), while under the alterna-

tive it will have at least one I (1) component. We therefore construct tests for the null
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hypothesis of the stationarity of 2}, z; and 2. Let

and define the test statistics

T
T—2 2 SIQ*-—lst,

t=1

T2 Z 5iQ:185,.

To present the asymptotic properties of these test statistics, we first define a p x 1

standard Brownian motion W, partitioned as (W{, W;)’ conformably with B;. Now let
Wa(s) = Wa(s) - [ W,

Wg(s)=W2(s)+2(3s—2)/W2—6(28—1)/7‘W2,

be de-meaned and de-trended W> respectively, and define

V(s) = Wi (s)—/dWle’ (/WQWZ;)—I/OSWQ (r) dr,

7o) =wi(s)~ [aw (| szg)'l [y
7 =wi(s)— [awi (| mw;)'l [ Wyan

The asymptotic properties of the test statistics are now given by the following theorem.

THEOREM 5 (%) If y; is generated by (1)-(2) then, under the null hypothesis of r coin-

tegrating vectors,
1
PPN / V(s)'V (s)ds.
0
(ii) If y; is generated by (17), (19)-(20), then under the null
_ d 1 157
c—+/ V (s) V (s)ds.
0
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(iii) If ys is generated by (18), (19)-(20), then under the null

~ d 1 IRy
c-——>/0 V (s) V (s)ds.

(iv) In each case, the test statistic is Op (T'/m) under the alternative of fewer than r
cointegrating vectors, where m is the bandwidth parameter used in calculating Qr Q.

zz)

and Q:z respectively.

The null distributions found in this theorem are non-standard, and critical values are
given in Tables 1a, 1b and 1c. In view of part (iv) of this theorem, a consistent test is
obtained by rejecting the null hypothesis for values of the test statistics that are larger

than the relevant critical values.

5 Application

In this section we provide an illustrative application of the methods suggested in the
paper. King, Plosser, Stock and Watson (1991) give a simple real business cycle model
involving private output, consumption and investment. An implication which can be
drawn from this model is that the logs of output and consumption should be cointegrated
with cointegrating vector (1, —1), and similarly the logs of output and investment should
be cointegrated with cointegrating vector (1, —1). Therefore, considered as a vector, the
time series y; = (Ct, It,Y;)' should have a cointegrating rank of 7 = 2 with cointegrating

vectors

(34)

-1
We use the Australian equivalent of the data analysed by King et al. That is, C;, I;
and Y; are logs of private final consumption, private investment and private output
respectively. Each series is measured per capita and in constant 1989/90 dollars, and
the observations are quarterly, seasonally adjusted and sampled from June 1971 to

September 1994. Private output represents the output of the private sector only and
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is constructed by subtracting government expenditure from Australian gross domestic
product. The data are graphed in Figure 1.
Since we have a hypothesis that there should be two cointegrating vectors, we set

r = 2 and calculate the asymptotically efficient PC estimator from section 2:

0.62 -0.48

B*=1| 018 086

-0.76 -0.19
As mentioned in section 2.1, the nuisance parameter estimators in equation (13) were
calculated using the Quadratic Spectral lag window and the optimal data-dependent

bandwidth parameter based on univariate AR (1) approximating equations. Note that

(* is an estimator of a basis for the cointegrating space and is not directly comparable

with (34). However, re-normalising the estimate we find

1 0
g 0 1
—-0.99 -0.78
which is suggestive of (34). Before testing whether 3 in (34) and (3* span the same
space, we test whether the linear combinations of y; specified by 3* are I (0) using the
test in section 4. That is, we test the null hypothesis that r = 2 against the alternative
that 7 < 2. In this sense, the cointegration test is a diagnostic test of our original belief
that » = 2, which is essentially the same way that residual based tests for cointegration
are used in regression based methods. The calculated test statistic is ¢ = 0.27, which
when compared with the 5% critical value of 0.51, supports our assertion that r» = 2.
We can now test some hypotheses about the cointegrating space. Our first hypothesis
fully specifies the cointegrating space:
1 0
Ho:pB= 0 1
-1 -1
This is of the form of the second hypothesis considered in section 3 (see equation (33)),

and we calculate the test statistic 5o = 4.03. Since r; = 2, there are 2 degrees of freedom

19




for the test, and the x?2 critical value is 5.99. We therefore accept that the cointegrating

vectors have the structure given in (34). We can also individually test whether each
column in (34) is a valid cointegrating vector. The calculated statistic for (1,0,—1) is
0.018, and for (0,1,—1)" it is 3.27. Both tests have 1 degree of freedom, so in both cases
we accept the hypothesized vector as a cointegrating vector. As an illustrative example
of the first hypothesis considered in section 3, we can test whether I; can be excluded

from the cointegrating relations. The null hypothesis takes the form

10
Ho:8=Hiyp, Hi=] 0 1 |,
00
where ¢ is a 2 x 2 matrix of unknown parameters. It follows that J; = (0,0,1)’ and the

calculated test statistic is §; = 26.57. The test has 2 degrees of freedom so we reject the

hypothesis that I; does not enter the cointegrating relations, as would be expected.




Table 1a. Critical Values for é

Size = 10%

Number of Variables (p)
2 3 4 5

Cointegrating

rank

(r)

0.86 0.62 0.47 0.38
2.06 149 1.10 0.84
2.82 2.06 1.54

3.51 2.64

4.23

Size = 5%

Number of Variables (p)
2 3 4 5

Cointegrating
rank

()

1.21 0.89 0.68 0.54
263 1.95 146 1.12
3.45 2.56 1.97

421 3.23

4.99

Size = 1%

Number of Variables (p)
2 3 4 5

Cointegrating
rank

()

2.09 1.61 1.25 0.99
392 3.04 232 181
4.78 3.79 2.97

5.73 4.62

6.60




Table 1b. Critical Values for ¢

Size = 10% Number of Variables (p)
1 2 3 4 5
0.35 0.24 0.16 0.12 0.093
Cointegrating 0.61 0.42 0.30 0.22

rank 0.84 0.59 0.42
(r) 1.06 0.76
1.28

Size = 5% Number of Variables (p)
| 2 3 4 5

032 0.22 0.16 0.12

Cointegrating 0.74 0.53 0.37 0.27

rank 1.00 0.72 0.52

(r) 1.23 091

1.47

Size = 1% Number of Variables (p)
2 3 4 )
0.55 0.39 0.28 0.20
Cointegrating 1.07 0.81 0.60 0.43

rank 1.35 1.06 0.78
(r) A 1.60 1.24
1.89




Table 1c. Critical Values for é

Size = 10% Number of Variables (p)
1 2 3 4 5
0.12 0.098 0.082 0.069 0.059
Cointegrating 0.21 0.18 0.15 0.12

rank 0.30 0.25 0.21
(r) 0.38 0.32
0.46

Size = 5% Number of Variables (p)
1 2 3 4 5
0.15 0.12 0.10 0.085 0.072
Cointegrating 0.25 0.21 0.17 0.15

rank 034 0.28 0.24
(r) 0.42  0.36
0.50

Size = 1% Number of Variables (p)
1 2 3 4 5
0.22 0.18 0.15 0.13 0.11
Cointegrating 0.32 0.28 0.23 0.20

rank 0.43 037 0.31
(r) 0.52 0.45
0.61
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Figure 1. Logs of real private per capita Consumption, Investment and Qutput

Notes:

. The data is obtained from the Australian dX database. All series are seasonally
adjusted and measured in constant 1989/90 AS$.

Private output is the difference between Gross Domestic Product (dX identifier:
NPDQ.AK90GDP#E) and Government Expenditure, which is constructed as the
sum of Government Final Consumption Expenditure (NADQ.AC#GG#99FCE),
Public Enterprise Gross Fixed Capital Expenditure (NADQ.AC#GE#99GFC) and
General Government Gross Fixed Capital Expenditure (NADQ.AC#GG#99GFC)
each deflated by their respective Implicit Price Deflators (NPDQ.AD90GGC#,
NPDQ.AD90PEK#, NPDQ.AD90GGK).

. Real Private Consumption (NPDQ.AK90PRC#) and Private Gross Fixed Capi-
tal Expenditure (NPDQ.AK90PRK#) are used for consumption and investment
respectively.

. The Estimated Resident Population of Australia (DCRQ.UN71ERPAUSPER) is
used to construct per capita series.

. In Figure 1 only, 0.9 has been added to investment for readabiiity.
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6 Proofs

PROOF OF LEMMA 1. We will make use of the following intermediate results:
ﬁ,Syyﬂ e Y.=F (th::) ’ - (35)

T8, 5,8, / BuB., (36)

B1SyB / BydB; + Ayz, (37)

where (36) and (37) follow from Park and Phillips (1988). We first demonstrate the
behaviour of the eigenvalues satisfying (9). Pre-multiplying (9) by |(8,7-'/23,)'| and
post-multiplying by |(8,T~Y/28,)| gives

Y ﬂ/ﬁ 0 _ ﬂ'Syyﬂ T_l/zﬁ,syyﬁ.l. -0
0 T8\BL T-128, S8 T8\ Sybu
which, using (35)—(37), shows that the r smallest eigenvalues converge to constants

satisfying |A\B'8 — ;z| = 0, while the remaining p —r eigenvalues diverge at rate O, (T).

The estimator {3 satisfies
Syyﬁ = BA. (38)
We decompose ,3 in the directions of # and 3, as
B=pBB) BB+ BL(BLBL)TBLA,
and substituting this into (38), pre-multiplying by 8, and re-arranging gives
BLSuBL (BLBL) ™ BLB — BLpL (B16L) " BLAA = ~B15,5 (86)7 5.
On vectorising this expression we find

vec [(8181) ™ B8] = [(A@ BLBL) — (I © B1SwB1)] ™ vec [615,6 (8'8) 6]
| (40)
Since B, SyyB1 = Op(T), it follows from (40) that (8, 8.)™ 818 = O, (T~1). On re-
arranging (39), we find f—B(8'8)~8'8 = BL (B.8.)~" BB, and hence B—B(8'8)~18'8 =
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O, (T1). To find the asymptotic distribution of 3 we write (40) in un-vectorised form,
-1
pre-multiply by T8, and post-multiply by (ﬂ' ﬁ) (' to obtain

T(5(08) " B8-8) = —BL (T'6.SwBL) BiSB+0, (7). (41

Applying (35)-(37) gives (10) as required. We note that 4’4 is invertible because
has full column rank (r) and the random matrix 3 also has full column rank by the
construction of the eigenvectors in the principal components estimator. With respect to

B |, we consider any estimator such that B3, = 0. We write
BL=8(88)""BBL+By(BLBL) BLAL,
so that
BB (BB BBL=—FBL(BLBL) T BLBL=0, (T_l)

because of the consistency of 3. Thus 3 (ﬂ’ﬂ)—1 BB = (Ip_,. - By (ﬁlﬂl)_l ﬁl) B =
O, (T71).
PROOF OF THEOREM 1. We consider first the behaviour of the terms 3/ Sy, 3, and

B S;,B- Since the difference between ) y; and B y: is I (0), we find

T8 85,01 = T BLSuBL +op(1)
<, / BuB.,.

* We can write B Sy, B as

T e =1 . ) ’
858 = T3 Bl (- BB (45) " el
t=1

B (818:) " BT S (- 09 (98) " 0
48 (#5)” 0BT S0’

TS Bl S A (152) " o8

+0L0 (Bu0) ™ BucST Y6 A (LAL) 15
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The last three terms are O, (T!) because #/8. and BB are Op (T!). In the first
two terms, we can replace ,B by Jéi (ﬂ' B) - B'B (including terms involving 2;) because
y; has been defined to be invariant to the normalisation of B. This can in turn be
replaced by 8+ O, (I'"!) because of the consistency of (. Similarly, we can replace 3 L
by B1 + O, (T71) since y; is invariant to the normalisation of B and B, is consistent.

Therefore, the first two terms above are respectively:
T =1 . R /
TS B (2= 08 (8) " izhin)
t=1

T
= T‘l Zﬂlyt (Zt - szQ;—Ui}wt>/ + Op (1)

t=1
< [ BudBY + (Bus — Al )

N T . a/aay—=1 a
B (Bifr) ™ BucdecT™ oG (- 88 (BB) Ouu
t=1
T T ‘
AuwcSETY Gzt — AueSETH Y Gt Qe +0p (1)
t=1 t=1
T T
AwCSC_CIT—l Z (tc.‘{ (Ir’ O)I - AwCSQ_ng-l Z CtCt, (07 IP—T)/ Q;}ung +0p (1)
t=1 t=1
sz - Awa;}psz + Op (1) ’
since Ay¢ = (Awz, Aww). Thus
8.8;,8 % [ BuaBy.

It is similarly straightforward to show that 3'Sy, 8 = Op (1). As in the proof of Lemma
1, we can then show that the smallest r eigenvalues satisfying (15) converge to positive
constants, while the largest p — r eigenvalues diverge at Op(T), and hence we can

represent 6* as
o A\ -1 -1
T (6* (88) 88— ﬂ) =B, (T7'8LS;,81) BLS;,B+0,(T7Y).  (42)
Applying the above results proves the theorem. |
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PROOF OF THEOREM 2. (i) We first consider the properties of ;. We can write

T T
Tr=y— T Zyz =z, —T! th-
t=1 t=1

T
BZ=2-T"Y z,
t=1

T
726, 5 = T2 m T~/ Y Bz < Bu(s) ~ [ Bu = Buls).
t=1

Using these results we find
ﬂ,s'zzﬂ £ 2zz =F (thé) P

T
T8, 8,0y = T2 823,81 5 / BuB.,
t=1

T
ﬂlgmxﬁ T—l Z ﬁj_ftji
t=1

T T T
= Ty Bimz - 7323 Bz, - T-1/2 > 2
t=1 t=1 t=1

= /deBf2 + Ays.

Following the same arguments as in the proof of Lemma 1, we find that the smallest
7 eigenvalues satisfying |AI, — S:z| = 0 converge to finite constants, while the largest

p—r eigenvalues diverge at rate Op (T). As in Lemma 1, we can write
vec [(8161) " BLA] = [(A® BLAL) — (I ® B1L5=aB1)] ™ vec [B15.8 (88) ™ B8]
and show consistency by noting that 3 S;z81 = O, (T), and then
T(BEB)FB-B) = —BL(T7L5eBL)” BiBeaB+0, (T7)
4, g, ( / BwB,’u)—l ( / BydB. + sz) ,
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to obtain the asymptotic distribution as required.
We now consider the modified estimator 3* based on Z; defined in (23). The method

is similar to the proof of Theorem 1. First

T8, 8561 = 70,5061 + 0p (T7) % [ BB,

since £} and Z; differ only by I (0) terms. To find the behaviour of 8 S%.3, note that

we can write
BiZf = BLZ — AucS N +op (1),

T
B'z; 2z —T71 Z 2t — Qo Qpiwe + 0p (1),
t=1

!
where ¢ = (zé —-71yT zé,w{) and SF, =T} T ¢r¢, since f'%y = 2T~ 'L | 2

and | AZ; = | Azy = w;. Then
_ T T
B8 B=T1Y Bi&:&6 - AucS T D GTB+0p(1).
t=1 t=1
The first term is
T T T
71! Z <ﬁﬁ_:z:t —-7-1 Zﬁixt) (zt -71 Z 2 — szQ;}th)
t=1 t=1 t=1
T

T T
= TN A (= Rufihun) =T Bl T2 (2 - Q)

t=1 t=1 t=1

!

d, /deB;/ + (sz - Awa;},,sz) —/Bw -B: (1)
= [ BudBY + (Bus = B34 00z)
and the second is
T T ! T
AucST T34 ( X Zt) — AucSEITT Y Ui Qs
— — t=1

T T
Buc ST t; GG (1,0) = Auc ST ; GG (0 Ipmr) Uy Qe

sz - Awa;}quz-

B15:.6 % [ BudB?.
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It then follows we can represent 3* as
ol *\— /! O* -1 !/ Q* -
T(B @EF) " 06-8) = —Bu(T7'8.5:Br) BLSzB+0, (T

d = =\ [z
4, _g, ( / BwB,'U) / BudB?,

(ii) We first consider Z;, which is the set of residuals

as required.
& = y—fi— 0t
=z~ (-p~(5-90)1,
where i and & are the OLS estimators of the de-trending regression:

-1
— K T ?:1 t ET:I Tt
6

Iy T T T
60— Et:l t Et:l t2 Zt:l t.’l:t

1 (4T +2) Tioy e — 6 i, bt
TT-D\ —6xT 2 +12(T+1)7' ST, tay

We then have the following intermediate results:
_ - AT+ 2, -
T2 (fi— p) 7T 3/22(2%) -—T *””Zt(ZwJ)

—»4/B —6/rBw,

AT 4+ 2

Tl/2ﬂl (ﬁ _ /J.) T—1/2 2 — _____T—3/2 tz

T-1! 2T T Z
2,48, (1) - 6/rde

~2B, (1) +6/Bz,
2 (F_ —6T . _3/2 1272 —5/2
2 (5-0) = 25 (o) i e S
—6/B +12/rBw,

6T,y /2 127 o
T—1° Zt+(T DT+ tztz‘

4, _6B, (1) +12 / rdB,

6B, (1) — 12/3,.




T /2ﬁ T — 1/2ﬁ/ (# #) Tl/2ﬁl (6 6)

Bu (s) — (/B —6/rB)—s< G/B +12/7‘B)
Bu (s) +2(3s — 2/Bw—6(2s 1)/7«Bw
By (s),

T
T, 8eas = T2 BL5E0L % [ BuB,.
t=1

We now consider ,Bj_S'mﬁ:

T t T t T
,BfLS‘a:xﬂ = T_l Z (E wj) Zé - T—l Z (Z wj) (/‘:L - iu'),ﬁ - ﬂi (/]' - /J') T_l Zzt
t=1

J=1

T t ,
T3 (Zw,-) (5-6) B+BL(—w) (E—p)'B

=1 t=1 \j=1

t=1 j=1

-, (5-¢8) T itzt +6, (5-6) (5-5) pr! iﬂ
t=1 t=1
+8 (5-8) (i) BT St 81 i) (5-6) BT Y,
t=1 =1

These terms have the following asymptotic behaviour:

T—IZ (Zw,> %4 [ BudBL+ Aus,

t=1 \j=1

T*i(ZW:) (- ) ﬂ._..,/B ( 2Bz(1)+6/Bz)l,

t=1 \j=1
ﬂl(ﬁ—u)T*;zti»(4/Bw—6/rBw>-Bz(1)',

T‘lét (gw,-) (5—6)Iﬁ—i+/rBw-- (GBZ (1)—12/BZ>,,
ﬁi(ﬁ—ﬂ)(ﬁ—“)'ﬁi»( /Bw—G/rBw)(—2BZ(1)+6/B,,>,
g, (5-¢) T‘Itht ( G/B +12/r3 )(Bz(l)—/Bz>’,
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By (8-9) (ﬁ—#)'ﬂT‘lét—d—» % (—G/Bw+12/rBw) (_232 (1)+6/Bz)l
By (7 —n) (5—6)'BT“it < (4/Bw—6/rBw> (632(1) - 12/7'de),
g (5-5) (5-0) ﬁT-IZtZ

( G/B +12/7'B )( 1)—12/7'de)/.

Combining these results gives

B8 - /deB;+2/Bw-Bz (1)’—6/rBw .B. (1)

+12/rBwa;—6wa/B;+sz,

which is simply a rearrangement of
ﬂﬁ.gzzﬁ <, /deB,z + Ay

We again apply the arguments of the proof of Lemma 1 to show that the smallest r eigen-
values satisfying l/\Ip — S,z| = 0 converge to positive constants, while the largest p — r

eigenvalues diverge at rate Op (T'). It then follows that £ can be given the representation
R | ~ -1, -
7(5(08)" 58~ 8) = =pL (T8, 5uabs) " Biueh+ 0 (T,
which gives the distribution

7 (5(88) " #5-8) L s ([ BuBL) ([ BudBt 50s),

as required.

To show the final result of the theorem, first note that
BLAZ, = BLAz B (§-68) =w +0, (T7?),
BE = fo~f(E-p)-F (5-08)t=2+0,(T7?).
It then follows that

B & — w(SC_CICt +0, (1),

— Qe Qplwe +0p (1),
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015201 = B 8eeBs + 0p (T7) % [ B

and

~ T , T .
B 8B = TY B (a- L Qglwr) = AucSET™ Y G (2 - Qe Qhws) +0p (1)
t=1 t=1

<, /éde:/ + (sz - Awa;}qu"—) - (sz - Awa;,IUsz)

= / B.dB?.
The estimator 3* can then be given the representation
- = \—1 ~ -1,
T (6 (067) " 65~ 8) = ~u (T8L528L) FiSeaB+0, (T7),
which gives the distribution
Q% ! 2% -1 / d D ! -1 >, */
r(p(087) " 06 -8) L -6 ([ BuBl) [ BuaB,

as required.

PROOF OF THEOREM 3. (i) Under Hy we have Ji3 =0, so we can write
S = J(B-8(88) 85
5 (b (587) " B8 -5) (88) 85",
and hence
_ -1
T (987) " 98 - -5ipu ([ BuBl) [ BudBY,

by Theorem 1. We can also write

-1
B'Syy3 T-Y23'Sy, 81 B
g1 = T-1/2 vy vy ,
Yy ( 18 ﬁJ_ ) ( T-l/zﬁﬁ_syyﬂ T-lﬂiSyyﬁ_L T-l/2ﬂf1_

and

-1
B'Sy,B T-I/Qﬂ'syym) ( 0 )

TSy 1 = ( 0 T-Y2Ji6, ) (

T-128, S8 T SyBi T-%8, Jy
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under Hy, so
-1
135,50 - 7ipy [ BuBL) BLI:
The long run covariance matrix estimator %, satisfies
s, \—1 4 A\ -1
B8(576) "z (B87) 7 B8 2 0L = Qe — Qw5 s,
. A\ -1
since (3* (,B’ﬂ*) B'8 -2 8. Note that 2}, is the variance of BZ. It then follows that

-1 -
s o= Te®'BYa (JiSy0h) " JiB
-1 -1 -1
4, oo / dB:B., ( / BwB;,,) ﬁiJl[{m ( / BwB{U) ﬁj_Jl] x
-1
T8 ( / BwB;,) / BydB’

= (vecZ) vecZ,

-1/2 o
TiBL ( / BwB;) [ Buav’,

V is an r dimensional standard Brownian motion independent of B,,, and thus Z is a

Z = [Jiﬁ.l. (/ BwB{u)_l ﬁl-ﬁ]

(p — s) x r random variable with the distribution
vecZ ~ N (0,Ip—s Q@ I) .

Hence 3; is asymptotically xf(p_s) under the null.

Under the alternative, 8'J; # 0. From the consistency of 3* we have
B =p(BB) BB +0,(T7),
and hence
Bay=B"B(BB) T B+ 0, (T7).

That is, §*'J; is Op (1) under the alternative. We also have
-1

'S T-1/23'8
JiS5 ( '8 T-% ;,@l) F'5ub F'SuPy

T8, 8y,8 T~ 'B)SyBL
J1B(8'SyyB) "t B J1 + 0, (1).
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Therefore each term inside the trace is Op (1) under the alternative, and hence 3 is
Op (T).
Parts (ii) and (iii) follow in exactly the same way as part (i). [ |

PROOF OF THEOREM 4. (i) To prove this result we will show that

T0,6. (G160) " BrSph (6u5) BB - e ( [ BwB:u)_lﬂim, (43)

ro6. (p18.) " Bt 018 ([ BBL) [BudBh, (a4

Qur 2 Qna, (45)

By = HyB(8'8)”" B,
is an r; dimensional Brownian motion with covariance matrix
Qun = HyB (BB) Q. (88) B'Ha.

We note that the test statistic 32 is invariant to the replacement of Bj_ by ,3_",‘_ (ﬁj_ B_*;_) B\ BL,

so we can then apply (43)-(45) to $2 to find

-1
8 I tr / dUW" ( / WW’) / Wdr,

= (vecZ) (vecZ),
where U and W are independent r; and p — r dimensional standard Brownian motions,

Z= ( / WW’) o / wau'

is a (p —r) X r; dimensional random variable with distribution

and

vecZ ~ N(0,Ip—r ® I,) .

Thus $§3 has an asymptotic xfp_r)r1 distribution under the null.
To show (44), we note that 3% satisfies

B3 =o.
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We can decompose Bj‘_ as
BL=B(8B) " BBL+BL (BLBL) T BLAL,
so multiplying by 8 gives

BB (B'B) BB+ BBL (BLBL) " BLAL =0,

8 BB = —(B8) AL (BL6L) T BLEL
= —(8"0)" (b -p (8B B8 B
= —@o (B (08) 8 -0) 1.
Since 31 — 8. (8,81) 7 8181 = B(B8)™ A1 we can write
B - Ao (060) ™ 8 = 51 (B (957) " #8-8) (68 8
and hence

-1 .

gups (A) Ty —pL = pusu (Bren)” B (6 (987) BB-8) (B8 8
= 8. (b (987) " B8-) (B0) 8+ 05 (T77).

Under the null hypothesis, 8| H2 = 0, so

R -1 ., - -\ =1 \ -
g6, (B10s) " B =g (5 (85) 86-8) (88)7 BH+0, (T7),
and using the asymptotic distribution of B* from Theorem 1 gives (44).
To show (43) we write

~1
B'SyB  T7V2B'SyB1 g
-1 _ -1/ vy vy )
Syy ( g T-125, ) ( T"lﬂﬁﬁ_syyﬁ T-18/.S,,6. ) (T‘lﬁﬂi )
Then

T8, 8y ( Br6L) ALy AL (BLAL) BBy =

-1
, BSuB Oy (T712) 0 o
( 0 B18L ) ( 0, (T‘1/2) T-18/.S,,81 ) ( 861 ) + Op (T )
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since B (BLA1) " BLBL = Bu+Op (T~) and 15,8 = Op (1). Letting T — oo gives
(43).

To show (45), note that Q) is invariant to the replacement of 3* by 3* (,3’ B )_1 B8 =
B+ O, (T71), so that

Quy 2 HyB(88) ' Q.. (88) ™ B/ Ha,

which completes this part of the proof.
Under the alternative we have H5(3, # 0, so that (44) is replaced by

. -1,
BBy (BTBL)” BiHz =B H2+0, (T7Y).

Equations (43) and (45) are unchanged under the alternative, so we find that 5 =
O, (T?).

Parts (ii) and (iii) follow in the same way. [ |

PrROOF OF LEMMA 2. (i) This follows similar steps to the proof of Theorem 3(i).
Under Har : Ji8=T"14,,

N ay =1 . =1
o (987) "8 = T (B (85) 7 PB-8) + T8
-1
< s ([ BuB,) [ BudBI + Ay,

while

-1
TJ{S;lel - J1B1 (/ BwB:u) B,

as in Theorem 3(i). Thus

-1 -1 -1
5 -4 g0t (A’l— / dB:B, ( / BwB;,) 51J1> [J{ﬁl ( / BwB,’u) [31.11] x
-1
(A1 - ([ BwB:U) / deB:')

= (vecZ;) vecZ,

where

-1 -1/2 -1
z = [Jim (f 5uB2) ﬁiJl] (Al—J{m ([B.8.) [ deB:') a2
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-1 -1/2
vec Z; = vec [J{ﬁl (/ BwB{U> ﬂj_Jl] A QY2 4 vec Z,

where Z was defined in the proof of Theorem 3(i). Since vecZ ~ N (0,Ip—s ® I.), it

follows that, conditional on B,,,

-1
vecZ; ~ N (vec [J{ﬂl (/ BwB{D) ﬁj_Jl]

and hence (vec Z;)' vec Z; has a conditional non-central xf(p_s) distribution with non-

-1/2

ATV L ® L) )

centrality parameter

-1 -1
Q1AL [J{ﬁl ( / B,,,B;,,) ﬁj_Jl] Ay

(ii) We proceed in a similar way to the proof of Lemma 2(i). Under Har : H36, =
T-1A,, (44) becomes

T (Bi (ﬁiﬁl)_l ﬂ.’L.B.L), 2 TG\ Hy+T (ﬁl (ﬂﬁ_ﬁl) - BB — ,3_1.)/ Hy
A+ 10, (B (97) " P8 - 8) (68) 7 By
Ar-pp. ([ BwB:,,)'1 | BudBi,
while (43) and (45) are unchanged. Thus
s L Oy (Alz - [aBusl, ([ BwB:u)_1 ﬁ’lm) [ﬂim (/ BwB:u)_1 ﬂim] e

(Az — B8 ( / BwB;,)_1 / deB}f)

= (vecZy) vec Z,,

where

-1 -1/2 -1
Zy = [ﬁiﬁ . ( / B,,,B;,,) 8.8 l} (A2 — BB, ( / BwB;,> / deB'H) Q2.
Then 12
-1 -
vec Zo = vec [ﬂjﬁ i ( / BwBL,) BB J_] Agﬂ;lllf +vecZ,
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where Z was defined in the proof of Lemma 2(i). Since vecZ ~ N (0, ® Ir,), we
find

-1 -1/2
vecZy ~ N (vec [ﬁlﬁl </ BwB,'U) ﬁlﬁ_L:l AQQ;{%2’IP—T ® In)

conditional on B,. Thus (vec Z,)' vec Z» has a non-central xfl(p_r) distribution with

non-centrality parameter

tr Qg A |::6_1Lﬁ.]_ (/ BwB-iu) - .B_ILﬂ.L] N As.

PROOF OF THEOREM 5. (i) We first write
soié=8t(08) o6 (o8 (876) o (05) o " as(38) 4,
which demonstrates the invariance of the test statistic to the normalisation of 8. Then
88 (8"6) " 0z, (867) B8 L 0,

and
[Ts]

38 (B*/ﬁ)“l T_I/ZS[TS] = #8(3 ( */ﬂ) T—1/2 Z'B*/ *

T-1/2 % By; +T (B*' (86) " - ﬂ)' T3 % v
t=1 t=1
4, Br(s) - / dB:B, ( / BwB{U>—1 /0 " B (r) dr
= B'(s)- / dBIW} ( / WgWé)—l /0 "W (r) dr

=72 g5 (576) " . (967) 6] 58 (578) ™ bir
Wy (s) - /dWlWé (/ szf_;)_1 /0 Wy (r)dr = V (s)

T
723 505718 / '
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as required.
Parts (i) and (iii) follow in the same way with B, W2 and V replaced by B, W
and V respectively in part (ii), and B, W2 and V in part (iii).

(iv) Under the alternative there are s (< r) cointegrating vectors, so we can partition

= B B |,
(pxs) (px(r—s))

so that B; provides a consistent estimator of the p X s matrix of cointegrating vectors

~

B* as

(8, while 3*_, asymptotically lies only in the space spanned by 3. Therefore, when we
partition 2f as
" S

=1 .
*x/ *
ﬁr—syt

the first s components are asymptotically I (0), while the remaining 7 — s components

are asymptotically I (1). Therefore, T-1/28, is O, (Tl/ 2), and Q, is O, (mT) when

applied to I (1) time series (see Phillips (1991b)). Combining these results gives that &
is Op (T/m) under the alternative. That ¢ and ¢ are also Op (I'/m) follows in the same

way. |
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