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Abstract

The concept of fractional cointegration, whereby deviations from
an equilibrium relationship are allowed to follow a fractionally inte-
grated process, has attracted some attention in the literature of late.
The long memory aspect of the fractional process is seen as an appro-
priate characterization of slow reversion to an equilibrium relation-
ship. This paper presents a Bayesian method for conducting inference
within the context of a fractional cointegration model. The analysis
is based on an approximate likelihood function, which is motivated
by the need both to solve a fundamental identification problem and
to produce a posterior density with a relatively simple algebraic form.
Inferences are based on the associated marginal posterior densities,
estimated by a hybrid of the Gibbs and Metropolis Markov Chain
Monte Carlo methods.

*I would like to thank Brett Inder and Vance Martin for helpful comments during the
preparation of this paper.




1. Introduction

The concept of cointegration applied in the literature is almost exclusively that of sets of
I(1) variables producing I(0) linear combinations, ;Nith emphasis given as a consequence
to the stationarity of the cointegrating errors. There has been some work, for example
‘ Si;ock and Watson (1993), Kitamura (1995) and Johansen (1995), in which variables of
higher integration orders are incorporated in cointegration models. However, all variables
are assumed to have integer orders of integration and the efror processes an integration order
of zero.

Recently, certain authors have extended the definition of cointegration to allow for non-
integer orders of integration. Cheung and Lai (1993) reassess the doctrine of purchasing
power parity (PPP) by applying the Geweke and Porter-Hudak (GPH) test for fractional
integration! to the residuals of an estimated PPP relationship.? Silvapulle (1995) develops
a score test for seasonal fractional cointegration, again applied to the residuals of an estimated

model. Dueker and Startz (1993) apply a Generalized Method of Moments procedure to a

model which allows both the variables and the error term to be fractionally integrated. Their

method produces simultaneous estimates of all (fractional) orders of integration, in additional
to estimates of the cointegrating parameters.

One important outcome of the extension of cointegration to incorporate fractionally in-
tegrated error processes is the highlighting of the mean reversion aspect of cointegration.
Specifically, the idea that an equilibrium relationship holds in the long run can implicitly be

1 See Geweke and Porter-Hudak £1983).
2 Related work by Diebold, Husted and Rush (1991) examines the PPP issue via a univariate fractional

integration approach, whereby the regression coefficient in the PPP relationship is assigned a value of one,
rather than estimated.




equated with the tendency of the error term to ultimately revert to its mean after a shock
to the relationship. The stationarity of the érror process is of secondary importance. Rather
than imposing both mean reversion and stationarity by equating cointegration with an I(0)
error process, the allowance of a fractional value for the relevant differencing parameter en-
ables a conclusion in favour of cointegration to be reached on the basis of a finding of mean
reversion alone. The hope is that the existence of a long-run economic relation is more easily
discerned via this more appropriate characterization of the relation.

The present paper presents a Bayesian approach to inference in a model which allows for

fractional cointegration. It outlines a hybrid Markov Chain Monte Carlo (MCMC) numer-

ical strategy for estimating marginal posterior densities fo: both the parameter controlling
the presence of fractional cointegration and the parameter(s) of the cointegrating relation.
Inferences concerning these aspects of the model are then based on the estimated densities.

We show that the exact likelihood function for the assumed cointegration model is prob-
lematic in two ways. First, it renders the regression parameter(s) unidentified when there
is a lack of cointegration. Second, it is a highly complicated function of the parameters. In
contrast, a simple approximation to the exact likelihood produces a form for which the asso-
ciated identification problem is solvable via a judicious specification of a so-called Jeffreys’
prior density. In addition, the parameters enter the resultant joint posterior in such a way
that the relevant marginals are easily estimated via a combination of Gibbs and Metropolis
MCMC algorithms.

We also demonstrate that when the fractionally cointegrated error term is allowed a
short-run autoregressivé (AR) component, inferences become ambiguous. In particular, the
marginal density for the fractional differencing parameter can be bimodal, with the second
mode reflecting the parameter which summarizes the long-term memory of the AR compo-
nent. Whether this ambiguity is truly specific to our parameterization and/or inferential

method, or is a manifestation of a more fundamental problem associated with the estimation
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of short-run dynémics in conjunction with a long-memory fractional component, is unclear. ,
at this stage.

The paper is organized as follows. Section 2 provides an outline of the concepts of frac-
tional integration and cointegration, including the correspondence between a certain range

of values for the fractional differencing parameter and mean reversion. Section 3 begins by

deriving the exact likelihood for the fractional cointegration model, and demonstrating its

attendant difficulties. The approximate likelihood, along with the solution of its associated
identification problem via a Jeffreys’ prior, is then presented. Some instances of the pos-
terior bimodality mentioned above are presented. The proposed hybrid Gibbs/Metropolis
sampling method is described very briefly in Section 4. In Section 5 we provide the results
of a Monte Carlo study, in which the Bayesian inferences are compared with a variety of
Classical alternatives, including Maximum Likelihood applied to the residuals of the esti-
mated cointegrating equation. Although preliminary, these results tend to suggest that, at
least for a parameterization which avoids the short-run/long-run problem mentioned above,
the Bayesian method provides a very viable alternative to the Classical procedures. Section
6 describes the application of the Bayesian method to the problem of both testing for and
estimating PPP relations for various countries. Some comparison is made with Classical
inferences. Once again with the qualification made as to the allowable parameterization, the
results produce fairly convincing evicience that PPP exists, but with reversion to parity after

a shock being very slow. The paper gives some conclusions in Section 7.

2. Fractional Cointegration and Mean Reversion

Consider the following bivariate model for the generation, at time ¢, of observations on the

variables y and z respectively:

Yt = Bzt + uye, ' \ (1)
Tt = Tg—1 + u2e.
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We assume that ﬁn is an autoregressive fractionally integrated moving average (ARFIMA)

(p, d,0) process represented by:
®(L)(1 - L)%u1e = exs, ‘ a¢)

where ®(L) is a p-dimensional polynomial in the lag operator L, denoted by ®(L) = 1 —

$1L — ¢oL? — - - — ¢ LP, all roots of ®(L) lie outside the unit circle and ey, is as defined

below. Crucially, d is allowed to assume any real number value greater than —1. The error

term in (2) is assumed to be an AR(g) process of the form
(")(L)u;zt = €9t, (4)

where the roots of the polynomial ©(L) = 1—6; L—602 L2 —- - -—6,L7 also lie in the stationary

region. It is assumed that e; = (e1¢, e2¢)’ has a bivariate Normal distribution of the form:

I NID( 0 = o ) 012 = 091, (5)
eat o 021 022 '
The allowance of a non-zero value for o9 allows for the endogeneity of z;.

It is the interaction between ®(L) and (1 — L)¢ which leads to the inferential problems
regarding d alluded to earlier. We shall demonstrate our inferential procedure with ®(L)
incorporated, including examples of its impact on the marginal density of d. The reason
for omitting moving average (MA) components in the assumed processes for uj¢ and ug is
that their incorporation leads to an added complication for the MCMC numerical procedure,
which we have chosen to avoid in the present paper.> We have assumed that the use of an
MA rather than an AR representation for the short-run component in (3) is not sufficient to
avoid the inferential problems regarding d. However, this deserves further attention.

Given the I(1) nature of the regressor, (1) potentially represents a cointegrating rela-

tionship between two I(1) variables. It is of interest both to test for this possibility and to

2 See below.
3 See Chib and Greenburg (1994) for an example of the application of an MCMC method to a regression

model with ARMA errors.




estimate the value of 3 in the event that the latter is concluded to be the parameter of a
cointegrating relationship. The existence of cointegration depends upon the value assumed

by d.

The fractional differencing operator (1 — L)¢ in (3) is defined through the binomial ex-

pansion: |

1 Lf =S 417, | ©)

7=0

I'(j —d)

'=—T'—————, .=0,1,2,.--,
ISTG+0I(-q) 7

and I'(.) denotes the gamma function, which is, in turn, defined by:

Jo° " te™%ds if 2> 0,
I'z)={ oo if z=0,
[(z+1)/z if z< 0.
The expansion given by (6) is valid for any value of d, but has declining coefficients if and
only if d > —1. The coefficients are square summable if and only if d > —0.5.4

Three further ranges of values for d need to be distinguished for our purposes:

1. For values of d < 0.5, uj; is a covariance stationary process with a valid Wold rep-
resentation. However, for d % 0, both the coefficients of the infinite moving average
representation and the autocorrelétions of uy; decline at a hyperbolic rate, in contrast
to the faster exponential rate of decay associated with the stationary AR process cor-.
responding to d = 0. (See Hosking (1981)). For d < 0.5, but not equal to zero then, uy;

is said to be a long-memory stationary process.

2. For 0.5 < d < 1, the coefficients of the moving average representation are no longer

square summable and uj; is nonstationary as a consequence. However, the individual

4 See Hamilton (1994, pp.448-52) for a demonstration of the relationship between the value of d and the
coefficients in (6). By square summable, it is meant that the d; decline at a fast enough rate so that
>;di <oo.




coefficients still decline to zero with an increase in the lag length. In such a situation,
the long-run impact of an innovation on wuj; is zero and the error process is still mean
reverting . In the language of Diebold, Husted and Rush (1991) and Cheung and Lai

(1993), amongst others, the infinite cumulative impulse response is zero.

. For d > 1, uy; is both nonstationary and non mean reverting, with the infinite caumula-

tive impulse response being finite and non-zero for d = 1, and infinite for d > 1.

Our proposition is that mean reversion in uy; is the crucial condition for (1) to represent

a cointegrating regression, rather than uye having to be both mean reverting and stationary.

As suéh, we are interested in calculating the posterior probability that d < 1. It is also
iinporfant to produce posterior point estimates of d, in order to estimate the rate at which
mean reversion occurs.

Conditional on d < 1, B is the parameter of a cointegrating relationship. Inferences
regarding 8 are to be based on an estimate of its marginal posterior density. Since the
essence of the method used to produce inferences remains the same when 3 is a vector of
parameters, we are justified in simplifying the exposition by concentrating on the bivariate

model.®

3. An Approximate Likelihood

3.1 Motivation for the Approximation

The Bayesian approach to inference requires specification of both a likelihood and prior'
density function. As already alluded to, the exact likelihood function associated with the
assumed model does not appear to be a sensible basis for inference. It is of interest to view
the form of this likelihood in order to fully motivate our approximation to it.

For a univariate fractionally integrated process as described in (3), with d explicitly

5 As noted in previous work (see Martin (1995)), the inclusion of a constant term in the model has a non-
trivial impact on the convergence of the Gibbs Sampler. We demonstrate our procedure without a constant
term, applying it to de-meaned data in Section 6, in order to indirectly allow for a non-zero intercept.
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constrained to the range: —0.5 < d < 0.5, Sowell (1992) has specified the full matrix of
auto;:ovarianées for the n-dimensional vector u; = (u11,u12,-..,u1n) as having a Toeplitz

form:

0‘11911 = 0’11{’)‘(16)} fOT k, = 0, 1, 2, R ( 1,

where the (k) are given by:

» .
v(k) =Y ¢Ci(d,p — k, pj),

Jj=1
- with the p; representing the p roots of ®(L) and the (; and C; given respectively by:

G = lpj IpI(l — pipj) II (ei = P_m)]'l

i=1 m#j

2p
2mr__ Pj
Cj(d’p -k, pj) = 'Q%Ffo [(1_,,;e-i«\) - (l_pj—lle-u)]

x (1—e )41 - ei’\)‘de‘i’\("'k)d)\.
If an MA component were assumed to appear in the uj; process, in addition to the AR
component, then the parameters of the former would further complicate the form of the
(k). If uys were assumed to be fractional white noise, (i.e. p = 0 above), then the form of

the autocovariances would simplify to:

_ D(1-24)T(d+F)
%) = ST —gra—d—#) @

In the case of our cointegration model, we need to specify the covariance matrix for
u= (u'l, u})’, where us denotes the n-dimensional vector (ug1,u22, - . .,u2n)’. We denote this

matrix by § and partition it as follows:

o111 01282

0129 022l

It can be shown that the off-diagonal matrix is given by:




012812 = 012

6,1—1 ’ cee’ 61

o
wk=Zaj1/)j_k, k=0,1,2,...,n—1,
j=k

- .
Sp=) Yiajk, k=12,...n—1,
j=k

and the 9; and a; are the coefficients of the infinite MA representations of uj: and ug;
respectively. The a; are given by the expansion of ©(L)~! and are thus indirect functions
of the 6; via the roots of ©(L), whilst the 1; are functions of d and the roots of ®(L). For

p = 0, the 9; simplify to:

i = ['(j +d)
7T TG+ 1)r@)’

Hosking (1981) gives the form of the 1; when ®(L) is a first order polynomial in L.

In total then, the exact likelihood function for the entire parameter set is given by:

L(ﬁa 011,012,022, ds ¢3 GIY) x) (S8 ,QI_1/2 exp{uIQ_lu}i (8)

where ¢ = (¢1,2,.--,8p), 0 = (01,62,...,0,) and y and x denote the observation vectors

for y; and z; respectively. If the true value of d were deemed to lie in the nonstationary region
of the parameter space; then u;; would need to be differenced prior to basing inferences on
(8). Cointegration would then be associated with that part of the parameter space in which
d — 1 =d*(say)< 0, and a lack of cointegration with d* > 0.

It is obvious that the truncation of the parameter space at +0.5 may well impact on the

relative probabilities of cointegration/non-cointegration as calculated from (8). However,
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there is an even .I'nore fundamental problem associated with the use of the latter. In the. ,
subspace of the parameter space in which d* = 0, ®(L) = 1 and ©(L) = 1, § is unidentified.
To see ﬂiis, we need to note that, when evaluated at these parameter values, the matrices
Q41 and Q12 equal the identity matrix I, in which case (8) (as applied to Auy: and ug) is

proportional to:

£ ® 1|72 exp{(Au}, up)(S7! @ I)(Auy, u5)'}, : (9)

which can, in turn, be expressed as:
|| ~™/2 exp{—1/2tr£~15}, (10)

where S =-3,[(Ay: — BAz:), Axt]’ [(Ay; — BAxt), Azy). Decomposing (10) into the product
of conditional and marginai likelihoods as follows:

|=|"™/2 exp{—1/2tr=~15}

= oir3” exp{prls Tol(Aye — BAz,) — Z2Az,]?}.05," exp{gry TelAzd?},

where 011,20 = 011 — 039/092, We see that 3 enters the likelihood via the sum 8 + (o12/022)

(11)

and, as such, cannot be individually identified. Any flat prior Bayesian inference based on
(9) would be invalid, since the posterior density would be improper.

We argue below that, within a Bayesian context, any exact identification problem can po-
tentially be eliminated via a redefinition of the likelihood/posterior as an equivalent (almost
everywhere with respect to Lebesque measure) density in which the identification problem is
eliminated. However, previous work (see Kleibergen and Van Dijk (1994a and b) and Martin
(1995) ) has highlighted the fact that a near lack of identification in the surrounding region
can cause sufficient distortion to preclude éensible inferences. Since, in this case, the region
in question is that which incorporates the cointegration/non-cointegration dichotomy, such
distortion would be a significant problem.

In all three studies, it was found that an appropriately defined Jeffreys’ prior was suf-

ficient to offset both the exact and near identification problem. In the present context, we
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have been unable to derive such a prior, with the likelihood as defined in (8). However, the

approximatioh to (8) which we present in the following section enables an easy derivation of

the requiéite prior.5

Just as important, with regard to the application of a Gibbs-based MCMC strategy, even

if an appropriate identifying prior could be found for (8), the resultant po;terior must also be
such that the induced conditional posteriors are, at least in the main, of a form from which
simulation is both possible (i.e. the conditional densities have a known form) and efficient
(i.e. the parameters can be handled in sets). Given the very complicated way in which the
parameters enter (8), it is unlikely that it and any prior would combine in such a way to
satisfy either of these reqllirements. In contrast, the approximate likelihood below produces
(in combination with the Jeffreys’ prior to be defined) a posterior which is amenable to an

efficient MCMC algorithm.
3.2 The Approximation

The approximation we use is based on the truncation of the infinite expansion of:
(1 — L)%uy;
to a finite expansion, denoted by:
urt + dyure—1 + d2u1t—2 + - -+ + djuye—; = D(L)uys. (12)

The d; are defined as in (6) and are thus different polynomial functions of the single parameter
d. We reiterate that the coefficients of the infinite expansion which (1 — L)? represents,
approach zero as the lag length increases for any d > —1. As such, the truncation of the

expansion is valid for any d > —1.7

6 We note that Maximum Likelihood applied to (8) would be fraught with convergence problems if the

likelihood had a large amount of mass in the region of near lack of identification.
7 The truncation in (12) has been used in previous Classical work. For example, Chung and Baillie (1993)

propose a conditional sum of squares estimator based on this form of truncation as an alternative to the more
computationally burdensome exact MLE method of Sowell for the univariate ARFIMA case.
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Implementing the truncation in (12), the likelihood function is now proportional to

|Z| /2 exp{—1/2 0, (®(L) D(L)uys, O(L)uge) T (P(L) D(L)uyy, O(L)use)'} (13)
= ||~ "/? exp{—1/2t7;)3‘15},

where S is now defined in terms of the data as:
S =Y "(®(L)D(L)(y: — Bzz), O(L)Az:)' (B(L) D(L)(y: — B), O(L)Azy). (14)
t )

The contemporaneous covariance parameters now enter the likelihood via ¥, separately from
the parameters controlling the dynamics, which enter via S. Moreover, if we expand the

exponent in (13) as

—1/2+ |57 (o2 T D(LYue]? + o1 TO(Lyuael? — 2012 T(S(L) D(Lure®(Luse]),

we see that each set of time series parameters essentially enters separately from the others.
These features of the approximate likelihood function are readily exploited by the MCMC
method to be outlined in Section 4.

However, the approximate likelihood in (13) still contains an identification problem. De-

composing the full likelihood in (13) as:
o011’ exp{—1/(2011.2) E;[(‘I’(L)D(L)yt — BO(L)D(L)z:) — (012/022)©(L) Az¢]?}. 15)
03" exp{~1/(2022) TIO(L)Az(]?),

(3 is seen to be unidentified by the approximate likelihood when ®(L) = ©(L) =1 and d =1,
which corresponds once again to the subspace in which there is an lack of cointegration
between z; and y;. In contrast to the identification problem in the exact likelihood, however,

the present problem is solvable via the specification of a particular Jeffreys’ prior.

3.3 A Jeffreys’ Prior.

In order to motivate the required form for the prior, we need to look a little more closely at the

way in which the identification problem manifests itself in the joint posterior density based
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on (13). Let us concentrate, for ease of exposition, on the case where ®(L) = ©(L) =1
is ‘specified from the outset, in which case the parameter set is simply (8, 2, d). We shall
assume prior independence between ¥ and the remaining parameters, thereby decomposing

the joint prior for all parameters as:

p(6, %, d) o p(X).p(B, d). (16)

For ¥ we shall utilize the noninformative Jeffreys’ prior, IIEII/ 2 x |E|"3/ 2 where I, denotes

the submatrix of the information matrix which relates to the elements of X; ie. Is =
E(—8%In L/8X8Y'). For the time being, we shall allow the second component in (16) to
be a uniform density. Thevresultant joint prior enables standard Bayesian analysis to be
pefforrned, and the precise nature of the identification problem highlighted.®

Given the approximate likelihood function given by (13) and the prior function given by

(16), the form of the joint posterior density is:

p(B,5,d) o< |57 exp{—1/2tr(Z715)}, (17)

with (8, T, d) defined on D = R1x SP#* x R!(> —1), where SP4* denotes the space of (2 x 2)
positive definite symmetric matrices and R!(> —1) denotes the real number line beyond —1.
Standard techniques enable integration with respect to ¥, yielding the following form for

the joint density of § and d:

p(B,d]y,x) « {C1 + Cof* —2C3B} 7, (18)

G = Zt:[D(L)yc]2 ;[A:Bt]2 - [Zt:' D(L)ysAz:]?,
C, = Z;[D(L)xt]2 ;[Axt]?' - [Zt: D(L)z:Az:)?,

Cs = ; D(L)y:D(L)z: Z;[Axt]z - Zt: D(L)y Az ; D(L)z;Ax,

8 See Box and Tiao (1973, Chp.2) for an accessible discussion of the sense in which a Jeffreys’ prior is
”noninformative”.
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and we furthér define:

Cy=C1—C3/Ca.

It is easy to show that when d = 1, and D(L) = 1 — L as a consequence, both C and
C3 = 0. This in turn implies that the joint density for 8 and d is a constant function of and,
hence, fails to identify (3 in this region of the parameter space. The integral, with respect to
B, of this slice of the joint density at d = 1, being unbounded, ascribes an infinite value to
the marginal density of d at the point d = 1.

"For d # 1, standard integration techniques can again be used to produce respectively the

conditional and marginal densities:

p(Bld,y,x) o [sg] /2 {1 + (8 — B)*/[(n — 1)s3]} "/ (19)

p(dly,x) < C; 2C; (12, (20)

where 8 = C3/Cj and (n — l)s% = Cy/C, .

If the impact of the lack of identification of B at d = 1 were to be felt only at that
single point, then the solution would be to simply redefine the joint density function as (17)
with support D* = D N {(B,d,X);d # 1}. This amounts to finding a joint density which
is equivalent almost everywhere (with respect to Lebesque measure) to the original density,
but which does not incorporate the identification problem. Our inferences regarding both 3

and d would be unaffected by such a change in the definition of the joint posterior.

However, as found in the previously cited work, the impact of a "near” lack of identifica-
tion can be significant for a wide range of d values around 1, depending on the nature of the
true underlying data generating process (dgp). Figures la and 1b provide examples of the
marginal density of d when the data has been generated from processes with true values of

0.2 and 0.8 respectively for d. As is quite evident, when the bulk of the density is situated
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well below_'d = 1, as in Figure 1a, the density appears to be a well-behaved function of d,
cent?red near the true value. In the case of Figure 1b however, the density has a distorted
appearance, with an artificial global mode being produced at a point arbitrarily close to 1,
despite the true d being well into the mean reversion region. This distortion is typical of

densities produced from dgp’s with high d values.?

4.0

2 3

2.8

2.4
]

Marginol pasterior density
1.0 2.0 X
Morginal posterior density

1.2
.

0.0

Figures 1a and 1b. Marginal posterior of d. (Flat joint prior for 3 and d)

We can shed more light on the impact of this near lack of identification on the marginal
density of d specifically, by analyzing more closely the two quantities C and Cjy, of which

p(dly,x) is comprised. Graphical analysis suggests that, in the range of interest (i.e. for

—1 < d < 1.5), C; behaves like a quadratic function of d which assumes a minimum value

of zero at d = 1, irrespective of the true value of d in the underlying dgp. The only data

9 Numerical integration was used to produce these densities and those in Figures 2, 3 and 4. The MCMC
algorithm is not applied until Section 6. The value d = 1 has been eliminated from the support of the density
for the purpose of producing the graphs. The values for 8, 012, 011 and 022 in the dgp underlying these and
all other graphs produced in Sections 3 and 5 are 3, 0.5, 1 and 1 respectively.
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dependent aspect of Cs (and, hence Cy 172 ) is the degree of concentration of the function |
around its minimum (maximum) value, and that is, in turn, affected by x only. C4 on
the othgr'hand, behaves like a quadratic function of d whose minimum value appears to be
appropriately influenced by the true value of d.

In summary, the marginal density of d is the product of an apparently well-behaved

function of d, C (n-1)/ 2, which seems to possess sensible inferential content regarding d, and

a function, C, Y 2, which possesses no such content. The latter, moreover, serves to dominate
the former function, for certain dgp’s, producing a density with a large amount of probability
content around d = 1, even when the true d is well into the cointegration region. It would

Cy 1/2 factor, in order to produce

appear to be desirable, therefore, to somehow offset the
sensible inferences.
As has been mentioned several times now, the elimination of the impact of the identifica-

tion problem, of which the distortion induced by C; 1/2

is the manifestation, may be achieved ‘
via the use of a particular Jeffreys’ prior. The latter is proportional to the determinant of
the information matrix and, hence, related to the inverse of the covariance matrix of the
relevant posterior density. In the case of potentially unidentified parameters, it should tend
to offset the infinite conditional variances which occur at the points at which the parame-
ters become unidentified, as well as eliminating any associated irregularity in the marginal
densities in regions of a near lack of identiﬁcation. As pointed out by Kleibergen and Van
Dijk, the success of the Jeffreys’ prior in this regard depends crucially on the way in which
the expectations ‘within it are evaluated.

In order to derive the appropriate form of the Jeffreys’ prior, it is necessary to allow the
identification problem to reveal itself in the full likelihood function. That is, the relevant
parameter must fail to be identified by the full likelihood function in order for the Jeffreys’

prior, as derived from that function, to be operational in terms of offsetting the lack of

identification. In our case then, we need to view the likelihood in terms of the decomposed
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form in (15), reproduced here for the case where ®(L) = ©(L) = 1:

L(B, T, dly,x) o |Z|"?exp{-~1/2tr="1S}

= oif% exp{-1/(2o12) TUDL)y — BD(L)z) = (o12/7) Af?).

03" exp{=1/(202) TIA=I?},
(21)

Maintaining the assumption of prior independence of ¥ and the remaining parameters, the
first line of (21) can be used to derive the Jeffreys’ prior for ¥, namely, |=|73/2. With this
independence assumed, the element 01‘2/022 appearing in the second line of (21) can be
replaced by the artificial parameter ¢, and the Jeffreys’ prior for 8 and o conditional on d
dérived from this first part of the decomposition, being the only part of (21) in which these
parameters appear.

We need therefore to derive the determinant of the (2x 2) information matrix:

Ipa=E ~OnL/of"  —0inl/Bhde —82In L/8Pdc = 8°In L/5adP,
—82InL/8a8p —3? In L/8a?
where it is implicit that all differentiation is conditional on d. The elements of this matrix
reduce to:
E(-8*InL/8B%?) = (1/on.s2)E Zt:[D(L):x:t]2 = (1/o11.2) B(x*'x*),
E(—9WnL/8Bc) = (1/o11.2)E S D(L)mdz, = (1/ons)E(x"x")  and
E(-8%InL/8a?) = (1/on2)E ;[Axt]2 = (1/011.2) B(x**'x**),
where x* and x** are the observation vectors for D(L)z; and Az; respectively. As such, the

Jeffreys’ prior, which is proportional to the square root of the determinant, is defined by:
|pal'/? o {B(x"x"). E(x""x") — [E(x"x")]*}/2. (22)

Given that « is only an artificial parameter introduced for the purposes of the derivation,

we can effectively view (22) as the prior for § conditional on d.

17




/2 s equivalent

The source of the distortion in the d density, namely the quantity C, 1
to the inverse of (22) , so long as the expectations of the functions of x; which appear are
replaced by their realized values. Since no expectation with respect to the z; process is a
function of either of the parameters of interest, namely 8 and d, this form of evaluation of
the expectations implies no loss of information with regard to these parameters. As such,
we are justified in using this particular version of the Jeffreys’ prior Which serves to exactly

offset the impact of the identification problem.

Figures 2a and 2b present the ”"smoothed” versions of the densities in Figures 1a and 1b

respectively. As would be anticipated, given the small impact of the Cy 2 factor on the d

density given in Figure 1a, the eradication of it in Figure 2a affects the density only slightly.
The difference between the d densities in Figures 1b and 2b, however, is much more marked,
with the latter displaying nothing of the irregularity present in the former, and having a

modal value very close to the true value.

45
40

30 315
2.4 28 3.2

2.8

20
2.0

Marginal posterior density
1.8

Margingl pasterior density

18

1.2

1.0
0.8

Figures 2a and 2b. Marginal posterior of d. (Jeffreys’ prior for B conditional on d)
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It is of interest at this point to also present the marginal densities of 3 produced by the

same dgp and conditional prior as in Figures 2a and 2b respectively. As is evident in Figure

3a, when the degree of fractional cointegration is low, the marginal density of 8 provides an
accurate basis for inference. When the degree of fractional cointegration is high, however, as
in Figure 3b, the density of 3 is highly dispersed, with the modal estimate rather inaccurate.
The tail behaviour of the density is such that moments may well not exist. Since this density
is typical of those resulting from a high underlying d value, we are wary of using the mean

to estimate 3. In Sections 5 and 6, we use the mode of the density as the point estimator of

B..

30. OGP: g = 3. d = 0.2 3b. DGP: # = 3: d = 0.8

o8 09

]
07

]
Morginal posterior density
0s 06

Morginal posterior densily
4
04

Figures 3a and 3b. Marginal posterior of 3. (Jeffreys’ prior for B conditional on d)

In total then, our prior specification is:
p(B, T, d) o« [T~ {(x"'x").(x"'x") — (x"x"*)*}/%.p(d).
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For generaAI'(I)(L) and ©(L), we simply redefine x* and x** appropriately and specify the full

prior as:

p(B, =,d, ¢, 0) o< |Z| 732 {(x"x").(x"'x"*) — (x"x**)2}1/2.p(d, ¢, ). (24)

To limit the scope of the paper, we shall leave the third component of (24) as a uniform

prior.10 The resultant joint posterior is thus given by:

p(B,%,d,6,6]y,x) o |E|7"*/2 exp{(-1/2)tr=715}.

{(xwx‘) '(xulxu) _ (x"x")2}1/2.

(25)

It is this density from which the marginal densities of. B and d are to be derived via the

MCMC procedure to be outlined in Section 4..11
3.4 Bimodality in the marginal posterior for d.

Although the incorporation general ®(L) and ©(L) polynomials in the model will be shown
to be easily catered for by the proposed MCMC algorithm, the inclusion of ®(L) specifically
leads to confusing inferences regarding d. In Figures 4a b and c respectively, we present

examples of marginal d densities for the following three parameter settings in an artificial
dgp:

1. d=04, ¢; = 0.0,

2. d=0.4, ¢ =09 and

3. d=0.4, ¢; = 0.4.

10See Martin (1995) for some discussion of the appropriate marginal prior for time series parameters in this

type of model. .
11We note that (25) can be used for inference in any part of the parameter space for d beyond —1. In

practice, this lower bound is unlikely to exert any influence on inferences. Most importantly, the station-
ary/nonstationary division of the space of d is irrelevant to inference based on (25). In applying the formal
convergence criteria from Markov chain theory, it shall be convenient for us to eliminate from the support
the sub-space on which the joint posterior density is rendered equal to zero by the conditional Jeffreys’
prior. As such, from this point on we shall define the almost everywhere (with respect to Lebesgue mea-
sure) equivalent joint posterior as (25) defined on the support D* = D N {(8,d, ¢,0,X);x" 7# x**}, where
D =R' xR}(> —1) x RP x R? x §P%* |




40. DGP: d = 0.4 ¢, = 0.0 . 4b. DGP: d = 0.4 ¢y = 0.9

1.4

.2
1.2

1.0
1.0

0.8
Margino! posterior densily

Marginal posterior densily

0.8
0.8

1.0

0.2 0.3 04 05 0.6 0.7 0.8 0.9

Marginal posterior density

0.0 0.1

Figures 4a, 4b and 4c. Marginal posterior of d. (Jeffreys’ conditional prior for 8 given d and ¢;.)




Inall settingsA #; =0,j=2,3,...p, and ©(L) = 1. In the parameterization of the model, ‘
we allow for the same parameterization as in the dgp; i.e. a one-dimensional polynomial ®(L)
and ©(L) = 1.

As is evident in Figures 4a and b, the bimodal d density places one mode in a position
which corresponds reasonably closely to the true value of d. However a se_zcond mode occurs
in either the low or high region of the d parameter space, according to whether the true
value of ¢ is low or high. For p-dimensional ®(L), the position of the second mode appears
to be determined by the true value of the sum of the ¢; coefficients, which represents the
long-term memory aspect of ®(L). Most importantly, depending on the particular data set,
the higher mode is not necgssarily the one pinpointing the underlying true d. Obviously, with
such a density, no measure of central tendency, including the higher mode, is an accurate
point estimate of d. Further, the relative sizes of Pr(d < 1) and Pr(d > 1) will be distorted by
the second mode, leading to inaccurate probabilities of cointegration and non-cointegration
respectively. In Figure 4c, in which the true d and ¢; have the same value, vs}e see the
antimode in the d density being the most accurate estimate of that value.

It would appear that, as it stands, the Bayesian method is unable to discriminate between
the long-memory fractional component and the long-memory part of the stationary compo-
nent ®(L). It may be that the problem can be offset by some form of prior specification. Or
it may be that the Bayesian posterior. bimodality is simply a manifestation of a more general
problem associated with the fractional integration/cointegration inference when short-run

and long-run dynamics enter simultaneously.

4. The Gibbs/Metropolis MCMC Algorithm

In this section we provide a very brief explanation of the hybrid MCMC algorithm used
to estimate the marginals of interest. The algorithm is very similar to that used in Martin

(1995). As such, we refer readers to that paper for a more detailed description of the method,
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including discussibn of the required convergence conditions. For recent papers discussing -
both the thebry and implementation of MCMC procedures in general see Tierney (1991),
Smith and Roberts (1993) and Roberts and Smith (1994). The book by Tanner (1994)
also provides informative and comprehensive discussion of the methods within the broader

context of Bayesian computational methods.

4.1 The Gibbs Sampling Algorithm

As applied in a Bayesian context, Gibbs sampling involves sampling from the joint posterior
density indirectly via an iterative generation of random drawings from all of the conditional
(posterior) densities induced by the joint density. Demonstrating the procedure for the case
of our specific parameter groupings: 3, d, ¢, 8 and X, the steps of the algorithm are as

follows:12

Step 1 Specify initial values for d, ¢, § and =, d©, $®,0(® and =,

Step 2 Cycle iteratively through the five conditional densities, drawing respectivély:
1. B4 from py (B®]dG-D, ¢G-D, 9G-1) £6-1) y ),
2. d®) from pa(d®|6®, 461, 661, 56Dy, x),
. 6% from pa( ¢(,-)| ﬁ(i), d(i)’e(i—-l),z(i—l),y’ x),
99 from p4(0(i)| 'B(i)’ d(i)’d,(i), Z(i_—l),y’ x) and
. £ from ps(£®|8), a1, ¢, 66), y, x) until i = M.
Given the satisfaction of certain convergence conditions, the realized values, viewed as
random variables, converge in distribution to the joint posterior distribution as M — oo.
Alternatively, with M being large enough for convergence to have occurred, the continued ap-

plication of the algorithm for a further N iterations produces both a sample of N (8, d, ¢, 8, X)

values from the joint posterior density and a sample of N values of any individual parameter

12We demonstrate the MCMC method with ®(L) incorporated, despite the demonstrated difficulty it causes
for inference.




(parameter set) from its marginal (joint) density.
- Obviously, in order for the Gibbs Sampler to be operational, one needs to be able to

sample from the conditional densities. The conditionals induced by (25) are given by:

1.

pl(ﬂldy o, 01?" Y, x) & exp{_ii}il(—ﬁ_)(ﬂ - 5)2}3

where 8 = B1/Bj, Var(B) = 011285 ', B1 = Ly(z;[yf — (012/022)23*]), B2 = Ly(27)?,
y; = ®(L)D(L)y; and z;* = O(L)Axz;.
2.
P2(d|B, ¢,0,5,y,%) o< exp{(=1/2) |=|™" (022 £[®(L) D(L)uae]?

| +ou TIO(L)un]? — 2012 TIH(L) D(L)ure@(L)uzd)}.

{Ze(D(L)zy — ¢'xi1)2 Tu(=*)? — [Zo(D(L)z; — ¢’xf_1)(x{‘)]2}1/2,

where x;” ; denotes the p-dimensional vector (D(L)x:—1, D(L)z¢-2, ..., D(L)z:—p)' and d,
the argument of interest, enters the function via the polynomial functions of d which the

coefficients of D(L) represent.

1 - -
p3(¢lﬁ1 d7 07 Ey Y, X) (o8 eXP{—m((ﬁ - ¢)/(U£Ul)(¢ - ¢)}-
O — ¢/ )2 Do) = Do(af — o5 y) @YY,
t t t
where ¢ = (UU1) "} (Uj[uf — (012/022)x**]), Uy = (udy, ufy, ..., ud 1), uf denotes the
n—dimensional vector with elements u’l*"t = D(L)uyt, u'l"t denotes the p—dimensional vector
(ufi1ufiogr- - s uf ), 2f = D(L)z: and x** is the observation vector for the z}*.
4.
p4(618,d, ¢, %) o exp{—1/(2022.1)(6 — 8)' (U3U2)(6 — 8)}.
{Zt(“’;)z- Se(Aze — 6"Axt—1)2 — [EZi(zt) (A, — glet_l)]Z}lﬂ,
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where 8 = (ULU) ™Y (Uj[ug — (012/011)ut]), Uz = (ugo, uyy,. .., U2n—1)’, uzs denotes the
g-dimensional vector (ug¢—1,u2t-2,-- -, U2t—q) and o221 = 022 — 02,/ 011.

5.
ps(Z18,d, 6, 0) o ||~/ 2 exp(—1/2trE71S).

The densities of B and ¥ are Normal and Inverted Wishart respectively. As such they

can be simulated from directly, via any Normal variate generator. 13 The way in which the

parameter d enters the coefficients of the D(L) polynomial and, in turn, the joint paosterior,

is such that its conditional density of d is very non-standard in form. However, d is a one-
dimensional parameter. As such, simulation from its conditional density is easily performed
via a numerical approximation to its inverse cumulative density; i.e. via so-called Griddy

Gibbs.14

4.2 The Metropolis Algorithm

The presence of the conditional Jeffreys’ prior for 3 given d, ¢ and 6 also renders the condi-
tional densities of the parameter vectors ¢ and 6 non-standard in form, both densities being
proportional to the product of a Normal kernel and the prior density viewed as a function of
¢ and 0 respectively. Since we wish to allow these parameter vectors to be multidimensional,
a grid-based simulation method is not a desirable option. Several other options are available
in such a circumstance, all of which are variants on the idea of drawing from the unattain-
able (multidimensional) distributions indirectly, via another distribution. We choose to use

another Markov chain algorithm, the so-called Metropolis algorithm.

13To generate values from the Normal density we use the GAUSS command RNDN. Generation of values
from the Inverted Wishart density is achieved by taking the inverse of matrix values generated from the
associated (non-inverted) Wishart density. The latter simulation is performed by generating (via RNDN) n
two-dimensional normal deviates z; = (zi1,2i2)’, with mean zero and variance covariance matrix S~!. The
random matrix ¥} = z:z; then represents a realization of a Wishart variable with degrees of freedom n

and covariance matrix S ‘&. The inverse of this realization is the required realization of X.
14See Tanner (1994).




The basfc thrust of the Metropolis algorithm is to simulate a value of ¢ (@) indirectly,
via a so-called candidate density a3 (g4), with the latter having the properties of being both
a good match for p3 (ps) and easy to simulate from. Having a non-standard form, the
integrating constant of p3 (p4) is obviously unknown. Fortunately, the Metropolis algorithm
uses p3 (p4) in its unnormalized form only. We have argued previously (see Martin (1995)),
that as a consequence of fact that this form of identification problem does not impact at
the level of the full conditional densities, that part of p3 (ps4) which would be present if no
adjustment were made for the identification problem, namely the multivariate Normal kernel,
represents a good approximation to the overall conditional density. As such, the relevant
Normal kernel is used a candidate density in Metropolis .ge_nerations of () and 60, within
the Gibbs Sampler.1®

Once the simulated values have been produced via the hybrid algorithm, estimates of
the marginal densities of interest need to be produced for the purpose of inference. Via a
Rao-Blackwell type argument, (see Gelfand and Smith (1990) for discussion on this point),
it can be shown that the most accurate estimate of either marginal posterior of interest,
p(Bly,x) or p(dly,x), is a finite mixture density estimate. Demonstrated for the § marginal,

this estimate is given by:

p(ly) = (U/N) SN p1(Bld9, 60,00, 50),y, %), (26)

where N is the number of simulated sets of parameter values. (26) is, of course, simply the
sample estimate of the expectation implicit in the relationship between a conditional and a

marginal density.16

15See Martin (1995) for a more detailed discussion of the use of the Metropolis algorithm in this type of

context, including a description of the I%on(:hm itself.
16Since the conditional density for 3 is Normal in form, the component densities to be used in the mixture

density estimate are known in their entirety, ie. including their integrating constant. In the case of d however,
the relevant conditional density has a non-standard form. As a consequence, one-dimensional numerical
integration needs to be performed on each of the N components in the mixture density estimate. This
requirement obviously has implications for the speed with which results can be produced However, the
impact does not appear to be burdensome.




4.3 Convergence of the Markov Chain

There are two points to consider ‘in relation to the question of convergence of the hybrid
Markov chain to the joint posterior distribution. First, the structure of the Markov chain
must be such that this joint posterior represents the so-called stationary or invariant distri-
bution of the chain. Second, the structure of the chain must also be such that convergence
towards the invariant distribution does indeed occur; i.e. that the chain is ergodic. If a
straight Gibbs sampler were being used, then we would just need to consider these two
- points as they pertain to it alone. However, with a Metropolis algorithm embedded within
the Gibbs Sampler at two poipts, we need-to also ensure convergence to the relevant con-
ditional distributions, so that the overall algorithm converges to the joint distribution. In
Martin (1995), it was argued that the nature of the application was such that the Metropolis
subchains were uniformly ergodic for the relevant conditional posteriors, whilst the overall
outer Gibbs chain was simply ergodic for the joint posterior. The application considered
in the present paper is sufficiently similar for us to draw the same conclusions regarding

convergence.

5. A Monte Carlo Experiment

In this section we present the results of some Monte Carlo simulations in which the repeated
sampling performance of the Bayesian inferences are compared with that of various Classical
methéds. Such a comparison is, of course, irrelevant to a "pure” Bayesian adhering to
the likelihood principle. We feel, however, that whatever its inherent advantages, for any
Bayesian method to bé used in practice, the method must be seen to be acceptable according
to standard Classical criteria.

The model underlying the simulations is the simplest version of that discussed in the
paper, whereby ®(L) = ©(L) = 1. Since we know that any inference regarding d is prob-

lematic when ®(L) is incorporated in the model, there seems to be little point in assessing
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the repeated sa'rhpling performance of the Bayesian estimator in that context. Omitting
O(L) as well means that the marginal posterior of d can be produced via one-dimensional
numerical normalization of (20) multiplied by the conditional Jeffreys’ prior Cé/ %, which is a
function of d only. The marginal density of 8 can be produced via two- and one-dimensional
integration respectively applied to. (18), also multiplied by the prior factor 021 /2 Since very
low-dimensional numerical integration is faster than the MCMC method, its use has enabled
us to produce repeated sampling results based on a reasonable number of replications. The
disadvantage is that we cannot draw ariy conclusions from these results regarding the impact
on inferences about d and 3 of the short-run dynamics in the z; process.

In all simulations, the true value of 3 in (1) is 3, whilst the true value of both variance
parameters o1 and 092 in (5) is 1. The latter values mean that the value of 0.5 for o12 quoted
at the top of each table, represents the correlation between the underlying error terms ej
and eq¢. The number of replications underlying each result is 500, and results for sample sizes
of both 50 and 100 are reproduced.!” |

The results reported fall into four categories:

1. The Bias and Root Mean Square Error (RMSE) of the modal estimator of 8 compared
with that of the OLS estimator and the Fully Modified OLS (FMOLS) estimator of

Phillips and Hansen (see Phillips and Hansen (1990)). (Table 1)

. The Bias and RMSE of the modal estimator of d compared with that of the exact Max-
imum Likelihood estimator (MLE) applied to the OLS residuals from the augmented

regression equation y; = Bzt + AAz; + n1¢. (Table 2)

3. The power of the Dickey Fuller (DF), augmented Dickey Fuller (ADF) and MLE-based

17The fractional white noise process for u;; was generated via the finite truncation given in (12), with the
truncation made at 30 lags. This method was used for time saving purposes only. The fractionally integrated
process can be generated exactly via a Cholesky decomposition of the exact covariance matrix , previously
denoted by 011;1. The finite expansion D(L)u;; which enters the algebraic expressions for the various
densities used in the Bayesian procedure was also truncated at 30 lags. Some experimentation indicated very
little change in the results as a result of changing either lag length.
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tests against.fractiona.l alternatives. (Table 3)

4. The average probability in repeated samples of fractional cointegration, as calculated

from the marginal posterior of d. (Table 4)

With reference to Classical estimation of 8 in the presence of a fractionally integrated
error term, Cheung and Lai (1993) prove that the OLS estimator is consistent of O(n?), with
b denoting the reduction in the order of z; and y: which the cointegration eﬁeéts. This result
nests the original Stock (1987) convergence result, which applies for b = 1. However, with no
account taken of either endogeneity or the autocorrelation in the error, the performance of
the OLS estimator is expected to be deficient in comparison with an explicit cointegration
estimator. The results in Table 1 confirm this expectation to some extent, especially for the
larger sample size.

The FMOLS fesults in Table 1 are based on an estimated long-run variance with a
lag length of 10. We conjecture that the number of estimated autocorrelations required to
sufficiently account for the long memory error process would adversely affect the small sample
performance of the FMOLS procedure, so we have chosen 10 as a compromise value.® For
the larger sample size, for all values of d in the dgp, the cointegration estimator performs
better than (or equivalent to) OLS in terms of bias. However, as d increases, its RMSE
exceeds that of OLS. For the smaller sample size, FMOLS is superior to OLS only for small
values of d. Neither method provides accurate inference, in terms of either bias or RMSE,
for values of d close to 1, for either sample size. The results for d = 1 reflect the sort of
imprecision which we would anticipate for estimators of a non-cointegrated regression. (See

Phillips (1986)).

18The results are virtually identical to those based on a lag length of 5, which were not reproduced here as a
consequence.




Table 1. The Bias and RMSE of (3 estimates

B=3; (1 - L)duu =ey; o012 =0.5.

d

Estimator 0.2 0.4

B mode 0.006
FMOLS 0.013
OLS 0.023

8 mode'

FMOLS
OLS

n=100 Bias [ mode
FMOLS
OLS

B mode
FMOLS
OLS

The modal estimator of 8 has a uniformly superior performance compared with the
Classical estimators. Being a parametric estimator, it has a comparative advantage over a
non-parametric method such as FMOLS when the dgp tallies with the assumed parameteri-

‘zation. However, it is still encouraging to see such good repeated sampling behaviour for the
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Bayesian estimator, at least for small d. As d moves into the non-stationary, but mean revert-
ing region, the Bayesian estimator, whilst still maintaining its relative superiority, exhibits

large bias and RMSE in the same way that the Classical estimators do.

Table 2. The Bias and RMSE of d estimates

ﬁ = 3; (1 - L)dult =e€1t;, 012 = 0.5.

d

Estimator 04

d mode —0.055

MLE —0.099

n=100 Bias

In Table 2, the MLE figures result from the maximization of the exact likelihood function
for a univariate fractionally integrated process; i.e.:
L(d, s11) o |s119n1| /% exp{n'Qi'n},

where 7 denotes the (n x 1) vector of residuals from estimation of the augmented regression

described earlier and s1; the variance of the assumed underlying white noise process.}® The

-19The augmentation of the cointegrating regression with the regressor Az occurs in order to purge the error
term uy, of its correlation with uge = Az,.
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parameter d in the likelihood function is restricted to lie within the range: —0.5 < d < 0.5.

When the value of d in the true dgp is greater than 0.5, the exact likelihood is applied to the
first differences of the residuals, and the value of d estimated indirectly via d* = d — 1. The
restriction: —0.5 < d* < 0.5 implies the restriction 0.5 < d < 1.5.

The Bayesian modal estimator of d is seen to be less biased than the MLE in the stationary
region, but more biased (in all but one case) in the non-stationary region. It would appear
that the downward bia;s likely to be present in the sampling distribution of the MLE is offset
by the truncation at d = 0.5, which comes into effect when the true d exceeds 0.5. Since
we have observed, for the simulation size of 500, a tendency for the empirical distribution
of the MLE , given a non-stationary dgp, to become mc;reA negatively skewed as the sample
size increases, the deterioration in the bias of the MLE as the sample size increases is to be
anticipéted. Whether this is a feature of the theoretical distribution is unknown.

The Bayesian estimator has consistent bias over different d values, an improvement in
bias with an increase in n and a RMSE which is less than (or equal to) that of the MLE for
all settings of d and n. That the Bayesian estimator mimics the MLE in having a negative
bias is to be expected, given that, with the flat marginal prior on d, the posterior mode is
closely linked to an MLE.20

In Table 3 we present results on the power of the MLE-based test in testing d = 1 against
d < 1. The test statistic is simply the ratio of the MLE to the asymptotic Hessian-based
standé.rd error as produced by the Gauss Maximum Likelihood routine.?! The MLE-based

test is seen to largely mimic the power performance of the DF test across the parameter

20[n Martin (1995) it is shown that a marginal Jeffreys’ prior on a time series parameter can alleviate this
negative bias to some extent. In the present case, however, the marginal Jeffreys’ prior for d is a constant
function of d, no matter how the relevant expectations within the prior are evaluated, and, as such, can play

no such role.
21The critical values used are those associated with an empirical size of 5%, given respectively by —2.551

(n = 50) and —3.653 (n = 100). The procedure was too time consuming to allow for a more accurate estimate
of the true 5% critical value. The 5% critical values for the DF and ADF tests were generated from 10,000
replications of the null model. They are given by: n = 50: —2.908 (DF); —2.710 (ADF, 5 lags); —2.537 (ADF,
10 lags); n = 100: —2.822 (DF); —2.748 (ADF, 5 lags); —2.663 (ADF, 10 lags).




space. Both' this fact, plus the fact that the power of the latter is better for large values of d,
is very surprising, given the fact that the Maximum Likelihood method is expressly designed
to cater for fractional as opposed to I(0) alternatives. Both tests are able to discern the
presence of a stationary fractionally cointegrated equation. However, neither seems able to
detect mean reversion alone in the error. The behaviour of the ADF tests illustrates the
analytical result in Hassler and Wolters (1994), whereby an increase in the number of lags
in an ADF test is shéwn to cause a decrease in the power of the test against fractional
_alternatives.

Whilst the DF and ADF tests exhibit appropriate behaviour as the sample size increases,
the MLE-based test shows sig;hs of inconsistency for hJ:gh d values. We. are reluctant to
comment further on this since, as implied earlier, it may be that 500 replications is not
enough‘to produce an accurate estimate of the true sampling distribution.

Given the apparent weakness of the Classical methods to discriminate between I(1) and
slow mean reverting error processes, it is of interest to note the accuracy of the correspond-
ing Bayesian inferences. Table 4 gives the average probabilities (over the 500 replications) of

' mean reversion, as calculated from the marginal posterior of d. As is quite evident, for both
sample sizes, high average probabilities obtain even for large values of d. The average prob-

ability. of no cointegration, when the true d equals 1 is also high. Note that this probability

would be higher, the further is the true d beyond 1.




Table 8. The power of ADF and MLE tests for
Cointegration against Fractional Alternatives
Size = 0.05

=3 (1- LYuy =ey; 012=0.5

d

Test

DF
ADF (5)
ADF(10)

DF

ADF (5)

ADF (10)

The average Bayesian probabilities are, of course, not directly comparable with the Clas-
sical powers. However, as a summary measure of the ability of the procedure to pinpoint the
nature of the generating process, they suggest an accuracy that the Classical tests, whose

abilities are summarized in the power measurements, lack.




Table 4. The Average Probability of Drawing
‘the Correct Bayesian Inference
About Cointegrdtion

,3 = 3; (1 - L)dult = €1t, o12 = 0.5

d

0.2 0.4 0.8 0.9

Pr(d<1)  1.000 1.000 0.911 0.801

Pr(d > 1)

Pr(d<1)  1.000 1.000 0.976 0.890

Pr(d > 1)

6. Testing for Long-run PPP

In this section we use the Bayesian procedure to assess the validity of the PPP doctrine for

certain countries. We have obtained data for the same time period and for three of the same
countries as did Cheung and Lai (1993), in order to allow for some comparison between our
Bayesian inferences and their Classical results. The comparison is, however, limited by the
fact that 1) our data derives from a different source than does theirs for some of the sample
period; and 2) our sample size is reduced to 50 compared with their sample size of 76 as a
result of our using 26 lags in the approximation of (1 — L)¢. We supplement our results with
FMOLS estimates of the cointegrating parameter, estimates of d based on the Maximum
Likelihood procedure described in Section 5, and DF and MLE-based unit root tests applied

to the OLS residuals.?2
22We do not apply any ADF tests as a result of their apparent lack of power to detect fractional alternatives.




Specifically, we consider the PPP relation linking the price levels of three countries,
France, Japan and the United Kingdom, to the price level of the United States. For each

country, we estimate the relationship:

fpe = Bpe + uxe

where fp: denotes the log of the foreign price index (CPI) measured in U.S. currency and
p: is the log of the U.S. price index (CPI). These variables correspond to ¥t and z; in our
previous notation, with their joint determination assumed to be described by the general
fractional cointegration model giveﬁ by (1) to (5) in Section 2, but with ®(L) set to 1. As in
the previous section, we have decided to avoid the problems associated with the incorporation
éf ®(L) in the model. We present results based on values of 0, 2 and 4 respectively for the
degree, g, of the ©(L) polynomial. A more exhaustive study would choose g via some sort of
model selection criterion. It is worth reiterating at this point that the MCMC method copes
well with large ¢ (and indeed p) values, where such values may well be necessary if an MA
component were to be captured.?

The exchange rate and CPI data used in the analysis is annual data for the period

1914—1989. The data for the period 1949 —1989 is taken from the Reserve Bank International

Supplement, and is extended back to 1914 via the data published in Lee (1978).

We begin by presenting in Table 5, modal estimates of d, along with the associated
probabilities of mean reversion in the error. The latter probabilities, all exceeding 80%
as they do, are very supportive of the existence of PPP between the U.S. and all countries

considered. However, the high modal estimates of d suggest that the rate of reversion to parity

23Prior to conducting the cointegration analysis, z: and all five 3, variables were accepted as unit root processes
by ADF tests with 5 lags. Also, all data was demeaned in order to cater for the lack of intercept term. The
MCMC density estimates are produced using the following iteration strategy. After a "burn-out” period of
M, we take into the sample the output of every rth iteration, the intermittent sampling of the chain aimed at
speeding up convergence via a breaking of the Markovian dependence. With N denoting the final number of
sample values from which density estimates are constructed, the MCMC densities are produced from a total
of (r + [N + (M/r)]) — M iterations for the outer Gibbs chain. For all examples, we use N = 1000, M = 300
-and = = 10. In all instances, we perform 20 iterations of the Metropolis sub-chain before taking a value as a
realization from the relevant conditional density.
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is very slow. Cumulative impulse responses based on these modal estimates are presented
in Table 6.24 The column for the U.K., for example, indicates that a one-unit shock to
the parity relation, although having zero effect in the infinite future, still has an impact of

almost 0.5 units after 50 years.

Table 5. Modal Estimates of d and the

Probability of Fractional Cointegration

Country

France  Japan U.K.

0.601  0.640  0.840
0.601  0.640  0.800

0.561 0.561  0.760

Given the negative bias exhibited by the modal estimator in the Monte Carlo experiments,

we could view our estimates as underestimating the true value of d, and, as a consequence,
the sluggishness of the mean reversion. However, this fact should be counterbalanced by the.
fact that the d estimate is being forced to soak up all of the dynamic behaviour in uj¢, and
may assume a larger value as a consequence. We note that the impact on inferences about

d of an increase in the degree of autocorrelation in ug; (i.e. g), is not very large.

24The impulse responses are calculated from the formula: u;e = (1 — L) —de,¢, which is appropriate given the
specification of ®(L) = 1. The value of d in the formula is replaced by the modal estimate, based on g =0.




Table 6. Impulse Responses
. Based on the Modal

Estimates of d

Country

Japan U.K.

10 Years . 0.307  0.612
30 Years . 0.209 0.516
50 Years . 0.174  0.476

00 . 0.000  0.000

The Maximum Likelihood estimates of d presented in Table 7 are of a similar magnitude
to the Bayesian modes. On the basis of such high estimates, however, the MLE-based test is
able to reject the null of a unit root in the error in one case only, and then only at the 10%
level. The DF test on the other hand rejects at the 5% level in favour of a stationary error
25

in all three cases.

Table 8 provides modal point estimates and 95% HPD interval estimates of 3, based on

the three assumed models.2®6 The point estimates for France and the U.K. are reasonably

close to the value of 1 which would obtain if the homogeneity condition were imposed. The
estimates for Japan, however, are well in excess of 1, indicating that an assessment of PPP
based on the real exchange rate may be inappropriate. For France and Japan, in particular,
the impact on the modal estimates of B of an increase in g is very small. However, for all
three countries, it is evident from the HPD estimates that allowance for higher degrees of

autocorrelation in the x; process produces correspondingly more concentrated 8 marginals.

25T'he critical values used for the DF and MLE-based tests are the nn = 50 critical values produced numerically

for the Monte Carlo experimen|
26A 95% HPD (Highest Probabﬂxty Density) estimate is an interval with 95% probability coverage, whose

inner density ordinates are not exceeded by any density ordinates outside the interval.
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Table 7. Classical Inference
Regarding
Fractional Cointegration

(* (**) denotes rejection at the 10% (5%) level)

Country

France Japan U.K.

ML FEstimate 0.667 0.715 0.839

ML t Stat. -1.982* -1.773 -0.944
DF t Stat. -3.528**  -2.924** -3.041**
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Figure 5. Marginal d and ( densities for the French/U.S. relation.




Table 8. Estimates of

Country

France Japan U.K.

0.980 1.280 1.070
1.060 1.410 1.070
1.070 1.460 1.080

95% HPD (-0.27,1.68) (-0.452.04) (-0.46,2.37)
(0.50,1.39)  (0.53,1.84)  (0.46,1.36)
(0.54,1.38)  (0.74,1.88)  (0.56,1.38)

FMOLS 1.092 1.537 1.135
(s.e.) (0.045) (0.092) (0.034)

The French densities reproduced in Figure 5 illustrate this fact. The d densities, on the other
hand, illustrate the afore-mentioned relative lack of impact of g on the d marginals.

The FMOLS estimates tally most closely with the modal estimates based on g = 4.
Asymptotically, the associated t ratios are Standard Normal. Based on the standard errors
quoted, the 95% confidence intervals are much more narrow than the corresponding Bayesian
interval estimates. However, since the former intervals have asymptotic justification only,

they may be very misleading for a sample size of 50.

Finally, our results are roughly in accordance with those of Cheung and Lai. Their GPH

estimates of d for the three countries we have considered all fall within the range 4.5 — 6.0.
Since their sample is larger than ours, we would anticipate these smaller d estimates, since
the longer data span allows more time for mean reversion to occur. Interestingly, in the light

of our comments about the lack of power of the ADF test against fractional alternatives,
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their ADF tests &o fail to detect cointegration in the case of both Japan and the U.K.

7. Conclusions

In thjs'paper, we have argued that the appropriate characterization of a cointegrating relation
is one in which the error term is mean reverting. In order to model mean reversion, the
traditional procedure of equating @integation with an I(0) error term must be extended
to one in which the error term is allowed to be fractionally integrated of order d, with
d any real number between —1 and 1. We have presented a procedure for estimating the
probability of mean reversion, or fractional cointegration, in addition to the values of the
fractional differencing parameter d and the cointegrating parameter(s). Inferences are based
on marginal posterior denéities, which are able to be estimated in a straight forward manner
via a combination of MCMC methods.

We have produced results which suggest that the Bayesian inferences have a repeated
sampling performance which is very competitive with that of Classical alternatives. ThisA
finding, in conjunction with what we see as the intrinsic benefits of the Bayesian method,
namely the production of a full density function as a basis for inference, and the opportunity
of formally incorporating a prior density, lend strong support to the application of the method
in this context. The issue of prior density specification has been particularly crucial. If we
were not able to incorporate the conditional Jeffreys’ prior, the identification problem, which
is fundamental to the form of fractional cointegration model used, and, therefore, relevant to
both Bayesian and Classical inference, may need to be offset via some more ad-hoc method.
Moreover, it is the Bayesian paradigm, in which analysis of posterior density functions is
valid, which has allowed the identiﬁca£ion problem to manifest itself in such a way that the

exact prior factor required to offset it has been made evident.
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