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1. Introduction.

This paper concerns the testing of a behavioral assumption implicit in the use of
Logit models for polychotomous choice data. The Independence of Irrelevant
Alternatives (ITA) property implies that the choice between two outcomes in a
choice set depends solely upon the characteristics of the outcomes being compared
and not upon the characteristics, or indeed, the existence, of any other outcomes

in the choice set.

The assumption of the ITA property facilitates model estimation. However, it may
be unduly restrictive in terms of individual behavior, and inconsistent with the
available survey data on polychotomous choice situations. Thus it is widely
acknowledged that when wusing Logit models for discrete choice behavior,
researchers should test for the ITA property (see, for example, Fry et al (1993),
Zhang and Hoffman (1993)). Many tests for the IIA property have been proposed in
the literature. This paper considers six tests, which are applied to a previously
analyzed data set on court sentencing patterns. The purpose of the paper is to

compare the outcomes of the tests to ascertain whether the same inference is made

across different tests and also within the various versions of the same test. This

inference is conducted using both asymptotic critical values and empirical
critical values, the latter obtained from a simulation experiment. Finally, the

results are compared across the two procedures.

The ‘plan of the rest of this paper is as follows. In the next section we discuss
the specification of Logit models of discrete choice behavior and testing for the
IIA property. Section three contains the results of testing -for the IIA property
on the court sentencing data and finally section four contains some concluding

remarks.




2. Testing for Independence of Irrelevant Alternatives.

In this section, the specification of Logit models of discrete choice behavior is
discussed, along with the associated IIA property. The six tests for this property
that are used in this paper are then described. As is common in the literature
(see, for example, Fry et al (1993)) a random utility maximization (RUM) model is

used. The (indirect) utility function is given by:
Uij = V‘J(ZU’ Xl) + Eij, 1= 1, eeey 1IN j = 1, veey J, (1)

where Uj; is the utility individual i derives from choosing alternative j. This is
comprised of two components, V;; and g; The former is a deterministic component
which depends upon characteristics of the individual X; and variables which vary
across both individuals and alternatives, Z;. The Ilatter, & is the random

component which represents unobservable factors. Typically the functional form for

the V;; in equation (1) is assumed to be linear, thus:

’ ’ 4

If it is assumed that the g;’s are independent and identically distributed as

Extreme Value then a Logit model specification results with associated selection

probabilities, P;; = P(individual i selects alternative j), given by:

exp(V;)
Pij = J___J_

ZCXP(Vik)
k=1
The IIA property states that the odds of choosing alternative j over alternative k

(k # ), P;/Py, are independent of all other alternatives and of the number of

alternatives in the choice set. Thus in this instance,

Pij - CXP(Vij)

Py, exp(Vy)




which, using the form for the V;’s as given in equation (2) above, will satisfy
the definition of IIA. Although this property implies strong restrictions on
bchavior,. its use leads to considerable advantages in model specification,

estimation and forecasting. Given the frequent use of such models to explain

choice behavior, it is important to test for the existence of the IIA property.

Probably the most widely used test for the IIA property is the Hausman-McFadden
(HM) test (Hausman and McFadden (1984)). The HM test statistic is based upon the
fact that if ITA holds, the model’s structure will be invariant to whether the
parameter estimates are obtained from the full choice set C or from a restricted
subset, D, of this choice set. That 1is, consistent estimates of & in (2) are
obtained by maximizing the log-likelihood of the Logit model either over the full
choice set C, or over the subset D, (yielding. %c and 81) respectively). The test is
a Hausman specification test (Hausman (1978)) with two estimators being employed.
One of these, %D, is both consistent and efficient under the null hypothesis of
ITIA, but inconsistent under the alternative that IIA does not hold. The other

estimator, 8, is consistent under both the null and alternative but inefficient

under the alternative. The HM test statiétic is given by:

HM = Gy - 30y - 80) = ¥R,
where Q is the generalized inverse of the asymptotic covariance matrix of q.
Asymptotically the test follows a chi-squared distribution with degrees of freedom
equal to the rank of Q. Hausman and McFadden show that Q is asymptotically
equivalent to (Qp - o), the generalized inverse of the difference of the

asymptotic covariance matrices of 8, and &; respectively. This is the version of

the HM test that we use in this paper.

The HM test can conveniently be termed a ‘“choice set partitioned test” in that it
involves partitioning the full choice set. In this paper three other so-called

‘choice set partitioned’ tests are also considered: the McFadden-Train-Tye (MTT)




test (McFadden, Train and Tye (1981)), the Horowitz (H) test (Horowitz (1981)) and
the S‘mall-Hsiao (SH) test (Small and Hsiao (1985)). All of these tests are
variants of the likelihood ratio test and are based upon the same basic premise.
That is, if the ITA property is valid, then we can base tests upon the difference
between the maximized log-likelihood of the model estimated freely over a
restricted subset, D; and thé same .-log-likelihdod function .evaluated at the

parameter estimates obtained from maximization over the full choice set, C.

Specifically, the MTT test involves estimation of the Logit model by maximum
likelihood on the full choice set C thus obtaining paramcter estimates, %C. The
Logit model is then estimated using data over the subset D, yielding ESD The log-
likelihood for this ‘restricted” (in the sense of a restricted choice set)
estimation is labelled log L, and its maximized value is log Ll(%D). The MTT test
then compares log Ll(%D) with log L, evaluated at the full choice set estimates %c

(i.e. with log L,(8c)). Thus the MTT test statistic is given by:

MTT = -2(log L,(3p) - log L,(y).

This test statistic has an asymptotic chi-squared distribution with degrees of

freedom equal to the dimension of §p,.

However, due to the use of overlapping estimation samples, a bias towards
acceptance of the null hypothesis of IIA arises in the MTT test. To avoid this
bias, Horowitz (1981) suggests randomly dividing the sample into two
asymptotiéally equal parts A and B, with respective sample sizes n, and np. These
two samples are subsequently used in the construction of a test statistic. The
Horowitz (H) test statistic is then constructed as follows. Firstly, the Logit
model is estimated by maximum likelihood> for data over the full choice set C in
the sub-sample of n, observations. This yields the estimates %é The sub-sample A
is now discarded. The Logit model is then estimated by maximum likelihood using

data over the subset D, in the sub-sample of ny observations. This estimation




yields parameter estimates, 83, with associated maximized log-likelihood of

log L,(%}_?,). The H test statistic is calculated as:
H = -2(log L,(8) - log Ly(&p),

where log Ll(Sé) is log L, evaluated at the full choice set estimates, %A,
-.obtained . from .sub-sample A. This test statistic follows .an .asymptotic chi-squared

distribution with degrees of freedom equal to the dimension of Sg.

Small and Hsiao (1985) show that the use of independent samples causes the H test
to be biased towards rejecting the null hypothesis of ITA. In their paper they
propose a test (SH) that combines the MTT and H test procedures such that the
resulting test is free of any bias. Again, the sample is randomly divided into two
asymptotically equal parts A and B with respective sample sizes, n, and ng. The
Logit model is then estimated by maximum likelihood in each sub-sample over the
data for the full choice set C. These procedures yield estimates éé and 32 which

are then combined in a weighted average:

88 = (V)8 + (1 - 1/v2)5%

The first sub-sample A is once more discarded and the Logit model is estimated by

maximum likelihood in sub-sample B for data over the subset D. This yields
parameter estimates, 353, and associated maximized log-likelihood /Jog Ll(Sg). The

SH test statistic is then calculated as:
SH = -2(log L,(3%) - log L,(8%),

where log Ll(%éB) is log L, evaluated at the weighted average of the full choice
set estimates, %’éB, defined above. Again, this test statistic follows an
asymptotic chi-squared distribution with degrees of freedom equal to the dimension

of %g.

Another class of tests for the IIA property involves the specification of an




alternative model which does not embody IIA. Typically such models are

generalizations of the Logit model and ITA is tested using conventional tests for

parametef restrictions. Such a generalization is the DOGIT model of Gaudry and

Dagenais (1979). The selection probabilities for the DOGIT model are given by:

I
- exp(Vy) + 6 ZCXP(Vik)

k=1

J J

1+ Zek ZexP(Vik)

k=1 k=1

The DOGIT model is convenient in that if certain parameters (the 6’s) are equal to
zero it collapses to the Logit model. As the Logit model is nested within the
DOGIT model then a test for the Logit, and hence for IIA, can be carried out by
testing the appropriate parameter restriction using a Wald, likelihood ratio or

Lagrange multiplier (score) test procedure.

From a practical viewpoint, the most appealing procedure is that of the score
test, as it only involves estimation under the null hypothesis. That is,
estimation of the Logit model. Tse (1987) derives the score (LM) test of the IIA
property using the DOGIT model as his alternative (non-IIA) specification. The LM
statistic however ignores the inherent one-sided nature of the hypothesis test in
this case. In an earlier paper (Fry and Harris (1993)) we derive an appropriate
one-sided test based upon the locally most mean powerful (LMMP) test procedure.
This LMMP test statistic turns out to be nothing more than a standardized sum of
scores and is thus straightforward to use in testing the Logit against the DOGIT
specification. Therefore, as alternatives to the ‘choice set partitioned tests’
described above, the LM and LMMP tests against the DOGIT specification are also

used as tests for the IIA property.




3. An Empirical Example.

In this section we take a ‘real life’ data set and test for the ITA property using
the six tests above (HM, MTT, H, SH, LM and LMMP). The data concerns the
sentencing of male offenders in English Magistrates Courts and is a subset of that
used in - Crichton and Fry (1992)2. For this data, there are six outcomes:
Discharged, Probation, Community Service Order, Suspended Imprisonment, Immediate
Imprisonment and Fined. Table 1 shows the number of offenders in each category in
our full choice set (i.e. the set C). It is clear from this table that one outcome
(Fined) dominates and one (Suspended Imprisonment) is selected relatively less
frequently than the others. Such a split across outcomes is not uncommon in

empirical work.

We estimate the Logit model and conduct the six tests for the IIA property as
outlined aboved. For the ‘choice set partitioned’ tests there are a large number
of subsets, D, which could be formed from the complete set, C. We choose only to
consider six choices of D. That is, the subsets formed by deleting each single

outcome in turn. The tests are conducted using both asymptotic critical values,

using the appropriate limiting distribution, and then using simulated ‘empirical’

critical values. The resultant inference is then compared.

Table 2 contains the calculated test statistic values. For the ‘choice set
partitioned’ tests several points should be made. The values for the HM test
differ quite markedly. The subset formed by dropping the Immediate Imprisonment
outcome leads to a rejection of the null hypothesis of ITA. The negative value for
the subset formed by dropping the Fined outcome arises as a consequence of the way

in which we estimate Q and is taken as indicating a non-rejection of the null

2That is to reduce computing times in our simulation work we use three of the six
courts from their data set.

3The results of the estimation of the Logit model over the full data set and some
summary statistics may be found in the Appendix.
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(see footnote 4, pagé 1226 of Hausman and McFadden (1984)). Thus for the HM test
one of the calculated test statistics rejects the null and the other five do not

reject the null.

Both the MTT and the H tests reflect the theoretical biases described above. That
is the MTT test is biased towards not rejecting the null and the H test is biased
towards rejecting the null. Thus the calculated MTT test statistic values are all
“small” and the calculated H test statistic values are all “large”. These
calculated values lead to six rejections of the null for the H test and six
decisions not to reject the null for the MTT test. It is interesting to note that
the theoretical biases of the MTT and H tests were also confirmed by previous
Monte Carlo work (Fry and Harris (1993)). The SH test, on the other harnd, corrects
for these known biases and the calculated values lie between those of the MTT and
H tests. Using the SH test we do not reject the null for five of the subsets but
reject it for the subset formed by deleting Suspended Imprisonment which happens

to be the smallest category.

Therefore, the ‘choice set partitioned’ tests lead to conflicting evidence
concerning the null hypothesis of IIA. It possible for us to obtain conflicting
inference not only across tests, but also within a given test. Such results are
potentially worrying for empirical workers wishing to test for IIA. In other
words, their conclusion concerning the validity of the IIA property (and hence of
their model specification) appears to be dependant upon their choice of test

statistic. It could be argued that neither the MTT test nor the H test should be

considered because of their known biases, but we should note that a comparison of

the HM and SH tests also reveals conflicting inference. Thus the problem is not

just one of known bias.

We also computed the LM and LMMP tests for the Logit specification against the




DOGIT specification and in both cases find that the null hypothesis of the Logit
model cannot be rejected. Thus these tests appear to support the null hypothesis
of ITIA holding. Unfortunately, earlier work (Fry and Harris (1993)) has indicated

that these two tests are undersized in finite samples and thus potentially biased

towards acceptance of the null Logit specification.

Thus, at this juncture, the researcher will be unsure as to whether they can
accept the null hypothesis of ITA and therefore their Logit specification. Since
earlier work (Fry and Harris (1993)) has shown evidence of the six tests for the
ITA property wused in this paper being incorrectly sized, inference using
asymptotic ~ critical values may be inappropriate. Therefore, an alternative

approach to inference is the following simulation procedure.

Under the null that ITA holds, the correct specification is a Logit model. Thus we
estimate a Logit model over the full choice set for the whole data set and use the
estimated coefficients, 30 as “true” in a simulation experiment. Our simulation
then involves using %c in the RUM model given in (2) and adding to W;-SC a random
drawing from an Extreme Value distribution. We then map the resultant Uj’s into -
an “observable variable” by finding the maximum U;; value. The Logit model is
estimated using this simulated data and the six tests computed. This set up is
then replicated 1000 times and the empirical size performance assessed. The
procedure also allows us to find the simulated empirical critical values for the

test statistics. That is, the value of a given test statistic beyond which a% of

all our calculated test statistics lie.

Table 3 contains our results on empirical size performance for a nominal size of
5%. These clearly show up the known biases in the MTT and H test statistics.
Additionally they show that the SH test is oversized and the HM test is reasonably

well sized. The simulations also indicate the extent to which the HM test can be




affected by the anomaly of a negative calculated test statistic value. For
example, 42.4% of calculated test statistics when the Discharged outcome is
dropped to form the subset D, are negative (full details may be found in the
Appendix). The results for the HM and SH tests somewhat contradict earlier
findings (Fry and Harris (1993)), these found that, at the 5% level, the SH test
was invariably correctly sized4, whereas the HM test had fairly erratic size
properties. It should be noted, however, that the earlier results were from a
Monte Carlo experiment using a generated “X matrix” and that this may partly
explain the apparent discrepancies between the two sets of size results (see
Mityds and Harris (1993) for a discussion of the impact of the choice of “X
matrix” in Monte Carlo work). Once again, our results illustrate that the LM and

LMMP tests appear to be severely undersized, concurring with earlier evidence.

One way to take account of differing size performance is to use simulated
empirical critical values in our test procedures. These empirical critical values
are found in Table 4. Conducting our inference using the empirical critical values
leads to only two rejections - from a total of 26 test statistics - of the null
hypothesis of ITA. These two rejections are HM, when Immediate Imprisonment is
dropped to form the subset D, and MTT, when Fined is dropped to form the subset D..
These results give a clearer picture, than that gained using asymptotic critical
values, of the validity of the ITA property for the court sentencing problem. That

is, that IIA and hence a Logit specification is likely to be acceptable.

4. Conclusions.

In this paper we have taken six tests for the Independence of Irrelevant
Alternatives (ITA) property of Logit models for polychotomous choice situations
and applied them to a real data set on court sentencing patterns. As is

traditional in empirical work we conduct our inference using appropriate

“If the SH test was not correctly sized it was oversized.
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asymptotic criticali values. We compare the test results both across the different
tests and within a given test across the variants of that test. Additionally, we
cary out a Monte Carlo simulation experiment to assess the empirical size
performance of the test statistics. This simulation study also gives us estimated

‘empirical’ critical values to use in our inference concerning the validity of the

ITA  property. Finally, the results of our inference using ‘empirical’ critical

values is compared with that obtained using the asymptotic critical values.

Inference based upon asymptotic critical values revealed known biases. That is
that the MTT test is biased towards the null (giving “small” calculated values)
and that the H test is biased towards rejection of the null (giving “large”
calculated values). However, even if we were to ignore the results of these two
test procedures, we still find conflicting inference concerning the null of IIA
both across tests and within a given test across its variants. Such conflicts
imply that there is some uncertainty facing an empirical worker. That is, the
decision made on the validity of the ITA property varies according to which test -
or even which variant of a given test - is used. Thus it is possible for two

empirical workers to come up with different answers using the same data set.

Our simulation study, based upon the model under the null (the Logit model),
enabled us to investigate the size properties of the tests. These both confirmed
and contradicted previous results in Fry and Harris (1993). The known biases for
the MTT, H, LM and LMMP tests were confirmed. On the other hand, the SH test had
worse size properties and the HM test better size properties with this sentencing
data set. Using the ‘empirical’ critical values generated in our simulation
yieldled a more consistent inference across tests and within given tests. In this
instance only 2 rejections of the null of ITA were found from 26 test statistics.
From this we conclude that there is stronger evidence of the validity of the IIA

property (or equivalently the Logit model).




Our results indicate that when testing for the IIA property we should exercise
care in the choice of test statistic as conflicting inference can arise from

differing choices of test statistic. This conflict appears most marked when

inference is conducted using asymptotic critical values. It is likely that part of

the problem arises through the poor Size properties of the asymptotic procedures.
Thus we suggest that, in practice, researchers use more than one test statistic to
confirm whether any conflict of inference arises. Furthermore, where possible, we
would recommend that a simulation experiment be conducted to obtain ‘empirical’

(size corrected) critical values for use in inference concerning the ITA property.
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Table 1: Number of Observations per Outcome.

Outcome

Discharged

Probation

Community Service Order
Suspended Imprisonment

Immediate Imprisonment

Fined

Table 2: Values of Choice Set Partitioned Tests.

Outcome Dropped HM MTT SH H

Discharged 5.5678 | 0.3120 | 28.4113 | 57.1906
Probation 14.4877 | 0.2921 | 28.7131 | 57.3868
Community Service Order 2.9612 | 0.2074 | 29.4664 | 57.5110
Suspended Imprisonment 2.3113 | 0.4675 | 32.7032 | 63.8486
Immediate Imprisonment 50.2097 | 0.1555 | 28.9470 | 58.2089
Fined -20.7715 | 2.9518 | 19.0690 | 37.8036

Note: All these tests have asymptotiﬁc x2(20) distributions with an (asymptotic)
5% critical value = 31.41.

Tests against DOGIT: Apy = 0.2953 2 x2(6), Anpp = -0.1590 2 N(O,1).

[5% asymptotic critical values 12.59 and 1.645 respectively]




Table 3: Empirical Size Performance for a Nominal Size of 5%.

Outcome Dropped HM MTT | SH H

Discharged 0.036 0.000
Probation 0.059* | 0.000
Community Service Order| 0.053* | 0.000
Suspended Imprisonment | 0.041* | 0.000
Immediate Imprisonment | 0.030 | 0.000
Fined 0.047* | 0.000

Tests against DOGIT: XLM = 0.004, XLMMP = 0.000.

* indicates that 95% confidence interval for estimated size contains nominal size.

Table 4: Empirical 5% Critical Values for the Tests.

Outcome Dropped HM MTT SH H

Discharged 23.4449 | 0.4926 | 33.9267 | 66.8484
Probation 35.1879 | 1.2866 | 32.9364 | 65.4635
Community Service Order| 32.1753 | 1.4375 | 33.3754 | 66.5297
Suspended Imprisonment 25.4402 | 0.8313 | 34.4868 | 68.1514
Immediate Imprisonment 17.1097 | 0.5314 | 33.5588 | 66.4270
_|Fined 29.2051 | 2.7853 | 33.3408 | 64.0253

Tests against DOGIT: ).LM = 3.5886, kLMMP = 0.3497.




APPENDIX: Descriptive Statistics and Estimation Results.
n = 689, corresponding to courts 2, 3 and 6 of the NACRO study.

SENTENCE: description in Table 1.

OSCORE: Offending Score Index - min. 3, max. 19, mean 11.083, s.d. 4.0639.
EMPT: 0/1 indicator of employment status (=1 if in employment) - 242 (0.3512) 1’s.
CRT3: 0/1 indicator of court 3 (= 1 if in court 3) - 248 (0.3599) 1’s.

CRT6: 0/1 indicator of court 6 (= 1 if in court 6) - 231 (0.3353) 1’s.

Maximum Likelihood Estimates of Multinomial Logit Model:

Outcome Coefficient| Estimate |Std. Error

Discharged Constant 0.4364 0.4245
OSCORE | -0.1048 0.0377
EMPT -0.9868 0.2744
CRT3 -0.0023 0.3114
CRT6 -0.8723 0.3889

Probation Constant -2.1263 0.5135
OSCORE 0.2391 0.0429
EMPT -1.1664 0.3153
CRT3 -1.5813 0.3442
CRT6 -1.8100 0.3874

Community Service Order|Constant | -4.1414 0.6016
OSCORE 0.3470 | 0.0457
EMPT -1.2486 0.3176
CRT3 -1.0690 0.4107
" |CRT6 0.2296 | 0.3754

Suspended Imprisonment |Constant -7.5168 0.9887
OSCORE 0.6552 | 0.0755
EMPT -0.4660 0.3612
CRT3 -4.1694 0.6069
CRT6 -1.8994 0.4082

Immediate Imprisonment |Constant | -9.5396 1.055

OSCORE 0.8494 | 0.0790
EMPT -2.0181 0.4085
CRT3 -4.1026 0.5139
CRT6 -1.8315 0.3990

Note: Coefficient estimates normalized on Fined category.

Log-likelihood = -865.145, Restricted (slopes=0) Log-likelihood = -1141.211.




Frequencies of Aciual and Predicted Outcomes:

Predicted -
Actual .| CS.0.] S.I.| LL
Discharged 5 3
Probation 12 5
4 24
5
2
5

11
17
19

18 33 79 29

Percentage of correct predictions = 47.17.

Note: Predicted outcome has maximum probability.

Percentage of Negative Hausman-McFadden Test Statistics in 1000 Replications:

Outcome Dropped % negative

Discharged 424
Probation 25.0
Community Service Order| 24.2
Suspended Imprisonment 32.6
Immediate Imprisonment 36.4
Fined 26.1







