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Abstract

Information criteria (IC) are used widely to choose between competing
alternative models. When these models have the same number of parameters,
the choice simplifies to the model with the largest maximized log-
likelihood. By studying the problem of selecting either first-order auto-
regressive or first-order moving average disturbances in the linear regres-
sion model, we present clear evidence that a particular model can be unfair-
" ly favoured because of the shape or functional form of its log-likelihood.

We also find that the presence of nuisance parameters can adversely affect

the probabilities of correct selection.” The use of Monte Carlo methods to

find more appropriate penalties and the application of IC procedures to
marginal likelihoods rather than conventional likelihoods is found to result

in improved selection probabilities in small samples.
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Introduction

Often in statistics and particularly in non-experimental disciplines
such as econometrics we are forced to use the available data to make a
choice between a number of competing alternative models. One approach is to
use a series of pairwise hypothesisrtests. As Granger et al. (1993) note,
this has a number of limitations. They argue as others do that such model
building decisions should be based on well-thought-out model selection
procedures. The consensus in the literature seems to be for the use of an
information criterion (IC) based on minus the maximized log-likelihood
function plus a penalty function for the number of parameters in the model.
There is little agreement about what this penalty function should be. For
example, for the Akaike IC (AIC) it is q and for Schwarz’s Bayesian IC (BIC)

it is qlog(n)/2 where q is the number of parameters in the model and n is

tﬁe sample size. BIC does have an asymptotic Justification but little has

been written about small-sample based penalty functions. The small-sample
based correction to AIC proposed by Hurvich and Tsai (1989) involves a
modification to the penalty function which is still a function only of q and

n.

When the choice is between models with the same number of parameters,
it appears that all IC are in agreement - the model with the largest max-
imized log-likelihood is chosen. While this may be justified by asymptotic
arguments, in small samples it is not clear it is entirely appropriate. It
is possible for certain models to be favoured purely because of the shape or
functional form of their log-likelihood function. The main aim of this

paper is to investigate this question.

We have chosen to conduct our investigation on the problem of selecting
between first-order autoregressive (AR(1)) and first-order moving average

(MA(1)) disturbances in the linear regression model. There is a vast




literature on the former model that dates back to the work by Cochrane and
Orcutt (1949) and Durbin and Watson (1950, 1951). Subsequently, the MA(1)
disturbance model has been recognised by econometricians as a possible
alternative for both economic reasons (see for example Nicholls, Pagan and
Terrell 1975; Rowley and Wilton 1973 and Sims 1974) and statistical reasons
such as the Durbin-Watson test having good power against MA(1) disturbances.

This has led to the development of a number of tests of AR(1) disturbances

against MA(1) disturbances and vice versa (see for example King 1983, 1987;

King and McAleer 1987; Burke, Godfrey and Tremayne 1990 and Silvapulle and

King 1991).

Our chosen problem of selecting~between AR(1) and MA(1) disturbances in
the linear regression model is invariant to transformations involving a
change of scale of the dependent variable and the addition of a known linear
combination of the regressors. We can find a maximal invariant statistic
whose distribution depends only on the autocorrelation parameter of the
AR(1) or MA(1) process. A secondary aim of this paper is to consider
whether using the likelihood of the maxiﬁal invariant improves inferences
for this model selection problem by providing a better treatment of nuisance
parameters. Ara and King (1993) have shown this likelihood is equivalent to
the marginal likelihood for the parameter in question. There is consider-
able evidence (see Tunnicliffe Wilson 1989 and Ara and King) that maximum
likelihood estimates based on the marginal likelihood are less biased than

their conventional counterparts.

The plén of this paper is as follows. In section 2, we present the two
competing models and discuss two properties that an ideal model selection
procedure should have. The section concludes by reporting a Monte Carlo
experiment conducted to investigate whether there are problems with a

particular model being favoured and also with the treatment of nuisance




parameters. Strong evidence of both problems is found. Section .3 discusses
ways of'dealing with each of these problenms. The results of a Monte Carlo
experiment conducted to evaluate these suggestions are reported in section

4. Some concluding remarks are made in the final section.

Are selection probabilities affected by the shape of the likelihood

function?

Introduction

Consider the linear regression model
XB + u , (1)

where y is an nxi1 vector, X is an nxk nonstochastic matrix of rank k < n and
B is a kx1 parameter vector. We will answer. the above question in the con-
text of the selection problem in which the elements of the nxi disturbance

vector u are either generated by the stationary AR(1) process

u, = PU 1 te le] <1, e (2)

2 2 _ R 2
where Uy ~ N(0,0°/(1-p%)) and e = (el,...,en) N(O,c In)' or by the MA(1)

process

1,...,n . (3)

2

where e* = (eo,e’)’ ~ N(0,¢ In+1)' Under (2), u ~ N(O,vzz(p)), where Z(p)

is the nxn matrix whose (i,j)th element is pll_JI/(l - sz. Under (3),
u ~ N(O,@ZQ(W)) where Q(7) is the nxn tridiagonal matrix with 1 + 72 as the
main diagonal elements and ¥ as the nonzero off-diagonal elements. For this

. 2 .
selection problen, B and ¢~ are nuisance parameters.




Our focus is on all model selection procedures which can be applied in

the form: choose the model which minimizes
- Li(e) + f(ni,qi) (4)

where Li(é) is the maximized log-likelihood function of the ith model and

f(ni.qi) is a penalty function which depends purely on the number of observ-

ations n, and the number of parameters q in the ith model. The two compet-

ing models in our selection problem have the same number of unknown para-
meters in which case (4) reduces to choosing the model with the largest

maximized likelihood. Under (1) and (2), the concentrated log-likelihood is

1 Ay, N
- 3 log(em) - 3 log|2(p)| - 5 log{(y - XB)'T T (p)y - XB)/n} -3 (5)

where
~ 1 -1,,-1
B = (X'Z "(p)X) X'z "(p)y . (6)

The maximized log-likelihood is (5) with p taking that value, p, which
maximizes (S). In the case of (1) and (3), Q(y) replaces Z(p) in (5) and

(6) and now (5) is maximized with respect to 7.

Observe that when p = 0 and ¥ = 0, (2) and (3) become the same model,
namely ut = et. In othgr words, the parametgr spaces of the two models
intersect when p = 0 and ¥ = 0. If the choice is restricted to only (2) and
(3), then a good model selection procedure would be indifferent between the
two models; i.e., the probability of choosing (2) when ut = et would be one
half. We will call this property 1. Another highly desirable property
would be that this probability increases as |p| increases from zero when (2)

is the true model. Similarly for the MA(1) disturbance model. This will be

called property 2.




2.2 Monte Carlo Experiment

In order to check whether procedures of the form (4) have these
properties in our case, we conducted a computer simulation experiment. The
Monte Carlo method was used to estimate probabilities of correct selection
when regression disturbances are generated from the AR(1) model (2) for p =
~0.9, -0.8, ..., -0.1, 0, 0.1, ..., 0.9, and from the MA(1) model (3) for
the same range of ¥ values. The following X matrices with n = 20 and S0

were used:
X1 : (nx1). The constant dummy as the only regressor.
X2 : (nx2). The constant dummy and time trend.

(nx3). The eigenvectors corresponding to the three smallest eigen-

‘values of the Durbin-Watson (DW) nxn A1 matrix and hence to the upper

bound of the DW statistic. A1 is a tridiagonal matrix with 2's down
the main diagonal, -1's on the off-diagonal and 1’'s in the top left and

bottom right elements.

(nx3). The eigenvectors corresponding to the zero and two largest
eigenvalues of the nxn DW A1 matrix and hence to the lower bound of the
DW statistic.

(nx3). The first n observations of Durbin and Watson’s (1951, p.159)

consumption of spirits example.

(nx3). A constant dummy, the quarterly Australian Consumer Price Index

commencing 1959(1) and the same index lagged one quarter.

(nx3). A constant dummy, quarterly Australian private capital

movements and quarterly Australian Government capital movements.

(nx6). A full set of quarterly seasonal dummy variables plus quarterly
seasonally adjusted Australian household disposable income and private

final consumption expenditure'commencing 1959(4).




(nx5). A constant dummy plus four independent trendihg regressors

generated as

where z t e..,n; i ...,5; are mutually independent AR(1)

ti’

time series generated from

Zeg T 05z 5t My

and LA IN(0,1); t=1,..

These design matrices cover a range of behaviour. X1 is the special
case of the Gaussian time-series model with unknown mean. A rough estimate
of the disturbance autocorrelation is given by (2-d)/2 where d is the
DW statistic. We therefore expect X3 and X4 to show some extreme behaviour.
XS is based on annual data while X6, X7 and X8 use quartérly data. The
régressors of X7 are strongly seasonal with two seasonal peaks per year plus
some large fluctuations. We also estimated probabilities of correct selec-
tion in the pure time-series model with no regressors; i.e. Yi = Y- This
case was included in order to assess the influence of the X8 term on the

probabilities of making a correct selection.

Maximum likelihood estimates under (1) and (2) were computed using
Beach and MacKinnon’s (1978) algorithm, while Pesaran’s (1973) transform-
ation, together with the IMSL non-linear maximization subroutine, DUVMIF,

were used to obtain maximum likelihood estimates under (1) and (2). The

error variance, 02, was set to unity and the components of B were set to

zero because one can show, using the results of Breusch (1980), that each of
the estimated probabilities is invariant to the values taken by B and 02.
Five thousand replications were used and pseudo-random N(0,1) variates were

generated as described by King and Giles (1984).




2.3 Results

Selected estimated probabilities of correctly choosing the AR(1) error
model for each of the design matrices for the regression model and also for
the pure ﬁime—series model are given in Table 1. The corresponding probab-
ilities of correctly choosing MA(1) errors are presented in Table 2. Plots
of these probabilities for the X9 regressor matrix are given in Figure 1.
Note that the probabilities for p = 0 in Table 1 and the corresponding prob-

abilities for ¥y = 0 in Table 2 sum to one.

The most striking feature of the results for the regression model is
that the probabilities of selecting the AR(1) error model when p = 0 are all
significantly below 0.5. They range from 0.105 to 0.333 when n = 20 and
from 0.293 to 0.415 when n = 50, with the largest probabilities occurring
when there are no nonconstant regressors (X1). These probabilities increase
significantly as n increases ceteris paribué. As expected, X3 and X4 show
the most extreme behaviour particularly when n = 50. Another feature is
that for n = 20 and a given design matrix with nonconstant regressors, the
lowest probability of correctly choosing the AR(1) model does not occur at
p=0 but'typically at p = -0.2 or p = -0.4 while for X4 it is at p = 0.2.

For n = 50, the lowest probability always occurs at p = 0, even when the

results for p = 0.1, -0.1 that have been omitted from Table 1, are included

in the analysis. A similar but less pronounced pattern may be seen in Table
2. There the lowest probabilities of correctly choosing the MA(1) model
typically occur at ¥y = 0.2 when n = 20 and always at ¥y = 0 when n = 50.
Furthermore, all probabilities in Table 2 are greater than O0.5. Because
probabilities at ¥ = 0 decrease significantly towards 0.5 as n increases, we
find that for a wide range of .y values, the probability of correctly choos-

ing the MA(1) model decreases as n increases.

With respect to the results for the pure time-series model Yy = u,, we




again see that the probabilities of selecting the AR(1) model when p = O are
below 0.5. However they are much closer to 0.5 than for the regression
model and show signs of rapid convergence to 0.5 as n increases. Further-

more we find that property 2 holds in this case.

These results are somewhat disturbing. They suggest that in the very

simple case of choosing between two different models with the same number of

parameters, choosing that model with the largest maximized likelihood can

result in the correct choice with a probability as low as 0.076 when n = 20.
When both models are true (p = 0 and ¥ = 0), the probabilities of selection
do not split evenly but clearly favour the MA(1) model particularly when n
is small. Thus property 1 obviouslj does not hold. It does appear that the
functional form of the likelihood of the MA(1) model gives it a much better
than even chance of having a larger maximized likelihood than that of the
AR(1) model. This suggests that as well as correcting for the number of
parameters we should also consider correcting for the functional form of the
likelihood particularly in small samples. Of less concern is the fact that
property 2 does not hold when n = 20 in the regression. It appears to hold

for n = 50 and also for the pure time-series models.

We also see clear evidence of nuisance parameters adversely affecting
the probabilities of correct selection. The best results occur for the
time-series models in which there are no B parameters. The next best
results occur when the only regressor is the constant dummy. We therefore
conjecture that better handling of nuisance parameters may be the key to

improving the small-sample properties of IC based selection procedures.

An alternative approach

Procedures of the form of (4) can be easily modified to have property 1

*




in our case of selecting between the two disturbance models. Let ﬁp and ﬁz
denote the maximized log-likelihood functions of the two models and let pp

and pw denote respective penalty functions. Our problem is to find pp and

p_ such that
Y

- - 2
PrifL_ -p_>1L - ~ IN(0, = 0.5
[7 Py P pplut ( 6)]

or equivalently

- R 2 _
Pr[(Lw .Lp) > (p7 - pp) | u, ~ IN(O,c )] =

Observe that (7) is in the familiar form that defines a critical value
for a test statistic. The test statistic is ﬁy - ﬁp which is the log of a
likelihood ratio, (pw - pp) is the unknown critical value and is chosen to
set the probability of "rejection" equal to 0.5. From (7) it is clear that
we can‘only determine pw - pp, in which case it is sensible to set one of
the penalty functions equal to zero, say pp. Equation (7) also suggests
that the value for pv can be estimated using the Monte Carlo method. This
would involve generating Yy as IN(0,1) random variables, computing ﬁy - ﬁp

and repeating this many times to build up the empirical distribution of

-~

ﬁy - Lp. The required p? value is the median of this empirical distrib-
ution. Note that in the simulations, we are able to set 02 =1 and B =0

because of invariance.

While this new penalty function will result in property 1 holding (at
least approximately) it does nothing to guarantee probabilities of making
the correct selection ‘increase as ]p] or |7| increases (property 2). In the
previous section, we conjectured that better handling of nuisance parameters
might result in selection procedures with better small-sample properties. A
standard and very successful method of dealing with nuisance parameters in

the linear regression when making inference concerning the disturbance




vector is through the principle of invariance.

In our case, choosing between (2) and (3) in the context of (1) is

invariant to transformations of the form
y — agy + Xn (8)

where no is a positive scalar and m is a kx1 vector. Let m = n-k, M =
In - X(X’X)-IX’, z = My be the ordinary least squares residual vector from
(1) and P be an mxn matrix such that PP’ = Im and PP = M. The mx1

normalized vector
v = Pz / (z’P’Pz)l/2

is a maximal invariant under the group of transformations of the form of
(8). The joint density function of v under (2) and (3) can be shown to be,

respectively (see King (1980)),

£,(vipddv = 3r(/2)n™?|PE(p)P” [—1/2{v' (P=(p)P’ )~

f,(vizdav = ZC(/2)n ™ ?|Pa(y)P” |‘1/2{v' (PR(z )P’ )“1v}'“‘/2dv (10)

where dv denotes the uniform measure on the surface of the unit m-sphere.

Also note that for any nxn positive definite matrix A

v er) v = aaTlg /z'z,

where U is the generalized least squares (GLS) residual vector from (1)
< . . 2

assuming covariance matrix o A.
Because our selection problem is invariant to transformations of the

form of (8), we need only consider selection procedures that are invariant




to such transformations. The principle of invariance implies that invariant
selection procedures can be constructed by treating v as the observed data
and (9) and (10) as its likelihood function for AR(1) and MA(1) errors
respectively. This suggests the IC procedures should be applied to v rather
than the original y. In our case the AR(1) model is chosen if the log of
(9) maximized with respect to p achieves a higher value than the log of (10)

maximized with respect to 7. Otherwise the MA(1) model is chosen.

Both AR(1) and MA(1) disturbances are special cases of regression

disturbances distributed as u ~ N(0,¢2A(A)) where A(-) is an nxn positive

definite matrix function and A is a px1 vector of unknown parameters. The
problem of choosing a particular form of A(A) from a given range of possible
A(A) matrix functions in the context of (1) is invariant to transformations
of the form of (8). The above arguments for tréating v as the observed data
therefore apply for this more general problem. Ara and King (1993) have
shown that for u ~ N(O,@ZA(A)). the likelihood of A constructed as the joint
density of v is equivalent to the marginal likelihood for A which from

Tunnicliffe Wilson (1989) is given by

-172 =172 -

£ QAly) = AT A oox) 2@ A T oa) ™2 (11)

where u is the GLS residual vector from (1) assuming covariance matrix

GZA(A).

In the case of choosing different A(X) specifications for the
distribution of u in (1), this implies that our suggestion of applying IC
procedures to v is equivalent to applying them to the marginal likelihoods
(11). We therefore call these marginal likelihood based IC (MIC) proc-
edures. In our case of choosing between AR(1) and MA(1) disturbances, all
IC procedgres of the form of (4) result in the same MIC procedure, namely

choose that model which results in the largest maximized value of (11). Of




course we can use the MIC procedure in conjunction with the Monte Carlo
method for determining a penalty function that ensures property 1 holds (at

least approximately).

Monte Carlo Experiment

The Monte Carlo experiment in the context of the regression model (1),
outlined in Section 2, was repeated for each of the new procedures discussed

in the previous section. These procedures are:
(i) IC with empirically calculated penalty functions (ICE),
(ii) MIC,
(iii) MIC with empirically calculated penalty functions (MICE).

Where required, logged marginal likelihoods were maximized using the IMSL
roﬁtine DUVMIF. Selected estimated probabilities of correctly selecting the
AR(1) disturbance model and the MA(i) disturbance model for n = 20 and
n = 50 are presented in Tables 3 - 6. Plots of these probabilities,
together with those for traditional IC procedures, are given in Figures 2

and 3 for X9 with n = 20 and n = 50, respectively.

It is clear from these results that the faults with standard 1IC

procedures identified in section 2 cannot be rectified purely by finding

penalty functions that make property 1 hold. For both sample sizes, the ICE

procedure has probabilities of correctly selecting the AR(1) model that
decline from 0.5 at p = 0 as p decreases (increases in the case of X4) from
zero. These probabilities of correct selection reach as low as 0.257 when
n = 20 and 0.391 when n = S0. For some X matrices such as X4 and X8, the
probability of the ICE procedure correctly selecting the AR(1) model falls
below 0.5 for p values on both sides of p = 0. This suggests that the ICE

procedure tends to be biased against the AR(1) model. It has probabilities




of correctly selecting the MA(1) model significantly below 0.5 only when

n = 20 and for X2, X5, X6, X7 and X9 - the lowest probability being 0.374 at

Jo) 0.4 for X9.

In cohtrast, property 2 always holds for the MIC procedures, at least
for probabilities calculated at intervals of 0.1 with respect to p and 7.
Again we see that the calculated probabilities at p = ¥ = 0 favour the MA(1)
model confirming that property 1 does not hold. Probabilities at p = 0 of
MIC procedures selecting the AR(I) model range from 0.429 to 0.441 when
n =20 and from 0.464 to 0.473 when n = 50. These probabilities are
promising in the sense that they seem to be rapidly approaching 0.5 as n
increases. It is interesting to note their lack of variability and their
similarity to the probabilities of 0.445 (n = 20) and 0.472 (n = 50) we

calculated for the IC procedures in the case of the pure time-series model

with no regressors.

Finally we observe that the MICE procedures appear to obey both prop-
erties 1 and 2. In the case of n = 20, there are some calculated MICE prob-
abilities at |p| = 0.1 in Table 3 which are below 0.5 but they are far from

being significantly different than 0.5.

Concluding Remarks

When choosing between models with the same number of parameters, all IC
model selection procedufes of the form of (4) agree - the model with the
largest maximized log-likelihood should be chosen. By studying this selec-
tion rule in the context of choosing between AR(1) and MA(1) errors in the
linear regression model, we identified two problems with it in small

samples. We found clear evidence that shows a particular model can be un-

fairly favoured purely because of the shape or functional form of its log-




likelihood function. We also found evidence of nuisance parameters adQerse-

ly affecting the probabilities of correct selection.

There is clearly a case for using penalty functions that take into
account the shape or functional forms of the log-likelihood functions of the
models under consideration. This can be done empirically using Monte Carlo

methods. When selecting from two models which effectively overlap at one

point in the parameter space, finding appropriate penalties is analogous to

finding a critical value for a test statistic. This approach can be
generalized to cases of selecting from more than two models - a topic we

hope to report on in a future paper.

In the context of choosing between different forms of the covariance
matrix in the linear regression model, we conclude that IC procedures should
be applied to marginal likelihoods rather than conventional likelihoods.
This 1is because the former approach results in better small-sample
properties. The best results in our study were obtained when marginal
likelihoods are used with penalty functions that take account of the
functional form of the log-likelihood. Of the two issues identified in this
paper, the more serious would seem to be.the better treatment of nuisance

parameters. In our view, it is a subject worthy of further research.
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Table 1: Estimated probabilities of correctly choosing AR(1) disturbances
based on choosing the model with the largest maximized likelihood.

-.4 -.2 0 .2 .4
The regression model y = X8 + u

.546 .409 .351 .333 .363 .436
.819 .617 .461 .415 .463 .616

.346 .232 .215 .227 .258 .317
.752 .541 .398 .359 .399 .538

.192 .076 .078 . 105 .140 .180
.611 .489 .325 .294 .334 . 455

.267 .204 .166 .149 .142 .143
.68S .463 .332 .293 .326 .450

.302 . 185 .179 .205 .245 .309
.70S .S0s .379 .338 .381 .519

.290 .175 .151 . 165 .193 .253
.694 .497 .365 .328 .375 .509

.240 . 126 .142 .182 .235 .295
L7137 .557 .418 .381 . 437 .582

.330 .274 .282 .305 .331 .357
.700 .535 .421 .393 .435 .557

.237 .099 .092 .122 .172 .223
.671 .509 .37 ..341 ° .380 .511

The pure time-series model y = u

.560 .470 . 445 .469
.682 .523 .472 .524




Table 2: Estimated probabilities of correctly choosing MA(1) disturbances
‘ based on choosing the model with the largest maximized likelihood.

-.4 -.2 0 .2 .4
The regression model y = X8 + u

.780 .700 .667 .687 .762
.769 .640 .585 .637 .771

.890 .818 .773 .783 .837
.796 .692 .641 .685 .815

.968 .936 .895 .882 .917
.844 .747 . 706 -743 .858

.903 .859 .851 .882 .933
.859 753 .707 .755 .868

.910 .845 .795 .792 .842
.817 .712 .662 .707 .824

.917 .873 .835 .831 .865
.822 .T122 .672 .708 .824

.936 .877 .818 .796 .836
774 .672 .619 .659 .780

.831 .749 .695 .709 .778
.778 .659 .607 .650 TT7

.958 .922 .878 .854 .876
.802 .707 .659 .705 .821

The pure time-series model y = u

.679 .590 .555 .588
.725 .585 .528 .584




Table 3: Estimated probabilities of correctly choosing AR(1) disturbances
based on ICE, MIC and MICE when n = 20.




Table 4: Estimated probabilities of correctly choosing MA(1) disturbances
based on ICE, MIC and MICE when n = 20.




Table 5: Estimated probabilities of correctly choosing AR(1) disturbances
based on ICE, MIC and MICE when n = 50.

.4 .6

.621 .821
.672 .854
.674 .854

.853 .754
.656 .834
.658 .835

.498 .669
.639 .815
.641 .815

.463 .668
.662 .849
.664 .849

.546 .733
.649 .822

.652 .822

.538 .732
.650 .824
.652 .824

.593 .784
.653 .844
.654 .844

.572 .753
.640 .822
.642 .822

.540 .717
.640 .823
.6442 .823




Table 6: Estimated probabilities of correctly choosing MA(1) disturbances
based on ICE, MIC and MICE when n = 50.




(i) AR(1) disturbances

1

[l L

(ii) MA(1) disturbances

1

-0.8

-0.6

-04 -0.2 -0.0 0.2 0.4

autocorrelation parameter (o)

0.6

0.8

1.0

0.0

[l

-1.0

-0.8

-0.6

-04 -0.2 -00 0.2 0.4

moving average parameter (7)

Figure 1: estimated probabilities of correctly selecting
(i) AR(1) disturbances and (ii) MA(1) disturbances,
using IC, for the regression model with design matrix X9

0.6

0.8

1.0




(i) AR(1) disturbances (ii) MA(1) disturbances

— e
—
*—— WICE

d——— ac
+— Iz
*— MICT

L] 1 ! 1

! L !
[ X¢] 0.0
-1.0 -08 -06 -04 -02 =00 0.2 0.4 0.6 0.8 1.0 -08 -06 -04 -02 -00 0.2 0.4 0.6 0.8 1.0

autocorreiation parameter (p) moving average parameter (7v)

Figure 2: estimated probabilities of correctly selecting
(i) AR(1) disturbances and (ii) MA(1) disturbances,
for the regression model with design matrix X9, 20 observations.
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Figure 3: estimated probabilities of correctly selecting
(i) AR(1) disturbances and (ii) MA(1) disturbances,
for the regression model with design matrix X9, 50 observations.
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