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Abstract

This paper presents general formulae for the likelihood ratio (LR),
Wald (W), Lagrange multiplier (LM) and asymptotic locally most mean
powerful (ALMMP) tests of linear regfession disturbances using marginal
" likelihood methods. These tests can be derived by treating the maximal
invariant statistic for these testing problems as the observed data. By
way of 1illustration, the marginal-likelihood-based LR, W, LM and ALMMP
tests are constructed for the separate problems of testing for general
AR(4) disturbénces and testing for the presence of Hildreth-Houck random

coefficients. Empirical size calculations reported here and elsewhere

suggest that this approach results in tests whose true sizes are much

closer to the nominal size than their conventional counterparts.
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Introduction

Because pf the non-experimental nature of almost all economic data,
there is an extensive literature on diagnostic testing of econometric
models. Much of this literature is concerned with testing for spherical
disturbances in the linear regression model; see for example Godfrey
(1988), Judge et al. (1985), King (1987a, 1987b), Pagan and Hall (1983)
and Pagan (1984). . Thére.is«a general .emphasis..on -three . testing proced-

ures based on the likelihood function, namely the likelihood ratio (LR),

Wald and Lagrange‘multiplier (LM) tests. Unfortunately, the accuracy in

smail-samples of the asymptotic critical values of these tests is ques-
tionable. For example, King (1987a, p.59) concluded that as a test for
autocorrelation in the linear regression model, "the LR test is a part-
icularly unreliable test". Breusch and Pagan (1979), Godfrey (1978),
Griffiths and Surekha (1986) and Honda (1988) all concluded that the
true small-sample size of the LM test for heteroscedasticity is typic-
ally much lower than its nominal size. Also, Moulton and Randolph
(1989) reported remarkable inaccuracies for the asymptotic critical
values of the LM test for error components in regressions with 126 to

506 observations.

One possible explanation is that the presence of nuisance para-
meters (the regression coefficients and disturbance variance) causes
biases in key estimates used in the tests. As Durbin and Watson (1971)
first showed, this problem of nuisance parameters can be overcome by the
use of ‘invariance arguments. A maximal invariant statistic can be found
whose distribution does not depend on the nuisance parameters. Because
all invariant test statistics can be expressed as functions of the max-
imal invariant, optimal invariant testing procedures.can be constructed

by treating the maximal invariant as the observed data ksee, e.g., King




and Hillier (1985) and King (1987b)).

An alternative approach that has been attracting attention, partic-
ularly in the context of modelling linear regression disturbances, is
the method of marginal likelihood which was first suggested by Kalb-
fleisch and Sprott (1970). There is growing evidence that its use can
reduce estimation bias. A good example is that of estimating the error
variance in the ciassical linear model. The maximum likelihood (ML)
estimator is well known to be biased while that based on the marginal
likelihood is the standard unbiased estimator. Also see Tunnicliffe

Wilson (1989) and the references therein. A related estimator of covar-

iance-matrix parameters of the linear regression model is the restricted

(or residual) ML (REML) estimator, see e.g., Harville (1977) and
Robinson (1987). This involves maximizing the marginal likelihood func-
tion of all parameters of the covariance matrix. The scale parameter,
02, is often a nuisance parameter so it is typically more appropriate to
use the marginal 1likelihood function of all disturbance parameters

except o? This is the approach we favour.

There is some evidence that the use of marginal likelihood methods
can produce more accurate tests of regression disturbances. In contrast
to the performance of the conventional LR test for autocorrelation,
Corduas (1986) found that the marginal-likelihood-based LR test has good
small-sample properties. Moulton and Randolph (1989) reported that the
IM test for error components in regression disturbances constructed from
the restricted likelihood function, can be far more accurate than its

conventional counterpart.

The LR, Wald and LM tests are two-sided test procedures, although




they can be converted into one-sided tests for one-dimensional testing
problems. Often, one-sided hypotheses arise naturally through economic
theory and functional considerations such as variances always being
positive. An alternative form of the LM test for one-sided tests of
more than one parameter has recently been suggested by King and Wu
(1990). Their test statistic is based on the sum of scores. In the
absence of nuisance parameters, this test is locally most mean powerful
(LMMP) as it maxiﬁizes the mean slope of the power hypersurface at the
null hypothesis. The information matrix. can 'be used to construct an

asymptotic test based on the sum of the scores.

In section 2 of this paper, we derive general formulae for the LR,
Wald, LM and asymptotic LMMP (ALMMP) tests of regression disturbances
based on the maximal invariant statistic as the observed data. We show
that this approach is equivalent to constructing these tests based on
the marginal likelihood function. The application of these tests to the
separate problems of testing for AR(p) disturbances and testing for
Hildreth-Houck (1968) random regression coefficients is considered in
section 3. Section 4 reports a Monte Carlo study designed to compare
conventional and marginal likelihood based tests for these two problems.

Some concluding-remarks are made in the final section.

2. Theory

Consider the normal linear model with non-spherical disturbances

y = XB+u; u ~ N(0,0%Q(8)) , (1)

where y is nx1, X is nxk, nonstochastic and of rank k < n, and Q(8) is a

symmetric matrix that is positive definite for 6 (pxl) in a subset of RP

which is of interest. Without loss of generality, it is assumed that




Q(0) = In. We are interested in testing HO : 8 = 0 against either Ha :
6 # 0 or H; : 8 > 0 where, in this context, > denotes = for each com-
ponent with at least one strict inequality. It is well known that this

testing problem is invariant to transformations of the form

y — n0y+Xn

where Mg is a positive scalar and 7 is a kx1 vector.

2.1 Preliminaries

Let m = n-k, M = In - X(X'X)-1X’, z = My be the ordinary least

squares (OLS) residual vector from (1) and P be an mxn matrix such that

PP’ = Im and P'P = M. Observe that the mxl vector Pz is a LUS residual
vector given that under HO’ Pz ~ N(O,wZIm) (see King (1987a,

section 5)). The vector
v = Pz / (z'P'Pz) 172

is a maximal invariant under the group of transformations given by (2)

for our problem. The density of v under (1) can be shown to be

-m/2

|_1/2 s_m/2 dv (3)

flvie)dv = 2 F(m/2) m |Pa(6)P”

where s = v’(PQ(B)P’)_lv = G’Q(B)-lﬁ / z’z, U is the generalized least

squares (GLS) residual vector assuming covariance matrix 029(9) and dv

denotes the uniform measure on the surface of the unit m-sphere.

The principle of'invariance implies that invariant tests can be
constructed by treating v as the observed data and (3) as its density
function. In our case, the restriction to invariant tests is well
accepted (see for e.g. Durbin and Watson (1971) and King (1987b)). We

can therefore treat (3) as a likelihood function for 6 and derive stand-




ard tests such as the LR, Wald and LM tests.

This approach is equivalent to using the marginal likelihood for 6

which, from Tunnicliffe Wilson (1989), is given by

-1/72 -1/2 1

-m/2
u) .

£ (e]y) = |ae)| ?|x ae) x| T2 ace)” (4)

As functions of @, f(v;0) and fm(6|y) are identical up to a multiplic-
ative constant and so can be treated as equivalent likelihood functions.

This is because from Verbyla (1990), we have
|Pace)P’ | = |x'x| 7' |ae)||x ae) x|
so that

-m/2 IX,Xll/Z m/2

-1 '
f(v;e) / fm(ely) = 3 rm2) n (z'2)

which is not a function of 6. When repeated evaluations of the likeli-
hood function are required, it may be preferable to use (4). This is
because often |Q(9)] is known and only the determinant of the kxk matrix
X’Q(e)—IX need be evaluated numerically. In deriving the score vector

and information matrix we found it easier to work with (3).

The log likelihood function implied by (3) is

-m

1 ,
L(e) = constant - 5 log|PQ(8)P’ | 5

1og[v'(PQ(e)P')'1v] . (6)

The scores are

ae. 2

1 1 _ 89(e) P,]
1

= - = tr[(PQ(G)P‘) P aei

[V'(PQ(G)P’)_lv]_l[v’(PQ(G)P’)_l[P agée) P')[PQ(G)P']"lv]
i




1 aQ(e) m [~, 8Q(8)”
E [A(e) ] -5 [u ——56;—— u

where from Rao (1973, p.77)

-1,,-1 -1

-1 X) 1% a(e)

- ae) X ae)

P’ (PR(B)P’ ) P .

A(8) Q(e)

1

tr [A(G)

2
aa(e) )| 1 a%a(e)
eJ A(8) 36, > tr [A(e) ETaeJ]

FEGER 86,
i ) J

2
{u'A(B) 8R(0) ) (gyy - 2u'a0) 22L8) A (g 69‘9) A(8)u }
J

{u'A(e)u}‘l + 2 {u A(8) 39(9’ A(8)uu’A(8) aQée’ A(8)u }
% J

{u’A(e)u]—z.

In order to derive the information matrix we need the following

result which is a special case of results given by Smith (1987, 1989).

LEMMA: Consider the linear regression model y* = X*B + u* where X*
is an nxk nonstochastic matrix and u* ~ N(O,GZIn). Let e be the OLS

residual vector from this regression so that
e = (I_ - X*(x*X9)7IX*)ur = Mt
If A is any nxn symmetric matrix, then

E(e’Ae/e’e) = tr(M*A)/m .

If A1 and A2 are any two nxn symmetric matrices then




E[e'Alge'AZe/(e'e)z] = {tr(M*Al)tr(M*Az) + 2tr(M*A1M*A2)} // (nZ+2m).

We wish to find the expected value of - g%ig%— assuming
199 ;

u ~ N(0,020(8)). Now

A(B)u = [n(e)"l/z]'u*nte)'l’zu = (Q(e) "o

-1/2]

where e is the OLS residual vector from the transformed regression

2 1

ae) %, = q(e)” 172,

/sz + Q(e)”

172, ~ N(O,oZIn) and

in which Q(e)~
Me o= T - Q(e)_l/zx[x'n(e)'lx]_lx'[Q(e)'l/z]'.

Also observe that u’A(8)u = . Therefore

2
E{_ 8°L(6) } - -1 tr[A(e) 82(8) , o) an(e)]

86,40 . ae . a6,
177 J i

tr[M,Q(e)—uz 32(8) , o) 89(8) [Q(e)—1/2]'J

ae . a8,
J 1

% {tr[M'Q(B)_l/z agée) [g(e)‘lfz]']tr[M.Q(e)—l/z agée) [Q(e)-1/2],]
i .

J

2 tr[M*Q(e)-l/Z agée’ [Q(e)’l/z]'u*n(e)"l’z ggégl [n(e)'l/z]’]} (m+2)
i j

m
2(m+2)

, 39(8) aee)] _ 1 a0(e) \ a%(e)
tr[A(e) T A(8) 8ej ] 2 (m+2) [A(e) —aoT]tI‘[A(e) aej ]

(9)
In what follows, let




aL(8)

s(e) = 36

denote the score vector whose ith component is given by (7) and let 6
denote the maximum marginal likelihood estimator of 6, i.e. that value
of 6 which maximizes (6). Also, let I(8) denote the information matrix

whose (i,j)th element is given by (9).

2.2 The Likelihood Ratio Test

Given 8, the marginal-likelihood-based LR fest of HO against Ha : 6

# 0 rejects HO for large values of
- 1log|PQ(8)P’| - m log[ﬁ'Q(é)_lﬁ / z’z] (10)

which, under. HO’ has an asymptotic chi-squared distribution with p
degrees of freedom. The first term in (10) can be evaluated ﬁsing (5).
The GLS residual vector u is that from (1) assuming u has covariance
matrix Gzﬁ(é). Thus ﬁ'Q(é)—lﬁ can be calculated as the sum of squared

OLS residuals from (8) with 6 = 6.

2.3 The Wald Test

The Wald test based on (6) rejects HO for large values of

. ~ 80(8) , A, 3Q(8)
j {m tr[A(G) —a—l A(G) aej

aQ(8)
30
J

tr|a(o) (11)

This statistic has an asymptotic xz(p) distribution under HO. In the

special case of p = 1, (11) becomes




A2 ~ 2
~2 ~.,080(8) ~.3Q(8)
8°{m tr[[A(O) 30 ) J - [tr[A(e)—ga——]] // (2m+4)

and the formula for the standard error of 6 is

=172

A2 A a)2 '
se(d) = {xp tr[[A(é) 3&,&] - [tr[A(é) agée)] }/ (2m+4)

Therefore, when p = 1, HO can be tested using 8 / se(6) which has a

standard normal asymptotic distribution under HO.

2.4 The Lagrange Multiplier Test

Often it is inconvenient to obtain 8. The IM test has the

-1
advantage that it does not involve 8. Let Ai = agéo) = - anég) . Then
i i

the ith element of s(0) is

_ oL(O) _ m _, te _
Si(O) = aei = 5z Aiz / z'z tr[MAi] /2

and the (i,j)th element of I(0) is given by
m triMA;MA ] / (2m+4) - triMA,] triMA,] / (2m+4)

The LM test of HO against Ha : 8 # 0 rejects H, for large values of

0

1

s(0)’ 1(0) "~ s(0) _ (12)

assuming an asymptotic xz(p) distribution under H

0

In the special case of p = 1, (12) becomes




(g z’Az / z’z - tr(MA]l / 2]2

{m tri(MA)?] - (tr[MA])z} / (2m+4)

Observe that the square root of this statistic can be written as

z’Az / 2’z - tr[MA] / m

1/2.
[Z{m triMA)2] - '(tr[MA])z} / {(mz(m+2)}]

It has an asymptotic standard normal distribution under HO'

(13)

King and Hillier (1985) have shown that for p = 1, rejecting Ho for
large values of z’Az/z’z is the LBI test of HO against H;. It results
in the same class of critical regions as the above one-sided LM test.

Furthermore, rejecting H. for large values of (13) assuming a N(0,1)

0
- distribution is identical to applying the LBI test of Ho using the two
moment normal approximation to obtain critical values. Evans and King
(1985) have found this approximation gives reasonably accurate critical
values for tests of autocorrelation and heteroscedasticity. This is in

contrast to the literature on the accuracy of the asymptotic critical

values for the standard LM test.

2.5 The LMMP Test

From King and Wu (1990); the marginal-likelihood-based LMMP test of

HO against H; : 8 >0, rejects H, for large values of

0]

p P p 172
zs.m)/ T Y 100),,
i=1 * i=1 j=1  *J
P P

= % {m z’' Az / z'z - tr[MA]} // ¥y X I(O)ij

i=1 j=1

172




which has a N(0,1) asymptotic distribution under Ho, where A =

. i’
i=1

Our lemma implies that the numerator of (14) has mean zero and variance

{m tri(Ma)2] - (tr[MA])z} /{2(m+2)} .

This suggests that the LMMP test can be based on (13) in which
A= Ai' When an asymptotic critical value is used to apply a LMMP
i=1

test, we call it an asymptotic LMMP (ALMMP) test.

Applications to Testing for AR(p) Disturbances and

Hildreth-Houck Random Coefficients

This section is concerned with the application of the above theory
to the problems of testing for general AR(p) disturbances and festing

for Hildreth-Houck (1968) random coefficients in (1).

3.1 Testing for General AR(p) Disturbances

Consider the AR(p) disturbance process for (1),

+ € (15)

eput-p + t
where g, - IN(O,GZ), t ...,n. We will assume a stationary

disturbance process which requires the autoregressive parameters ei,

1,...,p, to be such that the roots of the characteristic equation

2
1 - elv - sz ...

lie outside the unit circle. Our interest is in testing




Under (15), u ~ N(O,ozn(e)) where (see van der Leeuw (1992))

Q(e) = [L'L - NN‘17L,

in which L is the nxn matrix

-6
P |

From (16) it is possible to deduce that the inverse of the Cholesky

decomposition of Q(8), which we denote by H(8) = Q(e)—l/z, is equal to L

but with the top left pxp block replaced by the lower triangular matrix




The hij values can be calculated recursively in the order indicated:

n - [1 _ 92}1/2
P

.,2 and -m = p-q,

1 P m
- T 6°- In
1 i=m+1- i=1

q-
)
i=

2 1/2
q+i,q

( q-k-1 p-k p
-6 e.6., - Y 6. .- Y h. h ] // h_,
k j=1 1 i+k j=m+1 L i+k i=q+1 i,q'i,q-k aq

.,q-2, and

p
h = [—e 4 -6 .86 - ¥ h. h, ] // h .
q,1 q-1 m+1°p j=q+1 10 i,1 aq

p-1
_ 2 2 1/2
hy, = [1 % i§1h1+1,1]

The LR and Wald tests of HO require maximum marginal likelihood
estimates of 8. Based on (4) and H(6), this involves maximizing
- p Slog|x**x*| - Dlog(ee) 7
logfm(ely) = log iglhii -5 og| | 5log(e’e), (17)
where X* = H(8)X and e is the OLS residual vector from the regression
H(e)y = H(e)X + H(8)u . . (18)

Let & denote the value of 6 which maximizes (17) and let ﬁij and X*
denote hij and X*, respectively, evaluated at 6 = 6. Furthermore, let e

denote the OLS residuals from (18) with 6 = 8.




A convenient form of the marginal-likelihood-based LR test is to

reject HO for large values of

P nla - a
log|X’X| + Zlog[ m ﬁii] - log|X*'X*| - mlogl(e’e/z’z)
i=1

which, under HO’ has an asymptotic xz(p) distribution.

In order to construct the Wald test, first observe that

36 _ 5 aa(e) !

ae, 00, ace)
i i

and from (16)

aae) !

2%, (B, (8) + B{(8)) - (C,(8) + C}(6))

where Bi(e) is the nxn matrix

is the nxn matrix of zeros whose top 1ef§ ixp block is




sa(e) "t

Define Di(e) 691

Q(8) so that

aQ(8)

A(e) 30
i

-M(O)*Di(G{

where M(0)* = In - Q(O)_1X(X’Q(6)_1X)-1X . The Wald test statistic

given by (11) simplifies to

5.8 {m tr[M(é)‘D.(é)M(é)*D.(é)]
i=1 j=1 1 J 1 J

- tr[M(é)*Di(é)]tr[M(é)*Dj(é)]} .

The LM test requires

-1
A o -89(0)

i aei
which from (20) implies Ai is a matrix of zeros with two off-diagonals
of ones which begin at the (i+1,1)th‘ and (1,i+1)th elements. Thus
i
1 Mp, e+1

e
triMA,] = 2 T
1 2___

triMaAsY = L "q,t gy,




where mij is the (i,j)th element of M. Furthermore,
n-i

z'A;z = 2 ¥ zyz, . so that the LM test statistic is of the form of
i 2=1 L7e+1 '

(12) where

n-i

n-i n o,
s;(0) = m ¥ zz, . //’ Y z,- ¥ m
i 0=1 £7E+1 =1 2 0=1 2,8+1

and the (i,j)th element of I(0) is

n-j n-i
on q§1 gél mQ:emQ+J,8+i‘//(m+2) -2 [ E M, £+1][ 2 e, £+J] //(m+2)

(23)

3.2 Testing for Hildreth—Hbuck Random Coefficients

The Hildreth-Houck model assumes the regression coefficients at

time t are generated as Bt =B + €, where €5t ~ IN(O,t?), i=1, ..., k,

and et is independent of es, t # s. Also, assuming x1t = the error

term u, is now part of €4 Thus

p— = ,
Yi = X{B + xig, XiB + W,

where Xy is the kx1 vector of regressors at time t. Therefore we have a

regression model whose error term is w, with E(wt) = 0 and

t

var(wt)

T2/2 R (- 2 4
i/% t 2t “3tr v Xpy| @R

6 = [61, 62, cees ek—l] . The testing problem becomes one of testing

HO : 8 = 0 against H; : 8 >0 in the context of (1) where




Q(e) = diag(1l + rie, e, 104 rge) . (24)

The alternative hypothesis is H; because ei, i=1, ..., k-1, are ratios

of variances which must be nonnegative.

One could use the LR or Wald test based on ML estimates of 6 which
take account of the constraint 6 = 0. There is also Gouriéroux, Holly
and Monfort’s (1980) Kuhn-Tucker test. Unfortunately, the asymptotic
distributions of these test statistics under HO are probability mixtures
of chi-squared distributions, making them extremely difficult to use if

k is large. We therefore shall not consider these tests.

Breusch and Pagan’s (1979) LM test ignores the one-sided nature of

the problem and is based on rejecting Ho for large values of

% &R Rf (25)

in which X is X with all elements replaced by their squares, and

ft = zf / 32 - 1 where &2 = z’z/n. An asymptotic test can be based on

(25) having a xz(k-l) distribution under HO’ although a number of inde-
pendent Monte Carlo studies report that this test rejects 1less frequent-
ly than it should under HO. There are two directions in which the
small-sample performance of this asymptotic test might be improved. The
first is to construct an LM test using the marginal likelihood. The
Evans and King (1985) study suggests that, at least for k = 2, this
asymptotic test should be reasonably accurate in terms of its size. We
can also take account of the one-sided nature of the testing problenm,
and apply King and Wu’s (1990) ALMMP test. A third possibility involves

combining both suggestions and deriving an ALMMP test from the marginal

likelihood.




For our problem

tr[MAi]

tr[MAiMAj] oL xj+1,t

Thus the marginal-likelihood-based LM test rejects HO for large values

of (12), where

s. (0)
i

and the (i,j)th element of I(0) is

n

n
2 2 2
m< Yy x Y X m // (2m+4)
{t=1 J*lLt oy Titla tq}

2 > 2
- m,, X Y m ., x| // (2m+4)
t=1 tt Ti+l,t t=1 tt Tj+1,t

in which &2 = z’z/m.

The AILMMP test derived from the standard 1likelihood

function is based on rejecting H. for large values of

0
‘ 1/2
£/X*p / {2 1 x;]} (28)

assuming an N(0,1) asymptotic distribution under HO, where X* is X with

the first column of ones deleted, ¢ is a (k-1)x1 vector of ones and




From (14), the corresponding ALMMP test derived from the marginal like-

lihood rejects HO for large values of

against an asymptotic N(0,1) distribution under HO.

Monte Carlo Size and Power Comparisons

Monte Carlo simulations were conducted to compare the small-sample

size and power properties of classical and marginal-likelihood-based
tests for AR(4) disturbances and for Hildreth-Houck random coefficients

in the context of (1).

4.1 Experimental Design

For each testing problem, the first part of the study involved a
comparison of estimated sizes using asymptotic critical values. The
second part involved the use of the Monte Carlo method to estimate
appropriate five percent critical values of each of the tests which were
then used to compare powers at approximately the same significance
level. 1In the case of testing for AR(4) disturbances, the tests involv-
ed were the classical LR, Wald (W) and LM tests as well as the marginal-
likelihood-based LR (MLR), Wald (MW) and LM (MLM) tests. The test stat-
istics of the latter three tests are respectively (19), (21) and (12)
with si(O) given by (22) and I(0) by (23). The tests of HO against

Hildreth-Houck random regression coefficients are the Breusch-Pagan LM

(BPLM), MLM, AIMMP and the marginal likelihood based - (MALMMP) tests.




The respective test statistics are (25), (12) with si(O) given by (26)

and I(0) by (27), (28) and (29).

The following nxk X matrices, chosen to represent a range of non-

seasonal, seasonal and cross-section data, were used in the comparison:
X1 : (nx2). A constant and a linear trend.
X2 : (nx4). A constant and three quarterly seasonal dummy variables.

X3 : (nx3). A constant, the quarterly seasonally adjusted Australian

household disposable income and private consumption expenditure

series, commencing 1959(4).

(nx3). A constant, quarterly Australian private capital movements
and Government capital movements commencing 1968(1). For k = 5,
the additional regressors are these two variables lagged one

quarter.

(nx3). Australian cross-sectional data classified according to
eight categories of sex/marital status and eight categories of age.
The variables are a constant, population, and number of households
whose head belongs to the given population category for 1961. See

Williams and Sams (1981) for further details of this data set.

(nx3). A constant and two regressors of independent drawings from
the (0,20) uniform distribution and the log-normal distribution

with a coefficient of variation of one, respectively.

For testing against AR(4) disturbances, sizes and powers were
estimated for X1, X2, X3 and X4 (with k = 5) for n = 30 and 60. 1000

replications and the following parameter combinations in (15) were used:

6’ = (0.3,0,0,0), (0.5,0,0,0), (0,0.3,0,0), (0,0,0,0.3), (0.3,0.2,0,0),




(0.3,0.2,0.2,0), (0.3,0.2,0.2,0.1), (-0.3,0,0,0), (0,0,0,-0.3),

(-0.3,0.2,-0.2,0.1), (0.3,-0.2,0.2,-0.2).

For testing against Hildreth-Houck coefficients, the design

matrices X3, X4, X5 and X6 all with k = 3 and n = 20 and 60 were
employed. 2000 replications and the following parameter combinations in

(24) were used:
0.0, 0.3, 0.7, 1.0, 3.0, 5.0,

0.0, 0.3, 0.7, 1.0, 3.0, 9.0.

All tests are invariant to the values of B and 02. This follows
from Breusch.(1980) in the case of the LR and Wald tests<and because the
IM and IMMP tests are based on ratios of quadratic forms in OLS resid-
2

uals. Consequently, without loss of generality, Bi' i=1,...,k, and ¢

were set equal to one in the simulations.

4.2 The Size Results

Table 1 reports the estimated sizes of the six tests against AR(4)
disturbances when asymptotic critical values at the five perceﬁt nominal
level are used. The corresponding estimated sizes of the four tests for
Hildreth-Houck random coefficients are presented in table 2. In both
tables, a star superscript denotes an estimated size significantly

different from 0.05 at the one percent level.

Table 1 feveals that all estimated sizes of the classical LR and W
tests for AR(4) d;sturbances are significantly below 0.05 and are almost
zero. Also, there is no clear sign of improvement as n increases from
30 to 60. In contrast, the classical LM test has acceptable sizes, at

least for the design matrices used in this study. Only in one case, for




n 30, is an estimated size significantly greater than 0.05. With
respect to the marginal-likelihood-based tests for AR(4) disturbances,
the estimated sizes of the MLR and MLM tests are most acceptable. * In
the case of the LR test, basing inferences on the marginal likelihood
provides a vast improvement in asymptotic accuracy. On the other hand,
the estimated sizes of the MW test are generally significantly greater
than the nominal level, although there is a clear tendency for these

sizes to converge to 0.05 as n increases.

For testing against Hildreth-Houck coefficients, all but one of the
estimated sizes of the BPLM te;t are significantly below 0.05. This is
consistent with results reported by Breusch and Pagan (1979), Godfrey
(1978), Griffiths and Surekha (1986) and Honda (1988). The AILMMP crit-
ical values seem more accurate although there is a noticeableAtrend for
- estimated sizes to be significantly below 0.05 when n = 60. The estim-
ated sizes of the marginal-likelihood-based tests are generally much
closer to 0.05 than their respective conventional counterparts. This is
particularly true for the LM test. Although there appears to be a tend-
ency for the marginal-likelihood-based tests to have true sizes slightly
above 0.05, overall their sizes are reasonably acceptable, ranging from

0.050 to 0.078.

Overall, it seems clear that the use of the marginal 1likelihood
improves the accuracy of standard asymptotic critical values. The
improvement is stunning in the case of the LR test, less obvious for the
IM test and rather deba£able for the ALMMP test. Only for the Wald test

does the use of the marginal likelihood result in unacceptable sizes. A

number of studies have found the Wald test can have rather iﬁaccurate

asymptotic critical values (see for example Lafontaine and White (1986)




and Breusch and Schmidt (1988)). Our results may reflect yet a further

problem with the Wald test rather than with the marginal likelihood.

4.3 Power Reéults

Estimated powers of the six tests for AR(4) disturbances using
simulated critical values at the five percent level are presented in
tables 3 and 4. . A striking. feature .of..these results is the errafic
behaviour of the classical LR and Wald tests. Their range of powers is
much greater than those of the other tests going from near zero to
almost 0.95. For every X matrix, some of the estimated powers of these
two tests are below the significance level, thus showing they are biased
tests and have blind spots. This occurs at 6 = (-0.3,0,0,0),
(0,0,0,-0.3)’ and (-0.3,0.2,-0.2,0.1)’ for most X matrices. Generally
the powers of all tests increase as the sample size increases, ceteris

"paribus. The classical LR and Wald tests again provide the only excep-

tions which occur at the above three points for some X matrices.

In terms of power, no one test dominates the others. The minimum
power of each of the classical tests is significantly lower than that of
its marginal-likelihood-based counterpart. For n = 30, the average
power of the LR test for each X matrix is slightly higher than that for
the MLR test. A similar pattern holds for the Wald test while the
reverse is the case for the LM test. For n = 60, however, the average

power of each of the marginal-likelihood-based tests is higher than that

of the respective classical test. The differences in average powér are

very large for the LR and Wald tests, ranging between 0.111 and 0.164

for the LR test and 0.083 and 0.142 for the Wald test.

The question of which test has the best overall power




difficult oné because different power curves dominate at different
points. Marginal-likelihood-based tests seem more reliable in that they
have higher.minimum powers, at least for the points we considered. The
MLM test always has the highest average power of the six tests for
n = 30 while the MLR (X1, X2, X3) and MLM (X4) tests share that distinc-

tion when n = 60.

We now discuss the estimated powers of the tests for Hildreth-Houck
coefficients. A feature of fhese results is that the ALMMP and MALMMP
tests are identical when appropriate critical values are found. This is

because the two test statistics can be written as monotonic functions of

o a2
) x;zt/z’z
t=1

and it is from this statistic. that both tests derive their power.
Selected estimated powers for X3, X4, X5 and X6 are presented in tables
5, 6, 7 and 8, respectively. The high degree of variation with the
choice of design matrix is not surprising because the degree of hetero-
scedasticity induced by the random coefficients depends on the variation
in the squared regressors. With a few minor exceptions, for a given X
matrix, there is vefy little variation in power as 6, and/or @ change.

1 2

There is a tendency for powers to increase as 91 or 92 increases,

ceteris paribus, although there are many exceptions.

A comparison of the BPLM and MLM tests shows that the MLM test has
better power for half the regressions, namely X3, X4, and X5 when n = 60
and X3 when n = 20. An explanation is that tye MLM test has its power
curve more correctly centred at HO.

of the two power curves will differ. When appropriate critical values

At any point under Ha’ the slopes

are used for both tests, this may mean the BPLM test-has higher power




than the MIM test over about half the unrestricted parameter space. Of

course, we are only interested in the positive quadrant of this space.

For design matrices X3 and X4, the one-sided (M)ALMMP test is
always more powerful than the two-sided BPLM and MIM tests. For X6 and
particularly for X5, the dominance of the (M)ALMMP test is less clear-
cut. In the case of X6; the (M)ALMMP test is always most powerful

except on the boundary 91 = 0.0 and also occasionally when 6, = 3.0, 9.0

2

and 91 is small. On the boﬁndary 91 = 0.0, the (M)ALMMP test loses
power as n increases in contrast to the two LM tests. For X5, partic-
ularly when n = 20, the LM tests are more powerful than the (M)ALMMP

test for 92 = 0 and as 91 increases for a wider range of 92 values.

Recently Wu (1991) compared the powers of the exact LMMP invariant
(LMMPI) test with the power envelope for a range of testing problems
involving the disturbances of (1). He noted that the LMMPI test can be
viewed as a sum of locally best invariant tests for each of the para-
meters being tested. He found the test works well when these individual

statistics, in our case monotonic functions of

x2 22/2’2
t=1 t+1,t “t

are positively correlated and poorly when they are negatively
correlated. We note that the ALMMP and MALMMP tests for Hildreth-Houck
regression coefficients work ©best when the squared regressors

corresponding to the coefficients under test are positively correlated.

5. Concluding Remarks

This paper presents general formulae for the LR, Wald, LM and ALMMP

tests of covariance matrices of regression disturbances based on the




marginal likelihood function. These tests can also be derived using
standard methods by treating the maximal invariant statistic as the
observed data. Monte Carlo results reported by Corduas (1986), Evans
and King (1985) and in this paper suggest that this approach results in
tests whose true sizes are closer to the nominal size than their conven-
tional counterparts. The Wald test in very small samples may be a poss-
ible exception to this general observation. The traditional LM, LR and
Wald tests have often been found to have inaccurate critical values for
many different econometric testing problems. The approach used in this
paper can be used with the expectation of improving accuracy in a range

of other testing situations.

Our results indicate that the use of marginal-likelihood-based
tests does not necessarily result in increased power everywhere under
the alternative hypothesis. It does appear, however; that these tests
have better centered power curves in the sense that they are less likely
to have points under the alternative hypothesis with power below the
size and near zero. This is particularly evident for the LR and Wald

tests for AR(4) disturbances. Thus in terms of both size and power, we

conclude that a marginal-likelihood based test is likely to be more

reliable than its classical counterpart.
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Table 1: Estimated sizes of the LR, W, LM, MLR, MW and MLM tests based on
asymptotic critical values at the five percent nominal level.

Classical likelihood Marginal likelihood

. based tests based tests
Design

Matrix

LR W M MLR MW MLM

X1 .000* .003* . . .091* .059

.003* .004* . . .074* .058

.006* .018* . . .112* 063

.004* .005* . . .058 .051

.000* .003* . . .110* .058

.002* .003* . . .080* .062

.002* .013* . . .193* .067

.002* .003* . : . .091* .062

denotes significantly different from 0.05 at the one percent level.




Table 2: Estimated sizes of the BPLM, MLM, ALMMP and MALMMP tests based on
asymptotic critical values at the five percent nominal level.

Classical likelihood Marginal likelihood

. based tests based tests
Design

Matrix

BPLM ALMMP MLM MAI MMP

X3 .028* S . .056

.030* . . .064*

.036* N . .058

.006* . . .062

.016* .0 . .076*

.030* . . .070*

.022* . . .058

.040 . . .066*

denotes significantly different from 0.05 at the one percent level.




Table 3:

Estimated powers of the six tests for AR(4) disturbances
using simulated critical values at the five percent level

and design matrices X1 and X2.

0.3 -0.3 0.0 -0.3 0.3

0.2
0.2
0.1

0.0 0.0 0.2 -0.2
0.0 0.0 -0.2 0.2
0.0 -0.3 0.1 -0.2

LR
MLR
W
MW
LM
MLM
LR
MLR
W
MW
LM
MLM

EEETEL EEETEG

.448 .522 .
.267 .373 .
.532 .
.327 .
.432 .
.486 .

.452
.232
.342
.344

LT72
.661
.749
.633
.691
.708

X2

.877 .
.832 .
.861 .
.807 .
.853 .
.865 .




Table 4: Estimated powers of the six tests for AR(4) disturbances
using simulated critical values at the five percent level
and design matrices X3 and X4.

0.3 -0.3 0.0 -0.3 0.3
0.2 0.0 0.0 0.2 -0.2
0.2 0.0 0.0 -0.2 0.2
0.1 0.0 -0.3 0.1 -0.2

SEETELEEEEG

LR
MLR
W
MW
LM
MLM
LR
MLR
W
MW
LM
MLM




Estimated powers for X3 and the BPLM, MLM and ALMMP/MALMMP tests
using simulated critical values at the five percent significance
level.




Table 6: Estimated powers for X4 and the BPLM, MLM and ALMMP/MALMMP tests
using simulated critical values at the five percent significance
level.




Table 7: Estimated powers for X5 and the BPLM, MLM and ALMMP/MALMMP tests
using simulated critical values at the five percent significance
level.




Table 8: Estimated powers for X6 and ‘the BPLM, MLM and ALMMP/MALMMP tests
using simulated critical values at the five percent significance
level.







