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Abstract:

The accuracy of Burr approximations of critical values and p-values is evaluated for
the usual tests of the general linear regression model. These include tests for coefficients
and autocorrelation and heteroscedasticity, based both on standard distributions and those
for which the distribution is unknown. The results suggest that the Burr approximations

are reasonably accurate and should prove useful both in applied research and in teaching.
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1. INTRODUCTION

Frequently in econometrics one may wish to test a hypothesis or construct a confidence
interval, but the distribution of the test statistic is either intractable or unknown, or the
use of true critical values may not be feasible. This paper aims to explore the efficacy of
using the Burr (1942) family of distributions to approximate the distribution of a variety

of test statistics used in economic modelling based on the linear regression model.

Hypothesis tests play a crucial role in econometric modelling as diagnostic tests to
help determine the validity of econometric models, economists being unable to perform
experiments as verification. A statistical hypothesis test involves determining whether
the value of a test statistic, based on the given data, is consistent with the probability

distribution specified by the proposed hypothesis. A hypothesis is rejected if the test

statistic lies in the extremes of this distribution, beyond a critical value, or if its associated

p-value is very small. In econometric modelling it is important that hypothesis tests and
associated confidence intervals be as accurate as possible, given the serious consequences of
misspecification, which may include inefficient parameter estimates, misleading statistical

inferences and poor forecasts.

Unfortunately, in applied economic analysis, the true probability distribution of a test
statistic or estimator is often unknown . However, in practice the shape of any distribution
can be described reasonably adequately by certain characteristics which are usually known
or can be determined. These are the first four moments: the mean (location), variance
(spread), skewness and kurtosis (thickness of tails). It is possible to use this information
to approximate the unknown distribution with one selected from the Burr family. By
matching these four moments, the Burr distribution which most closely approximates the

distribution of a given statistic is identified.

Burr distributions cover a variety of different ‘shapes’ and have the ability to model
distributions with a wide range of moment coverage (Fry(1988,1989)). Two particular
distributions, Type XII and its ‘reciprocal’ Type III, have distribution functions and as-

sociated inverses in a simple closed mathematical form. Consequently, p—values for any
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calculated value of a test statistic can easily be generated from the distribution function,
and critical values from its inverse. This explicit analytic form is not available for tradi-
tional moment matching methods using the Pearson and Johnson families of distributions,
so gives the Burr approach a considerable computational advantage. All such approx-
imation methods require computation of moments, but only with Burr distributions is

numerical integration avoided in determining the distribution function and its inverse.

This study evaluates the usefulness in practice of the Burr approximations to distribu-
tions of a range of test statistics likely to be employed in analysis of the standard general
linear regression model. In the next section the methodology is described. In section 3 the
accuracy of Burr approximations is examined for the standard normal, x?, Students’ ¢t and
F distributions, as well as for tests of autocorrelated and heteroscedastic disturbances for
which the true distribution of the test statistic is unknown but true critical values can be )

determined. Section 4 presents practical examples in applied economics.

2. THE BURR XII AND III DISTRIBUTIONS

- The cumulative distribution function of members of the Burr XII family of distribu-

tions is summarised by two parameters ¢ and k, and is given by
Fz)=1-(1+4z°7%  (z>0,k>0). (1)

With the following existence conditions, ck > r and ¢ > 0, the moments about the origin

are given b .
® 4 F'(1+r/c)T(k—-r/c) @)
(k) '

The distributions are unimodal if ¢ > 1 and L-shaped if 0 < ¢ £ 1. The distribution )

function of members of the ‘reciprocal’ Burr III family is

p =kB(1+l,k—1)=
[+ (o}

Fiz)=14z"97% (z2>0k>0) (3)

with its moments obtained from the expression for the Burr XII moments (2), by replacing

¢ by —c, and hence the existence conditions are ¢ < —r. These distributions are unimodal

for ck > 1 and twisted L-shaped if ck < 1.




The existence regions of these two distributions are given in Rodriguez (1977, 1982)
in terms of skewness and kurtosis. They cover an extensive range, which includes that of
many standard distributions. Determining which of the family of Burr distributions most
closely approximates the distribution of the test statistics of interest involves matching
the first four moments. For a test statistic, ¢, with mean (y:), variance (¢?), skewness
(VB, = Vu2/u3) and kurtosis (8; = ps/u2) (where p, is the rth moment about the
mean) coeficients should be determined. I'ts distribution can be approximated by finding
values of k and ¢ so that the skewness and kurtosis coefficients of the Burr distribution are

equal to the corresponding quantities of the distribution of ¢.

Selecting the appropriate Burr distribution for any given \/f,, 2, involves solving two
non-linear simultaneous equations for the parameters ¢ and k which characterise the Burr

distribution (see Rodriguez (1982)).

_ T%(k)As — 3T(k)Az2); + 2)3
vh, = (T(k)A2 = A3]3/2 ’

B, = D3(k)Ay —4T2(k)A3A1 + 6T (k)N A2 — 3)\‘{',
T(E)z = NP

where A, = plT'(k) = T(1 + r/c)['(k — r/c), (r = 1,2,3,4). Solutions ¢ and k of these
equations can be obtained approximately using the tables given in Burr (1973) by tak-
ing /By, B2 nearest to those of the given test statistic. These published tables do not
include negative skewness values, so for accuracy and completeness, we used an algorithm
to obtain the solutions here. Note that Rodriguez (1980) has developed SHAPE, an inter-
active algorithm for use with the SAS package to fit Burr III (and hence also Burr XII)

distributions.

These computed ¢ and k identify which Burr distribution to use as an approximation to
that of the given test statistic, ¢, and its mean (¢ ) and variance (¢%) are then determined.
Matching the first and second moments involves equating the standardised variates and
solving:

T—pB _ t—
oB or

= t=-:—;(z—p3)+yt=5z+(pt-—5p3)=S:c+L.
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Hence by relocation (L = p¢ — Spp) and scaling (S = o¢/oB), the two distributions with
corresponding skewness and kurtosis are matched. Effectively this involves ‘standardising’
the distributions to have a zero mean and unit standard deviation, and matching the
two shape parameters of skewness and kurtosis. This approach was used by Burr (1967)
and Tadikamalla and Ramberg (1975) as an approximate method to generate normal and

Gamma variates, respectively.

For tests with rejection regions in the left hand tail, the Burr p—value can be computed

from the approximating Burr XII cumulative distribution function:
P(t <terit) =Pz < Zerit) =1—[1+ a:c,.,t]" =1-[1+(=== ferit = )C]-

The inverse of this distribution function is easily obtained and the approximated Burr
critical value for a rejection region of nominal significance level « in the lower tail of the

distribution is given by:

t2PPT = L4 Szepie = L+ S[(1 — )~V —1]/e,

crxt

If ¢ < 0, then using z* = 1/z implies that the rejection region is in the right-hand tail of
the distribution, with calculations changing appropriately. In this case the null hypothesis

is rejected for large values of ¢t or small values of 1/¢, which is the appropriate Burr III

distribution if ¢ < 0.

To guage the accuracy of this Burr approximating procedure, in the next section
the true sizes of tests using these approximated Burr critical values, as well as the Burr
p—values for tests involving the true critical values, were computed and compared with
nominal sizes a = .01, .05 and .10. The criterion for accuracy was whether the computed
values lie within 1%, 5% or 10% of the true value, i.e. within ¥ (.0001, .0005, .0010) of a
= .01, within * (.0005, .0025, .0050) of & = .05 and within * (.0010, .0050, .0100) of a
= .10. This was done for a variety of tests used in analysis of the general linear regression

model,

y=XB+u,
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where yisnx 1, X isnx k, Bis k x 1, and u is n x 1. The matrix X is comprised of
non-stochastic regressors, and the unknown disturbances u are assumed to be normally

distributed. Note that this is not a simulation study as exact sizes are computed.

3. TEST STATISTICS USED IN REGRESSION ANALYSIS
3.1 TESTS WITH WITH KNOWN STANDARD DISTRIBUTIONS

Our first comparisons of the Burr approximations were with four distributions in
common use in hypothesis testing situations, either through exact or asymptotic results,

namely the standard normal, the Students’ ¢, chi-squared (x?) and Fisher’s F distribution.

Selected results are given in tables 1 to 3, but full results are available on request from
the authors. Tables 1 and 2 give (a) the true test size when using the Burr approximation
to the critical value and (b) the calculated Burr p-value of the true critical value for
nominal sizes a = .01,.025,.05 and .10. Table 3 presents corresponding results for the F
distribution, but only for a = .05 for reasons of space. These ‘true’ values were determined
from double precision IMSL routines: DNORDF, DNORIN for the normal distribution;
DTDF, DTIN for the t distribution; DCHIDF, DCHIIN for the x? distribution; and DFDF,
DFIN for the F— distribution. '

Both the ¢(v) (with v degrees of freedom) and the standard normal are symmetric dis-
tributions with first four moments (g, , /B, 82) given by (0, \/”/(”—‘2)’ 0,3(v—-2)/(v-
4)) and (0, 1, 0, 3) respectively. In our approximations we exploited this symmetry, as
suggested by Burr (1967), by averaging F(z) and 1 — F(z). This improved the approxi-
mations marginally (results without averaging are available on request from the authors).
Note that the moment existence condition (v > r for the rth moment to exist) means

that only #(v) distributions with v > 5 can be approximated with methods that involve

the first four moments. Further, distributions with v '< 8 have skewness-kurtosis values

outside the Burr existence regions. Hence our methodology can only be applied for v=
9 to 120. The #(9) distribution with (v/B;,82) = (0,4.2) corresponds to the logistic dis-
tribution with scale parameter o = 1/9/7, and also to the Burr distribution with k = 1
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and ¢ — oo on the boundary of the existence region. Exact analytic results therefore can
be obtained for #(9) using the logistic distribution: exact p-values from the distribution
function F(z) = 1 + ezp(—z/6), and p-values from its inverse zri¢ = flog[a/(1 — a)),
where § = \/30/7. Table 1 shows that our approximating procedure, using averaging,
gives results for the ¢ and standard normal distributions which are very close to those for
the ‘true’ case (typically within 5% and often within 1%). Before averaging, the true test
size when using the Burr approximation to the true critical value was slightly below the
nominal size in the lower tail, and above in the upper tail, whereas the converse applied
for the Burr p—value approximations. This suggests a small shift in location between the
true and approximating distributions. Any systematic difference in the shape of the tails
is obliterated by averaging: the upper tail was generally closer to the true value, and hence
the averaged values in both columns (a) and (b) are below the nominal size. Therefore
any inference based upon the approximations is likely to be ‘conservative’. The exception
to this was for the o = .10 significance level for the fatter tailed ¢(v), v < 20 distributions,

where the opposite result applied.

The chi-squared distribution is not symmetric so averages are not used and the up-
per tail is generally of interest. For a x2?(v) distribution, the skewness coefficient is
VB, = /8/v and the kurtosis coefficient is 8, = 3 + 12/v. Approximations for x2(v)

distributions with degrees of freedom v = 1,120 were examined. For all values of v > 2,

the approximations were good, being typically within 5% of the ‘true’ values. The x?(2)

distribution can be shown to correspond to that of an exponential variate with scale param-
eter 2 and skewness-kurtosis values of (2,9), as well the Burr distribution with ¢ = 1 and
k — oo, which is an extreme boundary point of the existence region. Hence exact p-values
can be obtained from the exponential distribution function F(z) = 1 — ezp(—z/2), and
critical values from its inverse, zcri = 2log[1/(1 — a)]. For the more extreme x2(1), with
(\/Blk, B2) = (2.83,15), the approximations were less accurate, usually only within 20% of
the true value. Table 2 suggests that generally for the x? distribution the approximating
distribution has slightly thinner upper tails than the ‘true’ distribution as column (a) was
typically above the nominal size and column (b) below it. The only exception was for the

a =.10 significance point with degrees of freedom v < 10, where the opposite consistently
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occurred, suggesting a cross-over of the true and approximating distributions between the

a = .05 and .10 significance points.

For Fishers’ F(v,w) distribution, the skewness coefficient is given by

\/51 _ (2v +w — 2)((8(w — 4))1/2

(w—6)(v+w-—2)1/2 (w > 6).

The kurtosis coefficient (for w > 8) can be determined using the rth moments about the
origin,
y_ (w/v)T(v/24 r)T(w/2 —1)
S 7PN CIE)

Existence conditions for the first four moments require v > 1,w > 8. Approximations to the

w > 2r.

upper critical points of this (non-symmetric) variance ratio distribution were determined
for values of the degrees of freedom parameters v = 1,120 and w = 9,120. For most degrees
of freedom values, the approximations of critical values of the Fisher’s F' distribution were
generally within 5% of the true value, and often within 1%, as can be seen in table 3. The
true test size using the Burr critical value was generally slightly above the nominal size,
and the Burr p-value slightly below it. Analytic results are readily obtained for v = 2, by
equating the moments u! of the Burr and F-distributions, respectively. These solutions
are ¢ = 1,k = w/2, and the Burr results correspond exactly to the true values for the

F(2,w) distribution. Analytic solutions for other distributions are being investigated.

3.2 TESTS OF DISTURBANCES WITH UNKNOWN DISTRIBUTIONS

The accuracy of normal, two- and four-moment beta approximations to critical values
of a range of tests of disturbance behaviour has been explored by Henshaw (1966) and Evans
and King (1985). Given the definite computational advantage of the Burr approximations,
it is of interest to determine whether they are competitive with the highly accurate four-
moment beta approximations. This is being explored in Evans (1990) for a wide range

of such tests. Burr approximations are examined here, however, for tests which appear

to be the most commonly used in practice against autocorrelation and heteroscedasticity.

Against first-order autoregressive (AR(1)) disturbances the first-order Durbin and Watson

8




(1950) test was used, and against simple fourth-order autoregressive (AR(4)) disturbances
its fourth-order analogue by Wallis (1972). |

For each of these tests, critical values cannot be tabulated as they depend on the
actual regressors used, so bounds are required, and these involve an inconclusive region,
which can be large for small samples. However, true critical values can be determined, even
though the true distribution is unknown. This is a consequence of being able to express

each of these one-sided tests as a ratio of quadratic forms in normal variables:
t=14'Ad/i'd = ' MAMu/u' Mu,

where A is the first- and fourth-order differencing matrix for the first- and fourth-order
tests, respectively, @ = (I — X(X'X)"1X')y = My = Mu is the OLS residual vector and
M=I-X (X 'X)~1X'. From Durbin and Watson’s (1950) lemma, under normality, the
true qritical value for a specified significance level a or, alternatively, the actual size for

any specified critical value t.,;¢, can be obtained from
Pr(t < terit) = Priu'(MAM —t.riel)u < 0] = a.

The null hypothesis of independence is rejected for small values of the test statistic for

positive, and large values for negative, autocorrelation.

Two standard popular tests for heteroscedasticity are those of Goldfeld and Quandt
and of Breusch and Pagan (1979). The former has an F-distribution, and the latter is

asymptotically x?, both distributions which were covered in the preceding section. Al-
though the true distribution of the Breusch and Pagan test statistic is unknown, true
critical values and sizes can be determined in a similar fashion to those above, and com-
pared with the asymptotic values (which are known to be suspect'), as well as the Burr
approximations. The two-sided Breusch and Pagan (1979,p1290) Lagrangian multiplier
test statistic, t2 = (4'Ad/d'd)? = (v MAMu/u'Mu)?, has the matrix A in diagonal form
with ith element {n(z; — 2)/2[3 (zi — 2)?]'/?}, for i = 1,...,n, against heferoscedasticity

of the additive form, var(u;) = ¢? = o2 f(1 + Az;), (where f is an unknown monotonically
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increasing non-negative function and z; is a non-stochastic variable). The true sizes and

gritical values can be determined from
Pr((ﬂ'Aﬂ/{z'z‘z')2 > tﬁr“) = Pr(d'Ad/i'd > terie) + Pr(d'Ad/d'a < —terit) = Q.

Both true critical values and true sizes of the Burr approximations to the critical values
were computed for each of these tests, assuming normally distributed disturbances, using
the Imhof procedure in an approach analogous to that of Koerts and Abrahamse (1969)
for the Durbin-Watson test, with maximum integration and truncation errors set to 10~°.
The first four moment characteristics for each test were obtained using the methods of

Evans and King (1985) which involve traces of products of the matrices M AM.

Several actual and artificial X matrices were chosen to reflect a range of behaviour

characteristic of economic variables, and all have been used previously in experiments
concerning tests of autocorrelation and heteroscedasticity. All include a constant intercept
term. The real regressors include: the annual spirit income and price data of Durbin and
Watson (1951); the mildly seasonal quarterly Australian Consumer Price Index (CPI), and
also lagged one quarter; and quarterly Australian liquidity or capital movements, private
and government, which are highly seasonal and subject to large fluctuations. Artificial
regressors represent alternative characteristic behaviour, such as a time trend for slowly
evolving non-seasonal economic time series, observations with a lognormal distribution
for skewed cross-sectional data, and a set of 0-1 dummies for quarterly additive seasonal
behaviour. Uniformly distributed data is common is such experiments. Small, moderate
and relatively large sample sizes (n) were examined for each set of regressors, with n
= 20,40,60 for.the autocorrelation tests, and n = 24,40,64 for the Breusch and Pagan

heteroscedasticity test.

Selected results on the approximations for the one-sided AR(1) and AR(4) tests are
given in table 4. For several data sets and for nominal sizes a = .01,.05, .10, these show:
(a) the true test size when using the Burr approximation to the critical value; and (b)
the calculated Burr p—value when the test involves the true critical value. Corresponding

results for the two-sided Breusch and Pagan test are presented in table 5, as well as the
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true size of the test when the standard x? asymptotic value is used. (The deflator z; was

assumed in this study to correspond to the first non-constant regressor in each data set).

For the autocorrelation tests, the true size of the Burr approximation always slightly
exceeded the nominal size at @ = 0.01, and was slightly smaller for &« = 0.05 and 0.10,
suggesting a cross-over of the true and approximating probability density function curves
near the tails between a = .01 and .05. The converse results for the Burr p-values of tests
using true critical values confirm this. For o = 0.01, the Burr p— values were slightly lower
than the nominal size, but for higher values a = .05 and .10, they were slightly higher.
All these tests were characterised by near symmetry with a range of \/3, € (-.03, .04) and
short tails with 8, €(2.86,2.89). With the exception of the CPI data for AR(4) with small
samples and the extreme tail (n = 20, a = .01), all sizes and p-values were within at least

5% of the nominal sizes.

For the two-sided Breusch and Pagan test shown in table 5, the skewness and kurtosis
of each data set is aléo shown, as more variation was found than for the autocorrelation
tests. The two tails of the distribution are used, such that approximations for a = .01
involve summing values for @ = 0.005 and .995, reaching further into the tails. The
few cases where the Burr approximation was poor occurred this extreme situation, and
for the liquidity data with n = 64 the p-value could not be obtained within our limits of
computation. With a = .01 and small samples (n=24), the true sizes of tests with the Burr
approximated critical value and the p-value approximations were sometimes within 10% of
the nominal size (and within 5% for the trend data). With larger samples they were usually
within 10% and often within 5%. However, for larger values of «, the approximations
improved: for a = .05, they always were within 10%, usually within 5%, and often within
1% of the nominal size; and for a = .10, they were usually within 1% and always within
5% (with the exception of the highly skewed lognormal data for n = 24).

The usefulness in applied work of the Burr approximation is highlighted by a com-
parison of the Breusch and Pagan results with those obtained using the conventional x2

asymptotic critical value also shown in table 5, for all sample sizes. The test using this

asymptotic critical value is well known to underestimate the true size, which is confirmed
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by our results. None of the values were within even 10% of the nominal size for n = 24.
Only for test statistics with moderate skewness and kurtosis (for the trend and uniform
data) were they within 10% of the nominal value, at « = .10 for n = 40 and « > .05 for
n = 64. Given this asymptotic value is the standard recommended procedure in textbooks

and econometric software, the Burr approximation technique has obvious practical value.

4. PRACTICAL EXAMPLES

To illustrate the potential application of our methodology, consider the examples in
chapter 9 of the econometrics text book by Judge, Griffiths, Hill, Lutkepohl and Lee (1988).
These concern autocorrelation and heteroscedasticity in the general linear model and use
a common data matrix with 20 observations on a constant and two regressors z2 and z3.
The data can be found in tables 9.1 and 9.2 in the textbook and results using SHAZAM
in White, Haun and Gow (1988).

In the heteroscedasticity example (Table 9.1), an OLS estimation is carried out with
the following results (with calculated t-statistics given in brackets below the estimated

coefficients):

ye= —0.991 + 1.651 zo,+ 0.997 z3¢,

(=0.110) (3.404) (2.431) Feale = 18.44.

The second example, focussing on autocorrelation (Table 9.2), has OLS results:

Ut = 3.842 + 1.811 z9,+ 0.634 =z34,

(.861) (7.556) (3.132) Fealc = 63.66.

Note that critical values and sizes are independent of the data for the ¢ and F tests, and
depend only on the X matrix for the disturbance behaviour tests, so are common to each

example. (True values are also calculated as a benchmark).

The two-sided 5% critical value for the t distribution with 17 d.egrees of freedom is
2.110 and the corresponding Burr approximation is 2.119. The F-test on the regression
has (2,17) degrees of freedom and both the tabulated and Burr 5% critical values are 3.59.

Thus identical conclusions will be drawn from each approach, but our methodology can
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also provide p-values for the calculated t and F statistics. These are: 0.5480, 0.0019, 0.0131
and 0.0000 respectively, for the first example, and 0.1991, 0.0000, 0.0033 and 0.0000 for

the second.

In the heteroscedasticity example, it is postulated that the disturbance variance de-

pends upon z3, and the Breusch and Pagan test yields a value of 4.03. With the standard
procedure of comparing this with the asymptotic x?2 critical value 3.84 at the 5% signifi-
cance level, the null hypothesis of homoscedasticity would be réjected. As this asymptotic
value may not be appropriate with 20 observations, we determine the relevant Burr critical
and p-values. For this data the test statistic has skewness and kurtosis values (v/B,, 52)
of 0.095 and 3.102, respectively. The selected approximating Burr distribution gives a 5%
critical value of 3.47 (compared to the true 3.50) and a p-value for the calculated statistic
of 0.0354 (compared to the true size of 0.0359). Hence we would now reject the null hy- -
pothesis at the 5% level with more confidence, but accept it at the 1% level (which has a
true critical value of 6.14 and an asymptotic value of 6.64).

Initial interest usually is in testing for an AR(1) process. The calculated value for
the Durbin-Watson test statistic is 0.91 in the second autocorrelation example. Tabulated
bounds for critical values of this test statistic are {d; = 1.100,dy = 1.537} af the 5%
significance level, and {dp = 0.863,dy = 1.271} at the 1% level. Hence at the 5% level,
we would reject the null hypothesis of no autocorrelation, but at the 1% level the test is
inconclusive. For this data, the skewness and kurtosis of the Durbin-Watson statistic are
-.057 and 2.756, respectively. The approximating Burr distribution gives the 5% critical
value as 1.425 and the 1% value as 1.167, (which compare well with the exact critical
values of 1.431.and 1.166). The Burr p-value for the calculated statistic corresponds to ]
the true value of .001. Thus we would now reject the null hypothesis of no first order

autocorrelation at both levels.

If we were to use this example to test for fourth order autocorrelation (as would be done
in practice with quarterly data), the calculated value for the Wallis variant of the Durbin
and Watson test statistic is 2.62, indicating a test for negative correlation is appropriate,

which involves the upper tail of the distribution. Tabulated bounds (see Johnson (1984))
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for critical values at the 5% significance level are {dy1 = .827,d,y = 1.203}. Unfortunately,
the distribution of the test statistic is asymmetric for regression models with an intercept
such as these, so we cannot compare 4 - 2.62 = 1.38 with (interpolated) values of these
bounds, as would be done in the first-order case. However, bounds can be obtained from
King and Giles (1977) and Giles and King (1978), and these are {dy; = 1.977,dyy =
2.673} at the 5% level. The test statistic of 2.62 just falls in the inconclusive region. Our
methodology readily provides further information. The skewness and kurtosis values for
this test statistic are -0.057 and 2.756, respectively. The corresponding Burr upper 5% and
1% critical values are 2.427 and 2.706 (compared to the true values of 2.433 and 2.705),
respectively. The Burr p—value of the calculated statistic 2.62 is 0.0173 (true size = .0175).
Hence we would reject the null hypothesis of no fourth order autocorrelation at the 5%

level, but accept it at the 1% level.

In summary, for the ¢, F and x? tests conventional practice is to compare calculated
values of the test statistic with tabulated critical values at standard significance levels. For
the usual Durbin-Watson type tests of autocorrelation, the calculated values are compared
with tabulated bounds for these true critical values, but the test is often inconclusive in
small samples. In all these cases, our methodology approximates the true critical values
well, and has the added attraction of producing quite accurate p-values for any calculated
statistic. To our knowledge no p-value is produced routinely in a standard econémetrics
package for tests with critical regions dependent on the regressors, with the exception
of the first-order Durbin-Watson test in SHAZAM. However, even this package does not

automatically produces the true critical values.

A recent research example where these Burr approximations might be useful is in a
recent study of specification analysis in dynamic models by Fiebig and Maasoumi (1990).
For example, in their regressions (for regime 1) of interest rates on seasonal dummies
and trend and also on these regressors plus the lagged dependent variable, they report
Durbin-Watson statistics of 1.59 and 1.55, respectively, which lie in the 5% inconclusive
region. For dynamic models, such as the latter, Inder (1986) has found that the Durbin-
Watson test with the distribution approximating that of the model without the lag is

superior to the h— test. Adopting this approach, the set of fixed regressors and hence the
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approximating Burr distribution used for each of the two models is the same, the Burr 5%
critical value is 1.43 and the p-values are .12 and .10, respectively. As seasonal variation
is of interest, the Burr p-values for the fourth-order Wallis analogue of the Durbin-Watson
test also can be computed analogously. For these two models the p-values are .06 and .116,
respectively, indicating significant fourth order residual correlation in the model with trend
and seasonal dummies as regressors. In contrast, this test for their model with seasonal

dummies, a lagged dependent variable but no trend has a p-value of .58.

In an applied research study involving financial data by Faff, Lee and Fry (1990), Burr
p-values approximations were used for a locally best invariant test for AR(1) behaviour of
the model coefficients. The test statistic has an unknown distribution, but is expressible

as a ratio of quadratic forms in normal variables so our methodology is applicable.

5. CONCLUSIONS AND FUTURE RESEARCH

Our empirical study of approximating critical values and determining p-values of stan-
dard tests in applied regression analysis by matching the first four moments with those of
distributions from the Burr family is most encouraging. It provides an incentive to extend
this methodology to test statistics and estimators in a range of econometric applications.
In summary, it appears that tests using Burr approximations are reasonably accurate:
they generally lie within 5%, and at least within 10%, of the true size, when the skewness
and kurtosis parameters fall within the Burr existence regions. A useful feature of this
approach is that an initial inspection of these permissible regions in terms of skewness
and kurtosis of a test statistic of interest will indicate whether the Burr approximation is
likely to be successful. These regions are given in Rodriguez (1977,1982) and cover most

distributions likely to be encountered in practice.

This methodology has marked computational advantages over other approximating
methods and should prove useful in applied research and teaching. Critical values can
be determined for tests which are often inconclusive, as well as for some where only the
asymptotic critical value is known but is inappropriate in small samples characteristic of
economic analysis. Further, intuitively appealing and readily comprehensible p-values can
be calculated easily for all the standard test statistics.
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Table 1

Burr Accuracy for Students’ t(v) and N(0,1) distributions

Nominal size
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(a) True size (%) of Burr critical value approximations

(b) Burr p-value (%) approximations using true critical values




Table 2

Burr Accuracy for the xz(v) disturbances

Nominal size
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(a) True Size (%) of Burr critical value approximations

(b) Burr p-value (%) approximations with true critical values




Table 3

Burr Accuracy for F(v,w) distribution-approximations to the 5% nominal size
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(a) True size (%) of Burr critical value approximations

(b) Burr p-value (%) approximations with the true critical value




Table 4

Burr Accuracy for Autocorrelation Tests

Nominal 1% 5%
Size

(b) (a)

Data

AR(1) Durbin Watson

n = 20

spirit . .989 .834
trend . .981 .823
CPI . .986 .808
liquidity . .971 .788
n = 40

spirit . . 989 .803
trend . .987 .800
CPI . .989 .800
liquidity . . 989 .801
n = 60

spirit . .991 . 795
trend . .990 .794
CPI . . 991 .794
liquidity . .990 . 792

AR(4) Wallis test

n = 20 ]
CPI . .939 .826
seasonals . .958 .824
liquidity . . 956 .824
n = 40

CPI . .978 v .790
seasonals . .984 .800
liquidity . .978 797
n = 60 . )

CPI . .985 4,789
seasonals . .988 .792
liquidity . .986 .791

(a) True size (%) of Burr critical value approximations.

(b) Burr p-value (%) approximations with true critical values.




Table S

Burr accuracy for the Breusch-Pagan heterscedasticity test

Nominal size

Data [VfE“,BZ)

n=24

trend .89)
lognormal . .65)
liquidity .42,3.46)
uniform ( .13,2.98)

n=40

trend .94)
lognormal (-. .71)
liquidity . .31)
uniform . .99)

n=64

trend ( .96)
lognormal (-. .57)
liquidity . .20)
uniform . .99)

(a) True size (%) with Burr critical value approximation
(b) Burr p-value (%) approximations with true critical values

(c) True size of test using asymptotic xz(l) critical value.







