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ABSTRACT
Inference on the autocorrelation coefficient p of a linear
regression model with first-order autoregressive normal disturbances is
studied. Both stationary and nonstationary processes are considered.
Locally best and point-optimal invariant tests for any given value of p
are derived. Special cases of these tests include tests for’
independence and tests for unit root hypotheses. The powers of

alternative tests are compared numerically for a number of selected

testing problems and for a range of design matrices. The results

suggest that point-optimal tests are usually preferable to locally best

tests, especially for testing values of p greater than or equal to one.
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INTRODUCTION

The first-order autoregressive [AR(1)] process is one of the most widely
used models in econométrics. An important extension is the linear regression
model with AR(1) disturbances. In this context, one usually meets vthe
problem of making inferences about the autocorrelation coefficient. This
problem can be of interest in itself (e.g., tests of random walk and
stationarity hypotheses) or can play a role in making inferences about the
regression coefficients. In this paper, we develop finite—sample'methods for
testing whether the autocorrelation coefficient has any given value. We

consider the general linear model
= XB + u, (1)

where y 1is an nx1 vector, X is an nxk matrix of fixed regressors with
rank(X) = k < n, B is an unknown parameter vector and u is an nx1 vector of

disturbances which follow an AR(1) process with normal innovations:

U = pu g e, - ; (2)

82, . Cn ~ IN(O,GZ), 02 > 0. Further, it is necessary to make assumptions

on the value of p and the distribution of the initial disturbance u, - In

this paper, we consider two main assumptions:

ASSUMPTION A (Stationary process): |[p| < 1, u, ~ N(O,cz/(l—pz)) and u

1 1

€

independent of €y1 v n

ASSUMPTION B (Unrestricted p): -0 < p < +o and u dlel, where d1

unknown, €~ N(O,oz) and €, is independent of €

1 2’
Clearly, Assumption A is a special case of Assumption B. Further, Assumption
B includes the case of a random walk (p = 1) and explosive processes

(|p| > 1) in the disturbances. Though most of our derivations will be based




on these two assumptions, we will consider occasionally the more general

assumption that u, follows an arbitrary distribution.

1

ASSUMPTION C: -wo < p < +o, Uy follows an arbitrary distribution with mean

£

zero and u, is independent of €, ..., .
2 n

1

If %! denotes the tth row of X and we take x 1, (1) and (2) also

t t

includes as a special case the simple stationary AR(l)vprocess

Yy T M + PYi_1 + € >

where pu = (1—p)l31 and vy~ N[Bl,oz/(l—pz)]. By taking X, = (1,t)’, we can

get (under Assumption B)
Yo T Rttty ot oE,

2 2 .
where By = (1—p)[31 + sz, H, = (1—p)[32 and vy~ N(Bl+32,d10 ). With p =1,

this yields the random walk model
Ve = Byt Vi tEg

where Yy~ N(Bl+BZ,d?02); the mean and variance of Yy and the drift
coefficient BZ can take arbitrary values. Finally, if we take X, = (1,pt)'

and p # 0 and 1, we get (under Assumption B)
Yt = “1 + pyt—l + Ct ’
2 2 . . .
where Hy = (1—p)B1 and Yy~ N(Bl+82p,d10 ); in contrast with the stationary

case, y1 has here arbitrary mean and variance.

Following ‘Anderson (1948) and Durbin and Watson (1950, 1951), many
authors have studied tests of p = O0; for a survey, see King (1987a).
Attention has also been devoted to testing the random walk hypothesis p = 1,

either in linear regressions [Sargan and Bhargava (1983)] or in simpler




models [Evans and Savin (1981, 1984), Bhargava (1986), Nankervis and Savin
(1985)].1 On the ofher hand, very little has been done on testing whether p
has a prespecified value, possibly different from O or 1. For example, one
may wish to test whether p has a value close to but not equal to 1. A more
basic reason why this problem is important is that tests of p = Py can be
turned into confidence sets for p. Exact tests yield exact confidence sets
which can be employed to obtain exact inference procedures (tests and
confidencé sets) for the regression coefficients [see Dufour (1990)]. In
this context, we need efficient tests because the power of the test
determines how short the intervals tend to be [see Lehmann (1986, Chapter
3)1]. Finally, in view of the unreliability of asymptotic critical values
[see Park and Mitchell (1980) and Miyazaki and Griffiths (1984)], there is a

potentially large benefit from developing finite-sample procedures.

In this paper, we construct optimal invariant tests of HO t P = P

against alternatives of the form H; :p > pO and H; : p < pO where pO is any

admissible value of p. We derive both locally best invariant (LBI) and
point-optimal invariant (POI) tests, the latter being constructed as most
powerful invariant (MPI) tests against non-local point alternatives. We also
discuss how to.obtain two-sided tests against Ha :p # Pg- In section 2, we
consider the stationary case (Assumption A) while the case of a nonstationary
process (Assumption B) is studied in section 3. For all the statistics
considered, we explain how exact critical values can be calculated. For the
LBI test of p = 1, we also show that critical values may be obtained from
tables of the central F distribution. We give expressions for the LBI test
statistics as exponentially weighted averages of residual éutocorrelations.
In the nonstationary case, we stress the importance of dealing carefully with
the distribution of the first disturbance, wu,. By considering tests

1

invariant under appropriate transformation groups, we find LBI and POI tests




whose null distributions are not influenced by the distribution of u,. In
sections 4 and S5, we report the results of power comparisons between LBI
tests, - POI tests, and Durbin-Watson (DW) tests based on appropriately
transformed data. Among other things, the results suggest that POI tests can
lead to substantial power improvements over alternative tests. The advantage
of POI tests over LBI tests is especially striking when values of p equal to
or greater than one are tested. Section 6, finally, summarizes our results

and contains a few concluding remarks.

STATIONARY DISTURBANCES

In this section, we assume a stationary error process (Assumption A) and

consider testing HO P =P against the alternatives 'H; P p > Py

. . . . <1
H :p<pyand H : p # pj. py is arbitrary and such that |p0| 1 We
denote the problem of testing HO by PA(po). Under Assumption A,

u ~ N(O,oZZ(p)), where

2(p) = 1/(1-p%)

The above problems are invariant to transformations of the form

y:IE = gyt Xy (G1)

where LA > 0 and ¥ is kx1. G1 is the transformation group used by Durbin and
Watson (1971) to establish optimal properties of the DW test. This suggests

studying tests of p = Po that are invariant under Gl1. For a general




discussion of invariant tests, see Lehmann (1986).

Let

BO = B(pO) and ZO = 2(p0). We can transform (1) by premultiplying by the

nonsingular transformation BO’ so that

y* = X*B +u*,

2
* = * — * — *
where y Boy, X BOX’ u BOu and under HO’ u N(O,c In).

When p =# Py u* ~ N(O,GZBOZ(p)Bé) and the transformed disturbances

follow the ARMA(1,1) scheme, u* - pujz_1 =€ - t =2, ..., n. Also

t Pof-1°

note that if Gl is transformed by premultiplying by B. we get

0

so that Gl and (4) are equivalent groups of transformations. The
disturbances of (3) remain autocorrelated when p # [ which suggests that p =
Py may be tested by checking whether the residuals of (3) are independent;
see Dufour (1990). Any test for first-order autocorrelation in (3) may in
principle be employed. Though they may have computational advantages, these
procedures have no known optimal properties. For this reason, we study here

tests with clear optimal properties against local and non-local alternatives.

Note that King and Evans (1988) have shown that the DW test is approximately

uniformly LBI against ARMA(1,1) disturbances. This is for HO : p=¢ =0 in

U T pu 4 = € - ¢et_1. Here we are interested in a different problem which




involves testing H p = ¢ when ¢ is known.

O .
Theorem 1, which follows from King and Hillier (1985) [see Shively,

Ansley and Kohn (1989) for an alternative statement of the King-Hillier

result], gives LBI tests of p = Po against one-sided alternatives.2

THEOREM 1. Under (1), (2) and Assumption A, a LBI test of p = Po against p >

Po (p < pO) is to reject H. for small (large) values of

0

= araA s /ars g
D,(py) = e’Aje /e'Zje (5)

where e is the generalized least squares (GLS) residual vector from (1)

corresponding to covariance matrix ZO and

= é)ZZ(p)_1 / ap = —2(1—pO)In + A - 2p,Cy
p=p,

0

in which A1 and C1 are the nxn matrices

C1 = diag(1,0,0,...,0,1)

Note that because Boé = z*, where z* is the OLS residual vector from the

transformed model (3), (5) can also be written as

1

..1 .
= */ ’ * ¥ %
Dl(pO) z (BO ) AOBO z /lz z

-1 * */ *
0 Mou / u Mou

-1
* 7 ’
u MO(BO ) AOB




where M. =1 - X"‘(X""X"‘)_1
0 n

2
¥* 7 * . .
X*’, Under HO’ u N(O,co In) so that Dl(pO) is a
ratio of quadratic forms in normal variables and its distribution function

can be computed using numerical methods developed for the DW test such as

described by King (1987a, pp.27-28) and Shively, Ansley and Kohn (1989).
For the case Py = 0, the statistic Dl(pO) takes the form

Dl(O) = z Alz /z'z-2 = —2r1

where z is the OLS residual vector from (1) and Ty is the first-order
autocorrelation coefficient of these residuals. More generally, it is
possible to express Dl(po) in a more intuitive form. After some tedious

algebra (see Appendix A), we can find two alternative expressions. The first

relates Dl(po) to the first-order autocorrelation of the GLS residuals eé:
D, (py) = -Zq[Rl(po) - po] , (8)

n-1 n-1

~2

n-1
_ A oA ~2 _ - .
where Rl(po) = g e tgzet and q = } e // z*¥'z*.  R,(py) is

t=1 t=2
approximately the first-order autocorrelation of e while q can be viewed as

2 2

. 2
an estimator of var(ut)/c = 1/(1—p0). O)

When p = Py» 4 converges to 1/(1-p
under fairly general regularity conditions. Roughly, HO is rejected against
P> P, (p < po) when Rl(pO) - py is large (small). The second expression
relates Dl(pO) to the autocorrelations of the OLS residuals, z*, from the
transformed model (3):

n-1

D, (p.) = =27 pslrx 4 q
1P LPo Tk

n-k
Z Z*z* / Z*,Z* s
t=1 tTt+k




2.-1 2 2,-1/2
n = —Z[po(l—po) (ZT) + {(1—p0) - 1} z

In large samples, m is negligible (under standard regularity conditions on
X), so that Dl(pO) is proportional to an exponentially weighted average of
all the autocorrelations, r;. When p0 = 0, (9) reduces to —2r1, but not

otherwise. This shows that looking only at low order autocorrelations is not

generally efficient.

While LBI tests have optimal power in the neighbourhood of HO’ they may

have poor power away from H i.e., when accepting HO is most damaging from

0’
the point of view of making reliable inferences. Power can even fall below
the level ’of the test, see for example Krdmer (1985). An attractive
alternative is to use a point-optimal test, i.e., a test that optimizes power
at a pre-determined point under the alternative hypothesis. The next
theorem, which follows directly from King (1980), gives the MPI test of p

p, against a given alternative p = p, where |p0| < 1, ]pll <1 and I,

Z(pl).

THEOREM 2. Under (1), (2) and Assumption A, a MPI test of p = Py against p

Py is to.reject HO for small values of

~ya=le o, -1
Sl(po,pl) = e 21 e /e Zye (10)

where e and €& are the GLS residual vectors from (1) corresponding to

covariance matrices ZO and 21, respectively.

To obtain a test of p = p0 against p > po, we select a value of p1 such

that Py < Py < 1 and apply the test based on Sl(pO'pl)' For example, we may

1
choose Py close to 1 or an intermediate value like Py = (p0+1)/2. Similarly,

against p < Pg» ve select Py such that -1 <'p1 < Po- Tests obtained in this

way optimize power at p = Py and are known as POI tests. A survey by King




(1987b) reveals that such tests often have substantially better power than

LBI tests. Let B1 = B(pl) and let

¥ *

= X*B +u (11)

denote (1) transformed by premultiplying by B The statistic Sl(po,pl) is

*, %
z

1
easy to compute because it can also be written as Sl(pO’pl) =z / A A
where zT and z* are the OLS residual vectors from (11) and (3), respectively.

Further, we can write

. _1 ’ ..1
= u*’ * * 7 *
Sl(pO’pl) u [{BlBO } MlBlBO ]u / u Mou

where u* ~ N(O,ozln) under HO and M, = In - X*(X*’X*)_lx*’.

1 Thus Sl(po,pl)

is a ratio of quadratic forms in normal variables and its distribution

function can be computed in a similar way to the DW test.

Theorems 1 and 2 describe tests against one-sided alternatives. To

obtain confidence sets, one typically needs two-sided tests of p = against

Po

p # Po- It is certainly possible to obtain LBI unbiased tests for this
problem [see King and Hillier (1985)], although the test criterion does not
reduce to a ratio of quadratic forms in normal variables.' Instead, one gets
forms of order 4 whose finite-sample distribution is wunknown. For this

reason, we suggest the combining of optimal one-sided tests.

< = = =
Let O < oy 1 and O < az < 1 such that ay + o, o, e.g. > o/2.

Using LBI tests, it is natural to reject H P =Py against Ha T p# Py when

0 :

/

Dl(po) < ¢, or Dl(po) >y

1

where ¢, and c] are chosen so that P[Dl(po) <;01] =« and P[Dl(po) > c1] =

o, under HO. Clearly this test has level «. Similarly, it is also possible

to construct two-sided tests from POI tests. Choose p1 and p, SO that -1 <




< < < 1. j ins
Py Po Py 1 We reject HO against Ha when

/

S (pgspy) < oy or Silpg,py) <o)y

where c and c

> 5 are chosen so that P[Sl(pO’pl) < ¢, ] =

2

P[Sl(po,pz) < Cé] =@, under HO. By the Bonferroni inequality, this test has

level less than or equal to «.

NONSTATIONARY DISTURBANCES

Assumption A is restrictive because it excludes p = 1 or |p| > 1 and

requires the variance of u, to be 02/(1—p2). Even if |p| < 1, we may wish to

1

allow more flexibility for the distribution of u For example, the process

1
may not have run long enough to become stationary. To obtain exact tests, it

is important to take these difficulties into account. In this section, we do

not impose any restriction on the value of p and simply assume that uy

follows a normal distribution with an arbitrary unknown variance (Assumption

B). The normality assumption of u, is used mainly to derive tests with clear

1

optimal properties. However, the procedures obtained in this way have

correct sizes under weaker conditions (Assumption C).

Let C(p) denote B(p), with the top left element taking the value 1

instead of Vl—p2 and let J, E, and En be nxn matrices defined as J =

1

diag(dl,l,l,...,l), E, = diag(1,0,0,...,0) and En = diag(0,0,...,0,1). Under

1
Assumption B, C(p)u = Jeg, where € ~ N(O,ozln) so that u ~ N(O,oZQ(P,dl)) in
which Q(p,dl) = C(p)_lJZ[C(p)_l] . Observe that

1

Q(p,dl)_ C(p)’J_ZC(p)

2 -2
- p°E_ + (d,"-1)E;

2
(1-p) In + pA1

? = (1—p2), Q(p,dl) = Z(p), while if d1 = 1, the covariance matrix of u




is 1identical to that used by Berenblut and Webb (1973). The assumption

d1 = 1 is, however, very stringent and usually implausible. We thus prefer

to use Q(p,dl) with d1 taken as unknown.

Under (1), (2) and Assumption B, y ~ N(XB, UZQ(P,dl)). We denote

. _ . + - . . .
the problem of testing HO PP = Py against Ha :p > Py ©T Ha : p < Py in this
context by PB(pO). It is invariant to transformations in the group Gl1.
Theorem 3, which again follows directly from King and Hillier (1985) and King

(1980) gives LBI tests and POI tests of p = Py assuming d1 is known. Even

though such tests are rarely applicable, they provide useful benchmarks in

the power comparisons that follow.

THEOREM 3: Let (1), (2) and Assumption B hold with the exception that d1 is

assumed known and d1 # 0. A LBI test of p = Po against p > Po (p < po) is to

reject H, for small (large) values of

0
Dl(po) = u

where u is the GLS residual vector from (1) corresponding to covariance

matrix Q(pO’dl) and

A = —2(1—pO)In + A

1 n

A POI test of p = Po against p > Po (p < po) that optimizes power at p = Py
1.

. : = _ o~ “1~ , a, -
is to reject H, for small values of Sl(po,pl) =u Q(pl’dl) u/u Q(po,dl) u

0

where U is the GLS residual vector from (1) corresponding to covariance

matrix Q(pl’dl)'

The 51(p0) and §1(p0,p1) tests can be implemented like the tests of

Theorems 1 and 2. In particular, both statistics can be written in forms

involving OLS residuals from the transformed regression




J—lc(p)y = J_lc(p)x + J_lc(p)u (13)

in which p takes the value Py OT Pq- In practice, d1 is usually unknown. To
deal with this problem, we will try to find test statistics that satisfy two

conditions:

(a) the value of d1 is not required to compute the test statistic;

(b) the null distribution of the test statistic does not depend on dl'

Let CO = C(po) and consider the transformed regression model

Coy = Cy¥B + Cou . (14)

Observe that wunder H0 and Assumption B, Coy ~ N(COXB,GZJZ). Thus 1if we
consider testing HO PP =Py in the context of (14), conditions (a) and (b)
above would be satisfied if the test statistic does not depend on d1 and is
invariant to the value of the first element of Cou. The testing problem

expressed in terms of (14) is invariant to transformations of the form

oo
(Coy) = WOCOY + COXy (15)

where 70 is a positive scalar and ¥ is a kx1 vector. If the test statistic
is to be invariant to the first element of Cou then it must also be invariant

to the first element3 of COy and so to transformations of the form

o
(Coy) = 70C0y + COXy + yk+181 (G2)

where 7k+1 is an arbitrary scalar and 21 is the nx1 vector of zeros with one
as the first element. Note that we are not claiming that the testing problem
is invariant under G2. However, we wish to consider tests invariant under G2
because such tests are invariant under (15) and satisfy (b).4 In terms of vy,

transformations in the group G2 are equivalent to transformations of the form

12




¥

_ -1
y o= vy + Xv o+ v 46

-1 _ n-1 ;
21. Further, C0 81 = (1,p0,...,pO )’. Thus tests

invariant under G2 are invariant to transformations of the form yf =

t-1

Yi + 7k+1p0 t =1, ..., n. The results of the test should not change when

a solution of the homogeneous equation Z = 0 is added to y.

t ~ Po%t-1

A maximal invariant for the group G2 is v / (v’v)l/2 where v is the OLS
residual vector from the regression of Coy on [COX,81]. One can get v by
adding a dummy variable for the first observation into the transformed model
(14), or by introducing the regressor (1,p0,...,pg_1)’ into (1). Note that

the extra regressor is not used because we believe it is a regressor in the

model but simply to find a test that satisfies (b).

The matrix [X,Calﬂl] may not always have full column rank; an example
being when Py = 1 and X contains a constant regressor. Let X denote
[X,Calﬂll where, if necessary, columns have been deleted until it has full
column rank and let XO = Coi denote [COX,le with the analogous columns

deleted. Then

(16)

_— o3, -1z, - .
where M = In XO(XOXO) XO and u = Cou. Theorem 4, which can be proved

along similar lines to King and Hillier’s (1985) result, gives LBI tests of

P =p, against one-sided alternatives.

THEOREM 4. Under (1), (2), Assumption B and assuming d, # 0, a LBI test of p

1
= Py against p > Py (p < po) under the transformation group G2 is to reject

HO for small (large) values of
D,(p) = v (CI)AC /vy
270 0 20

where A2 is given by (12) and v = C;lv is the GLS residual vector from




assuming covariance matrix Q(po,l).

Critical values and critical levels for tests based on D2(p0) can be

obtained by noting that

. v Yy ac Y / i
D,(py) = WM(Cy ) ACoHu / wiu,

where u ~ N(O,oZJZ) when p = Py As a consequence of 81 being a regressor,
the first row and column of M are zero so that v = Mu is not a function of

u = u and hence under H

1 1 0 the distribution of Dz(po) does not depend on d

1

or indeed on the distribution of u, (Assumption C). The test is thus

1

applicable, in the sense that its level is correct, under the weaker

Assumption C. Furthermore, when computing critical values and critical

levels, one can assume d, = 1 or u ~ N(O,o*2

1 In). Also observe that v, = 0.

1

As in the stationary case, we can rewrite DZ(pO) in the form of (8)

where now

n-1 n-1
R,(p) = ¥ Vv Y vy /viv.
170 t=2 t - t=2 t

n-1
_ k-1 ~ ~ , .
Also DZ(pO) = =2 k§1p0 Ty where r = t§1 ViVisk / v'v. Thus Dz(po) is

proportional to an exponentially weighted average of all the auto-

correlations rk.

For Py = 0, DZ(O) = —2?1 where Fl is the first-order autocorrelation of

the OLS residuals from the regression y = XB + Bk+121 + u. For Po= 1 (random

walk), the test statistic takes the form

D2(1)




We reject p = 1 against p > 1 (p < 1) when the sum of all the
autocorrelations of the OLS residuals is large (small). Critical values of
D2(1) may be obtained from tables of the central F distribution. Provided

ML % O,
n

1-D,(1) ~ [e;lmen] / [1 . (n—kl—l)F(n—kl-l,l)] ,

where En = (1,1,...,1)", k1 = rank[X] and F(n—kl—l,l) is a random variable

that follows a central F distribution with (n-k,-1,1) degrees of freedom;

1
see Appendix B for the proof. When ﬁﬂn = 0, we have D2(1) = 1 and the test '

is not applicable. This corresponds to a linear trend regressor in (1).

It is worth noting that Sargan and Bhargava (1983) considered the
related problem of testing Po = 1 under Assumption B against the alternative
hypothesis of Assumption A. As well as suggesting the use of the DW and
Berenblut and Webb (1973) tests applied to (1) in first-differenced form,
they. derived an approximately LBI test that is also approximately uniformly
most powerful when the column space of X is spanned by k eigenvectors of

(A1 - Cl) where A1 and C1 are given by (6) and (7), respectively.

As in the stationary case, LBI tests are not necessarily optimal against
non-local alternatives. Theorem 5 allows the construction of POI tests that

are invariant under G2 and thus have correct size for any d1 value.

THEOREM 5. Under (1), (2), Assumption B and assuming d, # 0, a MPI test at

1

P =pr, against p = Py under the transformation group G2, is to reject HO for

small values of

— oy -1a ) -1~ = ke % )
SZ(pO’pl’dl) = v Q(pl’dl) v/v Q(po,l) v v¥ivx foviv,

where v and v are the GLS residual vectors from (18) assuming covariance




matrices Q(pl’dl) and _Q(po,l), respectively, and v and vV* are the OLS

residual vectors defined by (16) and the regression of J;lc(pl)y on

J;1C(p1)i, respectively. Further, if p = pO and d; is any real number such

that d; # 0, the null distribution of Sz(po,pl,di) does not depend on dl'

The proof of the first part of Theorem 5 follows directly from King

(1980, 1987b) and the fact that v/(v’v)l/2 is a maximal invariant for the

group G2. Let Q = J*‘1C(p1)co”1, in which J* denotes J with d, = d¥, and

: — - nY ¥ oy =15, 4 s
define MO = In QXO{XOQ QXO] XOQ . Then we can write

* - IMAY Mo M = A’ ’
SZ(pO’pl’dl) MQ MOQMu / u’Mu = v’Q MOQv/v v (20)

so that Sz(po,pl,di) depends on u only through v = Mu. When
P = Py SZ(pO,pl,dT) is not a function of Gl =u, given that the first row

and column of M are zero.

When applying Theorem 5, one needs to specify both Py and a value of dl’

say d;. The resultant test is POI, optimizing power at (p,dl)’ = (pl,dT)’.

It is not necessary that dI be the true value of d1 to get a valid test.

Critical values can be computed from (20) in the usual way because we can

2

assume u ~ N(O,c In) when p = po. As for the LBI test, this test remains

applicable under Assumption C because it depends on u only through v = Mu.
For the special case in which Py = 1 and the model contains an intercept,
C(pl)i contains 81 as a régressor so that Qio, Q’MOQ and thus SZ(pO’l’dI) are

invariant to the value of d; selected. In this case SZ(pO’l'dI) =

Sz(po,l,dl) and the choice of d; is irrelevant.
The determination of d; in Sz(po,pl,di) is usually arbitrary so it would

be convenient to have a test that does not require specifying a value of dI.

A way to do this is to consider a larger invariance group such that the MPI

test of p = Po against p = Py does not depend on d Such a group ‘is

1




¥ _ -1 ) -1
y'oo= vgy Xyt ,,Clpg) T+ oy LCe) Tl (G3)

where 70, are arbitrary scalars, such that 10 > 0 and y is a kxl

Y1 T2

vector. It can be shown that the MPI test of p = Po against p = Py under the

transformation group G3 does not require specifying an arbitrary value of d1
and has a null distribution that does not depend on the true value of dl'

However, power comparisons suggested that the power of this procedure is very

inferior to that of the test based on Sz(po,pl,dT). For this reason, we do

not elaborate here on POI tests under G3.

Theorems 3, 4 and 5 all provide optimal one-sided tests for testing p =
Po- Corresponding two-sided tests may be obtained in a way analogous to the

one used in the stationary case.

EMPIRICAL POWER COMPARISONS

In order to study the small-sample properties of the above tests, their
powers were calculated for testing problems PA(0.5), PA(0.9), PB(0.5),

PB(0.9), PB(1.0), PB(1.1) and design matrices:

(n x 1; n = 20,60). The constant dummy as the only regressor.

(n x 3; n = 20,60). The first n observations of Durbin and Watson’s

(1951, p.159) consumption of spirits example.

(n x 3; n = 20,60). A constant, the quarterly Australian Consumer

Price Index commencing 1959(1) and the same index lagged one quarter.

(n x 4; n = 20,60). A constant, quarterly Australian private capital
movements, the same series lagged one quarter and quarteriy Australian

Government capital movements commencing 1968(1).




(n x 3; n = 20,60). Watson’s X matrix with an intercept, i.e., aj, (a2

+ an)/Vﬁ, (a, + an_l)/VE as regressors where a a ~are the

3 10

eigenvectors corresponding to the eigenvalues of the DW matrix (A1 - Cl)

arranged in ascending order where A1 and C1 are defined by (6) and (7).

These design matrices cover a range of applications. X1 is the special
case of the Gaussian time-series model with unknown mean. X2 is based on
annual data while X3 is quarterly with a slight seasonal pattern. The two
capital movement series which make up X4 are strongly seasonal with two
seasonal peaks per year plus some large fluctuations. Watson (1955) found

that within the class of orthogonal X matrices, OLS has minimum efficiency

relative to the BLUE for X5. We therefore expect X5 to show an extreme in

the behaviour of the tests.

A summary of the tests and the p values at which their powefs were
calculated is given in table 1. For PA(pO) and against H; (H;), le(po)
denotes the one-sided DW test against positive (negative) autocorrelation
applied to (3). In the case of PB(pO), two sets of power comparisons were
made. The first involved applying each test assuming d1 is known. This 1is
unlikely to happen in practice, so these powers were only calculated to
provide benchmarks. The tests in this case are based on ﬁl(po), §1(p0,p1)
and 5W1(p0) which is the DW statistic applied to (13) with p = Py These
tests are invariant under G1, but not necessarily under G2. The second set
involved applying the tests DZ(pO)’ SZ(pO,pl,dI) and Dwz(po) constructed to
be invariant under GZ.S This required (1,p0,...,p8_1)’ to be added as an
additional regressor to (1) before the test was applied. For PB(1.0), the
two sets of tests are identical (provided the model contains an intercept).
Also in this case, Sargan and Bhargava’s (1983) approximately LBI test
denoted SB was also included in the comparison. For the remaining PB(pO)

testing problems except when Py = 0, the Sz(po,pl,df) tests require a choice
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of dT value. The values used were dT = 0.1, 1.0, 10.0. Although powers vary

with dl’ in order to keep the computations manageable, all calculations were

performed with d1 = 1.0.

All test statistics can be expressed as ratios of quadratic forms of the
disturbance vector, being of the form u’Au/u’Bu, where A and B are known nxn
matrices. In order to calculate exact critical values and powers of tests

based on such statistics, we need to be able to compute

P[u’Au/u’Bu < c*|u ~ N(0,%)]

where c* is the critical value, £ = E(uu’), A

1’
of V%) (A - o*B)='? and ¢ = (&s --or €)7 ~ N(O,T). (21) may be

- An, are the eigenvalues

evaluated using Imhof’s (1961) algorithm, coded versions of which are given
by Koerts and Abrahamse (1969) and Davies (1980). All power calculations

were made using exact critical values at the five per cent level.

We began by computing (21) using a modified version of Koerts and

Abrahamse’s FQUAD subroutine with maximum integration and truncation errors

of 10_6. This worked well for PA(pO) and PB(pO) with Py = 0.5,0.9 but for

PB(1.0) and PB(1.1), especially under H;, it frequently failed to converge
despite increasing the numbér of iterations. The lack of convergence seemed
" to be caused by there being one very large positive (negative) eigenvalue
balanced by a number of smaller negative (positive) eigenvalues. A FORTRAN
version of Davies’ (1980) algorithm worked slightly better but also had
similar problems. NFor the cases of nonconvergence, if seems that the
numerical integration problem we were trying to solve is ill-conditioned and
so accurate answers may not be possible. We sucqessively lowered the maximum
integration and truncation errors until convergence was achieved. This

. T . R -3
sometimes meant integration and truncation errors as large as 10 . As a




final check, the Monte Carlo method with ten thousand replications was used
to re-calculate all powers computed for the X2 design matrix. We could find

no significant difference between the two sets of results.

RESULTS ON POWER

In this section we discuss the results of the power comparison. A more
detailed discussion can be found in an earlier version of this.paper [Dufour
and King (1989)]. We begin by discussing the results for PA(pO). Calculated

powers for design matrix X3 and PA(0.5) and PA(0.9) are given in tables 2 and

3, respectively.6

The powers of all tesﬁs increase as p moves away from HO PP F Py
Also, ceteris paribus, there is a noticeable drop in power going from X1 to
any of the other design matrices, reflecting the addition of extra
regressors. - With one minor exception, the le(po) test always hés inferior
power to the other tests. Generally the POI tests have almost identical
power which is typically slightly higher than that of the Dl(pO) test. The
spread of powers is greatest for PA(0.9) against H;, particularly for X2 -
X5. As expected, the Dl(pO) test is most powerful near pO while the
Sl(pO’pl) test is most powerful at p values near Py The best overall test

is typically a POI test with Py taking a middle value.

Turning to the nonstationary case, we begin by discussing the results
for PB(0.5) and PB(0.9). Calculated powers for X3 and PB(0.9) are given in
table 4. With occasional exceptions for the 82(0.9,0.45,10.0) test, the
powers of all tests nearly always increase as p moves away from po, ceteris
paribus. Each test shows a loss of power going from X1 to any other design
matrix, ceteris paribus, reflecting the cost of including regressors. With

the single exception7 of the 51(0.9)\test against H;, the Gl-invariant tests,
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le(po), Dl(po) and Sl(pO’pl)’ which require knowledge of dl’ are almost
always more powerful than their respective G2-invariant tests. It also

appears that knowledge of d, has greater potential to improve the power of a

1

test, the further Po is away from zero. Because Gl-invariant tests are

typically nonoperational, our interest is in the G2-invariant tests.

In some circumstances, the choice of dT in SZ(pO’pl’dT) has almost no

effect on power while in other situations, such as testing against H;, the

choice of d;, particularly that of dT = 10.0, can cause a severe loss of

power. The choice seems to be less critical in large samples. In fact for

n = 60, setting dI = 0.1 can result in a slight power improvement for p

values close to . An explanation is that setting d* at a lower than true
Po 1

value seems to have a similar effect on power as moving Py closer to Pg- In

all cases, the results suggest that a good strategy if d1 is unknown 1is to

attempt to set d; to a value that is likely to be below, but hopefully near,

the true d1 value. Of the tests that remain after exclusion of the POI tests
with d? = 10.0, the Dwz(po) test is nearly always the least powerful. For
PB(0.5), the powers of the D2(O.5) and SZ(O.S,pl,dT) tests with d; = 0.1 or

1.0 are nearly identical, particularly when n = 60 against H;. Against H;,

the results indicate that the 82(0.5,0.75,0.1) and 82(0.5,0.75,1.0) tests

have the best overall power properties. For PB(0.9) and against H;, the

powers of the 82(0.9,p1,dT) tests with d? = 0.1 or 1.0 are almost identical

and are typically slightly higher than those of the D2(0.9) test. Against

Ha, the power differences are more distinctive with the 82(0.9,0.45,d;) tests

with d; = 0.1 and 1.0 possibly having the best overall power.

We now discuss the results of most interest, those for PB(1.0). Table 5
gives calculated powers for design matrix X4 which are more representative
than those for X3. This 1is because some tests exhibit uncharacteristic

behaviour only for X3 and occasionally also X2. For example, the
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82(1.0,1.1,d§) tests are found to be biased, but only for X3 when n = 60.

Ceteris paribus, the powers nearly always increase as p moves away from
Po- Each test typically shows a loss of power going from X1 to any other
design matrix, ceteris paribus. A feature of the results against H; is the
poor performance of the D2(1.0) test. Across all design matrices and p
values, its maximum power is 0.217 when n = 20 énd 0.369 when n = 60. In
contrast, all other tests have maximum powers above 0.72 and 0.98,
respectively. Once again, in order to apply a POI test when d1 is unknown,
it seems setting d{ to a value near or below the true d1 value would be a
sensible strategy, particularly if n is small. Against H;, the SB test is
clearly superior to the Dw2(1.0) test. For most design matrices, the power
of the 82(1.0,0.5,1.0) test dominates that of the SB test. The powers of the

SB and 82(1.0,0.0,1.0) tests are identical for X1. We conclude that against

H;, the SB test has good power which can be improved by the use of an

Sz(l.0,0.S,dT) test with d; chosen to be near or below the true d1 value.

A feature of the PB(1.0) results against H; is the relatively good
performance of the D2(1.D) test which almost totally dominates that of the SB
and DW tests. Another feature is the insensitivity of the 32(1.o,p1;d§)
tests to the choice of d; when n = 20. At first sight, a surprising result
is the general dominance, when n = 60, of the Sz(l.O,pl,l0.0) tests over POI
tests with dI set to 1.0 or O0.1. An explanation is that against H;, an
Sz(l.O,pl,I0.0) test has power properties similar to an SZ(l.O,p*,l.O) test
where p? < Py The 52(1.0,1.1,dI) test has better overall'power than the
82(1.0,1.2,dT) test for d; = 1.0,10.0.. When n = 20, both the 82(1.0,1.1,dT)
tests can be described as superior to the DZ(l.O) test, although the picture
is reversed when n = 60. In summary, against H;, the Dz(l.O) test has good

power properties which can be improved upon by the use of an Sz(l.O,pl,dI)

test with Py = 1.1 for n = 20 and a lower value, say 1.025, when n = 60. The
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dT value should be set near or above the true d1 value.

Finally we discuss the results for PB(1.1). Calculated powers for X3
are given in table 6. A feature is that not all tests increase in power as p
moves away from Po- For example, the power of nearly all the G2-invariant
tests against H; either first increases and then decreases or, first
decreases and then increases, with the point of inflection being around
p = 1.0. Also, when n = 60, the powers of the 51(1.1) test against H; and
the D2(1.1) test against H; always decrease rapidly to zero. Further
calculations at p values closer to 1.1 showed that the powers of both tests
first increase and then decrease. Increasing n does not always improve
power. In general, if a test’s power when n = 20 is below (above) 0.05, then
its power when n = 60 is further below (above) 0.05. Typically, all tests
show a loss of power going from X1 to any otherbdesign matrix, except when
the power 1is below 0.05 in which case it invariably increases. The
Gl-invariant tests are generally more powerful than their respective
G2-invariant tests. Against H;, the Sz(l.l,l.O,dT) test is invariant to the
choice of d; value while for the SZ(l.l,O.S,dT) test, the choice can have a

substantial impact on power when n = 20. In view of these results, we

recommend a choice of dT near or below the true d1 value when n is small, and

near or above when n is large. Against H;, the power functions of the

82(1.1,p1,dT) tests are insensitive to the choice of dT value and this

insensitivity increases with sample size.

Against H;, no one G2-invariant test performs well over both the
subregions R1: 1.0 = p < 1.1 and R2: 0 = p < 1.0. When n = 20, the power
curves of the D2(1.1) and 82(1.1,1.0,dT) tests are almost idéntical while,
for n = 60, the 82(1.1,1.0,dT) tests have a definite power advantage. These
tests dominate the Dw2(1.1) and 82(1.1,0.5,dT) tests over R1 while the

reverse is the case over R2. The 82(1.1,0.5,1.0) test can be regarded as the
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best test over R2. While we have found that no test performs well over both
R1 and R2, it may be that a better choice of Py in the 52(1.1,p1,dI) test
will produce such a test. For example, the most stringent POI test which
involves choosing Py to minimize the maximum power difference with the power

envelope could be such a test.

+
A feature of the G2-invariant results against Ha is the poor performance

of the D2(1.1) test. It seems that while the powers of the other tests tend
to one as n increases, the power of the D2(1.1) test tends to zero. The
powers of the remaining G2-invariant tests are very similar when n = 60 with
the POI tests being slightly superior. Overall, we recommend the use of the
82(1.1,1.15,dT) test, with dI chosen to be close to or above the true d1

value, for testing p = 1.1 against p > 1.1.

CONCLUDING REMARKS

In this paper, we considered the linear regression model with AR(1)
disturbances and derived optimal invariant tests for the hypothesis that the
autoregressive coefficient p has any given value. In the nonstationary case,
we stressed the importance of getting test statistics that do not depend on
the distribution of the first disturbance (which is typically unknown). We
dealt with this problem by considering tests invariant under a‘ large;
transformation group than the one used by Durbin and Watson (1971). In
practice, this can be done in a simple way by adding an artificial

"regressor", which depends on Py to the X matrix.

We also presented power comparisons between alternative tests. For the
stationary models, our results suggest that both LBI and POI tests are
usually superior to DW tests (based on transformed data under HO), sometimes

by wide margins, while the power differences between LBI and POI tests: are




relatively small, with the biggest differences favouring POI tests. For the
nonstationary models, the same situation seems to hold when testing values of
p less than (and not too close to) one. On the other hand, when testing
values of p equal.to or greater than one, LBI tests (under G2) have poor
power relative to other tests. An exception is the LBI test of p =1 against
p > 1. The advantage of using POI tests (under G2) is especially strong for
testing values of p equal to or greater than one. However, the results
indicate that choosing a test which optimizes power at a particular point
gives no guarantee about power at non-neighbouring points. In fact when
testing p = 1.1 against p < 1.1, our results ksuggest it is extremely
difficult, if not impossible, to find a test which has good power over both
1.0 < p < 1.1 and 0 < p < 1.0. Concerning the choice of d¥, our results

suggest that it can have a sizable effect on the performance of POI tests.

In general, selecting dT below the true dl’ rather than above it, appears to

be a wise choice. Further research on whether this extends to dT = 0 1is
currently planned. It is also useful to note that G2-invariant point-optimal
tests of p = Po against p = 1, based on the statistic Sz(po,l,dt), are

invariant to the value of d¥*, provided the model contains an intercept.

Given a general procedure for testing hypotheses of the form p = Pyr Ve
can obtain confidence regions for p by finding the set of admissibie values
Py that are acceptable at a given significance level o [see Dufour (1990)].
It is easy to see that the probability that the true value p be contained in
this set is 1-«. Numerical methods for constructing these confidence sets
and comparisons betgeen alternative testing procedures are the topié of

on-going research.




Appendix A: Alternative forms of LBI tests

We show here how the LBI test statistic, Dl(po), can be put into the

forms (8) and (9). From (5),

~

= ’ 2 X1 %
Dl(po) e’Aye / z*'z

—Zq[Rl(po) - po] (A.1)

which establishes (8). Because & n, we have

= a *
t =~ Poft-1 t’

n-1 n-1 R
= 3*
R, (pg) Py L * § CtZt+1

t=1 t=1

., n. Then (setting 0° = 1) we have .

t-1

) pg Wikt
k=0 :




From (A.2), (A.3) and (A.4), we get

- = 2 *1 %
Rl(po) Py = L et] + {z z //

Thus, using (A.1)

Dl(po)

[

n-1
) PIS 1r1’§ +
k=1

so that expression (9) is thus proved.

In the nonstationary case, analogous expressions for DZ(pO) can be

derived in a similar way and by noting that vy = 0.




Appendix B: Distribution of the LBI statistic in the nonstationary case

with Py = 1.

From (19), we have D2(1) = 1 - Y where
v o= @ww?/v'v = whe M /Wi
n nn

in which py = 1 so that u = C(1)u ~ N(O,o*21~n) when p = 1. (Since the
distribution of v does not depend on dl’ we can take d1 =1.) If ﬁ@n = 0, we
have ¢y = 0 and the test is not applicable. This corresponds to the case

where the untransformed model contains a linear trend. If we exclude this

case and suppose that H@n # 0, we have

ARV I R VA

where q; = u'M.u, i =1,2, M, = M &M / [enmzn], M, =M -M. M and M, are

i 1

idempotent matrices with MlM 0. Further, because Enﬂg has rank 1 and ﬁ%}

* 0, M1 has rank 1 and

rank [MZ]
Thus, q and q2 are independent chi-square random variables with 1 and n—kl—l

degrees of freedom, respectively, where k1 = rank[X]. Hence qz/q1 ~

(n—kl—l)F(n—kl-l,l), where F(n—kl—l,l) is a random variable that follows a

central F distribution with (n—kl—l,l) degrees of freedom.
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TABLE 1:

SUMMARY OF THE EMPIRICAL POWER COMPARISON

Problem

PA(0.5)

Alternative
Hypothesis

Tests

le(O.S), Dl(O.S), 81(0.5,0.75),
81(0.5,0.999).

DWl(O.S), Dl(O.S), 81(0.5,0.25),
81(0.5,0).

Dw1(0.9), D1(0.9), 81(0.9,0.95),
81(0.9,0.999).

DW1(0.9), D1(0.9), 81(0.9,0.45),
51(0.9,0).

ﬁWl(O.S), 51(0.5), §1(0.5,o.75),
51(0.5,1.0), Dw2(0.5), DZ(O.S),

* *
52(0.5,0.75,d1), SZ(O.S,l.O,dl).

ﬁWl(o.s), ﬁl(o.s), §1(0.5,o.25),
sl(o.s,o), Dw2(0.5), D2(0.S),

* *
SZ(O.S,O.ZS,dl), SZ(O.S,O,dl).

ﬁWl(o.g), 51(0.9), §1(o.9,o.95),

§,(0.9,1.0), DW,(0.9), D,(0.9),
* *

5,(0.9,0.95,d}), S,(0.9,1.0,d}).

ﬁW1(0.9), 51(0.9), §1(o.9,0.45),
51(0.9,0), Dw2(0.9), D2(0.9),

* *
82(0.9,0.4S,d1), 52(0.9,0,d1).

*
Dw2(1.0), D2(1.O), 82(1.0,1.1,d1),
"
SZ(l.O,l.Z,dl).

SB, DW2(1.O), D2(1.O),
* *
Sz(l.0,0.S,dl), 82(1'0’0’d1)°

ﬁWl(l.l), 51(1.1), §1(1.1,1.15),,
S,(1.1,1.2), DW,(1.1), D,(1.1),

* *
S,(1.1,1.15,d¥), S,(1.1,1.2,d}).

ﬁW1(1.1), ﬁ1(1.1), §1(1.1,1.0),

81(1.1,0.5), Dw2(1.1), D2(1.1),
* *

82(1.1,1.0,d1), 82(1.1,0.5,d1).

Values of p at which
power computed

0.6, 0.7, 0.8,
0.9, 0.999.

0.3, 0.

.025, 0.05, 1.1
.115, 1.2

.9, 0.75, 0.5,
.25, 0.

.12, 1.14, 1.16,
.18, 1.2

1.05, 1.0, 0.9,
.5, 0.




TABLE 2: CALCULATED POWERS FOR PA(0.5) AND X3 AGAINST H; AND H;

AGAINST H;

0.3

n = 20

n = 60
0.334
0.400
0.401
0.399

AGAINST H;

0.7

n = 20

.5)
.5,0.75)
.5,0.999)

.5S)
.5,0.75)
.5,0.999)
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TABLE 3: CALCULATED POWERS FOR PA(0.9) AND X3 AGAINST Ha AND Ha

AGAINST H;

0.7

n = 20

n = 60
0.210
0.458
0.465
0.447

AGAINST H;

0.94

n = 20

.9)
.9,0.95)
.9,0.999)

.9)
.9,0.95)
.9,0.999)




TABLE 4: CALCULATED POWERS FOR PB(0.9) AND X3 AGAINST H; AND H;

WITH d1 =1.0

AGAINST H;

0.7

n =20
0.

o
P
o
@)

o
o
_(D
o
o

45,0.1)
45,1.0)
45,10.0)
0,0.1)
0,1.0)
0,10.0)

0.
0.
0.
0.
0.
0.
0.
0.
0.

S o o200 000o0
©S oo 000000
© oo 90900000
©© 9o 9000000

- O O

—

.45,0.1)
.45,1.0)
.45,10.0)
.0,0.1)
0,1.0)
.0,10.0)

O O 0O o O o ©o o o o o o
O O O OO o o o o o o o
O O O O O 0O oo o o o o

© O 0O 0o oo o o
e e e I @ e




TABLE 4 (CONTD)

AGAINST H;

0.94

n = 20

.95,0.1)
.95,1.0)
.95,10.0)

*
'O’dl)

o O O O O O o o o o

© oo 00090090000
© 9o 99000000
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TABLE 5: CALCULATED POWERS FOR PB(1.0) AND X4 AGAINST H; AND H;

WITH d, = 1.0%

AGAINST H;

0.75

n = 20

OOOOOOOOO
©o oo o009 990°
©ooooo 9 990"
©o oo o9 90990
©c o009 992909
©c o090 90099909

0 0
0 0. 0
0 0. 0
0 0. 0
0 0. 0
0 0. 0
0 0. 0
0 0. 0
0 0. 0

2 ror PB(1.0), the tests DW2(1.0), D2(1.0) and 82(1.0,p1,1.0) are identical to

5W1(1.0), 51(1.0) and 51(1.0,p1), respectively.




TABLE 5 (CONTD)
+
AGAINST Ha

p = . 1.025 1.05

Test n =20
Dw2(1.0)
D2(1.0)
SB
S, (1.

S, (1.
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TABLE 6: CALCULATED POWERS FOR PB(1.1) AND X3 AGAINST H; AND H;
WITH d1 = 1.0

AGAINST H;

1.0

n = 20

0 0.
0 0.
0 0.
0 0.
0 0.
0 0.
0 0.
0 0.
0 0.
0 0.
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TABLE 6 (CONTD)

AGAINST H;

p = . . 1.14

Test n = 20

§ﬁ1(1.1)

El(l.l)

5,(1.1,1.

S, (1.1,1.

DW,,(1.1)
(1 1)
(1.1,1.15.0.1)
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(1.1,1.2,0.1)
(1.1,1.2,1.0)
(1.1,1.2,10.0)
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Footnotes

Several authors have also studied asymptotic distributions in models
with roots equal to or greater than one; see, for example, Anderson
(1959), Rao (1978), Dickey and Fuller (1979, 1981), Satchell (1984),
Fuller (1985), Phillips (1987a, 1987b), Phillips and Durlauf (1986) and
the survey of Diebold and Nerlove (1988). In this paper, we concentrate

on finite sample procedures.

Detailed proofs of the theorems that follow are available in an earlier

version of this paper [Dufour and King (1989)].

Because the normal distribution is complete, this is a necessary as well

as sufficient condition provided the mean of the first element of Coy is

unknown. We are grateful to a referee for pointing this out to us.

A similar technique was used by Dufour and Dagenais (1985) to obtain
optimal autocorrelation tests in regression models with missing

observations.
DwZ(pO) is the DW test based on the OLS residuals v given by (16).

To save space, only results for one design matrix are tabulated although

this section discusses the results for all design matrices.

Although puzzling, situations in which knowledge of a parameter value
can reduce the power of a test are not unknown. A related example is
given by Krédmer (1985) who shows that for certain regressions fitted
through the origin, the power of the DW test can be improved by adding a
superfluous intercept to the regression. 51(0.9) is most powerful
(among Gl-invariant tests) only in the neighbourhood of p = 0.9, not

against p = 0.0.
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