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NULL DISTRIBUTION OF THE SMALL SAMPLE
MEAN CORRELATION COEFFICIENT:

AN APPLICATION TO MEDICAL RESEARCH

Muhammad I. Bhatti

In this note we outlined the procedure to obtain upper tail
percentage points of the distribution of the average of k independent

sample correlation coefficient (r) each of which is based on n pairs of

.observations. Null distribution of r demonstrates its application to

medical research.

Key words: Average correlation coefficient, Bessel function,
characteristics function, <critical values, Fubini’'s

theorem, medical research.




INTRODUCTIGON

The «, B and 8 cells of the pancreatic islets of Langerhans produce
respectively the hormones glucagon, insulin and somatostatin which play
central roles in the control of blood glucose concentration [Cooperstein.
and Dudley (1981, Chapter 18)]. Direct and indirect interactions of
these cells can bé seen by Bondy and Rosenberg (1977) and Kuhl, Faber,
Hornnes and Jansen (1978), Gerich (1977), etc. In biomedical sciences
biostatisticians are asked to assess the significance of average
correlation coefficient (r) between various sets of above-mentioned
cells and determine its critical values. The details of such
experiments are given in Bhatti (1987), Bergons, Tam, Molner, Rajotte
and McGregor (1986). 'This note is an attempt to provide the
distribution of r and a table of such critical values for small sample
size. These critical points are determined by using modera availability
of computing power, with the hope of better and accurate results. In

Section 2 of this note the derivation of the distribution of mean

correlation coefficient (r) is given. Section 3 demonstrates the table

of critical values for selected values of K1 (the number of correlations

in average), N (the number of points from which each correlation is
calculated), and «’ (the upper tail area). If one is interested in

different or higher values of K N and «’ he can modify APL programs

1)
given at the end of the Appendix or he can obtain the extended version

‘of the APL programs from the author on request.

DERIVATION OF THE DISTRIBUTION OF r

The purpose of this section is to obtain upper tail percentage
points of the distribution of the average of k independent sample

correlation coefficients (r) each of which is based on n pairs of




independent observations. According to Hogg and Craig (1978, p.302) the
null (p=0, where p is the population correlations coefficient) p.d.f. of

r based on n pairs of observations is
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The moment-generating function of the null distribution of r

therefore:
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is the modified Bessel function of the second kind of order (n-3)/2.
The corresponding characteristic function (c.f.) can be obtained by
replacing t with it in Mr(t)‘ Also, note that since the p.d.f. of
the distribution of r is symmetric, the c.f. will be real. Thus,
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Expressing ¢r(t) in terms of the Bessel function J (t), and by

n-3
(—z—)

using the relation
I (z)
\4

we get the c.f. as,

¢ (t) = Tl(n-1)s2]2

Thus, the c.f. of the distribution of the mean r of k independent values

of r (i.e., the c.f. of the distribution of r) is given by
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Note, that ¢_(t) is an even function of t, since ¢ (t) = ¢ (-t) and thus
r r r

the distribution of r is symmetric. Using the inversion formula for
characteristic function, see Feller (1968), we can obtain the p.d.f. of
the distribution of r as,
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The upper tail area above
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Using Fubini’s theoren,
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_An APL program to evaluate the critical values is given in Appendix I.

COMPUTATION OF CRITICAL VALUES

The results of these computed critical values are given in Table 1,

for selected values of N, K1 and «’. Where N is the number of points

from which each correlation is calculated (3, 4, 5, ..., 10), K1 is the

number of correlations in average (1, 2, 3, ..., 10) and &’ is the upper

tail area (0.05, 0.025, 0.01, 0.005).




TABLE OF CRITICAL VALUES FOR SELECTED VALUES OF N, K1 AND «
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APPENDIX-1I

— PROGRAM USED TO CALCULATE CRITICAL VALUES OF THE

DISTRIBUTION OF THE AVERAGE SAMPLE CORRELATION.

program consists of the following input:

N1 = 100; the number of subintervals in the numerical
integration.

N; Number of points from which each correlation is calculated
(3,4,5,6,...,10).

Kl; Number of corfelations in average (1,2,3,...,10).

S.G; Upper tail area (0.05, 0.025, 0.01, 0.005).

"output consists of the requisite critical values given




CRITICAL VALUES FOR DISTRIBUTION OF AVERAGE CORRELATION
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