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Abstract. Reweighting is a popular statistical technique to deal with infer-
ence in the presence of a nonrandom sample, and various reweighting estimators
have been proposed in the literature. This article presents the user-written com-
mand treatrew, which implements reweighting on the propensity-score estimator
as proposed by Rosenbaum and Rubin (1983, Biometrika 70: 41–55) in their sem-
inal article. The main contribution of this command lies in providing analytical
standard errors for the average treatment effects in the whole population, in the
subpopulation of the treated, and in that of the untreated. Standard errors are cal-
culated using the approximation suggested by Wooldridge (2010, 920–930, Econo-
metric Analysis of Cross Section and Panel Data [MIT Press]), but bootstrapped
standard errors can also be easily computed. Because an implementation of this
estimator with analytic standard errors and nonnormalized weights is missing in
Stata, this article and the accompanying ado-file aim to provide the community
with an easy-to-use method for reweighting on the propensity-score. The estima-
tor proves to be a valuable tool for estimating average treatment effects under
selection on observables.

Keywords: st0350, treatrew, treatment models, reweighting, propensity score, av-
erage treatment effects, ATE, ATET, ATENT

1 Introduction

treatrew is a user-written command for estimating average treatment effects (ATEs) by
reweighting (REW) on the propensity score. Depending on the specified model (probit
or logit), treatrew provides consistent estimation of ATEs under the hypothesis of
selection on observables. Conditional on a prespecified set of observable exogenous
variables x—thought of as those driving the nonrandom assignment to treatment—
treatrew estimates the average treatment effect (ATE), the average treatment effect
on the treated (ATET), and the average treatment effect on the nontreated (ATENT); it
also estimates these parameters conditional on the observable factors x (that is, ATE(x),
ATET(x), and ATENT(x)).

In program evaluations and the epidemiological literature, a plethora of REW esti-
mators have been proposed. This article presents the user-written command treatrew,

c© 2014 StataCorp LP st0350



542 treatrew: A user-written command

which implements REW on the propensity-score estimator as proposed by Rosenbaum
and Rubin (1983) in their seminal article.

The main contribution of this command lies in providing analytical standard errors
for the estimation of the ATE, ATET, and ATENT using the approximation suggested by
Wooldridge (2010, 920–930). However, bootstrapped standard errors can also be easily
computed. treatrew assumes that the propensity score specified by the user is correct.
Thus it is sensitive to propensity-score misspecification.

The article is organized as follows: Section 2 provides the statistical description of
REW on the propensity-score estimator as implemented by treatrew. Section 3 provides
the formulas for calculating the causal parameters of interest and their standard errors.
Section 4 presents the syntax of treatrew and an application to real data. Section 5
shows the relation between treatrew and the recent Stata 13 command teffects ipw

for implementing the inverse-probability weighting (IPW) estimator. Section 6 concludes
the article. Finally, two appendixes are reported at the end of the article.

2 The REW estimator of treatment effects: A brief

overview

Reweighting is a valuable approach to estimate (binary) treatment effects in a nonexper-
imental statistical setting when subjects’ nonrandom assignment to treatment is due to
selection on observables. The idea behind the REW procedure is straightforward: when
the treatment is not randomly assigned, treated and untreated subjects may present
different distributions of their observable characteristics. This may happen either be-
cause of the subjects’ self-selection into the experiment (subjects may consider the net
benefit of participation) or because of the selection process operated by an external en-
tity (such as a public agency managing a subsidization program whose explicit objective
is selecting beneficiaries with peculiar characteristics to maximize policy effect). Many
examples can be drawn from both social and epidemiological statistical settings.

In nonrandomized experiments, the distribution of the variables feeding into x could
be strongly unbalanced. To establish a balance in their distributions, one could im-
plement REW on observations, using their probability of becoming treated, that is,
according to subjects’ propensity scores. A possible REW estimation protocol is as
follows:

1. Estimate the propensity score (based on x) using a logit or a probit regression,
thus obtaining the predicated probability pi.

2. Build weights as 1/pi for treated observations and 1/(1− pi) for untreated obser-
vations.

3. Calculate ATEs by comparing the weighted means of the two groups (for instance,
with a weighted least-squares [WLS] regression).
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This weighting scheme is based on inverse-probability regression (Robins, Hernán,
and Brumback 2000; Brunell and DiNardo 2004)—that is, the idea that penalizing (ad-
vantaging) treated subjects with higher (lower) probability to be treated and advantag-
ing (penalizing) untreated subjects with higher (lower) probability to be treated make
the two groups as similar as possible. In other words, weights eliminate a confounding
component induced by the extent of the nonrandom assignment to a program.

Alternative weighting schemes have been proposed in the literature1, and some au-
thors have shown that various matching methods can also be seen as specific REW

estimators (Lunceford and Davidian 2004; Morgan and Harding 2006). As in matching,
these estimators have different properties, but the main limit resides in the specification
of the propensity score because measurement errors in this specification could produce
severe bias. In what follows, we focus on REW on propensity-score inverse probabil-
ity as proposed by Rosenbaum and Rubin (1983). Here we start with the following
assumptions about the data-generating process:

i. y1 = g1(x) + ε1, E(ε1) = 0

ii. y0 = g0(x) + ε0, E(ε0) = 0

iii. y = wy1 + y0(1− w)

iv. Conditional mean independence (CMI) holds; therefore, E(y1|w,x) = E(y1|x) and
E(y0|w,x) = E(y0|x)

v. x exogenous

y1 and y0 are the subject’s outcome when treated and untreated, respectively; g1(x)
and g0(x) are the subject’s reaction function to the confounder x when the subject is
treated and untreated, respectively; w is the treatment binary indicator taking value 1
for treated and 0 for untreated subjects; ε0 and ε1 are two error terms with unconditional
zero mean; and x is a set of observable and exogenous confounding variables assumed
to drive the nonrandom assignment into treatment. In short, the CMI assumption states
that it is sufficient to control only for x to restore random assignment conditions. When
assumptions i–v hold,

ATE = E

[ {w − p(x)}y
p(x){1− p(x)}

]
(1)

ATET = E

[ {w − p(x)}y
p(w = 1){1− p(x)}

]
(2)

ATENT = E

[ {w − p(x)}y
p(w = 0)p(x)

]
(3)

Appendix A shows the mathematical steps to get these formulas.

1. Another possible weighting scheme could be assuming pi/(1− pi) for untreated subjects and 1 for
treated ones (Nichols 2007). The literature distinguishes between normalized and nonnormalized
weighting schemes depending on whether the weights sum to one or to a different value, respectively
(Busso, DiNardo, and McCrary 2008).
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3 Sample estimation and standard errors for ATE, ATET,

and ATENT

Assuming that the propensity score is correctly specified, we can estimate previous
parameters by using the sample equivalent of the population parameters; that is,

ATE =
1

N

N∑

i=1

{wi − p̂(xi)}yi
p̂(xi){1− p̂(xi)}

ATET =
1

N

N∑

i=1

{wi − p̂(xi)}yi
p̂(w = 1){1− p̂(xi)}

ATENT =
1

N

N∑

i=1

{wi − p̂(xi)}yi
p̂(w = 0)p̂(xi)

Estimation follows in two steps: i) estimate the propensity score p(xi), thus obtaining
p̂(xi); and ii) substitute p̂(xi) into previous formulas to get parameters. Consistency is
guaranteed because these estimators are M-estimators.

But how do we get standard errors for previous estimators? We can exploit some
results when the first step is a maximum likelihood (ML) estimation and the second step
is an M-estimation. In our case, the first step is an ML based on logit (or probit), and the
second step is a standard M-estimator. For such cases, Wooldridge (2007; 2010, 922–924)
proposed a straightforward procedure to get analytical standard errors provided that the
propensity score is correctly specified. In what follows, we demonstrate Wooldridge’s
(2007; 2010, 922–924) procedure and formulas for obtaining these standard errors.

3.1 Standard-error estimation for ATE

First, define the estimated ML score of the first step (probit or logit). It is, by definition,
equal to

d̂i = d̂(wi,xi, γ̂) =
{∇γ p̂(xi, γ̂)}′ × {wi − p̂(xi, γ̂)}

p̂(xi, γ̂){1− p̂(xi, γ̂)}
Observe that d is a row vector of the R − 1 parameters γ and represents the gradient
of the function p(x,γ).

Second, define the generic estimated summand of ATE as

k̂i =
{wi − p̂(xi)}yi
p̂(xi){1− p̂(xi)}
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Third, calculate ordinary least-squares (OLS) residuals from this regression,

k̂i on
(
1, d̂′

i

)
with i = 1, . . . , N

and call them êi (i = 1, . . . , N). The asymptotic standard error for ATE is equal to

(
1

N

N∑

i=1

ê2i

)1/2

√
N

(4)

and we can use it to test the significance of ATE. Of course, d will have a different
expression according to the probability model adopted. Here we consider the logit and
probit cases.

Case 1: Logit

Suppose that the correct probability follows a logistic distribution. This means that

p(xi,γ) =
exp(xiγ)

1 + exp(xiγ)
= Λ(xiγ) (5)

Thus, by simple algebra, we see that

d̂′
i︸︷︷︸

1×R

= xi(wi − p̂i)

Case 2: Probit

Suppose that the right probability follows a normal distribution. This means that

p(xi,γ) = Φ(xiγ)

Thus, by simple algebra, we see that

d̂′
i =

φ(xi, γ̂)xi × {wi − Φ(xiγ)}
Φ(xiγ){1− Φ(xiγ)}

where Φ(·) and φ(·) are the normal cumulative distribution and density function, re-
spectively. One can also add functions of x to estimate previous formulas. This reduces
standard errors if these functions are partially correlated with k̂i.

Finally, observe that the previous procedure produces standard errors that are lower
than those produced by ignoring the first step (that is, the propensity-score estimation
via ML). Indeed, the näıve standard error

{
1

N

N∑

i=1

(
k̂i − ÂTE

)2
}1/2

√
N

is higher than the one produced by the previous procedure.
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3.2 Standard-error estimation for ATET

This follows a route similar to ATE. Define the generic estimated summand of ATET as

q̂i =
{wi − p̂(xi)}yi

p̂(w = 1){1− p̂(xi)}

and calculate
r̂i = residuals from the regression of “q̂i on 1, d̂′

i”

The asymptotic standard error for ATET is

{p̂(w = 1)}−1 ×
{

1

N

N∑

i=1

(
r̂i − wi × ÂTET

)2
}1/2

√
N

3.3 Standard-error estimation for ATENT

In this case, define the generic estimated summand of ATENT as

b̂i =
{wi − p̂(xi)}yi
p̂(w = 0)p̂(xi)

and then calculate

ŝi = residuals from the regression of “b̂i on 1, d̂′
i”

The asymptotic standard error for ATENT is

{p̂(w = 0)}−1 ×
[
1

N

N∑

i=1

{
ŝi − (1− wi)× ÂTENT

}2
]1/2

√
N

The standard errors presented in this section are correct when the actual data-
generating process follows the probit or the logit probability rules. If not, then a mea-
surement error is present, and the estimations might be inconsistent. Authors such as
Hirano, Imbens, and Ridder (2003) and Li, Racine, and Wooldridge (2009) have sug-
gested more flexible nonparametric estimation of the standard errors. Under correct
specification, a straightforward alternative is to use bootstrapping, where the binary
response estimation and the averaging are included in each bootstrap iteration.

4 The treatrew command: Syntax and use

treatrew estimates ATE, ATET, and ATENT parameters with either analytical or boot-
strapped standard errors. The syntax is rather simple and follows the typical Stata
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command syntax. The user has to declare: a) the outcome variable, that is, the vari-
able over which the treatment is expected to have an impact (outcome); b) the binary
treatment variable (treatment); c) a set of confounding variables (varlist); and, finally,
d) a series of options. Two options are important: the option model(modeltype) sets
the type of model, probit or logit, that has to be used in estimating the propensity
score; the option graphic and the related option range(a b) produce a chart where the
distribution of ATE(x), ATET(x), and ATENT(x) are jointly plotted within the interval
[a; b].

As an e-class command, treatrew provides an ereturn list of objects (such as
scalars and matrices) to be used in the next elaborations. In particular, the values of
ATE, ATET, and ATENT are returned in the scalars e(ate), e(atet), and e(atent), and
they can be used to get bootstrapped standard errors. By default, treatrew provides
analytical standard errors.

4.1 Syntax

treatrew outcome treatment
[
varlist

] [
if
] [

in
] [

weight
]
, model(modeltype)

[
graphic range(a b) conf(#) vce(robust)

]

outcome is the target variable for measuring the impact of the treatment.

treatment is the binary treatment variable taking 1 for treated and 0 for untreated
subjects.

varlist is the set of pretreatment (or observable confounding) variables.

fweights, iweights, and pweights are allowed; see [U] 11.1.6 weight.

4.2 Description

treatrew estimates ATEs by REW on the propensity score. Depending on the specified
model, treatrew provides consistent estimation of ATEs under the hypothesis of selec-
tion on observables. Conditional on a prespecified set of observable exogenous variables
x—thought of as those driving the nonrandom assignment to treatment—treatrew

estimates the ATE, the ATET, the ATENT, and these parameters conditional on the ob-
servable factors x (that is, ATE(x), ATET(x), and ATENT(x)). Parameters’ standard
errors are provided either analytically (following Wooldridge [2010, 920–930]) or via
bootstrapping. treatrew assumes that the propensity-score specification is correct.

treatrew creates several variables:

• ATE x is an estimate of the idiosyncratic ATE.

• ATET x is an estimate of the idiosyncratic ATET.

• ATENT x is an estimate of the idiosyncratic ATENT.



548 treatrew: A user-written command

4.3 Options

model(modeltype) specifies the model for estimating the propensity score, where mod-
eltype must be one of probit or logit. model() is required.

graphic allows for a graphical representation of the density distributions of ATE(x),
ATET(x), and ATENT(x) within their whole support.

range(a b) allows for a graphical representation of the density distributions of ATE(x),
ATET(x), and ATENT(x) within the support [a; b] specified by the user. range()

must be specified with the graphic option.

conf(#) sets the confidence level of probit or logit estimates equal to the specified #.
The default is conf(95).

vce(robust) allows for robust regression standard errors in the probit or logit estimates.

4.4 Stored results

treatrew stores the following in e():

Scalars
e(N) number of observations e(ate) value of the ATE
e(N1) number of (used) treated e(atet) value of the ATET

subjects e(atent) value of the ATENT
e(N0) number of (used) untreated

subjects

4.5 Examples

To show a practical application of treatrew, we use an instructional dataset called
fertil2.dta, which is included in Wooldridge (2013) and collects cross-sectional data
on 4,361 women of childbearing age in Botswana. This dataset is freely downloadable
at http://fmwww.bc.edu/ec-p/data/wooldridge/fertil2.dta. It contains 28 variables on
women and family characteristics.

Using fertil2.dta, we are interested in evaluating the impact of the variable educ7
(taking value 1 if a woman has more than or exactly seven years of education and
0 otherwise) on the number of family children (children). Several conditioning (or
confounding) observable factors are included in the dataset, such as the age of the
woman (age), whether the family owns a television (tv), whether the woman lives
in a city (urban), and so forth. To inquire into the relation between education and
fertility according to Wooldridge’s (2010, ex. 21.3, 940) specification, we estimate the
ATE, ATET, and ATENT (as well as ATE(x), ATET(x), and ATENT(x)) by REW us-
ing treatrew. We also compare REW results with other popular program evaluation
methods: i) the difference in mean (DIM), taken as benchmark; ii) the OLS regression-
based random-coefficient model with heterogeneous reaction to confounders, estimated
through the user-written command ivtreatreg, provided by Cerulli (2011); and iii) a
one-to-one nearest-neighbor matching, computed by the command psmatch2, provided
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by Leuven and Sianesi (2003). Because matching estimators can be seen as specific
REW procedures (Busso, DiNardo, and McCrary 2008), comparing REW with matching
is worthwhile. By taking just the case of ATET, we can prove that

ATETMatching =
1

Ni

∑

i∈(w=1)



yi −

∑

j∈C(i)

h(i, j)yj





=
1

N1

N∑

i=1

wiyi −
N∑

j=1

(1− wj)yj
1

N1

N∑

i=1

wih(i, j)

=
1

N1

N∑

i=1

wiyi −
1

N0

N∑

j=1

(1− wj)yjω(j) = ATETReweighting

where ω(j) = N0/N1

N∑
i=1

wih(i, j) are REW factors, C(i) is the untreated subject’s neigh-

borhood for the treated subject i, and h(i, j) are matching weights that—once oppor-
tunely specified—produce different types of matching methods. Results from all of these
estimators are reported in table 1.
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Results in column 1 refer to the DIM and are obtained by typing

. regress children educ7

Results in column 2 refer to CF-OLS and are obtained by typing

. ivtreatreg children educ7 age agesq evermarr urban electric tv,
> hetero(age agesq evermarr urban electric tv) model(cf-ols)

For CF-OLS, standard errors for ATET and ATENT are obtained via bootstrap and
can be obtained in Stata by typing

. bootstrap atet=r(atet) atent=r(atent), rep(200):
> ivtreatreg children educ7 age agesq evermarr urban electric tv,
> hetero(age agesq evermarr urban electric tv) model(cf-ols)

Results set out in columns 3–6 refer to the REW estimator. In columns 3 and 4,
standard errors are computed analytically, whereas in columns 5 and 6, they are com-
puted via bootstrap for the logit and probit models, respectively. These results can be
retrieved by typing sequentially

. treatrew children educ7 age agesq evermarr urban electric tv, model(probit)

. treatrew children educ7 age agesq evermarr urban electric tv, model(logit)

. bootstrap e(ate) e(atet) e(atent), reps(200):
> treatrew children educ7 age agesq evermarr urban electric tv, model(probit)

. bootstrap e(ate) e(atet) e(atent), reps(200):
> treatrew children educ7 age agesq evermarr urban electric tv, model(logit)

Finally, column 7 presents an estimation of ATEs obtained by implementing a one-
to-one nearest-neighbor matching on the propensity score (MATCH). Here the standard
error for ATET is obtained analytically, whereas those for ATE and ATENT are computed
by bootstrapping. Matching results can be obtained by typing

. psmatch2 educ7 age agesq evermarr urban electric tv, ate out(children) common

. bootstrap r(ate) r(atu): psmatch2 educ7 $xvars, ate out(children) common

where the option common restricts the sample to subjects with common support. To
test the balancing property for such a matching estimation, we provide a DIM on the
propensity score before and after matching treated and untreated subjects using the
psmatch2 postestimation command pstest:
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. pstest _pscore, both

Unmatched Mean %reduct t-test
Variable Matched Treated Control %bias |bias| t p>|t|

_pscore Unmatched .65692 .42546 111.7 37.05 0.000
Matched .65692 .65688 0.0 100.0 0.01 0.994

(output omitted )

This test suggests that with regard to the propensity score, the matching procedure
implemented by psmatch2 is balanced, so we can trust matching results (the propensity
score was unbalanced before matching, and it becomes balanced after matching).

Unlike DIM, results from CF-OLS and REW are fairly comparable in terms of both
coefficients’ size and significance: the values of ATE, ATET, and ATENT obtained using
REW on the propensity score are a little higher than those obtained using CF-OLS. This
means that the linearity of the potential-outcome equations assumed by the CF-OLS is
an acceptable approximation. According to the value of ATET, as obtained by REW and
visible in column 3 of table 1, an educated woman in Botswana would have been—ceteris
paribus—significantly more fertile if she had been less educated. We can conclude that
education has a negative impact on fertility, leading a woman to have around 0.5 fewer
children. If confounding variables were not considered, as it happens using DIM, this
negative effect would appear dramatically higher, around 1.77 children: the difference
between 1.77 and 0.5 (around 1.3) is an estimation of the bias induced by the presence
of selection on observables.

Columns 3 and 4 show REW results using Wooldridge’s (2010) analytical standard
errors in the case of probit and logit, respectively. As partly expected, these results
are similar. But the REW results when standard errors are obtained via bootstrap
(columns 5 and 6) are more interesting. Here statistical significance is confirmed when
compared with results derived from analytical formulas. However, bootstrapping seems
to increase significance for both ATET and ATENT, while the standard error for ATE is
in line with the analytical one.

Some differences in results emerge when applying the one-to-one nearest-neighbor
matching (column 7) on this dataset. In this case, ATET becomes insignificant with a
magnitude that is around one-third lower than that obtained by REW. As said above, the
standard errors of ATE and ATENT are here obtained via bootstrap because psmatch2

does not provide analytical solutions for these two parameters. Nevertheless, as proved
by Abadie and Imbens (2008), bootstrap performance is generally poor in the case of
matching, so these results have to be taken with some caution.
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Finally, figure 1 sets out the estimated kernel density for the distribution of ATE(x),
ATET(x), and ATENT(x) when treatrew is used with options graphic and range(-30

30). It is evident that the distribution of ATET(x) is a bit more concentrated around
its mean (equal to ATET) than the distribution of ATENT(x) is; this indicates that more
educated women respond more homogeneously to a higher level of education. On the
contrary, less educated women react more heterogeneously to a potential higher level of
education.
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Figure 1. Estimation of the distribution of ATE(x), ATET(x), and ATENT(x) by REW

on the propensity score with range equal to (−30; 30)

5 Relation between treatrew and Stata 13’s teffects ipw

Stata 13 provides a new command, teffects, for estimating treatment effects for ob-
servational data. Among the many estimation methods provided by this command,
teffects ipw implements a REW estimator based on IPW.

teffects ipw estimates the parameters ATE and ATET and the mean potential
outcomes using a WLS regression where weights are a function of the propensity score
estimated in the first step. To see the equivalence between IPW and WLS, we apply the
teffects ipw command to our previous dataset by computing ATE.
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. use fertil2

. teffects ipw (children) (educ7 $xvars, probit), ate

Iteration 0: EE criterion = 6.624e-21
Iteration 1: EE criterion = 4.722e-32

Treatment-effects estimation Number of obs = 4358
Estimator : inverse-probability weights
Outcome model : weighted mean
Treatment model: probit

Robust
children Coef. Std. Err. z P>|z| [95% Conf. Interval]

ATE
educ7

(1 vs 0) -.1531253 .0755592 -2.03 0.043 -.3012187 -.0050319

POmean
educ7

0 2.208163 .0689856 32.01 0.000 2.072954 2.343372

In this estimation, we see that the value of ATE is −0.153 with a standard error of
0.075, which results in a moderately significant effect of educ7 on children.

This value of ATE can also be obtained using a simple WLS regression of y on w and
a constant, with weights hi designed in this way:

hi = hi1 = 1/p(xi) if wi = 1 (6)

hi = hi0 = 1/{1− p(xi)} if wi = 0 (7)

The Stata code for computing such a WLS regression is as follows:

. global xvars age agesq evermarr urban electric tv

. probit educ7 $xvars, robust // estimate the probit regression

(output omitted )

. predict _ps, p // call the estimated propensity score as _ps
(3 missing values generated)

. generate H=(1/_ps)*educ7+1/(1-_ps)*(1-educ7) // weighing function H for w=1
> and w=0
(3 missing values generated)

. regress children educ7 [pw=H], vce(robust) // estimate ATE by a WLS regression
(sum of wgt is 9.1714e+03)

Linear regression Number of obs = 4358
F( 1, 4356) = 2.00
Prob > F = 0.1576
R-squared = 0.0013
Root MSE = 2.1324

Robust
children Coef. Std. Err. t P>|t| [95% Conf. Interval]

educ7 -.1531253 .1083464 -1.41 0.158 -.3655393 .0592887
_cons 2.208163 .0867265 25.46 0.000 2.038135 2.378191
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This table shows that the results of the commands calculating IPW and WLS for ATE

are identical. A difference, however, appears in the estimated standard errors, which
are quite divergent: 0.075 for IPW against 0.108 for WLS. Moreover, observe that ATE

calculated by WLS becomes nonsignificant.

Why are these standard errors different? The answer resides in a different approach
used for estimating the variance of ATE (and, possibly, ATET): WLS regression uses the
usual OLS variance–covariance matrix adjusted for the presence of a matrix of weights,
let’s say Ω; however, WLS does not consider the presence of a generated regressor,
namely, the weights computed through the propensity scores estimated in the first step.
On the contrary, IPW accounts for the variability introduced by the generated weights
by exploiting a generalized method of moments approach for estimating the correct
variance–covariance matrix (see StataCorp [2013, 68–88]). In this sense, IPW is a more
robust approach than a standard WLS regression.

As implemented in Stata, both WLS and IPW by default use normalized weights,
that is, weights that add up to one. treatrew, on the contrary, uses nonnormalized
weights, which is why the ATE values obtained from treatrew (see the previous section)
are numerically different from those obtained from WLS and IPW. As proved by Busso,
DiNardo, and McCrary (2008, 7), a general formula for estimating ATE by REW is

ÂTE =
1

N

N∑

i=1

wiyihi1 −
1

N

N∑

i=1

(1− wi)yihi0 (8)

treatrew uses nonnormalized inverse-probability weights defined as above; that is

hi1 = 1/p(x)

hi0 = 1/{1− p(xi)}

Such weights do not sum up to one. In this case, analytical standard errors cannot be
retrieved by a weighted regression, and the method suggested by Wooldridge (2010)—
and implemented through treatrew—for getting correct analytical standard errors for
ATE, ATET, and ATENT is thus needed because a generated regressor from the first-step
estimation is used in the second step.

The normalized weights used in WLS and IPW are instead

hi1 =
1/p(xi)

1

N1

N∑

i=1

wi/p(xi)

hi0 =
1/{1− p(xi)}

1

N0

N∑

i=1

(1− wi)/{1− p(xi)}



556 treatrew: A user-written command

Appendix B shows that if the formula of ATE implemented in treatrew using nor-
malized (rather than nonnormalized) weights was adopted, then the treatrew’s ATE

estimation would become numerically equivalent to the value of ATE obtained by the
commands used to calculate WLS and IPW.

Thus we can assert that both teffects ipw and treatrew lead to correct analytical
standard errors because both take into account that the propensity score is a generated
regressor from a first-step (probit or logit) regression. The different values of ATE and
ATET obtained in the two approaches reside only in the different weighting scheme
(normalized versus nonnormalized).

In short, treatrew is useful when considering nonnormalized weights, that is, when a
pure IPW scheme is used. Moreover, compared with teffects ipw, treatrew provides
an estimation of ATENT, though it does not by default provide an estimation of the
mean potential outcomes.

6 Conclusion

This article provides a command, treatrew, for estimating ATEs by REW on the propen-
sity score as proposed by Rosenbaum and Rubin (1983). Although REW is a popular and
long-standing statistical technique to deal with the bias induced by drawing inference
in the presence of a nonrandom sample, its implementation in Stata with parameters’
analytic standard errors (as proposed by Wooldridge [2010, 920–930]) and a nonnormal-
ized weighting scheme was still missing. This article and the accompanying ado-file fill
this gap by providing an easy-to-use implementation of the REW method, which can be
used as a valuable tool for estimating causal effects under selection on observables.
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Appendix A

This appendix provides the mathematical steps to get the REW formulas for ATEs as
reported in (1)–(3). Observe first that wy = w{wy1+y0(1−w)} = w2y1+wy0−w2y0 =
wy1 because w2 = w. Therefore,

E

{
wy

p(x)
|x
}

= E

{
wy1
p(x)

|x
}

LIE2
= E

[
E

{
wy1
p(x)

|x, w
}
|x
]
= E

{
wE(y1|x, w)

p(x)
|x
}

CMI
= E

{
wE(y1|x)
p(x)

|x
}

= E

{
wg1(x)

p(x)
|x
}

= g1(x)× E

{
w

p(x)
|x
}

=
g1(x)

p(x)
× E(w|x) = g1(x)

p(x)
× p(x) = g1(x) (9)

because E(w|x) = p(x). Similarly, we can show that

E

[
(1− w)y

{1− p(x)} |x
]
= g0(x) (10)

Combining (9) and (10) we see that

ATE(x) = g1(x)− g0(x) = E

{
wy

p(x)
|x
}
− E

[
(1− w)y

{1− p(x)} |x
]
= E

[ {w − p(x)}y
p(x){1− p(x)} |x

]

provided that 0 < p(x) < 1. To get ATE, one needs to take the expectation of ATE(x)
on x,

ATE = Ex{ATE(x)} = ExE

[ {w − p(x)}y
p(x){1− p(x)} |x

]
= E

[ {w − p(x)}y
p(x){1− p(x)}

]

that is, the inverse-probability REW estimation of ATE. Interestingly, it is possible to
show that such an estimator is equivalent to the Horvitz–Thompson estimator (Horvitz
and Thompson 1952). In sampling theory, it is a method for estimating the total and
mean of a super population in a stratified sample. IPW is generally applied to account
for different proportions of observations within strata in a target population.

Similarly, we can also calculate ATET by considering that

{w − p(x)}y = {w − p(x)} × {y0 + w × (y1 − y0)}
= {w − p(x)} × y0 + w × {w − p(x)} × (y1 − y0)

= {w − p(x)} × y0 + w × {1− p(x)} × (y1 − y0)

because w2 = w. Thus, by dividing the previous expression by {1− p(x)}, we get

{w − p(x)}y
{1− p(x)} =

{w − p(x)}y0
{1− p(x)} + w(y1 − y0) (11)
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Consider now the quantity {w− p(x)}y0 in the right-hand side of (11). We see that

{w − p(x)}y0 = E[{w − p(x)}y0|x] = E(E[{w − p(x)}y0|x, w]|x)
= E[{w − p(x)} × E(y0|x, w)|x] = E[{w − p(x)} × E{y0|x}|x]
= E[{w − p(x)} × g0(x)|x] = g0(x)× E[{w − p(x)}|x]
= g0(x)× [E(w|x)− E{p(x)|x}] = g0(x)× {p(x)− p(x)} = 0

Taking (11) and applying the expectation conditional on x, we get

E

[{w − p(x)}y
{1− p(x)} |x

]
= E

[{w − p(x)}y0
{1− p(x)} |x

]
+ E{w(y1 − y0)|x} = E{w(y1 − y0)|x}

because we proved that {w − p(x)}y0 is 0. By the law of iterated expectations (LIE),
we get 




ExE

[{w − p(x)}y
{1− p(x)} |x

]
= E

[{w − p(x)}y
{1− p(x)}

]

ExE {w(y1 − y0)|x}E{w(y1 − y0)}
(12)

that is,

E

{{w − p(x)}y
{1− p(x)}

}
= E{w(y1 − y0)}

Using LIE again, by assuming h = w(y1 − y0), we get

E(h) = E{w(y1 − y0)}
= p(w = 1)× E{w(y1 − y0)|w = 1}+ p(w = 0)× E{w(y1 − y0)|w = 0}
= p(w = 1)× E{(y1 − y0)|w = 1}
= p(w = 1)× ATET

This means that

E

[{w − p(x)}y
{1− p(x)}

]
= E{w(y1 − y0)} = p(w = 1)× ATET

proving that

ATET = E

[ {w − p(x)}y
p(w = 1){1− p(x)}

]

Finally, by remembering that ATE = p(w = 1)× ATET+ p(w = 0)× ATENT, we can
also prove that

ATENT = E

[ {w − p(x)}y
p(w = 0)p(x)

]
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Appendix B

In this appendix, we show that if one considers the formula of ATE as implemented
in treatrew by using normalized rather than nonnormalized weights, then treatrew’s
ATE estimation becomes numerically equivalent to the ATE obtained by commands used
to calculate WLS and IPW. To this purpose, we first calculate the ATE estimator by
means of the general formula in (8) by adopting normalized IPW weights:

ÂTE =
1

N

N∑

i=1

wiyihi1 −
1

N

N∑

i=1

(1− wi)yihi0

As an intermediary step, we show that normalized weights sum up to one for the weights
of both the treated and the untreated subjects.

* Weights sum up to one for "treated"
. generate h1 = educ7/_ps // observe that educ7=w
. summarize h1
. scalar sum_h1 = _N*r(mean)
. summarize educ7 if educ7==1
. scalar mean_h1 = (1/r(N))*sum_h1
. generate H1 = (1/_ps)/mean_h1 // H1 is the normalized weight for treated units
. generate m1 = educ7*H1 // m1 is equal to w*h1 using h1=H1
. summarize m1
. scalar tot_m1 = _N*r(mean)
. summarize educ7 if educ7==1
. scalar N1 = r(N)
. scalar one1 = (1/N1)* tot_m1
. display one1

1 // ok

* Weights sum up to one for "untreated"
. generate h0 = (1-educ7)/(1-_ps)
. summarize h0
. scalar sum_h0 = _N*r(mean)
. summarize educ7 if educ7==0
. scalar mean_h0 = (1/r(N))*sum_h0
. generate H0 = (1/(1-_ps))/mean_h0 // H0 is the normalized weight for
> untreated units
. generate m0 = (1-educ7)*H0 // m0 is equal to (1-w)*h0 using h0=H0
. summarize m0
. scalar tot_m0 = _N*r(mean)
. summarize educ7 if educ7==0
. scalar N0 = r(N)
. scalar one0 = (1/N0)* tot_m0
. display one0

1 // ok
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Second, we compute the estimation of ATE by multiplying the two summands for
the treated and untreated units in (8) by the outcome y (equal in this example to the
variable children):

* Average outcome for treated units
. generate s1 = children*educ7*H1 // s1 is the summand y*w*h1 of (8) with h1=H
. summarize s1
. scalar tot_s1 = _N*r(mean)
. summarize educ7 if educ7==1
. scalar N1 = r(N)
. scalar _s1 = (1/N1)* tot_s1 // _s1 is the average outcome for treated units
. display _s1

2.0550377

* Average outcome for untreated units
. generate s0 = children*(1-educ7)*H0 // s0 is y*(1-w)*h0 of (8) with h0=H0
. summarize s0
. scalar tot_s0 = _N*r(mean)
. summarize educ7 if educ7==0
. scalar N0 = r(N)
. scalar _s0 = (1/N0)* tot_s0 // _s0 is the average outcome for untreated units
. display _s0

2.208163

We see that the ATE is the difference between s1 and s0,

. display _s1 - _s0 // ok
-.15312

which is numerically equivalent to the value of the ATE obtained via WLS and IPW.




