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MULTIPLE SHIFTS IN THE PURE INVESTMENT DECISION

by

Patricio Millén

Introduction

This paper presents a theory of how entrepreneurs choose between
~building- a plant designed to operaté at one shift or a plant designed to
operate at multiple shifts on the basis of the existing technological and

economic conditions given to them.

The technological characteristics that are considered in the analy-

sis are those embodied in the production function: elasticity of substi-

tution between labor and capital, degree of returns to scale and relative

capital intensity of the processes. The economic characteristics are the
relative price of factors of production, the cost différentials among
shifts and the pecularities of the demand for the products of the plant.

The basic behavioral postulate is that entrepreneurs maximize profits.

The choice between building a plaﬁt designed to operate at one shift
or a plant designed to operate at multiple shifts has been called in a
previous paper [5] the pure investment decision to differentiate it from

the decision to work additional shifts in established plants. The basic




difference between both problems is in the treatment of capital. For
established plants there is a given stock of capital already purchased,
which can be used in the additional shifts, whilé in the investment
decision capital is a variable to be determined according to the type of

plant that is built.

We have argued that the decision to work additional shifts in estab-
lished plants and the investment decision are always inter-related: the
‘construction of a new plant will be delayed if an additional shift in
existing plants is more profitable and the additional shift will not be
worked if it is more advantageous to build a new plant. Since this connec-
tion has been studied before, here we will assume that it has been décided
to build a new plant and that the entrepreneur must only choose the number

of shifts at which he will operate.

In the first section we will briefly review the theoretical litera-
ture on the subject of capital utilization that has dealt with this same
problem and. point out its fundamental weakness of assuming that the same

_amount of output will be produced with single and multiple shifts plants.
The basic nedclassical model is then purged of this unjustified assump-
tion and output is incorporated as a variable to be determined in the
decision procedure that selects the type of plant to be built. The case
of the Cobb-Douglas and CES production functions are then exaﬁined in

detail.

All the conclusions presented are based on the assumption that there

is substitution between capital and labor before the construction of the




plant but - not after it. This view implies that the entrepreneur can select
between different techniques of production when he is planning his invest-
ment, but that once the machines are in place the instaneous capital-labor

ratio is fixed.

The above assumption is used because it seems to be a good approxima-
tion to what happens in the real world, but it is not essential for the
development of the theory. In fact in Section IV we present the invest-
ment choice for the Cobb-Douglas production function with the same ex-~

ante and ex-post elasticity of substitution. This is done to refute a

: 1
thesis developed by Mary Ann Bailey and accepted by other authors L/ that

if you assume that there is no limit on: the substitutability of capital
for labor the existence of a wage differential among shifts is not suffi-

cient to imply utilization rates at a single shift.

The conclusion of this paper is that the number of'shifts.in the
Cobb-Douglas production function with the same ex-ante and ei-post
elasticity of substitution depends exclusively on the scale paramefer.
With economies of scale plants will always be designed to work a single
shift, while with diseconomies or consfant returns to scale plants will
always be designed to work at multiple-shiftg. Mary Ann Baily reached her

results only because she assumes constant returns to scale.

1/ Mary Ann Baily, "Capital Utilization in Kenya Manufacturing Industry",
Unpublished Ph.D. dissertation, Department of Economics, Massachusetts
Institute of Technology, Cambridge, December 1972,pp. 30-34; Winston
Gordon C., "The Theory of Capital Utilization and Idleness', Department
of Economics, Williams College (mimeo), Williamstown, Mass., March 1974,
p. 16. :




The number of shifts ‘that the entrepreneur will plan to work depends
on a specific relation between the technological and economic parameters
facing him. - If the economic parameters are the same throughout the economy,
technological differences among industrial sectors can explain why in some

of them multiple shifts are more prevalent than in others.

But the traditionally held belief that in industries with capital
~intensive technologies plants will he designed to work at multiple shifts
while in labor intensive indUstries‘they_will be designéd to work at a
single shift must be qualified. If two industries face the same economic
variables, differences in the scale parameter of the production function
and/or in the elasticity of substitution can induce the industry with labor
intensive technology to operate at multiple shifts while'the capital in-
tensive one is working at a single shift. If the want to attribute to

differences in the capital intensity all the explanatory power of differences

in the number of shifts we must make very strong assumptions about elas-

ticities of substitution and economies of scale throughout the economy.

Multiple shifts in an attractive policy because it is assumed that it
increases Employment and saves capital. The analysis demonstrates that
this is not always so. A specific knowledge of the value of all the economie-

and technical parameters is required to determine precisely what will happen.

\

For a set of prices of the factors of production and wage premiums
for late shifts, shift work could increase employment and save capital in
some industries, have the opposite results in other ones and mixed results

in a third group of industries. This indicates that an indiscriminate use




of the policy will--at least in theory--not always be advantageous.z/

When the policy objective is the more restrictive one of increasing
the labor-capital ratio of the new plants, we demonstrate that multiple
shifts will always achieve this result in industries where the elasticity
of substitution bgtween labor and capital is less than log2/log(2+€), where

6 is the wage premium for late shifts.

Economic policies to increase the number of shifts in the pure invest-
ment decision are related to changes in the relative prices of capital and
labor and in the wage premium for late shifts. The effect of any of the

possible policies is dependent on the technological characteristies of
production. For example, when there are diseconomies of scale and the
elasticity of substitution is greater than one, the traditionally advocated

policy of increasing the relative price of capital will favor single shifts

plants instead of multiple shift ones. A description of the appropriate

policies in different sftuations is presented in the paper.

2/ This remark is not valid for the case of established plants. There
policies to increase the number of shifts will always increase employ-
ment. o




II

An Overview of the Literature on Capital Utilization

The pioneer work on capital utilization is that of Robin Marris [4].
He reports that in Great Britain industrial firms planned intentionally
to leave capital idle as a rational part of their investment decision :
because there are extra costs associated with work at night and on the
weekends. The -extra costs may be due to institutional arrangements, such
as social legislation restricting shift work by women and juveniles, or to
the subjective evaluation of workers, who dislike nightwork and have

difficulties in obtaining transport or sleeping at unusual hours.

Marris does not have data on actual utilization rates ahd uses as a
proxy in each industrial sector the proportion of workers engaged in late
shifts. Since his theory indicates that the fewer the number of workers
per unit of capital in each piant the higher the utilization rate, this is
a very poor index of utilization. The empirical side of his study is not

very valuable.

Marris' fheoretical model uses two factors of production: labor and
capital. Ex-ante there is substitution between the factors of production,
but once a technique is chosen capital must always be used by the same
size work crew. In his analysis firms determine the capital stock and the

utilization rate by maximizing the rate of return on the capital employed

in theienterpfiSe. It has been noted by Baily this is a "fundamental error.

Maximizing the rate of return on capital does not lead to maximum profit




except in the case where the amount of capital is fixed, but the essence
of the problem is that the firm is choosing the optimal capital stock at

the time when the investment decision is made" [1, p.11].

Marris may have been thinking in the distinction between owned and
borrowed funds and that firms maximize then the rate of return on their
owned funds. But if firms can borrow or lend, owned funds are not always
equal to the capital stock. Although the first could be assumed fixed,

the second one is not when we are considering an investment decision.

Gordon Winston [8,9] has reformulated Marris'analysis in terms of
standard microeconomic theory. He assumes a neo-classical production
function of the form Q = F(K,L), where K and L are flows of capital and
labor services respectively per unit of time. The firm can produce a
desired quantity of output per day in one or two shifts. It will choose

that combination that minimizes costs.

Winston assumes that with two shifts tlLe same size work crew must be
used ex-post on both day and night shifts, that is, that the elasticity
of factor servic substitution after the plant has been built is zero.
Using a CES production function with constant returns to scale, the two

shifts mode of operation will be selectéd whenever:

o T-1 CoTe1 \T/ \T-1
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elasticity of factor sefvice'substitution ex—-ante

CES parametef that indicates the capital inﬁensity of
the technology

wage premium for night shifts
wage rate

cost of owning a unit of capital stock for a day

Winston's findings based on the above formula can be

summarized in the following propositions:

1. The higher the relative price of capital services-given an
eiasticity of substitution less than one--the greater the need of
redﬁcing capital costs and the greater the likelihood that a
multiple shifts plant will be chosen.

2. The higher the wage premium for night shifts--or other differen-
tial input prices--the greater the incentive to operate only during
low costs periods and the greaﬁer the likélihood that a single )
shift plant will be chosen. | .

3. The mdrebcapital intensive the production process is the more:
important capital costs are and the greater the incentive to
economize on them through multiple shifts.

4. The influence of factor prices onvthe optimﬁm number of shifts
depends on the elasticity of factor service substitution. With no

substitution relative factor prices will have their full influence

on the optimum number of shifts. With unitary elasticity factor




prices have no effect at all. With elasticities less than one
the effect factor prices are those indicated in the first pro-
position. With elasticities greater than one the effect of factor
prices on the number of shifts are the reverse of those stated

"in the first prososition.

_Roger R. Betancourt and Christopher K. Clague [2] and Mary

Ann Baily [1] use a model similar to that of Winston. In all of
3/

them output is given=', the ex-post elasticity of factor service

substitution is zero and the firm minimizes costs of production.

While Betancourt and Clague explicitly incorporate.economies of
scale, Baily incorporates a positive user cost of capital, a

drop in productivity on the night shift and a transport parameter
. and deals with a minimum size of plant. They conclude that the
existence of economies of scale, additional extra costs on the
night shift and of a minimum size.:of a plant will increase the

likélihood of choesing single shift plants.

R.R. Betancourt and C.K. Clague [2] relax the fixed output assump-
tion at the end of their paper in a very peculiar fashion that
never incorporates output as a variable to be determined in the
maximization process. Their conclusion is that if differences in
output are not large and if the decline in the cost function is not
acute, the case of fixed output is a good approximation. This is a
tautology that eliminates output from the analysis by assumption.




IIT

The Choice Between Plants Designed to Operate at Different

Number of Shifts

A striking feature of the theoretical literature on capital
utilization is that it has all been developed in the limited setting

that compares cost of producing a given output with plants designed to

operate at one and two shifts. Since there is always a differential in
the prices of factors between day and night shifts, a justification for

the assumption of equal output in both alternative plants should be given.

According to traditional economic theory the level of output is
determined by the condition that marginal cost equal priceail In compet-
itive situations the assumption that output is the same with plants de-
signed to operate at one and two shifts can only be justified if the marginal

cost function is the same in both circumstances. It is obvious that this

cannot in general be so in the presence of some wage differential between

shifts in the multiple shifts plants. It could only be a special case for

a certain SPécified value of the wage premium.

In defense of using the same output for one and two shifts plants it

is sometimes argued that the capital-labor ratio is fixed ex-post. This
conclusion does not follow. If the ex-post capital-labor ratio is fixed,

" the only alternative is to produce the same output in all shifts of the

4/ In non competitive situations marginal cost must be equal to marginal
revenue. :




plant designed to operate at multiple shifts. Even if the production

function is of the fixed coefficient type this does not imply that output
with a single shift plant will be the same as output with a multiple shift
plant: differences in capital and labor use .and in economies of scale must

be considered.

Anotiher argument that is used to justify the assumption of a given
output is that the production function has constant returns to scale. In
that case output under competitive conditions is undertermined and it may
seem sound to use the same amount in the comparison between investing in
single and multiple shift plants. But this solution is an arbitfary way
of disguising the ignorance of what would happen with constant réturns to

scale production functions.

In a discrete time analysis of optimal shift work'the pro-
duction function that has constant returns to scale is that of
each shift individually. The first shift when working multiple
shifts is always facing the same parameters as the single shift
when working one. 1In using a given 6utput for the comparison
between the different plants, we are arbitrarily assuming thét
output will differ among them, which seems irrationmal. It may be
better to assume another arbitrary distribution of oufput, like

constant output per shift.

As will be explained later, for the choice between plants designed to

operate at different number of shifts in the constant returns to scale case

there is generally valid and not arbitrary solution. That is to compare




average costs. With constant returns to scale average costs are constant.
If between single and double shift plants they differ, the smallest value

determines the plant to be built.

A general form of the production function with two factors

= F(K ’L) 3)
where Q is output per unit of time, L is labor in man-hours per

unit of time and K is capital services per unit of time.

To get capital services a stock of capital goods must be
purchased by the firm and then used to produce the flow. On the
other hand, the firms buy labor services directly and does not own

the 1abor‘stock.§/

The firm must decide on the size of the capital stock and
its rate of utilization. Both decisions are inter-related: the

size of the capital stock will depend on its utilizétion and vice

versa. Our analysis of utilization will be time discrete and we

assume that the firm can work one, two or three shifts of "a"

hours each;ﬁl The analysis could also have been made in continu-

5/ 1In some cases capital services can be bought directly by the
firm (examples: computers, copying machines). Capital is then
treated in the same way as labor.

There is no substantial difference if the length of each shift

is not the same, but the formulas become more complicated. If the
unit of time is the day and maintenance and cleaning can be done
while the plant is in operation, "a" is normally equal to 8 hours.




ous form, that is, making the firm choose a certain number of hours
of daily work. But this does not seem to be the.ﬁose relevant case
in the real world: workers in industrial plants are usually hired

to work a fixed schedule and the wage rate is constant within that

schedule.

We will also assume that capital services depend only on the

hours of use of the given capital stock. The flow of capitai

7/

services will then be the same in each swift.~ 1If a superscript

represents the number of shifts worked and KS is the capital stock,

the total flow of capital services in plants designed to work one

and two shifts is respectively:§/

K1 =3 -° Ké

2 _ o .2
K 23 1\8

The price of output is "p", which we assume to be constant
because we are dealing with a competitive firm. The wage rate for
each man-hour is "w;" in the first shift and "wo" in the second

shift. The second shift has a wage premium of "8" over the first

7/ In most cases it will always be optimal for the firm to produce

"~ within a shift at the maximum rate of capital utilization because
this will lower the cost of production. Then the assumption that
capital services depend only on the hours of use of the given
capital stock is irrelevant. The only exception is the very
peculiar case when the cost of using capital is increasing and
dominates over the reduction in costs implied by using the already
bought capital stock more hours.

The case of plants designed to operate at three shifts is similar
to that of two shifts plants and will not be described below.




shift. In other words:

0)2 = wl (1+9)

The purchase price of a unit of capital stock is "Pk"’ The
daily interest rate is "i" and the daily depreciation rate and main-

"d"gl When the capital stock is used one shift of

tenance cost is

"a" hours, the cost per hour of each unit of capital that is the price

-

of capital servicas: ) Pk(i+d) _ ,(7)

a

Similarly, when two shifts are worked we have that the price of capital
services is:

a Py (i+d)
2a

Under this assumption depreciation and maintenance costs are a
function of elapsed time and not related to the use of the
capital stock. If we want to introduce use related costs of
capital we make '"dy" the hourly depreciation and maintenance
costs. Formulas (7) and (8) are then replaced by:

rl = Pk(i+8 . dl)
a
Pk(i+2a . dl),
2a

and (9) and (10) by:

1
= pol - Wl - P(i+a + d;) - Ki

PQ2 - mlLi - Wy : L% - Pk(i+Za . dl)Kg




Total profits for the two different plants in terms of the given

prices of labor services and capital stock are:

1_ . .1 1
= p . Q -— wlL - Pk(i+d)KS

2 2 2 2
P Q° - wlL1 - wZL2 - Pk(i+d)KS

The behavioral postulate of maximization of profits enables
us to get the optimal amounts of labor and capital services in
terms of the unknown quantity of output of each plant and the
given prices. For the plant designed to operate at one shift the
values are:

= £1(Q, w1, Py [1+d])
Kl = £,(QL, wy, P [1+d])
For the plant to operate at two shifts:
L} = £3(Q%, w1, wy, B, [1+d])
= £,(Q2, vy, @y, P [1+d])
£,(02, wy, wy, By [1+])
Total costs for the different plants afe;
ol =yl P, (i+d) - k1

6% = wy L + wyL3 + B, (44d) - K2

Replacing ‘equations (11) to (15) in (16) and (17). total

costs are expressed only in terms of output and the given prices:
cl = f6(Q1, wy, Ppli+d]) . (18)

2 [
c = f7(Q2, w1, Wy, By [i+d]) B .(19)

Competitive firms select a level of output such that marginal’




cost equate the price of output. The output level of each of the two

plants is then obtained from the equationms:

dci - ag (@}, wy, P i)
dQ dql

2.
dQ dq2

dc?  _  afy (o2, wy> wps Py li+d]) o1

. Note that the single and the multiple shifts plants will produce
the same quantity of output--as is assumed in the literature on capital
utilization--only if the left hand side of equations (20) and (21) are

equal. There is no rveascn for this to be so.

Replacing the solution of equations (20) and (21) in equation (11)

to (15) factors used are expressed only in terms of the given prices and
parameters of the prodﬁction function. These values are introduced in
equation (9) and (10) to get a numerical expression for profits in each
of the plants. A comparison of these values will indicate what alterna-
tive will be preferred by éntrepreneurs that must decide between builaing
a plant designed to operate at one shift and a plant designed to operate

at two shifts.

In the case of monopolistic markets, marginal cost is equated to
marginal revenues to determine the level of output. Knowing the demand
function, marginal revenue as a function of output is also known. "p" in

equations (20) and (21) is replaced by a function and everything else

remains unchanged.




While the general analysis indicates that there is a solution

to the investment decision, the only way to get specific answers is

to assume given the form of the production.function. In the following

sections we consider in detail the Cobb-Douglas and the CES production

functions.
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The Pure Investment Decision in the Cobb-Douglas Production

Function with Ex-Post Substitution Between Labor and Capital

The general form of the Cobb-Douglas production function with two

factors of production is:
(22)

The optimal levels of output for plants designed to work at one
and two shifts as a function of the given prices and the parameters of
the production function and the demand function are derived in Appendix I
for competitive and monopolistic market conditions and for fixed and

variable ex-post capital-labor ratio.

Let us consider the general case when the ex-post capital-labor is
not fixed and labor services in the second shift can be different from
those of the first shift for plants working multiple shifts. The optimal
levels of output for plants designed to work at one and. two shifts under

competitive conditions are respectively:

oo + B
o p.A:B"a ]].- (at+B)

. ul

QC=A-aB‘lJ]_' (23)
Pk(i-!-d) J

1-a 1-a a+B
-2 o ore
Q. =A- a® - M * (1+p) A ga® ui (1+p) 1- (a+B)

c

Pk(i+d)




a
w I_a f 1 ]
[ ) =

ul and p 1Indfcate relations between the parameters that have an
economic meaning. My is equal to the labor services-capital stock ratio
of the plant designed to work at one shift (see Appendix I, equation 7).

It represents the fundamental equality of the marginal rate of technical

substitution and the input price ratio and it shows the optimal factor

proportions when output changes and inﬁut prices remain fixed. My times

(1+p) is equal to the labor services-capital stock ratia’ in the first
shift of the plant designed to work at two shifts (see Appendix I, equation
27) and has a similar economic interpretation that'ul, but for this

type of plant.

P is the ratio between output in each shift--equal to the ratio be-
tween labor services in each shift--for the plant working two shifts

(see Appendix I, equation 36).

The ratio between the optimal levels of output under multiple and
single shift plants in competitive conditions.is:

1-o
)\1 = = (14p) TI-(o¥B)

Given the parameters of the Cobb-Douglas production function
fo and B) and the wage premium for the second shift (6), the abéve re-
lation will compare output of a plant designed to operate at two.shifts
with output of a plant designed to operate at one shift. The conditi&n

for Aj=l--as is assumed in the literature on capital utilization--is that




p=o0, which implies an infinite wage premium in the second shift. 1In
that case the multiple shift plant will dbviously be unprofitable and

the case is totally irrelevant.

Let us assume that the costs of labor are always less than

the value of output (a<l) and that there is a positive wage

premium (p>0). With decreasing returns to scale (a+8<l) we will

‘have that A>1 and the optimal output with plants designed to operate

at two shifts is greater than output with plants designed to operate

10/
at one shift.

The entrepreneur will build the blant with higher profits.

If H; are profits of the plant designed to work at one shift and

2

I profits of the plant designed to work at two sHifts, the twoc

shift mode of operation will be chosen when:

H2 N Hl

Calling R1 and R2 to total revenues with one and two shifts

2

respectively and Cl and C” to total costs in the same cases,  ex-

pression (28) is equivalent to&

R -l > ¢2 - ¢l

=pql ' . (30)

19/ The case of increasing returns to scale is not considered here
because it is incompatible with perfect competition. Monopolistic
markets are studied below.




R2 =pq? B (31)

1 1 1
C™ = wjL” + B, (i+d) - K . (32)

2 2 2
C” = wjly + wply + P (d+d) - K (33)

In Appendix I it is shown that total cost as a function of output

in the Cobb-Douglas production function is:

1
otB.

P, (i+d) ath
B |A-aP o ®

1
atB Q2 1

P, (i+d) a+B | (35)
k 8 Asaf ul o (1p) 1o

From equation (27) we have that the relation between optimal out-

puts under two and-one shift is:
-2

-1
Qc = AIQc

and therefore for the optimal leveis of output:
=2 =1
R =R =p - Q; (f
v 1
, 'Il AL —oFR
=2 =1 atB

C°-C =P (i+d) 'a-l (1+p) — ¢ -1| (38)
k 8 !

1 .
When profits are maximized we must have Ll = ule . This indicates

that: 1
=1 oFB -1
Qc

= K
AaP g

s




The plaat designed to operate at two shifts will be chosen whenever:

C1.
-1 -
. by o+B
_1 » Px@+d) K ot |{ A1 1 , (40)
-1 B (l.*.p 1-o
p'Qc

Ay

Pk (i+d)Ki/pQ% is the share of capital costs in the value of out-
put at the optimal level which is equal to B in the Cobb-Douglas produc-
tion function. Replacing (1+g) by its value in terms of Al given by (27),

the condition to invest in double shift plants is:

1> o+B (41)
Therefore when there are decreasing returns to scale, profits of a
plant designed to operate at two shifts are always greater than profits

of a plant designed to operate at one shift.

Our first conclusion is that if the Cobb-Douglas production function
has decreasing returns to scale and thére is ex-post substitution between
capital and labor and perfect competition it will always be advantageous.
to operate at multiple shifts, no matter what the relative price of

factor inputs, the capital intensity or the wage differentials are. The

elasticity of substitution--that is equal to l--takes care of these

factors through changes in the required input combination and the maximi-

zation of profits through changes in the optimal level of output.

The economic explanation of the above conclusion lies in the fact
that the marginal product of labor approaches infinite as labor approaches
zero: no matter what the premium in the second shift is, the marginal

product of labor can always be greater than it and two shiftsrcan always




be advantageous. Of course this would not be true with some restrictions

in the ex-post elasticity of substitution or with some minimum amount of

labor to be used in the second Ashift.

Marginal costs are the first derivatives of equations (34) and (35).
When there are constant returns to scale, marginal costs are constants

and equal to average costs. Their values are:

P, (i+d)
MC1 k oy
B.A.a -ul

Pk(i+d)
) (43)
g-a-aBod (140) 17

It is obvious that with a positive wage premium (p> 0) we have M02

1

< MC™. The average costs of production with a multiple shift plant is

smaller than the average cost of production of a single shift plant: the
11/
firm will always work multiple shifts if it finds it profitable to operate.

Of course, if MC2 is greater than the constant price of output, no plant

will be built at all.

Assuming now that the plant is facing a demand curve with elasticity

n_n

n' not equal to infinite, the optimal levels of output for plants designed

12/

to work at one and two shifts are respectively==':

11/ This result coincides with the one reported by Mary Ann Baily [1,
pp. 31-34], although she uses the same output-which is not correct--and
another method. Previously (equation 41) we have extended her conclusion
to ‘the case of diseconomies of scale and latter we will show that it is
not valid for economies of scale. Mary Ann Baily only deals with the
case of constant returns to scale.

12/ See equations (13a) and ¢35a) in Appendix I.
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B a ﬁB_‘
-1 _ 8 «a P1(1-1/n; )-A*B-a My | 1-(a+B)
» Qu Ara ey | J ‘ ©(44)

Pk(i+d)

_ , o , 1-a] _at
G = Arafou] () 0[P2 (-1/m) Ac Be aB W L0yt =)

P (i+4)

(45)

The use of the prices of output (pl;pz) and the elasticities of
demand (nl, Ny) in the above equations is 6nly to simplify the expressioms.
In general the demand curve can be written as: p=£(Q). Marginai revenues
are then4equalAto Q'fl(Q) + £(Q) and equal to: p-(1-1/n). Knowing the
demand function and using the former relation for marginal revenues,
equations (44) and (45) can be solved for Q as function of the parameters
of the demand curve and not of the price of output or the elasticity of

-1 -
demand. Only these parameters are needed to get Qy and Qﬁ .

The ratio between the optimal levels of output under multiple and

single shift plants in monopolistic conditions is:

-2 l-a - ' o+ B
1- 1-
?M = (140 (a+B) Py (1-1/ny) ] (a+B)
Y P1 (-1/1) |

We will assume that the demand curve has constant elasticity over
elevant range. The ratio between the optimal levels of output is then:

1-a o+ B
- 1-(o+B) 1-(o+B)
= (1+p) Bg (46a)

P




difference in total revenues with two and one shift is now:
-1 -1 .
- P,Qy = P13, (A-p2/pp - 1) (47)

difference in total costs is as before: 1

-1  oiB 12 '
cl =p (14d) - K, - B (14P) 1~ -1 (48)

plant designed to operate at two shifts will be chosen when-
-2 -1 22 -1 :
R°"-R >C -¢C (49)
equivalent to:
-1
> Preqara) - Ks L i N2
-1 B }— o
P1 Qy (1) .

2
r P21
2 p1

Pk(i+d)K§/piaé is equal to B for the Cobb-Douglas production func-
tion. Replacing (1+p) by its value in terms of Az and p2/p; given by

(46a), the condition to invest in double shift plants is as before:
1> a+B

When there are decreasing returns to scale profits of é plént
designed to work at two shifts are greéter than profits of a plant de-
signed to operate at one shift. Conversely, when there are increasing
returns to. scale profit; of the single shift plant are greater than
that of the double shift one. A priori this makes economic sense: if
there are economies of scale it is convenient to take full advantage of
them through the operation of a single shift plant,‘while if there are
diseconomies of scale it is better to fraction production in different

shifts so as not to operate in regions of higher costs.




Note that the above conclusions have been reached in the presence
of ex-post substitution between capital and labor. We do not need
fixed ex-post capital-labor ratio--a putty clay model--to account for
the existence of single shift plants.lé/ Although the second shift uses
less of the expensive factor--labor earning a wage premium--this never

counterbalances the presence of economies of scale when the ex-post

elasticity of substitution is one.

Shift work has usually been thought as a mean of increasing
employment and saving capital. It is therefore interesting to find

out if the plant designed to operate at two shifts will employ more

labor and less capital than the potential (but 1ess/profitable) plant
14

that could be designed to operate> at one shift,

From the equations in Appendix I that glve optimal labor services.as

function of output and the parameters, we have:

1
2 : o at8
2 : 2
= 2 1 1-a
Ll 1+p Q (1+p) |

L

13/ This proposition was developed by Mary Anmn Baily [1, ppv 33-34]
and has been accepted by all other authors [2,5].

14/ Prof. Daniel M. Schydlowsky has commented that this type of comparison
is not always the relevant one because the government must take some
action to change the private decision and this makes the value of the
the economic parameters differ for multiple and single shift plants.
While this in general a valid qualification it is not applicable in the
Cobb-Douglas case because there the decision depends only on technological
characteristics. There is no sense in changing the relative price of
factors or the wage premium. The government can only change private
decisions by means of a lump-sum subsidy that does not affect the economic
Parameters.




Since multiple shifts will only be profitable with decreasiné
returns to scale, it is failr to consider only the case of perfect
competition. Using equation (27), at the _optimal levels of output
for double and single shift plants the ratio between labor in the

former and the latter plants are:

8 1
__2 ———————
L 1-(a+B) W1l l-a
= (1+p) _—
'ij‘ l+ w,

With positive wage premium and o + B < 1 (the condition for
multiple shifts to be profitable), equation (53) is always greater

than 1: shift work always increased employment in a Cobb-Douglas world.

Similarly:

Q" (1+p) l-a

Again using equation (27), the ratio between capital stock in the

double shift plant and the capital stock in the single shift plant at

the optimal levels of output is:

and shift work--if profitable--will not reduce the required capital stock.

That is, shift work does not save capital in a Cobb-Douglas world.

Combining equationé (53) and (55) we get the quotient between the




capital-labor ratios in plants working two and one shifts:

Wy |
T2 4L ___) 1-a
2 1 fe

S '_‘mz

which with wy) > wy and 0 <a <1 is always greater than 1. The

technology in a double shift plant will always be more labor intensive

thah that of a single shift plant, although shift work does not save

capital.

Equations (53) and (54) are comparisons of the absolute amount of
labor and capital stock. Since the plants produce different quantities
of output this is not a completely valid comparison in all circumstances.
If the government does not care of the fact that the production of the
specified output will use more capital only because it works at
multiple shifts, then it could be more interested in knowing what
happens - to the labor-output and capital-output ratio. This is
obtained by multiplying the equétions by 51/62, whose value is given

by equation (27). The following resu}ts:

. w
1\ =5
2 1 +( - )
Q. %2

e ) - - U)l _a__
e e | 1+ ( 1-o

uy

L /Q

(58)

Double shift plants in a Cobb-Douglas world will always use more
labor per .unit of output and the same capital per unit of output than

single shift plants.




The Pure Investment Decision in the CES Production Function

The general form of the CES Production function with two factors of
production is:
-B/p
Q=x [a. K + (1-0) . L‘p] (59)

where Q is output per unit of time, L is man-hours per unit of time

and K capital services per unit of time. vy is a scale parameter re-

flecting the efficiency of the technology, o indicates the cépital
intensity (0 < a < 1), B represents the degree of returns.to scale and

1 . . .. . . .
g = T+p 18 the elasticity of substitution between labor and capital.

The optimal levels of output for plants designed to work at
one and two shifts as a function of the given prices and parameteérs :

of the production functions are derived in Appendix II for competitive
15/
and monopolistic product markets and fixed ex-post capital-labor ratio.

When there is perfect competition the values are respectively:

-p -p -1/p | B/1-8
~ 1 pesey?® e a1 4 o) /
Qe Wy + Pk(itd) . g .

15/ The case of non constant ex-post capital services-labor services
ratio has a more complicated solution. Here we assume--as most
authors do--that the crew size of machineries is constant.




X
BB (2y) /B.

-Q -
osa ",
[ My

Wy +wy + Pk(i+d)u2
where p; is the capital stock-labor services ratio of the single shift
plant and My half the capital stock-labor services ratio of the double
shift plant, with values equal to: -~

wp. a . a’f T+

Pk(i+d)(l—a)

1

_J(ugtwyy Lo
P, (i+d) (1-a)

The ratio between the optimal levels of output under double and

single shift plants in competitive conditions is:

B
1-o o (8-1) (0=1)
ai 1/(1-B)-(g+a) (a/l~a)  +1
Ay = =2

1 [9(2+0)a]l™" (a/1-0) " + 1
Ue

where q is the relative prices between labor.services and capital
“1

stock q = ——
Pk(i+d)

and 6 the wage premium for the second shift.

Given the parameters of the CES production function, the wage
premium for the second shift and the relative prices of labor and
capital, this relation will compare output of a plant designed to
operate at two shifts with output of a plant designed to operate

at one shift. The relation between both outputs will not be inde-




depéndent of the relative prices of the factors of production or the

wage premium, as in the Cobb-Douglas case with non-fixed ex-post capital-

labor ratio.

The entrepreneur will build the plant with higher profits. If Hl
are profits of the plant designed to work at one shift and H2 profits

of the plant designed to work at two shifts, the two shift mode of

operation will be chesen when:
> I

This expression is equivalent to:

2 1 1

2
R -C°>R -¢C

where the R's represent total revenues and the C's total costs of

the alternative plants.

In Appendix II it s shown that total cost as a function of output

in the CES production function is:

- ———7
v e P o1

1/8

L (67)

1/8

2,1/8
1/p Q) (68)

(2‘Y) [a-a-p-UQ—p'l'(l-a)J—

Using equations (60) and (61) we get that for the optimal levels

of output:




(70)

and c = A361 . ' (71)

the plant designed to operate at multiple shifts will be chosen when-

ever:

(72)

which is equivaient to:

l-o
_1 | (qg-a) [_

B
-0 (B-1) (o-1)
a 1 +1
1l-a >1

1- 8

2 1-o [ 0. -0
[q(2+0)a] 1-a + 1

If the plant designed to operate at muitiple shifts will produce
a greater output than single shift plants it will alwa&s be profitable
to invest in  the fofmer one over the later one. If both optimal outputs
are identical, both plants are equally profitable.lé/ A single shift

plant is more profitable than a multiple shift if-its optimal output level

is greater.

16/ . Winston, R. Betancourt and C. Clague and M.S. Baily use
identical output in both types of plants. They are able to
infer conditions for the pure investment decision from a case
of indifference only because one or both output levels are not
the optimum. This is a fundamental error: entrepreneurs will
always build a plant to produce what they consider to be the
optimal output.




Assuming now that the plants are facing a demand curve with

elasticity "n" not equal to infinite, the optimal levels of output for

plants designed to work at one and two shifts are respectively:

B8
1/8 -»  -p -1/p} 1-8
P1(1-1/np) 8y [ara + uy +(1-0)]

wy + Pk(i+d)?u1

=

—

1/8 -p
Pz(l-l/n2)°8~(27) [a-a

w

+ w, + Pk(i+d) R

1 2 2

where pl(l—llnl)and p2(1—1/n2) represent marginal revenues at the

. -1 —
~ levels of output Q; and Qi respectively.

Note that the prices of output and the elasticities of demand are
used in equations (74) and (75) only to indicate the parameters of the
demand funétion. If we know this function, marginal revenue as a
function of output is also known. This relation is replaced in the
equations, which can then be solved for ai and 62 in terms only of the

given parameters and prices.

In the'following analysis of monopolistic'Aarket conditions we wili
assume that the demand curve has constant elasticity over the relevant
range, i.e., we will work with an arc elasticity of demand. 1In that
situation, the ratio of marginal revenues at any two points is:

: -1/n
MRZ Py ||
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The ratio between the optimal levels of output under multiple and

single shift plants will then be:

1 1-o -0 i B
1-g(1-1/n)} (q°a) fo/l-a) +1 3 [B(1-1/n)-1][0-1]

[q(2+6)a] ™ (a/1-a) O+
(77)

From equations (67), (68), £34) and (75) the ratio between total

cost of production under two and one shifts at the optimal level of

output is:

Since by definition:

=2 =2 —
R = py'Q, = Py 'A4'Q; = (Py/py) "2, 'Ry (79)

the plant designed to operate at two shifts will be chosen whenever:

Py
A, > 1 (80)
P1 4 ‘

Using equation (76) we conclude that the condition to build the
: 17/
two shifts plant is:

1-1/n
> 1

1-8
1-8(1-1/n)
17/ Comparing equations (64) and (77) we have that‘A =A3 and
the condition to build the two shifts plant can be written as:

(1-8)(1-1/n)
1-8(1-1#n) (81b)
3

..A
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‘or in terms of the given parameters: B(l—l/n)
1-o -0 . [B(1-1/n)-1]{o-1]
(1-1/1p (qra)  (a/1-0) +1
1-8(1-1/n) 1-0 -0 | (77)
2 [q(2+68)a] (a/1-a) +1

If the elasticity of demand is greater than one---which is a
requirement for equilibrium in monopolistic markets,--1-1/p is also
always greater than one. A necessary condition to invest in the plant

designed to work at two shifts is:
(81)

Again we conclude that if the plant designed to operate at'multiple
shifts will produce a greater output than the single shift plant it will
always be pfofitable to invest in the former one.over the later one.

If both optimal output are identical, both plants are equally profitable.
On the other hand, if optimal output of the single shift plant is
greater, we need to look at the elasticity of demand for the individual

firm to determine which plant will be built. With high values of this

elasticity it is likely that the single shift plant will be preferred.

As can be noticed from equations (73) and (77), the pure investment
choice betﬁeen multiple and single shift plants depends on:
1. Relative factor prices (q)
2. Amplitude of the wage (or other cost) differential among shifts (8)
. Relative capital intensity of the production process (dii -a)
. Elasticity of substitution between factors of production (o}

Degree of returns to scale (B)
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18/
6. Length in time of each shift (a)

7. Elasticity of dewand for the output (ﬁ),if markets are non perfectly

competitive.

Tables I to IV indicate the ratio between profits in double and
single shift plants for differént values of the elasticity of substitu-
tion, the degrees of returns to scale and the relative capital intensity
of the production process. Tables I and II assume perfect competition
and Tables III and IV a constant elasticity of demand for the product
of the firm equal to 2.l2/ Tables I and IIi have been calculated with
a relative price of labor services and capital stock of q=1 x lO10 and

‘Tables II and IV with g=1.0. All tables assume that the wage premium
in the second shift is 6=0.20 and that the number of hours per shift
is a=829/. Whenever the reported value is greater than 1, profits in

double shift plants are greater than profits in single shift plants

and the former type of plant will be built.

18/ This factor has been completely by-passed on all the literature

" on capital utilization. Gordon-Winston [5] did not comsider it
because of his special assumptions about the length of the production
process:.a full day or half a day. R. Betancourt and C. Clague [2]

did not notice because they use the price of capital services in

their analysis, which is not a datum given to the firm but depends
on the number of shifts worked. The number of hours per shift is
a parameter to the individual decision maker as fixed as any other
parameter. .

If the elasticity of demand is "x", the reported value should be

raised to (1-1/x)(2-B) to get the new ratio of profits.
1-g(1-1/x)

20/ Although "q" if the price of labor services divided by the price
per day of the capital stock, in the equations we always have the
term "q.a", where "a" is a constant. This can be interpreted as the
price of labor services divided by the price of capital services or
as the wage per worker divided by the cost of capital per day.




TABLE I

Ratio Between Profits in Double and Single Shift Plants

1/
in Perfect Competition with "Low" Relative Price of Capital

1. Degree of returns to scale: g =0.7

Relative capital , Elasticity of Substitutjon )
intensity(& 0=0.1 03=0.5 0:=0.9 v=1.1 o=1.5 0=2.0

—X

6]
- Q

0.10 1.601 1.601 1.630 4.249 10.078 10.079
0.20 1.601 1.601 1.655 5.562 10.079 10.079
©0.30 1.601 1:601 1:679 6.639 10.079 . 10.079
0.40 1.601 1.601 1.702 7.288 10.079 10.079

2. Degree of returns to scale: g8 =0.8

Relative capital Elaéticity of Substitution

intensicy»éiﬁ%r) 0=0.1 G <=0.5 0-=0.9 o=l.1 O.=1,5 O4io.0

0.10 ‘ 1.366 1.366 1.409 6.701 31.991 32.000
0.20 1.366 1.366 1.446 11.871 31.997 32.600
0.30 1.366 1.366 1.481 15.639 31.998 32.0000
0.40 1.366 1.366 1.517 18.375 31.999 32.000

.3. Degree of returns to scale: B8 =0.9

Relative capital |- Elasticity Substitution

intensity (§§E—> - ¢=0.1 0=0.5 0=0,9 0=1.1 0 »=1,5 0 =2.0
0.10 0.848 0.909 30.378  1023.337 1024.000
0.20 0.848 0.964 109.986  1023.760 1024.000
0.30 0.848 1.018 204.501 1023.871 1024.0000
0.40 0.848 1.073 293.270 1023.908 1024.000

1/ The Table gives the value of:

-

R -
(8-1) [@=1)

1-0°
[q- (2+8) *a] [l-a

" o {[‘"a]kc =] T-q,

+1
for a ratio between prices of labor per worker per hour and capital per day

(q) of 1 x 1010, a wage premium (6) of 0.20 and a number of hours per shift --
. (a) of 8. :




TABLE II

Ratio Between Profits in Double and Single Shift Plants in
T/
Perfect Competition With "High" Relative Price of Capital

1. Degree of returns to scale: g = 0.7

Relative capital Elasticity of Substitution
intensity _°% o=0.1 0=0.5 =09 4 =1. o=1.5
: T—a ;

1.920
2.472
3.116
3.772

1.856
1.874
1.885
1.893

1.871
1.880
2.063
2.132

1.888
2.130
2.352
2.560

1.897
2.226
2.555
2.877

0.10
0.20
0.30
0.40

2. Degree of returns to scale: B = 0.8

Relative capital

intensity laa o =0.1

Elastieity of Substitution
o =0.5 ¢ =0.9 o:;=1,1 .0=1.5

0.10
0.20
0.30
0.40

1.759

1:789

1.808
1.820

1.812
2.223
2.641
3.054

1.783
1.964
2.109

1.828
2.400
3.044
3.730

1.865
2.867
4.276
5.935

2,232

3. Degree of returns to scale: B= 0.9

Relative cag}tal
intensity

_ Elasticity of Substitution
1= 0=0.1 q=:0.5 0 =0.9 o =1.1 0=1.5 0 =2.0

1.632
3.014
5.145
8.131

1.543
1:920
2.254
2.560

1.597
2.537
3.738
5.184

1.709
4.531
11.056
23.112

0.10 429
0.20 .35
0.30 .59
0.40 .61

1.825

8.445
33.065
87.407"

B

: e 1 f: TRAY< 1Y
1/ The Table gives the vatue @ -5 (8-1)10-1)

1 1-9 [;EL]
1-8 [q-a] 1-a +1

A, =2 - 1-0f a Y
3, [q- (2+8) +a] [l-a].a +1

for a ratio between prices of labor and capital (q) of 1, a wage premium (9)
of 0.20 and a number of hours in each shift (a) of 8.




TABLE III

Ratio Between Profits in Double and Single Shift Plants in Monopolistic
, 1/
Product Markets with "Low" Relative Price of Capital

1. Degree of returns to scale: B = 0.7

Relative capital Elasticity of Substitution

intensity 2 0=0.1  0=0.5 0=0.9 o=1.1 o=1.5

0.10 1.115 1.115 1.119 1.381 1.704
1.115 1.115 1.123 1.486 1.704
1.115 1.115 1.127 1.547 1.704
0.40 1.115 1.115 1.131 1.581 1.704

2. Degree of returns to scale: B 0.8

Relative capital | Elasticity Sﬁbstitution
intensity _19‘_ 0=0.1 0=0.5 0=0.9 o=1.1 0=1.5

=0

1.053 1.053 1.059 1.373 1.782
1.053 1.053 1.063 1.510 1.782
1.053 1.053 1.068 1.581 1.782
1.053 1.053 1.072 1.624 1.782

3. Degree of returns to scale: B = 0.9

Relative capital Elasticity of Substitution

intensity zﬁ_ 0=0.1 0=0.5 0=0.9 o=1.1 o=1.5
-l . .

0.985 0.985 0.991 1.364 1.878
0.985 0.985 0.997 1.533 1.878
0.985 0.985 1.002 1.623 1.878
0.985 0.985 1.006 1.676 1.878

4. Degree of returns to scale: B = 1.1

Relative capital Elasticity of Subsittution
intensity 1“ 0=0.1 0=0.5 0=0.9 o=1.1

0.10 0.824  0.824 0.831 1.334
.20 0.824  0.824  0.839 1.585
0.30 0.824 0,824  0.845 1.736
0.2 0.824  0.824 ¢,gs5; 1.802




5. Degree of returns to scale: B= 1.2

Elasticity of Substitution

Relative capitall ;.33 4=0.5  0=0.9 o=1.1  o0=1.5  0=2.0
intensity 1-a . :

0.10 - 0.729 0.729 0.737 1.323
0.729 0.729 0.745 1.641
0.30 0.729 0.729 0.751 1.821
0.40 0.729 0.729 0.758 1.930

6. Degree or returns to scale:g = 1.3

Relative capital Elasticity of Substitution

intensity g 0=0.1 0=0.5 0=0.9 o=1.1

0.622 .0.630 1.302
0.622 0.639 1.697
0.622 0.646 1.929
0.622 0.653 2.080

1/ The Table gives the value of:

B — B(1-1/n)
(1-1/n) 1-o -o (8 (1-1/n-1]1[0-1]

1-8(1-1/n) (q-a) (a/1-0) +1

Ae = 2
> : l1-o -0

[q(2+6)a] fa/l-0) +1
v—

for a ratio between prices of labor per worker per hour and capital per
day (q) of 1 x 1010, a wage premium (6) of 0.20, a number of hours per
shift (a) of 8 and a constant elasticity of demand (n) 2.0.




TABLE IV

Ratio Between Profits in Double and Single Shift Plants in Mono-
1/

polistic Product Markets with "High" Relative Price of Capital

1. Degree of returns to scale: g = 0.7

Relative capital | Elasticity of Substitution
intensity (0/1-a) 0=0.1 0=0.5 0=0.9 o=1.1

1.153 1.156 1.158 1.159
1.156 1.171 1.191 1.203
1.158 1.182 1.218 1.242
1.159 1.191 1.242 1.276

2. Degree of returns to scale: g= 0.8

Relative capital Elastiticy of Substitution
intensity(a/1-a) | -0 =0.1 o =0.5 0=0.9 o=1.1

1.099 1.101 1.104 1.106
1.102 1.119 1.142 1.157
1.104 1.132 1.176 1.204
1.105 1.143 1.205 1.245

3. Degree of returns to scale: g= 0.9

Relative capital Elasticjty of Substitution
intensity (¢/1-a) 0=0.1 0=0.5 0=0.9 o=1.1

1.037 1.040 1.043 1.046
1.041 1.061 1.088 1.105
1.043 1.077 1.127 1.161
1.045 1.089 1.161 1.210

4. Degree of returns to scale: g= 1.1

Relative capital Elasticity of Substitution
intensity (@/1-9 0=0.1 0=0.5 o =0.9 o =1.1

0.10 0.890 0.894 0.898 0.901
0.20 0.895 0.921 0.956 0.979
0.30 0.898 0.941 1.008 1.053

0.40 0.898 0.957 1.054 1.120




5. Degree of returns to scale: B = 1.2

Relative capital
intensity (a/l-a) 0.1 o =0.5 " o=1.5

0.801 €.819 0.828
0.806 0.964 1.069
0.809 1.118 1.342
0.812 1.265 1.579

6. Degree of returns to scale:

Relative capital
intensity (a/l1-a) =0.1

1/ The Table gives the value of:

B (1-1/n)
1-1/ n 1-o - [B(1-1/n)-1][0-1]
1-B8¢{1-1/n) (q-a) (a/1-a) +1

1o -0
[a(2+6)a]  (a/l-a} +1

for a ratio between prices of labor per worker per hour and capital per
day (q) of 1, a wage premium (6) of 20%, a number of hours per shift (a)
of 8 and a constant elasticity of demand (n) of 2.0.




The Tables make clear that a full knowledge of the specific values
of all the technological and economic variables is necessary to find
out when entrepreneurs will build plants designed to work at multiple

shifts. No general rules can be deduced from information on only one

of the relevant variables, as is done in some empirical studies that

fely exclusively on capital intensity.

Assuming a given set of prices, can a very capital intensive
technology result in a plant designed to work only one shift? The
answer is a clear yes. From the data of Table III we infer that when
the relative capital intensity is 0.40, the entrepreneur will choose
a plant designed to work at a single shift over one designed to work at
two shifts if the elasticity of substitution is iow (06=0.5) and there
are small diseconomies of scale (B=0.9) or small economies of scale

(B=1.1).

When we compare different firms each with a distinct technology—;as
must be ‘done in the real world--the above conclusion is reasserted.
Using again the data of Table III, plants with a capital intensity of
0.40 will be designed to work one shift if 0=0.5 and B=0.9, while plants
with a capital intensity of 0.10 will be designed to work multiple shifts

if o0=0.5 and B=0.8.

The above - fatts contradict the general conclusion of the
theoretical literature on capital utilization which always describes
a positive relation between capital intensity and investment in

multiple shifts plants. It underscores the importance of defining the




technological and economic characteristics before advancing conclusions
on the investment decision between plants designed to operate at

different number of shifts.

But if we were to establish empirically that only in technﬁlogically
capital intensive industries entrepreneurs do plan to build multiple
shifts plants, this would imply something about the technology that is
available. In the specified case, the technology must have a very high
elasticity of substitution betwggn capital and labor or very big dis-

economies of scale everywhere.

In a real world situation the range of the technological and
economic parameters is more limited than what is indicated in the
tables. The technological characteristics required for multiple shifts
should then be fairly stable. For example, Table II indicates that
when 0=0.9, 8=0.9, a/l-a=0.10 multiple shift plants will be desirable
if the relative price of labor and capital (q) is 1. For the same
technological characteristics, multiple shifts will still be desirable

for the lower price of capital indicated by q=1000 and q=1.000.000.

Taking the partial derivatives of the relative profitability of
plants designed to operate at multiple ahd single»Shifts under perfectly

competitive and monopolistic product markets--relations (73) and (81)--

with respect to each of the parameters, we get the following results:




1. Relative prices between labor services and capital stock:

= . - g

1-0 -0
22 803t a - [ara/(1-0)] (2+0) ]
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2. Wage premium in the late shift:
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. Relative capital intensity:
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(85)

. Number of hours per shift:
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In perfectly competitive product markets the plant must always be
operating in a region of decreasing returns to scale (8 <1). An increase
in the relative price of capital or a reduction in the relative price
of labor--which is a policy oftén recommended for develdping countries—-
will then increase the relative. profitability of plants designed to
operate at ﬁultiple shifts only if the elasticity of substitution is

less than one. But if the elasticity of substitution is greater than

one, an increase in the relative price of capital will reduce the relative

profitability of multiple shifts piants.

The explanation of the above phenomenon lies in the fact--which will
be proved later-- that with an elasticity of substifution greater than one

the multiple shifts plantvhas a higher capital-labor ratio than the




single shift plant. The higher relative price of capital affects then

more the profits of the former one than those of the latter one.

In monopolistic product markets with constant elasticity of demand
greater than one over the relevant range, an increase in the relative
price of capital or a reduction in the relative price'of labor will
-increase the relative profitability of plants designed to operate at

multiple shifts only in the following circumstances:

1. If the elasticity of substitution is less than 1.0 and the degree

of returns to scale (homogeniety) less than thevinverse of 1-1/n(g < 1/(1-1/n)

2. If the elasticity of substitution is greater than 1.0 and tke

degree of returns to scale greater than the inverse of (1-1/n).

Gordon Winston [5,6] has argued that with low values of the
elasticity of substitution and relatively high capital prices, capitai
costs will be a large part of total costs and their reduction through
multiple shifts plants will be more urgent. Here we note that this
proposition must be qualified by the degree of returns to scale. Optimal
output in multiple and single shifts piants is changing when the relative
price of capital is altered. This influence must be considered in
analyzing what type of plant is favored with the given change in the

relative price of capital.

For example, if we consider Winston's case of a low elasticity of
substitution (0 ¥ 1) and add the existence of some low economies of

scale (1-1/n > B »1), the higher telative price of capital will reduce




the optimal output to be produced in multiple shift plants relative'v

to that of single shift plants. With economles of scale this effect

may coﬁbletély cancel out the effect due to the lower capital-labor
ratio in multiple shift plants and single shift plants can still be

more profitable.

The effect of changes in the wage differentidl among shifts is
independent of the elasticity of substitution but related to the degree
of returns to scale. With decreasing returns to scale an increase in

the wage differential will always reduce the relative profitability of

the plant designed to work at multiple shifts. But with economies -

of scale greater than the inverse of (1-1/n) in monopolistic product

markets the higher wage differential will increase the relative profitability

of the multiple shift plants.

The explanation of the above phenomenon lies in the decline in
marginal cost that may take place in the multiple shift plant with
large economies of scale as the more expensive factor (labor) is replaced
by capital. A small decline in marginal cost increases output and the
effect of this increase is compounded by the existence of large economies

of scale.

A change in the length.of the working schedule of each shift has
results exactly equal to a change in the relative price of factors of
production. If in equations (80) and (81)."a" is replaced by "q" and
"q" by "a" we get equations (86) and (87). But.it must be remembered

that an increase in the number of hours worked per shift is equivalent




to a decline in the price of capital stock and vice versa.

Therefore, in’perfectly competitive product markets a decrease
in the length of the working schedule of each shift will increase the
relative profitability of multiple shifts plants whén the elasticity
of substitution is less than one, but not in the opposite case. In.
monopolistic productmarkets the same results will be obtained with
an elasticity of substitution less than i.O and é degree of returns

to scale less then the inverse of (1~1/1).

Equations (84) and (85) indicate that the relative profitability
of multiple shifts plants will increase as the technology is more
capital intensive if there are decreasing returns to scale. In processes
with economies of ‘scale greater than the inverse of (1-1/n) changes
to more capital intensive technologies will increase the relative
profitability of plants designed to work a single shift. These results
hold irrespective of the elasticity of substitution between capital

and labor.

It must be noted that the capital intensity we are talking about
is that that is part of the ruling technology, that is a technological
requirement of the productive process independent of the prevalent

factor prices. It should not be confused with capital intensity as

usually defined in terms of the quantity ofucapital relative tc the
: 20/
quantity of labor used in the production process. Labor and capital

20/ For a further elaboration of this distinction see Murray Brown, On the
Theory and Measurement of Technological Change, Cambridge: Cambridge
Univesxsity Press, 1966, pp. 15-17.




used are a result of the maximization procedure followed by the entre-
preneur and not a given data. What is reélly relevant to the pure invest-
ment decision is to know the effect of the technoiogicaliy given capital
intensity of the production process on the choice between single and
multiple shift plants. Of course we can compare afterwards the resulting
capital-labor ratios, but it is absurd to assume them as given when we

are deciding what plant to build.

In the real world it is difficult to say what part of the observed
capital intensity is due to technological requirements of production
and what to factor prices. Is a steel plant more capital intensive
than a shoe factory because of technological requirements or because

of relative prices of factors or because of both?

Those who think that the cppital intensity of the technology is
changing only as a reflection of factor prices can neglect the present
discussion and procede directly to the comparison of the capital-labor

ratios.

In the following figure we use a graph borrowed from Murray Brown

[3]. Both axes are measured in 1ogarithms. The lines show the loga- -
rithmic relation between the ratio of labor to capital and thé marginal
ratecof substitution of labor for capital. P]‘P:L represents a more
capital intensive technology than P2p2 pecause the marginal product of

capital relative to that of labor is larger for any given labor-capital

ratio




substitution of labor

Marginal rate of
for capital

Labor/Capital

The marginal rate of substitution must be equal to the relative
factor prices. - When the available technology becomes more capital intensive
for a certain plant- and all other parameters are fixedT the ratio of
labor to capital decreases. Since the marginal product of capital is
higher with more capital intensive technologies, the production process

would use more capital relative to labor. This will affect the marginal

cost function and the optimal level of output produced by the plant.

When the available technology becomes more capital intensive in the
same amount for both multiple and single shifts plants, the changes in the
labor-capital ratio are the same for both types of plants. Each plant has
a lower labor-capital ratio but the relative ratio between the plants has not

changed. But the changes in.marginal cost at any level of output are not




proportional. If there are economies of.scale, marginal costs decrease
more rapidly in single shift plant. Output aﬁd profits of this type

of plant are greater relative to that of multiple shifts plants. With
economies of scale the existence of a more capital intensive technology
favor single shift plants. The opposite results may be obtained with

diseconomies of scale.

The effect of changes in the degree of economies of scale is not
unambiguous and depends on the specific values of all other economic
and technical parameters. In monopolistic product markets the expression
1-0 -0 1/0~-1
(g.a)  (a/l-0) +1

1-0 -0 (88)
[q(2+8)a] (a/1l-a) +1

has to be compared in value to (1-1/n51n2 to get an answer. If 2" is
greater than (1-1/n)kn2 then an increase in the degfee of economies of

21/
scale of the technology will always favor multiple shifts plants.

When there are constant returns to scale(8=1) and perfect competition the

ratio between.profits in double and single shift plants given by relation (73) is

undetermined. But the pure investment decision in the specific instance of
constant returné to scale can be solved without the improper assumption of
equal output in the differeqt plants that we have criticized. For this it
should be noted that when there are constant returns to scale, marginal and
average costs are both constant and equal. Entrepreneurs will always build the

plant with the lower constant average costs.

21/ This result contradicts one of the conclusions of R. Betancourt and
C. Clague, op.cit., that when the technology of two process differs
only in the scale parameter, the one with higher returns to scale will
always be more favorable to single shift plants. There could be cases
where this is not so.




Taking the first derivatives of equations (67) and (68) and
introducing the fact that g=1, we get that marginal cost with single

and double shift plants are respectively:

o-1 . (1
Rl [op + P Gi+d)ny |
91
: o
o-1 |[p - (1-a) ' (90)
(1-97 (2y) —_— [ml + 8, +‘Pk(i+d);u2]
wy -+ w,

The ratio between marginal (or average) costs under double
and single shift plants is:

a \~o

" 1xo o
. q . (2+8) - al- *{1-a +1]

6 1-9  /a\-¢
. [q * a] * 11- +1]

A
6

number is greater than 1.0 average costs in multiple shifts plants

The values of are tabulated in Table V. When the reported

are greater than those in single shift plants and this last type of

plant is preferred.




Ratio Between Average Costs in Double and Single Shift

1
Plants with Constant Returns to Scale™

10

1. "Low" Relative Price of Capital: q=1 x 10

Relative capital Elasticity of Substitution
intensity 1aa 0=0.1 g.=0.5 o] =0.§ .o =1,

- 0.10 - 1.090 1.009 1.031 1.414

0.20 1.090 1.008 1.045 1.414

0.30 1.090 1:008 1.052 1.414

0.40 1.090 1.007 1.057 1.414

=1.5

2. "High" Relative Price of Capital: q=1

Relative capital . Elasticity of Substitution

intensity _¢ %=0.1 0=0.5 9=0.9 0=1.1 G=1.5

' "

0.10 1.029 1.014 - 1.003 0.998 0.991
0.20 1.025 1.002 0.997 1.005 1.047
0.30 : 1.023 0.993 0.993 '1.011 1.100
0.40 1.021 0.986 . 0.990 1.016 1.146

1/ The Table gives the value of:

. o
0.-1 [q(2-*~6)a]1wo (L)

1-o +1

('cra).l_c (Tﬁl—a_)iw +1

for a wage premium (6) of 207 and a number of hours in each shift (a) of 8.




As indicated before, equations (62) and (63) give tﬁe capital stock-
labor services ratio of the sing;e shift plant and half the ratio of the
double shift one respectively.gg/ From them we get that the relative labor-
capital ratio is:

2., 2 ‘
L%/Kg* _ 2
Ll/Kzl (24+9)° (94)

The relative labor-capital ratio between double and single shift
plants is a function e#clusively of the wage premium and the elasticity
~of substitution. We have used this fact beforebiﬁ explaining the influence
of changes in the relative prices of factors of pfoduétion and in the

capital intensity of the'technology.

With a positive wage differential, an elasticity of substitution greater
than one will always imply that plants designed to operate at two shifts will

be more capital intensive than single shift plants. Only if the elasticity

of substitution is less than log 2/log(2+6) will double shift plaﬁts be

mor2 labor intensive than single shift ones.

A'more or less labor intensive production technique does not necessarily
imply that employment is increased or decréased with multiple shifts plants
because the amcunt of capital is generally different for dissimilar number
of shifts in thé investment decision. The marginal product of labor in the
CES production function can be written in the following way for single and

multiple shifts plants:

22/ For the capital stock-labor stock ratio these relations have to be
multiplied by the number of hours that each worker is employed, that
is, the lenght of each shift "a". If "a'" is the same for multiple
and single shift plants, equation (94) is valid for the flow of

labor services or the number of workers.




-p/8 1+pf8 1.7P1
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-p/B 1+p/8 '
(2y) .8 . (1-a) . Q% (La2) (96)

Equating the marginal product of labor to the corresponding factor

prices we get a relation between optimal labor services and output for

any level of oﬁtput:

1+p/8] ©
P2 (2y) . 8. (1-0) . (Q?) A
W+ W2 (98)

where "p;" and "p," are the prevailing market prices for output when the

plants works one and two shifts.

In perfectly competitive product markets the price of output is constant

and we get the following relation between employment in the different plants:

2 , okl o-(o-1/8)

) ‘

L - _:& Q- (99)
2 (2+0)0 | Q1

At the optimal output level for each type of plant the above equation

can be expressed in terms of the technological and economic parameters

given to the decision maker. Using equation (73) shift work will increase

employment if:




. . O'(n—l)'l"l
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(100)

In monopolistic product markets with constant elasticity of demand
"n" over the relevant range, the ratio of prices at any two points in the
demand function can be expressed in terms of the corresponding levels of

output. The relation between employment in the alternative plants is then:

o (1-1/n) +(1-6)8

Replacing Q2/Ql at the optimal output levels by its value given gy
(77) this relation can be expressed in terms of the given technological"

and economic parameters. Shift work increases employment if:

[B(1-1/n)-1] +1

. (o}
2-8+1/n(B-1) [B(l-lln)—ll(c-l)
‘\TT1oR1-1/n) 1-g -0 ] .

2 (gra)  (o/l-a) +1
o] . l=c._—_

(2+6) [q(2+6)a]  (a/1- N

Equations (99) to (102) are comparisons of the absolute number of
workers in double and single shift plant-and do not adjust for the fact that
each plant produces a different quantity of output. If the interest is in

the labor-output ratio the following relations should be used:
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for competitive conditions (103)

2
12" .

for monopolistic conditions (104)

where Q2/Ql can be replaced by their value in term of the technological

and economic parameters given by (73) and (77).

A similar analysis can be done for the stock of capital. The resulting

ratios of capital stock in double and single shifts plants are the following:

1. For perfectly competitive product markets:
(c-l)é[ 2 ] 0-(@-1/g)

= o
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For monopolistic product markets:
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where again QZ/Q1 can be replaced in term of the technological and

economic parameters.

The above results underscore the fact that it is not warranted that
multiple shifts will always increase employment or save capital. A
specific knowledge of the value of all the economic and technical parameters
is required to determine precisely when this will happen. When some policy
planned to increase the likelihood that entrepreneurs invest in multiple
shift plants is pursued, some of the new multiple shifts plants may employ

less workers and use more capital than the alternative single shift plant or

than the single shift plant that would be built without the policy. Off

course this is a theoretical result whose practical relevance in a given

situation must be ascertained.




VI

Conclusion

The choice between building a plant designed to openate at one
shift or a plant designed to operate at multiple shifts depends on the
interaction between the technological characteristics of production and
the economic variables facing the decision maker. We have explained
in general how this choice is made and developed the specific formula
that related the decision to the parameters embodied in a Cobb-Douglas
or CES production function, to the prices of factors of production
and to the differential in wages among shifts. The cases of perfectly
competitive product markets and of a downward sloping demand curve

faéing the firm are considered.

For a given set of values of the economic variables, the ex-ante
elasticity of substitution between capital and labor and the degree

of returns to scale are crucial technological characteristiés. If

the technology available has very high elasticity of substitution

the likeiihood of choosing a multiple shift plant is increased.
Economies of scale will in general favor single shift plants. But

there are no general rules to relate the choice of plants to any value
of these parameters. A high elasticity of substitution may be cémpensa—
ted by economies of scale or by appropriate values of the other

parameters and vice versa. .




Several emprical studies have stated that multiple shifts are
more common in capital intensive‘industries. These studies fail to
distinguish between capital intensity that is a technological require-
ment of production and capital intensity that is chosen-by the
rational entrepreneur. This distinction is crucial if we interpret
Athe empirical results as implying that in capital intensive sectors

plants will be designed to work at multiple shifts.

The empirical studies define capital intensity as the ratio
between the quantity of capital and the quantity of labor employed
in the production process. This capital intensity is a result of
the maximization analysis that the entrepreneur undertakes before
building a plant. It depends on the pricgsAof'factors of production
and on the technology available and cannot be assumed to be a basic
parameter of a certain industrial sector. Making a statement on this
definition of capital intensity does not get into the factors
distinguishing one industry from another one.géj

We have célculated the ratio between capital and labor in multiple

and single shift plants. Assuming that the prices of factors

production are the same but that the technology differs among sector,

23/ Nevertheless this capital intensity is useful in explaining why

" an established plant does not find profitable to work multiple
shifts. For these analysis see my paper "Economic Analysis of
Multiple Shifts in Established Plants". Center for Latin American

.Development Studies, Boston University (mimeo), Boston, Mass.,
April, 1974.




the ratios are:

xt for single shift plants

2

Py (i+d) £ (1-aq)

w * (240). a,
for double shift plants

] Pk(i+d) . (l—az)

From these equations we can deduce the conditions for a plant
that works two shifts to have a higher capital-labor ratio than a
single shift plant. Thege conditions are satisfied in a broad
range of circumstances. If the elasticities of substitution between
capital and labor and the capital intensity are equal, K2/L2 will
always be greater than Kl/Ll' Assuming similar values of the technological
capital intensity we need an elasticity of substitution in the sectors
working one shift that is greater than that of sectors woriing two
shifts to get a higher capital-labor ratio in former sectors. This
is not very likely to be a common - case because, és we noted before, the
nigher the elasticity of subsitution the greater the likelihood of

having multiple shifts plants.

What is more interesting to note is that it is theoretically -
possible for a single shift plant to have a lower capital-labor ratio
than a multiple shift one and more capital intensive requirements of

production at the same time. A statement about the capital-labor




ratio is completely misleading in this case.

Therefore the proposition that multiple shifts plants will be
built in sector with a higher capital-labor ratio is nof very
meaningful because it does not consider the real causes of building

. the multiple shift plants. It only makes an assértion about the
effects of multiple shifts. In many practical cases--where we compare
sectors with very similar values of the elasticity of substitution
and the technological capital intensity--it is very close to a
tautology: because we built the multiple shifts plants we have by

definition a higher capital-labor ratio.

Considering the case where the technologies in different sectors
are identical in'everything but the technological capital tntensity,

- it is not always true that multipié shifts operations will be more
probably in the more capital intensive sectors. The scale parameter
has an importént influence in this respect. If there are substantiél
economies of scale we could in theory have a situation where the
capital intensive secgor would work a single shift while the labor
intensive ﬁould work multiple shifts. But with diseconomies of scale
or small economies of scale--the likely values in the real world--it
will be true that multiple shift plants will exist in the more

technologically capital intensive sectors.

Several economic policies that may be used to increase the number of

shifts worked act through changes in the economic parameter given to the

entrepreneurs that must choose between building a plant rlesigned to operate




at multiple shifts or a plant designed to operate at -one shift. The
effect of these economic policies depends on the technological

characteristics of production. Table VI indicates if multiple or

single shift plants will be favored in the pure investment decision

with different policy alternatives, given the technological conditions

of production.




TABLE VI

Types of Plants Favored in the Pure Investment Decision with

Policies

Different Economic Policies

Degree of returns

to scale

Elasticity of Substitution

g<1

g=1

o1

Increase in
the relative
price of
capital

Decrease in
the relative
price of
capital

Decrease in
the wage

premium for
late shifts

Increase in
the wage -

premium for
late shifts

B X1
B:l _];/
1<B<1/{1-1/n)
g>1/(1-1/n)

Bkl
g=1 &/
1<B<1/(1-1/n)

B>1/(1-1/n)

B<1
B:l l‘./
1<g<17{1-1/n)
8>1/(1-1/n)

B<1l 1/
B=1 =
<B<1/(1-1/n)
B>1/(1-1/n)

Multiple shifts
Multiple shifts
Multiple shifts
Single shift

Single shift
Single shift
Single shift
Multiple shifts

Multiple shifts
Single shift
Multiple shifts
Single shift

Single shift
Multiple shifts
Single shift
Multiple shifts

No influence2/
No influenc2§¥

No influence
No influenceg

No influenceg/
No influenceZ
No influenceZ
No influence;j

2/

No influence=

2/

No infl
o in uenceEY

No influence§7
No influence~

Nﬁ~influenceg/
No influenceg
No influence‘y,

No influenceéj

Single shift

Multiple shifts

Single shift
Multiple shifts

Multiple shifts
Single shift
Multiple shifts
Single shift

Multiple chifts
Multiple shifts
Multiple shifts
Single shift

Single shift:
Single shift
Single shift
Multiple shifts

1/ The results reported in this raw correspond to the case of perfect competition.
The case of monopolistic markets and constant returas to scale (B=1) have
the same results as that of B < 1 or of 1< B < 1/(1-1/7n).

2/ Multiple shiftsplants will always be built.

3/ Single shift plants will always be built.




If the technology available has an elasticity of substitution
between capital and labor equal to one (CobB—Dougias.production
function) a change in the relative price of factors of pfoduction or
in the wage premium will have no effect at -all on the choice between
building a plant designed to work one shift or a plant designed to work

multiple shifts.,

Given the above mentionea technology the type of plant to be built
will depend exclusively on the degree of economies of scale. With
diseconomies of scale or economies of scale lower than ;{(1» 1h)
--where n is the price elastiéity‘of demand for the product of the

firm--only plants designed to work multiple shifts will be built. The

firm will adjust its employment of labor and capital to the relative

price of factors of production and the wage premium, but these para-
meters cannot change the type of plant that will be preferred. If
economies of scale are greater than 1/(1-1/1) entrepreneurs will always

build single shift plants.

Of more interest is the general case where the elasticity of
substitutioﬁ between capital and labor is not one. Then changes in
the relative price of factors of production or in the wage premium
have an effect on the choice between building a multiple or a single
shift plant. The influence of changes in the wage premium depend only
on the value of the scale parameter, while the influence of changes in
the relative prices of factors will depend on both the elastictty of

substitution and the scale parameter.




If empirically it were established that the degree of returns
to scale 1is less than 1/(1-1/n) then a policy of decreasing the
wage premium for workers in the late shifts will always be favorable
to multiple shifts plants. If at the same time it is estahlisked
that the elasticity of substitution is less than one, increases in
‘the relative price of capital will also be favorable to multiple shifts‘
plants. On the other hand, if the elasticity of substitution is
greater than one--and the degree of returns to scale less than
1/(1-1/n}--thken an increase in the relative price of capital will be

propitious to single shift plants.

Institutional arrangements and/or labor legislation will determine
the length of the working schedule in each shiff. When the number of

hours per shift is decreased the relative profitability of building

multiple shifts plants will increase if the degree of returns to scale

is less than 1/(1-1/n) and the elasticity of substitution less than
one. %t should be noted that this change is equivalent to an increase

in the relative price of capital.

Shift ﬁork has usually been thought of as a mean of increasing
employment and saving capital. Since the alternative multiple and
vsingle shift plants have in general different levels of output we must
distinguish if we want these results for éach each plant or in some
relative sense; as measured by the labor-output and the capital-output
ratio. In any case, in the pure investment decision these results

will not always be forthcoming. Only a complete knowledge of the




specific walues of all the econonic and technical parameters will
determine if the desired objectives will be obtained in a given circum-

stance.

We have found values of the absolute and relative number of -

workers and capital stock of multiple and single shift plants. They

2#/

are given in the following formulas:

2-+1/n(B-1) o[B(1-1/n)-1]+1
9 1-8(1-1/n) l1-0¢ -0 ] [8(1-1/n)-1](c-1)
L” . 2 » (g;a)  (a/l-a) +1

L o l-o -0
(2+6) [q(2+8)a] - (a/1-a) +1 J

(i-;é;)ii-s) o[B(1-1/n)-1]+1-B

-8(1-1/n 1-0 -0 [(B(1-1/n)-1](o-1

LZ/Q2 2 (qra)  (a/l-a) +1 - - e=D
o} 1-o -0

£2+6) [q(2+6)a] . (a/l-a) +1

Ll/Ql -

o[B(1-1/n)-11+1
(1-1/n)/[1-8(1-1/n)] 1-0 -0 [8(1-1/n)-1]1(c-1)
(q:a)  (a/l-o) +1
K% 1-0 -0 .
[q(2+6)a] (o/1l-a) +1

o[B(1-1/n)-1]+1-8
g2 Q2 -1/n[1-8(1-1/n)] 1-0 -0 [8(1-1/n)-1](0-1)
s/ = 2 (q-a) (o/1-a) +1
K1/Q1 ' l-c -0
s [q(2+6)a] (a/1-0) +1

When the policy objective is the more limited one of having a

greater labor-capital ratio in all plants that are built, shift work

24/ When these formulas are written in terms of the parameters they are
are strictly valid if the multiple shifts plants are made more profitable
through policies that did not affect the optimum employment of factors
of production in the single shift plants. Examples of such policies
are chhnges in the wage premium for late shifts and export subsidies,
tax rebates and lump-sum transfers tied to work multiple shifts. When
the policies imply changes in the relative price of factors of production
the parameter '"q" should be different in the numerator and denominator
of the equations and the term indide the brackets is multipled by the
change in the prices.




will achieve this result for any degree of economies of scale if the
elasticity of substitution is less than iog 2/log (2+6), where 6 1is
the wage premium for late shifts. Since this premium is not likely to
be greater than 50%, we should encourage multiple shifts in all sectors
where this elasticity is less than 0.75. 1If to promote multiple shifts
‘the wage premium is effectively reduced, the limit on the elasticity
rises, but we never should encourage multiple shifts in sectors with

a value greater than 1.0.

A policy of change in the relative prices of factors of production
needs some caution because it makes the employment of factofis different
in the single shift plant before and after the change was introduced.
Nevertheless if the elasticity of substitution'is less than one and
the degree of returns to scale less than 17(1/1-n) the recommended
change to encourage multiple shifts is an increase in the relative.price
of capital (see Table VI). If this is done, the capital-labor ratio
in the\single shift plant is always lower after the change in relative
prices than before. Since theée multiple shifts plant will hgve a lower
capital-labor than the single shift plant after the increase in the
relative price of capital, it will also have a lower capital-labor ratio

than before this increase.

In summary, there seems to be a good theoretical case for the
application of a policy of shift work in sectors where the elasticity

of substitution is less than 0.75. There we will always increase

the labor-capital ratio of the plants that are built if they are




designed to work multiplé shifts instead of a single shift. Leaving
aside the cases of great economies of scale in the technology available,

any policy instrument is desirable to get these results.

We must note that this paper ' presents a theory identifying the

forces that determine when multiple shifts will be advantageous and

when profit maximizing entrepreneurs will invest in these type of plants.

Professor Paul Rosenstein-Rodan has commented that ''nature does not
imitate Cezanne". It is not likely that any indiwvidual plant will

have a Cobb-Douglas, CES or any other well defined production function.
They may be a more realistic representation of aggregates, since
deviations from them in individual cases may cancel out. This is

enough for our purposes. Our hope is that Cezanne was trying to represent

nature.
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APPENDIX I

The Optimum Output When Working One and Two Shifts in the Cobb-

Douglas Production Function

A. Optimum Qutput for One Shift

The production function is:

Ql = awlye . &8 (1)

where Q1 is output per day, Ll is labor in man hours per day and ki

capital services per day.

The firm works one shift of "a" hours. If Ksl is the capital stock
we have that:

k! = a k] @

n_1mn

The price of output is "p", the wage rate "W1" and the price of

capital services is:
\

Pk(i + d
r1= Lal (3)

where "Pk" is the purchase price of a unit of capital stock, "i" the
daily interest rate and "d" the daily depreciation rate and maintenance

costs.
Profits are:

caf oo ab® ®DE - wrl - prE + arg (4




When profits are maximized the following conditions are met:

aml |
AL 1=P - AL aB. o . @lyoe-l (kslp - Wi =0 (5)

1 4
-%f p.A.aB. g, @hH® . (xs1B -1 _pr(i+d)=0 (6)

The above equations indicate that each factor should be hired up

to the point where their marginal revenue product is equal to its price.

From (5) and (6):

1 . .
L™ _a . Pk(iH) _ (7)
Ksl B . Wl ul

This is the equation of the expansion path for this type of produc-

tion function: it shows the optimal factor proportions when output changes
but input prices remain constant. It indicates the fundamental equality of
the marginal rate of technical substitution and the input price ratio.
For the Cobb-Douglas production function the expansion path will be a

straight line no matter what the degree of returns to scale are.

Replacing (2) and (7) in (1) we get the optimal amount of capital

stock as a function of output:




Replacing (8) in (7) we get the optimal amount of labor services

as a function of output:

1
Ll = u —Jl__ Q+3
1 A.aB.ulo‘

Equations (8) and (9) are valid for any level of output. They are

the input-output space equivalent of the expansion path.

Total cost of production is:

¢l =y 1l o+ Rt = w1l + Pk @1, kT (10)

Replacing (8) and (9) in (10) we get total cost as a function

of output:
1

ol 1 16+B | pr(i+d) Ei.?]
A.afug . B

Marginal cost of production is:

\

Mcl = Pk (i+d) [A

RA.a S'ula .a “.ul“ (12)

. . . ‘s — 1, .
The optimal level of output in competitive conditions (Qc ) is
obtained when marginal cost equals the constant price of output. Therefore

it is:




- a8
—1 » a[p.A.B.aB.ulaJ 1-(at8)

Q. =4A.am Pk(i+d)

Note that output is undetermined when o +8= 1. When there are
constant returns to scale in competitive conditions profits are maxi-

mized when output increases indefinetely.

When there are economies of scale (a + B>1), the level of output
determined by equation (13) is that of minimum profits. This is indicated
- by the second order conditions that are not developed here. To maximize

profits the competitive firm must again increase output to infinite.

It is a familiar proposition in economic theory that pérfectcompeti—
tion is incompatible with economies of scale. Therefore this case must
assume a demand curve for the product of the plant with elasticity not
equal to infinite. Knowing the demand function, the marginal revenue

function is also known. The optimal level of output under these condi-

tions is obtained when marginal cost equals marginal revenue.

When the demand curve is: p = f£(Q), marginal revenues is:
MR=Q . f' (Q) + £(Q) = p(1-1/n), where n is the elasticity of demand.
Marginal revenue depends only on the level of output and the parameters
of the demand function. Equating (12) with any of these formulations

we can find the optimal level of output.




For expository purposes, the optimal level of output under mono-

polistic conditions (aﬁl) will be written as:

o+B
1-(a+B)
aﬁl = A . aB. (“1)a by (A-1/n31) . A . B . af . up® (13a)
Pk (i + d)

where "p;" and "n," are the price and the elasticity of demand when quantity

QM* is sold and are determined concurrently with it.

B. Optimal Output for Two Shifts

| In the general.case, the ex-post capital-labor ratio is not
fixed and labor services in the second shift can be different from
those of the first shift. The production functions for the first

and second shift are respectively:

AL @D ®2P (14)

Q2 =A. @€H . ®F (15)

\

2 2

where Lj“ and L, are labor services in each shift and Ka2 the
constant capital services per shift. If K52 is the capital stock
we have:

2_ .2 - '
K% = aK_ , (16)

and total capital services are:

k% = 2k,% = 2ak 2




The price of capital services is:

rp = PGH)

2a

Profits for the firm are:

1 =p . Q2 + Q) -wili? -wa.Lo? - Pk(i+d).Kg2  (19)

When profits are maximized, the following conditions are met:
2 : . ) .
1

2 | .
= p.a.df. @ @,H*L ®k2B- W, =0 (21)

p.A.aB.B[(le)“ + (Lzz)a] c &P L - prGird)=0  (22)

Again these equations indicate that each factor is hired up to
the point when its marginal revenue product is equal to its price,

but they consider the fact that the same amount of capital is used in both

shifts and that aggregate profits and not profits per shift are maximized.

From (20) and (21) we get:




The above equation relates labor services in the first and second
shift when there is a wage differential between them. Since in general
Wy > Wy and 0 < a < 1, we have that L22 < L12. If labor services per
worker are the same in both shifts, the optimum number of workers in

the second shift will always be less than that of the fifSt shift.

Replacing (23) in (22):

: 2 . ‘ _d._ 23 -1
-%K"—Jz = p.A.aB.g . (L12)°‘ 1 +[H_J._] I-0 | (Rg®) - Pk(i+d)=0  (24)
s 2 1

We define:

If 6 is the wage premium for the second shift over the first shift:

o
. | 1] Fa . (26)
= 14

Fron (20) and (24):

L;2 o, Pk(i+d) _ yu 4
iif © B Wi(ltp) (L+p) -

Réplacing (27) in (23):




Equations (27) and (28) represent now the expansion path and the
fundamental equality of the marginal rate Qf technical substitution
and the input.price ratio. The first equation is in termé of workers
in the first shift and the second one in terms of workers in the second
shift. They are valid for any level of output and indicate the appropriate

input mix to maximize profits given the price of inputs.

Replacing (27) and (28) in Q2 = Q12 + sz we get the optimal

amount of capital stock under two shifts as a function of output:

1
g 2| Q2 ]ETB

8 —LA.aﬁ,ulﬂ (14p)1l-a (29)

Replacing (29) in (27) and (28) we get the optimal amount of labor

services in the first and second shift as a function of output:

. 1
n1 Q2 a+B (30)
(1+0) | AaByy . (I4p)l-e

1 1
p1_ [wi]i-o. Q2 ] a+8
(14p) |Wo A.aB.pjoa(l4p)l= @

Total cost of production is:

Cz = Wl le + W2L22 + ‘rzKZ = Wlle + W2L22 + Pk(i‘i‘d)KBZ '(32)




Replacing (29), (30) and (31) we gefvtotaI cost zs a function

of output:

1 ¢
= (
o2 J Q2 B | pr(i+d) (LB

lA.a Bouge (14+p)*70 B

Marginal cost of production is:

Pk (i-+d) . Qs ]
Mc? T B.A.aP.u10. (1+p)la [A.arzufr. (1+p)I-a

The optimal level of output in competitive conditions (6;2) is
obtained when marginal cost equals the constant price of output.

Therefore it is:

l-a| a +8 (35)

1-a [ a o C
—2 p.AB8 .8 .m% (+p) [I=(oiB)
Qc = A. B .ula. (1+p) l Pk(itd)

Note again that when there are constant returns to scale (d+8=1),
the optimal level of output under two shifts defined by equation (35)
is undetermined. Also when there are economies of scale (o+B>1), the
level of output given by that equation is the one of minimum profits.
Assuming a demand curve for the product of the firm with elasticity

"n ", the optimal level of output under monopolistic conditions (ahz) is:

a+B
1= (a+B)

1
Q2=4a.aB . % . (1+p)1-0t [!iz(l—l/n).A-B-aB-ula(lﬂ)
M ,




The wage premium for the second shift will determine how the optimal

level of aggregate output is divided among the two shifts. Dividing (15)

by (14):

This relation is valid in any market condition--perfect competition

or monopoly--so long as the ex-post capital-labor ratio is not fixed.

When there is no ex-post substitution between factors of production,
labor services in the second shift must be equal to that of the first
shift. Therefore the level of production is the same in each shift and

total production is:
(La?)® (Ra2)B (37)

2 2

where La“ and Ka“ are the constant capital and labor services per shift.

Using equation (17), total production as a function of the capital

stock is:

Q2 =2 . A . (La2)® . (2aKg2)B

Profits for the plant are:

2

= p . Q% - WLa® - WyLa® - Pk(i+d)Kg2

When profits are maximized, the following conditionsare met:

2 B+1 B -1 B

o
om =2 .p.A.a .a. (La2) (Ksz) -W; -Wp =0

BLa2




B a B
ca .8 . (La®) . (Ks?2) - Pk(itd) =0  (41)
The above equations indicate that each factor is hired up to the
point where its marginal revenue product is equal to its price. The
specific formulation takes into account the fact that the plant operates

at two shifts and that there is no ex-post substitution.

-

From (41) and (40) we get:

La? Pk (i+d)
Kg* W1 + Wy

La? _a . Pk(i+d)‘_ uq

KsZ B W1 (1+8) ~ (1+6)

(43)

Equation (43) indicates now the expansion path and the fundamental
equality of the marginal rate of technical substitution and the input price

ratio.

Replacing (43) in (38) we get the optimal amount of capital stock under

. two shifts and no ex-post substitution as a function of output:

‘ 1
K’ 2 —_ Q2 ‘ (1+B
s B+l B a 1-a
2 .a JA.u1; (1+6)

(44)

Replacing (44) in (43) we get the optimal amount of labor services

per shift as a function of output: -




1.2 - K Q?
a ~— (1+8) g+1 B o -
2 .a .A.ul . (1+8)

Total cost of production is:

c? = wjLa? + WyLa? + Pk(i+d)Kg2 (46)

Replacing (44) and (45) in (46) we get total cost as a function

of output:

1
2 —_—
B+1 sQﬁ a 1- o B pr(iva). “(22?1f2§1+6) %7
2 .a .A.qy . (149)

Marginal cost of production is:

1-(otB)
2 _ Pk(i+d) [a(2+6)+8(1+6)] Q? (o+8)
g+l B o 2-0. B+l B o 1-o (48)
B.2 .a A.up . (148) (o+B) 2 .a JA.pup (1+49)

MC

The optimal level of output in competitive conditions (6;2) is
obtained when marginal cost equals the constant price of output.

Therefore it is:

B+l B « 2-a a+ B + _
g 2o | ReAB2 aw (140) _.(a+B) | 1-(atB) 25 1 A aB ’ “(l+e)l ¢
c Pk(itd) [a(2+8) + B(1+6)] i

(49)




Assuming a demand curve for the product of the firm with elasticity

n.n

n', the optimal level of output under this monopolistic conditions (6;2)

is now:

g+l B «a 2-0 o + B
p2(1-1/n9).A.B.2 .a .ui .(1+8) .(at+B) | 1-(a+B) P

Pk(1+d) [a(2+8)+B(1+6)]

B+1

3,2 -

1-o
+ (1+9)




APPENDIX II

The Optimum Qutput When Working One and Twoé Shifts in the CES

Production Function

A. Optimum Qutput for One Shift

The production function is:

| -p}- B/p

ol = Y[a(Kl) + (1-0) (D) (¢

‘where Q1 is output per day, Ll is labor in man-hours per day.and k1

capital services per day.

The firm works one shift of "a" hours. If Ksl is the capital
stock we have that:

1 4 1
K—a.K‘S | (2)

The price of output is "p", the wage rate "Wi" and the price

of capital services is:

3

where "Pk" is the purchase price of a unit of capital stock, "i" the
daily interest rate and "d" the daily depreciation rate and maintenance

costs.

Profits for the firm are:

= py e a®. (KSI)‘°+ 1-0) . @H™) B ! - pr(ird)RD (4)




When profits are maximized the following conditions are met:

i
i\

) e | Y-ge-1 | —p
Tre». ¢ ca o [ & . a?. ®DH7TP + (1-0) (Ll)'fp)i @h

1 ' ' o [ - : 38/p -1 -p-1
i%r = P.y-B - q- a~® [as a_p-(Ksl) P +(1“a)(L1)fp]' : (Ksl)

- Pk(i+d) = 0 (6)

The above equations indicate that each factor should be hired up
to the point where their marginal revenue product is equal to its purchase

price.

From (5) and (6):

T - ] - U
L =1¥1 . a.a :

K

s Pk(i+d).(1~q)

This is now the equation of the expansion bath. It shows the optimal
factor proportions under any market condition when output éhanges but
input prices remain constant. It indicates the fundamental equality of
the marginal rate of technical substitution and the inpﬁt price ratio.

For the CES production function the expansion path is also a straight line

through the origin.




Replacing (2) and (7) in (1) we get the optimal amount of labor

services as a function of output and the given prices of inputs:

1/8
@b
1/8 -p -p -1/o
Y [0 . a . o+ (1-0)]

Replacing (8) in (7) we get the optimal amount of capital stock

as a function of output and the given prices of inputs:

1 1/8
k1= y Q)
s 1 1/8 -p -p 1/p
[@a.2a .y + (1-0)]

Equations (8) and (9) are valid for any level of output. They are
the input-output space equivalent of the expansion path. They indicate
the optimal amount of factors of production for any output given the

prices of all the factors of production.

Total cost of production is:

. : l .
cl=w .1 +r; . kKl =w . L1+ Pk@iHd) . KL (10

Replacing (8) and (9) in (10) total cost is expressed as a function

of output:

1/8
cl = @) +Pk (i+d 11
= 1/6 -0 0 d1/’3 [Wl ( ) . ]Jl] ( )

Y [a « & - My + (1-o)]




Marginal cost of production is:

[W1+Pk (i+d) . ]

1/8 - -p
B . ¥ [a.a ‘Mg +(1-0)]

1 1-8/B
/5 N () (12)

The optimal level of output in competitive conditions (6&1) is
obtained when marginal cost equals the constant price of output. Its
value is:

1/8 -p -p -1/p B/1-8

6‘1 _ p.B.y. .[a.a .y +(1-0)]
c Wl + Pk(di+d) . My

Note that output is undetermined when there are constant returns to

scale (B=1). In this case and with perfect competition profits are

maximized when output increases indefinetely.

When there are economies of scale (B>1), the level of output determined
by equation (13) is that of minimum profits. This is indicated by the
second order condition that is not developed here. To maximize profits

the competitive firm must again increase output to infinite.

The case of economies of scale must be considered in the context of
a demand curve for the product of the plant with elasticity not equal to
infinite. The price of output is not given to the firm and the level of
production is determined at thé point where marginal cost (equation 12) is
equal to marginal revenue. Knowing the demand function the marginal

revenue function is also known.




If "n" is the elasticity of demand, marginal revenues are equal
to p(1-1/n), where p=f(Q) represents the demand function. The optimal
level of output under monopolistic conditions (aﬁl) cén be written as:

-p -1/p | B/1-B

=1_ | P1(A-1/n7) . B . + (1-0)]

QMl

Wy + Pk(i+d) 1y

(14)

where "p;" and "m" are the price and the elasticity of demand when

quantity aﬁl is sold and are determined concurrently with it.

B. Optimal Qutput for Two Shifts

The production functions for the first and second shifts are

respectively:

-p -D] - 8/p
le =y | a(RKa?) + (1-a) (le)

(15)
- ~p. ~8/p |
Q2 =y [d(ka®) + (1-0) (L) (16)
where L ; and L o are labo: services in each shift and Ka the

constant capital services per shift.

1/
With fixed ex-post capital services-labor services ratio we

must have:

(17)

In the CES production function the general case of non constant ex-
post capital services-labor services ratio has a very complicated
solution and is not presented here. Most authors do assume that the
crew size of machinery is constant, which is equivalent to our case.




2 _ 2
Q1 Q2

Total labor services are:
12=12+12
1 2

and total production:

-p -p_=-B/p
Q2 = Q12+Q22=2f [cxa?)  +(1—) (@a?) ]

Let us call KS2 the stock of capital. Since each shift

is of "a" hours, capital services per shift are:

Ka2 =a . Ks2

and the total capital services are:

K2 = 2Ka2 = 2aKs?2
The price of capital services is:
ry = Pk§1+d2
a

Profits for the firm are:
02 = p.Q>~ (W +W,) La® - Pk(i+d) . K_2
N 1 2 L] . s

When profits are maximized the following conditions are




a2 -p -p -p{-8/p-1 -p-1
oz 2Pv 8. (1-0) |a.a - (Ks?) +(1-a) (La2) ' (La?)

- H) =0

o2 [ -0 -0 -
ez = PytBa.a fa.a .(Bs2) + (1-a) (La2)

- Pk(i+d) - 0 : ' (26)

These equations indicate that each factor is hired uﬁ to the boint
where its marginal revenue product is equal to its price, but they consider
the fact that the same amount of each factor is used on both shifts, that
labor in the second shift feceives a wage premium and that éggregate profits

and not profits per shift are maximized.

From (25) and (26) the labor-capital ratio in each shift is:

_p] -1/1%
La2 _ | (W)4W,) .5.a
Ks2 Pk (i+d) (1-q)

and the total labor-capital ratio is:

-0 |-1/(1+p)
(Wi+W9) . o . a -2
Pk(itd) . (1-a)

(28)




Equations (27) and (28) represent the expansion path and the fundamental
equality of the marginal rate of technical substitution and the input
price ratio. They are valid for any level of output and indicate the

appropriate input mix to maximize profits given the price of inputs.

Replacing (27) in (20) we get the optimal amount of labor services

per shift as a function of output:

1/8
La? = Q%
a 1/8 -p -p -1/p
@y) fa.a . u + (1-a)]

Replacing (29) in (27) we get the optimal amount of capital stock as

a function of output:

1/8
Q%)
1/8 -p -p -1/p (30)
(2y) <[a .a .up + (1-0)1]

Again equations (29) and (30) are valid for any level of output.

They are the input-output space equivalent of the expansion path.
Total cost of production is:
c2 = (W, + W) . La? + Pk(i+d) . Ke? (31)

Replacing (29) and (30) in (31) we get total cost as a function of

output:
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, 1/8
' Q) r :
c2 = T ” = TTTIp LW HH Pk (1) L5l (32)
2y)  .[a.a ‘Hy o +(1-a)]

Defferentiating we obtain marginal cost:

[W1+W2+Pk (i+d) . uy ] 1-8
/8 -0 -p i - @)
B .(2y) .[a.a .up +(1-0)] ‘

The optimal level of output in competitive conditians (6;2) is
obtained when marginal cost equals the constant price of output. Its

value is:

1/8 - -p -1/p |B/1-B
-2 | p.B. (2y) . [a.a .uy +(1-0)]
Q™ = Wy HW,+Pk (1+d) < g

When there are constant returns to scale (B=1) and perfect competi-

tion in the product market output must be increased without limit to maximize

profits : the above equation is undetermined.

When there are economies of scale.(B?l) the level of output given
by equation (34) is that of minimum profits. This is indicated by the
second order conditions. Assuming a demand curve for the productvof the
firm with elasticity "n", the optimal level of output under monopolistic

conditions (6&2) is:
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1/8 - -p -1/p{ B/1-8
=2 _| p2(1-1/n5). B .(2y) [@.a  .po +(1-0)] '
Q- = Wy + Wy + Pk(i+d). pp . (35)

where "ps" and "n," are the price and the elasticity of demand when

quantity EQM is sold and are determined concurrently with it.
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