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Abstract

This paper introduces a dynamic zero-sum game framework inspired by the
Lanchester combat model to resolve issues that relate to logically consistent
market share models. Our new theorem shows that three of four axioms in Bell,
Keeney and Little’'s (1975) "market share theorem" are either incomplete or
unnecessary; concerns about the nonlinearity and asymmetry aftermath of the
market share system also are incorporated into in our analysis. Implications
of this new theorem resolve some of the confusion surrounding the logically
consistent market share models proposed by Naert and Bultez (1973) and McGuire
and Weiss (1976), and the recent empirical paper by Brodie and de Kluyver
(1987). More specifically, this paper explains the‘ways to incorporate both
range and sum constraints to complete the logical consistency problem, and
demonstrates the feasibility of adopting model robustness and descriptive
validity which previously have Been thought to be incompatible in construction

. |
of market share response models.



1. INTRODUCTION

This paper reexamines the logically consistent issue of the matrket share
model. The.papervbegins with a review of the debate between the view that the
elasticities of marketing variables such as advertising and pricing can be
estimated by econometrie models in a'nonrestrictive description manner.
(Beckwith 1972, 1973), and the view that explanatory variables and assoeiated
coefficients should be constrained by certain logically consistent rules if

market share is specified esbthe dependent variable for a linear model (Naert
and Bultez 1973; McGuire and Weiss 1576). Recently this debate has been
revitalized by'the foreeastiﬁg accuracy of econometric market.share models.
Brodie end-de Kluyver (1987) afgue that the econometric market share model
performs no better than a "naive" model (i.e., ﬁt = m_1), and questioﬁ the
usefulness of the ﬁore sophisticated econometric‘models for prediction.

Discussion papers by Bass (1987), Wittink (1987), Ericksen (1987), Aaker

~and Jacobson (1987), and Hagerty (1987) replying te Brodie and de Kluyver's
enigma, have focussed on'thevfollowing.questiOns: |

(1) What is the "true" structure of a causal market share‘system?

(2) What is the best‘approximation of parameters for estimation?

(3) Wwill the quality and quantity of obser?ed data confouﬁd with tHat of

empirical models?

With regard to the first issue, papers by Naert and Bultez (1973) and
MeGuire and Weiss (1976) have advanced theoretical development of restrictive
rules er axioms for -a causel market share system. The remaininé papers,‘Gaver,

' }i,“jHQrsky:and’Nafasimhan'(1988)'and Naert and Weverbergh (1985}‘as‘we11_as many

|
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‘otherbpapers related to estimatioA of the market share attraction model, have
a&dreéséd one or more of the iatter two issues; |
In this paper, Qe propose a new way to approach these problems. - We sfért
.from.the naive model, also called the random walk mode1>or the autoregressivé
model with a unit root (Dickey and Fuller 1976), which has a long history of
_deécribing phenomena of the financial and commodity’markéts andAyet best
characterizes aggregate time series data (Hall 1978). Both Wi&tink (1987) énd
Aaker and Jacobson (1987) have emphasized that the>naive‘ﬁo&e1 is not expected
- to.do well on disaggregate data, since time-related factors such as cyclical
ﬁovement aﬁdISéasonaiity may be involved, -and thé'obser§ed sygtém is
nonstationary.
| To get éway from a stationary assumption, we construct a dynaﬁié market
shére‘system from which naive and econométric models can be deri&ed iﬁ the
stationary state. This requires strict specification of the model, and we use
the gehéralized n-firms Lanchéster combat model (Little 1979) as a benchmark.
The reasoning behind this approach, as shown by Little (1979) and Erickson
(1985), is Fhat market share can be specified by attractioﬁ'formdlation from
the Léhchestef médel at equilibrium SCéte. If the Lanchester model is true,
fthe partitioned brands are t%en reacting dynamically such thaﬁ the broportions
of the rivals’ market shares gained (own market shares lost) areidirectly
proportional to their own (rivals') attraction powers.
There are several adVan;ages to applying this dynamic'mafket.shére

attraétion idéa. Fifst, the simpleét implication“of‘thé naive model is thét
‘market share lagged more than one period»ﬁas no. predictive power for current
value, aﬁd-mérkétish£re is independéht of any marketing‘decision vafiaﬁle

" observed in the same and earlier periods. In other words, if changes in market



fshare arevpermanent’—— that ‘is, narket share is a random walk var1ab1e — any
fexogenous effect on the current market share should d1ffer only sllghtly from’
any exogenous effect on the permanent market share. Therefore, if the observed
system is‘stationary; it should be no surprise thatxthe‘naive’model and the
"true""causal market share system perform equally well fer model'fitting and

: forecasting.vbYet‘both the time series and the causal market share‘are dynamic
in nature;: As‘wiillbe shewn later, the naive model cabtures oniy the
permanent notithe timervariant component of the market share system.

Second the attraction formulation stemnlng from the ut111ty theory of ‘the
consumer discrete-choice model (Luce 1959; McFadden 1973) is the ba31s for many
v aggregate—level consumer ch01ce models in the marketing literature (e.g.,

Guadagn1 and L1tt1e 1983 Nakanlshl and Cooper 1974 Russell and Bolton 1988)
Bell Keeney and Little (1975) have derived a general market share theorem
based on this static attraction formulatlen from four plau31b1e axioms.. This
‘work-has heavily»influenced theoretical frameworks for purChaserprobabiiity and
'market share models. Their thecrem is,preblematic, however, and its | |
'ambiguities and:restrictive assnmptions have engendered numerous challenges,
snch asfthose of Barnett (1976) and Chatfield (1976). Under our dynamic
investigation, it can be sho%n that three of the fonr~axioms_are indeed
:rncomplete or unnecessary Axions 2'and'3,vfor;instance,’are nalid if and!only
if the market share system is statlonary

Ihird, in reply to. Brodie and de Kluyver's enigma, Wittink (1987)
suggested that using‘a_relatiVe variable such as nrice ratio imp03esf

:reStricticnsfbn-the regresser COefficients in the multiplicatiVe market share
:nodel. This argument embodles the cla531c debate between Beckw1th (1973) and

’i;Naert and Bultez (1973) on the loglcal con51stency of the market share model
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-and between McGuire and Weilss (1926) and Naert and Bultez (1973) in response to
McGuire et al.’'s (1968) early study. This restriction is also related to the
symmetry assumption of the market share theorem discussed in the Bell, Keeéney
and Little (1975) and Barnett (1976) papérs. None of the studies seem to offer
a complete and satisfactory answer.

Solution of the puzzle lies af the heart of the sum-constrained market
share system which implies: . (1) the system is singular and (2) competition
follows an n-players-zero-sum game rule in the dynamic system (Tang 1989). We
use this observation plus range constraint and nonlineérity, which are ignored
by most prior studies, to help construct the new market share theorem from our
dynamic market share attraction model. We set up for our new theorem three
lemmata, all of them counter to the Bell, Keeney and Little (hereafter BKL)
static axioms.

Our aim in this research is to shéd some light on the true structuré of
- the market share system, with possible extensions to the link with tﬁe
aggregate consumer brand choice process. It éhould be noted that there are
several possible formulations other than the Lanchester model that can also
capture the dynamics of the causal market share system. Since the system
discussed in this paper is composed of n first-order deterministic differential
equations, stochastic variations such as random errors éf thé observed system
are not included in the model. More specifically, we are more concerned with
the first issu? —— the "true" structure of the causal market share system ——
S :
and use the result as guidelines for empirical issues and future studies.

Presentation of the new?theorem is as follows. A preliminary market share

theorem adapted from the n-firm Lanchester model is illustrated, with focus on

clarification of misunderstandings about the Lanchester model. 1In the third



‘section, BKL's axioms onuthe "market'share_theorem" are reviewed and examined
~under the dynamic'mérket‘share attraction‘mooel; Proof is provided of lemmata
A derived from the newhtheorem. In section 4, issuesvin the lOgicalinCOhsistent'
vmodelvare briefly described, Qith a focus on McGuire and Weiss'’'(1976) four

v types of restrictions ofrexplanetory variables and coefficients. Range
constraint'andbnon-linearity cen be shown to be adapted into our new theorem.
A oounterexample to Naert and Bultez, and McGoire“and Weiss' logically
consisteﬁt rules derived from our new theorem:is provided.»‘This section

”oonclﬁdes1With avsﬁmméry'eﬁdvsuggéstionSﬂof directions for'future_research.
2. MODEL FORMULATION

| The Lanchester (1916)'mode1 was first introduced and modified oy Kimball
(1957), who,described theveffects of competitivevadvertising, andbﬁorSe end
Kimball (1951), who showed that equilibrium exfsts inve'finite time. It\isi
described in Littie's (1979) review as one of the "a priori aggregate
advertising:models"vand reoektly has been reexamined by Jorgensen (1982)
N Erfckson (1985)‘and Reo (1988). Little (1979) pointed out two interestiog
espects of this type of modified Lanchester model: (1) It.is a competitive
,geheralization of the Vidale-Wolfe model (1957);'with the oompetitor's response
function modeleo as a deoay,?onstantj' (2) In steady state, the model‘reduoesv
to an attraction-type market share.model‘of the‘general form us/(us + other).
'fFor an n- flrm market share model, a geoerallzed form can: be wrltten as follows
f(see also thtle (1979), p 650) | | |
dmi : f N | ’ N

== - Doagm v oa@mpy M
dt - j#io ’ g J#i , C



mi(0) = e, e
i, 3=1,2, ..., N,

~where mj(t) are market shares of firm i at time t;

a;: are the associated attraction functions of firm i;

=)

ci are associated initial market shares of firm i;

(=N

N is the totallnumberfof firms (brands) with an a.Priofihbasis for the
market structure;

t is defined in a finite time range t e [0, T].
In steady‘state-(dmi/dt = 0), the system-eqoations (1)~reduce to

a general form of market share attraction model cited in most literature.
In applying the modified Lanchester combat model to competitive

advertising, ,Kimball interofets“mifas the numher'of customers, a'diteet
'_trahslation from miiitary operation terms sueh‘as fighting units or number of
,»missiles._ thtle (1979) 1nterprets mi'as ‘levels of sales that can be -
hormallzed into market share if the total market sale is eonstant Suppose'

consumers are homogeneous and each 1nd1v1dua1 contrlbutes the same amount of

sales.’ ThlS is equlvalent to saylng that consumers are homogeneous 1n buylng

:%{PBW:f}TthUS the treatment of mj by Klmball and L1tt1e is the same 'EthkSinfV:lb



—(1985) has made it even clearetr tﬁat equation (1) can be sta;ed as'tﬁe market
'shgrevmddel,bwhile~for‘a géﬁérai ;ales‘re3ponse fuﬁction,‘é sales expansion

- fuﬁqfipﬁ must be added.‘ This éaies»expansion function, which captures

exogenous‘factofs outside‘thé system such as growth iﬁ the.economy and

popﬁlation, allows for industriai growth or decline. After adding the initial

“market share éonstraint, we treat the system equatiqns (1) thé same as those in

“faEfiékgbh'é‘(1985):déétriptionyofjthe dynamic competitive market share model.

Accbrding‘to Little (1979), a gobd advertisiﬁg response model éhould be
able to display or captﬁre the following phenomena (p. 644):

1; dynamic interaction of sales and advertising;

2. a sales response function that can be concave or s-shaped af steady

state, and allows for positive sales at zero levels of advertising;

3. competitive interactions of advertising with sales;
4. ‘changes in advertising dollar efficiencies over time; and
5. erosion of increasing sales response under constant advertising.

“As Littie shows, the modifie& Lénchestervﬁodel in'¢Quation (1)'éaptures
only the‘first four phengmen?,:not non-zero salesvat.zero advertiéing in
phenomenon 2; it alsovdoes nét.accommodate phenomeﬁon 5. This observatibn
about ﬁhé modified Lénchester mbdel in Little's‘work‘is incomplete because he
only allows attraction function aj ﬁb,be'a liﬁéar functioniof‘the soie

 mafkéting-instrument -- adVertisiﬁg,bsuch tha£:
. : ,»_i“ L
a; = PilADi.f'
where pi gre'advertisihg effectiveneés»conétants 6f firm i; AD; arefdefined as
v\: gdyg%tisiﬁg expénditurgg_Of fitm i. This»linear'functibn é§sum§ti6n is‘ﬁhe_:

h.JSamé‘é§ thét‘ih"Kimbé11;§{(1957) prigihalbpapér;ﬁ:



Erickson (1985) suggests thaﬁ attraction functions a; can be generalized

| , :
so aj are general functions of ADi, such that the first derivatives, aj’', are -
positive and second derivatives, a;", are negative, which exhibits diminishing -
returns to advertising effectiveness. ' Rao (1988) has specifically defined the

attraction function in multiplicative form as:
. = §; AD;ol
aj 63 AD;%*e

where di is the advertising elasticity, #; and e are copy effectiveness and

marketvgrowth.factor; fespectively; and both parameters are positive. However,
the attraction function modeled this Qay can only accommodate phenomenon 5, not
"non-zero sales at zerobadvertising:"_ A better functiohai form of attraction
'”pOWer to éapture all phenomeﬁa ad&reéséd by Little is achieved by following the
fraditiqn of logit mddeling‘(e.g., Guadégni aﬁd Little 1983; Russellaahd Boiton"

‘.1988) such that
aj = Exp (By o + Bi,1 ADj), (3a)

or in 'a general form, by combining with all other marketing instruments as:

aj = Exp (-ﬁi,o+kzl'ﬁi»kzik)’ T T I

: Whére Z;x denotes Kth decision variable for firm i;
‘fﬂi’k are paraﬁetefs.to be estimatgd;
P is the humber of decisiqh variables.
,‘TO'Show Little is wrong‘aboutithe Lanchester model, firgt, set AD; = 0 in

",fééuatiéﬁ:(Sé);‘WHich'lea§e$;6n1y the constant term; we get non#zero,salés at.



zero advertising eondition. nsecohd,‘phenomenon 5—erosion of increasing sales
- response underhCOnstant'advertising — holds in (3a) because attraction is a
non-linear function of adyertising. Therefore ‘phenomena 1-5 can be satisfied
51mu1taneously in. the Lanchester model as defined in equations (1) and (3b) |
This non- 11near functlonal relationship between attraction power and
advertising can also be‘ahown (for ;nstance, see Russell and Bolton (1988)) in
exhibrts7ofhdimini9hing returna-of'advertising effectiyeness,suggested by
Erickson (1985). |

This non-linear formuiation in (3b) is of particular importance in
developing.the market share theorem. First,Ait demonstrates thevlinkagev
‘between the market‘share model and the brand choice model'under a dynamic
.framework ' Past studies (e.g. Cooper and Nakanlshl 1983, Karnami 1985) have
,.11m1ted the theoretlcal 1ntegrat10n between a firm's attraction functlon and
_the aggregate consumer's utility function to a static assumption. SecOnd
’attractlon function (and ut111ty function) defined in this way always ylelds a
non-negative-value. This non-negative property has a very 1mportant
'implication in equation (2), i.e., that the range constralnt of a logically
oonsistent market share is‘guaranteed. (Note that thevmuitiplioatiVe,form of
the attraction;modei osed»in most of prror studies satisfies this non-negative
property, but Little’s‘fnonr%erOvsalesvat zero advertiéiné (marketing deciaiOn
'Variables)" phenomenon does not.) |
Third, many other non- 11near|forms be51des that of equatlon (3b) are.

posslble., For 1nstance, there is the double exponentlal functlon of marketlng‘

instruments.wlthlreSPect to attraction:

N P
Crot B i)
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thatvsatisfies both Little's five conditions and range constraint. We will
‘.leave'this and other forms for future investigation. As long as the issue of
'iogical consistency is the»main concern, any non-negative definitien‘of
attraction guarantees that the share range constraint has the following general
~ function: |

231y 239, - 20 20 1=1,2, .., N - © (3¢)
hThié function is usea for the discuseion that follows.

Simiiarities between military and marketing operations, however, do not
’impiy thatvexisting combat theory perfectly matches matketing theory. For
example, suppose the stoekbof a single weapon —— aay missiles —— is homogeneous
‘in‘fighting nower. In an arms race, if two sides attack each other, the
original numbervofvmiasiles each possesses.will have decreased after a period
of combat. There is no analogy to this situation in marketing. Let us aseume
vinstead that the total market is compesed of a fixed number of customers with »
"homogeneous buying,power and only two competing firms, X and Y. Firm X -and |
firm’Y claim X and y as,their exclusive customer territories, respeetively,‘and
1the sum of x plus and y equalsiaifixed market size. After an advertising
campaign initiated by one firm,‘say firmiY, X 1bses'3xvcustomere tevY‘(ﬁg S’a).
Here the quantity §y does not ﬁdisappear? asvin the arms race model.but
represents the segment switehing firma (from X to Y). This switching
proportien, the change rate of market share for the firms, is eaptured by
another legically consiStent-ptoperty:of the market ahare system undet dynamiee'
'4f_the n-piayer-zero-sun differential game preperty,.snch that any player's
gain in market share is alwaye at the expense of other players, and the |

" summation of the system equation equals zero through all time periods.
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In summary, to equate the-Lapchester combat model with_the‘market'share

'ﬁodel, we havetderived'the following threévinvariant rules in equation (1) when

‘N firms inVéStigatéd are exhaustive and mﬁtually'éxclusive in one ptoduct

class:
/ .
(1) Share Range-constraint: S mj = 0,
.. (2) Share Sum-constraint: Y omy =1,
o ' i=1

, o N odmg
(3) Share change rates Zero-sum-constraint: ) =~ ———— =0

' : i=1 dt

Range constraint,is fhg direqt consequence of condition (30), which
‘{ feqﬁires the attraction function to bé non-negative. Condition (3c) is also
equivalenﬁ to BKL's axiom. 1, and‘is the Qn1y ekplicit’éondition needéa to’
»:constfuctrthe markeﬁ share theorem. This will be diécuSsed invthe next
.section. Sum»constréiﬁf»is derived from the initial state of the sysﬁem. As
far as tﬁe_dynamic syétem.is_concérned, the physical baéis for this‘initial
state is irrelevant to the syStem and the proceés is ergodic. FChange rates
zero-sum-constrained is‘aidynamic generalization by share sum-constrained.
This is obtained by'summingvip N differehtial equations froﬁ_equatién (l).
~ (Note here that general treatment of the range constraint, 0 <m; <1, is

not necessary. The ﬁoninegative'market share combined withiﬁhe sum coﬁstfaint
-~ is sufficieﬁt to 1ead to logical cohsistency.)

Equatioﬁé:(l) and (3&);wthéféfdfé,'imp1y tﬁe”following theorem”
’Ma;ket Sﬁaré Theorem:

The system of differential equatiqﬁs, as defined iﬁ équations (15 and

-(36)}"prdeCes-Stéte7variab1éwmi,fwhiéh satisfies sum and rangé constréints.
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(Proof in'Aﬁpendix I.)

This new theorem isvfairly common to other market share "theorems." We
“have mehfidned that past studies tried to determine what rules govern the
market share system in order to yield logical consistency. This theorem
suggests that for a given set of initial conditions, any state variable mj(t)
with the linearly additive functional relationship in system equations (1) and
with non-negative aj can lead to logical consistency.

This preliminary theorem is a step ahead of BKL's "theorem" in that: (1)
attraction functions aj are measurable and estimable, (2) market shares mj are
functions of all firms’ attraction poWeré and are measurable and estimable,; and
most important of all, (3) market shares m; are functions of time; this is
offere& as a reply to Chatfield's (1976) concern about BKL'’s theorem that " ...
we are not told how these attraction values actually can be found!"

In what follows, we will use the dynamic property of the theorem to show

that BKL's Axioms 2 and 3 are unnecessary and the linear dependence properties

of the ai coefficients in (1) fo show that Axiom is incomplete.
3. MARKET SHARE THEOREM: A REVISIT

According to Bell, Keeney and Little (1975), the market share theorem is
stated as follows: "If a market share is assigned to each seller based 6n1y on
the attraction vector and in such a way that assumptions Al - Aaiare‘satisfied,‘
then market shareAis given by" equation (2). The assumptions Al - A4, wﬁich

are stated as axioms in their paper, are:

v

Al: a ai >0,

I o112

0, and

i=1
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A2: a; =0 - mj = 0,
A3: ay = aj -» mj - mj’,
A4 fi(a + Avej) - f4(a), for j # 1
is independent of j, where ey is the jth unit vector;
where

a-= [al, ag, ..., an]', vector of attractions,

m; = f;(a), ‘market share of firm i.

Note here the PIf ..., then ..." logic rather than ;he "If and only if

., then..." logic of BKL's theorem. While the necessary conditions Al - A4
are satisfied and the market share variable can bevprbven and the attraction
 formulation is true, the thebrem does not show what sUfficient conditions are
required for the market share variable with an attracﬁion form. One plausible
counterexample from our theorem for the sufficient condition can be given as
"If market share is obtained in attraction at steaay state, ghgg the market
share variable is‘governéd by system equations (1)." Therefore, the statement
and the proof of BKL's theorem was only half done. But why are dynamics
important to the theorem? We will briefly review the concept of a dynamié
gystem and‘demonstraté tﬁis ﬁith a twq-firmveXamplé to‘show thaf Axioms 2 and 3

are indeed unnecessary.

3.1 Market Share as a Function of Time

The distinction between statics and dynamics originated in early works in
mathematical mechanics. In mechanics, "statics" denotes the resting state of
an object,'whereas dynamics embraces the motion and time path of an object. In

~* marketing, however, there is no concept comparable to a mechanical system at
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‘rest because the system is presumed to be always in motion. ’Despite this, many
marketing models ére'basgd on staﬁic assumptions.

Let us look_for.a moment at BKL's market share theorem. One might ask,
"Why do two sellers with equal attraction power have equal market shares?"

This implication is a restatement of Axiom 3 in BKL's theorem. Thus, the axiom
refers to states of competition, not to any processes‘of change. Accordingly,

. in a static market system, certain key variables such as carryover‘effects of
attraction power arevignored and have been operating in the same ways toward
theif own marketbshares over time, wﬁich, in turn, leads to the above static
qonclﬁsion.

The distinction between dynamics and statics leads us to another important
concept, that of equilibrium, -also borfowed from the physical sciences. A
simple definition of equilibrium is that it is a state in which forces are "in

~balance." In terms of market share attraction power, a state of equilibrium
exists when all sellers in the.market choose the attraction power level that,
of several alternatives available, is the most preferred. whgn the market
share system is said fo be in equilibrium, it is implied that a balance of.
power occurs and each seller reacts optimally over time.

vIt_is common fof a marketing model to be in a steady state, since the time

- factor is purposely removed to make ﬁhe system appear statioﬁary‘and to invoke
‘comparative statics. Thé removal of time, except where strictly defined, will
automatically bring the system into equilibrium. This is the prinéipél conéépt
that is missing from‘paét theorem proposals. |

Dériviﬁg thé'entire‘sysﬁem is somewhat involved, hoﬁever. Aécording to a
_Chinese proverb, "every jburney of ten thousand miles must begin somewhere."

'Let us examine the simplest case by assuming that there are only two- firms in
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the market and that attraction powers, ay; and ap, are non-negative constant

\

functions. Setting N = 2 in equation (1) and using logical consistency m; + my

- 1 yields
dmy
---- = aj - (al + 82) my
dt
dmy
---- = ag - (al + a2) my
dt

where ml(O)v= cp mp(0) = cy;

€1, €p =2 0; c3 +cp=1; t 2 0.

The solutions for my, and my above are:

a al
m; (t) = -------- + (cp - ------- ) exp [ - (ajtag)t]
a1+a2 ajtag )
a a2 )
my(t) = -------- + (ep - ------- ) exp [ - (ajtap)t]
ajt+tas a1+a2

ai ai N
mj = ----------- + (cf - meeeee---- ) exp [-( ) aj)t] - (5)

N . N j=1
22 L2
j=1 j=1

e 1 L ]

Permanent : » Time-variant

Component Component

v N
where mj(0) = ¢j, ¢ 20, ) cj =1,
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 ,#£.; 0,1-1, 2, ... N, t 2 0.

VMarket shafe, which is treated as a. continuous time'function; car be
decomﬁosedvinto two parts; a pérmanent attraction component and a ﬁime-variaht.
comﬁonenté The permanent attraction COmponent, as discussed above, is the

;ratio of a firm's attraction power to the summation of all firms’' attraction
‘powers;v The time-variant componént,.which is a fﬁnction of tiﬁe, decfeases‘
v,ex§0nehtially,with thevparameters sum (ai + ag o aN). If time goés to
infinity, thét is,'if we set the time. frame to long-term eﬁuilibriuﬁ, thé’timé
Variént componént will vanigh and‘leaQe only the equilibrium aftfactibﬁ term.
‘Aﬁothef mathematical cheék:ié to sé£‘£A= 0; thisiwill bring the system into the
"initial state, mikb) = Cj. |

Now we are feady to examine BKL's axioms. - Let us look first at the most
‘cdntroversial one - Axiom 3, which Says "twovsellers with éqﬁal attractioﬁ:havé
‘equal markétvsharés." 'Fbr the simplevtﬁo-firm,example iﬁ-eqﬁétion;(S); eQﬁéi.

attraction aj = a5 = k implies:

my(t) = 0.5 + (cp - 0.5) exp( -2kt) ' :.  (e

my(t) =0.5 + (coy - 0.5) exp( -2kt)
'Tﬁéféféré a] = ay implies ﬁi = mz.if, and»oﬁly,if, the following conditions
‘vhoidf
‘.(1) equa1>initial market shares, c) = ¢y, or, - o o ‘ (7.a)
(2)>time goe§ to infinity, ti-- o o - ‘ (7;b)
In.dynamic reseafch, the initial state is a very important coﬁdition in that it

7ﬂ1 maké§7éhfimpact thr¢ugh6ut"ﬁhe system in the process over time. ' (In-
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meteorélogy, this. is sometimes_reﬁerred to as the "butterfly effect” -- a

‘butterfly fluttering its wings in‘Peking will cause a storm in New York City
one month later (Gleick 1987, pp. 9-33)). Consider the adve?tising carryover
effect in marketing as an éxample. .Even if RC Cola matches its‘advertiéing
expenditures (attraction) with those of Coca Cola at certain time periods, both
firms will have the same market share level if, and only if, Coca Cola’'s
goodwill éffect‘advantages die down (t --- =) or both firms' starting points

‘are.atvthe same level (ci = cp). Therefore, BKL's Axiom 3 holds only for the
long-term equilibrium state, not for any periédéxbéfore reaching equilibrium.

Let us now 1o§k'at Axiom 2, which states that "A seller with zero

attraction has no market share." Using the same two-firm example, and setting

'firm 1's attractionvequal to zero such that a; = 0 yields:

my C1 exﬁ ( -a2t) o . ) (8)

[l

my 1 -v(l - 62) exp ( -é2t).v

Agéin, this is gnother "butterfly effgct" example. Firm 1 with zero
attraction does not necessarily lose its<;arket share to Firm 2 immediately and
‘complétely. The initial state cq can keep firm 1 "alive" fof‘a little while,
but the firm will lose market share exponentially becausé'of its rival's
attraction power ag. Firm 1’s market share wiil be equal to zero in the long
‘run if it maintains its zero.atgraction poliéy; Therefore, a; = 0 iméliéé m; =
0 if, and only if, thé cﬁnditions in (7.a) or (7.b) hold.

Therefore BKL’s A#iéﬁs 2 and 3 are very demanding for a market share
théorém under dynamics. Thisriﬁvbecause these twbvaxiomé cap;ﬁre.only the
permanent component of the‘market share variable rather than treating it as a

COmpletevpnit.Q We summatize.the dynamic competition phenomena in equations (6 -
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| ;
- 8) in the following two lemmatai
Lemma 1:

. For a given set of firms, zero attraction function. implies Zerd market
share for any particular firm at a certain point in time, if, and only
if, (1) firms have equal initial market shares, and (2) the system is
observed under equilibrium cqnditions.

Lemma 2:

For a given set of fifms, equai attraction functions imply equal market

| shares at avcertaiﬁ point in time, if and only if, (1) equal initial

market share conditions hold,:and (2) the system is observed under

equilibrium conditions.

For the general formulation that attraction is a function of marketing

instruments, lemmata 1 and 2 can equivalently apply.
3.2 The Issue of Symmetry Assumption

The symmetry assumption in BKL'’s market share theorem states that if
changes in the attraction of one seller are effectively the same across all -
sellers, it follows that régardless of which competitor sus;#ins the attraction
chaﬁge, the market share of aﬁy given seller will be affeqted in theisame
manner (Axiom 4 in the theorem). Barnett (1976) claims that eliminating BKL's
Axiom 3 and defining m; as differentiable functions of attractions reﬁoves the
symmetry asSumptionf The'three firm examples he provides (p. 1@6) réwrittenvin_

vthe fbrm of equation (1) are as'folléws:

---- = 2a).m + 2a1 m3 - (2ap + a3z) my
S dt - ’



dmy - o ' : e
C-----i=2a9'm] + 2ap m3y - (2a] + az) my
at : o A
. dmg ‘ . o -
Ceeei- = a3 m; + ag m2 - *(Zal- + 2a2) m3

dat

AInASteady state, the solution for the above model has attraction forms as:

v2a1 ..

S S SN

’ '2a1+2a2+a3
» 2a2.

m2= "_"TE----_---
2a1+2ajp+as

ar .

m'3'= e deec e
'2a1+2a2+a3
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Removal of the symmetry assumption, as in Barnett’s demonstration, allows.

vfirm'l and»firm 2 to obtain double amouﬁts‘ofvmarket_share from their rivals,
‘while firm 3 camvonly'gain unity. We call this kind of symmetry between |
symmetry, meaning symmetry happenlng between flrms Between symmetry can;be
removed from the system as. demonstrated by Barnett such that the attraction
coefficients are relaxed from the unlty constant functlon and are non- llnear'
functions of marketing-instruments. | |

v | There ‘are two hidden Symmetries, however, that'Barnettvhas missed.‘ The
";first'i$ ca11ed’~withim‘eyggétgy,’dr rowléymmetry invwhieh symmetry happens
- "Withiﬁd a Speeifiedrmarket;' This is the Symmetry'discdssed in BKL;svstudy;-

Take the beverage ihdustry, for inétance  Firms 1, 2 and 3 are Coke, Pepsi,

fand RC Cola respectlvely, and thelr market shares are 45%, 40%, 15% 5uppOSe‘7
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Pepsi's ettrsction power iS'0.2;‘afteria series of periOdic enCOunters, Pepsr's
market share gains will be 0.09 ana 0.03.frem Coke and RC qua, respectively.
If'Pepsi andvRC Cola are not in the same market partition_(Hendry Cotrporation -
1970; Kalwani and Morrison 1977), then Pepsi might not be.able to gain any
market share from RC Coiar VTherefore, the within symmetry assumption requires
that firms in the system be "directly'competing bramds.". For this reason, the__,'
 market,share model in'equation_(l) is e dynamic Hendry system,Asiﬁce we require
that firms compete &irectly;'

Thevsecond'hidden symmetry is calledﬁdiagenal symmetry, a situatien in
vmhieh'each,diagonal'element is equal to the sum:of the_eff-diagonal elements in
she same~colﬁmn. Both within symmetry‘and diagonal symmetry cannoﬁ be removed
»from the market sharebsystem as long as we study the syStem es a thlé because
rhe Sumvconstreint always.applies tol the,market share system. | Thesevthree"
vsymmetry cenditions, introducedbhere'for the first time, are'called”differently»v
in the marketing literature -- rhe logically consistent market share medel

~ (Naert and Bultez 1973). "(Logical cbnsistency is discussed separately in the

next section.)  Symmetry conditions can be revealed and interpreted easily in @

" matrix form as follows.
Rewriting the market share system in equation (1) in compact form, and
~assuming attraction powers a; to be constant functions, the matrix form can be

_expressed as

i,-ff-Vs‘K"ﬁ“fi ?;yl‘m(O) -c R T T o (g)f;s.:'ﬁ;
'where m'= [mj, mgp, ..., my]’, an N x 1 market share vector;

Ce= ['ml'(O)';' my(t), ..., my(0)]’, an N x 1 initial market share vector,



the elements satisfy sum and range constraints;

K = [kij], a singular N x N matrix;

and kij are linear dependent such that:

k:: = as

ij i, L=

N
- Loey
J#*1

ii

for any a; =2 0, i = 1, 2, ..., n,
N

and Y aj # 0.
i=1

Matrix K can he written as:

Diagonal Symmetry Within Symmetry
r -(a2+a3+. . .+aN) al Cee ai b
as - (ajtas+...+ay) . ’ as
K =
- aN ] ay . - (al+a2+. . .+a.N_l)J
Between
Symmetry
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(9a)

(9b)

(9c)

Matrix K has the following properties: first, the off-diagonal elements

are equal across each column in the same row; this is the within symmetry

discussed in BKL and Wittink’s (1987) papers. Second, each diagonal element is

the sum of off-diagonal elements in the same column; this is the property of

the continuous-time Markov process where market share vector m is treated as a

probability vector and attraction matrix K is a Markov matrix (Bellman 1970,
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. I',p,lzga-zso). This is also the major evidence that shows that both market
share and purchase p:obability follow thé same stochagtic process. .Third,

" matrix K is a singular matrix. This is because elements in the same §biumn ére
linearly related. Systém equations of this nature in which linear |
féiationships exist among eleménts of state vector m also hold amongbthe'
corresponding multiple matrix K andvare ééid tobbe consistent (e.g.; Sear1e
1982.ip; 229);» This,consistept p;dpertj’of the market shafe systemris

 summarized as follows

‘Lemma 3:
The'linearvdependenCe of the market share vector implies that linear

relationships exist among’correépohding attraction functions.

In summary, we have déﬁonstrated‘thatvthreevpf four of BKL'sféonditions,
Axioms 2, 3, and 4 can be'remdved-under ﬁhe dynamic market share system. What
we really néed, excépt for the nbn-negétive property of tﬁe attraction .
f’funcfion, is some forﬁ ofvlinéar relationship -- the "within symmétryfbénd
'continuous Markov ﬁhain property amongvthe attraction functions. Althngh past
,stﬁdies such as those of Hérﬁky (1977) and Little (1979) have used the related'.v
Léncﬁester'model in studying!the,markeﬁ share systeﬁ, becauseléf the duopoly- |
équatign approach the& adopt, tﬁey are unable to reveal the lineérly depéhdent
relgtionship among the attraction‘fungtions from the market’shareISYStemp This
iinearly dependent relationship, termed logical consiétenqy, is the gentrai
vargUméqt betweeﬁ:Naert-Buite%'(1973)'ahd McGuire;Weiéé (1976)Qv We will Ciafify ?E 

" these linear dependencies in next section.
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- 4. IMPLICATIONS FOR A LO(‘;ICALLY'CONSISTENT. MARKET SHARE MODELS -

4.1 'Natﬁre'éf the Problem

As a mattet ofbthéory, the logical consistency of market shares is widely
accepted as a proper constraint in the problems of market share response models
. at both the consumer and firm levels. In their classic work on the
.desirability of sum constraint, Naert and Bultez (19735 (hereafter N-B) propose

a marketjshare theorem that includes three necéssary and sufficient conditions
for a sum constraint to be heid in estimating market shére variables. Tﬁeir
theorem emphasizes explanatorj variables, and constant coefficients are
constraihed to particular relationships if logical consistency is to follow.
‘Subsequent study by McGuire and Weiss (1976) (hereafter M-W) has followed the
metho&oiogy of McGuire et al. (1968) and N-B. M-W’'s main concern about N-B's

- study was that the generalization of varying the sum constraint o?er time was -
unnecessary unless there were an a priori basis for the market structure. They
claim that the constrained explanatory variables and coefficients should Be one
of the four types specified %n their study. |

A major problem in empirical research based on restrictive rulesvof the
sum-constrained model has arisen in the fitting of the symmetrical competition
assumption of the model that yields robust estimated results but losés the
‘ deécriptive validity of market behaviér. Beckwith (1973), for iﬁstance,
vprovides a countérexample of 'the N-B theorem by withholding one equation from
the estimation process and USihg the.traditionally unconstrained methodology
for the’remaining equations. This adjustment; Beckwith claims, éan‘be shéwn to
contradict N-B's theorem. Also, controvefsy about empirical implications of

“'the trédeoff.betwéen model rdbgstness‘énd descriptive vaIidity_df'market,shére
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‘response models has raged openly #n harketing literature for the.past several
yeérs,(Brodie and de Kluyver 1984; Gho$h; Neslin and Shoemaker 1984; Leeflang
ahd'ReﬁyI 1984; Naert and Weverbergh 1981) and recently in a special issue of
the International Journal of Forécastingv(l987).

OﬁrAaim éf this section is to resolve sgch an arg#ment. in doing. so, we
provide a dynamic market share'model that alloﬁs general formulation fér
linear,>mulﬁip1icative and attractioﬁ»market share models in past studies.

This prbceeds from a theoretical examiﬁation of‘range_and sum constraints of
market‘share models. Traditiohally, diséussion of the iésue of thé'logiéally
’consiStent mérketvshare model has beeﬁ ébnfined to theksum constraint; this is»
BeCauSe requiring a range constraint makes for additional problems such as
quadratic programming and parameter approximation (Theil and Rey 1966; Lee,
»Judge, ahd Zellner 1968). . When a the range consﬁraint is not consideréd,v‘M-W
3aésérts that "o a‘mpdel thus restricted has only limited logical consiétency"
(p. 296), an e there is no guarantee that predicted market share will‘never
be'negétive of exceed unitY" (p. 301).- Fdr‘these feasons, it.becomés necessafy"v
to dévelop geﬁeralizéd rules df logical coﬁsistency that adopt non-liﬁéafiﬁy‘
Aand empioy Both a sum constraint and a range constfaint;

| Applicatioﬁ of the.theo%em begins with investigation of the issue of thg
range constraint, which is eqﬁivélent_to BKL's‘Axiom 1 and equa£ion (3¢) in.
this paper, and then exploits the ﬁeécriptive Qalidity and honiiheafity for
logically»consistent\markét share models. Since the major errors invN-st»aﬁdvf'
»BéckWiﬁh’svcounfer-examples-are clérified in M-W's article,VWe will fngsver
'discussipn of the»sum'constraint mainly on M-W's work,{eSpecially, fhoSe.paftS'"

" ‘dealing with the asymmetry and nonlinearity issues.
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4.2 The Issue of Range C0nstrain€
The linear squcohstrainéd market sﬁare'model in most studies including

those in ﬁapers,by N-B, M-W;_and‘MéGuiré et al.'(1968) is of the form:

mie = Zi,¢ i1, + Zioe Bio t ot 0+ ZipeBik t 0 ¢ 0 F Zipe Bip + €t
| i=1,2, «, n o (10a)

and

n L . L , - ‘
). mje =1, : t=1,2, oo, T, - (10b)

-whére‘mit is the marketvshare.of firm i ét time t;
"'Zikt' K ;'1;21 o ¢ «P, are explanatory variables k of firm i‘at time t;
xﬂik are associated coéfficients of Ziyes |
€i¢ are rand§m disturbance with zero meahs;v
n is tqtal number of firms;v
P is totél number of explanatory variables.

. qu‘major assumptions. in equation (10a) are the following. First, this
linear regreSSion’ﬁodeluiS'é static model. It is éasily seen from the model
that none of the time-lagged variables are included. The t notations for

~variables ﬁit and Z£kt are not identified as past and future movements in the
~system, but instead represent the index of data observations in time sequential
orders randomly drawn from‘a stationary observed system; HiCks (1985, pp. 1l-
528)'calls‘this‘é “sﬁatic ﬁétTodelogy," siﬁce‘time factor is not an,afgumént'énd
the modél.ﬁ...‘can beztfeated;as if it were in eqﬁilibrium.F_(Therefore,
ﬁotation t can be disregarded’in equations_iﬁ‘(IOa).) Sécénq,bn eqﬁgtions in
(10a) are indépéﬁdenf with r¢gard ﬁé marketing mix decisidns.‘ This is Beéause
 ‘th¢>depehdént variable, ;?é:, m#fketvshafe of 6ne éélier, ié determihedHSOIély o

" by its own explanatory variables.
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The concern about the range constraint of ﬁhé market share variable is
immediately apparent if the rightéhénd-side‘of equation (10&) is not well
bounded. Both N-B and M-W have noted this problem and have suggested uéing
the attraction-type model as a.possible solution. However, this is oﬁly a
partial solution, since development of the nonlinear attraction model is
separated_from their discussioﬁ of restrictive rules. It is not clear whether>
the constrained rules should also apply to explanatory Variabies‘and
coefficients of the nonlinear model they develop.

Following N;B and M-W's suggestion of the attraction modeling approach but
' defining the explanatory variables with associated coefficients that are
- linearly additive as in (10a) rather than in the nonlinear logit form, the

attraction function of firm i is given by
aj =2 Bi, i=1,2, « «on (11a)

where B3 = (Bi1, Bi2, * °* . Bix, * * ° ﬁip), the coefficient vector of firm i,
Z; = (231, Zjp, * * * Ziy, * ° ° Zip), the explanatdry.of vafiables
vector of firm i. |
Now from (10a) and (lla) it is easy to see that the market share variable

of firm i is equivalent to its own attraction function in an equilibrium state.
m; = aj , , ' (11b)

since both functions are equal to the sum of the firm's marketing mix variables

‘wifh cbefficiehté.»_Substituting (11b) into (10b), we have

I3
N
I
—

(11lc)
i .
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It‘is now apparent that unde# static and independent assumptions in linear
model (iOa), attraction functions;can be interpreted directly as the market
shares,’and the ‘sum constraint is applied equally to the attraction functions.
To further eheck that our results are well-founded, consider the static.
: quel in (10a) as a special case of the dynamic market share attraction model
.in equation (1). This can be shown by making the continuous first-order
}differential term in the left-hand-side of equation (1) approximate to the
discrete;firSt-order differences term and rearranging the right-hand-side of
.theeequationvfoliewing attraction fornulation; we have
. n
ML e+l mi,t - -ai - <Zl aj) mj ¢ ' ’ , (12a)
. j= _

i=1,2, + + + ,n

- In steady state, the change rate of the market share variable is
approaching zero; the following condition should hold for any market share

variable mi;t such that
mj 41 - mi,t =0 allt, , o (12b)

which is a random walk model (or, a so-called naive model). From (12b) and

(1le), it is apparent that m; = a These results reflect the fact that the

i
' linear model (10a) contains no .competition effects and the system under study

is always stationary.

| It is easy to show that other models that are not necessarilyvlinear but

 are imbued with static and competition independent assumptions have the same

i - R o |
~ restrictions as those in (1lb) and (llc). For instance, the multiplicative

mddelr'
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P Bix €1
m; =1II Zix e
k=1
in Brodie and de Kluyver (1987) is nonlinear but falls into the "one seller’s
market share is equal to its own_attraction function" constraint as the linear
model (10a).

In addition, it appears that BKL's two static axioms — Axioms 2 and 3 —-
can be applied to the stationary condition in (11lb). In particular, if the
attraction function is équal to zero; then the market share is equal to zero;
and if two firms'’ attraction functions are equal, then their market shares are
equal. Both axioms support the stationary assumption in (10a);

To summarize, we have found that a simple way to insure range constraint
in é market share model is to require that attraction functions be non-
negative. This is the same assumption as in BKL's only valid axiom —— Axiom 1
and in equation (3c) of our paper. N-B and M-W fail to incorporate range
constraint into their studies simply because thé market share regression model
they use 'is linear which makes the range constraint difficult to satisfy.
Gaver, Horsky and Narasimhan (1988), however, demonstrated the possibility of
considering both a linear model and range constraint. This is possible because
only advertising ratio is used and its associated coefficient is assumed to be

non-negative in their model; which is a special case in equation (10a).

4.3 The Issue of Sum Constraint

Beckwith’'s main concern about the logically consistent market share
model,like most econometricians, is that "... the coefficients éf explanatory
variables érevnot necessarily equal across the equatiéns, and the explanatory

variables need not be sum-constrained since any finite values can be used."
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The counterexample he provides can be expressed in the generalized condition as
follows (Beckwith 1973, pp. 341-42):
ZBs = 1- ) 2y B;
e jei
i,j =1, 2, eee, n.

Although restrictions need not apply to explanatory variables and
coefficients, for the market share system to be logically consistent, we
require some linear-dependent relationships among attraction functions. This
has been proven in Lemma 3. Beckwith’s concern, expressed in terms of matrix
terminology in equation (9), is that if state vector m is sum-constrained (and

‘therefore m is Singular), is attraction matrix K also sum-constrained? It is

‘true.that if we only look at N-1 equations and decompose matrix K into the form

where K; is a (N-1) x (N-i)vmatrix in full rank;

0’ = [0, 0, ..., 0], and 1 x (N-1) zero vector;
the sum-constraint for explanatoryiv;riabies and coefficients is not necessary.
Yet, if Wé'posit that all N firms are competing directly and the.dependent
Variable.ié sum- and range-constrained, the element kij should foliow thé
“lihear'dependent relationship in equation (9c).

Therefore, Beckwitﬁ is righﬁ about non-constrained ﬁodélling of
expianétory vgriables‘and associated coefficients, since the restrictions apply
only‘tq attréction functioﬁs.‘ Howe#er? the cqunterexample‘he provides. |

'éxplicitly admits“that”the restriction rule applies if we consider all
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partitioned firms as a whole. His counterexample above can be rewritten in the

general formulation as:

Z; B; =1

Ihe~8

i=1

This results from (1lla) and (llc), which are derived from the linea; model
(10a). In addition, we allow non-linearity of explanatory variables and
coefficients; this is not included in his comments.

M-W's work on the sum constraint issue is more detailed. Following
McGuire et al.’s (1968) development ahd Beckwith’s counterexample, M-W claim
that "... to be logically consistent, explanatory variables must be one of the
four types and the coefficients of each type of variable must satisfy the
condition specified." These four categories are: (1) constant (intercepts) (2)
brand dummies (differential intercepts) (3) homogeneous variables and (4)
others. M-W's four categories, however, unfortunately are inconsistent and
in&omplete. Our main concern is whethér these four categories should be
unified as one cétegory or be separate. We agree with M-W's comments that N-
B's logical consistency of three necessary and sufficient conditions is
deficient; however, N-B’s assertion that these three conditions should hold
simultaneously for‘the theorem is correct.

The integration of M-W's four categories into one proceeds as follows.

First, categories 1,2 and 4 can be satisfied by the following four conditions:

n .
(i) Y ZiB; = 1, . : - (13a)
i=1 : : :

/

(ii) Bix =Bk » 1 =1,2, ... n : , (13b)
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(ii1) Yy Zjp =1, k=1,2, ... P v ‘ (13¢)
i=1 S '
P , , :

(iv) * ) By = 1. " (134d)
k=1

Restriction (l3a) is almost identical to Beckwith’s counterexample, and
is the general condition for category four in equation (13b) of M-W (p. 299).
Setting k=1, the conStant-intercepts model (category 1) and differential
intercepts model (category 2) can be implied. Restriction (13b) is the second
condition in N-B’'s market share theorem, which is also the "symmetry" issue
discussed in BKL's market share theorem. M-W's paper shows that this condition
holds for categories 1, 2, and 4 in their equations (1.4) , (1.6) and (1.40).
Restrictions (13c) and (13d) apply to the special case of (10a) when the
explanatory variables Z;x are normalized (see conditions (2.7) and (2.8) of
McGuire et al.). These two conditions also hold for categories 1 and 2 when
k=1. Therefore, categories 1, 2, and 4 are in the same category.

Second, category 3 is a special case of equation (13a), which is
Beckwith'’'s counterexample. According to M-W, the marketing mix variable k is a

homogeneous variable if the ratio of two variables is a constant:
——————— = hjk i,j=1,2, ..., n, all t (l4a)

The associated coefficients of homogeneous variables have the following

property:

n » ' . ‘
Bijk = ) hisx Bik » 3 =1, 2, ..., n, k=2,3, ..., p; (14b)
i=j :
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this is a general formulation in‘equation (1 13) of M-W,
: From condltlon (14&), ‘by substltutlng hle into equatlon (14b) “this can
be rewritten as:
n . .
.Z Zik ﬂik =0 K = 2, 3, e ey P. . (140)
i=1 : . :
After adding the intercépt as demonstrated in M-W's paper, equation (l4ce)

fu'jyields Beckwith's counterexample ‘as folidws:

P ) n
Z 1851 + 2 Y ZixBix = L Zi By = 1.
i=1 i=1 k=2 . i1

To summarize, we found that M-W's work can be summarized by two general
restrictive rules if linear regression model (10a):and sum-constrained model
(105) afe to follow. The first restriction is that the explanatory variables
with aSsociated coefficients areisummed to unity as in (13a), the sécond is
that the coefficients arebequal acfoSs equations as in (13b). Since it is
attraétion functions réther than eiplanatory vafiables and coefficients that
are sum-constrained according to our Lemma 3, M-W's restrictions can Be
iﬁterpreted in terms of symmetry iésges as discussed in séctionVQ.Z:
v,réstriction (13a) is equivalgnt to diagonal symmetry in (9b) in discrete form,
_while restriction (13b) is equivalent to within symmetry in (%a). This is
demonstrated beiowL

Rewrite fhe discrete-version of the dynamic'attraction’médeiviﬁ (12a) in _. ‘

- matrix form as
‘meyq = Kme . - : | (15a)

Wheréﬁmg = <m;t mét, DL m,e), is the market share veqtor;
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- 1-(agp+ag+...+ay) = aj .. ay -
3.2 1-(a1+a3+. . .+aN) RN as
K = ) : : A (15b)
- aN . ay e 1-(al+a2+...+aN_1)-

The off-diagonal attr#ction elements kij are equal across each column in the
same row kij = aj, while the diagonél elements are the sum of,off—diagopal»
elements in the same column as
‘ n | .
ki = 1- (L ky5) (15¢)
j=1 "

and can be written as:

kig =1 i=1,2, ..., n (154)

Io~8

j=1

This is Beckwith’s counterexample as well as M-W's general restriction
that attraction functions sum to one.

The following sum-constrained example conflicts with N-B and M-W's
restrictive rules after adppting asymmetry and nonlinearity. Suppose there are

three firms that are exhaustive and mutually exclusive in one product class;

their attraction functions are asymmetric and possibly non-linear as follows:

aj = 21 b1
. P Bk
32A=H22k R
k=1
2383
asz = ¢€ » s

From our discrete version of the market share theorem in (15b), matrix k can be
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expressed as

P Box  Z3B3 o | '
1- (I Zg +e ) Z181 218
k=1

P Box Z3B3 P Box
K = I 22k 1-(Zlﬂ1 + e ) L. Zyy
' k=1 : =1

. - > P Box
Z383 ' - Z3B3 1-(Z181 + ekﬂlzzk )

In steady state, the market shares of three firms reduced to:

218
M) = =-----c---s--m--oooommooo )
, P Bok Z3B3
Zlﬂ,l + I Zz’k + e
P Box
H'sz
=']_.
Mg = =---------omonnn EEEE LR ;
o P Bok - Z3B3
Zlﬂl + H Z2k? + e
. k=1
Z3B3
e
m3 e i )

P By Z3Bs
Zlﬂl + I Zz‘k + e

cand my + mp + my = 1.

Therefore, it is not expianatory variables and associated coefficients, as
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claimed by N-B and N-W, that are %um-constrained by.rgstrictive rules: to yield
ﬁéummation\of dependent Variabies to be unity. As long as within symmetry and
diagqnal Symﬁetry»cbndifions hold in attraction matrix K, ;he market shares are
alwayé sumﬁed to‘one. Furthermore, the mérket share models are not'néceséarily
linear. It is_apparenf thét linear, multiplicative and logarithmic liﬁear
médels’aré sﬁecialicases of>(17a),'§17b)vand (17c), respectively, if the
dehominatpr is'equai to - one. (related to'conditions (1l¢)‘andv(13a) in steady
state). It is alsbAeasy to show that the so-cailed MC1 (mqltiplicative:
competitive interaction) model (Nakanishi and éooper}l974) and multinomial

logic model (e.g., Theil 1969) are special cases of equations (17b) and (17c),

~_respectively, if the betweén'§xgmétrV’assumptioﬁ ofbattraction function is
applied.v ‘

In summéry, we show ﬁhe compatibility bétween ﬁodel robustneés and
descriptive'validity of market share response models. This is’basedvon the
‘premise that the Séllér’s market share is complété¥y determined byvghe relative
 power of its own'attraction. Since a seller's explaﬁatory variable is defined .
straightférwardly as its own attraction functign rather than as a mérket share

function, we can avoid the linear functionalvrélatibnship between market share

i

anq explanatory variables. In other words, we permit market share and

attraqtion to»bé»linearly relatedrbut not necessarily market éhare and
explanétory variables. Tﬁefefofe; restrictions.bf logicai‘consiétency applying
directly to the attraction fundtion'and'the robustness.of the~mode1 can be
achievea,- Furtﬁermofe{Athe dfscriptivé validity of the model cén‘bé

aqcbmmodated, since nonlinearity and (betwéén)’asymmetry of the attraction

lfﬁngtions:are1npt'affeétédvbyché restrictive rules.
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5. SUM#ARY AND CONCLUSIONS

In this paper we attempt to integrate two alternative tenets about the
nature of modeling the market share system. One is the widely held view that
such a system can be unbindingly described by marketing decision variabies with
any functional forms; the other is that if logical consistency of the estimated
results is to be obtained, the system must be restricted by certain rules. We
have introduced a dynamié market share attraction model iﬁspired by the
Lanchester combat model to resolve the issue. Our analyses are consistent with
the latter tenet in that certain restrictive rules are required but with the
difference that the restrictions are applied to attraction functions rather
than to explanatéry variables and coefficients. Our analyses also are
consistent with the first tenet, since our model can be shown to be a general
formulation for various models such as the naive, linear, multiplicative, MCI,
logarithmic linear, and multinomial logit models.

Integration of model robustness and the descriptive validity of the market
share response models through dynamic investigation has broadened our
understanding of tﬁe nature of competitive effects. On a theoretical level, we
show that two axioms in BKL’é (1975) controversial work are insufficient and
one axiom is incomplete. De%omposition of their symmetry structure of the
market share éystem into within, between and diagonal symmetries forms the
basis for our analysis of 1ogical.consistency, which marketing researchers have
misunderstood and been puzzled by for a long time. Furthermofe, a natural
extension of the market share theorem is into the arena of consumer behavior.
We have mentioned several times in this study that the Lanchester combat model
is related to the continuous Markov chain. The prototypical duopoly example is

found in Horsky (1977), where attraction function is defined as transition
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 >§robabi1ity,‘which, in the consumer choice behavior literature, is interpreted
Tés‘répeét’ﬁgrchaSe probability. - | | | |
Oﬁ a pracfical'level, it is common‘pfacticevin applied regression to

assume that markeﬁ structure is stationary. It follows that the observed
market share system must be treated as if it were stationary. Brodie and de
vKluyver'é study provides the consequencés of 'such an aséumption. Since all of
':‘the naive and écdnometrip mbdelé,they adopt are static, the performance of the
“predictive péwer, which relies onvthe stﬁbility of'the observed data, can be
equally good (or bad) in generating estimates. A better approach to théining.
- consisteﬁt méthodology for a dynamic market structure is to separate the:
observed market_shafe system into permanent and time-variant components as
) sﬁggested in this paper; this method captures the dynamics of the‘data. The
bidea.that cyclical movements of an economic mechanism can be separated ffom its
ﬁérmanent‘component is a very old one (for example, see Fellner 1956; and
'Ffiedman-1957), and fecenﬁlyihas.been aﬁplied to deéomposition of the market
éharevﬁariéble in a stud& by Crawford and Geurts (1988). We view Crawford‘énd

Geurts' “decomposition as an alternative approximation of our dynamic system.
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? APPENDIX I
Proof:
B 'Summing N eqﬁéﬁions in eﬁuaéion (1), we have: -

r

d N N N "N

- (Zm ) = Zla(Zm)-(Za)m ] =0.
dt -1 i1 g i |

 '_The condition of change rate zero-sum-constrained is satisfied.

From the given initial state for all't, t =0, we have:

™M=

i

the sum-constraint is satisfied.

: : v N
"To show that m, = 0, rewrite dmi(t)/dt by moving ( = a.)mi to the left--
j=1 7
o ‘ o . o N
‘"~ handside and multiply the whole equation by exp( = a,)t , such that:
N . : T ‘ N
(Za,)t ' (Za)t
=id N dm, i J N
e [m; (Zla,) + ----=--] = e - [a;(Zm)]
' j=i d at i
This can‘be written ‘as:
N N
(2 a,)t ( Za,)t
d . j=i ¥ j=i N
smmmms ( m, e )= e . _ [a. (2 m,)].
dt o =i J

~Since m, = 0 at t = 0, the right handside is positive. This shows that
c N. - S , : _ e : .
: ;‘[mijeXPKZLQJ)FJ are monotonically‘inCreasing, therefore mj =z 0 for all:i Q.E.D.
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