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Conceptual and Functional Form 'Issues, in 
Estimating Demand Elasticities' for Food ' 

Michael K. Wohlgenant 

In estimating demand elasticities for food, we 
must choose a functional form for the statisti-' 
cal model. Because this choice can have un
toward consequences for the user (King), we 
seek a form which does not impose undue 
restrictions on the estimated demand elas
ticities. Statistically, we seek a functional 
form which gives close approximations to the 
elasticities of interest. In this connection, Gal
lant (1981, 1982) points out that the key con
sideration is the method of approximation. 
There are two: Taylor's series and Fourier 
series methods. The problem with Taylor's 
theorem is that it applies only locally on a 
region of unspecified size. This method can 
yield testable implications of the theory at the 
point of approximation; but this point is in 
general unknown and may not even be in the 
range of the data (Caves and Christensen, 
White). Moreover, the approximation error 
from Taylor's series can be large for small 
departures from the (unspecified) point of ex
pansion (White). IIi short, there is no guaran
tee that Taylor's theorem will give close ap
proxlmations at any point in the sample (Gal
lant 1981). Thus there is no assurance that 
even the recently popUlarized locally flexible 
functional forms (translog, generalized Leon
tief; almost ideal demand system) will give 
close approximations to the true demand sys
tem. 

In contrast to Taylor's series, Fourier series 
methods have the capability in principle to 
approximate globally the true price and in
come elasticities (Gallant 1981). Moreover, EI 
Badawi, Gallant, and Souza show that demand 
elasticities from the Fourier form can be esti
mated consistently regardless of the statistical 
method used. The purpose of this paper is to 
show that the Fourier demand system intro-

The author is an associate professor of agricultural economics, 
Texas A&M University. 

Texas Agricultural Experiment Station Paper No. 1923l. 
The author would like to thank Jim Chalfant and Ron Gallant for 

helpful comments. 

duced in Gallant (1981) is a viable statistical 
model for estimating. demand elasticities for 
food commodities. The model is fitted to U.S. 
postwar annual data on food and nonfood 
commodity aggregates. The viability of this 
system is then assessed on the conformity of 
the estimated demand elasticities with our 
prior beliefs. This paper begins with a discus
sion of some conceptual issues in choosing a 
functional form. 

Conceptual Basis 

The conceptual basis for specifying demand 
functions is the neoclassical theory of con
sumer behavior. In this approach, the rep
resentative consumer maximizes a twice-dif
ferentiable utility function subject to a linear 
budget constraint. The solution is a set of de
mand functions, expressing quantities con
sumed as functions of relative prices and total 
consumer expenditures. This demand system 
is assumed to satisfy the restrictions of homo
geneity, symmetry, adding-up, and negativity. 
It is also assumed that the same restrictions 
hold for aggregate data, and that prices aI1:d 

. consumer expenditures are predetermined. 
The question then becomes: Which functional 
form should we choose? 

There are a number of criteria to be used in 
selecting a functional form. Statistically, we 
seek a function which performs well over the 
entire range of the data, in addition to some 
base point (Caves and Christensen). From an 
economic point of view, the function should 
be able to capture full price interactions (Bar
ten). For food, Engel's law should hold and 
estimated own-price elasticities should be less 
than one in absohite value. 

Two areas of concern by King are (a) chang
ing elasticities over time and (b) relationships 
between income and· price elasticities. With 
respect to condition (a), the linear expenditure 
system and Rotterdam model are too restric
tive because they imply the demand elas-

Copyright 1984 American Agricultural Economics Association 
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ticities for food increase as its expenditure 
share decreases. King claims, on the basis of 
Wold and Jureen's theorem 1 (p. 114) , we 
should expect income elasticities for food to 
be smaller than their price elasticities. This 
expectation, however, is not implied by their 
analysis. All their theorem states is that the 
income elasticity of food will be less (greater) 
than its price elasticity (in absolute value) ac
cording as the price elasticity of nonfood is 
greater (less) than one in absolute value. 

Three additional functional forms that have 
proved popular in empirical applications 
include (a) indirect translog model (TL), 
(b) generalized Leontief (GL), and (c) almost 
ideal demand system (AIDS). These three 
forms belong to the class of so-called locally 
flexible functional forms. The TL and GL can 
be rationalized as second-order approxima
tions to an arbitrary, twice-differentiable indi
rect utility function . The TL (Christensen , 
Jorgenson, and Lau) uses as arguments of the 
approximation natural logarithms of the in
come normalized prices ; the GL (Diewert) 
uses as arguments the square roots of the in
come normalized prices. The demand func
tions for these forms in the two-good case can 
be written: 

(1) Wi = (ai + bi1lnxl + bi2Inx2)/[al + a2 
+ (bll + b12)lnxl + (b12 + b22 )lnx2], and 

(2) Wi = (biXt l/2 + CilX/12Xll /2 
+ Ci2X/12X21 /2 )/ (b1X11 /2 

+ b2X2112 + CllXl + 2C12Xl1 /2X21 /2 + C22X2), 

for i = 1, 2 where bl2 = b21 and C12 = C21. Here 
Wi is the expenditure share and Xi = pdy, 
where Pi is price and y is total expenditures. 
The AIDS form (Deaton ana Muellbauer) can 
be written 

Wi = a; + Ylllnpi + Yt2lnP2 + f3tln (y / P) , 

for i = 1, 2, where 

InP = ao + a1lnpi + ~lnp2 + 1/2Yll(lnpl)2 
+ Y12(lnpl)(lnp2) + I/2Y22(lnp2)2. 

Despite their apparent flexibility, these 
three functional forms can impose rather tight 
restrictions on the behavior of own-price 
elasticity of food over time. In an expanded 
version of this paper (available upon request), 
I show that all three of these forms constrain 
the sign of the relationship between income 
and own-price elasticity to be the same at all 
data points. The AIDS is the most restrictive 
of the three, implying demand for food al-
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ways becomes more inelastic with respect to 
price as real income rises. This agrees with 
the conventional view (Waugh, p . 81) , but 
my attempts to apply this system to U.S. 
consumption data were unsuccessful , sug
gesting this form is inconsistent with U.S. 
consumption behavior. Moreover, Deaton 
and Muellbauer obtained positive own-price 
elasticities for food, suggesting this form IS 

also inconsistent with British consumption 
behavior. 

These limitations provide additional motiva
tion for the use of the Fourier flexible form 
introduced in Gallant (1981). As indicated 
previously, the main attractiveness of this 
form is its capability to globally approximate 
demand elasticities. Intuitively, by finding the 
best trigonometric expansion, we are also 
finding elasticities which give the closest 
approximations (Gallant 1981; EI Badawi , 
Gallant , and Souza). How one determines the 
best model depends on whether the problem is 
one of hypothesis testing or estimation 
(Gallant 1982, pp. 321-22). Here the main 
concern is consistent estimation of demand 
elasticities. This means we seek a specification 
that gives a smooth fit to the data (EI Badawi, 
Gallant, and Souza). This specification could 
be determined adaptively by the downward or 
upward selection procedure described in 
Gallant (1982, pp. 321-22) . 

The particular model chosen for this appli
cation was determined by the downward 
selection procedure. This procedure resulted 
in the Fourier expansion with just main ef
fects , i.e. , A = 2, J = I, N = 2 with multi
indexes ko = (1 0), (0 I)-see Wohlgenant for 
details. These demand functions can be writ
ten (Gallant 1981 , sec . 5) 

(3) Wi = {biXi - 2UOiXl - 2[ulisin(Xt) 
2 

+ V1iCOS(Xi )]Xt}/ L {b;x; - 2uo;xl 
j=l -

- 2[uljsin(xj) + Vljcos(Xj)]Xj} 

for i = 1,2. Note that both the numerator and 
denominator are linear functions of sine and 
cosine functions. Since asin(x)/ ax = cos(x) 
and acos(x)/ax = -sin(x), derivatives of the 
numerator and denominator of (3) will be 
linear functions of the same sine and cosine 
functions as (3). This proportionality property 
of derivatives is one reason why the Fourier 
form confers important approximation proper
ties on the elasticities (EI Badawi, Gallant, 
Souza). 
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We now tum to an empirical comparison of 
the Fourier model with the TL and GL mod
els. 

Empirical Comparison of Fourier with 
Translog and Generalized Leontief 

This section reports econometric estimates for 
the three functional forms-Fourier, TL, and 
GL. The data are annual postwar expenditures 
on food and nonfood from the national income 
and product accounts, U.S. Department of 
Commerce. Food includes tobacco and alco
holic beverages; nonfood is the sum of other 
nondurables, durables, services, and miscel
laneous goods. Prices are implicit deflators, 
obtained by dividing current year by constant 
dollar expenditures. Because of the periodic 
nature of the Fourier form, income normalized 
prices (prices divided by per capita total ex
penditures) were rescaled to be between zero 
and six. Because there are only two goods and 
the shares sum to one, each statistical model 
consists of only one equation, food. The de
mand equations (1)-(3) were estimated by 
nonlinear least squares with correction for 
first-order serial correlation. Since each de
mand equation is homogenous of degree zero 
in its parameters, some normalization must be 
chosen. Without loss of generality, I chose a2 
= - (1 + al) for the TL and b2 = -1 for both 
the GL and Fourier models. 
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Parameter estimates for the three food de
mand specifications are reported in table 1. In 
the two-good case, symmetry is redundant 
given homogeneity and adding-up. Thus, the 
only conditions to check are monotonicity and 
quasi-convexity (see Caves and Christensen). 
These properties hold for each functional form 
at all data points. 

Which demand estimates are most likely to 
have generated the observed data? On a Bayes
ian criterion, given the same (diffuse) prior 
for each functional form, we would choose the 
model with the smallest estimated residual 
variance (Berndt, Darrough, and Diewert). On 
this criterion, the Fourier model is preferred 
a posteriori. The strength of this choice can be 
measured by the posterior odds ratio, the 
product of the prior odds ratio and the likeli
hood ratio (Zellner, pp. 292-98). Assuming all 
three models are equally likely a priori, this 
ratio reduces to the likelihood ratio. This cal
culation gives posterior odds for the Fourier 
relative to the TL of9.83: 1, and 41.95: 1 for the 
Fourier relative to the GL. 

A more informed basis for choosing among 
these functional forms is the conformity ofthe 
estimated elasticities with our prior beliefs. 
Figures 1 and 2 show plots of own-price and 
income elasticities over the sample period. In 
general, the TL and GL give similar elas
ticities. However, the Fourier gives different 
estimates, particularly over the first half of the 
sample period. 

Table 1. Parameter Estimates of Food Demand for Three Functional Forms, 1948-78 

Fourier TL GL 

Parameter Estimate Parameter Estimate Parameter Estimate 

b, -0.217 a, -0.141 b, -0.081 
(0. 040) a (0.017) (0.052) 

UOl -0.014 bll -0.064 Cll -0.037 
(0.011) (0.026) (0.028) 

U02 -0.117 b'2 o.on C12 -0.002 
(0.014) (0.006) (0.016) 

Ull 0.003 b22 0.250 C22 0.248 
(0.003) (0.028) (0.031) 

Vll 0.007 
(0.009) 

U,2 0.029 
(o.oiO) 

V,2 0.023 
(0.017) 

pb 0.390 p 0.021 p 0.022 
(0.168) (0.009) (0.009) 

()'2 5.62 x 10-6 ()'2 6.06 X 10-6 ()'2 6.34 X 10-6 

a Values in parentheses are estimated standard errors adjusted for degrees of freedom. 
b Estimated first-order autocorrelation parameter. 
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Figure 1. Own-price elasticities of demand for 
food for three functional forms, 1948-78 

The earlier work of Brandow, Waugh , and 
George and King suggests the own-price elas
ticity for food is about -0.25 and income elas
ticity is about 0.20. The relevant time period 
for comparing these results is roughly 1948-
65. The Fourier own-price elasticity estimates 
compare favorably with these earlier esti
mates, but the TL and GL price elasticities are 
about twice as large. All three functional 
forms suggest much higher income elasticities. 
The difference is likely due to the different in
come variables used. The earlier studies used 
disposable income; this study used personal 
consumption expenditures (PCE). Houthakker 
and Taylor (p. 33) suggest that income elas
ticity estimates using PCE will be closer to 
long-run elasticities. This is because consum
ers have better control over their expen
ditures than income receipts. If this is true, 
the two estimates might be reconciled through 
short-run estimates of the marginal propensity 
to consume (MPC). Because the estimates 
shown in figure 2 are roughly twice those re
ported in the earlier studies, a value for MPC 
of about 0.5 could account for this difference. 

The most interesting results are the behav
ior of elasticities over time. The TL and GL 
suggest little change in price elasticities over 
time . The Fourier model suggests that demand 
for food first became less price elastic (until 
about 1955) but thereafter became increas
ingly more price elastic (figure 1). The pattern 
of change for the first part of the sample period 
is consistent with the analysis of Waugh (p. 
18). But how can we explain the apparent ten
dency toward increased price responsiveness? 
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Figure 2. Income (expenditure) elasticities of 
demand for food for three functional forms, 
1948-78 

One hypothesis, consistent with Allen and 
Bowley (p . 125), is that, as real income rises, 
increased expenditures are spread over a 
larger number of goods, which increases sub
stitution possibilities and thereby price elastic
ity of demand for food. I show elsewhere 
(Wohlgenant) that the data are consistent with 
this hypothesis. 

The Fourier model suggests little change in 
income elasticity over time (figure 2). (This is 
especially evident when we ignore the two 
extreme points in the sample.) The TL and GL 
indicate steadily rising income elasticities. 
This behavior, however, is inconsistent with 
cross-section estimates (e .g., George and 
King, p. 82), which suggest little change over 
time. 

Summary 

This paper has compared the Fourier flexible 
demand· model introduced in Gallant (1981) 
with the two popular locally flexible forms
the translog and generalized Leontief. On the
oretical and empirical grounds, the Fourier 
form was found to be superior. The main at
tractiveness of the Fourier form is its capabil
ity to globally approximate price and income 
elasticities . This property has not been shown 
to hold for either the translog or generalized 
Leontief. Moreover, these two locally flexible 
forms impose rather rigid restrictions on the 
behavior of price elasticities over time. The 
Fourier model gives results which conform well 
with our prior beliefs. It also gives new in
sights into the pattern of change of demand 
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elasticities for food. In light of theseconsid
erations, we should expect the Fourier model 
to perform well in other applications. 
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Estimating Demand Elasticities for Food 

In estimat.inq de.ma..nd. elasticities for food commodities, . the analyst 

is confronted with a number of questions among which is selection of 

a functional form. King argues that the choice depends on the spe-

cific: hypotheses to be tested and whether the chOSEn analytical model 

canproV'ide :answers to the questions asked. While these considera-

tions are always of prime importance in empirical work, the c::oncep-

tual basis from a statistical point of view is selection of a func

. tional form which gives close approximations to theelastic::ities of 

interest. 

In this connection, Gallant (1981, 1982) points out that the key 

consideration is the method of· approximation of which there are twO! 

Taylor's series approximations and Fourier series approximations. 

The probl.em with Taylor I s theorem is that it only applies locally on 

a region of unspecified size. While this method can yield testable 

implications oft..~e theOry at the point of approximation, this point 

is in general Unknown and may not even be in the range of the da:ta 

(caves and Christensen; White). ·Moreover, the. approximation error 

from Taylor I s series methods can be quite large for small departures 

from the (unspecified) point of expansion (Simmons and Weis9l'bs; 

White) • In short, there is no guarantee that Taylor's theorem will 

give close approximations to the true elasticities at any point in 

the sample (Gallant 1981). This means we have no assurance that even: 
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the recently popularized locally flexible functional forms (translog, 

generalized Leontl.ef I almost ideal demand system) will give close 

approximations to the true demand system. 

In contrast to Taylor's series methods, Fourier series approxi.tna

tions, based on'sine/cosine expansions, have the capability in princi

ple to globally approximate the true price and income elasticities 

within arbitrarily close accuracy (Gallant 1981). Moreover, E1 

Badawi, Gallant, and Souza show that demand elasticities derived from 

the Fourier demand system can be 'estimated consistently regardless of 

the statistical procedure used to estimate the parameters of the sys

tem. The purpose of this paper is to show that the Fourier demand 

system introduced in Gallant (1981) is a viable statistical model for 

estimating demand elasticities for food commodities. This .model is 

fitted to U.S. postwar annual data on food and nonfood commodity 

aggregates. The estimated price and income elasticities are then 

used to reexamine some of the . functional form questions raised by 

King. The main conclusions from this analysis are: (a) in compari

son to the trans log and generalized Leontief, the Fourier medel is 

preferred ! E.0steriori; (b) the Fourier medel gives price and income 

elasticities which differ markedly from those of the trans log and 

generalized Leontief ; and (c) the Fourier model gives results whidl 

areconsiste..l'lt with some, but not all, prior notions regarding the 

relative magnitudes and be..~avior over time of demand elasticities for 

foed. This paper begins with a discussion of some conceptual issues 

in estimating de..~d for food. 
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. Conceptual Basis 

The traditional starting point for specifying demand functions is the 

neoclassical theory Of. consumer behavior. In this' approach, the 

representative ~conSumer is presumed' to maximize atwic::e-differentia

ble utility function subject to linear budget constraint. The solu

tion to this constrained maximization problem is a set of demand 

functions, express.ingquantities consumed as functions of relative 

prices and total consumer expenditures. 'l:his system of d~d func

tions is assumed to sat1sfy the restrictions ofhpIIlogeneity, symme

try, adding-up, and negativity. It is also typically assumed tr..a.t 

the same restrictions hold for .aggregate data, and that prices. and 

consumer expenditures are predetermined (Barten). 

There are . three different approaches to functional form 

specification. These include starting from a spec;ified direct util

i ty function., starting from a specified indirect utility function., or 

specifying t.~e demand f~ctions directly (Barten). The advantage of 

. the first two approaches is that the demand equations embody all the 

restricti.ons of the theory. In the third approach, the restrictions 

of the theory are imposed directly on the estimating equations. The 

second approach is> generally more attractive in empirical applica,

tions, since through application of ROY' sidentity we obtain directly 

a set of est~le demand functions. 

There are a number of criteria to be used in selecting a func

tional form. Statistically, the main criterion is the ability of th.e 

f.unction to perform well over the entire range oft.i.e data,. in addi-

tion to some base point (caves and Christensen). From an economic 
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point of view, the main criterion is the ability of the function to 

capture full price interactions (Barten). Two additional concerns 

with regard to food are Engel's law and estimated own-price elastici~ 

ties being less than one in absolute value. Engel's law, which 

implies all ine:ome elasticities for food be less than unity, rules 

out demand systems derived from homothetic utility functions. The 

requirement that own-price elasticities be less than one in absolute 

value rules out certain types of addi ti ve demand systems, including 

specific variants of log-linear demand systems and the Rotterdam 

model, which result in the Cobb-Douglas system (Barten, p. 42). 

Two areas of concern expressed by King are: (a) ability of func

tion to show decreaSing elasticities over time and (b) ability of the 

function to permit income elasticities to be smaller,' than price 

elastic'ities, i.e., Wold's rule (Wold and Jureen, pp. 114-15). With 

respect to condition (a), King shows that both the linear expenditure 

system and Rotterdam model can be ruled. out, since these forms always 

imply that demand elasticities for food increase as its expenditure 

share decreases. He also argues that we can rule out the linear 

expenditure system on the basis of condition (b). However, as 

pointed out by Green and Hassan, this system can produce elasticity 

estimates consistent with Wold's rule if some of the minimum subsis-

tence parameters are negative. In contrast to King, the position 

taken here is that a priori there is no basis for expecting Wold's 

rule to hold because. Wold and Jurea~'s definition of necessity 

relates to own-price elasticities, rather than income elasticities. 

All Wold and Jureen' s theorem 1 (p.' 114) says is that the income 

elasticity of food will be less (greater) tha11 its price elasticity 
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(in absolt,lte value) according as the priceelastit;:ity of nonf·ood is 

greater (less) than one' ·iIiabsolute value.' In principle, the own"": 
. . 

priceelastici ty of demand for nonfood can be larger or smaller than 

one in absolute value. Thus .we have no fir.m basis·· for 'expecting 

iIicome elasticities for fOod to be· less than their price elastici-
. ..." . . ". . 

ties. IIi fact, it is entirely possible that the relationship between 

price arid income elasticities can change over the range of the data, 

d.ependinq on' the relative magnitudes of income and substitution 

effects. 

The most commonly used functional forms in empirical' appli.ca;.-

tions include: (a) 1 iIi ear expenditure system (LES)', (b) indirect 

addilog model (IAL), . (c) Rotterdam model (RM), (d) inc1irecttranslog 

medel (TL), (e) generalized Leontief (GL), arid (f) a:JJOOst ideal 

demancr system (AIDS)., Limitations of the LES and RM have already 

been discussed. The IAL has similar limitations, which can be seen 

by axaminingthe formulas for ,price .and iIicomeelasticities (e.g., 

Green, Hassan,anc1 Johnson, po' 95). What is apparently not known, 

though, is t~t· the last three locally flexible functional forms can 

also impose undue restrictions on demand elasticities for food. In 

particular, as shown below, all t.hree of these. ,forms impose rather 

tight restrictions·· on the relationship. bet;ween own-price elastici.ty 

and income. ori the hypothesis that L"lcomeis the main determinant of 

changing elasticities, this suggests that· these three functional 

forms are not likely to provide insights into the issue whether price 

and' income elasticities for fOod have b~en increasing or deCreasing 

over time. 

The TL arid GL forms can be rationalized as second-order 
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approximations to an arbitrary, twice-differentiable indirect utility 

function. The TL form (Christensen, Jorgenson, and Lau) uses as argu-

ments of the approximation natural logarithms of the income normal-

ized prices; !he GL form (Diewert) uses as arguments the square-roots 

of the income normalized prices. These functio~l forms in the two-

good case can be written 

( 1) lnV = allnxl + a21nx2 
2 

+ 1/ZbZ2(lnxZ) 

2 
+ l/Zbl .1 (lnx1) + b12 (lnx1) (lnxZ) 

1/2 lIZ . 1/2 1/2 
(Z) V = b1Xl + bZxZ + Cl1xl + 2c12x1 Xz + cZZxZ ' 

where x. =p./y, p. is the price of the i th good, and y' ·fs· consumer 
~ ~ ~ 

expa~itures. The demand functions for these functional forms can be 

obtained through application of Roy IS identity. This formula in 

budget share form can be writta~ (see Diewert, p. 125) 

(3) w. = x.av/ax./!x.av/ax. 
~ ~ ~ J J 

where wi = Piqi/y is the budget share of the ith good. Applying this 

formula to equations (1) and (Z) we obtain 
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'(4) Wi = (ai + billnxl + bi21nx2 )![al +a2 + (hll + b12 )lnxl 

+ (b12 + bZ2)lrut2 ] ",. 

for i=1,2 where b12=b21 aIld c12=cZl oFinally, we have the' AIDS form 

(Deaton and Muelll;)auer), whichre:J,ates budget shares to naturai logar-

ithms in relative prices and real income. This form can be written 

for i=l., 2, whe.re 

InP = (ta +,(tllnPl + (t21nP2,+ 1/2 '111 ( lnPl)2 + '112 (lnp1Hlnp2) 

+ 1/2722 (lnp2)2 . 

Price elasticities for all these forms can be obtained through use of 

the formula 

(7) e .. = a1nw./alnp. - 0 .. 
l. J .. l. . - J l.J 

where e .. is the price elastiC:ity of good i· with respect to price j 
l.J 

and 0ij equals 1 when i=j but zero otherwise. Income (expenditure) 

elasticities, eiy, can be ootaj"ned through the homogeneity restraint. 
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( 8) eiy = ;...1: e .. 
J J.J 

Applying (3) to equations (5) through (7) the own-price elasticities 

for good 1, say food, can pecharacterized as 

( 9) ell = [bl - wl(bll + ?12)1/(al + blllnxl + b121nxz) - 1 , 

(10) 
. 1/2 1/2 l/Z 

ell = [(l/Zblxl + cllxl + l/ZclZxlxZ ) 

_ . . .. l/Z + l/Z w1(1/Z blXl + cllxl · cIZxl x1/ Z)]/ 

1/2 + .•. . .1/2 l/Z (b1xl cl1xl + c IZx1 Xz ) - 1 

(11) 2 
ell = [Ill - ~wl + ~lln(y/l?)]/wl - 1. 

To see how elasticities change as income changes, we· partially 

differentiate tl)ese formulas with respect to y" For the TLform, 

equation (9), this derivative can be shown to equal 

(lZ) oell/alny = (bll + b12)[w1 (1 - elY) + (1 +e11)]/ 

Cal + blllnxl + bl21nxz). 

First notice that the denominator of (12) is the first-order partial 

derivative of (1) with respect. to InPl" The neoclassical monotonic

ity requirement is that this derivative be strictly less than zero. 

Thus the sign of· (12) is determined by the sign of the numerator. 

Secondly,we expect income and own-price elasticities foI:' food to be 

strictly less than one in absolute value, implying the sign of (12) 
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will be the negative of the sign of the term (bll+b12 ). In general, 

this term is unsigned (Caves and Christensan). However, for any 

given body of data, it will be either positive or negative. This 

means the sign of (12) will be negative (positive) at all data points 

according as (b-ll+b12) is positive (negative). Hence, the 'IL form 

inlplies a fixed relationship (in terms of sign) between own-price 

elas:ticity for food and real income. Moreover, whe.Tl (b1l+b12) is 

small the derivative in (12) can be quite small, suggesting little or 

no change over time in the price elasticity of demand for food. 

Letting N 1 be the numerator of (5), the derivative o·f the 
, 

elasticity for the GL form, (10), with respect to Iny can be shown to 

equal 

(13) aell/alny = wl(l - elY) - (1/2 blXi/2/Nl) [(1 + ell) 

+, Wl(l - ely)]' 

9 

Aside from the first term on the right-hand-side, this derivative has 

the same form as that for the TL, equation (12). For food, the first 

term will be positive at all data points. However I the Sign of the 

second term depends on the Sign of bl • It will be negative (posi

tive) according as bl is negative (positive). Thus, in general, the 

sign of (13) is ambiguous, Furthermore, in principle, it can change 

signs depe.T'lding upon the point of evaluation. However I it seems 

likely that the first term will dominate, since the term premultiply-

ing the bracketed expression in (13) will be ver'lsmall. Also, whe.l'l 

bI is negative, equation (13) will consist of two offsetting terms, 
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suggesting little or no responsiveness of own-price elasticity to 

C-'langes in real income. Moreover, by the a11alysis of Caves and 

Christa~sa~ we should expect similar b~,avior for both the TL and GL 

forms in the case of food. 

Despite it's name, the AIDS can actually impose mo~.e stringent 

conditions on changes in price elasticities than either the TL or GL 

forms. Upon differentiating equation (6) with respect to lny and 

simplifying, this derivative can be shown to equal 

Thus, since for food ely <1 and ell >-1, we see that the AIDS effec

tively constrains this relationship to be positive at all data 

points. While this agrees with the conventional view that demand for 

food becomes more inelastic with respect to its price as real income 

rises (Waugh, p.1S), the AIDS is not flexible enough to let the data 

determine this relationship. In this context, it is interesting to 

note that in attempting to apply this syste.'ll to British postwar data, 

Deaton and Muel1bauer found positive own-price elasticities for food. 

My attempts to apply this system to U.S. postwar data on food and non-

food aggregates were also unsuccessful, suggesting that this form is 

also incompatible with U.S. foed consumption behavior. For these rea-

sons, the e.'1lpirical comparison among functional forms is limited to 

the TL, GL, and Fourier systems. 

The Fourier Demand System 
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The foregoing analysis provides additional motivation for the use of 

a semi-parametric functional form such as the Fourier flexible form 

introduced in Gallant (1981). As indicated previously, the main 

attractive."1ess of this form is its capability, in principle, to give 

arbitrarily cl'ose approximations to the true price ~"'d income 

elasticities. Intuitively, the reason for this is that by finding 

the best fitting functional form we are also finding elasticities 

which give the closest approximations (Gallant 1981; El Badawi, Gal

lant, and Souza). From a technical point of view, a Fourier expan

sion does the job because it satisfies the SObolov norm, a measure of 

distance which takes into account derivatives of the functional form 

(Gallant 1981). This derivative property has not 'been shown to hold 

for fixed parameter models such as the TL or GL forms. 

In general, it is not possible to determine ~ priori which of 

the numerous Fourier expansions is best with respect to a given body 

. of data. Rather, by analogywi·thtime series analysis, we would fit 

different'models for different orders of the trigonometric polynomial 

to determine which specification is best according to some criterion. 

As Gallant (1982,pp. 321-22) points out, the choice depends on 

whether the problem is one of hypothesiS testing or estimation. Here 

the main concern is consistent estimation of price and income 

elasticities, meaning we are interested in the specification that 

gives the smoothest fits to the data (El Bada~/i, Gallant, a.."1d Souza). 

Again, by analogy with time series a.T'lalysis, we seek a parsimonious 

representation, Le., a model which gives close approximations with 

the fewest nunlber of parameters. This specification -could be deter

mined either by the downward or upward selection procedure described 
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in Gallant (1982,pp.321-22). 

For discussion pu+,poses, it is useful to consider a Fourier 

expansion of the same order comparable to that of theTL and GL 

forms. For A=3, J=l, N=2, and the multi-indices k = (1 0)' (01) I ( 

a 

1)' the Fourier representation of the indirect utility function may 

be written (Gallant 1981, sec.S) 

(14) 
.:2 . Z 

V = const. + blxl + bZxz - .(UOl + U03 )xl - (UOZ + U03)xZ 

- ZU03xl xZ + 2[Ullcos(xl ) - vllsin(xl )] 

+ Z[u1ZCOS(xZ) - vIZSin(xZ)] 

+ 2[u13COS(xl + x2 ) - v13sin(xl + xZ)]· 

Recalling the trigonometric identities, COS(xl + xZ) = COS (xl) 

C05(X2) - sin(xl ) • sin(x2 ) and sin(xl + xZ) = sin(xl ) . cosex2 ) + 

cos (xl) . sin(xZ)' equation (14) can be viewed as a quadratic func

tion in the x'saugmented by first- and· second-order terms involving 

sine and cosine functions of the x 's. The quadratic component is 

included to impose conve.."'1tity requirements of the indirect utility 

function. It needs to be emphasized again that equation (14) is only 

one of many possible representations of the Fourier form; the exact 

form will depend on the specific set of data under conSideration, and 

whether the main interest is one of hypothesis testing or estimation. 

Recalling that asin(x)/ax=cos(x)andacos(x)/ax = -sin(x) I Roy's 

identity,. (3), appli9d to equation (14) results in the budget share 

equations 
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(15) , "'2 
Wi = {biXi - 2(uOi + u03)xi - 2U03Xl x2 

- 2 (uli Sl.n(xi ) '+ v li cos (xi) ]xi 

- ,2[U13Sin(xl + x2) + V13cOS(xl +X2)]Xi }/ 

, 2 {blxl + b2xZ - 2(uOl + u03)xl - 4U03x l x2 

- 2(U02 + U03)X~ ... 2[ullsin(xl ) + VllCOS(xl)]Xl 

- 2[U1ZSin(X2) +'v12COS(x2)]x2 

- .2(u13Sin(xl + x2) + v13cos(xl + xZ)9xl + X2)} 

fori=l, 2. Price a.ncl income elasticities can be obtained through 

application of the formulas (7) and (S). Letting,N. be the'numerator 
1., 

and D the denominator of ' (15) I the price elastic,i ties can loe shown to 
. 

have the general form 

= x.(aN./Sx.' - w. SD/ax.)/(w.D) - o .. 
J 1.' J 1. 'J '1. l.J 

where w. is determined by (lS). 
1. 

This, expression makes clear that 

elasticities may be viewed as functions of the derivatives of the 

numera tor and denomina tor of( lS) with respect' to the x 's. Since 

derivatives of sines are cosines and vice-versa, derivatives of the 

numerator and denominator of (15) will be linear combinations of the 

same sine and cosine functions' as (15). This, in esse..T'J.ce, explai.."1s 

why the Fourier form confers impor.tant, ~pprox.i.ma.tion properties on 

the elasticities. In othe.rwords, by finding the best fitting demand 

model, we are simultaneously finding the derivatives (and therefore 

elastici ties) I which are proportional to the original derila."'ld function 

(El Eadawi, Gallant, and Souza). 
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We now turn to an empirical comparison of the Fourier model with 

the TLand GL models. 

Application to Demand for Food 

This section reports econometric estimates for the three functional 

forms (Fourier,TL, and G1.) applied to demand for food. The data are 

annual e..~penditures on food and nonfocdover the period 1947-78. 

They com.efromthe national income and product acc,ounts, U.S. Depart-

ment of Commerce. Food includes tobacco and' alcoholic beverages. 

Thus nonfood is the sum of othetnondurables, durables, services, and 

miscellaneous goods. The price data are implicit ,deflators, ,obtained 

by dividing current year expenditures by constant dollar 'expendi-

tures. These prices were the..'1 divided by per capita total con sump'" 

tionexpe.nditures to obtain income normali;!:ed prices. Due to the per-

iadic nature of' the Fourier form, these normalized prices were 

rescaled to be between ;!:ero and 6. All data are available from the 

author upon 'request. 

In the present application, each demand system consists only of 

two goods: food and nonfood. Since the adding-up condition implies 

one of the equations can be deleted without any loss of information 

(Barten, p. 26), the nonfoOd equation was o.eleted from each system, 

leaving only the foCddemand specificatidns to estimate. (Parameter 

estimates for the nonfood equations can be obtained through the 

restrictions. implied by the adding-up condition, wl.+w2=1.) This 

means single-equation methods can be employed to estimate the first 

equations in (4) 1 (5), and. (IS) . !used the Nonlinear Least Squares 
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method, with correction for first-order autocorrelation in the residu-

als. Since when correcting for serial correlation we lose one 

observation, the total number of observations was T=3l(1948-78). 

Finally, notice that the budget share equations (4),(5), and (15) are 

each homogenous' of degree zero in their parameters. This mea.'''lS some 

normalization must be chosen. Without loss of generality, I chose 

a = -(l+a ) for the TL and b2 = -1 for both the GL and Fourier 2 1 

medels. 

Parameter estimates for the three foed demand specifications are 

reported in table 1. 'Ihe estimates for the Fourier model correspond 

to the simple additive indirect utility function, i.e., equation (15) 

with the parameters U03 ' u13 , and v13 set equal to zero. 'Ihis medel 

was chosen after estimating a nuinber of alternative representations 

of the Fourier medel and employing the downward selection procedure 

described in Gallant (1982,pp.321-22)--see Wohlgenant for details. 

In a two-good world, the symmetry restriction is redundant given 

the homogeneity and adding-up conditions. 'Ihis means the demand esti-

mates in table 1 satisfy these three restrictions exactly. There is 

no assurance, however, that the demand estimates will satisfy the 

regularity conditions of monotonicity and quasi-convexity. The 

monotonicity requirement is that the first-order partial derivatives 

of the indirect utility function be strictly less than zero. In the 

two-good case, the quasi-convexity requirement of the indirect util-

ity function is equivalent to requiring that the compe.T'lsated own-

price elasticities, e, ,+w.e. (i=1,2), be nonpositive. Both of these 
J.~ J. '!-y 

regularity conditions were checked for the estimates reported in 

table 1 and were shown to hold for ea~~ functional form at all data 
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points. 
. .' 

! prior.i we are unable to choose among these . three models on 

econometric grouncis because these forms are nonnested, Le.,noone 

model includes the others as special cases. We can, however, infor-

mally compare the mOdels ! posteriori by examininq how . the various 

parameter andelasticityes,timates cQnformwith cur prior belj.efs.· 

As Berndt,Parrough,and Piewertpoint out, we could also formally 

discriminate among these functional forms by employing Bayesian 'meth

ods. They show that, given the' same (diffuse) prior for each func::-

tional form, '. we can ehoose ! pqsteriori which model is most likely t'o 
'. . . .'.. 

, ... have g~e:ra t~ to: observed. data· .bysilnplycQmpariilg' thevaluE!~Of.the 

estimatedloq, likelil)oocl functions. . In the present appliC;:3,tion,. this 

is equivalent to Choosing 'the mcdelwith the smallest estimated resi-

dual variance. On this criterion, we see from table I that the Four~ 

ier mOdel is the preferred specification. A measure of the strength 

of this choice 'is the posterior odds ratio, which can be viewed.a$ 

the revised. prior odds ratio of one model relative to the other~· 

Zellner (pp.292-98) shows that the posterior odds ratio can be calcu-" 

lated simply as the ,product of the prior odds ratio and the likeli-

hood ratio. On the assump,tion that all three models are equally 

likely ! priori / ,this ratio can be computedsi'mply as the likelihood 

ratio. In the present application, the posterior odds of the Fourier . 

relative to the TLare 9.83:1, and the posterior odds of 'the FOllrier 

relative to the Gt are 41.95:1. , Thus, even on this somewhat pessimis-

tic view of the Fourier form, the sample information, strongly favors 

this specification. 

A more informed basis for choosing among these functional forms 
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is theconf.ormity of the. estimated elasticities with our prior 

bel.iefs. OWn-price and income elasticities for each model were com-

putedusing the formulas in (7) and (8). Demand elasticities for: 

Selected years are reported in table 2. Figures 1 and 2 show plots 

of these elastit:ities over the sample period. In ge,nei"al,'. theTLand 

GL forms give similar own-price and income elasticities • However, . 

the . Fourier form suggests quite different elasticity estimates,. 

particularly Over the first half of the sample period. The last two 

rows in table 2· gives estimates of two commonly usearneasures of mean 

elasticities. The first is a siinple average of the elasticity esti-

mate.s for each form; the second evaluates the elasticities at the saxn-

ple mean values of the income normalized prices~ 

How do the elastj.cities from these mOdels compare with, previous' 

studi$s? Based on the earlier' work of Brandow, Waugh,' and GeorgE! and 

Kin~, we" might eaxpect. the 9wn-priceelastl.city for· food to' be about 

-0.25 and income' elasticity to be. about 0.20. The relevaw.'i.t U.me per- . 

iod for comparison is 194a-~5. OVer this p49riod, . both the. TL and GL 

models give own-price elasticity estimates about twice the magnitUde 

of those reported in these earlier studies • On the Other hand, the 
. . 

Fourier model gives own-price elasticity esti:ma.tes which are inclose 

agreement' with the earlier studies. What appears to be a puzzle, 

though, . is. that all three functional forms (including' tJ.~e Fourier)· 

sugg'estincome elasticities substantially larger than those reported 

in the earlier stUdies. One hypothesis is that the differencei! due 

to the different· income variables used. Brandow, Waugh, and . George 

and Kin; used' disposable income (D!) I whereas the systems approach 

employed here used personal consumption expenditures (peE:). Houthak-
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ker and Taylor (c:hap.6) suggest that income elasticity estimates 

using PCE will be closer to long-run elasticities. 'This is. because 

consumers have better control over their expenditures than income 

receipts, so PCE should be a better measure of· t.~e true income of 

consumers (HouthakkerandTaylor, p.33). In other words, in the con-

text of the permanent income, hypothesis 1 there will be measurement 

errorfroIil using DI· as a proxy for permanent income, implying the 

estimates derived from DI will be closer to short-run elasticities. 

If this is true, then thes'e two income elasticity estimates can be 

.' reconciled through the short-run relationship between PCE and 

DI,Le., through short-rWl estimates of the marginal propensity to 

consume (MPC). A plausible value for the MPC is 0.5. This suggests' 

that income elasticity estimates using peE should be roughly twice 

those using DI, which is in fact what we o1::lserve. To sum up, the 
., 

Fourier model gives both price and income elasticities which can be 

reconciled with' those reportea in the ea.rlier studies. Income 

elasticity estimati9s from the 'XL and Gt forms can also be reconciled 

with the, previous studies; ,however, ,these two functional forms sUg

gestimplausible price elasticity estimates over the releva.."lt time 

period for comparison. 

The most interesting results relate to changing. elasticities 

over time. Both theT!. and Gt ,suggest virtually no change in pric~ 

ela.stici ti es over time. However, the Fourier model suggests that 

demand for food' first became less price elastic (until about 1955) 1 

but thereafter. became increasingly more price elastic (figure 1). 

The pattern of change for the first part of the samplepericd is 

entirely consistent with the obse..rvations by Waugh (p.lS). But how 
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can we explain the appare-'1t tendency toward increased price 

responsiveness? One hypothesis, consistent with Alle.'1 and Bowley 

(p.125), is that, as real income rises, increased expenditures are 

spread over a larger number of goods, which increases substitution· 

possibilities and thereby price elasticity of demand for food. I 

have shown elsewhere (Wohlgenant) that the data are consistent with 

this hypothesis. The estimated relationship between own-price 

elasticity and real income, 3el131ny, is shown to have a pattern 

entirely consistent with the observed behavior of own-price elastic

ity over time. '!his suggests income is the main determinant of chang-

ing price elasticities. Moreover, the main factor contributing to 

this variability is shown to be changes in the rate of sllbstitutabil

ity between food and nonfood, which is consistent with· the stated 

hypothesis. 

In contrast to the behavior of own-price elasticity over time, 

the Fourier model suggests little or no change in income elasticity 

over time (figure 2). ('!his is especially evident when we ignore the 

two extreme points in the sample. ) On the other hand, both the T1. 

and GL forms suggest steadily rising income elasticities over time. 

Since this behavior is inconsistent with estimates derived from cross 

-section data(George and King, p.82), we prefer t.~e Fourier esti-

. mates. 

Summary 

This paper has compared the Fourier flexible demand model introduced 

in Gallant (1981) with the. two popular locally flexible forms--the 
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translog and generali~ed Leontief. On the basis of theoretical 

considerations and empirical application to aggregate demand for 

food, the Fourier form was shown to be superior. The main attractive-.

ness of the Fourier form is its capability, in principle, to globally 

approximate price and income elasticities. This approximating prop

ert;r has not been shown to hold for fixed parameter models such as 

the trans log or generali~ed Leontief forms. Moreover, these two 

locally flexible forms impose rather rigid restrictions on the behav

ior of price elasticities over time. The Fourier model give results 

which conform well with our prior beliefs. It also gives new 

insights. into the pattern of change of demand elasticities for food. 

In light of these . considerations , we should expect the Fourier model 

to give superior results in other applications. .. 



Table l. Parameter Estimates of Food Demand for Three Functional Forms, 

1948-78 

Fourier' TL GL 

Parameter Estimate Parameter Estimate Parameter Estimate 

b 1 -0.217 ,a1 -0.141 b 
1 

-0.081 

(0.040)a (0.017) (0.052) 

u 01 -0.014 b 11 -0.064 c 11 -0.037 

(0.011) (0.026) (0.028) 

u 02 -0.117 b 12 0.072 c 12 -0.002 

(0.014) (0.006) (0.016) 

u 11 0.003 b 22 0.250 c 22 0.248 

(0.003) (0.028) (0.031) 

v 11 (0.007") 

(0.009) 

u 12 0.029 

(0.010) 

v 12 0.023 

(0 .. 017) 

b 
0.390 0.021 0.022 p P p 

(0.168) (0.009) (0.009) 

2 -6 0"2 -6 2 -6 
0" 5.62xlO 6.06xl0 0" n.34xl0 

a 
in Values parentheses are estimated standard errors adjusted for 

degrees of freedcm. 

b. d Estlinate first-order autocorrelation parameter. 



Table 2. Estimated Demand Elasticities of Food for Three 

Functional· Forms; Selected Years, 1948-78 

Own .. Price Income 

Year Fourier TL GL Fourier TL GL 

1948 -0.39 -0.46 -0.48 0.54 0.31 0.31 

1951 -0.29 -0.45 -0.47 0.49 0.32 0.32 

1954 -0.23 -0.44 -0.47 0.46 0.33 0.32 

1957 -0.23 -0.42 -0.46 0.45 0.35 0.34 

1960 -0.25 -0.42 -0.46 0.46 0.36 0.35 

1963 -0.30 -0.41 -0.45 0.45 0.38 0.37 

1966 -0.38 -0.43 -0.45 0.39 0.42 0.42 

1969 -0.46 -0.42 -0.44 0~42 0.45 0.45 

1972 -0.50 -0 •. 43 -0.44 0.46 0.47 0.47 

1975 -0.47 -0.46 -0.44- 0.46 0.48 0.49 

1978 -0.53 -0.45 -0.44 0.61 0.51 0.52 

Simple -0.36 -0.43 -0.45 0.46 0.40 0.39 

Average 

At Sample -0.29 -0.44 -0.45 0.38 0.40 0.39 

Means 
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Figure 1. Own..;.,Price Elasticities of Demand for Food for Three Functional 

Forms, 1948-78. 
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Figure 2. Income (Expenditure) Elasticities of Demand for Food for Three 

Functional Forms, 1948--78. 
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