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ALLOCATABLE FIXED FACTORS AND JOINTNESS
IN AGRICULTURAL PRODUCTION:
IMPLICATIONS FOR ECONOMIC MODELING

Abstract

Allocatable fixed factors, e.g., land, must be added to the traditionally-
regarded causes of jointness in agriculture. Their preéence also necessitates
multiple-product systems for modeling product supply and factor demand. In
other important ways, however, their analytical implications are very different’

from other causes of jointness.



ALLOCATABLE FIXED FACTORS AND JOINTNESS
IN AGRICULTURAL PRODUCTION:
IMPLICATIONS FOR ECONOMIC MODELING

‘One of the most neglected‘subjects in-production~theory-fs'jointness.
After mentioning the mutton and.wbol example and*al1@d1ngvto possible interde- |
pendencies in productfon,,the-subject is typically dropped byvaSt thedrists.
Few texts even provide a formal defintion of jointness. Thus, it 15'smaI]
wonder that COnéiderab]e confuéioh exists concerning the extent of jointness
and its:relevance-for modeTingvagriculturaT pfodUction5 =

The purpose of this papér is to: (a)"define and give a visual interpreta-
tion to jointness, (b) identify 1£s causes, (c)"dEmonstrate' why different
causes have different implications for modeling*produgtion,;and (d) - identify‘,
limitations of dual prodUCtion models when alTocafable-fixed factors are the~

sole cause of join_tness.1

~ Jointness defined

Little cdnsenSus"iSrevident among economisté‘concerning the’extent to'which
jointnesé‘occur5’in agr1¢u1tura1.production. Part of the probliem is due to the
frequent failure to define the type of jointness being"discuséed;' Fixed-proportion
.jointness.ih'inputs meaﬁs,that two or more.produétsfare alwayS-producéd'in the,

- same proporﬁions. Few éXahp]ésvof-truTy fiXed;propoktidh,joinfness‘exist-in agri-
culture. waever,feven-if there wefe _many instancés, this3typé of joint pro-
duction would not be 1nferesting ana]ytica]ly since any prob]ems‘to‘be examined
always reduce tq the sing]e;pfoduct case;-dnly'thg defihithn of the product needs

to be a]tered, 



Primal Definition (Single»Variable Input)

The 1nterest1ng and much more preva]ent type of jointness in inputs involves
var1ab1e proportions product1on 2 Jointness thus encompassesva11 cases of produc-
- tion of two or more productS'which are technica11y interdependent (Henderson and
Quahdt,vp.p89). When there is one variable input (or input aggregate), technical
independence or nonjointhess then requires | |

1 azx/aya.ay. = 0,1 %7, |
where' y1(J) is output 1eve1 of product i (J) and x is the input requ1rement (Car1son,
p. 79). This means that the marg1na1 factor requirement to produce a g1ven unit of
one product is independent of the amount of a second product produced. Or, for a
given 1eve1}of yi,‘the marginal product of X in Y5 is independent of the level of

Y. Jointness is simply the converse, i.e., that the marginal factor requirement

J
(orvthe»marginal-productivity of the.input) for a given unit of i is dependent on
' the quantity of j produced' | |

A visual 1nterpretat1on of a nonJo1nt technology is given in pane1 A of
f1gure 1. If a change in the quantity produced of product j either has no effect
or causes a horizontally parallel shift in the production function forrproduct i,
the-techuology is nonjoint. in either situation, the marginal factor requirement
for a given unit of i is independent»of the quantity of j produced. A joint
techno]ogy occurs when a change in J causes either a vert1ca11y para11e1 sh1ft

o to TPP

(e.g., from TPP Yy [y in panel B or a nonparallel shift (e.g., from

yly

TPP o to TPP,

¥il¥; yly
Equat1on (1) 1is both necessary and sufficient for non301ntness The other con-

in the production function for 1

dition commonly associated with nonjointness, i.e., that independent production
functions can be written for each product, is sufficient but not necessary when
there are no allocatable fixed factors.d It‘is a more restrictive condition than
equation (1) in that casejsince it}does not admit even parallel shifts in the

production function for i when the quantity of j is changed.



Dual Definition

Under appropriate=regﬁlarity Conditidns on techndlogynénd'for priéé-'
tak1ng firms seeking to max1m1ze short-run- prof1ts (or mihimize‘costs), ‘
duality exists (Laus, 1978, PP. 170 72) between the transformation or product1on
function and the indirect prbf1t»(or cost) function. Several authors have pro-
posed tests for nonjointness using the'dual.mddels;' Hall (pp. 884-7) asserts =
that for a cost-mihimizing firm, a technology is noﬁjointvif-the prodgct- product
Cross derivatives}of the joint cost function are zero, i.e.,: - |

(2 BZC/ayiayj-= 0,. 1 #3, |

where C is cost and yi(j} is output of i '(j). Laui(1972,.pp.' 287-89)
presents. a similar test for a profit—maximizing‘éompetitive firm using the indi-
rect pfofit function, | :

(3) _'32ﬁ7apiapj =0, 1 f'j, o
where t* is pfofit and - p. i(3 ). is price of~pr0duct i (3). Equatidn (3)
also app11es to cross der1vat1ves of the normalized profit function where profit
and pr1ces are each d1v1ded by the price. of one variable input (Lau 1978,

p. 183).

Imp]icatiohs for Prima1'(Mu1tip1e Variable Inputs)

Both dual tests for‘nbnjqintnéss are COnéistent with Car]sqn‘s_primal defi;
nition when only one.input is variable. When multip]e inputs are variable, the
..dual definitions retain: their intuitive mean1ng for pr1ce tak1ng f1rms but 1mp1y
more complex restrxctlons on the primal. ‘

The-re]evant restrictions can-be derived by noting'that thé'Heséfan matrix
of the transformation fUnction,-i.e.," o |

(4) X = F e aypXps e axp)s

is the 1nverse of the Hess1an of the norma11zed prof1t funct1on, i.e. “s
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(5)  m/ry = g(pl/rl,;.;,pm/ 1,r2/r15’.i,rn/rl),v |
where r, is the price of input 1. Lau (1976, pp. 148-49)'sh0ws»further.that
when some inputs and/or.outputsfare fikéd; thé-Hessian submatrix for variable
inputs and outputs of the transformation function is the inverse of the Hessian
submatrix for variable input and output prices of the normalized restricted pro-
fit functioh. 'Thusg if an e]ehent of the profit Hessian'fs zero, e.g.,
32(n*/rl)/a(pi/ri)é(pz/rl) = 0, the COrresponding minor of.the:tranéformation
HéSsian submatrix is singular; e.g., with two variable outputs (yl,yz), two

variable inputs (xl,xz), and‘any number of fixed outputs or inputs,

(6) azxi/syzayl ‘ale/ayzaxz‘
ale/axéayl .ale/axg -t
This result is a straightforward épp]ication of the inverse theorem of hatrix
algebra (Hadley, p. 103), apparently is the underlying peint in Samuelson's
singularity‘thebrem for non-joint production, and is consistent with Huenemann's
recent derivation based on the inverse ke]ationship between the cost and trans-v

formation functions.

Causes of Jointness 3

Interdependent Production Processes

Interdependentfprdduction processes are often viewed as the-equivalent of a
~joint techho]bgy. Cert&in]yuthey‘imply jointnessQ By the very descriptiveness
:va the term, they convey the intuitive impression that the margjna] factor reqUire;_ 4
ment (or marginal cost when theré is more than one variable input) for one | |
product depends somehow on the quantity produced of one or more other products.
‘There are several reasoné why préduction»processes are often interdependent.
Fbur examples are given:that.offenv0ccurvinvagricu1tura1 production.. Some of the

interdependence is intrinsic and some is due to practical limitations in



disaggregafing and cTassifying data.

a. Even if weather, location, and initial yield per acre of corn were held
constant, the‘margina1 cost of another bushel of cdrn may be greatly affected by
the crop'plented the previous year. If the preceding crop were nitrogen fixing,
e.g., a legume, more»nitrogen would be available in the soil at planting time
than if the previous crop were nitrogen using. This jointness in grain and
legume production is due to an unmeasured change in soil quality.

b. A similar effect is observed when crops which are not hosts to certain
insects are planted in rotation, or sometimes in adjoining fields, with the
host crop. In this case the marginal cost curve for the host crop is shifted
downward because of rotation with the nonhost crop.

c. Timing of equipment requirements creates additional opportunities for
jointness in production. A piece of equipment may be required to produce 100
acres of one crop, but it may only be used for 30 days. The same equipment may
'be needed at a different time to produce another crop. This apparent cause of
jointhess may disappear at the micro level when adequate equipment rental markets
exist, but it does not disappear at the aggregate level. The stock of equipment
that must be maintained strictly for use in the second crop depends on how much
of the first crop is produced. Thus, the marginal cost of the second crop depends
on the amount of the first crop produced.

d. The typically-fixed inputs of operator labor and facilities are an addi-
tional cause of jbintness, if only in the fact that it is often difficult to
accurately allocate services provided by them to different products. Part of the
operator's labor is always spent in general uanagement which can be allocated only
arbitrarily to specific products. It is likewise difficult to fully allocate the
services of barns, sheds, and other faci]ities. Although possibly planned primarily
to enhance production of one‘commudity, improvements in quantity and/or quality of

such inputs may lead to a shifting of the marginal cost curves of other products.



Allocatable Fixed Factors

It is q]ear that_interdependént production processes, of which there afe
many forms, imply a joint technoiogy.; There is another cadse of jointnessii
- which is not so intuitively obvious but which often causes both primal and dual
tests for nonjointness to be rejected. This cause is the presence of allocatable
fixed factors. Since many agricultural firms produce more than one product and
since quantity (although not necessarily quality) of land is virtually always
distinguishable as to the pkoduct'to which it is allocated, this case is particu-
larly repreéentative of agriculture. At the firm 1eve1,'ava11ab1e-agricuTtura1
land is largely fixed over short to intermediate adjustment periods. At the
regional ]evel, it is essentially fixed over very long adjustment periods,
except as land is removed due mainly to forces external to the agricultural sector.

To show that the presence of allocatable fiXed factors generally results in
jointness, consider for simplicity the production of only two products by inde-
pendent production processes using two factors, one of which is fixed and
allocatable. The production system is

(1) vy = filxgez5), 1= 1,2,

(8) .z; + zp < z,
where Y; is quantity of product i, X; is quantity of the variable factor
used in the production of'i,,zi is quantity of the fixed factor used in the

production of i, and z is quantity of the fixed factor available. Assuming .

that inverses exist, the following transformations of this system cah be

made: - '
-1
(9) Xl = f ]Xl(.V]_sz]_)3
=1 -
(]0) 22‘ =f 222 (y2 9X2 ,Z),-

- - -1 -
(]]) Z]_ =Z - 2= 7 - f 222 ()'2 2 Xo QZ).
From equations (9) and (11), the cross partial derivative of the variable

~ factor x1 with respect to products is:



3(3x1/9y1)/3%
[3(axy/3y1)/3z11(3z1/3Ys)

(12) §2x1/ay13y2‘

]

[2(3x1/3y1) /321 1(=3F75 /3y,)

[3(ax1/8y,)/32;1(-32, /3y, )

- Since there 1s on1y one'variablerinput,,the prima1,test,in equation (1) is
'app11cab]e.:vFor this test to indicate a nonjoint technology, one of the right-
hand terms of equation (12) must be zero. Since the existenée of an inverse
assures that the latter term is nonzero, the first term, é(axl/ayl)/azl, must
be zero; This'Wou]d 6ccurvon1y if ’xl and z; were.additive1y separable.

~ The dual tests, equations (2) and (3), are consistent with the primél test
under this.circumstanéeﬁ | | .‘

‘a.  Only when a(ax1/8y1)/az] =0, i.e., when the,margina1 requirement of the -
variab1e3factor'iS-independent of the allocation of the fixed factor, is'thecmarginal»x
cost of Y1 indepéndent;ofvyzi(equation‘Z)‘for a pfice—taking.firm with no other
causes'of jo1ntness. (i | | o

b. fIf'thevmafginal requirement for a variable factor is,independeht of the

.allocétidn of a fixed factor, it is,a]éoindependentof the quantities of other
’ products.Whenffhere are no otherxcauseé of jointness. Since a price-taking firm
maXimizes profit by equating marQina] factor requiremenﬁs to the ratio of product
and factor pr1ces, ‘the opt1ma1 quant1ty of the var1ab1e factor used to produce
Yis and the quant1ty of Y1 1tse1f are1rﬂependentof the- f1xed factors -and con-
sequent]y independent of the prices of other products. From McFadden s lemma,
(13) aﬁ*/ap = y¥, |
where y* is the opt1ma1 quant1ty (or the supp]ylfunction),of product i. In-

. thlS case'1t is a function on]y‘of‘its own price and the:Variab]eiinputIprice,V

- S0.

(14) 2 7%/p9p5 = ay§/ap; =



If y?‘is independent of pj’ equation (3) also implies nonjointness, and all
three tests are consistent when allocatable fixed factors are present.

‘It will be shown below that since allocatable fixed factors héve different
implications for modeling production than other causes of jointness, it will be

- important in some‘situations,to be able to test whether a factor is fixed and

- allocatable. From equation (11), a test for allocatable fixed factors among two

or more products is

(15) ? azj/ayi =0 .

Implications of Alternative Causes of Jointness

for Modeling Product Supply and Factor Demand

If a firm produces a single product br if its production of multiple products
is nonjoint in inputs, avseparate production function, cost function, and profit |
function cah generally be written for each product.4 The quantities df other
products can be excluded a priori from the cost functions and the prices of other
produqts from the indirect profif functions. Product supply and demand for factors
-used in the production of éach product can be modeled independent of other products.

| If production is joint due to interdependent production processes, there is
no way'to‘write separate production, cost, or profit functions for individual
products. Traditionally, demand fuhctions for a factor used in the production
of a single product have not been defined and applied. Howevef, a supply function-
can still easily be formulated for each product, and a total demand function can
'be,derived for each factor. Each is a function of all product prices, variable o
factor prices, and fixed factor quantities. Estimation requires that production,
.'pfoduct supplies, and/or factor demands be modeled as part of a muitip]e-product
",Systém; When there are no allocatable fixed factors, the existence of jointness
iéigenefél1y independent of the length of the adjustment period but not necessarily

independent of aggregation level.



»If production fs joint:only;because‘of thedpresence»0f~a]locatable fixed -
,.facths,'separatefproductton acost’dand«profitvfunCtionstcanvstiTT be7written
fordeach product' This po1nt 1s contrary to. typ1ca1 references that 1mp1y that
the ab111ty to wr1te separate product1on funct1ons is T1m1ted to nonJo1nt techno- |
1ogjes, Separate funct1ons can be written, but they are part of a system w1th
~availability constra1nt5'on the a110catab]e,f1xed factors.a The separate.profjt
‘ (cost)‘functions can'be;maximized;(minimized)-onTy as a system subject.tohthe con-
straint. As with’other causes of jointness,‘factor demand}and”productfsupply
‘equations are thus functions of aTTAproduct prices and must be mode]ed‘within;a:
cmu1t1p1e-product system. This sourCevof:jointneSS~1s dependent on‘the‘length'of
the adJustment per1od and tends to d1sappear, at least at the f1rm 1eve1, in the
1ongfrun, V |

L1m1tat1ons of Dual Mode]s

o when a]]ocatab]e f1xed factors are the on1y cause of Jo1ntness, 1t is in.
pr1nc1p1e still- possible to derive a]l demand funct1ons for factors used in the
}product1on of 1nd1v1dua1 products The'probTem 1s‘onevof constra1nedvopt1m1za-
tion. - For the case of two products, n variable factors, and one al]ocatab1e f1xed
factor, the Lagrangean prob]em.1s | ‘ | |
S I L o 2 |
z r.X.. + A (z - )

(16) v L = plfl(Xl,zl) * pzfz(xzszz) - 1 M3 _1

A B2 DO
—

.i.
where fX‘. 1s the vector of var1ab1e factor quant1t1es used to produce product

i, X{j 1s the quant1ty of factor 3 used in the product1on of 1, and rJ o

is the'pr1ce;of factor;,J Tak1ng f1rst der1vat1ves w1th respect to each

'x{j,v_zj,’ and A gives 2n + 3 equat1ons in the same number of unknowns. .

So]v1ng th1s system of equat1ons gives each x1J sz, and‘,A as a function

»of all product pr1ces, var1ab1e factor pr1ces -and total quantity aVaiTable

: of the f1xed factor
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It is not posSib]e, however, to derive factor demand allocations from the
dual specification of the same.prob]ém;j Th1s is because the partial derivative
 with respect to rj' of the~¢0nstrained profit maximization problem is ~x§"

rather than -x¥*.:

ij’ , , . _
* = *( s Y * - -
(17) L P1f1[X1(P3R,Z), z;(P,R,Z)] + szz[Xz(P,R,z), zg(P,R,Z)]
P4 n 2.
-z z r.x;.*.(P,R,Z)'+ 2»*(P,R,z) [z - ¢ z*(P,R,Z)1,
| i=1 j=1 IV i=1 !
a) - * = * * * .
| (18) aL /ar1 pl(gf1 ale/ar + flzlazl/arl) + pz(zf2J 2 /ar + szz azz/arl?

- ZIr. Iax¥, /ar

-IX¥, - * + (z - z*)a\*
Iry 3oxyy/ory <Ixqy Aps zj/any + (2 -1 )9 /arl,

= -1 * -
(18a) BL*/arl. §(p1f1j r.)axlj/arl + z(P2 2 r.)axﬁj/arl

J J
: - * > - * * - %
+ §(P1fizi A)oz¥/ory + (z ?Zi) 3A*/ary R )
) | * = - * = o y¥%x
(18b). oL /ar §x11 = - X

where *(P,R,;) is the optimized value of the variable preceding it which is a
- function of all product priceé, P, 'variéb1e factor prices, R, and quantity
avajlable of the fixed factor, 2z. The first three parenthetical terms in
eqUation (18a) are presumed zero because of the first-order conditions for an
interior profit—maximizihg solution. The'fourth is zero if the fixed factor
is fu11y emplbyed. This leaves the partial derivative of the Lagrangean equal
to the total quantity of the factor used in all products.

What is true for the first factor is also true for each of the others.
Further; demand functions for constrained allocatable factors cénnot be reco-
vered from the‘dual approach. With one exception neither can the correct
variable factbr demand allocation équatidns be recovered by‘taking the partial
derivatives of the unconstrained profit function for each product. The exception

is this: the first derivative of a single profit function with respect to a -



1=

factOr‘pricé is the demand function for the factor used in:that particular
product only %f a‘priceiis attached to the a])oéatéb]e fiked fa¢tok which‘toin;;v
cides exactly with it's VMP, .Then the,fixed,factor is'treated the‘$amevasia.3
variable factor and: constrained optimizatioh is Unnecessary.' | -

Since it is genera]ly,not'pdssible to recovéfﬂthejfactor é]1ocation ff
equations from the dual when allocatable fixed factors are present, a further
problem occurs in dual modeling. There is no’incentive to:uti]ize‘ayailabTea;vp
;a1]ocation data for estimation.' It is true that the prices.1mp11c1t1y”cdnta1n 
the allocation information:in an efficient market. Hoﬁever, since‘rahdom errors
undoubtedly occur due tq mistakesvmade in the allocation decision, useful infor-
mation}for economeﬁric modeling may be diScarded by this apprdach. Since infe-
~ rences based on such models assume we hake use of all relevant information, it
is of considerable practical concern to simply‘discardfavaiiab]é:data'ohv
a]]ocatidns. It is of some comfort that we}don‘t,havé‘tovhaVe comp]etevallotaf
tion information on'all inputs to carry out'ecbnometkic.estjmétion,.but~that is
true for primal as well as dual specifications. The fuhdamentdl concern is thatr3;
we must say in»prihcipTe,that the:a11ocatfon5vare of no value whatsoever when
we model fhe multiple-productvfirm3or‘industryrthat.has a]locatable fixed'factdr$'~’
present.  Since much’aftEntion in10urymathematica1 progfémming and- econometric k |

models focuses on acreage allocations, this conclusion is unfortunate.



Conclusions

Because so many agricultural firms produce multiple products and operate
subject to at Teast one allocatable fixed factor in the short to intermediate-
run, jointness appears to be a much more pervasive problem in agriculture than
previously supposed. Depending on the objective of the}study, it may be
important to try to discern the cause of jointness when it occurs since not all
causes produce the same implications for modeling. The maximum information that
- can conceivably be extracted, the appropriate modeling approach (i.e., primal
or dual), the selection of data, and the theoretical impact of aggregation and
length of run are not independent of the cause of jointness.

When firms produce mﬁ]tip]e products and allocatable fixed factors are
present, jointness is especially 1ikely to occur. Consequent]y, it is important
to model production and the corresponding economic relations as part of a
multiple-product system;, Strong ass&mptions must be verified or departures
assumed inconsequential to justify single-product analyses under such conditions.
Only when firms produce a single product or it is apparent that Tlittle jointness
of any type exists can firm-level production analysis of one product be safely
conducted in isolation from other products. However, jointness is Tess likely
to be a problem for long-run firm analyses than for short to intermediateérun

regional studies.



Footnotes

1. See Nash for further elaboration of the modeling implications of
allocatable fixed factors.

2. Jointness in output is another concept, but it is not the traditional one

most economists associate with jointness. Since it is not directly rele-

vant to the focus of this paper, the interested reader is refered to Lau (1972,
JvTp. .287_). . Only jointness in inputs is addressed here.

3. For a more comprehensive discussion of interdependent production processes
in agriculture, see Heady, chapter 7.

4. The only exception occurs for multiple-product firms when changes in the
production of one commodity causes a horizontal shift in the production
function of another commodity.
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