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"I :1:1 1111:11111 :1:,·,1,1, 1 1.fl 11 1)1,· I Ii 
One adv_an.tage of.' the test proble~s, c,reff\~e~. ,(o"nl ljth1h ! expedm;ent i's that 

. . I rfi' ' 'llr ·I' r'i,11,1:1·:!1 111111 ::":1111 , . ', :1 , : 
they are suffic;ently simple that the ~xact! a.~, ,Jl~~'1o, 1 1·~o1Htions may be d~rived. 

I , , 1·11 1
11 I~~: 'I' 1 ,1 r 1i • , 1 , · 1 I Ii I I I I I 11 11 1111 I 

These solut;ons are displayed in the f11·rst t 1 p · ines 1110~ 1 Table 2. {Note that 
'II I 11~1 1111 11. i1 '1• ,' 1: I I I I 

the actua 1 · optima 1 va 1 ues for T are Ue sam ' 1 1 1 f'~I~1 i ~'f the instances where 
11 :11 11' II II II I 111 :1 I' 

I I I I I I ,, I 

the) quadratic utility function is used.I Th11is1 ! 1 ,1,k'l1q'6n1siist~nt with the fact that 
11 I '111.11: 111 1.11 111:1'1 I I 11 

. I I l.il' I I' 11 I 

when the utility function is quadrat~ 1c, ~nl~I' ~h.li! !'rr'~an 'and variance are of 
i . Ii j 11 ·1, 11•11 I 111 111 

importance to the optimization. It w~ul~I ~11~ 1 more1 I 11etfiicient to solve these 
I I 'fl'I I I I 111111111 

cases us f ng quadratic programming.) ' ': 1111
1

1[1 :1 II ·11,1, I 111,: 1 :, 
I I i' :': :j I 1:1 ', 'i I, II, 111 i, '11 I 
I I ii !11111 I I '11 I, I' I 11:,1 . 

The next two lin~s in the table r:eport1u1: hie l11soluti1t>ns computed when the I 

:1 I !' 111 1 '['111,11 ,li.1'111 H. I . 

Monte-Carlo type integration pro_ced~re r~M~;l.·1~,~~'d11 ill~1 1,1Hrbeled DEMP). These 
I I· 11 , 1\111 :11 1111 I 111 111 11 11 11 

solutions were based bn the samples 6ver1
1

, ti·'~ 1 l 11nt~g,1l!1,aijiQn region that w.ere 
I 1

11 '1 1
1 I I ! I ' 11 I' II I I 

I ' I I'' 11:. 'I I I if II J:·1, 1,tl ' ' i ' 
reported in Table 1. Note that the percentp~e ,·~~~or: 1l1

1
hj 1 he calculation. of ·the 

11 11 ''H\1 , 1
1

: 11 :1 !'1 j'I 1 11, 
I ' I :1 I I II I I l 1.11 I 1 I/ I ! I I I i ~I I I 111 1 I ' ! . : 

chm.ce variable, T, is fairly large. 'h fs'1grre'aterhl'lth1a1n 18% on average, and 
' ' . I 11: I '1 ,111111, 11111 111111 ; 1[11 •11'1'"1' I 

I '1 'I 1111 I "1111 I i I ,, I 

·in :.one case, ft is greater than 40%q ,Like~1'hi~~:1, 1 ;~,H~li[~stimates' of-expected 
i I·'· : iii · 1 ,~'1 J,1 1 ·'j 1:11:1:1 :11:11:1·1 ,·,;1: 

utility calculated at the true optimuml~I al~e1 ,, l!-.r·11~~ ll'alrije11':al~o rather i.naccurate 
11 ,~'I ·111 'II 11111''11 ,[J''I 

I I JJI ,1,1j• l•1 'I,;' I! Ji'f ,li"I 

-- on average they are. ; n error by 31%, 1I and i ~, ':1 on1~ !'t'.
1
a'se:, t1·he error i. s over 99%. 

' ' ! I : I~' !1 I I ~i'. ' I 11 ·' ' 11: I! I' I I' i' I . 
I 111 I ' ~ I' 11 11 I I I I ' I I i 

This integration procedure seems to 11H1ave rt 'e I ·\wreat~s1'ti .d; fficulty; with t~e 
I I I I I I i 1 I i I ! i 11 1 

j , 1. : i 'I : ~ i I i I 11 i i 
negative exponential utility function. j 'I ll1il: 11·, .j ·!'· l'i'1 ~ 11 '111 

I I ' 11 II ,! I I r' 11 1' 11 I· 1i' ~: 
' I 11 I 11 I 1 I II 11 If,! 11 I 111 ,, 

For the DEMPQ. procedure, two tefmi na'li, ,ffll'1 .: 1

111 
crit~,r1 :; ~ 'were app 1 i ed. The 

1) .1 11·11'.111,' '1Ip,1:1 11111 
solutions labeled OEMPQ-1 were computed,J 14~:11 ~·9 I ~~1 : ~, 1, ·points, (5 refinement 

I I I l'l~;'I' I ,I I'' 1111, I : 

levels}, approximately· one th· d th 111 o '',, '11 11111 :' i" 111 ~ db DEMP E 
lr e "~Ill e~ 19 11 ;~:~~In II ~11 r~"1f1~ ' y • ·~ell SQ, 

' II 11 11~''1,11 11''11' II\ 1,11 " i 
the average error in· the ca lculatiorl , of1!il. Tl· ~~ 1 , 11 ,:~'~1,~1 's l.i: 11'than 1. 5%, and' never 

I 11 11 ·I I ,, 111: I I' 'I'' I '1 I I 
, . ' foj I ,i,111, 1] !1 I 11111, I ll' . I_ .•• 

greater than 4%. Simi, l ar ly, the ernort1 i n'1:: t:~:~ ! ~1s ~,i1~.ci.';te~' of expec· .. '_·.ted. u.t i l ity I 
. ' 11 i 111~ !J11 II ~'II· I ·111111 '1'11,1 I I ... 1. 

W·ere small -- less ·t·han 1 5°' i i .1 1,111·11 \11' :I i·1,.,1,1 ll'•l,'i1 :·t t"'·: 6%1 The. 
• /o on av rag~ ,!r: :1an, II r~ l,,g~ea er 11an ~ 

.. . .1 11: 1+ : 1 1ll~':'l1l11' ;1:.··i1I' 1 .... i I[ 'r'. I I . 
solLtions labeled DEMPQ-·2 employ a diffefe,~1 1 t11 • 1 1 lj' ~r~]· 1at1~on criterr·1.·ia ... ,. 1 fo. r i;he 
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integral. At each refinement level 1beyo,M1 ~1 . 1 ~M, ,f,1~::· f an estimate of the 
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inaccuracy of the integral is avai 11;!abl~.'1 11 .li~li'["i''i e~ ·of quadrature 
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. ' I 1'1 I: l't ,I : 'I '11 I i 
implement. It may be particularly pr~fe~1rea, when I' t1he 1 distribution h to be· 

I : I '"111 I ]1' "Ill'," '11,Hlr:", " ' I' ' 
approximated by observed data directly (as" 1 o o'seet:

1

:,t<>i:'9enerating a samp1le from 
' 

1 ~' 1' I ·111 1 1'.I I I 

an estimated dis tri but ion). This method I h 1111;s 'l~bl e ', ll~i ~~d~antage that : a very 
I I II I'" 'I 11 I' I lT", ' ": 
I I I i I 11 '" I 11 I . : 

large number of sample points are 1nee~ed, tf' : 1 1ap,F1Ur~tely approxima:te the 
' 11 I I 1111 1J I 

I 'I I ' I 11111 11 1 

integral. and there is no apparent easy melth1 d1 !for lestl1'·mating the accura,cy of 
I I I I I \I ' ' 
,: I' I I I Ji' I 

the integral or the problem solution. The 1 d~ter~ini 1st11 c type method has the 
' I j1I I I 'i I I 

advantage that an estimate of the accurat' ~ 11' of : 11tih~'I integral is readily 
1

1 I I I I I I 

I I I I I : 'I i I I 11 I ' 

ava1'ilable~ This type of method is less easirl ,to 1 iimplement. and requires the 
I I I ' I ,', 111 l: 1 I 

estimation of the joint distribution f~nctio~ 'of[': thei' ~a,'r~1iables of integration. 
I I I I ''~ I I I 11 

I ! i i1 

:1 1 11 i(: I I • 

future work in this area wi 11 : focus 1: on, i1,the .oho ice of approprrnte 
I I '1'1 1 I I Ii 'ii : :111 11 I 

distribution and utility functions f and thr I oh~1d1que1nc~s of approximating the! 
. . 'I I ~1' : 1

1

1 1:1 ,[IH1 ;1111 , . 

expected utility maximization problems w:it ii fl1-V1, mo.de~'~s. Another area of 
I I 11 I 111 /" j' 

' ·j 11 I ,I, '1 I 111.i "I ' ! 

interest is the use of chance constraints Ian' 'I s~f,~~1~1 fi 1 st type models •. ··That· 
11 'II Ill " I' ';I i 'I 11 

is, it is not necessary to restrict t~e 1 J: 1 fur:icttion'~,11: 11i~volving nonanalytic 
I ' 

1

1' ~'I 1 11 I"' l 1 11 1,,., :1111 I 
I I I Iii I II I I ii i 1 11 : I 

integrals to the objec~ive functi"on. I:'t ·is ,' 1fit~ 'f~l
1 ~*'1:1~,!j11e to incorporate these 

I :I 11 i ill 1111 11 I , 

functions directly into the constraint:1 set. 1
, Tqp1lp . .':'ti 10~ 1l'I numerical integration 

' 'I I I ,I: I' '1 11',I •:11 I ' 

I I 111 1[ :11 h I' "Ii' 1[ 111 1!11 ' 
should eliminate the need for. and hel1p1 eva,l :4t'e: 1it, ,e.

1
,: ~rnsequences of. making 

1 , , ,111, 1 ,1,1,1 1 r11 11 
I I 11111111 

1
1 11 I 11111 11 1

1
1
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approximations to problems involving ri:,sf<. :pi!:[11 [;f111' i 1:: ,'I i'lr '·c 
. I I I 1',I '1 ll1 111,ll' 11' ti , .. 
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Table 1. Description of Actual Distributio s and Statistics for the samples 
Used by DEMP. 

Actual 

Min. Value 
Max. Value 
Mean 
Variance 
Correlation 

Generated for 
Quadratic Utility 

Min. Value 
Max. Value 
Mean 
Variance 
Correlation 

Generated for 
Neg. Exp. Utilit~ 

Min. Value 
Max. Value 
Mean 
Variance 
Correlation 

10 8 
200 40 

0 

-37.78 -9.04 
58.54 31.19 
9.32 7.91 

193.45 43.27 
0.0!:> 

-32.35 -10.29 
47.60 27.58 

9.72 7.91 
209.78 41.73 

0.01 

Triangular 
x 1 x2 

-24.64 -7.49 
44.q4 23.49 

10 8 
I 

200 40 
0 

-22.68 -6.68 
42.88 23.10 
10.36 7.97 

202.91 41.26 
i-0. 02 

I 
-22.83 -6.13 
43.77 22.71 
9.93 8.01 

206.~5 38.70 
10. 01 

Uni form 
. x 1 x.2 

-14A9 -2.95 
34.49 18. 95 

10 8 
200 40 

0 

-14.37 -2.94 
34.46 18~94 
9.46 7.98 

195.67 38.75 
,,.o. 02 

-14.30 -2.95 
34.49 18.93 
9.94 8.27 

192.10 39.00 
0.02 
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Table 2. Anal tic and Com uted Solutions. 
Qua. rat1c .1H: . , i 1

:, egat1ve ·. xponent a 
Normal Triangular IDn~:.~1 f1· o.rm l:i,i~ormal Triangular Pniform 

{ ' I •I ! : . I 1 1 I 

Analytic Solutions 

T x 100 
E(u} 

DEMP Solutions !/ 

T x 100 
E(u) 

DEMPQ-1 Solutions !/ 

50.82 
759.02 

42.76 
727.52 

T x 100 52.60 
~(u) 753.47 
E(u} Error Estimate ~/ 235.91 

DEMPQ-2 Solutions ~./ 

T x 100 50.68 
E ( u ) , : 7 58 • 3 7 
E(u) Error Estimate ~/ 4.98 
Number of Points 1365 

50.82 
759.02 

0.93 

50.82 
759.02, 

0.93 
341 

8.75 
.-3 .97 

12.34 
-1.70 

8.94 
-4.18 
1.17 

8.75 
-3.97 
0.01 
5461 

l 
i 7 .02 

' ~0.60' 

i 8.89 
-0.47 

7.01 
-0.59 
i 0~04 
1 

i 7 .02 
:..o.so 

: ~3~~ 

!./ DEMP and DEMPQ-1 used 1000 ~nd 341 poi J~1L 1 ~Js:~~¢~ i ve l.Y,. to eva ~ ua te the 
integral. The number of points for OEM~IQ1-,2 .. 1w~~ ,i:~eJ.er'1rned dynam1cal ly so 
that the error estimate would ~e no i[ ,l~r9er :l~han one percent ,of . the 
opt i~a 1 expecte~ ut i 11 ty compu~ed by D~~!f~; 1. 

1
:1:· , . :, · . , · . 

~/ The expected ut1 lfty error estimate ref t,~ ~~i computed by DEMPQ 
in the integral evaluation process:. , . Hl:I . · If' ;~: , · i 

----··- - -----~--~ _, -·· 
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