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Meta-Analysis of Multiple Treatments Experiments 

 

 

 

Abstract 

 

Limited theoretical and empirical work have been conducted to synthetize multiple treatment 

experiments commonly used in agricultural field sciences. The main objective of this study was 

to extend the current meta-analysis literature by developing a flexible econometric model to 

evaluate multiple treatment data. The proposed method is based on random effects meta-

regression and mixed effects models. The model is illustrated on a publicly available series of 

nitrogen field experiments on corn production in the upper Midwestern United States. Stochastic 

plateau theory integrated with econometric meta-analysis methodology was used to determine 

the agronomic optimal nitrogen application rate and shape of the functional form of 

corresponding yield potential.  

 

Keywords: Field experiments, Meta-regression, Least significance difference, Optimal input 

rate, Stochastic plateau. 
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1. Introduction 

Scientists and producers are interested in determining the precise level of production inputs to 

use. Proper input utilization, especially fertilizers, is important for a number of reasons. 

Appropriate application rates increase productivity and environmental stewardship, and reduce 

production costs and financial risks. Particularly, numerous studies have been conducted over 

time to determine the optimal rate of nitrogen to apply to corn, and no consensus has been 

achieved regarding how much nitrogen is needed to maximize yields. 

Although field experiments may provide very precise results under the specific and 

unique circumstances of the experimental conditions, these particular findings may not be 

generalizable across regions and years. There is a need for a reliable and valid method to 

combine and synthetize this type of research results from existing experiments. Meta-analysis is 

an statistical method that has been extensively used to review and summarize quantitative 

empirical results of previous studies. However, the analysis of multiple treatment studies is an 

emergent subject of research in the meta-analysis literature, and little conceptual and empirical 

work has been conducted to evaluate multiple treatment experiments in a meta-analysis 

framework. The objective of this study is to develop a flexible meta- regression analysis (MRA) 

method to jointly evaluate multiple treatment experiment results from different available studies. 

 

2. Methods 

Multiple Treatment Experiments 

Many scientific experiments involve the evaluation of 𝑚 treatments (i.e., 𝑚 > 2). For example, 

consider a group of independent agricultural field researchers mutually interested in finding the 

optimal rate of nitrogen to apply to corn. To this aim, these scientists might conduct a series of 
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asynchronous experiments to test the effect of a discrete set of different nitrogen levels on corn 

yield. Without loss of generality, a group of comparable independent studies can be represented 

by:  

(1)                                                        𝑌𝑖𝑗𝑘 = 𝑓𝑗(𝑋𝑖𝑗|𝒁𝑗) + 𝜀𝑖𝑗𝑘, 

where 𝑌𝑖𝑗𝑘 is the 𝑘th observed response associated to the 𝑖th treatment level of the 𝑗th 

experiment, 𝑓𝑗(∙) is a function that represents the conditional mean function of 𝑌𝑖𝑗 given 𝑋𝑖𝑗 and 

𝒁𝑗, 𝑋𝑖𝑗 is the finite value of the 𝑖th treatment level in the 𝑗th experiment, 𝒁𝑗 is a vector of 

intrinsic characteristic of the 𝑗th experiment, and 𝜀𝑖𝑗𝑘 is an random experiment error term 

assumed to be indepent with mean zero and variance 𝜎𝑗
2. Note that under this setting 

𝑓𝑗(𝑋𝑖𝑗|𝒁𝑗) =  �̅�𝑖𝑗 represents the 𝑖th treatment effect under 𝑗th experiment conditions. 

The effect size of interest (𝑋∗) of each considered study is the optimum level of 𝑋. 

Namely, the level of the treatment factor 𝑋 that maximizes or minimizes 𝑌. The standard 

statistical technique for multiple treatment level experiments is the analysis of variance 

(ANOVA) utilizing a means separation test such as Fisher's Least Significance Difference (LSD) 

to identify the “best” treatment. However, the true 𝑋∗ is commonly not observed because only a 

discrete set on potential values of 𝑋 is evaluated on each experiment. Furthermore, given the 

limited number of observations considered on each experiment it might not be possible to 

reliably infer the value of the true effect size using individual experiment results alone, 

especially when those results are reported as discrete categorical rather than continuous data. 

Meta-Analysis Model  

Meta-analysis methods have been used to synthesize research output in areas such as medicine 

[4], psychology [1], and agriculture [3, 6]. It is common to encounter that only one effect size is 

reported by each individual study considered in the meta-analysis literature. However, this is not 
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the case for multiple treatment studies, where a mean estimate is reported for each treatment 

level and the true size effect (𝑋∗) is usually not observed. 

When dealing with multiple outcome studies, the traditional approach is to combine the 

different treatment effects into an unique estimate, and then use standard meta-analysis 

techniques (e.g., [8, 2]). There might be several disadvantages with this ‘shrinking’ approach. 

Namely, a reduced number of observations and potential explanatory variables are used on the 

final meta-analysis, which may result in less precise estimates. Also, in some cases the reported 

within-study variability cannot be incorporated in the analysis because this metric is only related 

to the response variable (𝑌), and not to the treatment factor (𝑋) or size effect (𝑋∗). To overcome 

these limitations, we proposed a novel MRA model capable to estimate the overall true effect 

size 𝑋∗ by only using the typical information reported on each experiment: estimated mean 

treatment effects and a measure of variability.  

Given a collection of 𝑀 independent and comparable experiments with a finite number of 

treatment levels, a multiple treatment random effect model is defined as1: 

(2)                                                 �̅�𝑖𝑗 =  𝑔(𝑋𝑖𝑗|𝒁𝑗) + 𝜖𝑖𝑗 + 𝑒𝑖𝑗              𝑗 = 1,2, … 𝑀 

where �̅�𝑖𝑗 is the observed 𝑖th treatment effect of the 𝑗th experiment, 𝑔(∙) is the conditional 

overall treatment mean, 𝜖𝑖𝑗~𝑁(0, 𝜎𝜖
2 ) is the between-experiment error, and 𝑒𝑖𝑗~𝑁(0, 𝜎𝑒𝑖𝑗

2  ) is the 

within-experiment error. A common correlation is specified to account for the expected 

dependence among observations from the same experiment. In the absence of the specific 

variability of each treatment effect, the within-experiment error (𝜎𝑒𝑖𝑗
2 ) could be approximated by 

𝜎𝑗
2 𝑛𝑖𝑗⁄ , where 𝜎𝑗

2 is replaced by the mean squared error (MSE) obtained from the LSD metric 

                                                           
1 The MRA model in (2) is a generalization of authors’ previous model developed in [5]. 



6 
 

and 𝑛𝑖𝑗 represents the total number of observations under the 𝑖th treatment of the 𝑗th experiment. 

The overall effect size (𝑋∗) is estimated by further defining 𝑔(∙) as a non-monotonic function of 

𝑋 reaching a global extrema value at 𝑋∗. For instance, 𝑔(∙) might be expressed as a quadratic or 

plateau function. Moreover, the model in (2) can be used to conduct additional analyses beyond 

the estimation of the true effect size. For example, it can be used to estimate the effect of the 

treatment factor 𝑋 on �̅� (i.e., 𝜕�̅�/𝜕𝑋), or as a functional form of �̅� in subsequent analyses (e.g., 

to estimate the economic optimal level of 𝑋). 

 

3. Empirical Application 

As proof of concept, an existing series of nitrogen field experiments on corn production were 

collected from [7]. Fourteen small-plot studies were conducted between 1989 and 1999 in nine 

counties across southwestern Minnesota. [7] tested a series of nitrogen rates ranging from 0 to 

180 pounds per acre in approximately 30 pound increments; with the number of treatment levels 

differing among experiments. MSE and total number of replications by treatment were calculated 

from the reported information relative to LSD for each study2, and used as a proxy for the 

within-experiment error (𝜎𝑒𝑗
2 ). The meta-database consists of 86 useful observations. 

 For illustration purposes, the conditional overall treatment mean 𝑔(∙) was defined as a 

linear plateau function. Namely, the model in (2) was specified in terms of the nitrogen rate (𝑁) 

and a time trend (𝑇): 

 

                                                           
2 Two experiments reported no numerical LSD, in those cases the LSD was replaced by the yield range as a 

conservative proxy. The number of replications were stated to be between four to six although no information were 

given specifically to each field study; therefore it was assumed that each field study had four replications.  
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(3)                                �̅�𝑖𝑗 =  𝛽0 + 𝛽1𝑁𝑖𝑗 + 𝛽2𝑇𝑗 + 𝜖𝑖𝑗 + 𝑒𝑖𝑗           if 𝑁𝑖𝑗 < 𝑁∗ 

                                     �̅�𝑖𝑗 =  𝑌∗ + 𝜖𝑖𝑗 + 𝑒𝑖𝑗                                     if 𝑁𝑖𝑗 ≥ 𝑁∗, 

where the 𝛽’s are yield response parameters, 𝑁𝑖𝑗 is the treatment level associated with  �̅�𝑖𝑗, 𝑁∗is 

the nitrogen level required to reach the plateau (i.e. where additional nitrogen has no effect on 

yield),  𝑌∗ is the expected yield plateau, and independence is assumed across the two random 

components. Furthermore, the variance-covariance matrix is specified as a block diagonal matrix 

with block corresponding to the experiments and with each block having a compound-symmetry 

structure (i.e., diagonal elements equal to 𝜎𝜖
2 + 𝜎𝑒𝑖𝑗

2  and off-diagonal elements equal to 𝜎𝜖
2).  

 Estimation results are presented in Table 1. Empirical results suggest that before corn 

yield reaches a plateau, yield increases at a rate of 0.40 bu/acre with each additional pound of 

nitrogen applied. Also, corn yield has been increasing by 3.73 bu/acre every year. Lastly, corn 

yield is expected to reach a plateau at a nitrogen rate of 82.75 lb/acre such that increased yield 

was not expected beyond this level of nutrient application.  

Table 1. Model Parameter Estimates 

Parameter Estimate Standard Error t-value p-value 

𝛽0 116.95 11.03 10.60 <0.001 

𝛽1 0.40 0.04 11.30 <0.001 

𝛽2 3.73 1.67 2.24 0.028 

𝑁∗ 82.75 10.12 8.18 <0.001 

𝜎𝜖
2 504.06 213.95 2.36 0.020 
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4. Summary and Conclusions 

Despite the growing interest of meta-analysis, limited attention has been given to analyze and 

combine research output from multiple treatment studies. The main objective of this study was to 

extend the current meta-analysis literature by developing a flexible econometric model to 

evaluate multiple treatment data. The proposed method is based on random effects meta-

regression and mixed effects models. Estimation approach was illustrated on an agricultural 

application. 
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