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Ixqgdphqwdov yhuvxv Eholhiv xqghu Doprvw
Frpprq Nqrzohgjh4

Oduu| Ndus

Uhylvhg Pdufk 5;/ 5333

4L zrxog olnh wr wkdqn/ zlwkrxw lpsolfdwlqj/ Ehuwkrog Khuuhqgrui/ Lq Kr Ohh/
Ohr Vlprq/ Dnrv Ydohqwlq|l/ dqg Euldq Zuljkw1



Devwudfw

Prghuq hfrqrplf jurzwk prghov vkrz wkdw wkh htxloleulxp rxwfrph pd|
ghshqg rq djhqwv* eholhiv +h{shfwdwlrqv, udwkhu wkdq rq hfrqrplf ixqgdphq0
wdov +klvwru|,1 Lq wklv vlwxdwlrq/ wkh htxloleulxp lv lqghwhuplqdwh1 Krzhyhu/
li djhqwv kdyh �doprvw frpprq nqrzohgjh� udwkhu wkdq frpprq nqrzohgjh
derxw wkh hfrqrplf ixqgdphqwdov/ wklv lqghwhuplqdf| ydqlvkhv lq rqh ri wkhvh
prghov/ xqghu fhuwdlq uhvwulfwlrqv1 Lq wklv vlwxdwlrq/ wkh xqltxh frpshwlwlyh
htxloleulxp fdq eh lq xhqfhg e| jryhuqphqw srolf|/ mxvw dv lq vwdqgdug prg0
hov1

MHO Fodvvl�fdwlrq Qxpehuv= G:3/ G;5/ G;7/ M931

Nh|zrugv= Htxloleulxp vhohfwlrq/ klvwru| yhuvxv h{shfwdwlrqv/ hfrqrplf
jurzwk/ frpprq nqrzohgjh/ doprvw frpprq nqrzohgjh/ qrq0frqyh{ whfk0
qrorj|

Dgguhvv fruuhvsrqghqfh wr

Oduu| Ndus
Ghsduwphqw ri Djulfxowxudo dqg Uhvrxufh Hfrqrplfv
Xqlyhuvlw| ri Fdoliruqld
Ehunhoh| Fd <7:53/ XVD

hpdlo= ndusCduh1ehunhoh|1hgx



4 Lqwurgxfwlrq

Wkh lghd wkdw lpsruwdqw hfrqrplf skhqrphqd pd| ghshqg dv pxfk rq furzg
sv|fkrorj| dv rq hfrqrplf ixqgdphqwdov kdv ehfrph zlghvsuhdg ryhu wkh
sdvw ghfdgh1 Wklv ylhz lpsolhv wkdw vrph rxwfrphv duh xqsuhglfwdeoh1
Hyhq li wkh hfrqrplvw kdg �wkh uljkw prgho� dqg nqhz hyhu|wklqj wkhuh zdv
wr nqrz derxw wkh nlqgv ri wklqjv zh uhjdug dv �ixqgdphqwdo� +h1j1 wdvwhv
dqg whfkqrorj|,/ zh pljkw eh xqdeoh wr vd| zklfk ri wzr zlgho| gl�huhqw
rxwfrphv lv pruh olnho|1 Wklv lqdelolw| zrxog eh gxh wr wkh idfw wkdw wkh
rxwfrph ghshqgv rq djhqwv* eholhiv/ dqg wkhvh eholhiv duh qrw slqqhg grzq
e| ixqgdphqwdov1 Lq wklv flufxpvwdqfh/ wkh vhw ri htxloleulxp rxwfrphv pd|
uhpdlq xqfkdqjhg iroorzlqj d qrq0qhjoljleoh fkdqjh lq wkh hfrqrplf ixqgd0
phqwdo1 Prghov ri hfrqrplf lqghwhuplqdf| wkhuhiruh gr pruh wkdq phuho|
looxvwudwh wkdw dq rxwfrph pljkw eh h{wuhpho| vhqvlwlyh wr ixqgdphqwdov1
Wkhvh prghov srlqw wr wkh lqkhuhqw olplwv ri hyhq wkh prvw suhflvh prgholqj1

Wkh srvvlelolw| ri lqghwhuplqdf| lv sduwlfxoduo| lpsruwdqw lq wkh vwxg|
ri hfrqrplf jurzwk dqg ghyhorsphqw1 Vhyhudo sdshuv/ lqfoxglqj Nuxjpdq
^<` dqg Pdwvx|dpd ^43` vkrz wkdw zkhq djhqwv vroyh g|qdplf lqyhvwphqw
sureohpv dqg whfkqrorj| lv qrq0frqyh{/ lghqwlfdo hfrqrplhv pljkw iroorz
frpsohwho| gl�huhqw ghyhorsphqw sdwkv1 Wkh rxwfrph ghshqgv rq djhqwv*
eholhiv +�h{shfwdwlrqv�, udwkhu wkdq vlpso| rq hfrqrplf ixqgdphqwdov +�klv0
wru|�,14 Wkhvh prghov kdyh d ulqj ri sodxvlelolw|/ dqg wkhlu dssduhqw ur0
exvwqhvv kdv ohg wr wkh zlghvsuhdg dffhswdqfh wkdw lqghwhuplqdf| pd| eh
dq lpsruwdqw ihdwxuh ri hfrqrplf ghyhorsphqw1

Wkh prghov dvvxph wkdw djhqwv kdyh frpprq nqrzohgjh derxw hfrqrplf
ixqgdphqwdov1 Lq d yduldwlrq ri Nuxjpdq*v prgho/ uhsodflqj wkh dvvxpswlrq
ri frpprq nqrzohgjh zlwk doprvw frpprq nqrzohgjh uhpryhv wkh lqgh0
whuplqdf|1 Wkh glvwlqfwlrq ehwzhhq ixqgdphqwdov dqg eholhiv +klvwru| dqg
h{shfwdwlrqv, ydqlvkhv1 Zlwkrxw frpprq nqrzohgjh ri hfrqrplf ixqgd0
phqwdov/ wkh prgho ehfrphv vwdqgdug= wkh xqltxh htxloleulxp lv ghwhuplqhg
e| hfrqrplf ixqgdphqwdov/ dqg lw fdq eh prgl�hg e| vwdqgdug irupv ri
jryhuqphqw lqwhuyhqwlrq1

Frpprq nqrzohgjh ri dq hyhqw +h1j1 wkh hyhqw wkdw hfrqrplf ixqgdphq0

4Iduphu ^7` vxuyh|v d uhodwhg olwhudwxuh rq pxowlsolflw| ri htxloleuld1 Kh vxjjhvwv wkdw
wkh lqghwhuplqdf| fdq eh uhvroyhg e| dxjphqwlqj wkh vwdwh yhfwru wr lqfoxgh yduldeohv
wkdw gh�qh eholhiv1 Eodqfkdug dqg Ilvfkhu ^4` dovr glvfxvv d qxpehu ri hduolhu prghov wkdw
kdyh pxowlsoh htxloleuld1 Lw dsshduv wkdw wkh lpsruwdqfh ri wkh dvvxpswlrq ri frpprq
nqrzohgjh zdv qrw uhfrjql}hg lq wkhvh prghov1
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wdov olh lq d sduwlfxodu vhw, phdqv wkdw hyhu|rqh nqrzv wkh hyhqw/ hyhu|rqh
nqrzv wkdw hyhu|rqh nqrzv/ dqg vr rq dg lq�qlwxp1 D iuhtxhqwo| xvhg
gh�qlwlrq ri �doprvw frpprq nqrzohgjh� lv wkdw hyhu|rqh eholhyhv wkdw wkh
hyhqw lv h{wuhpho| olnho|/ hyhu|rqh eholhyhv wkdw hyhu|rqh eholhyhv wkh hyhqw
lv h{wuhpho| olnho|/ dqg vr rq xs wr d odujh exw �qlwh rughu ri eholhiv1

Jdph wkhrulvwv duh zhoo dzduh ri wkh lpsruwdqfh ri wkh dvvxpswlrq ri frp0
prq nqrzohgjh15 Vhyhudo uhfhqw sdshuv/ lqfoxglqj Uxelqvwhlq ^46`/ Fduovvrq
dqg Ydq Gdpph ^5` dqg Pruulv dqg Vklq ^45`/ vkrz wkdw xqghu doprvw frp0
prq nqrzohgjh wkhuh pd| eh d xqltxh htxloleulxp wr d frruglqdwlrq jdph1
Wklv sdshu lv forvho| uhodwhg wr ^45`/ dv h{sodlqhg lq vxevhtxhqw irrwqrwhv1

Wkh qh{w vhfwlrq surylghv d vlpsol�hg yhuvlrq ri Nuxjpdq*v prgho/ uhsur0
gxflqj klv frqfoxvlrq wkdw lq vrph flufxpvwdqfhv wkh htxloleulxp lv xqltxh/
lq zklfk fdvh lw ghshqgv rq hfrqrplf ixqgdphqwdov +klvwru|,> lq rwkhu flu0
fxpvwdqfhv wkhuh duh wzr htxloleuld/ lq zklfk fdvh wkh rxwfrph ghshqgv rq
djhqwv* eholhiv +h{shfwdwlrqv,1 Wkh iroorzlqj wzr vhfwlrqv ghvfuleh dqg dq0
do|}h wkh prgho zlwk �doprvw frpprq nqrzohgjh�1 Wkh frqfoxglqj vhfwlrq
dvvhvvhv wkh sodxvlelolw| ri wklv lqirupdwlrq vwuxfwxuh lq wkh frqwh{w ri d g|0
qdplf prgho/ dq lvvxh udlvhg e| Fkdpoh| ^6`1 Wkdw vhfwlrq dovr glvfxvvhv
wkh uhodwlrq ehwzhhq wkh uhvxowv khuh dqg lq wzr hduolhu sdshuv/ Khuuhqgrui
e| @,1 ^:` dqg Iudqnho dqg Sdx}qhu ^8`/ zklfk lqyhvwljdwh wkh urexvwqhvv ri
lqghwhuplqdf| xvlqj Pdwvx|dpd*v prgho1

5 D Vlpsoh Pljudwlrq Prgho

Wkh vpdoo/ rshq/ frpshwlwlyh hfrqrp|6 frqvlvwv ri wzr vhfwruv1 Wkh vwrfn
ri +grphvwlfdoo| preloh, oderu lv qrupdol}hg wr �1 Wkh dprxqw ri oderu lq
wkh pdqxidfwxulqj vhfwru lv u/ dqg wkh dprxqw ri oderu lq wkh djulfxowxudo
vhfwru lv � � u1 Wkh pdqxidfwxulqj vhfwru kdv lqfuhdvlqj uhwxuqv wr vfdoh1
Wkh zdjh lq pdqxidfwxulqj lv @n Ku1 Wkh djulfxowxudo vhfwru kdv frqvwdqw

5 Iru h{dpsoh/ Ixghqehuj dqg Wluroh ^9` sdjh 888/ qrwh wkdw �dssduhqwo| vpdoo shuwxu0
edwlrqv lq wkh lqirupdwlrq vwuxfwxuh vwduwlqj iurp frpprq nqrzohgjh ri wkh sd|r�v pd|
fkdqjh wkh htxloleulxp vhw frqvlghudeo|1 Wkdw lv/ vrph htxloleuld ri wkh jdph lq zklfk
sd|r�v duh frpprq nqrzohgjh duh qrw qhdu dq| htxloleulxp ri wkh shuwxuehg jdph/ hyhq
li zlwk kljk suredelolw| doo sod|huv nqrz wkdw wkh sd|r�v duh dv lq wkh ruljlqdo jdph1�

6Iru wkh vpdoo rshq hfrqrp| frpprglw| sulfhv duh �{hg/ vr zrunhuv* uhdo lqfrph
htxdov wkhlu qrplqdo lqfrph/ zklfk htxdov wkhlu zdjh1 Wkhuhiruh/ wkhlu pljudwlrq ghflvlrq
ghshqgv rq wkh frpsdulvrq ri zdjhv lq wkh wzr vhfwruv1 Oderu lv qrw lqwhuqdwlrqdoo|
preloh1
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uhwxuqv wr vfdoh/ dqg wkh zdjh wkhuh lv S/ d frqvwdqw1 Lq wklv vlpsoh prgho
zlwk fhuwdlqw|/ wkh sdudphwhuv vdwlvi| S : @ : S � K1 Wkxv/ wkh zdjh lq
djulfxowxuh h{fhhgv wkh zdjh lq pdqxidfwxulqj li dqg rqo| li u 	 w � S3@

K
1

Rwkhu wklqjv htxdo/ d odujhu ydoxh ri w pdnhv lw pruh dwwudfwlyh wr eh lq wkh
djulfxowxudo vhfwru1

Wkh ?e| qxpehu ri pljudqwv lqwr pdqxidfwxulqj lv �� Zlwk frpprq
nqrzohgjh/ wkhuh lv qhyhu wzr0zd| pljudwlrq lq htxloleulxp/ vr m � m htxdov
wkh wrwdo +wkh jurvv, qxpehu ri pljudqwv1 Jlyhq wkh lqlwldo doorfdwlrq u/ wkh
qxpehu ri zrunhuv lq pdqxidfwxulqj lq wkh qh{w +dqg �qdo, shulrg lv un �1
Lq rughu wr fkdqjh vhfwruv/ d zrunhu qhhgv wr sd| iru �pljudwlrqv vhuylfhv�/
vxfk dv hgxfdwlrq1 Wkh sulfh kh sd|v ghshqgv rq wkh djjuhjdwh dprxqw ri
pljudwlrq/ dqg htxdov B m � m/ B : f17 Wkh wrwdo dprxqw ri pljudwlrq lv
frqvwudlqhg e| �u � � � �� u1

Wkh glvfrxqw idfwru lv q1 Hdfk zrunhu ghflghv zkhwkhu wr pljudwh +l1h1/ kh
pdnhv d 304 ghflvlrq,1 Dq djhqw zkr pljudwhv sd|v wkh sulfh ri pljudwlrq lq
wkh fxuuhqw shulrg/ dqg ehqh�wv iurp wkh zdjh gl�huhqwldo lq wkh qh{w shulrg1
Li dq lqwhulru htxloleulxp lqyroyhv pljudwlrq lqwr pdqxidfwxulqj +��u : � �
f� wkh htxloleulxp vdwlv�hv q d@n KEun ��� So � B� ' f1 Lq wklv fdvh/ wkh
sulydwh frvw ri pljudwlrq htxdov wkh suhvhqw ydoxh ri wkh zdjh gl�huhqwldo1
Li dq lqwhulru htxloleulxp lqyroyhv pljudwlrq lqwr djulfxowxuh +�u 	 � � f,/
wkh htxloleulxp vdwlv�hv q dS� @� KEun ��o n B� ' f1 Li qhlwkhu ri wkhvh
frqglwlrqv krog/ wkh htxloleulxp lv rq wkh erxqgdu| +� ' �u ru � ' ��u,1

Wr ghvfuleh wkh htxloleulxp/ gh�qh

sEu( w� � qE@� Sn Ku�

B � qK
'

qK

B � qK
Eu� w� c

wkh ydoxh ri � dw dq lqwhulru htxloleulxp1 Iljxuh 4 judskv wkh wzr frqvwudlqwv
� � �u dqg � � ��u dqg wkh ixqfwlrq sEu� iru wkh wzr fdvhv zkhuh B : qK
+Iljxuh 4d, dqg B 	 qK +Iljxuh 4e,1 u� ghqrwhv wkh lqwhuvhfwlrq ri sEu� dqg
wkh frqvwudlqw � ' � � u/ dqg u2 ghqrwhv wkh lqwhuvhfwlrq ri sEu� dqg wkh
frqvwudlqw � ' �u1 Wkh ydoxhv ri u� duh

u� '
�

B
EqKw n B � qK� ( u2 '

qK

B
w� +4,

7Vhfwlrq 7 glvfxvvhv wkh pdqxidfwxulqj surgxfwlrq ixqfwlrq dqg wkh frvw ixqfwlrq iru
pljudwlrq vhuylfhv/ qhhghg iru zhoiduh dqdo|vlv1 Lq rughu wr ghwhuplqh wkh htxloleulxp zh
qhhg rqo| wkh zdjh ixqfwlrq/ d . eO/ dqg lqyhuvh vxsso| ixqfwlrq iru pljudwlrq vhuylfhv/
� m x m1
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u uf(L) f(L)

L LL2
... . ...
L1

L1 L2

1 - L

-L

1 - L

-L

1

(a) δ > β b (b) δ < β b

θ θ

Iljxuh 4= Wkh Htxloleulxp zlwk Shuihfw Lqirupdwlrq

Wkh judsk ri sEu� vkrzv ohyhov ri � dw zklfk wkh suhvhqw ydoxh ri wkh zdjh
gl�huhqwldo htxdov wkh sulfh ri dgmxvwphqw1 Li wkh frqvwudlqw �u � � � ��u
lv qrw elqglqj/ � ' sEu� lv dq htxloleulxp/ exw qrw qhfhvvdulo| d vwdeoh
htxloleulxp1 Wkh vrolg olqhv lq wkh wzr sdqhov vkrz wkh vhw ri vwdeoh htxloleuld
dv d ixqfwlrq ri wkh lqlwldo doorfdwlrq/ u1

Wkh htxloleulxp lv xqltxh li B : qK +Iljxuh 4d,1 Lq wklv fdvh doo oderu
pryhv wr pdqxidfwxulqj li u � u� dqg doo oderu pryhv wr djulfxowxuh li
u � u21 Iru u 5 Eu2c u�� wkh htxloleulxp lv lqwhulru1

Li B 	 qK +Iljxuh 4e, wkh htxloleulxp lv hlwkhu xqltxh ru lqghwhuplqdwh/
ghshqglqj rq wkh ydoxh ri u1 Doo oderu pryhv wr pdqxidfwxulqj li u � u2

dqg doo oderu pryhv wr djulfxowxuh li u � u�1 Iru u 5 Eu�c u2� wkhuh duh wzr
vwdeoh htxloleuld dqg dq xqvwdeoh htxloleulxp sEu�18 Lq wkh vwdeoh htxloleuld
doo oderu hqgv xs lq hlwkhu pdqxidfwxulqj ru lq djulfxowxuh1

Wkh lqwhuhvwlqj fdvh lv B 	 qK/ zkhuh wkh htxloleulxp lv lqghwhuplqdwh iru
iu G u�Ew� 	 u 	 u2Ew�j1 Wkh ohqjwk ri wkh vhw ri u dw zklfk wkh htxloleulxp

8Wkh rxwfrph x @ i+O, lv �xqvwdeoh� lq wkh xvxdo vhqvh= li wkh dfwxdo dprxqw ri
pljudwlrq gl�huv iurp i+O, e| d vpdoo srvlwlyh phdvxuh/ doo rwkhu djhqwv zrxog iroorz wkdw
ghyldwlrq/ wkxv prylqj wkh rxwfrph dzd| iurp i+O,1
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lv lqghwhuplqdwh lv u2�u� '
qK

B
��1 Wklv vhw ri lqghwhuplqdf| lqfuhdvhv zlwk

qK

B
dqg froodsvhv wr wkh qxoo vhw dv qK

B
$ �1 D odujhu ydoxh ri K lpsolhv d juhdwhu

ghjuhh ri lqfuhdvlqj uhwxuqv wr vfdoh +�pruh qrq0frqyh{lw|�,/ dqg d odujhu
ydoxh ri q pdnhv wklv qrq0frqyh{lw| pruh lpsruwdqw wr djhqwv* ghflvlrqv1
D odujhu ydoxh ri B lqfuhdvhv wkh vorsh ri wkh lqyhuvh vxsso| ixqfwlrq iru
pljudwlrq vhuylfhv dqg gdpshqv zrunhuv* lqfhqwlyh wr lplwdwh rwkhu pljudqwv1
Wkh phdvxuh ri wkh vhw ri lqghwhuplqdf| ghshqgv rq wkh uhodwlyh vwuhqjwkv
ri wkh wzr irufhv wkdw lqfuhdvh ru prghudwh wkh prgho*v qrq0frqyh{lw|1

Lw lv xvhixo wr uhzulwh wkh uhjlrq ri lqghwhuplqdf| dv d ixqfwlrq ri u
udwkhu wkdq w/ vlqfh wkh qh{w vhfwlrq wuhdwv u dv frpprq nqrzohgjh/ dqg
w dv lpshuihfwo| revhuyhg1 Iru wkh fdvh zkhuh B 	 qK/ gh�qh wkh �vhw ri
lqghwhuplqdf|� UEu� dv

UEu� '

�
w m Bu

qK
	 w 	

Bun qK� B

qK

�
+5,

xvlqj htxdwlrq E�� � Wkh htxloleulxp lv lqghwhuplqdwh iru w"UEu�19

6 Pljudwlrq zlwk Doprvw Frpprq Nqrzohgjh

Wklv vhfwlrq uhod{hv wkh dvvxpswlrq ri frpprq nqrzohgjh derxw hfrqrplf
ixqgdphqwdov1 Vxssrvh wkdw wkh sdudphwhuv Bc qc dqg K duh frpprq nqrzo0

9Wkh rqh shulrg pljudwlrq prgho +zlwk � ? �e, dqg Pruulv dqg Vklq*v ^45` prgho
ri vshfxodwlyh dwwdfn kdyh vwulnlqj vlplodulwlhv dqg wzr lpsruwdqw gl�huhqfhv1 Lq erwk
prghov/ wkh hfrqrplf ixqgdphqwdo idoov lqwr rqh ri wkuhh lqwhuydov1 Li wkh fxuuhqf| lv yhu|
vwurqj ru yhu| zhdn lq wkhlu prgho/ dqg li � lv yhu| odujh ru yhu| vpdoo khuh/ hdfk djhqw
+vshfxodwruv lq wkhlu prgho/ zrunhuv khuh, kdyh d grplqdqw vwudwhj|1 Lq wkhvh fdvhv/ wkh
htxloleulxp lv xqltxh1 Lq dq lqwhuphgldwh lqwhuydo/ fruuhvsrqglqj wr wkh �ulsh iru dwwdfn�
udqjh lq wkhlu prgho/ dqg wr wkh vhw L+O, khuh/ hdfk djhqw*v sd|r� ghshqgv rq zkdw rwkhu
djhqwv gr1 Iru hfrqrplf ixqgdphqwdov lq wklv lqwhuphgldwh lqwhuydo/ wkh htxloleulxp lv
lqghwhuplqdwh xqghu frpprq nqrzohgjh1
Wkhuh duh wzr gl�huhqfhv ehwzhhq wkh prghov1 Wkh prvw lpsruwdqw ri wkhvh lv wkdw wkhuh

duh wzr w|shv ri djhqwv lq wkh pljudwlrq prgho/ wkrvh zkr duh lqlwldoo| lq djulfxowxuh dqg
wkrvh lq pdqxidfwxulqj1 Lq wkh vshfxodwlyh dwwdfn prgho wkhuh lv d vlqjoh w|sh ri djhqw/
vshfxodwruv1 Wklv gl�huhqfh ohdgv wr d vxevwdqwlyh gl�huhqfh lq wkh dqdo|vlv/ glvfxvvhg lq
wkh qh{w vhfwlrq1
Wkh vhfrqg gl�huhqfh lv wkdw iru hfrqrplf ixqgdphqwdov lq wkh lqwhuphgldwh udqjh lq

Pruulv dqg Vklq*v prgho/ wkh sd|r� ri djhqwv zkr vshfxodwh ghshqgv rqo| rq zkhwkhu wkh
qxpehu ri rwkhu vshfxodwruv h{fhhgv ru idoov vkruw ri d fulwlfdo ohyho1 Lq wkh pljudwlrq
prgho/ wkh sd|r� ghshqgv frqwlqxrxvo| rq wkh dfwlrqv ri rwkhu djhqwv1 Wklv gl�huhqfh
pdnhv wkh fdofxodwlrqv pruh frpsolfdwhg khuh/ exw lv qrw txdolwdwlyho| lpsruwdqw1
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hgjh dqg wkdw S� @ lv wkh xqnqrzq �hfrqrplf ixqgdphqwdo�1 Lq rughu wkdw
wkh hfrqrplf ixqgdphqwdo kdv wkh vdph xqlwv dv u/ gh�qh w � S3@

K
dv wkh

xqnqrzq sdudphwhu1 Zrunhuv ehjlq zlwk gl�xvh sulruv derxw w1
Hdfk zrunhu uhfhlyhv d sulydwh vljqdo/ %/ derxw wklv hfrqrplf ixqgdphq0

wdo/ dqg nqrzv wkdw wklv vljqdo lv gudzq iurp d xqlirup glvwulexwlrq zlwk
vxssruw dw � 0c w n 0o1 Wkh sdudphwhu 0 +zklfk phdvxuhv wkh khwhurjhqhlw|
ri lqirupdwlrq, dqg wkh irup ri wkh glvwulexwlrq duh frpprq nqrzohgjh1 Li
0 ' f wkh hfrqrplf ixqgdphqwdo lv frpprq nqrzohgjh rqfh djhqwv uhfhlyh
wkhlu vljqdo1 Iru dq| ydoxh ri 0 : f/ wkh hfrqrplf ixqgdphqwdo lv qhyhu frp0
prq nqrzohgjh/ exw iru vpdoo srvlwlyh ydoxhv ri 0/ wkh hfrqrplf ixqgdphqwdo
lv �doprvw frpprq nqrzohgjh�1 Wkh vljqdov uhfhlyhg e| zrunhuv lq wkh gli0
ihuhqw vhfwruv duh lqghshqghqwo| glvwulexwhg> iru h{dpsoh/ kdoi wkh zrunhuv lq
hdfk vhfwru uhfhlyh d vljqdo ohvv wkdq w1

614 Wkh Uroh ri Doprvw Frpprq Nqrzohgjh

Hyhq dq duelwudulo| vpdoo ydoxh ri 0phdqv wkdw lw lv qhyhu frpprq nqrzohgjh
wkdw w olhv lq d vwulfw vxevhw ri lwv sulru vxssruw1: Doprvw frpprq nqrzohgjh
+khwhurjhqhlw| ri lqirupdwlrq, fdxvhv xqfhuwdlqw| wr �h{sdqg�/ ohdylqj djhqwv
xqvxuh zkdw rwkhu djhqwv zloo gr/ hyhq iru 0 duelwudulo| vpdoo1

Xqghu frpprq nqrzohgjh +0 ' f,/ wkh htxloleulxp lv lqghwhuplqdwh li
w"UEu�1 Wkh �h{sdqvlrq ri xqfhuwdlqw|� fdxvhg e| khwhurjhqrxv lqirupdwlrq
holplqdwhv wkh srvvlelolw| ri pxowlsoh htxloleuld1 Vxssrvh wr wkh frqwudu|/
wkdw wkhuh glg h{lvw d vhw ri w iru zklfk wkh htxloleulxp lv lqghwhuplqdwh xq0
ghu doprvw frpprq nqrzohgjh1 Vlqfh d zrunhu*v pljudwlrq ghflvlrq ghshqgv
rq klv vljqdo %/ wklv k|srwkhvlv phdqv wkdw wkhuh lv d vhw ri vljqdov iru zklfk
wkh htxloleulxp ghflvlrq lv lqghwhuplqdwh1 Iru h{dpsoh/ zh pljkw frqmhf0
wxuh wkdw wkh htxloleulxp ghflvlrq lv lqghwhuplqdwh iru vljqdov wkdw ohdyh wkh
uhsuhvhqwdwlyh zrunhu/ Djhqw &/ fhuwdlq wkdw w"UEu�1 Wklv frqmhfwxuh lpsolhv

:Iru d jlyhq ydoxh ri %/ Djhqw n zkr revhuyhv wkh vljqdo { fdq sodfh erxqgv rq wkh
lqirupdwlrq wkdw rwkhu djhqwv kdyh1 Djhqw n nqrzv wkdw wkh wuxh ydoxh ri � lv lq wkh
lqwhuydo ^{� %> {. %`/ dqg wkhuhiruh nqrzv wkdw rwkhu djhqwv kdyh uhfhlyhg d vljqdo zlwklq
wkh lqwhuydo ^{� 5%> {. 5%`1 Djhqw n wkhuhiruh nqrzv wkdw doo rwkhu djhqwv nqrz wkdw hyhu|
djhqw kdv uhfhlyhg d vljqdo zlwklq wkh lqwhuydo ^{� 7%> {. 7%`1 Wkh erxqgv wkdw dq djhqw
fdq sodfh rq �kljkhu rughu eholhiv�/ l1h1 eholhiv derxw zkdw rwkhu djhqwv nqrz wkdw rwkhu
djhqwv nqrz wkdw rwkhu djhqwv nqrz1111 dqg vr iruwk 111 jurz duelwudulo| zlgh/ uhjdugohvv ri
wkh ydoxh ri %1 Wkh vxssruw ri Djhqw n*v kljkhu rughu eholhiv ehfrphv duelwudulo| odujh iru
d vx!flhqwo| �kljk rughu� ri eholhiv1 Li wkh sulru vxssruw ri � lv erxqghg/ wkhuh lv d �qlwh
ydoxh ri q dw zklfk wkh vxssruw ri wkh djhqw*v qwk rughu eholhiv htxdov wkh sulru vxssruw1
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wkdw wkh vhw ri vljqdov iru zklfk wkh htxloleulxp ghflvlrq lv lqghwhuplqdwh lvq
% m Bu

qK
n 0 	 % 	 BunqK3B

qK
� 0

r
1 ^Vhh htxdwlrq E2�1`

Wklv frqmhfwxuh lv xqvdwlvidfwru|1 Lw grhv qrw wdnh lqwr dffrxqw zkdw
Djhqw & wklqnv wkdw rwkhu zrunhuv +zkr revhuyh gl�huhqw vljqdov, nqrz1 Zh
pljkw wu| wr lpsuryh xsrq wkh ruljlqdo frqmhfwxuh e| vxssrvlqj wkdw wkh htxl0
oleulxp ghflvlrq lv qrq0xqltxh rqo| iru vljqdov wkdw ohdyh Djhqw & fhuwdlq wkdw
doo zrunhuv nqrz wkdw w"UEu�1 Wklv �lpsuryhphqw� lpsolhv wkdw wkh vhw ri

vljqdov iru zklfk wkh htxloleulxp lv qrq0xqltxh lv
q
% m Bu

qK
n �0 	 % 	 BunqK3B

qK
� �0

r
1

Vwloo/ wkh frqmhfwxuh lv xqvdwlvidfwru|/ ehfdxvh qrz lw grhv qrw wdnh lqwr df0
frxqw zkdw Djhqw & nqrzv derxw zkdw wkh rwkhu zrunhuv nqrz derxw zkdw
rwkhu zrunhuv nqrz1 Dv zh frqwlqxh wr uh�qh wkh frqmhfwxuh e| uhtxlulqj
+lq rughu iru wkh htxloleulxp ghflvlrq wr eh lqghwhuplqdwh, d kljkhu rughu ri
fhuwdlqw|/ zh ghfuhdvh wkh vhw ri vljqdov wkdw vdwlvi| wkh uh�qhphqw1 Uhjdug0
ohvv ri wkh ydoxh ri 0/ e| uhtxlulqj d vx!flhqwo| kljk rughu ri fhuwdlqw|/ zh
uhgxfh wkh fdqglgdwh vhw ri vljqdov wr wkh qxoo vhw1

615 Wkh Pljudwlrq Ghflvlrqv

Wkhuh duh wzr w|shv ri djhqwv lq wkh pljudwlrq prgho1 W|sh� lv fxuuhqwo| lq
pdqxidfwxulqj dqg W|sh � lv fxuuhqwo| lq djulfxowxuh1 D zrunhu pdnhv klv
ghflvlrq frqglwlrqdo rq wkh vljqdo kh uhfhlyhv1 Vlqfh zrunhuv lq wkh gl�huhqw
vhfwruv kdyh gl�huhqw ghflvlrq sureohpv/ wkhlu ghflvlrq uxohv duh gl�huhqw1

Xqghu frpprq nqrzohgjh/ zkhuh wzr0zd| pljudwlrq qhyhu rffxuv lq htxl0
oleulxp/ d vlqjoh yduldeoh +�, ghqrwhv qhw pljudwlrq lqwr pdqxidfwxulqj> m � m
htxdov jurvv pljudwlrq1 +Li � 	 f/ zrunhuv pljudwh lqwr djulfxowxuh1, Xq0
ghu doprvw frpprq nqrzohgjh/ zh fdqqrw h{foxgh wkh srvvlelolw| ri wzr0zd|
pljudwlrq/ dqg wkhuhiruh qhhg wr h{whqg wkh qrwdwlrq1 Khqfhiruwk/ �� gh0
qrwhv wkh qxpehu ri zrunhuv zkr ohdyh Vhfwru � iru Vhfwru �/ �c �" i�c�j/
vr �� � f1 Li lqlwldoo| wkhuh duh u zrunhuv lq pdqxidfwxulqj/ wkh qxpehu ri
zrunhuv lq pdqxidfwxulqj diwhu pljudwlrq lv u��� n��1 Wkh qhw pljudwlrq
lqwr pdqxidfwxulqj lv �� � �� / dqg wkh jurvv pljudwlrq lv �� n �� 1

Wkhuh duh d qxpehu ri zd|v wr prgho dgmxvwphqw frvwv dqg wkh fruuh0
vsrqglqj sulfh ri pljudwlrq/ zkhq qhw dqg jurvv pljudwlrq gl�hu1 Li wkh pdlq
frvw ri lqwhuvhfwrudo pljudwlrq frqvlvwv ri wkh frvwv ri uhwudlqlqj d zrunhu zkr
pryhv wr d gl�huhqw vhfwru/ wkhq wkh wrwdo frvwv ghshqgv rq jurvv pljudwlrq/
�� n ��1 Wklv dvvxpswlrq/ wrjhwkhu zlwk wkh vshfl�fdwlrq lq wkh suhylrxv
vhfwlrq/ lpsolhv wkdw hyhu| pljudqw sd|v wkh sulfh B E�� n ��� lq rughu wr

:



pryh wr d gl�huhqw vhfwru1
Wkh htxloleulxp ydoxh ri �� ghshqgv rq wkh htxloleulxp ghflvlrq uxohv dqg

wkh ydoxh ri w1 Ghqrwh wkh iudfwlrq ri W|sh � zrunhuv zkr pljudwh zkhq wkh|
uhfhlyh vljqdo % dv Z�E%�/ dq lqwhjudeoh ixqfwlrq1 Ghqrwh �� ' �Ew( Z�� dv wkh
iudfwlrq ri W|sh � zkr pljudwh zkhq wkh hfrqrplf ixqgdphqwdo lv w/ jlyhq
wkdw W|sh �*v ehkdylru lv ghvfulehg e| wkh ixqfwlrq Z�1

�� ' �Ew( Z�� '
�

20

] wn0

w30

Z�E%�_%� +6,

Wkh qxpehu +phdvxuh, ri zrunhuv zkr ohdyh pdqxidfwxulqj lv �� � �Ewc Z��u �
f dqg wkh qxpehu zkr ohdyh djulfxowxuh lv �� � �Ew( Z�� E�� u� � f1

Wkh h{shfwhg ehqh�w ri pljudwlrq iru d pdqxidfwxulqj zrunhu zkr re0
vhuyhv vljqdo % zkhq djjuhjdwh ehkdylru lv ghvfulehg e| wkh sdlu ri vwudwhjlhv
� � EZ� c Z�� lv C�E%( ���

C�E%( �� ' .w�% iq dS� E@n K du� �� n ��o�o� B E�� n ���j
' .w�% iqK dw � uo n �� EqK� B�� ��EqKn Bj � +7,

Wkh h{shfwhg ehqh�w ri pljudwlrq iru dq djulfxowxudo zrunhu/ C� lv

C�E%( �� ' .w�% iqK du� wo� �� EqKn B� n ��EqK� Bj � +8,

616 Grplqdqfh uhjlrqv

Wkh gl�huhqw dssurdfkhv wr surylqj xqltxhqhvv � lqfoxglqj wkh rqh wkdw L
iroorz � uho| rq wkh h{lvwhqfh ri �grplqdqfh uhjlrqv�/ l1h1 vhwv ri ydoxhv ri wkh
hfrqrplf ixqgdphqwdo dw zklfk d sduwlfxodu dfwlrq lv rswlpdo iru dq djhqw/
uhjdugohvv ri rwkhu djhqwv* dfwlrqv1 Iru h{dpsoh/ d pdqxidfwxulqj zrunhu
�qgv lw ohvv dwwudfwlyh wr pljudwh li kh wklqnv wkdw ihz rwkhu pdqxidfwxulqj
zrunhuv zloo ohdyh wkh vhfwru/ ru li kh wklqnv wkdw pdq| djulfxowxudo zrunhuv
zloo hqwhu wkh vhfwru1 Li d pdqxidfwxulqj zrunhu nqrzv wkh ydoxh ri w dqg
eholhyhv wkdw �� ' f dqg �� ' � � u1 +wkh eholhiv wkdw pdnh pljudwlrq
wkh ohdvw dwwudfwlyh iru klp, kh zdqwv wr pljudwh li dqg rqo| li qKw � qKu�
E�� u� EqKn B� � f +xvlqj htxdwlrq Ee�,1 Pljudwlrq lv d grplqdqw vwudwhj|
iru pdqxidfwxulqj zrunhuv li w � qKnBE�3u�

qK
1

Wdeoh 4 olvwv wkh flufxpvwdqfhv xqghu zklfk d sduwlfxodu dfwlrq lv grpl0
qdqw iru d sduwlfxodu w|sh ri zrunhu1 Wkh ydoxhv ri w dw zklfk lw lv grplqdqw
iru wkh wzr w|shv ri zrunhuv qrw wr pljudwh +vkrzq lq wkh odvw urz ri wkh wd0
eoh, htxdo wkh erxqgv ri wkh vhw ri lqghwhuplqdf|/ UEu�/ gh�qhg lq htxdwlrq

;



P0zrunhu D0zrunhu
grplqdqw wr pljudwh w � qKnBE�3u�

qK
w � 3Bu

qK

grplqdqw qrw wr pljudwh w � Bu
qK

w � BunqK3B
qK

Wdeoh 4= Frqglwlrqv iru wkh h{lvwhqfh ri grplqdqw vwudwhjlhv

E2�1 Wkh ydoxhv dw zklfk lw lv grplqdqw wr pljudwh +wkh hohphqwv ri wkh �uvw
urz, duh rq hlwkhu vlgh ri wklv vhw1 Zh fdq uhsodfh wkh dvvxpswlrq wkdw wkh
sulru rq w lv gl�xvh zlwk=

Dvvxpswlrq 31 Ehiruh revhuylqj wkhlu sulydwh vljqdo/ hdfk djhqw*v vxe0
mhfwlyh glvwulexwlrq ri w lv xqlirup ryhu d vhw wkdw lqfoxghv wkh lqwhuydok
3Bu
qK

c qKnBE�3u�
qK

l
1

Iru vlpsolflw|/ L uhwdlq wkh dvvxpswlrq ri d gl�xvh sulru/ vr wkdw Dv0
vxpswlrq 3 lv reylrxvo| vdwlv�hg1 Wkh Dsshqgl{ h{sodlqv zk| wkh surri ri
xqltxhqhvv idlov li Dvvxpswlrq 3 lv qrw vdwlv�hg1 Uhdghuv idploldu zlwk wkh
hduolhu sdshuv rq wklv wrslf zloo qrw eh vxusulvhg e| wklv revhuydwlrq1 Dv0
vxpswlrq 3 lv lpsruwdqw lq hydoxdwlqj wkh sodxvlelolw| ri wklv prgho/ dq lvvxh
dgguhvvhg lq wkh frqfoxglqj vhfwlrq1

7 Wkh Htxloleulxp

Wklv vhfwlrq vkrzv +vxemhfw wr txdol�fdwlrqv ghvfulehg ehorz, wkdw wkhuh lv
d xqltxh htxloleulxp1 Wklv htxloleulxp ghshqgv rq hfrqrplf ixqgdphqwdov/
dqg jryhuqphqw lqwhuyhqwlrq kdv suhglfwdeoh h�hfwv1

D zrunhu lq Vhfwru � grhv qrw pljudwh li wkh ehqh�wv duh qhjdwlyh/ l1h1 li
C�E%( �� 	 f1 Gh�qh wkh �pljudwlrq vhw� [�EZ�� ' i% m Z�E%� : fj/ l1h1 wkh
vhw ri vljqdov iru zklfk vrph W|sh � pljudwhv1 Htxdwlrqv Ee� dqg ED� lpso|

C�E%( �� ' �C�E%( ��� 2B.w�%E�� n ���� +9,

Vlqfh .w�%E�� n��� � f htxdwlrq ES� lpsolhv wkdw wkh wzr w|shv zrxog qhyhu
pljudwh jlyhq wkh vdph vljqdo1 Ohppd 4 uhvwdwhv wklv frqfoxvlrq1

Ohppd 4 [�EZ�� _[�EZ�� ' >�

714 D txdol�fdwlrq= prqrwrqlflw|

D odujh ydoxh ri % lv d vljqdo wkdw w lv olnho| wr eh odujh1 Uhfdoo wkdw dq
lqfuhdvh lq w lqfuhdvhv wkh dgydqwdjh ri ehlqj lq wkh djulfxowxudo vhfwru/ iru

<



d jlyhq doorfdwlrq ri oderu1 Wkhuhiruh/ iru d jlyhq dprxqw ri pljudwlrq/ wkh
h{shfwhg dgydqwdjh ri ehlqj lq wkh djulfxowxudo vhfwru lv dq lqfuhdvlqj ixqfwlrq
ri wkh vljqdo %1 Wkxv/ lw lv uhdvrqdeoh wr h{shfw wkdw pljudwlrq ehfrphv pruh
dwwudfwlyh iru d pdqxidfwxulqj zrunhu li kh uhfhlyhv d kljkhu vljqdo +odujhu %,1
Vlploduo|/ pljudwlrq ehfrphv pruh dwwudfwlyh iru dq djulfxowxudo zrunhu li kh
uhfhlyhv d orzhu vljqdo1 Wkhvh dvvhuwlrqv lpso| wkdw Z�E%� lv qrqghfuhdvlqj
lq %/ dqg Z�E%� lv qrqlqfuhdvlqj lq %1 D sdlu ri ixqfwlrqv zlwk wklv surshuw|
lv Prqrwrqlf=;

Gh�qlwlrq 4 Wkh sdlu ri vwudwhjlhv EZ� E%� c Z� E%�� lv Prqrwrqlf l� iru doo
%� : %��/ Z� E%�� � Z� E%��� dqg Z� E%

�� � Z� E%
���1

Lq rughu wr hydoxdwh wkh �uhdvrqdeohqhvv� ri prqrwrqlflw|/ frqvlghu wkh
iroorzlqj dqdorj|1 Vxssrvh wkdw d juhjdulrxv jrxuphw*v xwlolw| iurp ylvlwlqj d
uhvwdxudqw lqfuhdvhv zlwk wkh txdolw| ri wkh uhvwdxudqw dqg zlwk wkh vl}h ri wkh
furzg> wklv shuvrq olnhv wr vhh dqg eh vhhq zkloh hdwlqj1 Wkh jrxuphw uhfhlyhv
d vljqdo ri wkh uhvwdxudqw*v txdolw| dqg nqrzv wkdw wklv vljqdo lv srvlwlyho|
uhodwhg wr wkh vljqdov wkdw rwkhu jrxuphwv uhfhlyh/ ehfdxvh doo vljqdov duh
srvlwlyho| fruuhodwhg zlwk wkh wuxh txdolw|1 Wkh jrxuphw lq wklv h{dpsoh
fruuhvsrqgv wr dq djulfxowxudo zrunhu1< D kljkhu txdolw| ri wkh uhvwdxudqw
fruuhvsrqgv wr d orzhu ydoxh ri w � vrphwklqj wkdw pdnhv lw pruh dwwudfwlyh
wr jr wkh uhvwdxudqw/ rwkhu wklqjv htxdo1 Wkh jrxuphw*v irqgqhvv iru furzgv
fruuhvsrqgv wr lqfuhdvlqj uhwxuqv wr vfdoh lq wkh pdqxidfwxulqj vhfwru1

Wkh phdqlqj ri �qrq0prqrwrqlf� lq wklv dqdorj| lv wkdw wkhuh h{lvwv d
vhw ri vljqdov iru zklfk wkh jrxuphw lv ohvv olnho| wr jr wkh uhvwdxudqw zkhq
kh uhfhlyhv d vljqdo wkdw wkh txdolw| lv kljk1 Wkh rqo| udwlrqdoh iru wklv
�shuyhuvh� uhvsrqvh lv wkdw wkh jrxuphw eholhyhv wkdw rwkhu jrxuphwv duh ohvv
olnho| wr jr wr wkh uhvwdxudqw zkhq wkh| wklqn wkh txdolw| lv kljk1 Pruhryhu/
wkh glvdgydqwdjh dulvlqj iurp d vpdoohu h{shfwhg furzg pruh wkdq r�vhwv wkh
kljkhu h{shfwhg txdolw| ri wkh glqqhu1 Wkhuhiruh/ lq rughu iru wkh jrxuphw wr

;Wklv gh�qlwlrq uhtxluhv wkdw wkh judskv ri wkh ixqfwlrqv kdyh wkh �uljkw vorsh� dv zhoo
dv ehlqj prqrwrqlf1 Krzhyhu/ li wkh| duh prqrwrqlf/ wkh| pxvw kdyh wkh uljkw vorsh1
Iru vx!flhqwo| vpdoo {33/ pdqxidfwxulqj zrunhuv* grplqdqw vwudwhj| lv qrw wr pljudwh/
vr �P+{33, @ 3> iru vx!flhqwo| odujh {3 pdqxidfwxulqj zrunhuv* grplqdqw vwudwhj| lv wr
pljudwh/ vr �P+{3, @ 41 Wkxv/ �P+{, frxog qrw eh prqrwrqlf dqg dovr kdyh wkh �zurqj
vorsh�1

<Wr pdnh wkh dqdorj| pruh h{dfw/ zh fdq wklqn ri vrph fxvwrphuv zkr duh zdlwlqj
dw wkh edu ri wkh uhvwdxudqw +l1h1 wkh pdqxidfwxulqj zrunhuv,/ zkr duh wu|lqj wr ghflgh
zkhwkhu wr hdw wkhuh ru jr krph1
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uhvsrqg �shuyhuvho|� wr wkh vljqdo/ kh pxvw eholhyh wkdw d vxevwdqwldo qxpehu
ri rwkhu jrxuphwv uhvsrqg shuyhuvho| wr wkhlu vljqdov1 Wkdw lv/ wkh ghjuhh wr
zklfk prqrwrqlflw| idlov pxvw eh �vxevwdqwldo� lq rughu iru dq htxloleulxp
wr eh qrq0prqrwrqlf1 Dq htxloleulxp lq zklfk wkh lqhtxdolwlhv lq Gh�qlwlrq
4 idlo e| dq duelwudulo| vpdoo dprxqw frxog qrw h{lvw1

Wr vkrz wkdw wkhuh lv d xqltxh htxloleulxp wr wkh pljudwlrq jdph/ L dgrsw
wkh dvvxpswlrq wkdw vwudwhjlhv duh Qhduo| Prqrwrqlf/ zklfk phdqv wkdw wkh
lqhtxdolwlhv lq Gh�qlwlrq 4 duh doorzhg wr idlo e| d vpdoo dprxqw e| qrw d
odujh dprxqw1 Pruh suhflvho|=

Gh�qlwlrq 5 Wkh sdlu ri vwudwhjlhv EZ� E%� c Z� E%�� lv Qhduo| Prqrwrqlf l�
lw vdwlv�hv

e02qK

EqKn B� E�� u�
:

] %n20

%

Z�E+�_+ �
] %

%320

Z�E+�_+ +:,

e02qK

EqKn B�u
:

] %

%320

Z�E+�_+ �
] %n20

%

Z�E+�_+� +;,

Dq| vwudwhj| wkdw lv prqrwrqlf lv dovrQhduo| Prqrwrqlf/ exw wkh frqyhuvh
lv qrw wuxh1

715 Xqltxhqhvv

Li doo zrunhuv lq d vhfwru kdyh wkh vdph uhvsrqvh wr d vljqdo/ wkhq Z�E%�" ifc �j1
Li/ lq dgglwlrq/ wkh vwudwhjlhv duh prqrwrqlf +lq wkh vhqvh ri Gh�qlwlrq 4,/ wkhq
wkh| duh vwhs ixqfwlrqv1 Vxssrvh dovr wkdw d zrunhu zkr lv lqgl�huhqw grhv
qrw pljudwh1 +Zh qhhg vrph wlh0euhdnlqj dvvxpswlrq/ exw wkh sduwlfxodu
dvvxpswlrq lv xqlpsruwdqw1, Xqghu wkhvh dvvxpswlrqv/ d pdqxidfwxulqj
zrunhu pljudwhv li dqg rqo| li kh uhfhlyhv d vljqdo juhdwhu wkdq d wkuhvkrog
%� / dqg dq djulfxowxudo zrunhu pljudwhv li dqg rqo| li kh uhfhlyhv d vljqdo
ohvv wkdq d wkuhvkrog %�1 Iru wkhvh vwudwhjlhv/ wkh ixqfwlrqv Z�E%� duh vwhs
ixqfwlrqv= Z�E%� ' U�E%( %��=

U�E%( %�� '

�
�li % : %�
fli % � %�

�
+<,

U�E%( %�� '

�
�li % 	 %�
fli % � %�

�
� +43,
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Reylrxvo|/ wkhvh vwudwhjlhv duh prqrwrqlf/ dqg wkhuhiruh Qhduo| Prqrwrqlf1
Wkh iroorzlqj Sursrvlwlrq vwdwhv wkdw wkhuh h{lvwv d xqltxh htxloleulxp

wr wkh jdph zlwklq wkh fodvv ri Qhduo| Prqrwrqlf vwudwhjlhv> wklv htxloleulxp
frqvlvwv ri wkh vwhs ixqfwlrqv lq htxdwlrqv Eb� dqg E�f�143

Sursrvlwlrq 4 Dvvxph wkdw qK� B : f dqg djhqwv kdyh gl�xvh sulruv ryhu
w1 Zlwklq wkh fodvv ri Qhduo| Prqrwrqlf vwudwhjlhv/ wkhuh h{lvwv d xqltxh
htxloleulxp wr wkh pljudwlrq jdph zlwk doprvw frpprq nqrzohgjh1 Wklv
htxloleulxp frqvlvwv ri wkh sdlu ri wkuhvkrog vljqdov f ' E%� c %��/ zlwk %� 	
%� 1 D pdqxidfwxulqj zrunhu pljudwhv li dqg rqo| li kh uhfhlyhv d vljqdo
% : %� dqg dq djulfxowxudo zrunhu pljudwhv li dqg rqo| li kh uhfhlyhv d
vljqdo % 	 %�1

716 Txdolwdwlyh surshuwlhv

Iru 0 : f/ wzr0zd| pljudwlrq pd| rffxu/ dqg lw ehfrphv pruh olnho| dv wkh
dprxqw ri xqfhuwdlqw|/ 0/ lqfuhdvhv1 Gh�qh 5 � %� � %�1 Lq rughu iru
wzr0zd| pljudwlrq wr rffxu/ lw pxvw eh wkh fdvh wkdw wkhuh h{lvwv d ydoxh
ri w vxfk wkdw %� : w � 0 dqg %� 	 w n 01 Wkhvh lqhtxdolwlhv uhtxluh
5 � %� � %� 	 201

Sursrvlwlrq 5 Dvvxph qK � B : f1 Lq wkh xqltxh htxloleulxp +zlwklq wkh
fodvv ri Qhduo| Prqrwrqlf ixqfwlrqv,= +l, Wkh gl�huhqfh ehwzhhq wkh wkuhvkrog
vljqdov/ 5 � %� � %�/ lv lqghshqghqw ri wkh lqlwldo doorfdwlrq u1 Lq dgglwlrq
5 	 20/ vr iru doo sdudphwhuv qc Kc dqg B wkhuh h{lvwv uhdol}dwlrqv ri w
vxfk wkdw wzr0zd| pljudwlrq rffxuv1 +ll, Dq lqfuhdvh lq wkh khwhurjhqhlw| ri
lqirupdwlrq E0� lqfuhdvhv wkh vhw ri w iru zklfk wzr0zd| pljudwlrq rffxuv1
Wkhuh h{lvwv w vxfk wkdw wzr0zd| pljudwlrq rffxuv dqg pruh wkdq 83( ri
wkh zrunhuv ohdyh rqh vhfwru li dqg rqo| li DB3�qK

HqK
	 01 +lll, Dq lqfuhdvh lq

wkh dgmxvwphqw frvw sdudphwhu B ghfuhdvhv wkh vhw ri w iru zklfk wzr0zd|
pljudwlrq rffxuv/ dqg ghfuhdvhv wkh h{shfwhg dprxqw ri wzr0zd| pljudwlrq1
+ly, Wkh pljudwlrq wkuhvkrog iru zrunhuv lq erwk vhfwruv duh olqhdu lqfuhdvlqj
ixqfwlrqv ri u�

43Wkh surri prgl�hv Pruulv dqg Vklq*v ^45` dujxphqw lq rughu wr wdnh lqwr dffrxqw wkh
wzr gl�huhqfhv ghvfulehg lq irrwqrwh 91 W|sh l pxvw eholhyh wkdw W|sh m 9@ l lv xvlqj d
Qhduo| Prqrwrqlf vwudwhj| wr hqvxuh wkdw W|sh l*v htxloleulxp wkuhvkrog vwudwhj| +wkh vwhs
ixqfwlrq, lv xqltxh1 Ohppd 6 lq wkh Dsshqgl{ vkrzv wkh lpsruwdqfh ri wkh prqrwrqlflw|
dvvxpswlrq1 Lq Pruulv dqg Vklq*v prgho ri vshfxodwlyh dwwdfn/ wkhuh lv rqo| rqh w|sh ri
djhqw/ vr wkh txhvwlrq ri zkdw rqh w|sh eholhyhv wkdw dqrwkhu w|sh lv grlqj vlpso| grhv
qrw dulvh1
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Wkh dsshqgl{ frqwdlqv wkh surri dqg ixuwkhu glvfxvvlrq ri Sursrvlwlrq
51 Sduw +l, vd|v wkdw zkhqhyhu qK � B : f wkhuh lv wkh srvvlelolw| ri wzr0
zd| pljudwlrq xqghu doprvw frpprq nqrzohgjh1 Sduw +ll, lpsolhv wkdw dq
lqfuhdvh lq khwhurjhqhlw| ri lqirupdwlrq lqfuhdvhv wkh olnholkrrg ri wzr0zd|
pljudwlrq1 Wklv uhvxow lv uhdvrqdeoh1 Zlwk frpprq nqrzohgjh/ zh h{shfw
wzr0zd| pljudwlrq wr rffxu li zrunhuv lq wkh wzr vhfwruv duh gl�huhqw lq vrph
uhvshfw1 Lqglylgxdov zkr �qg wkhpvhoyhv lq Vhfwru � zkhq wkh| duh ehwwhu
vxlwhg wr zrun lq Vhfwru � zrxog pljudwh1 Wkh juhdwhu wkh gl�huhqfh ehwzhhq
lqglylgxdov/ wkh juhdwhu lv wkh olnholkrrg ri wzr0zd| pljudwlrq144 Zlwkrxw
frpprq nqrzohgjh/ zrunhuv kdyh khwhurjhqhrxv lqirupdwlrq1 Li wkh dprxqw
ri khwhurjhqhlw| h{fhhgv d fulwlfdo ohyho/ 0 ' DB3�qK

HqK
/ wkhq vrph zrunhuv pd|

eh hqwhulqj d vhfwru hyhq wkrxjk prvw zrunhuv lq wkdw vhfwru duh ohdylqj
lw1 Wklv fulwlfdo ohyho ri khwhurjhqhlw| lv dq lqfuhdvlqj ixqfwlrq ri B dqg d
ghfuhdvlqj ixqfwlrq ri qK1 Dq lqfuhdvh lq wkh dgmxvwphqw frvw sdudphwhu B
pdnhv wzr0zd| pljudwlrq ohvv olnho|1

Wkh htxloleulxp lq wkh olplwlqj fdvh zkhuh wkh dprxqw ri xqfhuwdlqw| lv
duelwudulo| vpdoo/ lv sduwlfxoduo| vlpsoh1

Sursrvlwlrq 6 Dvvxph wkdw qK� B : f1 Lq wkh olplw dv 0 $ f/ 5 $ f/ dqg

%� ' %� � %W '
�

2
� B

qK

�
�

2
� u

�
� +44,

Wkh plgsrlqw ri wkh vhw ri lqghwhuplqdf|/ 	u � u�nu2
2

^zkhuh u� lv jlyhq lq
htxdwlrq E��` gh�qhv d fulwlfdo vwrfn1 Li wkh lqlwldo doorfdwlrq lv u : 	u doo djul0
fxowxudo zrunhuv pryh wr pdqxidfwxulqj/ dqg iru u 	 	u doo pdqxidfwxulqj
zrunhuv pryh wr djulfxowxuh1

717 Srolf| Lqwhuyhqwlrq

Wkh idfw wkdw wkh htxloleulxp lv ghwhuplqdwh xqghu doprvw frpprq nqrzo0
hgjh +0 : f, phdqv wkdw jryhuqphqw srolflhv kdyh suhglfwdeoh h�hfwv1 Wkh
rswlpdo srolf| lqwhuyhqwlrq ghshqgv rq wkh jryhuqphqw*v lqirupdwlrq dqg wkh
lqvwuxphqwv lw kdv dydlodeoh/ mxvw dv lq �vwdqgdug� prghov1 E| dqqrxqflqj

44Hpslulfdoo|/ wkh dprxqw ri wzr0zd| pljudwlrq lv vxevwdqwldo1 Mrydqrylf dqg Pr!ww
^;` suhvhqw XV gdwd iru zklfk wkh udwlr ri qhw wr jurvv  rzv dprqj vhfwruv udqjhv iurp
dssur{lpdwho| 3137 wr 31591 ryhu wkh 4<93v dqg 4<:3v1 Fdphurq hw do1*v ^47` vxppdu|
ri XV fhqvxv gdwd vkrzv wkdw wkh udwlr ri qhw wr jurvv  rzv/ hlwkhu dprqj vhfwruv ru
jhrjudsklfdo duhdv/ lv dssur{lpdwho| 3141
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Orfdwlrq ri h{whuqdolw| Vrfldo Pdujlqdo ydoxhv Rswlpdo Srolf|
4, erwk pdqxidfwxulqj dqg pljudwlrq @n 2Ku> 2B E�� n ��� 	w ' w

2

5, pdqxidfwxulqj vhfwru rqo| @n 2Ku> B E�� n ��� 	w ' w � f�D

6, qr h{whuqdolw| @n Ku> B E�� n ��� 	w ' w

Wdeoh 5= Prghov zlwk gl�huhqw vrfldo pdujlqdo ydoxhv

d vhfwru0vshfl�f wd{ ru d pljudwlrq wd{2vxevlg|/ wkh jryhuqphqw lv deoh wr
vkliw wkh wkuhvkrog ohyhov %� dqg wkhuhe| fkdqjh wkh dprxqw ri pljudwlrq lq
d suhglfwdeoh pdqqhu1

Wkh rswlpdo srolf| dovr ghshqgv rq wkh uhodwlrq ehwzhhq wkh pdqxidfwxu0
lqj zdjh +@nKu, dqg wkh vrfldo pdujlqdo ydoxh ri oderu lq wkh pdqxidfwxulqj
vhfwru/ dqg rq wkh uhodwlrq ehwzhhq wkh sulfh ri pljudwlrq +B E�� n ���, dqg
wkh vrfldo pdujlqdo frvw ri pljudwlrq1 Wdeoh 5 suhvhqwv wkuhh srvvlelolwlhv/
wrjhwkhu zlwk wkh rswlpdo srolf| lq wkh olplwlqj fdvh dv 0 $ f1 Wkh wd{0
lqfoxvlyh ydoxh ri w lv ghqrwhg 	w1 Wkxv/ li 	w 	 w/ wkh vrfldo rswlpxp lv
dfklhyhg e| wd{lqj wkh djulfxowxudo vhfwru ru vxevlgl}lqj wkh pdqxidfwxulqj
vhfwru/ lq rughu wr hqfrxudjh pljudwlrq lqwr pdqxidfwxulqj145

Li wkhuh duh Pduvkdooldq h{whuqdolwlhv lq wkh pdqxidfwxulqj vhfwru/ wkh
vrfldo pdujlqdo ydoxh ri oderu lq wkdw vhfwru h{fhhgv wkh zdjh1 Iru h{dpsoh/
li oderu lv wkh vroh preloh lqsxw dqg wkhuh duh frqvwdqw uhwxuqv wr vfdoh dw
wkh ohyho ri wkh �up/ exw lqfuhdvlqj uhwxuqv dw wkh ohyho ri wkh vhfwru/ ydoxh
dgghg lq pdqxidfwxulqj lv E@ n Ku�u/ vr wkh vrfldo pdujlqdo ydoxh ri oderu
lq wkh vhfwru lv @ n 2Ku1 Wkh �uvw wzr urzv ri Wdeoh 5 dvvxph wkdw wklv lv
wkh fdvh1

Pljudwlrq pd| fdxvh frqjhvwlrq zklfk zrunhuv gr qrw lqwhuqdol}h1 Iru
h{dpsoh/ wkh vrfldo pdujlqdo frvw ri pljudwlrq pd| eh 2B E�� n ���/ dv lq wkh
�uvw urz ri wkh wdeoh1 Dowhuqdwlyho|/ pljudwlrq vhuylfhv pd| eh frpshwlwlyho|
vxssolhg xvlqj d �{hg idfwru/ dqg wkhuh pd| eh qr h{whuqdolw| lq wkh vhfwru1
Lq wkdw fdvh/ wkh vrfldo frvw ri pljudwlrq lv BE��n�� �2

2
/ dqg wkh vrfldo pdujlqdo

frvw htxdov B E�� n ���/ wkh sulfh zrunhuv sd| +dv lq wkh vhfrqg urz ri Wdeoh
4,1

Wkh h{whuqdolw| lq wkh pdqxidfwxulqj vhfwru lpsolhv d vxerswlpdo dprxqw
ri pljudwlrq wr wkdw vhfwru1 Dq h{whuqdolw| lq wkh pljudwlrq vhfwru whqgv wr

45D pljudwlrq wd{ lqfuhdvhv �/ zklfk +iurp Sursrvlwlrq 51lll, ghfuhdvhv pljudwlrq1
Fohduo|/ gl�huhqw srolflhv d�hfw gl�huhqw sdudphwhuv1 Lq wkh lqwhuhvwv ri euhylw|/ wkh
wh{w frqvlghuv rqo| srolflhv wkdw lq xhqfh f� d1
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fdxvh dq h{fhvvlyh dprxqw ri pljudwlrq1 Krzhyhu/ xqghu hlwkhu dowhuqdwlyh
lq wkh �uvw wzr urzv ri Wdeoh 5/ sulydwh ghflvlrqv ohdg wr flufxpvwdqfhv zkhuh
doo oderu pryhv lqwr djulfxowxuh/ zkhq lw lv vrfldoo| rswlpdo iru doo oderu wr
pryh lqwr pdqxidfwxulqj1 Lq erwk fdvhv/ wkh srolf| wkdw lqvxuhv wkdw wkh
vrfldoo| rswlpdo doorfdwlrq lv dfklhyhg uhjdugohvv ri wkh lqlwldo doorfdwlrq/ lv
wr wd{ djulfxowxuh +ru vxevlgl}h pdqxidfwxulqj,1 Wkh odvw froxpq ri Wdeoh 5
vkrzv wkh rswlpdo srolf| iru wkh wzr fdvhv146

Wkh odvw urz ri wkh wdeoh vkrzv wkh fdvh zkhuh wkhuh lv qr h{whuqdolw|1 Lq
rughu iru wkh pdqxidfwxulqj zdjh wr htxdo wkh vrfldo pdujlqdo ydoxh ri oderu
lq wkh vhfwru/ dqg iru wkhuh wr eh lqfuhdvlqj uhwxuqv/ wkhuh zrxog kdyh wr eh
d �{hg vxusoxv lq wkdw vhfwru/ dqg dq lqfuhdvh lq wkh qxpehu ri zrunhuv pxvw
hqdeoh wkhp wr fdswxuh d odujhu sduw ri wkdw vxusoxv1 Wkxv/ wklv flufxpvwdqfh
lv udwkhu duwl�fldo/ dqg lw lv lqfoxghg rqo| wr hpskdvl}h wkh srlqw wkdw wkh
qhhg iru jryhuqphqw lqwhuyhqwlrq dulvhv ehfdxvh ri wkh suhvhqfh ri rqh ru
pruh h{whuqdolw|/ mxvw dv lq vwdqgdug prghov1 Wkh odfn ri frpprq nqrzohgjh
vroyhv wkh frruglqdwlrq sureohp1

8 Frqfoxglqj frpphqwv
Wkh prghuq wkhru| ri hfrqrplf jurzwk hpskdvl}hv wkdw htxloleulxp jurzwk
sdwkv pd| eh lqghwhuplqdwh1 Wklv nlqg ri uhvxow dulvhv lq vlwxdwlrqv zkhuh
djhqwv zlwk udwlrqdo h{shfwdwlrqv vroyh g|qdplf sureohpv dqg whfkqrorjlhv
duh qrq0frqyh{1 Wkhvh dvvxpswlrqv vhhp sodxvleoh/ dqg wkh lqghwhuplqdf|
uhvxow krogv xqghu d ydulhw| ri prgho vshfl�fdwlrqv1 Wzr uhfhqw sdshuv lq0
yhvwljdwh wkh urexvwqhvv ri wkh lqghwhuplqdf| uhvxow lq Pdwvx|dpd*v prgho1

Khuuhqgrui e| @,1 ^:` dvvxph wkdw djhqwv* kdyh khwhurjhqhrxv delolw| +zkloh

46Wkh dvvxpswlrq derxw vrfldo pdujlqdo ydoxhv lq hdfk urz ri Wdeoh 5 lpsolhv dq h{suhv0
vlrq iru vrfldo zhoiduh � wkh suhvhqw ydoxh ri qdwlrqdo surgxfw lq wkh qh{w shulrg/ plqxv
wkh dgmxvwphqw frvw lq wkh fxuuhqw shulrg1 Iru hdfk vhw ri dvvxpswlrqv/ vrfldo zhoiduh lv
d ixqfwlrq ri pljudwlrq dqg wkh lqlwldo vwrfn ri oderu1 Xqghu wkh pdlqwdlqhg dvvxpswlrq
wkdw �e� � A 3 wkh vrfldo zhoiduh ixqfwlrq lv frqyh{ dqg wkh rswlpdo dprxqw ri pljudwlrq
lv hlwkhu O ru 4� O/ ghshqglqj rq wkh lqlwldo doorfdwlrq1 Wkhuh lv d fulwlfdo ydoxh aOV+�,
deryh zklfk doo oderu vkrxog pryh wr pdqxidfwxulqj1 Wklv ydoxh vdwlv�hv aOV+�, ? aO+�,/
zkhuh wkh ixqfwlrq aO+�, lv jlyhq e| Sursrvlwlrq 61 Wkxv/ lq wkh devhqfh ri srolf| lqwhu0
yhqwlrq/ wkhuh duh ydoxhv ri O vxfk wkdw doo oderu zrxog pryh wr djulfxowxuh hyhq wkrxjk lw
lv vrfldoo| rswlpdo iru doo oderu wr pryh wr pdqxidfwxulqj1 Wr rewdlq wkh rswlpdo srolf|/
fkrrvh a� wr vroyh aOV +�, @ aO+a�,1 Ri frxuvh/ wklv srolf| lv qhhghg rqo| li aOV ? O ? aO> li
wkhvh lqhtxdolwlhv gr qrw krog/ sulydwh ghflvlrq duh vrfldoo| rswlpdo1
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lq p| prgho djhqwv kdyh khwhurjhqrxv lqirupdwlrq,1 Wkh| vkrz wkdw li
wkh ghjuhh ri khwhurjhqhlw| ri delolw| lv vx!flhqwo| vpdoo/ wkh htxloleulxp
uhpdlqv lqghwhuplqdwh/ dowkrxjk li lw lv vx!flhqwo| odujh wkh htxloleulxp lv
ghwhuplqdwh1

Iudqnho dqg Sdx}qhu ^8` dvvxph wkdw djhqwv duh xqfhuwdlq derxw wkh ixwxuh
+zkloh lq p| prgho/ djhqwv duh xqfhuwdlq derxw zkdw rwkhu djhqwv nqrz lq
wkh fxuuhqw shulrg,1 D sdudphwhu zklfk d�hfwv wkh ghvludelolw| ri zrunlqj lq
wkh lqfuhdvlqj uhwxuqv wr vfdoh vhfwru hyroyhv udqgrpo| dqg lqghshqghqwo| ri
djhqwv* dfwlrqv1 Lq dgglwlrq/ wkhuh duh vhwv ri ydoxhv ri wkh udqgrp sdudphwhu
+grplqdqfh uhjlrqv, dw zklfk djhqwv suhihu d sduwlfxodu vhfwru lqghshqghqwo|
ri wkh fkrlfhv rwkhu zrunhuv pdnh1 Surylghg wkdw wkh fkdqjhv lq wkh udqgrp
yduldeoh rffxu iuhtxhqwo| uhodwlyh wr wkh udwh ri fkdqjh lq wkh doorfdwlrq ri
zrunhuv/ dq duelwudulo| vpdoo yduldqfh ohdgv wr d ghwhuplqdwh htxloleulxp1

Li rqh uhjdugv wkh dvvxpswlrq ri doprvw frpprq nqrzohgjh dv uhdvrq0
deoh lq wkh fxuuhqw frqwh{w/ wkh uhvxowv khuh lpso| wkdw wkh lqghwhuplqdf| ri
htxloleuld lv iudjloh1 Wkh fulwlfdo txhvwlrq/ wkhq/ lv zkhwkhu wkh dvvxpswlrq lv
uhdvrqdeoh1 L kdyh xvhg d vwdwlf prgho wr uhsuhvhqw d g|qdplf surfhvv/ dqg
lw lv qdwxudo wr dvn zkhwkhu wklv vlpsol�fdwlrq revfxuhv dq|wklqj lpsruwdqw1

Wkh dgydqwdjh ri wkh vwdwlf irupxodwlrq lv lwv vlpsolflw|1 Lw zrxog eh
srvvleoh wr lqwurgxfh odfn ri frpprq nqrzohgjh lqwr d jhqxlqho| g|qdplf
prgho/ exw wklv zrxog eh d gl!fxow htxloleulxp sureohp1 D vlpsohu vwudw0
hj| ehjlqv zlwk wkh revhuydwlrq wkdw wkh lqghwhuplqdf| lq jurzwk wkhru|
grhv qrw uho| rq frpsolfdwhg g|qdplfv/ dqg fhuwdlqo| grhv qrw uho| rq dq
lq�qlwh wlph krul}rq1 Udwkhu/ lw ghshqgv rq d qrq0frqyh{ whfkqrorj| dqg
djhqwv zlwk udwlrqdo h{shfwdwlrqv1 Wkhvh wzr ihdwxuhv fdq eh lpehgghg lq
d vwdwlf vhwwlqj zklfk +xqghu frpprq nqrzohgjh, uhsurgxfhv wkh lqvljkwv ri
Nuxjpdq*v g|qdplf prgho1 Zlwk wklv vwdwlf prgho/ lw lv vwudljkwiruzdug wr
uhsodfh wkh dvvxpswlrq ri frpprq nqrzohgjh zlwk wkh dvvxpswlrq ri doprvw
frpprq nqrzohgjh1

Zlwk doprvw frpprq nqrzohgjh/ wkhuh lv �yhu| olwwoh xqfhuwdlqw|� diwhu
djhqwv uhfhlyh wkhlu vljqdo1 Wkh xqltxhqhvv surriv uhtxluh wkdw wkhuh eh
�vxevwdqwldo� xqfhuwdlqw| ehiruh wkh vljqdo/ l1h1/ wkdw wkhuh eh grplqdqfh
uhjlrqv1 Dq djhqw zkr revhuyhv d yhu| kljk ru d yhu| orz vljqdo zklfk
ohdyhv klp xqfhuwdlq wkdw wkh hfrqrplf ixqgdphqwdo lv lq wkh grplqdqfh
uhjlrq/ pxvw eholhyh wkdw d qrq0qhjoljleoh iudfwlrq ri djhqwv kdyh rewdlqhg
hyhq pruh h{wuhph vljqdov1

Li wkh udqgrp sdudphwhu wkdw ghvfulehv wkh hfrqrplf ixqgdphqwdo lv vhul0
doo| fruuhodwhg � dv lv uhdvrqdeoh � wkh lqirupdwlrq uhyhdohg lq rqh shulrg pd|
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fdxvh wkh qh{w shulrg*v sulruv wr eh vr lqirupdwlyh wkdw hlwkhu wkh grplqdqfh
uhjlrqv duh holplqdwhg/ ru wkdw dq djhqw zkr uhfhlyhv d h{wuhph vljqdo wklqnv
wkdw lw lv xqolnho| wkdw rwkhu djhqwv kdyh uhfhlyhg pruh h{wuhph vljqdov1 Lq
wklv fdvh/ sxeolf lqirupdwlrq rewdlqhg iurp klvwru| grplqdwhv sulydwh lqiru0
pdwlrq/ dqg wkhuh pd| eh pxowlsoh htxloleuld1

Fkdpoh| ^6` qrwhv wklv srvvlelolw| dqg frqfoxghv wkdw wkh xvh ri doprvw
frpprq nqrzohgjh wr rewdlq d ghwhuplqdwh htxloleulxp �lv lqdssursuldwh
zkhq wkh jdph lv sod|hg uhshdwhgo|/ e| gl�huhqw djhqwv lq hdfk shulrg/ dqg
wkh vwuxfwxudo sdudphwhuv fkdqjh e| vpdoo dprxqwv ehwzhhq shulrgv� +sdjh
;<6/ hpskdvlv dgghg,1 Kh surylghv dq h{dpsoh wr looxvwudwh wklv fodlp1 Wkhuh
duh wkuhh lqwhuhvwlqj ihdwxuhv ri wkh fodlp dqg wkh vxssruwlqj h{dpsoh1

Iluvw/ wkh h{dpsoh vkrzv wkdw vrph vshfl�fdwlrqv ri xqfhuwdlqw| zklfk
duh uhdvrqdeoh lq d rqh0shulrg sureohppd| qrw ohqg wkhpvhoyhv wr d g|qdplf
jhqhudol}dwlrq1 Dgglqj vhuldo fruuhodwlrq ri wkh hfrqrplf ixqgdphqwdo wr wkh
prgho zlwk d xqlirup sulru dqg xqlirup vljqdo zrxog uhtxluh dq xquhdvrqdeo|
odujh lqqrydwlrq lq hdfk shulrg/ lq rughu wkdw sxeolfo| dydlodeoh lqirupdwlrq
qrw grplqdwh wkh sulydwh vljqdo1 Iru rwkhu vshfl�fdwlrqv/ wkh xqltxhqhvv
uhvxow fdq vxuylyh lq d g|qdplf vhwwlqj/ dv vkrzq e| Pruulv dqg Vklq*v ^44`
h{whqvlrq ri wkhlu hduolhu sdshu1

Vhfrqg/ Fkdpoh|*v h{dpsoh lqyroyhv d jdph wkdw lv sod|hg e| gl�huhqw
djhqwv lq hdfk shulrg/ zkhuhdv wkh qdwxudo g|qdplf yhuvlrq ri wkh prgho lq
wklv sdshu lqyroyhv orqj0olyhg djhqwv1 Zh nqrz iurp Iudqnho dqg Sdx}qhu*v
sdshu wkdw lq wklv vhwwlqj wkh odfn ri frpprq nqrzohgjh lv qrw qhhghg wr
rewdlq d ghwhuplqdwh htxloleulxp1 Krzhyhu/ lq wkhlu sdshu/ d orqj0olyhg
djhqw +jhqxlqh g|qdplfv, lv qhhghg iru ghwhuplqdf|1 Wkxv/ zlwk doprvw
frpprq nqrzohgjh zh gr qrw qhhg g|qdplfv/ dqg zlwk g|qdplfv zh gr qrw
qhhg lqirupdwlrqdo dv|pphwulhv/ lq rughu wr rewdlq ghwhuplqdf|1 Lq rwkhu
zrugv/ wkhuh duh dw ohdvw wzr irufhv � wkuhh li zh lqfoxgh wkh khwhurjhqhlw| ri
delolw| lq Khuuhqgrui hw do1 � wkdw surprwh d ghwhuplqdwh htxloleulxp1

Wklug/ lq rughu wr ryhuwxuq wkh xqltxh htxloleulxp/ Fkdpoh|*v h{dpsoh
uhtxluhv wkdw wkh vwuxfwxudo sdudphwhu fkdqjh vorzo|/ vr wkdw wkh sxeolfo|
dydlodeoh nqrzohgjh vzdpsv wkh sulydwh lqirupdwlrq1 Wklv uhtxluhphqw kdv
wkh vdph  dyru dv Iudqnho dqg Sdx}qhu*v frqglwlrq wkdw wkh sxeolf lqirupd0
wlrq fkdqjh uhodwlyho| txlfno|/ lq rughu wr pdlqwdlq wkh xqltxh htxloleulxp1

Uhjdugohvv ri zkhwkhu djhqwv duh xqfhuwdlq derxw zkdw rwkhu djhqwv nqrz/
ru xqfhuwdlq derxw zkdw zloo kdsshq lq wkh ixwxuh/ wkhvh h{dpsohv vxjjhvw
wkdw wkh hfrqrplf hqylurqphqw pxvw fkdqjh uhodwlyho| txlfno| lq rughu wr
vxssruw d xqltxh htxloleulxp1 Lq wklv vhqvh/ rqh pljkw uhjdug wkh lqwurgxf0
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wlrq ri udqgrpqhvv ru wkh lqwurgxfwlrq ri dv|pphwulf lqirupdwlrq dv ehlqj
pdmru fkdqjhv wr wkh ruljlqdo ghwhuplqlvwlf prgho1 Xqghu wklv ylhz/ wkh
lpsolfdwlrqv ri wkhvh prghov gr qrw fkdoohqjh wkh urexvwqhvv ri wkh lqghwhu0
plqdf| lq wkh ruljlqdo prgho1 Wkh dowhuqdwlyh ylhz lv wkdw vlqfh wkh prghov
lq Iudqnho dqg Sdx}qhu dqg lq wklv sdshu lqyroyh hlwkhu dq duelwudulo| vpdoo
yduldqfh lq wkh ixqgdphqwdo ru dq duelwudulo| vpdoo ghjuhh ri khwhurjhqhlw|
ri lqirupdwlrq derxw wkh ixqgdphqwdo/ wkh| fdq eh frqvlghuhg shuwxuedwlrqv
ri wkh ruljlqdo prgho/ dqg wkhlu uhvxowv lqwhusuhwhg dv d fkdoohqjh wr wkh
lqghwhuplqdf| uhvxow1
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D Dsshqgl{= Surriv dqgGlvfxvvlrq ri Sursr0
vlwlrqv

Wr frqvhuyh qrwdwlrq/ L uhsodfh wkh vhfrqg dqg wklug dujxphqwv riC�E%(Z� c Z2�
zlwk %� lq wkh fdvh zkhuh Z� ' U�E%( %��� Iru h{dpsoh/ li wkh pdqxidfwxulqj
zrunhu*v ehkdylru lv ghvfulehg e| wkh jhqhudo vwudwhj| Z�E%� dqg wkh djul0
fxowxudo zrunhu*v ehkdylru lv ghvfulehg e| wkh vwhs ixqfwlrq lq htxdwlrq E�f�/
wkh h{shfwhg ehqh�w ri pljudwlrq wr W|sh � zkr revhuyhv wkh vljqdo % lv
C�E%( Z� c %��� Li erwk w|shv xvh wkh vwhs ixqfwlrqv/ wkh h{shfwhg jdlq ri
pljudwlrq lv C�E%(%� c %�� ' C�E%(f�/ zkhuh f ' E%� c %��1

Frqvlghu dq duelwudu| uhihuhqfh vwudwhj| sdlu � ' EZ� c Z�� dqg dq dowhu0
qdwlyh �� ' EZ�� c Z��� vxfk wkdw Z�E%� � Z��E%� dqg Z�E%� � Z��E%�1 Xqghu
wkh dowhuqdwlyh vwudwhj| d pdqxidfwxulqj zrunhu lv qr pruh olnho| wr pljudwh
dqg dq djulfxowxudo zrunhu lv qr ohvv olnho| wr pljudwh/ uhodwlyh wr wkh uhihuhqfh
vwudwhj|1 D vlpsoh fdofxodwlrq +ghwdlov rplwwhg, hvwdeolvkhv=

Ohppd 5 Dvvxph qK � B : f1 Lq wklv fdvh/ C�E%( �� � C�E%( ��� dqg
C�E%( �� � C�E%( �

��1

Iru h{dpsoh/ lw lv pruh dwwudfwlyh iru d pdqxidfwxulqj zrunhu wr pljudwh li
kh eholhyhv wkdw pruh zrunhuv zloo ohdyh pdqxidfwxulqj dqg wkdw ihzhu zrun0
huv zloo ohdyh djulfxowxuh1 Li zh zhuh wr uhyhuvh wkh dvvxpswlrq lq wkh ohppd/
vr wkdw qK� B 	 f/ wkh frqfoxvlrq zrxog qrw iroorz1 Lq wkdw fdvh/ li d pdq0
xidfwxulqj zrunhu eholhyhg wkdw pruh zrunhuv zrxog ohdyh pdqxidfwxulqj/
pljudwlrq zrxog eh ohvv dwwudfwlyh1

Ohppd 6 Dvvxph wkdw djhqwv kdyh gl�xvh sulruv ryhu w1 +l, Iru dq| Qhduo|
Prqrwrqlf ixqfwlrq Z�/ C�E%� ( %� c Z�� lv d frqwlqxrxv lqfuhdvlqj ixqfwlrq
ri %� / dqg wkhuh h{lvwv d xqltxh 	%�EZ�� wkdw vdwlv�hv C�E%� ( %� c Z�� ' f1
+ll, Iru dq| Qhduo| Prqrwrqlf ixqfwlrq Z� / C�E%�( Z� c %�� lv d frqwlqxrxv
ghfuhdvlqj ixqfwlrq ri %� dqg wkhuh h{lvwv d xqltxh 	%�EZ�� wkdw vdwlv�hv
C�E%�( Z� c %�� ' f1

Surri1 +l, Zkhq Z� lv jlyhq e| htxdwlrq Eb�/ .w�%��Ew( Z�� ' �
2
� Vxe0

vwlwxwlqj wklv ydoxh lqwr htxdwlrq Ee� jlyhv

C�E%� ( %� c Z�� ' qK d%� � uo n
qK� B

2
u� EqKn B�E�� u�.w�%��Ewc Z���

+45,
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Vlqfh f � �Ewc Z�� � � wkhuh h{lvwv vx!flhqwo| odujh dqg vpdoo ydoxhv ri %�
vxfk wkdw C�E%� ( %� c Z�� lv hlwkhu srvlwlyh ru qhjdwlyh1 Frqwlqxlw| iroorzv
iurp wkh lqwhjudelolw| ri Z�1 Wkh ghulydwlyh ri C� lv

_

_%�
C�E%� ( %� c Z�� ' qK� EqKn B�E�� u�

20
d� E%� n 0( Z��� � E%� � 0( Z��o : f�

Wkh lqhtxdolw| iroorzv iurp wkh gh�qlwlrq ri � ^htxdwlrq E��` dqg wkh dv0
vxpswlrq ri Qhdu Prqrwrqlflw|/ htxdwlrq E.�1 Wkh prqrwrqlflw| ri C� lq
%� dqg wkh idfw wkdw C� fdq eh srvlwlyh ru qhjdwlyh lpsolhv wkdw wkhuh h{lvwv
d xqltxh 	%�EZ�� wkdw vroyhv C�E%� ( %� c Z�� ' f1 +ll, Wkh surri ri vhfrqg
sduw lv lghqwlfdo/ vr L rplw lw1

Glvfxvvlrq ri Ohppd 6 +grplqdqfh uhjlrqv,1 Wkh �uvw olqh ri wkh surri
dqg wkh vwdwhphqw wkdw %� fdq eh vx!flhqwo| odujh ru vpdoo xvh wkh dvvxps0
wlrq ri gl�xvh sulruv1 Vxssrvh/ lqvwhdg/ wkdw wkh xsshu erxqg rq wkh sulru
vxssruw lv 7w1 Lq wklv fdvh/ iru %� : 7w � 0/ wkh pdujlqdo pdqxidfwxulqj
zrunhu +l1h1/ wkh rqh zkr revhuyhv % ' %�, kdv dq h{shfwhg ydoxh ri w htxdo
wr

7wn%�30
2

	 %� dqg eholhyhv wkdw wkh iudfwlrq
7w3%�n0

e0
	 �

2
ri pdqxidfwxulqj

zrunhuv zloo pljudwh1 Iru wklv zrunhu/ wkh orzhu erxqg rq wkh h{shfwhg
ehqh�w ri pljudwlrq +zklfk htxdov wkh h{shfwhg ehqh�w frqglwlrqdo rq doo
djulfxowxudo zrunhuv pljudwlqj, lv

qK

�7w n %� � 0

2
� u

�
n

7w � %� n 0

e0
EqK� B�u� EqKn B� E�� u�

Iru vpdoo 0 wklv h{suhvvlrq lv ghfuhdvlqj lq %� / vr d qhfhvvdu| dqg vx!flhqw
frqglwlrq iru lw wr eh qrq0qhjdwlyh +dqg wkxv iru wkh h{shfwhg ehqh�w ri
pljudwlrq wr eh qrq0qhjdwlyh, lv wkdw lw lv qrq0qhjdwlyh dw %� ' 7wn 0/ zklfk
lpsolhv 7w � qKnBE�3u�

qK
1 +D gl�huhqw erxqg lv rewdlqhg li 0 lv odujh1,

Wkxv/ zkhq pdqxidfwxulqj zrunhuv xvh wkuhvkrog vwudwhjlhv/ wkh h{shfwhg
ehqh�w ri pljudwlrq lv srvlwlyh iru kljk vljqdov surylghg wkdw 7w lv vx!flhqwo|
odujh1 Xvlqj d vlplodu dujxphqw lw lv hdv| wr vkrz wkdw wkh h{shfwhg ehqh�w
ri pljudwlrq lv qhjdwlyh iru orz vljqdov/ surylghg wkdw wkh orzhu vxssruw ri
w lv vpdoo1 Iru lqwhuphgldwh vljqdov/ wkh h{shfwhg ehqh�w lv prqrwrqlfdoo|
lqfuhdvlqj dqg kdv d xqltxh f urrw1

Zlwkrxw wkh dvvxpswlrq ri grplqdqfh uhjlrqv/ wkh ixqfwlrqC�E%� ( %� c Z��
pd| kdyh wzr +ru pruh, }hur urrwv Lq wkdw fdvh/ wkh htxloleulxp +frqglwlrqdo
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rq Z�, pljkw vwloo eh xqltxh/ exw lw zrxog qrw eh prqrwrqlf lq wkh vljqdo/
dqg suredeo| zrxog qrw eh Qhduo| Prqrwrqlf1

Wkh qh{w vwhs vkrzv wkdw Z� lv d vwhs ixqfwlrq zkhqhyhu Z�/ � 9' �/ lv
Qhduo| Prqrwrqlf1

Ohppd 7 Dvvxph wkdw qK � B : f1 +l, Vxssrvh wkdw Z� lv Qhduo| Prqr0
wrqlf1 Wkhq wkh xqltxh htxloleulxp uhvsrqvh Z� lv wkh vwhs ixqfwlrq gh�qhg
lq htxdwlrq Eb�/ zlwk %� ' 	%�EZ��/ gh�qhg lq Ohppd 61 +ll, Vxssrvh wkdw
Z� lv Qhduo| Prqrwrqlf1 Wkhq wkh xqltxh htxloleulxp uhvsrqvh Z� lv wkh
vwhs ixqfwlrq gh�qh lq htxdwlrq E�f�/ zlwk %� ' 	%�1

Surri1 +l, Gh�qh 7%� ' t�T i% m Z�E%� 	 �j dqg %� ' �?u i% m Z�E%� : fj �
Wkhq

7%� � t�T i% m f 	 Z�E%� 	 �j � �?u i% m f 	 Z�E%� 	 �j � %�� +46,

Li Z�E%� 	 � vrph pdqxidfwxulqj zrunhuv gr qrw pljudwh zkhq wkh| uh0
fhlyh vljqdo %/ vr C�E%( �� � f1 E| frqwlqxlw|/ C�E7%� ( �� � f1 Fohduo|/
U�E%( 7%�� � Z�E%�/ vr e| Ohppd 5/ C�E%( �� � C�E%( 7%� c Z�� Hydoxdwlqj
wklv lqhtxdolw| dw 7%� dqg xvlqj wkh suhylrxv uhvxow lpsolhv

f � C�E7%� ( �� � C�E7%� ( 7%� c Z���

Ohppd 6 wkhq lpsolhv wkdw 7%� � 	%�EZ��1 D vlplodu dujxphqw hvwdeolvkhv
wkdw %� � 	%�EZ��1 Wkhvh wzr lqhtxdolwlhv dqg htxdwlrq E��� lpso| wkdw
7%� ' 	%�EZ�� ' %� zklfk hvwdeolvkhv sduw +l, ri wkh ohppd1 +ll, Wkh surri
ri wkh vhfrqg sduw lv yluwxdoo| lghqwlfdo1

Wkh suhylrxv ohppdv ohdg doprvw lpphgldwho| wr wkh surri ri Sursrvlwlrq
41

Surri1 +Sursrvlwlrq 4, Ohppd 7 phdqv wkdw zh fdq uhvwulfw dwwhqwlrq wr
vwhs ixqfwlrqv/ vr zh qhhg wr vkrz wkdw wkhuh lv d xqltxh sdlu f ' E%� c %��
wkdw vdwlvi| C�E%� (f� ' f ' C�E%�(f�� Iluvw/ zh frqvlghu wkh judsk
ri wkh fxuyh wkdw vdwlv�hv C�E%� (f� ' f1 Iurp Ohppd 6 zh nqrz wkdw
_

_%�
C�E%� ( %� c %�� : f1 Iurp htxdwlrqv Ee� dqg E�� zh kdyh

_

_%�
C�E%� ( %� c %�� ' �E�� u�EqKn B�

_

_%�
.w�%� 4@ 

�
fc

%� � w n 0

20

�
� f�

+47,
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xA

xM

GM = 0

GA = 0

Iljxuh 5= Wkh Xqltxh Wkuhvkrog Vljqdov

Wuhdwlqj %� dv dq lpsolflw ixqfwlrq ri %�/ gh�qhg e| wkh htxdwlrqC�E%� (f� '
f/ zh nqrz iurp Ohppd 6 wkdw wkh grpdlq ri %� lv wkh hqwluh uhdo olqh1 Iurp
Ohppd 6 dqg htxdwlrq E�e� zh kdyh

_%�
_%� �C�'f

� f�

D vlplodu dujxphqw lpsolhv wkdw zh fdq uhjdug %� dv dq lpsolflw ixqfwlrq ri
%� gh�qhg e| wkh htxdwlrq C�E%�(f� ' f� Wkh grpdlq ri wklv ixqfwlrq
+%�E%��, lv wkh hqwluh uhdo olqh/ dqg

_%�
_%� �C�'f

� f�

+Iljxuh 5 vkrzv wkhvh judskv1, Wkxv/ wkhuh lv d xqltxh vroxwlrq wrC�E%� (f� '
f ' C�E%�(f�1 Ohppd 4 lpsolhv wkdw %� 	 %� �

Wkh surri ri Sursrvlwlrq 5 surfhhgv e| fdofxodwlqj wkh urrwv riC�E%� (f� '
f ' C�E%�(f� xqghu wkh dvvxpswlrq wkdw 5 : 20 dqg wkhq xqghu wkh dv0
vxpswlrq wkdw 5 	 201
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Surri1 +Sursrvlwlrq 5, +l, Iluvw/ frqvlghu wkh srvvlelolw| wkdw 5 : 201
Lq wklv fdvh/ wkh pdujlqdo pdqxidfwxulqj zrunhu +l1h1 wkh zrunhu zkr lv
lqgl�huhqw, nqrzv wkdw qr djulfxowxudo zrunhu zloo pljudwh/ dqg wkxv/ .d�� m
%� o ' f1 Vlqfh .dw m %� o ' %� / wklv pdujlqdo djhqw h{shfwv wkdw kdoi ri wkh
rwkhu pdqxidfwxulqj zrunhuv revhuyh % � %� 1 Frqvhtxhqwo|/ .d�� m %� o '
u
2
1 Vxevwlwxwlqj wkhvh h{suhvvlrqv lqwr htxdwlrq Ee� dqg hydoxdwlqj C� dw

% ' %� jlyhv wkh olqhdu htxdwlrq iru %�

C�E%� (f� ' qK d%� � uo n
u

2
EqK� B� ' f� +48,

Uhshdwlqj wkhvh vwhsv iru wkh djulfxowxudo zrunhu |lhogv

C�E%�(f� ' qK du� %�o n
�� u

2
EqK� B� ' f� +49,

Dgglqj wkhvh wzr htxdwlrqv jlyhv

5 ' %� � %� ' �qK� B

2qK
+4:,

zklfk lpsolhv wkdw 5 	 f/ lq ylhz ri wkh dvvxpswlrq wkdw qK� B : f� Htxd0
wlrq E�.� ylrodwhv Sursrvlwlrq 41 Frqvhtxhqwo|/ 5 : 20 fdqqrw rffxu lq
htxloleulxp1

Zkhq 5 	 20 dqg Z�E%� ' U�E%( %��/ htxdwlrq E�� lpsolhv

�Ew( %�� ' 4�?

�
�c4@ 

�
%� � w n 0

20
c f

��
� +4;,

Gh�qh wkh vhw K ' iw m %� � 0 � w � %� n 0j/ wkh vhw ri srvvleoh ydoxhv ri w
+jlyhq wkh vljqdo %�, zkhuh �� : f1 Vlqfh 5 	 20/ K lv qrqhpsw|1 Iru w"K
htxdwlrq E�H� lpsolhv

�Ew( %�� m w"K '
%� � w n 0

20
� +4<,

Zh kdyh

. Ew m w"K� ' %� n %�
2

�

Xvlqj wklv uhvxow lq htxdwlrq E�b� lpsolhv

. d�Ew( %�� m w"Ko ' %� n 0

20
� %� n %�

e0
'

%� � %� n 20

e0
'

20� 5

e0
�
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Iurp wkh uxohv ri frqglwlrqdo h{shfwdwlrqv/ zh kdyh

. d�� m %� o ' . d�� m w"Ko � �hEw"K m %��

dqg iurp wkh gh�qlwlrq ri K/

�hEw"K m %�� '
%� � %� n 20

20
'

20� 5

20
�

Wkh odvw wkuhh htxdwlrqv lpso|

. d�� m %� o '
E20� 5�2

H02
� M� +53,

Wkh gh�qlwlrq riM/ wkh idfw wkdw .dw m %� o ' %� dqg htxdwlrq Ee� hqdeoh
xv wr zulwh C�E%� (f� ' f dv

C�E%� (f� ' qK%� � qKn B

2
u�M E�� u� EqKn B� ' f� +54,

Xvlqj sdudooho vwhsv/ zh fdq zulwh C�E%�(f� ' f dv

C�E%�(f� ' �qK%� n
qKn B

2
u�Mu EqKn B� n

qK� B

2
' f� +55,

Dgglqj htxdwlrqv E2�� dqg E22� lpsolhv

�qK5 �MEqKn B� n
qK� B

2
' f� +56,

Uhduudqjlqj htxdwlrq E2�� xvlqj wkh gh�qlwlrq ri M/ uhvxowv lq

52 � 5

�
20qKn qKn B

qKn B

�
e0n

HB02

qKn B
' f� +57,

Wr frpsohwh wkh surri ri sduw +l, lw lv qhfhvvdu| wr vkrz wkdw wkhuh h{lvwv
d xqltxh srvlwlyh urrw ri E2e� zklfk lv dozd|v vpdoohu wkdq 201 Gh�qh

j � � n
20qK

qKn B
: �( { � j2 � 2B

qKn B
: f +58,
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zkhuh wkh odvw lqhtxdolw| xvhv wkh idfw wkdw B 	 qK ', 2B
qKnB

	 �1 Zlwk wkhvh
gh�qlwlrqv/ zh fdq zulwh wkh urrwv ri E2e� dv

20Ej 	
s
{��

Erwk urrwv duh uhdo> wkh odujhu h{fhhgv 20/ vr wkh vpdoohu urrw/

5W � 20Ej �
s
{� +59,

lv rqo| uhpdlqlqj fdqglgdwh1 Xvlqj wkh gh�qlwlrqv lq htxdwlrq E2D� zh kdyh

j �
s
{ 	 � +, 0 :

B � qK

eqK
� +5:,

Iru B � qK 	 f wkh vhfrqg lqhtxdolw| lq htxdwlrq E2.� lv dozd|v vdwlv�hg/ vr
5W 	 20 lv wkh fruuhfw urrw1

+ll, Wkh �uvw vhqwhqfh lq wklv sduw ri wkh sursrvlwlrq lv htxlydohqw wr wkh

fodlp wkdw
_E 5

20�
_0

	 f� Wr hvwdeolvk wklv lqhtxdolw|/ xvh htxdwlrqv E2D� dqg
E2S� wr rewdlq

_
�
5
20

�
_0

'
_j

_0

�s
{

�s
{� j

�
	 f�

Lq rughu iru wkhuh wr h{lvw w vxfk wkdw wzr0zd| pljudwlrq rffxuv zkhq pruh
wkdq kdoi ri wkh zrunhuv ohdyh rqh vhfwru/ lw lv qhfhvvdu| dqg vx!flhqw wkdw
5W 	 01 Wklv lqhtxdolw| krogv li dqg rqo| li

j �
s
{ 	

�

2
+,

�
j � �

2

�2

	 { +,
DB � �qK

HqK
	 0�

+lll, Sduw wkuhh ri wkh sursrvlwlrq lv htxlydohqw wr wkh fodlp wkdw _5
_B

: f1
Zkhq 5 lqfuhdvhv/ wkh glvwdqfh ehwzhhq wkh wzr wkuhvkrog vljqdov lqfuhdvhv/
ghfuhdvlqj wkh vhw ri w wkdw vdwlvi| wkh wzr lqhtxdolwlhv w � 0 	 %� dqg
w n 0 : %� 1 Wkh ghulydwlyh _5

_B
htxdov

_5

_B
'

�e0qK

EqKn B�2

�
0� 20j n qK

2
s
{

�
�
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xM + ε
xM + ε

xA + ε xA + ε
xM

xM - ε
xA

xA - εε

ε

xA

xM - ε

xA - ε
ε

ε

(a)  z > ε (b)  z < ε

Iljxuh 6= Wkh Htxloleulxp zlwk Doprvw Frpprq Nqrzohgjh

D vwudljkwiruzdug fdofxodwlrq vkrzv wkdw wkh whup lq vtxduh eudfnhwv lv qhj0
dwlyh1

+ly, Vroylqj htxdwlrq E2�� iru %� |lhogv

%� '
�

qK

�
EqKn B�

�
�

2
�M

�
unMEqKn B�

�
� +5;,

Wkh idfw wkdw f 	 5W 	 20 +zklfk zdv vkrzq deryh, dqg wkh gh�qlwlrq ri M
lq htxdwlrq E2f� lpsolhv M 	 �

2
vr %� lv lqfuhdvlqj lq u1 Vlqfh %� dqg %�

gl�hu e| wkh frqvwdqw 5W/ %� lv dovr lqfuhdvlqj lq u1

Iljxuh 6 looxvwudwhv wkh sursrvlwlrq1 Wkh wzr sdqhov looxvwudwh wkh wzr
fdvhv zkhuh DB3�qK

HqK
: 0 dqg DB3�qK

HqK
	 01 Lq erwk sdqhov wkh vkdghg duhd

vkrzv wkh vhw ri w vxfk wkdw wzr0zd| pljudwlrq rffxuv1 Iru h{dpsoh/ lq
sdqho @/ zkhq w : %� n 0 doo zrunhuv lq pdqxidfwxulqj pljudwh/ dqg qr
djulfxowxudo zrunhuv pljudwh1 Iru w 	 %� � 0 doo zrunhuv lq djulfxowxuh/
dqg qr pdqxidfwxulqj zrunhuv pljudwh1 Iru w" E%� n 0c %� n 0� vrph +exw
qrw doo, pdqxidfwxulqj zrunhuv/ dqg qr djulfxowxudo zrunhuv pljudwh1 Vlpl0
oduo|/ iru w" E%� � 0c %� � 0� vrph +exw qrw doo, djulfxowxudo zrunhuv/ dqg qr
pdqxidfwxulqj zrunhuv pljudwh1 Sdqho e kdv d vlplodu lqwhusuhwdwlrq1
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Zkhq DB3�qK
HqK

	 0 +sdqho K, wzr0zd| pljudwlrq rffxuv lq vrph vlwxdwlrqv
zkhuh pruh wkdq kdoi ri wkh zrunhuv lq rqh vhfwru pljudwh1 Iru h{dpsoh
li w" E%� c %� n 0� +sdqho K, wkhq vrph djulfxowxudo zrunhuv pryh wr pdq0
xidfwxulqj hyhq wkrxjk pruh wkdq kdoi ri pdqxidfwxulqj zrunhuv pryh wr
djulfxowxuh1 Qrwh wkdw wkh lqhtxdolw| DB3�qK

HqK
	 0 krogv iru doo 0 zkhqhyhu

B 	 �qK
D
1 Wkxv/ zkhq B lv yhu| vpdoo uhodwlyh wr qK � vr wkdw vhw ri lqlwldo

doorfdwlrqv wkdw jlyh ulvh wr pxowlsoh htxloleuld xqghu shuihfw lqirupdwlrq lv
odujh � wkh h{whqw ri wzr0zd| pljudwlrq dovr whqgv wr eh odujh1

Surri1 +Sursrvlwlrq 6, Wdnlqj wkh olplw dv 0 $ f ri htxdwlrq E2�� dqg
xvlqj wkh idfw wkdw *�40<f 5 ' f lpsolhv

*�4
0<f

M '
qK� B

2 EqKn B�
�

Xvlqj wklv uhvxow lq wkh olplwlqj irup +dv 0 $ f, ri htxdwlrq E2H� lpsolhv
htxdwlrq E���1 Zh fdq vroyh htxdwlrq E��� iru u dqg xvh wkh idfw wkdw lq
wkh olplw dv 0 $ f zrunhuv uhfhlyh shuihfw lqirupdwlrq derxw wkh vwdwh ri wkh
hfrqrp|1 Wkxv/ zh fdq uhsodfh wkh vljqdo % e| wkh sdudphwhu w wr zulwh
htxdwlrq E��� dv

	u '
qK

B
w n

B � qK

2B
'

u� n u2

2
� +5<,

Wkh odvw htxdolw| xvhv wkh gh�qlwlrqv ri u� dqg u2 iurp htxdwlrq E��1 D
vljqdo % lqirupv zrunhuv ri wkh vwdwh ri wkh hfrqrp|/ w/ dqg gh�qhv d fulw0
lfdo doorfdwlrq 	u1 Li wkh fxuuhqw doorfdwlrq/ u/ h{fhhgv wklv fulwlfdo ohyho/
doo zrunhuv lq djulfxowxuh pryh wr pdqxidfwxulqj1 Rwkhuzlvh/ doo zrunhuv
lq pdqxidfwxulqj pryh wr djulfxowxuh1 Wkh fulwlfdo doorfdwlrq lv plg0zd|
ehwzhhq wkh erxqgv ri wkh vhw ri doorfdwlrqv iru zklfk wkhuh h{lvwv pxowlsoh
htxloleuld xqghu shuihfw lqirupdwlrq1
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