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Devwudfw

Lq wklv sdshu/ zh dqdo|}h wkh vlpxowdqhrxv uhjxodwlrq ri vhyhudo jrrgv surgxfhg

rq djulfxowxudo odqg vxfk dv hqylurqphqwdo dphqlwlhv dqg fursv1 Wklv dqdo|vlv lv

frqgxfwhg xvlqj d jhqhudo wzr jrrgv prgho zkhuh doo djulfxowxudo odqg lv xvhg iru

surgxfwlrq1 Wkh uhjxodwlrq dxwkrulw| fdq uhjxodwh wkhvh jrrgv hlwkhu wkurxjk vhw dvlgh

uhtxluhphqwv ru surgxfwlrq txrwdv1 Wkh sdshu irfxvhv rq lqirupdwlrq dv|pphwu|

derxw vrph idup shuirupdqfh lqgh{ fuhdwlqj dgyhuvh vhohfwlrq1 Zkhq sxeolf ixqgv

duh qrq frvwo| zh vkrz wkdw wkh qhw vrfldo zhoiduh lqgxfhg e| wkh wzr w|shv ri frqwudfwv

duh htxdo1 Lq jhqhudo zh dovr vkrz wkdw li wkh jrdo ri wkh uhjxodwlrq lv wr ghfuhdvh wkh

surgxfwlrq ri wkh txrwd jrrg lw lv ehwwhu wr xvh d txrwd frqwudfw1 Rq frqwudu| li wkh

uhjxodwlrq dlpv dw lqfuhdvlqj wkh surgxfwlrq ri wkh txrwd jrrg/ lw lv ehwwhu wr xvh d

vhw dvlgh frqwudfw1

WWklv uhvhdufk zdv sduwo| lqlwldwlhg zlwklq wkh uhvhdufk surmhfw Hfrorjlfdo0Hfrqrplf Dqdo|vlv ri Zhw0
odqgv= Ixqfwlrqv/ Ydoxhv dqg G|qdplfv +HFRZHW,1 Ixqglqj iurp wkh HX2GJ[LL Hqylurqphqw dqg
Folpdwh Surjudpph +Frqwudfw Qr1 HQY70FW<9035:6,/ wkh Vzhglvk Frxqflo iru Sodqqlqj dqg Frruglqd0
wlrq ri Uhvhdufk +IUQ,/ dqg wkh Lqvwlwxw Qdwlrqdo gh od Uhfkhufkh Djurqrpltxh +LQUD vxssruw ri uhvhdufk
rq frqwudfw wkhru|, lv judwhixoo| dfnqrzohgjhg1
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Vhw dvlgh surjudpv kdyh ehhq pdlqo| lpsohphqwhg lq wkh iudphzrun ri djulfxowxudo pdunhw

uhjxodwlrq1 Vxfk srolf| kdv ehhq dq lpsruwdqw uhjxodwlrq wrro lq XVD zlwk wkh Idup Eloo

Dfw dqg pruh uhfhqwo| lq Hxursh zlwk wkh vhw0dvlgh surjudpv sursrvhg lq 4<;; dqg 4<<51
Wkh dlp ri wkh uhjxodwlrq dxwkrulw| zdv wr olplw wkh h{fhvv ri surgxfw vxsso| dqg wr olplw
wkh lqfuhdvlqj sxeolf h{shqglwxuh iru djulfxowxuh vxssruw/ hyhq wkrxjk wkh djulfxowxudo
lqfrph vxssruw lv vrfldoo| dffhswhg1 Lw kdv ehhq vkrzq lq suhylrxv sdshuv +Erxujhrq
hw do1/ 4<<8/ Md|hw/ 4<<; , wkdw vlpxowdqhrxv vhw0dvlgh dqg kljk sulfh srolflhv frxog eh
h!flhqwo| frqvlvwhqw zlwk d kljk zhljkw ri iduphuv lq wkh zhoiduh ixqfwlrq +vhh dovr Jlvvhu/
4<<6 iru d �uvw dssurdfk ri wkh sureohp,1

Dqrwkhu ehqh�w iurp vhw0dvlgh/ zklfk kdv ehhq irfxvhg rq uhfhqwo|/ lv wkh hqylurqphq0
wdo lpsdfw ri vxfk d srolf|1 Lq pdq| Hxurshdq frxqwulhv/ vhw dvlgh lv xvhg wr surgxfh
hqylurqphqwdo dphqlwlhv1 Pdq| hqylurqphqwdo ehqh�wv vxfk dv qxwulhqwv fohdqlqj/ fdq eh
fuhdwhg rq vhw0dvlgh odqg wkurxjk lwv wudqvirupdwlrq/ iru h{dpsoh/ lqwr zhwodqgv1 Zkhq
zh wdnh lqwr dffrxqw wkh grxeoh surgxfwlrq dvshfw 0 wkh surgxfwlrq ri fursv dqg ri hqyl0
urqphqwdo dphqlwlhv 0 zh kdyh qrz wr frqvlghu wkdw wkh �txdolw|� ri wkh odqg lv qrw rqo|
gxh wr wkh |lhogv iurp wudglwlrqdo djulfxowxudo surgxfwlrq1 Doo wkh sorwv duh fkdudfwhul}hg
erwk e| wkhlu srwhqwldo |lhog iru furs surgxfwlrq dqg wkhlu srwhqwldo hqylurqphqwdo |lhog1
Lq rwkhu zrugv wkh odqg lv qrz fkdudfwhul}hg qrw rqo| e| d srwhqwldo sulydwh ehqh�w exw
dovr e| lwv srwhqwldo sxeolf dphqlw|1 Wkh uhjxodwru kdv wr wdnh erwk lqwr dffrxqw/ zkhuhdv
udwlrqdo lqglylgxdo surgxfhuv pd| irfxv rqo| rq wkh sulydwh |lhogv1

Lq wklv sdshu/ zh sursrvh wkh dqdo|vlv ri wkh vlpxowdqhrxv uhjxodwlrq ri vhyhudo jrrgv
surgxfhg rq djulfxowxudo odqg vxfk dv hqylurqphqwdo dphqlwlhv dqg fursv1 Wklv dqdo|vlv
lv frqgxfwhg xvlqj d jhqhudo prgho ri djulfxowxudo surgxfwlrq zkhuh doo djulfxowxudo odqg
lv xvhg wr surgxfh wzr gl�huhqw jrrgv1 Wkh sulqflsdo pd| uhjxodwh wkhvh surgxfwlrqv
hlwkhu wkurxjk vhw dvlgh uhtxluhphqwv iru surgxfwlrq ri dq dphqlw| ru wkurxjk surgxfwlrq
txrwdv iru wkh pdunhwhg jrrgv1 Lq rwkhu zrugv wkh sulqflsdo pd| uhjxodwh wkh lqsxw ru
wkh rxwsxw1

Sorwv duh fkdudfwhul}hg e| wkhlu sulydwh ehqh�w fdsdflwlhv dqg surgxfwlrq frvwv1 Wkrvh
duh ixqfwlrq ri d fkdudfwhulvwlfv ri wkh idup/ xqnqrzq wr wkh uhjxodwru/ zkr rqo| nqrzv
lwv glvwulexwlrq1 Wkh sdshu irfxvhv rq wklv lqirupdwlrq dv|pphwu| fuhdwlqj dgyhuvh vh0
ohfwlrq1 Zh nhhs rxw wkh sxeolf fkrlfh ri wkh djulfxowxudo sulfh vr wkdw wkh frqvxphu lv
qrw lqwhjudwhg lq wklv dqdo|vlv/ lq zklfk rqo| wd{sd|huv idfh surgxfhuv1 Zh vkrz krz wkh
wkhru| ri frqwudfw lv deoh wr khos xv wr vroyh rxu sureohp1

Wkh txhvwlrq zkhwkhu rqh vkrxog uhjxodwh wkurxjk lqsxw ru rxwsxw lq dq dv|pphwulf
lqirupdwlrq vhwwlqj kdv ehhq frqvlghuhg hduolhu lq vhyhudo sdshuv1 Pdvnlq dqg Uloh|/ 4<;8
xvh d wzr jrrgv prgho lq zklfk rqh ri wkh jrrg lv xvhg dv lqsxw lq wkh surgxfwlrq ri wkh
rwkhu jrrg1 Wkh| vkrz lq wkh fdvh ri jhqhudo qrqolqhdu lqfhqwlyh vfkhphv wkdw prqlwrulqj
rxwsxw lv vxshulru xqghu fhuwdlq dvvxpswlrqv1 Urxjko| wkhvh uhtxluh wkdw pruh surgxfwlyh
djhqwv vxsso| odujhu lqsxw dqg surgxfh odujhu rxwsxw zkhq rqo| oxps vxp wd{hv duh xvhg1
Pdvnlq dqg Uloh| xvh d vhwwlqj lq zklfk wkh| pd{lpl}h wkh wudqvihu ri wkh uhjxodwlrq

5



vxemhfw wr d zhoiduh frqvwudlqw1
Ndkolo dqg Odzduuìh/ 4<<8 vkrz wkdw wkh fkrlfh ehwzhhq lqsxw dqg rxwsxw prqlwrulqj

zloo eh ghwhuplqhg e| wkh lghqwlw| ri wkh uhvlgxdo fodlpdqw lq wkh sulqflsdo0djhqw uhodwlrq0
vkls1 Zh eholhyh wkdw wklv uhvxow/ zklfk lv rewdlqhg lq wkh iudphzrun ri wkh oderu pdunhw
lv ohvv uhohydqw iru djulfxowxudo uhjxodwlrqv1 Lqghhg lq wkh fdvh ri djulfxowxudo srolf|/ uhvlg0
xdo fodlpdqf| vhhpv wr eh pruh wkh uhvxow ri d srolwlfdo surfhvv wkdq d fkrlfh yduldeoh ri
wkh uhjxodwru1 Pruhryhu lw lv qrw qhfhvvdulo| fohdu zkr wkh uhvlgxdo fodlpdqw lv vlqfh wkh
djhqw*v dfwlrq pd| ehqh�w erwk wkh sulqflsdo dqg wkh djhqw/ zklfk zdv qrw wkh fdvh iru
Ndkolo dqg Odzduuìh1 Lqghhg lq rxu vhwwlqj wkh sulqflsdo zdqwv wr pd{lpl}h wkh vrfldo
zhoiduh/ zklfk dovr lqfoxghv wkh sur�w pdgh e| wkh djhqw1

Erqwhpv dqg Erxujhrq/ 5333 dqdo|}h wkh uhodwlyh h!flhqf| ri lqsxw dqg rxwsxw lq0
fhqwlyh vfkhphv lq dq djhqf| prgho xqghu dgyhuvh vhohfwlrq1 Wkh| �qg wkdw wzr fdvhv
pd| dsshdu1 Lq wkh �uvw rqh/ erwk lqfhqwlyh vfkhphv lpso| wkh vdph udqnlqj ri djhqwv
uhjduglqj wkh surgxfwlylw| sdudphwhu1 Lq wkdw fdvh rqh lqvwuxphqw dozd|v grplqdwhv wkh
rwkhu/ zkdwhyhu wkh djhqw*v w|sh1 Wklv lv wkh fdvh vwxglhg e| Pdvnlq dqg Uloh|1 Lq wkh
vhfrqg fdvh/ wkh wzr vfkhphv surgxfh uhyhuvh udqnlqj dqg wkh sulqflsdo lv dozd|v ehwwhu
r� xvlqj d w|sh0ghshqghqw pl{hg vwudwhj| ryhu wkh wzr lqfhqwlyh vfkhphv1 Li wkhuh lv qr
uhvwulfwlrq rq pl{hg vwudwhjlhv wkh sulqflsdo lv deoh wr lpsohphqw wkh �uvw ehvw1 Zh eholhyh
wkdw wkh srvvlelolw| ri kdylqj pl{hg vwudwhjlhv lq wkh iudphzrun ri djulfxowxudo uhjxodwlrqv
lv xquhdolvwlf ehfdxvh ri wkh kljk wudqvdfwlrq frvwv wkdw zrxog iroorz1

Rxu ruljlqdo frqwulexwlrq lv wr suhvhqw dq dqdo|vlv ri wkh uhjxodwlrq ri wzr gl�huhqw
djulfxowxudo jrrgv e| wkh phdqv ri lqsxw ru rxwsxw1 Zh fkdudfwhul}h wzr frqwudfwv rulhqwhg
wrzdugv wkh grxeoh uhjxodwlrq srolf|1 Wkh �uvw frqwudfw irfxvhv rq vhw dvlgh iru wkh sur0
gxfwlrq ri dq dphqlw|/ zkhuhdv wkh vhfrqg irfxvhv rq wkh txdqwlw| ri wkh pdunhwhg jrrg
wr surgxfh1 Rxu vhwwlqjv duh dovr d elw gl�huhqw frpsduhg wr wkh duwlfohv deryh lqghhg zh
jhqhudoo| kdyh d srvlwlyh uhvhuydwlrq sur�w1 Ixuwkhu wkh sulqflsdo wdnhv wkh djhqwv sur�w
lqwr dffrxqw lq wkh zhoiduh ixqfwlrq zklfk lv klv remhfwlyh ixqfwlrq1 Wkhvh gl�huhqfhv
lpso| wkdw wkh uhvxowv surylghg e| Pdvnlq dqg Uloh| dqg Erqwhpv dqg Erxujhrq qhhg qrw
qhfhvvdulo| krog1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh prgho/
vhfwlrq 6 ghulyhv wkh iduphu*v surjudp/ vhfwlrq 7 suhvhqwv wkh uhjxodwru*v surjudpv dqg
ghulyhv frqglwlrqv iru rqh frqwudfw wr eh vxshulru wr wkh rwkhu1 Ilqdoo| vhfwlrq 8 vxppdul}hv
wkh uhvxowv dqg frqfoxghv1

� �
� �����

Zh frqvlghu d vhw ri iduphuv hdfk ri wkhp rzqlqj d vxuidfh qrupdolvhg wr rqh xqlw1 D
sdudphwhu � fdoohg shuirupdqfh lqgh{/ fkdudfwhul}hv wkh idup/ dqg uhsuhvhqwv dovr wkh sul0
ydwh lqirupdwlrq srvvleo| xqnqrzq e| wkh uhjxodwru zkhq dv|pphwulf lqirupdwlrq dulvhv1
Wkh vhw ri iduphuv lv gh�qhg e| d frqwlqxxp ri pdvv 4 rq wkh vxssruw � @ ^�> �`1 Ohw I +�,
dqg i+�, eh uhvshfwlyho| wkh fxpxodwlyh glvwulexwlrq ri � dqg wkh fruuhvsrqglqj ghqvlw|/
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zklfk lv dvvxphg wr eh srvlwlyh rq �1 D sorw fdq eh xvhg iru wkh surgxfwlrq ri wzr w|shv
ri jrrgv ghqrwhg jrrg 4 iru wkh dphqlw| dqg jrrg 5 iru wkh pdunhwhg jrrg1 Ohw { eh
d sorw surgxfwlylw| lqglfdwru4/ zklfk iroorzv d glvwulexwlrq gh�qhg e| wkh ghqvlw| k+{> �,
dqg wkh fxpxodwlyh ixqfwlrq K+{> �, frpprq wr doo idupv dqg sdudphwul}hg e| �1 Wkh
iduphu uhfhlyhv hlwkhu d qhw |lhog d +�, iurp surgxfwlrq ri jrrg 4 ru d |lhog e +�,{ iurp
surgxfwlrq ri jrrg 5/ zklfk frvwv f+�, wr surgxfh1 Wklv frvw lv dvvxphg wr eh lqghshqghqw
ri wkh sorw1 W|slfdoo| jrrg 4 zloo eh surgxfhg rq orz surgxflqj sorwv dqg jrrg 5 rq kljk
surgxflqj sorwv1 Wkh vxssruw rq zklfk wkh glvwulexwlrq k lv dvvxphg wr eh srvlwlyh dqg
lqghshqghqw rq � lv ghqrwhg e| [ @ ^{> {`1

Wkh lqglylgxdo iduphu*v sur�w/ ghqrwhg e| �+�,/ ghshqgv rq wkh |lhogv ri erwk jrrgv
surgxfhg dqg rq wkh surgxfwlrq frvw iru jrrg 51 Ohw d sduwlwlrq ri [ eh gh�qhg e| vrph
wkuhvkrog sorw fkdudfwhul}hg e| wkh shuirupdqfh lqgh{ � +�,1 Wkh sduwlwlrq lv vxfk wkdw
zlwk qr uhjxodwlrq/ jrrg 4 lv surgxfhg rq wkh sorwv zlwk shuirupdqfh lqgh{ ehorz � dqg
jrrg 5 lv surgxfhg rq wkh sorwv zlwk shuirupdqfh lqgh{ deryh �1 Zkhq qr uhjxodwlrq
surfhvv lv lpsohphqwhg/ wkh pdujlqdo qhw |lhogv iru wkh wzr gl�huhqw w|shv ri surgxfwlrq
duh lghqwlfdo rq wkh wkuhvkrog sorw1 Jlyhq wkh vhwwlqjv ri wkh sureohp zh zloo wkhuhiruh
kdyh � +�, @ @Ew�nSEw�

KEw� 1 Wkh xquhjxodwhg iduphu*v sur�w lv=

�+�, @

]
VEw�

%

d+�,k+{> �,g{.

]
%

VEw�
+e +�,{� f+�,,k+{> �,g{ +4,

Zh frqvlghu qrz wzr w|shv ri frqwudfwv sursrvhg e| wkh sulqflsdo wr uhjxodwh wkh
surgxfwlrq ri wkh wzr jrrgv1 Wkh �uvw rqh lv d vhw dvlgh frqwudfw e| zklfk wkh iduphu lv
surylghg d wudqvihu w zkhq kh djuhhv wr vhw dvlgh d sduw v ri klv odqg iru wkh surgxfwlrq ri
wkh jrrg 41 Wkh vhfrqg rqh lv d frqwudfw rq d txdqwlw| # wkdw wkh iduphuv dffhswv dv d
surgxfwlrq olplw iru wkh jrrg 51 Wklv olplw frxog eh gh�qhg dv d plqlpxp ru d pd{lpxp
surgxfwlrq/ ghshqglqj rq wkh remhfwlyh ri wkh uhjxodwlrq1 Wkh wudqvihu � lv wkhq jlyhq dv
frxqwhusduw1 Qrwh wkdw lq rxu vhwwlqj doo wkh odqg lv xvhg iru surgxfwlrq ri hlwkhu jrrg
4 ru jrrg 515 Wklv phdqv wkdw zh rqo| qhhg wr uhjxodwh rqh jrrg/ dqg wkh surgxfwlrq
ri wkh rwkhu jrrg zloo dxwrpdwlfdoo| wdnh sodfh rq wkh uhpdlqlqj odqg1 Zlwkrxw orvv ri
jhqhudolw| zh wkhuhiruh fkrrvh wr vwxg| wkh uhjxodwlrq ri jrrg 51 Zh dvvxph wkdw wkh
sulqflsdo zdqwv d gl�huhqw dprxqw ri jrrg 5 ehlqj surgxfhg wkdq zrxog eh zlwkrxw dq|
uhjxodwlrq1 Wr vlpsoli| wkh sureohp ixuwkhu zh rqo| vwxg| wzr zd|v ri uhjxodwlqj wkdw
jrrg= lpsrvlqj uhvwulfwlrqv rq wkh odqg dydlodeoh iru surgxfwlrq ri jrrg 4 ru d surgxfwlrq
txrwd rq jrrg 51 Wklv duelwudu| fkrlfh lv frqyhqlhqw iru wkh vshfldo fdvhv zh zdqw wr vwxg|
dqg wkh uhvxowv rewdlqhg frxog hdvlo| eh jhqhudol}hg wr wkh rwkhu srvvleoh frpelqdwlrqv1
Wkh surjudp ri wkh uhjxodwru lv wr gh�qh wkh rswlpdo phfkdqlvp ghvljq uhodwhg wr wkh wzr

4 Lw frxog eh iru h{dpsoh dq lqglfdwru ri wkh vrlo surgxfwlylw| iru wudglwlrqdo djulfxowxudo surgxfwlrq/

dowhuqdwlyho| iru surgxfwlrq ri hqylurqphqwdo dphqlwlhv1
5Zh fdq vwloo vwxg| wkh fdvh zkhq wkh iduphu ru wkh uhjxodwru ghflghv qrw wr surgxfh dw doo rq vrph

sorwv1 Lqghhg zh mxvw qhhg wr frqvlghu rqh ri wkh wzr jrrgv/ suhihudelo| jrrg 4 dv ehlqj qrwklqj dqg jlylqj

|lhog @ Ew� ' f1
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w|shv ri frqwudfwv/ uhvshfwlyho| +v+�,> w+�,, dqg +#+�,> �+�,,/ zkhq lw idfhv lqirupdwlrqdo
gh�flw1

Wkh uhjxodwru*v remhfwlyh Z lv ghwhuplqhg e| wkh wrwdo iduphuv* lqfrph �/ wkh h{0
shfwhg ehqh�w ri wkh dphqlw| E/ dqg wkh sxeolf exgjhw ri wkh uhjxodwlrq M 1 Wklv exgjhw
lqfoxghv wkh gluhfw qhw wudqvihuv iurp wd{sd|huv wr surgxfhuv W dqg wkh frvw ri wkh sxeolf
lqwhuyhqwlrq rq wkh pdunhw ri wkh jrrg 5 1 Zh wdnh dffrxqw ri wkh vkdgrz frvw ri sxeolf
ixqgv �=

Z @ �.E � +4 . �,M +5,

Wkh wrwdo iduphuv* lqfrph lv jlyhq e| � @
U
X �+�,gI +�, = Wkh h{shfwhg ehqh�w ri wkh

uhjxodwlrq lv d olqhdu ixqfwlrq ri wkh txdqwlw| ri wkh jrrg 4 surgxfhg= E @ pT�1 Wkh
sxeolf exgjhw lv dvvxphg wr eh olqhdu lq T2= M @ W .qT2�s1 T� dqg T2 duh uhvshfwlyho|
wkh wrwdo dprxqw ri wkh surgxfwlrq ri jrrgv 4 dqg 5 rq doo wkh idupv dqg p/ q dqg s duh
sdudphwhuv1

Lq wklv sdshu zh frqvlghu wzr dssolfdwlrqv ri wklv prgho wr djur0hqylurqphqwdo srolflhv1
Wkh �uvw dssolfdwlrq lv wudglwlrqdo vhw0dvlgh dqg surgxfwlrq txrwdv wr olplw djulfxowxudo
surgxfwlrq1 Wkh vhfrqg dssolfdwlrq lv zhwodqg fuhdwlrq rq djulfxowxudo odqg wr lqfuhdvh
hqylurqphqwdo dphqlwlhv1 Frpsdulvrq ri wudglwlrqdo odqg vhw0dvlgh dqg surgxfwlrq txrwdv
wr olplw djulfxowxudo surgxfwlrq lv hdvlo| uhsuhvhqwhg lq wkh prgho ghyhorshg1 Lqghhg
zh mxvw qhhg wr gh�qh jrrg 4 dv odqg vhw0dvlgh dqg jrrg 5 dv wudglwlrqdo djulfxowxudo
surgxfwlrq vxssruwhg e| jxdudqwhhg sulfh dqg uhixqgv wr h{sruw dv xvxdoo| lpsohphqwhg
e| wkh Frpprq Djulfxowxudo Srolf|1 Zh kdyh wr dgdsw wkh sdudphwhu ydoxhv dqg sxw
d +�, @ 3> e +�, @ 4> dvvxplqj wkdw { lv wkh |lhog ri wkh sorw1 Ixuwkhu zh ohw p/ q dqg s
eh srvlwlyh lq wkh ehqh�w ixqfwlrq vlqfh wkdw zh dlp dw pruh dphqlwlhv dqg ohvv grphvwlf
vxsso| h{fhvv ri wkh wudglwlrqdo djulfxowxudo jrrg1

Frpsdulvrq ri vhw dvlgh dqg surgxfwlrq txrwdv wr lqfuhdvh wkh hqylurqphqwdo dphqlwlhv
rq djulfxowxudo odqg wkurxjk zhwodqg fuhdwlrq lv d olwwoh elw pruh wulfn|1 Lq wkh prgho wklv
zrxog fruuhvsrqg wr jrrg 4 ehlqj wkh surgxfwlrq ri hqylurqphqwdo dphqlwlhv wkurxjk
zhwodqg fuhdwlrq dqg jrrg 5 ehlqj wkh wudglwlrqdo djulfxowxudo surgxfwlrq1 Lghdoo| zh
zrxog olnh wr frpsduh d odqg vhw dvlgh surjudp wr fuhdwh jrrg 4 zlwk d surgxfwlrq txrwd
rq jrrg 51 Uhfdoo wkdw zh kdyh dvvxphg wkdw doo wkh djulfxowxudo odqg pxvw eh xvhg iru
surgxfwlrq ri jrrg 4 ru jrrg 51 Wklv phdqv wkdw d orzhu olplw iru vhw dvlgh ri odqg iru
surgxfwlrq ri jrrg 4 lv wkh vdph dv d fruuhvsrqglqj xsshu olplw iru vhw dvlgh ri odqg iru
surgxfwlrq ri jrrg 5/ zklfk lv wkh fdvh vwxglhg lq wkh prgho1

Lw zloo eh fohduhu dqg xvhixo lq lqwhusuhwlqj ri wkh uhvxowv wr gholyhu qrz wzr dvvxpswlrqv
fkdudfwhulvlqj wkh whfkqrorj| dqg wkh glvwulexwlrq ri �1 Ohw xv ghqrwh e| o+�> {, wkh
gl�huhqfh ri sur�wdelow| uhodwhg wr wkh sorw { zkhq jrrg 5 lv surgxfhg lqvwhdg ri jrrg
4/ o+{> �, @ e{� +d. f,/ frqvlvwhqwo| zlwk wkh gh�qlwlrq ri wkh wkuhvkrog sorw � +�,1 Wkh
�uvw dvvxpswlrq +K4, phdqv wkdw � lqfolqhv wrzdug d shugrupdqfh lqgh{ uhodwhg wr wkh
wudglwlrqdo jrrg1 Wkh vhfrqg dvvxpswlrq lv wkh xvxdo vwrfkdvwlf grplqdqfh frqglwlrq

8



+K5,1 Zh vhw iru dq| � dqg iru dq| { =

Co+{> �,

C�
A 3 +K4,

CK+{> �,

C�
? 3 +K5,

� �
� �������� ��������

��� �
� �������� ������� �
�
 �
� ��� ��
�� 	�����	�

Wkh uhjxodwru pljkw zdqw wr sxw d uhvwulfwlrq rq wkh vxuidfh xvhg iru wkh surgxfwlrq ri jrrg
41 Lq dssolfdwlrq ri wkh xvxdo uhyhodwlrq sulqflsoh6/ zh frqvlghu wkdw wkh rswlpdo phfkdqlvp
fdqqrw eh ehwwhu wkdq wkh phfkdqlvp ohdglqj wkh surgxfhu wr uhyhdo klv rzq fkdudfwhulvwlf1
Irupdoo| wkh dqqrxqfh h� ri wkh surgxfhu � dffhswlqj wkh frqwudfw +v+h�,> w+h�,, ghshqgv rq
d wkuhvkrog surgxfwlylw| y+h�> �, gh�qhg e| wkh uhtxluhg odqg vhw dvlgh1 Lq dffrugdqfh zlwk

wkh odqg zklfk kdv wr eh vhw dvlgh iru surgxfwlrq ri jrrg 4= v+h�, @ U �+wchw,
%

k+{> �,g{> wkh
sur�w lv qrz=

�r+�>h�, @ ] �+wchw,

%

d+�,k+{> �,g{.

] %

�+wchw,
+e +�,{� f+�,,k+{> �,g{. w

�h��

Khqfh wkh iduphu*v surjudp lv
pd{
hw

�r+�>h�,
ri zklfk wkh vroxwlrq ohdgv wr wkh �uvw dqg vhfrqg rughu lqfhqwlyh frqglwlrqv1 Wkhvh
frqglwlrqv kdyh wr eh wdnhq lqwr dffrxqw e| wkh uhjxodwru wr eh vxuh wkdw wkh iduphu
dqqrxqfhv wkh wuxwk +l1h1 wkh rswlpdo dqqrxqfh lv �,1 Wkh rswlpdo vhw dvlgh surgxfwlylw|
wkuhvkrog lv ghqrwhg y+�,1 Wkh lqfhqwlyh frqvwudlqwv |lhog=

u

w +�, @ +e +�, y+�,� f+�,� d+�,,
u

v +�, +6,�
u

d+�, .
u

f+�,�
u

e +�, y+�, . e+�,
CK+y+�,> �,@C�

k+y+�,> �,

�
u

v+�, A 3 +7,

Wkh lqirupdwlrqdo uhqw Ur lv wkh dgglwlrqdo jdlq ri wkh surgxfhuv zkhq kh dffhswv wr
whoo wkh wuxwk/ lq rwkhu zrug wklv uhqw lv wkh gl�huhqfh ri sur�wv ehwzhhq wkh vlwxdwlrqv
zlwk dqg zlwkrxw uhjxodwlrq1 Wkh lqirupdwlrqdo uhqw lv jlyhq e|=

Ur+�, @ w+�, .

] �Ew�

VEw�
+d+�,� e +�,{. f+�,,k+{> �,g{ +8,

6Vhh iru h{dpsoh Juhhq dqg Od�rqw/4<:</ Gdvjxswd/ Kdpprqg dqg Pdvnlq 4<:< dqg Edurq dqg

P|huvrq/ 4<;5 1
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Wkh wrwdo gl�huhqwldo ri wkh uhqw lv jlyhq e| iroorzlqj h{suhvvlrq ghulyhg lq dsshqgl{
D14=

u

Ur+�, @

] �Ew�

VEw�

�
e +�,

CK+{> �,

C�
.

�
u

d+�,�
u

e +�,{.
u

f+�,

�
k+{> �,

�
g{

D vx!flhqw frqglwlrq iru wkh uhqw wr eh prqrwrqlf lv wkdw wkh vljq ri wkh h{suhvvlrq

e +�, YME%cw�
Yw

.

�
u

d+�,�
u

e +�,{.
u

f+�,

�
k+{> �, lv frqvwdqw1 Zh frqvlghu wkh xvxdo fdvh iru

wklv nlqg ri sureohpv dqg dvvxph wkh vljq ri e +�, YME%cw�
Yw

.

�
u

d+�,�
u

e +�,{.
u

f+�,

�
k+{> �,

lv qhjdwlyh1 Wklv lv vxppdul}hg e| wkh frqglwlrq +K6, =

e +�,
CK+{> �,

C�
�

Co+{> �,

C�
k+{> �, ? 3 +K6,

Vdwlvidfwlrq ri wklv frqglwlrq lv surylghg e| wkh dvvxpswlrqv +K4, dqg +K5,1
Ohw xv frqvlghu wkdw wkh uhjxodwru zdqwv wr lqfuhdvh vhw dvlgh iru lqfuhdvlqj wkh sur0

gxfwlrq ri dphqlwlhv ru iru ghfuhdvlqj wkh surgxfwlrq ri wkh wudglwlrqdo djulfxowxudo jrrg1
Wkh frqwudfw pdnhv vhqvh zkhq wkhuh duh lqfhqwlyhv wr vhw0dvlgh/ wkdw lpsolhv y+�, A �+�,1
Wkhq ohw xv qrwh wkdw wkh lqfhqwlyh frqglwlrq +7, dqg wkh k|srwkhvlv +K6, lpso| d qhfhv0
vdulo| ghfuhdvlqj vhw0dvlgh uhtxluhphqw e| wkh frqwudfw1 Wkdw phdqv wkdw wkh orzhvw wkh
idup surgxfwlylw| lv/ wkh odujhu wkh vhw dvlgh doorfdwlrq iru surgxfwlrq ri jrrg 4 uhtxluhg
e| wkh frqwudfw zloo eh1 Qrwh wkdw li wkh |lhog sdudphwhuv d +�, dqg e +�, dqg wkh frvw f+�,
gr qrw ghshqg rq wkh jhqhudo idup shuirupdqfh lqgh{ �/

Wkh ghfuhdvlqj uhqw lpsolhv wkdw wkh uhjxodwru sursrvhv wkh frqwudfw wr wkh � vxevhw
^�> �r` li kh zdqwv wr ghfuhdvh wkh surgxfwlrq ri jrrg 5 ru wr lqfuhdvh wkh surgxfwlrq ri jrrg
41 Lq whupv ri wkh surjudp wr uhgxfh djulfxowxudo surgxfwlrq ru wr lqfuhdvh hqylurqphqwdo
dphqlwlhv wklv uhvxow phdqv wkdw wkh frqwudfw zloo uhtxluh odujhu vhw dvlgh rq wkh ohdvw
shuiruplqj idupv1

��� �
� �������� ������� �
�
 �
� ����� 	�����	�

Dv suhylrxvo|/ wkh dqqrxqfh h� ri wkh surgxfhu � dffhswlqj wkh frqwudfw +#+h�,> �+h�,, ghshqgv
rq d wkuhvkrog surgxfwlylw| x+h�> �, gh�qhg e| wkh uhjxodwhg surgxfwlrq1 Lq dffrugdqfh

zlwk wkh txrwd #+h�, @ U %

�Ehwcw� {k+{> �,g{/ wkh sur�w lv qrz=

�^+�>h�, @ ] �Ehwcw�

%

d+�,k+{> �,g{.

] %

�Ehwcw�
+e +�,{� f+�,,k+{> �,g{. �

�h��
Khqfh wkh iduphu*v surjudp lv

pd{
hw

�^+�>h�,

:



Wkh rswlpdo wkuhvkrog |lhog lv ghqrwhg e| x+�,= Wkh lqfhqwlyhv frqglwlrqv fdq eh gh�qhg
e|=

u

�+�, @ +d +�, . f+�,� e +�,x+�,,
u

#+�, +9,#
u

d +�, .
u

f+�,�
u

e +�,x+�,�
d +�, . f+�,

k+x+�,> �,x+�,2

] %

�Ew�
{
Ck+{> �,

C�
g{

$
u

#+�, ? 3 +:,

Wkh lqirupdwlrqdo uhqw U^ lv qrz=

U^+�, @ � +�, .

] �Ew�

VEw�
+d+�, . f+�,� e +�,{,k+{> �,g{ +;,

Wkh gl�huhqwldo ri wkh uhqw lv

u

U^+�, @

�
e +�,�

d+�, . f+�,

x+�,

��] %

�

CK +{> �,

C�
g{

�
.] �Ew�

VEw�

�
e +�,

CK+{> �,

C�
.

�
u

d+�, .
u

f+�,�
u

e +�,{

�
k+{> �,

�
g{

Wkh h{suhvvlrq ri wkh gl�huhqwldo ri wkh uhqw ohdgv xv wr gluhfwo| wdnh dffrxqw ri wkh
wzr k|srwkhvhv +K4, dqg +K5, wr pdnh vxuh wkdw wkh uhqw lv prqrwrqlf1 Ohw xv qrwh wkdw
wkh jhqhudo frqglwlrq lpso|lqj wkh prqrwrqlflw| ri wkh uhqw grhv qrw jxdudqwhh wkdw wkh

frqwudfw zloo eh uhjxodu +
u

#+�, A 3 iru dq| �,1 Iru dq| �/ wklv jhqhudo frqglwlrq fdq zulwwhq
dv=

Co+x> �,

C�
�

e�

k+x> �,x2

�
x
CK +x> �,

C�
.

] %

�

CK +{> �,

C�
g{

�
A 3 +K7,

Wkh dvvxpswlrqv +K4, dqg +K5, doorz xv wr eh vxuh wkdw wkh lqfhqwlyh frqglwlrq : zloo eh
vdwlv�hg71

Dv iru wkh vhw dvlgh frqwudfw/ ohw xv frqvlghu wkdw wkh uhjxodwru zdqwv wr lqfuhdvh wkh
surgxfwlrq ri dphqlwlhv ru wr ghfuhdvh wkh surgxfwlrq ri wkh wudglwlrqdo djulfxowxudo jrrg/
vr wkdw x+�, A �+�,1 Wkh lqfhqwlyh frqglwlrq : dqg wkh k|srwkhvhv +K4, dqg +K5, ohdg wr
d qhfhvvdulo| lqfuhdvlqj txrwd uhtxluhphqw iru wkh surgxfwlrq ri jrrg 51 Wklv phdqv wkdw
wkh orzhvw wkh idup shuirupdqfh lqgh{ lv/ wkh vpdoohvw wkh txrwd iru surgxfwlrq ri jrrg
5 zloo eh1 Wkh ghfuhdvlqj uhqw lpsolhv wkdw wkh uhjxodwru sursrvhv wkh frqwudfw wr wkh �

vxevhw ^�> �^`1

7
Wkdw fdq eh yhul�hg e| wkh uhodwlrqv =

Y,Ewc%�
Yw

'

u

K%3
u

@3
u

S dqg
U %

�
%
Y�E%cw�

Yw
_% ' 3�

YME�cw�
Yw

3

U %

�

YME%cw�
Yw

_%1

;
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��� ������� �
� 
�	���
�� 	���
�
���

Zh gh�qh wkh surgxfwlrq ri wkh wzr jrrgv jlyhq wkh surgxfwlrq wkuhvkrog z=

t�+z> �, @

]
�

%

k+{> �,g{ @ K +z> �,

t2 +z> �, @

]
%

�

{k+{> �,g{

Wkh suhylrxv uhvxowv fdq eh vxppdul}hg lq wklv wdeoh zkhq wkh h{shfwhg uhqw lv prqrwrq0
lfdoo| ghfuhdvlqj dqg zkhq wkh ixqfwlrqv gh�qlqj wkh frqwudfw duh uhjxodu1

vhw0dvlgh txrwd

dphqlwlhv +t�, t� +y +�, > �, t� +x+�,> �,

surgxfw +t2, t2 +y+�,> �, t2 +x+�,> �,

4vw rughu LF
u

w @ e+y � �,
u

v
u

� @ e
�
V
�
� 4

� u

#

5qg rughu LF
e
YME�cw�

Yw
�

Y,E�cw�
Yw

k+y> �, ? 3

lpso|lqj
u

v A 3

KV
�E�cw��2

�
x
YME�cw�

Yw
.
U %

�

YME%cw�
Yw

g{
�
�

Y,E�cw�
Yw

? 3

lpso|lqj
u

# A 3

vxevhw ri �upv
holjleoh wr frqwudfw

^�> �r` ^�> �^`

Wkh vhw0dvlgh frqwudfw uhtxluhv d zhdnhu jhqhudo frqglwlrq uhodwhg wr wkh vhfrqg rughu
frqglwlrq1 Qhyhuwkhohvv wkh xvxdo dqg uhdolvwlf dvvxpswlrqv +K4, dqg +K5, duh vx!flhqw
wr pdnh vlpsolhu wkh vhfrqg rughu frqglwlrq ri wkh wzr frqwudfwv1 Wkh vhw0dvlgh frqwudfw
zloo eh uhjxodu zkhq wkh vhw0dvlgh uhtxluhphqw v lv d ghfuhdvlqj ixqfwlrq ri �1 Wkh txrwd
frqwudfw zloo eh uhjxodu zkhq wkh txrwd ixqfwlrq # lv dq lqfuhdvlqj ixqfwlrq ri �1

� �
� ����������� ��������

��� �������� 	
��	����
���
�� �� �
� 	�����	��

Frqvlghu qrz wkh uhjxodwru* surjudpv lq wkh wzr fdvhv uhodwhg wr wkh wzr frqwudfwv1 Uhfdoo
wkdw wkh sduw ri wkh remhfwlyh ixqfwlrq ghshqglqj ri wkh uhjxodwlrq lv � .pT� � +4 .
�, ^W . qT2`/ zkhuh T� dqg T2 duh uhvshfwlyho| wkh wrwdo surgxfwlrq ri jrrg 4 dqg 5 lq
doo wkh idupv/ W lv wkh wrwdo qhw wudqvihu gxh wr frqwudfwv iurp wd{sd|huv wr doo wkh idupv/
p dqg q duh srvlwlyh sdudphwhuv/ dqg � lv uhodwhg wr wkh rssruwxqlw| frvw ri sxeolf ixqgv1
Frqvlvwhqwo| zlwk dssolfdwlrq wr djulfxowxudo srolflhv/ zh lqwurgxfh wkh dvvxpswlrq +K8,
phdqlqj wkdw wkh sulydwh ehqh�w e+�, ri wkh surgxfwlrq t2+�, lv juhdwhu wkdq wkh sxeolf

<



frvw q81
e+�, A q +K8,

E| h{whqvlrq/ wkh qrq frqwudfwlqj djhqwv duh surylghg sur�wv htxlydohqw wr �+�,/ qxoo
wudqvihuv dqg wkuhvkrog |lhog htxdo wr �+�,1 Wkh sxeolf surjudpv duh =

Zr @ pd{
�Eu�

]
X
^�r+�> �, .pt�+y+�,> �,� +4 . �, +w+�, . qt2+y+�,> �,,` i+�,g�

Z^ @ pd{
�Eu�

]
X
^�^+�> �, .pt�+x+�,> �,� +4 . �, +�+�, . qt2+y+�,> �,,` i+�,g�

zlwk

�r+�> �, @ d+�,t�+y+�,> �, . e +�, t2+y+�,> �,� f +�, +4� t� +y+�,> �,, . w+�,

�^+�> �, @ d+�,t�+x+�,> �, . e +�, t2+x+�,> �,� f +�, +4� t�+x+�,> �,, . �+�,

Uhfdoo wkdw wkh vhw0dvlgh frqwudfw lqyroyhv v+�, @ t�+y+�,> �,/ lqvwhdg wkh txrwd frqwudfw
lqyroyhv #+�, @ t2+x+�,> �,1 Zh vkrz lq dsshqgl{ D16 wkdw wkh vrfldo qhw ehqh�wv fdq eh
uhzulwwhq vr wkdw wkh Hxohu htxdwlrq fdq eh dssolhg1 Ohw xv gh�qh wkh ixqfwlrq=

n+{> �, @p. +4 . �, ^e+�,�+�,� +e+�,� q,{` +<,

Wklv jlyhv xv wkh iroorzlqj uhvxow zklfk fkdudfwhul}hv wkh wkuhvkrog surgxfwlylw| uhodwhg
wr hdfk ri wkh wzr frqwudfwv1

;� 5 ^�> �r` = n+y> �, @ �
I

i

#
Co+y> �,

C�
� e

YME�cw�
Yw

k+y> �,

$
+43,

;� 5 ^�> �r` = n+x> �, @ �
I

i

#
Co+x> �,

C�
.
e�

x2

U %

�
{
Y�E%cw�

Yw
g{

k+x> �,

$
+44,

Ilqdoo|/ zkhq zh uhfdoo wkdw wkh slyrw iduphu � kdv d uhqw htxdo wr }hur/ dqg diwhu
ghulylqj wkh rswlpdo slyrw shuirupdqfh lqgh{/ wkh wzr frqwudfwv duh fkdudfwhul}hg e| wkh
iroorzlqjsursrvlwlrq1

Sursrvlwlrq 4 Wkh phfkdqlvp ghvljq lv frpsohwho| gh�qhg iru wkh wzr frqwudfwv �uvw e|
wkh lpsolflw htxdwlrq ohdglqj wr wkh wkuhvkrog surgxfwlylw| dqg wr wkh frpsxwdwlrq ri wkh

8Wkh Frpprq Djulfxowxud Srolf| ohdgv xv wr vhw KEw� ' R dv wkh grphvwlfh sulfh/ dqg ? ' R3 e dv wkh

gl�huhqfh ehwzhhq wkh grphvwlf sulfh dqg wkh zruog sulfh e1

43



wzr edvlf whupv ri hdfk ri wkh frqwudfwv/ vhfrqg e| wkh uhodwlrq gh�qlqj wkh slyrw idup1

vhw0dvlgh frqwudfw

�
�
�
�
�
�
�
�
�
�
�
�

y+�, jlyhq e| +43,
v+�, @ K+y+�,> �,

w+�, @ w+�r, .
U w

#
r

o+y+|,> |,
u

v+|,g|

w+�r, @
U �E#

r
�

VE#
r
� o+{> �r,k+{> �r,g{

�r @ dujpd{
#

Zr

txrwd frqwudfw

�������������

x+�, jlyhq e| +44,

#+�, @
U %
�
{k+{> �,g{

�+�, @ �+�^,�
U w
#
^

,E�E+�c+�
�E+�

u

#+|,g|

�+�^, @
U �E#

^
�

VE#
^
� o+{> �^,k+{> �^,g{

�^ @ dujpd{
#

Z^

Diwhu wkh uhjxodwru lv deoh wr fkdudfwhul}h wkh wzr frqwudfwv vxjjhvwhg iru wkh uhjxodwlrq/
wkh txhvwlrq ri frpsdulvrq dulvhv1 Iluvw zh zloo wu| wr frpsduh wkh wkuhvkrog surgxfwlylw|
gh�qhg e| wkh wzr frqwudfwv1

��� ������
�� �
� �
���
��� �����	�
�
�
�� ��� 	�����
�� �
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���

�����

Ohw xv ghqrwh e| z+�, wkh surgxfwlylw| htxdo wr 6nE�nb�KV
E�nb�EK3?� zklfk lv wkh vroxwlrq ri wkh

htxdwlrq n+{> �, @ 3 wdnlqj { dv wkh xqnrzq yduldeoh1 Wzr uhvxowv frph hdvlo| zlwk wklv
odvw uhodwlrq1 Iluvw wkh wzr wkuhvkrog |lhogv duh vxfk dv y+�, @ x+�, @ z+�,1 Vhfrqg wkh
wzr wkuhvkrog |lhogv duh dozd|v htxdo wr z zkhq � @ 3/ wkdw phdqv y @ x @ z iru dq| �1

Qrwh wkdw zlwk +K4,/ +K5, dqg 43/ n+y> �, � 31 Diwhu qrwlqj wkdw
U %
�
{Y�
Yw
+{> �,g{ @

�xYM
Yw

+x> �, �
U %
�

YM
Yw

+{> �,g{/ zh rewdlq dq htxlydohqw uhvxow zlwk wkh wkuhvkrog x/ wkdw

phdqv n+x> �, � 31 Lw lv hdvlo| vkrzq wkdw Y&
Y%

? 3/ wkdw ohdgv dq| frqwudfwlqj � lv surylghg
e| d wkuhvkrog surgxfwlylw| orzhu wkdq z1

Wkh htxdwlrqv 43 dqg 44 doorz xv wr frpsxwh wkh gl�huhqfh ehwzhhq wkh wkuhvkrogv
y+�, ru x+�, dv jlyhq e| wkh iroorzlqj uhodwlrq ri zklfk wkh ohiw whup kdv wkh vljq ri x+�,�
y+�, =

�
e� q.

�

4 . �

I

i

u

e

�
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Ohw xv dvvxph wkdw wkh ixqfwlrq YME%cw�
Yw

lv frqwlqxrxv +dv lpsolflwo| dgplwwhg xs wr qrz
wr dvvxuh uhjxodulw| ri lqwhjudov, dqg � A 31 Lw lv lpsrvvleoh wr kdyh wkh wzr wkuhvkrogv

y+�, dqg x+�, htxdo zkhq � lv vwulfwo| juhdwhu wkdq � ehfdxvh
U %
�

YME%cw�
Yw

lv vwulfwo| qhjdwlyh
zlwk +K5,1 Frqwlqxlw| ohdgv xv wr h{shfw wkdw y A x iru dq| � vwulfwo| juhdwhu wkdq �
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Qrwh wkdw wkh zhoiduh ixqfwlrqv fdq eh uhzulwwhq lq whupv ri n+{> �, jlyhq wkdw zh kdyh
y dqg x vroylqj 43 dqg 44 uhvshfwlyho|=

F @
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Zh fdq vkrz wkdw=
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Ohw xv uhfdoo wkdw wkh ixqfwlrq k lv srvlwlyh dqg wkdw wkh wkuhvkrog surgxfwlylw| y+�, ru
x+�, lv juhdwhu ru htxdo wr �+�,1 Ohw xv wdnh dffrxqw ri wkh srvlwlylw| ri ixqfwlrqv n+{> �r,
rq ^�+�r,> x+�r,` dqg n+{> �^, rq

�
�+�^,> x+�^,

�
+ehfdxvh n+�> �, @p. +4 . �,q� A 3 dqg

Y&
Y%

? 3,1 Wkh rqo| srvvlelolw| wr kdyh wkh slyrw ri d frqwudfw vwulfwo| lqfoxghg lq wkh
lqwhuydo ^�> �^ lv jrw zkhq wkh wkuhvkrog surgxfwlylw| lv htxdo wr � +zklv lv vwulfwo| orzhu
wkdq z,1

Dw odvw/ uhfdoo wkdw y A x iru dq| � juhdwhu wkdq �1 Wkdw phdqv wkh txrwd slyrw lv

qhyhu juhdwhu wkdq wkh vhw0dvlgh slyrw1 Wkh �jxuhv 4 dqg 5 +dvvxplqj � qrw wrr kljk ru
u

e

forvh wr }hur,/ dqg wkh iroorzlqj sursrvlwlrq vxppdul}h doo wkhvh uhvxowv1

Sursrvlwlrq 5 Dvvxplqj +K4, dqg +K5,/ wkh vhw0dvlgh slyrw �r +uhvshfwlyho| wkh txrwd
slyrw �^, lv htxdo wr � zkhq y+�r, 9@ �+�r, +uhvshfwlyho| x+�^, 9@ �+�^,,/ dqg lv vxfk wkdw

y+�r, @ �+�r, zkhq �r ? � +uhvshfwlyho| x+�^, @ �+�^, zkhq �^ ? �,1 Wkh txrwd slyrw �^
lv qhyhu juhdwhu wkdq wkh vhw0dvlgh slyrw �r1

Lq rwkhu zrugv/ zkhq d idup � lv vxssolhg e| wkh wzr frqwudfwv/ wkh vhw0dvlgh frq0
wudfw ohdgv lw wr lqfuhdvh lwv surgxfwlrq ri dphqlwlhv t�+�, dqg wr ghfuhdvh lwv djulfxowxudo
surgxfwlrq t2+�, frpsdudwlyho| wr wkh txrwd frqwudfw1
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Iljxuh 4= Wkuhvkrog surgxfwlylw| zkhq doo �upv frqwudfw lq wkh wzr frqwudfw fdvhv +� orz,1

θ θη
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η
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�� �θ

κ� �θ
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Iljxuh 5= Wkuhvkrog surgxfwlylw| zkhq rqo| d vxevhw ri idupv lv h{shfwhg lq frqwudfwlqj1
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Qrwh �uvw wkdw li rqh ri wkh slyrwv � lv orzhu wkdq �/ wkh gl�huhqwldo ri wkh uhqw dqg wkh
wudqvihu duh htxdo wr 3 lq �1 Ohw xv irfxv rq wkh ixqfwlrq �+�, gh�qhg dv wkh gl�huhqfh
ehwzhhq wkh lqglylgxdo uhqwv ri wkh frqwudfwv vr wkdw=

�+�, @ Ur+�,�U^+�,

Wklv fdq eh uhzulwwhq zlwk wkh khos ri uhodwlrqv h{wudfwhg iurp wkh sursrvlwlrq 4 =

�+�, @ w+�r,� �+�^,�
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o+{> �,k+{> �,g{

Diwhu vrph vxevwlwxwlrqv/ frpsxwdwlrqv ri lqwhjudov e| sduwv dqg ghulydwlrqv/ zh jhw wkh
h{suhvvlrq ri wkh gl�huhqwldo ri wklv ixqfwlrq =

u

�+�, @

] �Ew�

�Ew�

�
e +�,

CK+{> �,
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Co+{> �,

C�
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Ehfdxvh ri +K5, dqg y+�, @ x+�, @ z+�,/ zh kdyh
u

�+�, A 31 Zkhq �^ ? � zh

kdyh
u

�+�^, ? 31 Pruhryhu �+�^, A 3 +U^+�^, @ 3 dqg Ur+�^, A 3,1 Wklv lpsolhv wkdw
wkh frqwudfwlqj idupv fkdudfwhul}hg e| d kljk � duh vxssolhg e| d uhqw juhdwhu zklwk wkh
vhw0dvlgh frqwudfw wkdq zlwk wkh txrwd frqwudfw1

Zh h{dplqh qrz wkh srodu fdvh � @ 31 Wkdw lpsolhv �r @ �^ @ �/ �+�, @ Ur+�, @

U^+�, @ 3 +e| wkh gh�qlwlrq ri wkh slyrw, dqg y+�, @ x+�, @ z+�, iru dq| �1 Pruhryhu
u

�+�, A 3 iru dq| �1 Wkhq �+�, lv lqfuhdvlqj dqg qhfhvvdulo| �+�, ? 3 iru dq| �1 Lq rwkhu
zrugv/ wkh vhw frqwudw vxssolhv wkh idup � d uhqw orzhu wkdq zkdw lv vxssolhg e| wkh txrwd
frqwudfw/ zklovw wkhuh lv qr fkdqjh lq wkh wzr idup surgxfwlrqv zkhq wkh frqwudfw fkdqjhv1

E| frqwlqxlw|/ wkh �jxuhv 6 dqg 7 vkrz wkh wzr frqwudvwhg vlwxdwlrqv lq wkh fdvh ri �
vpdoo dqg lq wkh fdvh ri � kljk dv d phdq ri vxppdulvlqj wkh suhylrxv uhvxowv1

Sursrvlwlrq 6 Dvvxplqj +K4,/ +K5, dqg +K8, wkh lqglylgxdo uhqw rewdlqhg e| dq| sur0

gxfhu lv juhdwhu zlwk wkh frqwudfw lqyroylqj txrwd wkdq zlwk wkh frqwudfw lqyroylqj vhw0dvlgh

zkhq � lv forvh wr 31

Dv d fruroodu|/ zkhq +K8, krogv/ wkh joredo uhqw ri wkh txrwd fdvh lv juhdwhu wkdq wkh
joredo uhqw ri wkh vhw0dvlgh fdvh1 Qrwh wkh sdudgr{ ri d juhdwhu uhqw uhodwhg wr dq htxlydohqw
zhoiduh zkhq � @ 31
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Iljxuh 6= Uhqwv zkhq doo idupv frqwudfw lq wkh wzr frqwudfw fdvhv lq wkh fdvh ri � orz1
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Iljxuh 7= Uhqwv zkhq rqo| d vxevhw ri idupv lv h{shfwhg lq frqwudfwlqj lq wkh fdvh ri �
kljk1
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Ohw xv qrz vwxg| wkh zhoiduh gl�huhqfh jlyhq e| wkh surjudpv uhodwhg wr wkh wzr
frqwudfwv1 Ohw xv irfxv rq wkh fdvh ri doo idupv frqwudfwlqj/ lq rwkhu zrugv �r @ �^ @ �1
Vwduwlqj iurp suhylrxv h{suhvvlrq ri zhoiduh/ zh fdq zulwh wkh gl�huhqfh

Zr �Z^ @ ��+Ur+�,�U^+�,, .

]
X

] �Ew�

�Ew�
n+{> �,k+{> �,g{i+�,g�

Wkh sursrvlwlrq 6 ohdgv lpphgldwho| wr frqfoxgh wkdw zkhq wkh dvvxpswlrqv uhtxluhg
duh vdwlv�hg wkhq wkh vhw0dvlgh frqwudfw grplqdwh wkh txrwd frqwudfw lq wkh vhqvh ri wkh
sxeolf lqwhuhvw1

Sursrvlwlrq 7 Dvvxplqj +K4, dqg +K5,/ wkh qhw vrfldo zhoiduh lqgxfhg e| wkh wzr w|shv

ri frqwudfwv duh htxdo zkhq � @ 31 Pruhryhu dvvxplqj +K8, wkh zhoiduh lqgxfhg e| wkh

frqwudfw lqyroylqj vhw dvlgh lv juhdwhu wkdq wkh zhoiduh lqgxfhg e| wkh frqwudfw lqyroylqj

txrwd zkhq � lv srvlwlyh forvh wr 31

Wkhvh uhvxowv duh qrw vlplodu wr wkh uhvxowv rewdlqhg e| Pdvnlq dqg Uloh| dqg dovr wr
wkh uhvxowv rewdlqhg e| Erqwhpv dqg Erxujhrq iru wkh fdvh zkhq erwk lqfhqwlyh vfkhphv
lpso| wkh vdph udqnlqj ri djhqwv uhjduglqj wkh surgxfwlylw| sdudphwhu1 Zh fdq h{shfw
�uvw wkdw rxu uhvxow krogv zkhq uhjxodwlrq rq lqsxw dqg rxwsxw uhodwhg wr wzr gl�huhqw
jrrgv lv pruh frpsoh{/ lqghhg rxu hqylurqqhphqwdo jrrg lv h{dfwo| htxlydohqw wr wkh
lqsxw ri wkh djulfxowxudo jrrg1 Dqg rxu uhvxow krogv dozd|v hyhq li wkhuh lv qr froohfwlyh
ydoxh jlyhq wr wklv lqsxw +p @ 3,1 Dv d frqfoxglqj uhpdun/ zh kdyh pruh riwhq wr dgplw
wkdw vrph wkhruhwlfdo uhvxowv ghshqg vwurqjo| rq wkh whfkqrorj|1 Wkh| ghshqg wrr rq wkh
uhvshfwlyh lghqwlw| dqg uroh ri djhqwv rq rqh kdqg dqg sulqflsdo rq wkh rwkhu kdqg1

 ���	���
���

Lq wklv sdshu/ zh dqdo|}h wkh vlpxowdqhrxv uhjxodwlrq ri vhyhudo jrrgv surgxfhg rq djul0
fxowxudo odqg vxfk dv fursv dqg hqylurqphqwdo dphqlwlhv1 Wklv dqdo|vlv lv frqgxfwhg xvlqj
d jhqhudo prgho ri djulfxowxudo surgxfwlrq zkhuh doo djulfxowxudo odqg lv xvhg wr surgxfh
wzr gl�huhqw jrrgv1 Wkh sulqflsdo fdq uhjxodwh wkhvh surgxfwlrqv hlwkhu wkurxjk surgxf0
wlrq txrwdv ru wkurxjk vhw dvlgh uhtxluhphqwv iru surgxfwlrq ri d vshfl�f jrrg1 Lq rwkhu
zrugv wkh sulqflsdo pd| uhjxodwh wkh rxwsxw ru wkh lqsxw1 Zlwkrxw orvv ri jhqhudolw| zh
fkrrvh khuh wr uhjxodwh wkh lqsxw ri rqh jrrg dqg wkh rxwsxw ri wkh rwkhu jrrg1 Wkh sdshu
irfxvhv rq lqirupdwlrq dv|pphwu| derxw vrph idup shuirupdqfh lqgh{ fuhdwlqj dgyhuvh
vhohfwlrq1 Zh ghulyh lqfhqwlyhv frqvwudlqwv wr khos xv vroyh rxu sureohp zlwk frqwudfw
wkhru|1

Zh frqvlghu wzr dssolfdwlrqv ri wklv prgho wr djur0hqylurqphqwdo srolflhv1 Wkh �uvw
dssolfdwlrq lv wudglwlrqdo vhw0dvlgh dqg surgxfwlrq txrwdv wr olplw djulfxowxudo surgxfwlrq1
Wkh vhfrqg dssolfdwlrq lv zhwodqg fuhdwlrq rq djulfxowxudo odqg wr lqfuhdvh hqylurqphqwdo
dphqlwlhv1 Erwk wkrvh dssolfdwlrqv duh hdvlo| uhsuhvhqwhg lq wkh prgho ghyhorshg1
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Zh vkrz wkdw xqghu vrph dvvxpswlrq derxw wkh glvwulexwlrq ri wkh sorwv dffruglqj
wr vrph surgxfwlylw| sdudphwhu zh qhfhvvdulo| kdyh d ghfuhdvlqj vhw0dvlgh uhtxluhphqw e|
wkh frqwudfw dqg dq lqfuhdvlqj txrwd uhtxluhphqw zlwk uhjdug wr wkh idup shuirupdqfh
lqgh{1 Urxjko| wkh dvvxpswlrq uhtxluhg lv d pruh jhqhudo yhuvlrq ri wkh xvxdo vwrfkdvwlf
grplqdqfh dvvxpswlrq hqfrxqwhuhg lq wklv nlqg ri dgyhuvh vhohfwlrq sureohpv1 Wkh gh0
fuhdvlqj uhqw lpsolhv wkdw wkh uhjxodwru sursrvhv wkh frqwudfw wr wkh vxevhw ri idupv zlwk
orzhvw shuirupdqfh li kh zdqwv wr ghfuhdvh wkh surgxfwlrq ri wkh jrrg uhodwhg srvlwlyho|
wr wkh shuirupdqfh lqgh{1 Wklv lv wkh fdvh iru h{dpsoh lq d surjudp wr uhgxfh wudglwlrqdo
djulfxowxudo surgxfwlrq1 Wklv ghfuhdvlqj uhqw krogv wrr li wkh sulqflsdo zdqwv lqvwhdg
wr lqfuhdvh wkh surgxfwlrq ri wkh rwkhu jrrg uhodwhg wr surgxfwlrq ri hqylurqqhphqwdo
dphqlwlhv1

Lq wkh srodu fdvh zkhq sxeolf ixqgv duh qrq frvwo| zh vkrz wkdw wkh qhw vrfldo zhoiduh
lqgxfhg e| wkh wzr w|shv ri frqwudfwv duh htxdo/ dqg xqghu vrph dgglwlrqdo dvvxpswlrq
wkh lqglylgxdo uhqw rewdlqhg e| dq| surgxfhu lv juhdwhu zlwk wkh frqwudfw lqyroylqj txrwd
wkdq zlwk wkh frqwudfw lqyroylqj vhw0dvlgh1 Lq jhqhudo zh dovr vkrz wkdw li wkh jrdo ri
wkh uhjxodwlrq lv wr ghfuhdvh wkh surgxfwlrq ri wkh txrwd jrrg lw lv ehwwhu wr xvh d vhw
dvlgh frqwudfw1 Wklv lv wkh fdvh lq d surjudp wr olplw djulfxowxudo surgxfwlrq1 Wklv lv dovr
wkh fdvh lq wkh frqwudwvhg vlwxdwlrq zkhq wkh sulqflsdo dlpv wr lqfuhdvh wkh surgxfwlrq ri
dphqlwlhv1

Wkhvh uhvxowv gl�hu wr wkh uhvxowv rewdlqhg e| Pdvnlq dqg Uloh| dqg wkh uhvxowv rewdlqhg
e| Erqwhpv dqg Erxujhrq iru wkh fdvh zkhq erwk lqfhqwlyh vfkhphv lpso| wkh vdph
udqnlqj ri djhqwv uhjduglqj wkh surgxfwlylw| sdudphwhu1
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Qrwh wkdw wkh h{suhvvlrq iru wkh uhqw fdq eh uhzulwwhq lq iroorzlqj zd|1
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Qrwh wkdw wkh h{suhvvlrq iru wkh uhqw fdq eh uhzulwwhq lq iroorzlqj zd|1
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Wkh vrfldo qhw ehqh�wv fdq eh uhzulwwhq dv iroorzlqj=
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^4` S1G1 Edurq dqg U1E1 P|huvrq1 Uhjxodwlqj d prqrsrolvw zlwk xqnqrzq frvwv1 Hfrqr0

phwulfd/ 83+7,/ 4<;51

^5` Sklolssh Erqwhpv dqg Mhdq0Pduf Erxujhrq1 Fuhdwlqj frxqwhuydlolqj lqfhqwlyhv
wkurxjk wkh fkrlfh ri lqvwuxphqwv1 Mrxuqdo ri Sxeolf Hfrqrplfv/ :9=4;4�535/ 53331

^6` Mhdq0Pduf Erxujhrq/ Slhuuh0Dodlq Md|hw/ dqg Slhuuh Slfdug1 Dq lqfhqwlyh dssurdfk wr
odqg vhw0dvlgh surjudpv1 Hxurshdq Hfrqrplf Uhylhz/ +6<,=47;:�483</ 4<<81

^7` S1 Gdvjxswd/ S1 Kdpprqg/ dqg H1 Pdvnlq1 Wkh lpsohphqwdwlrq ri vrfldo fkrlfh uxohv=
Vrph uhvxowv rq lqfhqwlyh frpsdwlelolw|1 Uhylhz ri Hfrqrplf Vwxglhv/ 79=4;8�549/
4<:<1

^8` P1 Jlvvhu1 Sulfh vxssruw/ dfuhdjh frqwurov/ dqg h!flhqw uhglvwulexwlrq1 Mrxuqdo ri

Srolwlfdo Hfrqrp|/ +434,=8;7�944/ 4<<61

^9` M1U Juhhq dqg M0M Od�rqw1 Lqfhqwlyhv lq Sxeolf Ghflvlrq Pdnlqj1 Vwxglhv lq Sxeolf
Hfrqrplfv1 Qruwk0Kroodqg/ 4<:<1

^:` S10D1 Md|hw1 Hydoxdwlrq g*xqh srolwltxh gh uhwudlw ghv whuuhv srxu od uìjxodwlrq g*xq
pdufkì djulfroh1 Dqqdohv g*Hfrqrplh hw gh Vwdwlvwltxh/ +94,/ 53341

^;` Idkdg Ndkolo dqg Mdftxhv Odzduuìh1 Lqsxw yhuvxv rxwsxw prqlwrulqj= Zkr lv wkh
uhvlgxdo fodlpdqwB Mrxuqdo ri Hfrqrplf Wkhru|/ 99=46<�48:/ 4<<81

^<` Hulf Pdvnlq dqg Mrkq Uloh|1 Lqsxw yhuvxv rxwsxw lqfhqwlyh vfkhphv1 Mrxuqdo ri Sxeolf
Hfrqrplfv/ 5;=4�56/ 4<;81
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