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Abstract. A significant aspect of data modeling with categorical predictors is
the definition of a saturated model. In fact, there are different ways of specifying
it—the casewise, the contingency table, and the collapsing approaches—and they
strictly depend on the unit of analysis considered.

The analytical units of reference could be the subjects or, alternatively, groups
of subjects that have the same covariate pattern. In the first case, the goal is to
predict the probability of success (failure) for each individual; in the second case,
the goal is to predict the proportion of successes (failures) in each group. The
analytical unit adopted does not affect the estimation process; however, it does
affect the definition of a saturated model. Consequently, measures and tests of
goodness of fit can lead to different results and interpretations. Thus one must
carefully consider which approach to choose.

In this article, we focus on the deviance test for logistic regression models.
However, the results and the conclusions are easily applicable to other linear models
involving categorical regressors.

We show how Stata 12.1 performs when implementing goodness of fit. In this
situation, it is important to clarify which one of the three approaches is imple-
mented as default. Furthermore, a prominent role is played by the shape of the
dataset considered (individual format or events–trials format) in accordance with
the analytical unit choice. In fact, the same procedure applied to different data
structures leads to different approaches to a saturated model. Thus one must at-
tend to practical and theoretical statistical issues to avoid inappropriate analyses.

Keywords: st0299, saturated models, categorical data, deviance, goodness-of-fit
tests

1 Deviance test for goodness of fit

It is common to find applications of logistic regression models in categorical data anal-
ysis. In particular, considering the simplest case of a binary outcome Y , the logistic
regression model for the probability of success π {P (Y = 1)} is defined as

ln

{
π(x)

1 − π(x)

}
= β0 + β1x1 + · · · + βpxp (1)

c© 2013 StataCorp LP st0299
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where π(x) is the probability of success given the set of covariates x = (x1, . . . , xp). Con-
sidering β = (β0, . . . , βp), the vector containing the unknown parameters in (1), under
the assumption of independent outcomes, we can obtain the corresponding maximum
likelihood estimates β̂ by maximizing the following log-likelihood function:

n∑

i=1

[yi ln{π(xi)} + (1 − yi) ln{1 − π(xi)}] (2)

where n is the total number of observations and yi is the observed outcome for the
ith subject. This situation is based on having subjects as analytical units; thus the
data layout presents one record for each individual considered in the dataset (individual
format).

When one works with categorical data, it is possible (and frequently more useful)
to consider some groups of subjects as units of analysis. These groups correspond
to the covariate patterns (that is, the specific combinations of predictor values xj).
Thus it is possible to reshape the dataset so that each record will correspond to a
particular covariate pattern or profile (events–trials format), including the total number
of individuals and total number of successes (deaths, recoveries, etc.). In this case, the
goal is to predict the proportion of successes for each group. The quantity π will be the
same for any individual in the same group (Kleinbaum and Klein 2010), and we adopt
the binomial distribution as reference to model this probability. So if we rewrite the
log-likelihood function (2) in terms of covariate patterns, we obtain

K∑

j=1

[sj ln{π(xj)} + (mj − sj) ln{1 − π(xj)}] (3)

where K is the total number of possible (observed) covariate patterns, sj represents the
number of successes, mj is the number of total individuals, and π(xj) is the proportion
of successes corresponding to the jth covariate pattern. Therefore, in spite of differ-
ent structures, because the information contained is exactly the same, the parameter
estimates from (2) and (3) are exactly the same.

Having defined the log-likelihood function, we can perform the assessment of good-
ness of fit with different methods. In this article, we focus our attention on the likelihood-
ratio test (LRT) based on the deviance statistics. The deviance statistic compares, in
terms of likelihood, the model being fit with the saturated model. The deviance statistic
for a generalized linear model (see Agresti [2007]) is defined as

G2 = 2
[
ln
{

Ls

(
β̂
)}

− ln
{

Lm

(
β̂
)}]

(4)

where ln{Lm(β̂)} is the maximized log likelihood of the model of interest and ln{Ls(β̂)}
is the maximized log likelihood of the saturated model. This quantity can also be
interpreted as a comparison between the values predicted by the fitted model and those
predicted by the most complete model. Evidence for model lack-of-fit occurs when the
value of G2 is large (see Hosmer et al. [1997]).
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It is generally accepted that this statistic, under specific conditions of regularity,
converges asymptotically to a χ2 distribution with h degrees of freedom, where h is the
difference between the parameters in the saturated model and the parameters in the
model being fit:

G2 ∼ χ2
(h)

Therefore, we use the deviance test to assess the following hypothesis

H0 : βh = 0

where βh is the vector containing the additional parameters of the saturated model
compared with the model considered. So H0 is rejected when

G2 ≥ χ2
1−α

where α is the level of significance. If H0 cannot be rejected, we can safely conclude that
the fitting of the model of interest is substantially similar to that of the most completed
model that can be built (see section 2). We must clarify that the LRT can always be
used to compare two nested models in terms of differences of deviances.

2 Definition of saturated model

A particular issue that is not carefully considered in categorical data analysis is the
definition of a saturated model. In fact, according to Simonoff (1998), three different
specifications are available and depend on the unit of analysis. In general, we can think
of the saturated model as the model that leads to the perfect prediction of the outcome
of interest and represents the largest model we can fit. Thus it is used as a reference
for the assessment of the fitting of any other model of interest.

The traditional approach is the one that considers the saturated model as the model
that gives a perfect fit of the data. So it assumes the subjects to be the analytical
unit and is identified with the casewise approach. This model contains the intercept
and n− 1 covariates (where n is the total number of available observations as specified
above). Consequently, the maximum likelihood function in (2) is always equal to 0 (see
Kleinbaum and Klein [2010]). So the deviance statistic shown in (4) result in

G2 = −2
{

lnm(β̂)
}

= −2

n∑

i=1

[yi ln{π̂(xi)} + (1 − yi) ln{1 − π̂(xi)}]

= −2

n∑

i=1

[
yi ln

{
π̂(xi)

1 − π̂(xi)

}
+ ln{1 − π̂(xi)}

]

This approach is generally followed in the case of continuous covariates whose values can-
not be grouped into categorical values. In fact, in this situation, each covariate pattern
will most likely correspond to one subject (n = K), and obviously, the most reasonable
analytical unit is the subject. However, in this case, the G2 goodness-of-fit statistics
cannot be approximated to a χ2 distribution (see Kuss [2002] and Kleinbaum and Klein
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[2010]). Thus even if statistical packages provide a p-value from a χ2 distribution, we
recommend using the second or third approach—the contingency table or collapsing
approach—if all the regressors are or can be reduced to categorical variables.

These two approaches are based on groups of subjects as analytical units (and the
data layout will be in events–trials format). These groups correspond to the covariate
patterns, and individuals sharing the same covariate pattern are members of the same
group. The saturated model is identified as the one with the intercept and K − 1
regressors, where K is the number of all the possible covariate patterns; in other words,
the model includes all possible main effects and all possible interaction effects (two-
way, three-way, etc., until the maximum possible interaction order). The difference of
the two situations is based on the covariate pattern specification. In the first one, the
covariate patterns are built by considering all the covariates available in the dataset. In
the second one, the covariate patterns are based only on the variables specified in the
model of interest.

Clearly, if the model of interest includes all the variables available in the dataset,
the two approaches coincide. Under these situations (if n 6= K), the log likelihood of
the saturated model is not equal to 0, and the G2 statistic is

G2 = 2
[
ln
{
Ls

(
β̂
)}

− ln
{
Lm

(
β̂
)}]

= 2




K∑

j=1

[
sj ln

{
π̂s(xj)

π̂m(xj)

}
+ (mj − sj) ln

{
1 − π̂s(xj)

1 − π̂m(xj)

}]


where π̂s(xj) is the proportion of successes for the jth covariate pattern predicted by
the saturated model and π̂m(xj) is the one predicted by the fitted model.

The collapsing approach has a main drawback: it uses different saturated models
corresponding to different models of interest, complicating the comparison of their re-
sults in terms of goodness of fit. On the other hand, the contingency approach may
require the listing of a high number of covariates. In this case, we could have many
covariate patterns with a small number of subjects, making the use of the χ2 approx-
imation in the LRT for goodness of fit difficult once again. A possible remedy could
be that the hypothetical saturated model in the contingency approach should be based
on variables identified through the corresponding directed acyclic graphs. In a causal
inference framework, we could then use only the variables suggested by the d-separation
algorithm applied to the directed acyclic graph, which imposes the researcher to specify
the interrelationship among the variables (Greenland, Pearl, and Robins 1999).

3 Implementation of the LRT

In this section, we implement the LRT, and we show the results by considering the three
different saturated model specifications, using Stata 12.1. The data used in the analyses
refer to the Titanic disaster on 15 April 1912. Information on 2,201 persons is available
on three covariates: sex (male or female), economic status (first-class passenger, second-
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class passenger, third-class passenger, or crew), and age (adult or child), which defines
16 different covariate patterns (among which 14 were observed). The outcome of interest
is either passenger’s survival (1 = survivor, 0 = deceased) or the number of survivors
and total number of passengers.

As anticipated above, two possible ways to represent these data can be considered
with respect to the goal and the unit of analysis (Kleinbaum and Klein 2010):

• Individual-record format: One record for each subject considered with the infor-
mation on survival (or death) contained in a binary variable (individ.txt).

• Events–trials format: One record for each covariate pattern with frequencies on
survivors and total number of passengers (grouped.txt) available as follows:

age sex status survival n

1. Adult Male First 57 175
2. Adult Male Second 14 168
3. Adult Male Third 75 462
4. Adult Male Crew 192 862
5. Child Male First 5 5

6. Child Male Second 11 11
7. Child Male Third 13 48
8. Child Male Crew 0 0
9. Adult Female First 140 144

10. Adult Female Second 80 93

11. Adult Female Third 76 165
12. Adult Female Crew 20 23
13. Child Female First 1 1
14. Child Female Second 13 13
15. Child Female Third 14 31

16. Child Female Crew 0 0

Clearly, with simple reshaping data procedures, available in Stata, it is possible to
swap from one format to another. This will allow us to implement each of the three
approaches summarized in the previous section.

3.1 The casewise approach

The glm procedures, available in Stata, use as the default saturated model definition
the model with as many covariates as the number of records in the data file. Thus using
individ.txt with subjects as analytical units, we can easily implement the deviance
test by considering the casewise definition of the saturated model, shown below:
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. insheet using individ.txt, tab clear
(5 vars, 2201 obs)

. generate male = sex=="Male"

. encode status, generate(econ_status)

. glm survival i.male i.econ_status, family(binomial) link(logit)

Iteration 0: log likelihood = -1116.4813
Iteration 1: log likelihood = -1114.4582
Iteration 2: log likelihood = -1114.4564
Iteration 3: log likelihood = -1114.4564

Generalized linear models No. of obs = 2201
Optimization : ML Residual df = 2196

Scale parameter = 1
Deviance = 2228.91282 (1/df) Deviance = 1.014988
Pearson = 2228.798854 (1/df) Pearson = 1.014936

Variance function: V(u) = u*(1-u) [Bernoulli]
Link function : g(u) = ln(u/(1-u)) [Logit]

AIC = 1.017225
Log likelihood = -1114.45641 BIC = -14672.97

OIM
survival Coef. Std. Err. z P>|z| [95% Conf. Interval]

1.male -2.421328 .1390931 -17.41 0.000 -2.693946 -2.148711

econ_status
2 .8808128 .1569718 5.61 0.000 .5731537 1.188472
3 -.0717844 .1709268 -0.42 0.675 -.4067948 .263226
4 -.7774228 .1423145 -5.46 0.000 -1.056354 -.4984916

_cons 1.187396 .1574664 7.54 0.000 .878767 1.496024

The LRT for goodness of fit can be obtained with the following code:

. scalar dev=e(deviance)

. scalar df=e(df)

. display "GOF casewise "" G^2="dev " df="df " p-value= " chiprob(df, dev)
GOF casewise G^2=2228.9128 df=2196 p-value= .30705384

Thus the deviance statistic G2 is 2228.91 with 2196 (= 2201−5) degrees of freedom,
and the p-value referred to the deviance test is 0.3071. We notice that as expected, the
G2 corresponds to −2{lnm(β̂)} (= −2[−1114.46]). So in this case, the null hypothesis
cannot be rejected, and the fit of the model of interest is not different from the fit of
the saturated model.

3.2 The contingency table approach

The intuitive way of implementing the contingency table approach is to apply this same
procedure (glm) on grouped.txt. In this situation, we want to estimate the proportion
of successes; thus we need to redefine the outcome by specifying two new variables:
the first is the total number of subjects in each category n, and the second is the total
number of events, survival.
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In Stata, we also need to add the variable containing the number of trials, n, in the
family() option:

. insheet using grouped.txt, tab clear
(5 vars, 16 obs)

. generate male = sex=="Male"

. encode status, generate(econ_status)

. glm survival i.male i.econ_status if n>0, family(binomial n) link(logit)

Iteration 0: log likelihood = -91.841683
Iteration 1: log likelihood = -89.026084
Iteration 2: log likelihood = -89.019672
Iteration 3: log likelihood = -89.019672

Generalized linear models No. of obs = 14
Optimization : ML Residual df = 9

Scale parameter = 1
Deviance = 131.4183066 (1/df) Deviance = 14.60203
Pearson = 127.8463371 (1/df) Pearson = 14.20515

Variance function: V(u) = u*(1-u/n) [Binomial]
Link function : g(u) = ln(u/(n-u)) [Logit]

AIC = 13.43138
Log likelihood = -89.01967223 BIC = 107.6668

OIM
survival Coef. Std. Err. z P>|z| [95% Conf. Interval]

1.male -2.421328 .1390931 -17.41 0.000 -2.693946 -2.148711

econ_status
2 .8808128 .1569718 5.61 0.000 .5731537 1.188472
3 -.0717844 .1709268 -0.42 0.675 -.4067948 .263226
4 -.7774228 .1423145 -5.46 0.000 -1.056354 -.4984916

_cons 1.187396 .1574664 7.54 0.000 .878767 1.496024

Now we can obtain the deviance test statistic:

. scalar dev=e(deviance)

. scalar df=e(df)

. display "GOF contingency "" G^2="dev " df="df " p-value= " chiprob(df, dev)
GOF contingency G^2=131.41831 df=9 p-value= 6.058e-24

The parameter estimates do not change as they do in the casewise approach. But
as expected, the deviance statistic (131.42) has significantly decreased; the degrees of
freedom have changed (9 = 14 − 5); and the p-value for the deviance test will now let
us reject the null hypothesis, implying that the model of interest is not as good as the
saturated model.

3.3 The collapsing approach

Both the casewise and contingency table approaches can be applied very easily by
using the procedures shown above, whereas the collapsing approach requires more effort.
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Thus, concerning the grouped dataset and by using the egen command, we first generate
a variable that allows us to identify all the possible covariate patterns referring just to
the variables male and econ status.

. insheet using grouped.txt, tab clear
(5 vars, 16 obs)

. generate male = sex=="Male"

. encode status, generate(econ_status)

. egen trtp=group(male econ_status)

. list

age sex status survival n male econ_s~s trtp

1. Adult Male First 57 175 1 First 6
2. Adult Male Second 14 168 1 Second 7
3. Adult Male Third 75 462 1 Third 8
4. Adult Male Crew 192 862 1 Crew 5
5. Child Male First 5 5 1 First 6

6. Child Male Second 11 11 1 Second 7
7. Child Male Third 13 48 1 Third 8
8. Child Male Crew 0 0 1 Crew 5
9. Adult Female First 140 144 0 First 2
10. Adult Female Second 80 93 0 Second 3

11. Adult Female Third 76 165 0 Third 4
12. Adult Female Crew 20 23 0 Crew 1
13. Child Female First 1 1 0 First 2
14. Child Female Second 13 13 0 Second 3
15. Child Female Third 14 31 0 Third 4

16. Child Female Crew 0 0 0 Crew 1

Second, we collapse the data by using the variable obtained in the previous step
and applying it to the two variables introduced into the model of interest (male and
econ status). In this way, we obtain a dataset where each record corresponds to a
covariate pattern identified by the combination of the covariates in the model.

. collapse (sum) survival n (first) male econ_status, by(trtp)

. list

trtp survival n male econ_s~s

1. 1 20 23 0 1
2. 2 141 145 0 2
3. 3 93 106 0 3
4. 4 90 196 0 4
5. 5 192 862 1 1

6. 6 62 180 1 2
7. 7 25 179 1 3
8. 8 88 510 1 4
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We continue as we did in the contingency table approach:

. glm survival i.male i.econ_status if n>0, family(binomial n) link(logit)

Iteration 0: log likelihood = -54.70349
Iteration 1: log likelihood = -52.362699
Iteration 2: log likelihood = -52.356281
Iteration 3: log likelihood = -52.356281

Generalized linear models No. of obs = 8
Optimization : ML Residual df = 3

Scale parameter = 1
Deviance = 65.17983096 (1/df) Deviance = 21.72661
Pearson = 60.87983277 (1/df) Pearson = 20.29328

Variance function: V(u) = u*(1-u/n) [Binomial]
Link function : g(u) = ln(u/(n-u)) [Logit]

AIC = 14.33907
Log likelihood = -52.35628099 BIC = 58.94151

OIM
survival Coef. Std. Err. z P>|z| [95% Conf. Interval]

1.male -2.421328 .1390931 -17.41 0.000 -2.693946 -2.148711

econ_status
2 .8808128 .1569718 5.61 0.000 .5731537 1.188472
3 -.0717844 .1709268 -0.42 0.675 -.4067948 .263226
4 -.7774228 .1423145 -5.46 0.000 -1.056354 -.4984916

_cons 1.187396 .1574664 7.54 0.000 .878767 1.496024

. scalar dev=e(deviance)

. scalar df=e(df)

. display "GOF contingency "" G^2="dev " df="df " p-value= " chiprob(df, dev)
GOF contingency G^2=65.179831 df=3 p-value= 4.591e-14

By reshaping the data, we obtain the results according to the collapsing approach
definition. As in the contingency table approach, we reject H0, but now the value of
the deviance statistic has changed to 65.18 with 3 (= 8 − 5) degrees of freedom. As
expected, estimates do not change.

4 Discussion

The casewise approach is often considered the standard for defining the saturated model.
The reason is that the analysis is focused on subjects, and the saturated model, instead
of the fully parameterized model, is seen as the model that gives the “perfect fit” (see
Kleinbaum and Klein [2010]). This fact does not affect the estimation process; however,
it fatally compromises the inferential step in a goodness-of-fit evaluation where the χ2

approximation becomes questionable. The consideration of the other approaches can
lead to different and meaningful results in terms of both descriptive and inferential
analysis, but the problem is how to implement them in the right way with the statistical
package we are working on.



R. Bellocco and S. Algeri 365

Considering Stata 12.1, we have noticed that in all cases, the default procedures for
goodness of fit consider the saturated model to be the one with as many covariates as
the number of records present in the dataset. Thus, using an individual data layout,
we obtain results relative to the casewise saturated model, where the analytical units
are subjects. However, when considering an events–trials data format, we assess the
goodness of fit based on the contingency table approach, where the unit of analysis
is the covariate pattern defined by the possible values of all the independent variables
in the dataset. The less intuitive implementation is the one based on the collapsing
approach, which uses the covariate patterns defined by the variables involved in the
model. One simple solution could be to build a new dataset containing only these
variables, like we did with the useful commands egen and collapse, which are very
helpful in showing how the collapsing approach works.
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