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ON THE MEASUREMENT OF POVERTY AKD DEPRIVATION

The iiterature oh'poverty measures that folloued the seminal work
of Amartya Sen (1976) has generally taken (w1th only. few exceptlons) the
 bas1c approach put forward by Sen: The measure of aggregate. poverty was
Adeflned . as a welghted ~sum ‘of ‘the 1nd1v1dua1 poverty, the 1nd1v1dual
poverty itself was measured by the 1ncome gap up to .the (predetermlned)u
‘poverty 1ine;v the weights ofathe aggregate measure were determlned so
that the measure wiliysatisfy a set of axioms;

Three basic axioms or deSired properties have been proposed by Seu
to determine the‘ weights and thus alSo the functioﬁalgform of the,

aggregate poverty measure. These are:

(F) The Focus axiom: The poverty measure must be determimed by the

incomes of the poor only.

(M) 'Monotonicity Axiom: Given other things, a reduction in the income of
any poor individual must (strictly) raise - the measure = of aggregate

poverty.

(T) Transfer ixiom: Given other‘things, a‘transfer of income'frOm a -poor
individual to any onée who is richer must Strictly raise the measure _Of
aggregate‘poverty. 

uThese 'axioms induoe a rather gencral structure on the functional
form of poverty measures (see Blgman, 1985) and con31Qerable number’ of

alternatzve poverty measures “have consequently been ~proposed that
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satisfy the three axioms but differ, sometimes quite markedly, in their

functioqal .form "from  the index proposed- by Sénf (see Kakwahi, 1980;

Thon, 1979; Foster, .Greer and Thorbecké,'1989).

‘This approach éan be criticized for a number of ré;sons:
(i) The géneral specification  of the aggrégate vpoverfy measure is
;ssumed‘ to be a weighted_suh of the'individualvperrty, without being‘
dériveq from established paradigms of weifaré'éheory. |
(i) The measure of individuél poverty is assumedAtd be the‘poierty gép;
This has not been (and c;nnot be -:gs we shall see:later on) justifiéd:,
however by the,éstablished and. Qidely accépted noﬁioﬁs on indi?idual
prefefehces; o |
(iiij The additive form of the index.phaﬁ has been assuméq.may imposé
restrictive asSumptions on the form of the welfare .func;ion whiéh is
implicitvin the'poverty measure.
(iv) The threé axioms determine aiwide group of functiohé.from which’
aggregate poverty measusres can be seiected. This has led Sen (f979) to
éonclude that ‘pluralism  is inherent in ﬁhe éxcercisé of poverty:index
) construction.yfhis pluralism may ﬁrevent,‘however, the analyst ahd the
policy maker»v from drawing cieaf conciusicns in regard to  the
desirability of alternative ' income profiles .and hehce ~of different
government policies. | |

The objectives of this paper are: (i) to specify a’génerél set of
akioms or desired proéértiés which are standard in the analysis  of
incomé ineguality and povérty,measureé and té qetermine the conditibﬁs
under which these axioms would lead_£6 the specific axioms (F), (M) ’ahd

(T), and to an additive structure of the aggregate poverty measure - as




Page U

has been pfoposed by Sen; (ii) To propoée a general, Dalton, (1620) ,f
tybe definition of poverty és phe‘ wélfare»iosses resuitinéifhom the
income géps, and‘td'detérminé tﬁé general,form‘of p6verty indices which.
correspdnds to this ‘defihitioh. 'In; so dbihg. I Qill display dﬁalb
approaches to the derivation of’poverty measures both draQing on  the
concept  of vweifare losses; ahd‘illustrate these measures 6n a diagram;
(iii) Toyp%dve that the_weifare approéch tb thé specificati@n of poyerty
. -measures leadsv tqla coéresponding single family of poverpy méasureé and
: tﬁus to a single measufe‘ofAincome ineqhality. Furthermohe; I will_.alSOl
show that’ ofvthé various povertyvmeasures that_are used in applied work
- or-has been proposed in the iiterature, only one is a member 'of’ tﬁis'

family, while all otheriihdiées violate one or more of the axioms.

I.  Pﬁeliminary: The Basic Prdperties and the General Structure of

Poverty Measures

The following notations apply: S, denotes the set of n individuals

and Y7 = (y,,...,y )eq] , an income profile of these individuals, Q"

’ being‘the non-negative n-dimensional Euclidean sub-space. z denotes _the
"poverty line", 1i.e., the minimum income below which an individual is
considéred poor. I assume z to be well defined and -‘known. 2z . partitions

the set Sn into two mutually exclusive and exhaustiveisubsets of "poor"

and "rich" indivicduals. Let Sp. denote the set of -p poor individuals and
Xp = (y1,...,yp)sQE their income profile; and 1et_Sr denotes the set of

r = n—pvrich indiviﬁuals'éndlgr = (yp+1,...,yn)sﬁz'their income‘ profile.

By definition Xr 2 2.1r where lr is the appropriate vector of ones.




’ "poyerty-measubeﬁ ‘is a fealrvalued funcﬂiqn P(Z;X);QT X g ==> R'havihg';ﬁ-

" the fdlloﬁing properties: -

Axicm- 1+ Non-negativity = P(z,Y). is" nbnrnegative ‘for 3ail. addmissible

(i.e., non-negative) z and ¥, with equality holding if and only if

Yoz z,fgn’all i;Sn‘u~

_+Axiom 2: Monotonicity - P(z,Y) is non-increasing in Y and-,spriétiy,

_ decreasing .in YP,

Axiom 3: Scale Independence - P(Z.X)‘iS'hqmogeneous of degreé zero in

(Z)_Y_)

Axiom " U4:  Anonymity - CP(z,Y) =’p(z,nx);>_whefe m is  an ‘rarbitrary

permutation matrix of size nxn

‘Axibm 5: Separabiii;y - The poverty 1line z  partitions Sh into thv

‘strictly‘Separabie subsets of. poor éna,rich’individual$.

Axiom 6: Heredity - if P(z,X),has,gertain‘properties10ver'Sn*theh it ‘has .

the same properiies over all subsets of Sn.
Axiom 1 is simply the requirement that the poverty ‘index attains

‘its minimum value of zcro when all individuals have[vihcqme;° above tne

o pdveﬁty  1ine.‘ Axiom 2 states that any increase in the income of a pOOr
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individualvmust strictly» recuce thelimeasure of poverty, whereas enl
increase in- ‘the .income of a ricn» individuelvmay either anude thiey’
measure or.leavedit unchanged; Axiom 3 states £het‘ individuals have nd
moneynfilluSion, ’and P(z,Y) is consequently independent. of the'units of
measurement.? Axiom U requires poverty to be a function of the siie qf
the/ incomes only, independent of the ,personal leblesi assigned to
incomess ’

The separability pronerty in Axiom 5 1is ﬁhe key to the. derivation
of aggregate pdventy~ measunes._lt siates that the conditionai ondering
" defined by the poverty measure over the‘income profiles of the poor :is
independent - of the components ef Xr. Similarly, the conditionel ordening'
over the.income profilee of ﬁhe rich is independent of the components‘ of
Xp. It shonld be noted, thongh, that strict monotdnicity of P(z,Y) in Xp
(nxiomiz) suffice, in ;tseif, to ensure that‘ the set Sp is sgrictlyv
separable in P(z,Y) from its complement in S, (see Bigman, 1985).

An important condllary of the separability axiom is that poverty

measures having this property can be represented as

P(2,Y) = o(z,PP(2,YP),P" (2,Y")) . | "

where ¢ is increasing in both ﬁp and p" (see Gorman, 1968)..Thue Xp and
Xr can‘ebe. aggnegéted inpo and represented byytwo independent cdmposite
variables Ep and Pr.' Axiom 6 iS‘estated as a separaﬁe requircment
althongn strict _bseparabiliiy together with dcertain "regularity"

‘conditicns can secure that property of poverty measures (see Blackorby,

Primont and Russell, 1978, Ch. 3).




The_ axiom stated thus far are standard. They induce, however, a

'

rather spe01f10 structure on ‘the functlonal form of povprty measures,'.as

we see 'in the following corollarles.

COROLLARY 1: P(2;Y) is strictly increasing in z, provided that not all

individuals are rich.

PROCF: This isre direct corollary of axioms 2 and 3 which imply that za
fall by a percent in z is equiyalent to a nise by a)(1-a) pencent_in all
incomes ||. | ’ |
Although'this requirement may appean._obvieus, not all poverty
measures have ‘this property. Elsewhere. (Blgman, 1985) I have shown that

the commonly used "poverty gap" ‘measure may increase as z oecllnes.

'COROLL.BRY 2: The Focus Axiom - P(z, Y) is a functlon of the incomes Qf‘

the poor individuals only.

'PROOF: Axioms 1- end 6 imply that in thevrepreeentation of . the poverty
measure in Eq. (1), the measure Pr(é,gr) is,tby definition, zero. - P(z,Y)
is thus a monotonic increasing'functionnof‘prz,Xp) and hence a fUnction
of YP only. || |

The neasure Pp; which is the aggregation function of Xp in P, n
therefore itself serve as a poverty meesure. It can be constructed as
follows: (see Blackdrby, dPrimont and ‘Russell, éh. 3): For a 'giyen v

strueture of R(z,!),klet PP(z,¥P) be defined as:




PP(2,3P) = P(z,(¥P,z.1")), Cos @

the vector of'incomés (Xp,zrlr)-beingAthe vector (y1!.;.,yp,z,...,z);-A
consequence of this corollary'is that aside from the poverty 1line and
poverty incomes, the only other propercieé. of income profiles ngf

relevant for poverty indices are the parameters E and g.

COROLLARY 3: Aggregate'p0vefty measures having the properties . specified

'in the above axioms, can.be written as

'P(an) = V(Z’PT(z’y1)’;f';Pp(z;Yp))‘ | S - : | : (3)

where each of . the-Pi(z,yi) is independent of the components of Y other

than y. itself.

PROCF: Strict monotonicity of P(z,Y) in YP implies that both P and pP
are strictly decreasing with any increase in the income of a poor
individual. Each singleton in Sp is thus strictly separable in P and PpP..

PP is therefore completely strictly separable  in Sp (see .Blackorby

Primont and Russell Ch. 4) and can thus be written in tﬁe form of Eq..
3) 1.

» 'Pi(z,yi), is the social evaluation of ‘the individual measure of
povefty. Similarly to the above construction of PP in Eq.(Z); this

measure can be. constructed as:

Pi(z,yi) =.P(g,...,z,yi,z,...,z))
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1,0..,1,i+1,...,n

‘Hence, ‘the only properties of Xenf which are relevant for the measures

Pi are y; itself and the dimensibnvparameters P andlg;;i;e.,
Pi\z,yi) =‘Pi(z,yi,p,n) L B (5)

COROLLARY 4: The poverty measure can be specified as a 'function of the

relative income gaps.
.PROCF: ' The scale indépendence axiom implies'that'the pdverty.meaSUSfe.'
can be written as.

P(z,Y) = P(1,(2.¥)

The individual poverty measure can thus be written as )

'

Py = PL1,(0,.0,— 1,000, 1))

. c.
= POLQ" - el (2]

(6)

where ln is an n-dimensional vector of ones anore? is the n-dimensional
unit -~ vector with 1 in the ~iEE place and zero clsewhere, By a simple
transformaiton we can define the latter expression to be a function of

3
(fz). Hence,
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?§<g—i,p,n>°2f pi'n,u"-eg(%_)n
‘Since this 1is true for every elemen; .P; of the'aggregate pouerty
element, it is true also for P(Z;X) itself.|| | o

The = functional forﬁ of the poverty index suggéspédj pyA‘these'v
corollaries is ‘still too general'dvhowerer. Sen assumed an additive
:structure and most later wrlters have adopted —thls assumption.‘ In the
general structure of the poverty measure ‘that we have obtained thus far

1additiv1ty vcan bev the result of an vaddltlonal- axiom of ‘llnear

homOgeniety, viz.

_ Axiom T:. P(Z,X) ;sf homogeneous of degree'one in (P1,...,P ) (doubling
all the 1nd1v1dual poverty ceteris parlbus doubles ‘the aggregate index)
Povertj measures hav1ng this property can be wrltten, via Eqs.(3)

'. and (7), a

g4
P(z,Y) = ¥,P (—-,p n)
) i=1

where ' ¥, = 9¥/3P; : i=1,...,p. This structure need not  be additive
separable, however, because the weight ?i néed not be independent of Pj
‘for any i#j.

An additive structure also chdracterlzea indices that are addltlve

‘decomposable, i.e., 1ndlccs hav1ng the follow1ng property

Axiom 8: Additive Decomposébility - .Given a partition of Y into F

.non-empty'groups Y e_(gl,-;;.xF), there are weights w1,...,wF suoh,thatﬁ
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- F § R : - - . o
P(z,Y) = ¢ We.P (z;zf) : ' (9)
- f=1 " . . ' : .
If, in particular, Y - is partitioned into its indivicual elements
then therejafe weights wo,...w such that

( v Si ) . o .

- P(z,Y) = wi.Pi(—E,p,n). : o .. (10)

i=1 :
Another property usuaily required of inequality measures but has

relevance also for poverty measures is the following ..
Axiom 9: Population Replication Principle -

For indices of relative poverty:vP(z,(Z,...,X))

- q_——

"Ebr indices of absolute'poverty: P(z,(¥,...,Y)) = q.P(z,Y) .

——q--
An obvious corollary . of the 1last twd axioms is that the weights

‘must sum up. to uhity. Althouhg additive'deéomposability appears tob be a
desirable propeftyv for geographical or"demographical analyses Qf‘

boyerty, all but one of the addi;ive indices that have been proposed‘ in

the 1literature - includiﬁg that of'Sen, are égE decomposatle. The_onlyn

'excéption is the index proposed‘ by Foster, Greer . and  Thorbecke. All
others are, hoWeven;'Homogeneous linear in the individual povérty gaps,

and thué»the representation in Eq. 8 is suitable for them. | |

To’cbmplete>the specification . of ‘the aggregate measure of poverty
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one has  to define a measure of individual poVerty and to determine the

.weightsf3 Sén défined the meaéuﬁé of individual; poverty to be the
individual ‘income géﬁ”up to the‘poverty line,'and'determinéd ;hé\weights
to be the rank order of thé interpers§nal ordering of thé péér by incdﬁe
(his ‘akipm :R). The fesu;ting aggregate poverty méasure,which sumﬁs‘up
’the weighted individual Mea5ures'.of‘ poverty, is'bshown to:'have the'

desired properties _specified in Axioms (f}, M), and,(T).:The bther 
pdverty meaSures adopﬁed Sen's definitioh of thé‘individual; poverty"gap

. but differed in their specification of the,wéights. The next seétiOn
ﬁakes a different approachﬂ.lt derives a génebal form of a poverty inaéx
oh the vbaSis of well defined pfopertieS‘of the social welfare andﬂfhé
individuél utility functioné, fhis will 'allow: ué to vexamihe ' the.
'aésﬁmptions imblicit in eaqh énd every_indéx'andfoffer prinéiples fob

deriving a vaerty index that will accdrd‘with the establishéd‘ paradigms

of welfafe theory{»

iI. Dual Measures of Poverty énd Dephivation

Poverty méaéures can be linked to the community's welfare function
via a Dalton-(1920)-type definition of poverty as the welfare losses

resulting from the income gaps of .the poor, i.e.,

"‘(U-l (y1);- . .,Up(:)'p),Up+1(yp+‘]), . .-yUn(yn)).
w(u1(z),...,Up(z),up+1(yp+1),...,Un(yn))

P(z,Y)=1 (11)

W 1is. a pgeneral (ordinal) social evaluation function and the Ui's

are the individual utility functions. W and all the U;'s are assumed to
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_be twice continubuSLy differentiable, mdnotonic striétly‘increasing and .
strictly concave. These prqpef;ies,of‘the welfare’and: utiiity functions
~imply that poverty measures having ‘the general form ofxEd; (11)’will
'satisfy the noh;negativityv(Axiom 1) and monotoniciﬁy (A#iom 2) axioms.“
leSthicﬁ ’séﬁarébiliﬁy' of P in Sb andrsr (Agiom 5) ahd erarable (i.e. not
interdependent) individual utility functions 1is both necessary and
sufficient, under - the definition in qu‘ £11), forA F itself to be

strictly separable in these two Subsets. Hence, W can be represented as

W= o P (U, () Uy D5 (U Gy ) U )) (12)

: whére p ié increaSing. Moreoveb, the Focus Axiom (corollary'2) indicates
that the‘pbverty méasurevis not affected by the componenté.of Xr in thati
P(z,(!p,xr).= P(é;(Xp,z.1r)) for all Xr;é z.1". We can therefore ‘focus
bur‘,attentidn.onithe‘aggregatorbfunétion:wp of [U1(y1),,;.,Up(yp)]vin W,
and qn thefcofrespondihg aggrégator fdnction Ep of (y1,,,.;yp) inyk, _and
define poverty és the we;fare losses of the poor individualsﬁonly, i.e.,

S |
- PP(z,YP) = 1- H (,1(31)'---,Up(yp)v)

A ’ (13)
va(U1(Z),_.v.'.,Up(,z))_ .

The aggbegator functionva can be constructed as follows:

> wp<U1<y]>;.7.,up<yp>> = WUy ) U ) U (2),0, U (2))

p+1

The indiVidual. ﬁtility function* which corresponds to this

specification is:




i = Utin{y;,z}) : i=1,...n
This representation of the‘individual utility - function 1is similar
to ‘that ”propoéed'by Hagenaars (1984). Hence, the only parameters of the

- vector Xr relevant for WP 'and thus also for PP are the dimension

'parameters P and n. On these grounds, ‘let ‘us therefore define tne

overall poverty measure as

P(ZvX) = H.Pp(zv_y_p) | : | (14)

where H = p/n is the Head-Count ratio. This definition is essentially a
generalization of Sen's Normalization Axiom which requires, in the’
special case that all the poor have precisely the Same incomes; that the

‘poverty meaSure will have the fdrm.
P(z,Y) = H.G, _ . (15)

where G is the income gap ratio: c(;-yp),zj, §p*beiné thevaverége'inCOﬁe
of'ﬁhe poor. Senvthﬁs assumes that 'in that speciél ~case  the average
income gap ratipb G represents phe, poverty measufe Pp, ena that the
-individual gap ratiQ (Z-yi)/z represents the individual measure of
poverty - vPi(z,yi). Thevdefinition in Eq. (14) is more general in that
it allows other representaitons of thekpovefty measures. Later on in the
~paper I will explicitly examine the assumptions on the individual

utility'function and on the Social-welfare,function that are implicit in
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Seh's representation of» the individuéi aﬁd’the aggregate»measures'of.
poverty. . | |

‘ To determine the functional form and the.mathematiéal,properiies of
PP; on the basisidf iﬁs definition in Eq.(13) and #he staﬁdafd broperties
of "well-behaved" social and individual welfare fuﬁcﬁiohs,_let us fassume
that ihdi?idualS"are identicéi‘ih‘ail Eéspectsveﬁcept perhaps for ‘their

income, in the sense that their utility functions U(y) are identical.

(This * "symmetry" axiom of the welfare function corresponds to the

: vAnonymity axiom of the poverty measure)7 The brepresentative‘ income of
the _pbor is.ﬂdefined as that income yg which, if received by all the
poor, would be ranked as socially equally desirable as  the current

distribution®, i.e.,

WP N Y ; o
v (U1(y1),....qp(yp)) = WU (YR, LU yE) | (16)

Let us further assume that WP is positively linearly homogeneous

|%
and the poverty measure is thus given by

(PLE) in (Uy,...,Up)7. In this case WPWU (yy), .0 U (yp) = Uy%) PP,

pp(i;yb) AL R :

= u(z)® = o N ¢S
The defficiency  Qf this definition (aé well as of the origiﬁal
definition in Eqs.(i1) of  (13)). is that ﬁhis »normalization is not
invariant to 1linear transformation »of “the  functions U or W (sée.
Atkinson, 197C)“; It highlights, however, an important property of

poverty measures:. If the poveﬁty‘measure is defined as in'Eq.(17) and 6f
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the individual utility functions are strictly concave, - .then = the
aggregate meésuhe must be strictly convex. As a,conéequence, if we raise
the equally distributed equivalent income or, more generally,-the inéomé '

of any poor indiyidual,-the aggregate pbverty‘méasure wouiG decline but,

wiggh additional increases of equal -amounts @€ that  person's income,

"~ would reduce the aggregate poverty-meaéureAgtfdecreasing rates. Stricﬁ.
éonvexipy of the aggregate_poverﬁy measure ién‘thus. a manifestation ‘of»
the decbeasing marginal utility ofiiﬁcoﬁe in strictly concaVe>utility
functions and, conversely, strictly concave ﬁ;ility functions détérmihe
an - aggregate pbverty 'measure ‘which ’is"stricﬁly conyex.f'Given_ thg
definition of poverty measures in‘Eq.(i7)ﬁ[or in qu(13)j,H let ‘us now
exahiﬁe sohe of the specific measures of poverty that‘hés beeniprpposéd.

Blackorby and Donaldson“(1980) explicitly'aSSuméd th;fpoverty gap'
to ﬁe‘homogéneous linear in the poverty gép (nys)/z,'SOH'that 'ﬁdbubling
the percentagé sﬁqrtfall (in income) éeteris paribus doubles'the index"_
(1980; p. 1055); Théir index is thus givén by

P - W [Z-yéj | R - k(1k8‘) |

The corresponding poverty measure of the poor Rp is :thus mérely ‘the

income gap ratio (u”y;)/z. Let us re-write their 'incex as:

(19)
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(20)

be an inequality. measure of the poor's incomes having the form of the

inequality index proposed by Atkinson (1970), and let

z=y o
= (21)

be the average income gap ratio of the poor. The poverty measure BD cén

thus be written as

= H[1-(1-1,)(1-0)]

- HIG+(1-0)1 ] = 1.6 [1+150) BESE L (22)
If Ip is  the Gini measure of inquality taken over the vector‘of poori
indomes, PQD would then Ee (a close_appréximation fof),:Sen's measur'eé.9
Blackorby and Donaldson thus seem td ﬁropose a general class éf poverty
measures, -that may differ one from the 6ther only in their measure the.
income of inequality among the poor.
- Clark, Hemming and Uiph _(1981) proposed a family of poverty
measures which is also homogeneous linear 'in fhe, poverty gép; This
‘measure nas the form |
. o ¥ . . . .
Pehy = F-G(2D) = e o1y s (@3
B, : :

where ép is- the mean poverty gap, g

E the-represéntative'income»gap of




‘. *

vthe‘ poor, and Ig = [EE - 1] is an index of 1nequality of the income
gaps. They also show thatSEhelr measure vcontains as, ‘a’ spe01al case,
‘Sen'! s poverty " measure when Ig is the Gini’ coeff101ent as applled to the 
income gaps. It can be easily shown that the measure in eq. (23)

contains not ~only Sen's measure but also the measures of Kakwanl, Thon,

Anand, and several others(Interestlngly, it does not , however contaln;v'

the specific measure proposed by Clark 33_31 themselves, as we shall
see later’on);This is SO because the definition of the poverty measﬁre
in Eq.(23) is in fact the dual or the mirror image of the deflnltlon or
poverty measures in Eq.(18) This can be  seen by writing the poverty

measure in either one of the following two ways: One; as in Eq;(18),

ite%,
P - H;G.{1+[(1—G)/c].1p},
and the otﬂer as in eq.(23), i.e.,
P' = = H.G.(1+‘Ig‘)v

Ir y; is a  weighted average of the -‘individual incomes the two

and hence,

definitions are identical because in this case g; =»z-ys

= =-[1 + iligl . I.]

p

In other words. to any measure of income inequality included in the

~definition of the poverty measure in Eq.(18), corresponds a measure of




ineqnality of the- poverty gaps 1ncluded in the defxnltion in. Eq (25),

"If, in addltlon g; = z-y; then the two measures are 1dent1cal ‘and

© - 1-G
Ig = g 1

An' important corollary of these dual _specifications of

pertinent’poVerty-indicés is the following:

COROLLARY 5: If the poverty measure can be‘ekpressed as either

. | 1- G‘ :

P(z,Y)

or both

then neceSSary and sufficient condltlon for this 1ndex to satisfy axloms
(F), (M) and (WT) (weak transfer) is that the .inequality index‘ (either.
Ig or Ip) is S-convex-(l.e., agree with the Lorenz quasi ordering) .

»COMMENT: Tne corollary 1s llmlted to the weak transfer axiom- (WT) whlch
‘‘constrains the transfers ¢t __poor individuals only and 'requires the
recepient to remainvpoor'even after the transfer. The reason is that if,

as.a result of the transfer, the recepient crosses the poverty line;»fit




Page 26_"v

weights of -all  -the rémaining 'poof (whiph may depend on the‘humber of
pOOp'individuals) can conséquent;y decrease andithe pqverpy meashre can

- therefore Afall, in coﬁtradiction’té Axiém-(T). This may‘be the casé of
the Head Céuntzindex,lof Sen's index, of the index bfoposéd by Clarkl et

gi} (see Thon, 1982) etc.

PROOF: To prove thé corollary, notice that the Focus Axiom follows

directly from the definitions 6f H, G, and the inequality measures I" or

p

remained poor, will change neither H nbr G. The inequality measure

I . Regressive transfers among the poor after which the recepient still

hbﬁever will rise if and only if Ig (and Ip) is S-convex. Tb verify

monotonicity, write the index as:

g*
P(z,Y) = H.(50),

and notice that g; must rise monotonically with any fall in the income
of a poor individual. 1If, howeyen, the income'bf a richfihdividual

falls, neither g nor G would rise - once z is fixed ||.

The welfare analysis ‘of poVerty indicates that .the ‘meaSufe, of
poverty should express the total welfare losses which are due in part to
the poverty gap and in'part to the inéome inequality aﬁong the poor;b The

‘specifié form ofAthé‘measure hust be determined sokas,to_represent well
beﬁavéd individual utility.and sdciai weifaﬁe fgnctions énd{ at the same
time, be vindependent of ‘iinear ﬁranSformations of these‘fuﬁctions. A

suggestive candidate for a poverty measure is the one .defined in Eq..
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(18) which. has a great deal of similarity to the inequality measure

suggested by Atkinson (1970). Cne example, is pherefore»‘the family of
indices proposed by Blackorby and_Donaiden. It is easy to verify that
the indices of Sen, Thon, Kakwéni,‘Anand as'weil as the Head-Count and
"the Poverty-Gap- indices all belong to ﬁhis family. Consequently, these
indices tob can be written, :interchangeably,v either in thé form of
Ed.(22) ‘or in ‘the form of Eq.(23), eaéh- index having, however, a

different measures of inequality thereby representing a different degree

of 'inequality aversion'.
Clark et al. assume an individual deprivation function of the form
d(g;) = (1/a)gy  :i=1,...,p.

where the inequality aversion should be a > 1 for strioct cancavity. They
further assumed a symmetric and additive social welfare function of the

form

-W(g,a) = ¢ d(g;)
i=1

where g = (g1,...;gp) is the vector of the income gaps. Without making,

however, any further use of that social welfare function, they define
the poverty index as:

g*
P(z,g) = H.G.(:B).

B,
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This definitioh is, however, not consistent ‘with 'their own earlier
definition of the individual deprivation and social welfare functions.
The reason: If‘poverty repreéents the loss of welfére due to the income
.gaps, so that P(z,g) = - W(g,a), thén -this measure must be stfictly
convex wnen the deprivation functions are strictly éoncave.in income.
But the definiﬁion of the index in-Eq.(27)' and thé definition of the
'équally distributed equiﬁalent poverty gap"aéi

21/

P
L gf ’
=1

g¥ = [(1/p)
p 1

1that has been proposed.by Clark et. al., imply a poverty'measure which 7
is homogeneous 1inear‘in the poverty gaps for all o 2 1 and_ thus ‘does
not exhibit the aecreasing mafginal‘utility of income. I will réturn to
~this issue in section IV. This comment highlights, hbwever, an 'imporﬁant
defficiency of the poverty measures defined in either ‘Eq.(18) or
Eq.(23): Indices which are PLH in the‘poverty‘gap, fail to reflect well
behaved- individual utility and social welfare fgnctions because they do
not exhibit the decreasing marginal utility of income, and the

corresponding "increasing poverty aversion"!Z2,

III. Illustrations and Exﬁensions

- To- illustrate the two components of poverty measures, namely, the
one expressing the poverty-gap and the other epressing the ihequality

aversion, write Eq.(22) as

p

P(z,Y) = H.G + H.(1-G).I
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The element K.G expfesses ﬁhe:welfabe losses due to the po§erty—gap.'As
noted earlier, Senfs N@rmalization Axiom,'requifes the poverty"meésures
to bé equal to H.G if> a;; the poor have thé-Same‘incbme.'The secbnd
elemeqt H(1-G).Ip expresses the-welfare_lésses due to thé  inequality~.ih
the distribution of incomes among the boor. Thése'th éomponents arek
iilustﬁated»ih Figure 1; The line OF represeht; an:equal‘distribution; of
the ’poVerty line income z. BF thhs measures'the poverty-line income.z
relatiVé to the mean incomé. The set of ppOr iindividuals is- deﬁermined
at thét' point on the Lorenz éurve’in théh the tangeht is paraliel to
OF. This would be point M in the Eigure. The Head-Count measure 1is thus
given by the distance Ok = F(z), F”being.the cumulative distribution of

" individuals. The poverty-gap ratiO'(z-§§)/z. is given by the ratio EF/EF

which is also equal to MN/AN, since

¢ _zolz) BEEC T MW
R 2 BF AN

where ¢ is the cumulative distribution of income. Hence,
.= G = OR.
The  measure H.G thus has the .fecllowing interpretation: If we

rédistribute all the incomes of the poorfso as to bring as many of . them

as ‘possible up to the poverty  line, (thereby changing the income

~distribution to OfMT), then H.G would be that percentage of the - poor

population' -Wwhich .is left with no income at all. The meésuré




Figure 1: Poverty measureson the Lorenz Curve




Page 2U

H.G = F(z}.[1-¢(z)/z, which'cah be termed "thelrelatiVe‘z déyiaﬁion" “(in
énaiogy"ﬁo ‘the "relaﬁiye‘mean deviatioﬁﬁ) ha; been advccated by some as_v
an index of inequality (see Elteto and Frigyes (1968)). I£ was
~ demonstrated by Atkinébn (1970), however, that this measure 1is
comple;ely inéeﬁsitive to tranSférs between . poor individuais. Fbr the
sémé réason this index in itseif cannot serve'as a poverty index;

The element [(1-G).H],'Which is giQen'b;‘KK in the figure, is that
‘percentage’ofvthe’boof population which'can be brougph up to the poverty.
line. The ineduality‘losses'ére measured as -a fraciton of that elément}
To evalﬁéte these losses we detérmiﬂe the_representative or the Ueﬁually
;distributed équivaiént incomé"'pf the poor, vE from Atkinson's general
measure of_iﬁedﬁality: |

RIS | | | 63

If the"incbme inequality isAmeésured by the Gini coefficient, therjblp ‘in

»the' Figute' would bé the ratio bétweeh‘the shaded aréé, denoted by IS,
and the area of the triangle GﬁK.FThe representativé incomeréf the poor,
y;;' wogld ﬁhus be determined as a fraction,'say Eﬁ/ﬁﬁi of their average
ihcomélyp. The inequality measgfe wquld thus be given,'by D

and the inequality losses by -

H.(1-6).1_ = [1-7K .
i )p [1-AK

Total welfare losses, as quantified by the poverty measure, are thus

given by .




P(Z,X) = a(- +_E =—(I.

easily‘verify-the dual approach to the measurement of poverty,

JN = Rd = OL.

théreby illustrating the equivélenée between the measure in Eq;(19) and
the one in Eq.(23). The general form of the po?erty measure in éither
'ohe of these  two equépions is not iimited, howe?er, to any specific
measure. of “inequality. The choice between alternative possible.
inequality measures . should thus be made So as to reflect the degree of
'inequality aversion' implicitvin the éociai evaluation functions.  This
: is further - illustrated in Figure 2.!% The figure describes é‘two-pefson‘
community, both having incomes bélow  the poverty lihe. The initial
income distribution ' is ‘assumed to be at point P. T_o' gerive the total
welfare losses we draw an indiffefence cﬁrve‘from the social evaluation
function: W(U(yl);U(yé)),' which crosses ﬁéint P. If thié community»is
'inequality averse', the ‘indifference curve will be strictly convex. The
"equally ,disﬁributed equivalnet . income" is obtained ‘at poiﬁt A - aﬁ
"which the indifference curve crosses the (negative) 45° 1line 0TC, which
represents . equal distributions; The (positive) 45° line ?F rephesents

different distributions between the two individ&als» of the same total’




Ill‘ .
%y
yp »yp,

.'Figure,Z: The Welfare Measures of Poverty and Deprivation
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quantity available at . point P. At point B, the two will receive the
average quan;ity §p. The poVerty measure at point P is, by definition,

‘given by

y¥ oy
b _._p
P(z,X(P)) = 1-2 - 12

The ratio [ﬁﬁ/ﬁf] measures the inoome gapbwnile the ratio [AB/0B]
is the corresponding measure of income inequality. The welfare losses on
account of the income inequality dependkcon the 'curvature qfv the
indifference curve, i.e., on'.the degree  of 'inedualitybv eversion'
implicit in the sociel evaluation function. The"duai‘ poverty measure‘

is given by
P(z,Y(P)) =

and the corresponding measure of .the inequality of the income gaps is

given by [AB/BC]

Consider now a decrease in the income of the two -‘individuals,
represented by a shift along the line OP - which leaves the income ratio
(y1/y2), ancé = thus - the relative inequality, unchanged - to the point Q.

The poverty measure at that point is given by:

P(z,Y(Q)) =

The corresponding measure of = income inequality is KL/O




page 27

ihequality of the 1income. .gaps is Kf/fﬁ. 'Hénce, ceteris paribus the -
largeh the income-gap the larger the income inequality relative to  the

inequality of the income gaps.

If welfare is a homothetic fuhbtion of (¥,,y,), the expénsion paths

are‘straight lines.out‘of the origin, and the ratio.y;/§p would then beA‘
ih?ariant to prdportional shifts. in this §aéé the 'equally Qistributed
equivalent income' YS would therefore bevhomogeﬁeous linear in (y4,¥5),
i.e., doubling the incomes (Ieaving the povertyVline unéhanged) doubleé
alsO'y;. The ineqpality meaéﬁre Qould therefore remain unchénged ag the
two.kincomes are doubled while the income gép would be cut in half. In
the_next section I ‘examine the implications of the homnotheticity

_‘assumptions'on the form of. the povérty measure.

Figuré 2 éan also serve to illustrate thé difference beﬁween
S—convexity aﬁd "ordinary" cdnvexity of 'the poverty measure. The term‘
‘S—convexity is related to ’the degree of 'inequality aversion' of the
poverty‘index and is‘reflected‘ by‘ the  cufvatﬁre ‘of the indifference
cuhves, e.g.; it expresses the.desirabiiity of traﬁsferring income ffom
oné individual to the other. "Ofdinary“ chvexity in ﬁhis context is
related to shifts Qf the indifférence curves along ‘the expansion péths
- as aﬁ effect of changes in .2932 incomes; There is ﬁno' necessary
méthematical relationship between ‘the two terms. Sen's measure, for
example, is S-convex but it is not strictly convex»in the ordinary sense
of this term. Ips S;convexity is exhibited in its weighting scheme which

givés higher weights the lower the income. At the same time .the measure
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is’ homdgeneous of ’degree 1‘ in " incomes and thUs does not exhibit the
decreasing margiﬁal utility of income ; as réquired» of sﬁrictly convex
measures. The two concepts of convexity thus‘refef to ﬁwo different
mathematical properties of the poverty indéx,’and if both are éesired ‘on
ethical grounds then one has to specify the cthespoinding'requirements
in two different axioms. This I will do in the next section.

-

I1V. The Form of Poverty Measures and the Form of the Utility Function.

Foster et.al proposed a family of poverty measures of the form
0)

For a = 1, this measure is simply G.H. For o = 2, the measure takes the
normalized gaps (gi/z) ‘themselves as . weights. This measure can be

written in the following general form

F

P =
o4

H.G“[1+(ig)]a T st @3N

where Ig'is the index of. inequality of-_the‘ income gaps - of ‘the form

proposed by  Atkinson, i.e.,

[ op (et ' | ' (32)
| P . .
i=1 gp ‘ »

For « = 2, the inaqgex Ig is simply the coefficient of variation, and the

corresponding poverty measure can thus be written as




‘Pgl= . [G 2,(1- G)2 (1

CV)2]
::‘wherevlgv‘isbthe'ooefficienb of varfation of ‘the poor',ihCOmes. For

1, the vindex of‘ihequalitybis‘lé [(I/P) z(g /gp)] 1, whlch 15, of

course, 1oentlcally zero Hence, the Poverty Gap measure corresponds ,to

a‘Awelfare_ funciton wnlch_ls completelyrlnsens1t1ve to the inequality in'

the'distribution‘of income among.the,poor.

' Earlief I hsvs.commehbeofbhatvthe povsrty measUre ppopOSed”by -C;ark
yet sl; is notltooosistentibwitﬁ their own definibion of‘the‘inoivioual
»Ldéprivabioh’fubctioos shdkbhe sociél_welfare function;‘These' oeprivatiop
yand‘ weifape. functlons suggest, _bokéver;.évpoveﬁfyvhééSUbe'ofythe'fohm
vproposed by Foster et al To see thls,‘wrlte the -individoél dspriyation'

functlons proposed by Clark et. al

d(g;) = (gi/z)“» =1, .00,py

and”,définev the povertyvmeasuré'as the,net‘welfare losses on account of:
the poverty gaps, given by:
CPP(2,3P) = W(gLa) = L
ST e T P -
. Henoe, the aggregate poverty measure that comes out of the oéfinition is

.'jglven by




g
(Ef)_ =

CP(zY) = KPPz, 8P =%
1=

This poverty measure 1s phus 1dentlcal ‘to thet proposed by Foster et al

but is different from the one prOposed by Clark et al. This deflnltlon
of the poverty measure raises however, a ques;ion as to how restrictive .
is the correspopding speoifiéation of  the ineividual ‘deprivatioh'
fupctions. Put differently, how geperal 1s thlS spe01flcatlon of the .
poverty measure. The central proposition of th1s section states that
under certaln, rather general conditions  on the group ,eva;uetionv'
funciton kp, the welfeare- approach to and the Dalton-type ,definition of
the poverty measure in Eq. (13), leads to,a singie family.of poverty
_ measures, which has the same general structure as the meesure proposed

" by Foster et al and contains an Atkinson-type measure as- the

" corresponding index of inequality.

The key‘assumption unerlying this result is phat~ehe -group welfare
'fupction is a homothetic function of- (y1,.l.;y ). In thls case the
‘1nequa11ty 1ndex whlch is implicit in the poverty measure, is 1nvar1ant
with respect ‘to proportlonal shlfts 1n 1ncomes. This has been observed
earlier in reference to Figure 2 by noting that. “in thls case (and in
. this.vcase only), the 'eransion paths areA stralght lines out of the.

crigin along which the 1ncome proportlons y1/y2 do not change,-

By referring to results of Pratt (1964) and Arrow (1965), ~the following

theorem Shows that homotheticity of the group welfare function (which

would then exhibit constant relative 'inequality aversion' - as referred
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to by Atkinson (p. 251)) implies that the utility function has the form

U(y) = ky® 10<ECT, K>0,

where £ is constrained to  the (0,1) interval for monotohici;y and

concavity of U.

THEOREM 1: Consider the poverty measure defined in Eq.(13), and assume
that the gorup welfare function is homothetic, Neéessary and sufficient
condition for this poverty measure to satisfy axioms (1), (2) and (3)  is
that the utility funciton has the form.

PROOF: (i) Necessary =~  If the utility function has the log-linear,
constant relative _'inequélity; .aversion' form- [i.e.,
{-u"(y)/u'(y)}.y = const.] then .the corresponding poverty measure would
be

| v¥
PP(z,YP) = 1-(Z2)8 . 0

z /.
It is easy to verify . that' tnis poverty measure sutisfies the three
vaxioms. Hon-negativity is assured via the earlier definition of the
utility function Uj = U;[Min{y;,2}]. As a result, ys would be smaller
than or equal to the poverty line z, with equality holaing iff y; 2 z

for all i. With a homothetic group welfare function, _y; “is bstrictly’




rising with Xp, thereby se¢uring' the Mohotoniciiy ‘axiom. The Scale
- Independence axiom follows directly from the'definitionl of the. poverty
‘measure . in ‘terms of the -ratio (y;/z)>and because the ratio y3/§p is

invariant to proportional shifts.

(ii) sufficient - Let PP(z,YP) be a real valued function defined in.
,’zq;(13) (for - a homothetic group welfare function) which‘satisfiés the
three axioms. By -the Scale»lndepéndence Axiom we can write PP as

PP(z,XP) = PP(1,14P)

But sihce‘y; is homogeneous of degree 1 in tP, we can write  the “poverty.

" index either as

U(yg)

P(z.YP) = 1-
:  P(z,X‘) =1 U(2)

.
U(yp/z)

IR

Let U(1) = 1/k  :  k>O. Hence,

k.U( * = * Y < ')c >
yp/g) U(yp)/U(z) : yp‘_vo,,z>Q.

«

To complete the proof we make use of the fbllowing\Lemmé.




LEMMA: Let ‘f(x)»\be fcontlnuously dlfferentlable and strlctly positlve‘
function for 'all' _XEP+ Necessary and sufflclent ‘condltlon for theA
 ‘equality: f(x)/f(y) = g(x,y) ’to hOld 'fof all x,y in that domaln, is

“that f has the form f(x) x¥, and: g is proportlonal to f. -

" . The 'hecessaryivpart Qf_the“Lenma is;self'evident. The ‘sufficient‘rpart:
is'pneved in the appendix. li"‘
4 'CORROLAPY 6 If (and only. 1f) the poverty measure Pp, defined in Eq (13)

- satlsfles ax1oms (1), (2) and (3) then it has the form
. PP(Z’XP)_ - 1_(2_2)5

1 tCORROLARY 7: Ifl(and.pnly if) the"pOVerty measure deflned in - Eq. (13)

'1satiSfies axioms' (1), (c) and (3), then ‘the oorrespondlng group welfare

functlon is the symmetrlc mean of order 5 and the 'equally dlstrlbuted’
' equlvalent 1ncome' is glven by

p-

[ Ir, ylj”g 60,

p
£
=1 =

i=1

Stnict 'concavity of the jindividual utlllty functlon and thus striet -

1]convey1ty of the correspondlng poverty anLX, 1np11es that g<1

Y'Define, as‘befone, Ip_=‘f1-(y3/§p)]. Hence;_“

"COROLLARY'8::If;(and‘en;y-if)tthe‘ poventy»_measure-fdefined' in Eq.(13)
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satisfies axioms (1), (2) and (3) and exhibits Strict'convexity, then it

. must have the form

P(z,Y) = H.[1-(1—G)5(1—12)5] " b<g<1

where Ig is the Atkinson-type measure of the income inequality. ||.

The poverty measure in Eq.(35) | is different,‘-however, from that ih
Eq.(31). Although these two méasures_are'dﬁal to each othet, théy will®
be equal if-and only if a = g = i, in which case fhey are Eeduced to PLH°
'poverty measures of the form discussed ;n Séctibn IIQ The difference
between these two measures is illustrated in the .next _section. The
following theorem provides the motivation for the ‘type of poverty

measusre examined in Eq.(31).
THEOREM.zz Consider the poverty'measusre defined as

PP(2,X") = <ii(g) - DldCey), ... a(8,))
where d(g;) is the individual deprivation function, and D is the group
deprivation function. ~Assume V' to be homothetic in E. Necessary and
sufficient condltlon for that poverty measure to satlsfy axioms (1), (2)

and (3) is that the depr1vat;on function nas the form

d(gi) =
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Furthermore, if (and only if) that poverty measube_satisfies axioms (1),

(2) and (3):and exhibits strict convexity then it has the form

P(z,Y) = H.Gs(1+lg)6 coB,

where Ig is an. Atkinson-type measure of inequality of the .income gaps,

having the form:

P 8 p
[zs (P18 <1 1y ns, -
i=1 " g =

p

1

The proof of the theorem is essentially the same as the proof of
Theorem 1.]|.

Fqster's index is thus a member of that second family.

V. Numerical Illustrations

The differént iﬁdices that have been“prbposed _in the‘ literaturé
refléct different  degrees‘ of 'povefty aversion' _imp;icit in the
corresponding individual utility function. The choice between these

_indices (provided that they‘ meet the requifements specified in_the
_axidms) should‘be ma¢e so-és to reflect the '"true" .aversiohs of the
community .concerned. To illustrate the different sénsiti?ities of the
indices, I have calculated their valués in two numerical examples.‘ The
first 1is for thé'folléwing vectoribf incomes: Y = (0,1,2,3,4,5,6,7,8,9),
and forbpoverty lines ranging from z = 10 to z 100. The 10 'individuals

of that community are therefore always poor-. To compare the sensitivity
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. of the different indices‘to theSe changes in’the' poverty ,%ine, i have

'nbrhalized .ihéir values. to be‘1.0 fdr z = 10. The norﬁaliied valuéé of
the indiées for qifferént ieVels of the poQértyvline' a;e suﬁma}ized -in
Figure 3. The ‘exacﬁ formuiae of the indiéés and the specific parameter

. values given in appendix 2. In this illustration the index of Foster et

al. |is hé?ealed’to be thé most sensitive to changes inktﬁe poyehty linef
Sen's and Kakwani's indices aré rélétivély lesé sensitive beCéuse they
put most of the.VWeight on the individuals relative.deprivation as
measured by his‘rank.bvis-a-vis the others. In the presenp example,
however, Lhesé ranks do-nbt changé. Severailindices (e.g., Takayamé, the
Head-Cdunt)'which_do not change at all in‘_this example (where all
individuals are always poofj are omitted.. | |

The second exémple Vis for a much lafger.sémple of incomes draﬁn‘
from a_Normél distribution with‘meah 100 and variance - 20. The 'pover;y
line rises from 90 to 200. For a poverty line in‘these'experiments above
(approximately) 170 all the “incomes are below the poVerty line. As
before, the values of the -indices .have been normalized to be 100 at
z = 90 in order to allow the comparisbn.'Thebvalues of ihe indices for
different poverty iines~ are presented in Figure 4. Again, the indek of
Foster et al. proves to be the most senéitive to the changeé in ‘the :
poyerty .line. The Head Count and Tékayamé's indiées do not change at all
aé z rises abové;fYO, i.e., when &ll incomes fall -beiow the pbvertyv
line. These two indices will not thérefore satisfy the Monotonicity
axiom in‘this case.'“

The point of these numerical illustretions is not to discredit some

indices - or credit others but rather to demonstrate that the pluralism in
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poverty measurement is mostly a reflection of the pluralism in societyfs

. ethical preferences, its sehsitivity to the basic needs of the poor,; its

:aVeﬁsion to inéquality, and its awareness to people's own perception of

poverty and deprivation.




APPENDIX

Lemma : if f(x)/f(y) = f(&/y) for all strictly poéitive x,y,»and'if'f is

continuously differentiable, then the dnly functional form that f can’

assume if f(x) = x©

PROOF: -
It is obvious that - f£(1) = 1, because by definitionm,

f(x) = f(x/1) = f(x)/f(l). Since the equality holds at any point, we

must also have:

= %Y(f(é)), for constant. 'y, and

d

= a?(f(é)), for constant x.

Xy 1
o g

f(x).f'(y)"

(X
2y, T8

X
y2

By inserting (A.1) into (A.2) we'getv;

.y =:for all x,yeH+.b

In particular, if we take y=1, we get




. x‘= fﬂ(i)_=.a 3

‘Putv’differently,» f is a constatn elasticity function;-The solutionibf'

this familiar differential equation is
Cf(x) = kx®

But since (1) = 1,'Qé must hav¢ k=1. Anéthér yay‘of proVing the . lemma,‘
suggested to vme by Dr.- Lifson, is byAtrahsfofming the vériable$~into
natural loganithmbforms énd drawihg on the familiar resu;t that the dnly
solution to - an equétion of  the formii g(ﬁ+v);g(u)+g(v)‘ is 

g(u) = au+s. [




APPENDIX II

This'appéhdix lists the mathematical -formulae of thefpovérty indices that-
were examinéd.invthg simuiationvaﬁalySis. The hotations are ﬁﬁose ofvthe'papeb.
Td emphasize the effect of'the povgr;y liner(which changesrih the courée’of the |
’ simglation analysis) on the number of thé poor, I will denqte their,humbér by

p(z).

1. Head Count:

Py =
2. Poverty
o p(z) 8
P = L. z (——)
G 11 z

- p(Z)v '. gy
S T n(p(z)+1) ° 151‘ r) (=)

P

where r{(i) = (p(z) + 1-i) is the rank of thevigg'individual among the poor,

‘given by:

4, Kakwani:

P(z) - g,
p(z) . -k C1
Pk " n oy ¢ L [PD)IT (=)

1i=1




; wﬁere N T :
: plz) S e e
(k) =z i . = k20

i=1
CIf K o= 1 thengPK is si¢ply:Pé.f'In the‘simulation'énalysis11 havé'assumed kK =

‘ o Plz) 8
PT=m2 R (== )
. o i=1 , : ' :
"~ where R(i) = h(n#1—1)':is theﬂ.rank of . the ‘ith ‘individual ' among thé »ehtire*

population..

6. Clark et al.:

3 plz) . o 8 yi/y
e ™ '3['p(z))~f ) ‘fz'? I

" where Y 3 1ffor“stfict>COQVexity. "In the simulation analysis I haVe'asSumed Y =

2.
<7;, Atkinson (Blackorby ijonaldéon)r_

{r-[
B - li'=1.

i

p(z) el
: p(z)

n

~1. In the simulation analyéis_l have assumed o = 0.5.

8. "Watkin;dnﬁ: A weighted version-of PA  5>giveﬁ’by




: i Cpz) oy
o R e S e Bl
_ 1=1 ‘

,2.[P(z)¥r-ij
'p(z)-[p(z)+1]

where:w(i) = and a = 0.5

p(z) 8
k i
o r)1* . (=)f
. z
i=1 : .
_whefe'k 21, B21; ¢(k) and r(i) defined as above. In the simulafion éna;ysis

I have assumed k=1 and B = 2,
10. Foster et al. .

e p(z)
P, = oL
L o}
In the simulation analysis, I have assumed B=2. Notice'that Pé'is essentially a

weighted version of‘PF. Pé is thus the dual-of P, and~PB‘iS.the'dual of P.

11. Tékayama='PT is the Gini COefficient of the truncated incdme Vectbr:

t o
YY" = (y1,...yp,z,..f,z).




. FOOTKOTES

! It should be noted that Sen's index does .not. datisfy the Transfer
Axiom as specified above but a weakéb version of that axiom that assumes

the reCepient'to-be’poor‘ahd'to remain poor alSofafter the transfer. See

comment to CorollaryVS;

2 This interpretation is relevant if z has the meaning of a basket of .
commodities. If,*however, z is determined relatiave to the income levels
Y

o i.e, - if 'poverty ‘has. the meahing of relative deprivation, then this
_axiom means that doubling all incomes-doublés also the poverty 1line. .In

other,wofds, z is homdgeous of degree 1 in Y,

t3Balckdﬁby; and“ ﬁénaldson }(1980) ha?e proposed a'poverty measure which
‘has é different functiohal.vforﬁ. Thgy have  defined first = the
"repreSéntéfivéb<incomeﬁ of thé‘poor-and ﬁéésured the aggregate'boverﬁy
by the ﬁréﬁreéentativé'ihéomé'gap“. Chékravarty '(1983)‘ ﬁas ‘taken much .
‘the same apprqa¢h. The - generai - formulation of their measure ailow; a
wide family of poverty: indices, éach corrésponding to a - different

measufe of inequality. See Sectioh II.

N P(i,!) iis assumec tb'mdnotﬁnically strictly decrease with an increase
in‘the incbmé of any poor indivicual provided that poor individual  still
rémaiﬁs .poér. An :incréase' in his income abovevthe poierty iine_shOuld
" not Cause.ényvfufthervincréaSe.in the poverty index. To assume that, the

'vindividual uitlity funcitons in the denominator would have to be




redefined to'be‘Ui = Ui[min{yi,z}]

5Thé Normali:ation“ﬁxiéﬁ freceiQed éonéidefable _ attention in the
~literature. ?Récently 'Basu ,(1985)‘;pr0posed‘ a decomposition of the
" Normalization -Axicm, showing: that. this axiom is “equivalent tqi a
nequirémentv tha£ P'is,é first~difference preservihg transformatiqn,of H

and G.
6See‘Blé(ikor'by’and Donaldson (1980).

..70ne example of a'PLH Social. evaluation function is,.Aof course;j the
additively separable function assumedfby Dalton and later on by Atkinson
'(1970) in the context' of 1nequa11ty measures and more recently by

Hagenaars (198“) in the context of poverty measures.

®As noted by Atklnson (1970) ‘a' linear transformatlon of ‘the ratio

1U(y*)/U*(z) of the form [Uy*)+c]/[U(z)+c) is not 1ndependent of c.
°Sen's measure can be written as (1976, p. 225)

Pg =-‘H.[G,+(1—c).1}p.p+_ ]
'°In my opt, cit. paper I have noted, however, that counter examples -
which show that Sen's or Clark et al. measures do not satisfy the
trénsfer'axiom'are nothing -but illustrations of index number prdblems

inherent in these measures.




4i¥1f'vthe';ineehe of & rich individUal rises an ahguhent eah be‘made'thét,e;f
‘”poverty should faii becehse the economy is: how better able to handle “the
poverty problem through e. g. income tranefers Another argument.can bef
vv"made however that poverty should rise because ,the feellng of relative

deprlvatlon of the poor becomes more 1ntense :

‘ZBiackorby"and Dohaidsoh'7note _that the‘trebresehtative'fph_'equally
‘vdlstrlbuted equlvalent':lncome 1s‘measured by "an arbltrary V(homothetid)‘
5001al evaludtlon functlon" (1980 p 1055) However, 1f thelr measure
has the general form of Egs. (13) or (17) then the correspendlng socxal

:eleuatlon vand 1nd1v1oual utlllty functlons must necessarlly be 11near v

.Tnls 1s ‘the result of the requlrement they place on the poventy'vmeasure o

to be‘homogeneousfof degree one in (zfy*)/z.~

' In this exposition I drew on a similar exposition of Hagenaars

- (1981).
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