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 ABSTRACT

'»Thls paper presents the Mean—Glnl (MG) approach to analyze risky
vprospects and construct optlmun pnrtfolios._ The’ method possesses thev
stplchty of the mean—variance model w1th the efficiency of stochastlc
dominance.' Hence,-Glnl s mean:dlfference is superlorftO»the.varlance
for evaluatlnb the variability of a prospect. The analysis is further

. extended with the concentratlon ratio that permits to class:fy d1ffe—
rent securitjeS'With.respect'to their-relatlve risklness. The MG
approach }b Lhenbapplied to capltal markets and the secur1Ly valuation
LheOIem is derlved as a general re]ationship between average return

and risk.w This is further extended to include a degree of risk aversion_

that can be eStimated from capital market data.
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MEAN-GINI, PORTFOLIO ANALYSIS, AND THE PRICING OF RISKY ASSETS "

v. The formal similaritv betmeen modelliné‘decision—making under uncertainty

" and evaluatinévand;interpreting‘income ineqnality‘has been noted'and[GSed
by Several eéonomists. An example is Samuelson who usedothe same métﬁdd'
to prove- that it pays to. d1vers1fy risky investment (1967) and that equal‘
distrlbution of income among 1dentical ‘Benthamites max1mizes the sum of
social utillty (1966) . - Atkinson (1970) showed that the rules for stochastic‘
dominance which’ were developed as’ criteria- for evaluating risky invest—
.ments, can be translated 1nto Lorenz—curve terms in evaluating income

1nequality.

Thebpurpose of our paper‘is tosinterpret‘some‘of‘the‘recent results
on 1ncome 1nequalitv and applv them to portfolio analysis.: In particular,
we establish that Gin1 S mean difference, the Lorenz.curve, and the
vconcentration ratio which are eaten51vely used 1n‘the field of income
inequality, can also be nsed to characterize risky prospects and construct

optimum portfolios.

The superiority of Gini s mean difference over the variance as: an
‘1ndex of varlability has been demonstrated by Yitzhaki (1982). 1In parti—
cular, it was shown that us1ng the mean and Gini S mean difference as‘summary
stathtics of'the distribution of a‘risky'inveStment permits the nser to.;

- derive necessary conditions for stochastic dominance, enabling him to.

‘discard from the'efficient set'prospects that are stochastically dominated




by others. This property means that Gini's mean difference is a better
candidate for evaluating the variability of a distribution. In the present
paper, we drbue that Gini s mean d1fference can replace the variance and

that the concentration ratlo based on it can replace the covariance needed

in portfolio theory.

The mean—Ginifportfolio selection rule is-superior to the mean—variance>
selection rulekin.the sense that the mean-Gini efficient set consists of
‘portfolios that, accordlng to stochastic dominance criteria, cannot be
dominated by any other portfolio. Furthermore, as with the mean—variance
model, the mean-Ginl ranking can be usedlto derive the pricing of rlsky
assets in an equilibrium framework. But it is easier to compute efficient
portfolios by mean—Gini rules than by mean-variance rules and much s1mpler
'than.us1ngbstochastic dominance rules.v Moreover, Gini' s“mean difference can
lbe extended into a family of coeffic1ents of variabillty, differing from
each other by a parameter, v,_that represents‘the 1nvestor s risk aversion.
It turns ouL that each member of this family can be used in portfolioh

theory for constructing capital—asset pricing models.

In the flrst section we define Gini s mean difference and Justify
its use. In the second the propertles of a portfolio which 1s spec1f1ed

by its mean and its Gini coeff1c1ent are developed whi]e the third section

presents some extensions of the Gini coefficient to portfollo theory, such




as the cbncéﬁt:atioh ratio (Kakwani, 1977, Pyatt, Chen, and Fei, 1980).

?hg fonrth.seéFiOn.ié devotéd to the~capita1—ﬁsseﬁ pricing model and
‘éqppain§ a:diséus§i9n of'tﬁe proﬁer;iésuofvthé abbfoaéﬁ; whéreés‘thé'
last éegtjpn presehts,the.éxtended Gini's mean diffé;en;e kYitzbaki,‘v
1980)»and_§pplies it:tq pértfoléo anélyéis}

~Much of thevdiscuésion in_this‘papérvig:baged_oﬁ a reiﬁterpré;aﬁioﬁ
of,results Gn.inébme inéqQélity,in the portfolio cpﬁtext. vThﬁé, wheneQer:
pogsible we AO not prove -the pfopositions‘bqt-refer.théyreadef‘fp fhe

original papers.




I.. GINI' b MEAN DIFFERENCE

Ginl s mean difference is anvindex of the varlablllty of a random variable

It is. based on the expected value of the absolute dlfference between every
pair of rea]izatlons of the random varlable. That is, et F(y) and’ f(y)‘
respectively represent'the cumulative distrlbution and the dens1ty funct:on’~j
.of,prbspect y enn aseumevtnat there exist a.>.—°° and b < such‘that

F(a) = O;vF(b) =>1; then Gini's mean difference is defined as follows: ).

b (b ‘
J J. y - x| £ E(y)dxdy .
:a a . i’ ) ‘

This definition is not easy to handle and one finds at least eight
different formulations of Gini's mean difference in the literature. For

our purposes it will be useful to‘deal with two of them. The first is

b
_ oo [Pt Fe?
T = J [1 - F(y)ldy - J [1 - F(y)] dy.
a . . o . .

a

S b : s
= ”f'a"J [1-F]dy .
a

Equation (2) presents Gini's mean difference in terms of the expected
‘value of the distrlbutlon, pu, and 1ts cumulatlve dlstrlbution function, F(y).2

This equation is important when dealing with stochastic domlnance criterJa 3

The other Gini formnle which is useful for enalysing portfolios 155

y[F(y) -] £y




" that is, Gini's mean difference is. twice the covariance of variable y and
its cumulative distribhtionl"For’completenesS,'we'statevthe following. pro-

pefties of Gini's mean difference:

1. ThéfGini‘coefficiént:is non-negative and bounded from above by u - a.
if.’y is a givénfconsfént, I = 0. . Furthermgore, as is shown in Yitzhaki -

i (]980>),’its maximum value is reached for the distribution

oy
Cfy) = 45 . y=b

otherwise. - -

, 2. }5Théfcini coefficiéht-is sensitive to mean—pfeserving spréads_(Atkinson,
1970).°
.3.v’ Let. yé ?.le’ where o is a constant; then Fz = |d|r1}
4. | Let yz —"yl + c where c¢. is a constant; then P2 =‘Fi{v
5. Let Y4 = ' + yé ,'wheré"yl'énd v, . are two independently distributed
variébles; then T, < r-+7rT,
_ - 3 -1 2.

) - i . . .. 2 "‘
6. Let .y ‘be a normally distributed variable with y and..o ;. then

Io= 0//ﬁ_' (Nair, 1936):

APereriiésw2 to‘S’éré.similar‘to thbéeiatt?ibdfed td‘the standard

'_dQQiation} ‘Héﬁée it ié no£ éurprising ;hét the Cini éoef%icient can bé.ﬁéed
to dérive.the efficient set of uncertain pfospébts ié thé Same way as is
.dbﬂé u$ing>the‘mean—variancg criterion. ‘This featurebisrimplied~by the

' béhaviof of invéstoré?whé rénk>uncertajn brospéctS:by théif mean and the

dispersion of -their returns. .Efficient sets-éf uncertain prospects ave




constructed: such that no‘other feasible'prospect will‘be included'in'the‘
set unless it has a lower dispersion for a given mean or aihigher;mean“ior
a given dispersion. Usually'the‘standard deViation is used as the measure
of dispersion; we propose to use inStead Gini's,mean difference} Hence,'

LhL “éfficient set that answers the mean—Gini (MG) criterion is obtained by

,finding, for each given mean My “that prospects which are not in the effic1ent
‘set have at least larger or equal Gini s mean difference./ If combinations of |
uncertain prospects are allowed to be held, the’ effic1ent set is obtained by
constructing, for each given mean, a mix of prospects that minimize ‘the Gini~
‘coeff1c1ent of that portfolio. ‘We advocate the use of the mean—Gini (MG)

me thod first because, if prospects are normally distributed the efficient'

set of the mean—Gini is identical to the effiCient set- of the mean-variance
(MV) method (see property 6 above). Secondly, it is Justified by the superiority’
of the mean—Gini over the mean—variance approach in ranking uncertain prospects

accordingto stochastic dominance (SD) rules as we will now bring forward

Proposition: 1: Let, vy and y2 be two uncertain prospects.‘ The condition

h1 - I‘1 > My = F2 is a. necessary condition for Y4 to dominate Yo according
to first and second'stochastic dominance rules (Yitzhaki, 1982). (See Appendix

for a proof.)

Define SMG the efficient Set,obtained'by the MG‘methodgiSsD‘the efficient "

set obeying the stochastic dominance first and second rules and S1 the seth_
obeying proposition 1, we-assert the follOWing. “S1 is a subset of S SD and
S1 is also a:Subset ot SMG'-

Hence, apply]ng propos1tion 1: to the effitient ‘set constructed by the MG

',method enables us-to obtain an effiCient set_ which is a subset of the effiCient

set according to first and second SD rules. This subset is not 1iable to the




 critieism usualiy edvanced ‘against the'efficient set construetedlby'the MV
‘rule (See Rothschlld and Stlglltz, 1970; Hanoch dnd Levy, 1969) . Tﬁe ﬁse‘
of prop051t10n 1 can be demonstrated by an example assume that y{‘ ie
buhiformly distrib0§ed_between"0 end 1" while 'yé is unifermly'dietributed
: bétﬁeeﬁ' 2 and 4 . Bdﬁh"y1 aand :yz .are'in ehe‘éfficieﬁt set’aCCOrding

: : | . ‘

R L L ; s e v 1 PR IR
to,mean variance and mean-Gini rules, with My =g F1_7v o= =
O R ' :

Aend 'p2.=,3{'r2 =3 oz‘é,7§:V. But'clearly'ail“ipvestors'prefér y, over
.yi,. Apblying pfopoSition,1'ﬁo the éétlébteined'sy‘Fﬁe‘meen4éihi criterion
* enables us to~discardl yi” from'theleffieieﬁtVSet.

The superiofity of the mean—Gini.approaeh‘over the stochasﬁic doﬁinanée
(SD) criteria results from its- s1m11ar1ty to the MV method e As far as Ve kqow;
there is no. method for constructlng optlmum portfollos by SD rules. Users of
‘_the:mean4Gin1 method may minimize the Glnl,coeff1c1ent of a 11nea: combination
of prospects_edbjeetrtoaegiveﬁ‘reduifed mean feﬁu?nf' Changingfthe meén_permits
the user td.eonétruct the efficient set 'correspondihg'to the meen;Gini criterion.
Thie eettcanfuﬁusedﬁfdr peféfolio aﬁaiyeis end cepifei_assetlﬁriCing quilibrium

according to MG cules. Furthermore, by applying proposition 1 to that efficient

set, a subset is obtained which is contained in the efficient set of portfolios -

according to SD rules.




IT. PORTFOLIO ANALYSIS

The‘pfoperties of a portfdliq whqée performance is_Sﬁmmarizéd by fﬁé meaﬁ;
and. the Gini coefficien:‘are similar to those of'Fhe regular mean—éﬁagaérd
deviation model. These properties can be illustrated by the familiar;
;ektbook‘diagraﬁ.in which - T', the Gini coefficient of the ?eturnvoﬁ ﬁhg‘
,portfoliq, is eriétedvon;ﬁhe horizbntai»axis,‘wﬁile, Moy thé-meap,of tﬁe

one-period return, is on the vertical axis, as in Figure 1.

The pérforménce_of twovprbspects, A ande , 1s dendted by A»'éna—B_.
- in the méan—Giﬁi Sp;ce;  The return on po#tfolig. yp is given by‘§Hé coﬁ?ex .
combination.ofithe'répurﬁién A and B . Hence Yp T %y + (1‘— a)xB,wheré a
is ‘the share of Weéiﬁh invested in A and x, aﬁd Xg afe'thebongepefiod_

R = N
returns.

As ig‘thev§rdinary mean—staﬁd;fd deviétion mddelvthebperfofﬁanéévof;

phé portfbiio ypv.dépegds also on the cérféiatioﬁbetwegn A and-‘B.uand
©oon dt. Tb‘show_ﬁhié,‘considérvthe three special cases aé}drawn iﬁ~Figuréll;

first; if préspects vA_ énd Bw are'iinearly dependent,‘the éoefficienﬁ
- of gorréiation-(pAB) is equé;>to‘unity and, following froh thevprépertigs éf

'Gipi's‘mean difference, the line ACB.fepresents ali the bdssibilitieé.df

a portfolio mix coﬁ§03ed,of :A 'aqd B . Second;vif A ‘éﬁdh B jagéfiﬁde_
=0), fhe éugve ADB- expresses thevperforméncé of the

pendent }(DAB

portfolib, yp » showing intuiti?ely that diversification improves.thét

performance. Furthermore, - the portfolio returns would be'muéh improved

if A -and B were hegacivély,correlated as shown by the broken line AFB’

for the extreme case of pAB1= -1







The effect of the variability of a prospzct on the variability of
the portfolio -can be presented much as it is in the mean-standard deviation .

“model. By equation (3), the Gini coefficient of aipOrtfolib is:

. . | o
S i .
2 J y[F, ) = JaF, () = Zeovly, T )1

a . .

where Fp, is the Cumulative distribution of the portfolio. Since

where Xy is the return .on prbspect 1 , we obtain

aicov[xi, Fp(yp)] .

i=1

that is, the risk of the portfolio can be decomposed into a weighted sum
of the covariance between' the variables xi’and the cumulative distribution

of the portfolio, p.
It is worth mentioning that the variance of the portfolio ¢an be
written as

) va#(yp> -

a,cov(x,, v.) 5
=1 o LT




and the difference in the decomposition of the nondiversifiable risk by
‘the two methods is that in (6) the portfolio is represented by the cumu-
lative distributioh‘of iCS'retufns,:Fb; while in (7)Vit_is’represented

by its returns, yp

By multiplying and dividing;eéch compdhehﬁ of (6)’-by‘I‘i ='2cov[Xi, Fi(xi)]

where Fi(Xi) is the cumulative distribution of pfospect‘i;‘we_obtaih  
(8)

whgre Ri = c?v[xi, Fp(yp)]/cov[xi, Fi(xi)] which rgpresgnts_tthrat}p‘of

non-diversifiable risk tothe variability of prospect i .




III. 'I'HE CLASSIFICATION OF PROSPECTS BY'RELATIVE RISK

One can L]ds&lfy a eecurlty by its risk by u51ng cov[x s Fp(y )] as an
index of -the undlver51f1ed risk carrled by a securlty i whereas. the diversi-
fied risk is the share of total. risk that cen be reduced by 1nc]uding‘
7secutity i vin the portfollo yp. However, thlS c13551f1cat10n is sileht'

about the possibility that security i can be rlskler‘than security - j

~ in oneé situation and less risky in another.

One way to improve:the classification is to'use concentration curves
that«eneble_’us to determine the secdrityﬁs risk according to the return on
the_portfolih-5 ,Thie classification enables hs td“determine, for any_t&o

: prqspectsb A and B within portfdllo P ; whether all 1nvestors agree that
‘prospect A ie‘riskier than - B with regardvto portfollo p or that they
may. dlsagree among them about thevrelatlve rlsklness of A. Assume two
securities with 1dent1cal posxtlve expected rates of return; i. e.,

Ei(xi) = Ej(gj) =p. . Now define the funetlon gj(yp) as the condltlonal

]

" expectation of rate of return xj , given the portfolio yp ; that is,

(9) gvj(yp.} = Ej(xj/yp.)

" We assume that yi > , g (y ) > 0 and that the first derivative of g()
exists.’ If E[gj(yp)] = uj ,-one can define the concentratlon curve of

security j as the relationship between




¢j[gj(yp)l

Fp(yp)

Concentration curves are plotted in Figure 2 below. It can easily be
seen that if Xj é'yp, equation (10) represents the_Lorenz curve of port-
folio Yo (curve B in the figure)..‘The relative riskiness of the securities

in a portfolio can be comparedvaCCofding to the follbwing;proposition:

‘ Proposition 2:’ -The cbncentration'curve for the function gj(yp) will‘be'
‘abdve (below) the concentration curve for the function gi(yp)'if ni(yp) is
less (greater) than nj(yp),'for'allr yb-,nwherexrnx.is the elasticity of g

with respect to y .

Two corollaries follow from propoéition 2 :

" Corollary 1: The éoncentration~curve for the function gj(y) will be above
(below) the egalitarian line (450 line) if- nj(y)' is less. (greater) ‘than

Zero, for all ‘y

That is, in Figurek2, the 450 degree line represents the risk free asset.
Stocks which are always_negatively correlated with the portfolio have a

concentration curve which is above the 450~degree line.




The second corollary permits comparison between the securities and the

portfolio‘they make up.

Corollary 2: " The concentration curve for tHe‘function gj(y)“lies above
(below) the Lorenz curve for'fhe distribution ‘Fp(yp) if nj(yp) is ' less

(gréatér)‘thaﬁ unity for all'y

> 0.
|

" Corollary 2 pérmité us éo distinguiSh between two‘kinds Qf securities
~in a »:,POftf01i°‘b' First,.we-observe aggressiveseéurities, with concéﬁt—
ration curveé below the Lorenz curve of the pOrtfolio,'whoée‘hiéh_degree of -
respéhsivénegs to the = -portfolio  >' leads to considerable‘instgbility.
Seéond,IWe have defensive seéurities; with concentfa;ioﬁ chVes abqvé the -
Loreﬁz curve of ﬁhe portfolio which reduce‘instability because they:are-less

responsive. These results are summarized in Figure .2.

Let OAB be the Lorenz curve of the portfolio. The.aggressive stock will be.
represented by OCA while the defensive stock is‘reﬁresented,by the concentration
curve. ODA. The 450 line portrays the risk-free asset (if it exists) while

OFA represents a stock which is negatively correlated with the portfolio.

By construction and definition, the relative Gini coefficient is 1-2 (area

under the Lorenz curve) and the relative concentration ratio for security

j is 1 - 2 (area under the concentration curve for éécurity i) . >Hence,







A1

Whenevep'cohcentration curves do not intersect, the classification of
securities by the Gini coefficient and the concentration ratio truly

frepresents,théir relative riskiness. - That is, if cov[xi, Fp(yp)] >

cov[yp, Fb(yp)], security 1 1is $aid to be aggressive, and itjisi

said to be defensive if the inequality is reversed. However, when
concentration curves intersect, the relative riskiness of security i’
depends: on the investor aversion towards risk. Thus, different investors"

may disagree about the relative riskiness of securities.




IV.  THE PRICING OF RISKY ASSETS

Ih‘thisfsectﬂnlwedevelop the secutity Qalhation theoremtfer inﬁeétbts
:holdlng mean-Gini eff1cient portfolios. The CAPMt marhet—edhilibrium
relatlonshlp has beenvformulated for MV eff1c1ent portfollos by Treynor.
1(1961), Sharpe (1964) L1ntner (1965),'and M0551n (1966) The theorem =
states that for any securlty, the hlgher its nondlver31f1ab1e rlsk
: the‘hlgheF w;ll belltsexpected return. Nondlver51f1ab1e (or systematlc)
‘risk is that‘hert of theveecurity's totel risk that ¢annot be' reduéed‘
by d1ver51fy1ng a portfollo w1thout reeuc1ng its expected rate of '
return. The theorem is stated in the context of competltlve flnanc1al
mafkets‘Wlthqgtrtaxes.and‘w1thout teetricthns~on short selllng and
bortqwing.” In theee markets'investors’tradefrisky'aSéets‘whose
'quahtitiestere known and fixed to bu11d eff1c1ent portfollos that 5
-answer their pteferences : By d01ng so, they act in. the secur1t1es
ﬁarket‘ bu11d1ng forces that 1nf1uence and determlne the velue of

these securltles AAssumlngvthet 1nvestors bulld thelr hortfollost
 agcord;ng‘t0Aa‘MV ut111ty,}thevfam111ar CAPM relatlonshlp between |

‘expected return and risk is expressed»asv‘l

l'; ff + [pm‘—_ffj [covtxi;.ym)]loi'




where f E(Xi) is the expected rate of return on security i
is the rate of return on a risk-free securityr
E(ym) is the expected rate of return on the market portfolio

variance of the rate ofvreturn‘on,the.market portfolio. .

Equation (11) was derived under several assumptions of Wthh the most 1mportant

are (a) 51ngle—per10d analysis, (b) the existence of a risk—free asset and

(c) perfect competition in the securities market.

Since then, most efforts in modern financial theory have been_direCted

‘to adapting the’model_to differentaconteyts and’testing it empiricallyf

HMuchvless‘attention nas Been deuote&>to whether itsrtneoreticsllfounoa—
tions were sound,iWith‘tﬁeﬂnoteble exceptiOniof stochastic ooninance’theory;
(SD). Unfortunstely, tnevéD;apuroach was‘foundcto'be‘computetionally
cumbersome ano cannot'provide'ansuers to'investors' duestions~on'securit§

valuation in terms of portfolio diversification.

The valuation theorem propOSed here retains the main assumptions of the
classical CAPM. However, 1nstead of holdlng MV efficient portfolios,-
~investors construct market portfolios which are SD effic1ent, This is done

by the meanfGini approach;




Each 1nvestor determlnes his optimum portfollo by ch0051ng a seCurities-
mix that m1n1m1zes the G1n1 s mean: difference of the portfolio glven its e
o expected rate of return Investors are permltted to borrow and 1end at the

riskless rate, T,

£ - The rate of return of 1nvestor J 's portfolio is glven by -

where X is the rate of return on securlty i = l,’..., N) and aif -
.'1s the share of investor 3 's wealth invested in securlty i. Hence, the

investors' problem is to minimize ”Fj - subject to

: _ N oL N .
‘ Nooop _ N
(13) __E(yj) I o, Yy e E ai)rf

i=1 i=1

Recall that the Gini coefficient of the portfolioxcankbe written as

SRR N ' o
(14) ‘Fj‘=k2coy[yj, Fj(yj)]A,= Ziglaicov[x , F (y )]

Thus the necessary conditions for a minimum are simply:
N . a‘cov[xk,Fj(yj)]

‘(>15) ‘2;(.:OV['xi, Fj(yj)]_ +‘2 k; % T ba. ‘ Aj(”i r,) for dl i=1,

and equation (13), where Aj is theyLégrange multiplier assoclated with"

investor j




.-Asfwe=gawxeayliet, 'cov[gi, Fj(yj)]. is-the;coﬁceﬁtré#iqn ratioa
between security’ iv>and:thefportfolio-of“individualb j . .If repreéeqté;
the deggee'by Vhich'thefrisk éf secuiity i canﬁqt.be‘diversified By'
including it in 3’5 bortfolio. | |

By property 3-of the Gini coefficient, we know that Fj is
' ' i

homogeneous of degree one in ai Therefore -

. ) . 81—‘.
(16) T. S —
e . 1 Bai

' . L o N N Kj  j.ﬁscoV[x-,iFj(yj)]
(16a) Fj Ioay cov[gi, Fj(yj)] + 2121 k§1ai o T aag

implying by equation (14) that the double sum on the"right;hénd—side

vanishes. .

By‘multiplying each of the conditions in (15) by its share ai ‘and

summing over all the securities N , we obtain for every investor.

AT r.=a. £ oad -1
-( ) I'J AJ_ oy (g = xp)
i=1
. ) ) j LF, N.’j
(18) Ty Al Doy -t (1 - E ap)r,]
i=1
and we have obtained the relation between risk (expreséed by the Gini)

of the portfolio and its expected return as

(19) T, = ?‘j[E(yj)._f rl .




Equatlon (19) renresents the haghest fea31b1e stralght 11ne in the (u, T j,
space glven an eff1c1ency frontler constructed by portfollo comblnatlona‘of
risky assets; ,Since.the'eﬁficiency“frontler 1; concaveuw1th1n»that-space a
. due to propertieS“3'and.5 the second—order.conditions for a’minimum'are
satisfied' In that context 1/A 1slthe inVestor subjectiue.price”of fisk‘
since it relates the expected rate af return of ‘the chosen portfollo to its
" risk. The investor w111 chose a portfolxo mix along that 11ne that maximizes
his utility.

" Now assume a market of 51malar 1nvestors who are rlsk averse,:have
tidentlcal 1nvestment opportunltles; and minimize the Gini coeff1c1ents of .
their portfolios SubJeCt to thelr expected rates. of return." In that case,

equatlon (19) will be 1dent1ca1 for a11 the 1nvestors in that market.

For a glven rlsk free rate of return, the un1t prlce of rlsk w111 be
' equal and determlned by the slope of the market 11ne ‘in: the (u, F)space

(see Figure-3).

For an 1nvestor whlch does not borrow nor lend all hlS wealth w111 be'
:lnvested in rlsky seCUrltles whose portfollo is the market portfollo, plctured

by m in Figure 3. Thus for all 1nvestors,‘the prlce of rlsk w111 be

| ('20)’"11/%_ = (o - rf);/' r

. where um is’ the expectedvreturn on the market portfollo and F 1svits Gini
_coefticient; In thatcase, the Gini coeff1c1ent of . the portfollo held by
investor j is equal to T - since the optlmum ranklng, F (y ) of investor
j'; remalns unchanged whether or not a rlsk free securlty is added and thus

is equal 'to F (y ) for all investors. Thus, from (15)

N i cov[xk F. (y )1
(21) 2 T o) —— = =0

‘and the equilibrium condition for every security i and investor j . becomes




"MG-efficiency frontier

m - market portfolio




(22) ;= re + (um f,rf)j. 2cov[xi, Fm(ym)] / rm -

. This is essentially the'CAPM valuation'relationship for a market of -
investors usiﬁg the.meanfGini approach.vao undersfand the dependenéé between
systematic risk and expected return, let us rewrite 2cov[xi, Fm(ym)]  B as .

R, T, whére
S Tim i

,cpv[xi;"Fm(ym)]‘

R, = -
im coy[xi, Fi(xi)]

is a sort of rank coftéiation coefficient and‘ Fi =2 qbv[xi, E(xi)]'}'

Thus

23 . ,; - rfi+_(ﬁm_fgff)R;mFri/rm)vf

Therefore, security i's beta is simply
(24) i = Rim(ri/rm)

" As is well known, Bi' represents the degree of responsiveness of the rate
of return of security i to changes in the market, and,vRim is the '

)

proportion of total risk .(expressed by the Gini coefficients .of security 1 ’Fi

‘that cannot be eliminated by the market without reducing the éxpéétéd'rate'of

return..




At this p01nt, it is 1mportant to. draw the analogy between the ~Bi
in (24) and the,'Bif derived from the MV—CAPM It can be shown that for
normally distributed securities; T, =9y //— -and trﬁ =: dm/Vﬁ" , ‘where

oi and 'om"are the standard dev1ations of i and m .

Therefore, Rim does converge to. the Pearson correlation coefficient

between,security i and thefmarket m . hThis asSertion is intuitiwe]y-deducede
‘s1nce in the case of normally distributed prospects,ithe MV and MG 'betas
‘c01ncide for the same set~of observations. However this is not always‘true

for prospects that are not normally dlstributed.‘ In general MV and MG betas
will be dlfferent, with the MG betas corresponding to SD efficient securities
~markets. Furthermore when investors use the mean—extended—Glnl (MEG) approach‘
to evaluate risk and'construct.efficient portfolios, the computation and |
estination of betas will depend onvtheir‘attitUde'towards risk; as will nowl

be‘shown, when we:extend the analysis with the‘MEG}%




V. THE EXTENDED GINI COEFFICIENT

’Iﬁ this section we}develop‘che extended Gini coefficient and appiy i£“£5

portfoiio analysis and the CAPM. Gini's mean dlfference may be extended :

into a fam:]y of coeff1c1ents of varlablllty dlfferlng from each other in

the_ decision-maker’ s degree of rlsk averslon, Wthh is reflected by the

parameter Q . Rewrite equatlon (2) as “
b b-_..

T (v) =J [1 - F(y)ldy '-J [1-- F(y)]vdy':

(25). ‘a _ o a

“w-a- |- Ry

wbere 1 < v < @'is a parameter chosen by thé»User of'thevmethod, “We define'j
(ﬁS) as the'extended Ginivceefficient'whese properties are (Yitzhaki;7198O):
1. The extended Gini coefficient is non-negative end beunded froﬁ;abdve

for all v . That is, 0 S rv) <w-a. It‘is a'non-decreasing fﬂﬁetion

of v. The proof of thlS property is 1mmedlate 1f we remember that

12 F(x) 0. for a<x<b .
2. = 3, ... -~ integers, the extended Gini coefficient is

. xv)];.since

simply P(v) u - E[mln(x1, X2’

F (y) = Problmin (x,) <yl = - Prob[mln(x ) > y] - [1_F(y)]
'min(xi) : i=1,2.7.v

o _ b | o
Thus, - E[min (x )] { [J—F(y)]vdy for v .integer
i=1,2, ___ol ‘ .

The extended Gini coefficient is sensitive to mean-preserving spreads.-

If"‘y2 = ay1,‘then. fz(v) = 1&]?1(v),.




- 26.“_
'Proof: Since F2(y2) = F1(ay1) for a > 0 we get
rab S L ST
| =m0 - 11 - w1 e,

oa:
' b
o

. Vv ‘

Let y, =y, +c; then ‘rz(v) =;F1(v)

Let 'y, y, be two.p;ospec;s;‘then[uj—F1(y)J —'Luz f Fz(v)] > 0}

“ for v =1, 2, 3, ... is the'necessary condition for first»and secpnd degree

"stochaétié dominance (Yitzhaki 1982).

7. Let Y15 Y, be two prospects with cumulative distributions that intersect
at most once. Then {ul - Fl(v)] - [u2 -frz(v)] >0 for all v =1, 2,3

is a sufficient condition for yi _to stochastically dominate y2

(Yitzhaki, 1982).

The interpretation of v can best'bé seen By looking at u - T(v)..

Its value for different values of v

and it is a noannéreasing«funétioﬁ of‘ v {‘Tﬁus one can viéw F(v)iés
fhe,;isk premium that shéuld-be subs£récted from the expected value of the
~distribution. The case. v =1 fepresents‘the risk{neutral in?estorl
whilé v > represents fhe investor'Who is iﬁterestéd iﬁ thé ﬁiniﬁum ,

value of the distribution, and maximizes this minimum.®




The extended Gini coefficient of a portfolio can be decompﬁééd?into 

an equation similar to (6). “That.is,

, ' N
- (26) PP(v) f‘—v I a

. Cyqv-ly

Proof: Let ‘yp,

»

Lo

Defining v. and u as

RERRTEH ) MRPTR AR S R JCO3 hptF 10%)

=1

and applyihg integrétibn by parté; we get g
o N T aoen Toes
T (V) =u —a=[l-F@yly - vJ, [1-Fy] yi(y)dy

b | f
: : V-1 .
= - vjé [1- Fp(y?} yE (Ndy ;




Jb 0 r 1" (ay =1 - oy >j“~/v 1®
) ‘py..‘pvyy | AN RVATE

a

: ' .. L . b"»v ' : '
Fp(v) ub - v Ia ;[l - Fp(y)]f'l-v%} yfp(y)dy'—'Ja yfp(y)dy 

K b v-1 1
-v J {[l - FP(Y)] -3 } yfp(y)dy
a - : :

—v?ov{yp,[l - Ep(y)jv—l} .

Therefore
N B v-1
27) T (V) = =v.I o .covix,, [1 - F_(y) } o,
P i=1 7 P ‘

11

since y. = Lo,X;
Py

Q.E.D.

| That is, thé nondiversified fisk pf-avprospe¢tvis its cpvariancngith
theuportfolio rank. to the power" v '.SlThe higher v; thevgreater'ﬁhe
' weightvgiven £6 thebperforméﬁce of the érospécﬁ when~£hévyieldvof the
éortfolioiis low. Note that if v =‘2 , then we have the rééﬁlar Gini
coeffiéient. | |

1 We derive the CAPM, usiﬁg the extended Gini of degree v. For inVéstor

j , the extended-Gini of his portfolio is given by
‘ N

r.(v) = -vi

- i=1

aicov{L1.— Fj(yj)]v-1’.3i}




investor j‘ chooses the qi that minimize r (v) ‘subjééﬁh"»e
to the expected rate. ef tetern on the portfollo glven by (12) iAefehe&ﬁ;'e-"
v ‘reflects the degree of risk avers1on. Hence, it 1s posslble Lo‘model
‘a securities market that w1ll exhlblt dlfferent market portfol:os becausejf;:
df different degrees of risk ayersion.' For the present we requlre that ?
investors are similar.and that they diepley 1dent1ca1. \VIRN Therefore; fer -

allyj»’ the necessary cqhditions‘for a minimum are
—veov{ [1 S At S S, (;. -r.)
e EREA L R SUPRRI i S A

: 1/A‘j“=_ (- rf),/Fm(\‘))‘:,

where Fm(v) is the market portfolio's extended~Gini coefficient'bfi

degree Vv , and the market—equilibrium relation becomes

v LGy = T /T, ] veo ([ = B G1""

_ If the 'rank' correlation ratio of degree v between security i
and the market is

L o © yav—l
cov{ [l _"Fm(ym)]‘ s Xi}

R (\)) '= - — _ —
in covt [l 2 )1, xg)




the market—equilibriﬁm valuation for every i and any vV is given by'_

| e T, )
 (30)' W, = re (Pm>—'rf)Rim(v) F;?;T

Thus,

Fi(V)

(31 B (V) = Rim(“)_w

Thus, even if investors have the‘same attitﬁdéithards risk as expressed

by v,.different efficient market bortfoiiés‘aﬁd'different systematic risks .
for each seéurity Qill bé obtained. This feature muét:be_borhe in mind when
estimatiﬁgzbeéé;. It‘mUSﬁgbé éadéd th;ﬁ if sééufitiéé éfé norﬁallf disﬁribﬁted,
the MEG B'é will'ﬁe-idenéical to the MV/bg£a§, indépéﬁaeﬁt1y of V. But our
concgrn.for the existence for different efficiehtvmérket portfolios is |
principélly difééted ﬁéﬁardS'disgributidné>bﬁhérjthaﬁ normal such as the-
log normal and the unifo:m distribution. For thesefdist;ibutioﬁs, the MV
approach ‘is. not consiSfeﬁf_wifh éxbecﬁed'gtility méximizépion and Stoéhastié'

dominance, whereas the mean-Gini is.?




VI. CONCLUSION

We have presented a néw approach to ‘analyze fisky prospects‘and é§h$trﬁcﬁ
opﬁima]‘portfolios. This mefhod'owns the-Simpligity’ofna two—éaféﬁécef |
‘modellwith'the efficiency bf'Stécﬂastic dominahce."Td‘thaf‘extepi;

we éiaiﬁ thétwcini;s mean difference iS'suéerior to the variéncé f§;,F
evaluéting the variability of a secufityq'.Furtherﬁoré, thevcohcéhfréﬁion
ratiq basedvon the Gini coeffiéient permitévuSvté classify diffeféﬁf:
secﬁritiesvwith fespeet to their relative riskiness. Finally w§ h§ye’f
appliedbthéuMG appfoach to capital mapkets and the’security_valﬁétidﬁn
‘théorem’wag derived on a géneral relétionship between average réturﬁ

and risk. fovexteﬁAiqg the analysis with:the mean—extended—Gini ﬁé£th,'
' we‘have éxpli@itly introdUced'the:degree of‘fisk aversion as,a”péfaméterv

that can determine the specific composition of~market'pprtfolioé} 

‘_The ﬁain impiicationszof<the model réside as‘whether.investqu,__
 'in generalQ;béha?e”mé;e‘in a MG or MEG'framewofk ratﬁér'thén;follo&ythe‘
V‘MV éﬁprqééh.. These implicatiohs can'berempirically tested by eégimating
:’phe perférmanee of CAPM fér;diffgrent degrees of v , and’cqmparing .
these with the res;lts_ohtainedvfrom MV-CAPM. Twoipa%aﬁetef bo;§fb1io
models’wefe.teétéd usingvregressiod‘ﬁechniques.i This wés’ndtabl§‘ _. |
exémﬁ]ifiea by Famaiand MacBetﬁ (1973) who sqppoftgd the hypochésis

K thét fiskéavéfse inyéétorsrhbla effiéientvpoftfolio in terms bf;ﬁéén 

.and stéﬂdard-deviation of the returns. Recently, certains doubts were




raised as to whether the different regression procedures were

to test the'CAPMF(see,Ross, 1980) . By proposing the mean-Gini and

mean-extended-Gini models as means of evaluating capital market data,

we add a new dimension to modern.finance theory, suggesting that we

should return to the drawing‘board.




égpendix

- Proposition 1: (Yitzhaki, 1982).. The condition oy - P1(v)‘z pz—rz(v) is

a necessary condition for ¥y to dominate Yy according to

first and second stochastic rules for. v 2 0.

For y, to dominate Y, according>to FSD and SSD rules it is

necessary that

(A.1) _F1(y) < Fz(y) “for ally
and

: y L
(A.2) : j'.F1(t)dt Fz(t)dt' “for ‘all y.
a . )

i Fz(v).vimplieé‘

The céndiﬁion My Ff(v) ‘.”2

b | b o '
(A.3) J ,[1—F1(y)]vdy >‘J [1—F2(y)]”dy for v > 1.
S a ' - -a : ' , '

"If v =1, the propdsipion'is proved directly since (A.3) holds whenéver

. (A.1) and (A.2) exist. For v > 1 -we know that since the function z’ is.

v ; By ' VooV v-1 .
strictly convex for positive .z,  z >,zO + v z, (z-zo), Thus

L N S (17,17 VL=F, (017 (R, ) = F ()

b o ~ b I ‘
~J {[T—F1(y)]v- [14F2(y)]v}dy > vJ [1'F2(y)]v 1[Fz‘(y)'—F1(y)]dy
a ' S .a ' £ )

, y : - '
'j [Fz(t) - F1(t)]dtbg 0 for all 'y by (A.2)
a N ~ . N . .

[1—F2(y)]v_1i«is non negative and non iﬁcreasingain Y,




. _ b _ _ . ' CloL : "
- (A.6) B J’[1—F2(y)]? 1-[F2(y.) - Fj(y)]dy 20 forv> 1,
a ’ ' : -

by the folipﬁing‘lémma.
Thus from (A.5) we have
. : b v . b i -
- (A7) J [1~F1(vy)-] dy 2 J«[y—_Fz(y)]a dy
\ a0 : a ' RS
whenever Y, stochastically dominates Y,
Lemma: TLet h(z) be a_hon—négative and nbn—increasing fungtioﬁ,of z, and

let'g(z) be a function with the property that [ (z)dz 2 0 for all x.
: LT TR J ‘ e

. X ) Ceoa
Then J "
a

" h(z)-g(z)dz 20 for all x.

Assume  g(x) changes signs n  times between .a and b at

X, , x s eeey X Then'g(x)'> 0 for a'< x < x, and g(x) < 0 for
1 2 8 n T x - ;
X, < x <'x, and so on. Thus j

, ) . (%o
’ 9 g(z)*h(z)dz 2 h(x1)[ g(z)dz 2 0.
4 a T o o

Since this argument can be fepeated'for'xi when i = Z,f.. D,

1

X, et e X, o
J lg(z)ih(z)dz 2 h(xi_ ) J 1g(z)dz 20,
a’ - - a T . :

X _
J'g(z)-h(z)dz 2 0 for all x..
a : N S




FOOTNOTES

]Por slmp11c1ty of presentatlon, contlnuous and bounded random varlables
zw1ll be used throughout the paper, keeplng in mind that most of the
'results can be applled ‘to d]scontinuous and unbounded distrlbutions
The index i will be omltted whenever 1t -is not necessary to. djsting—'
-quh between two var1ab]es Note that we use ha]f of Gini's original
‘.mean dlfference “Note too that we here use: the’ absolute forms of -
C]nl s mean d]fference and the concentration ratio; that is, we do
not follow the more usual practlce of d1v1d1ng by the mean (see Kendall

and Stuart, 1977)

. : . ; REAERY B ot
2For derlvation of equatlon (2) for. continuous, discrete and unbounded

distrlbution see Dorfman (1979)

3For the deflnltlons of the stochastlc domlnance rules see Hanoch and

Levy (1969) and Rothschild and Stlglltz (1970)

l’For derlvatlon of formula (3) see Kendall and Stuart (1977) for the
contlnuous case and Pyatt, Chen, and - Fe1 (1980), in the case of discrete .
d'istributions. ‘ ' ’

5For a dlscuss1on of the propertles of. the concentratlon curve see

. kakwanl (1977) and Pyatt et al.. (1980)

6The restrlctlons g ( ) > O and yp >‘O should’be interpreted as a.

Shlft of the or1g1n
7Th]‘.s proposition and the two corollaries'were broved by Kakwani (1977).

9Note that to obtain the concentratlon ratlo -as deflned by Pyatt et al:

(1980), cov[x s F(y )] hould be leLded by E (x )

“Values of 0 <v <1 represent the case of the rlsk lover, the extrene
‘case .. v = 0 representlng ‘the 1nvestor interested  in’ Lhe max1mum value of
the dlstributlon, b (the max-max. 1nvestor) In this paper, we restrict

ourse]ves to- rlsk-averse 1nvestors

%See Yitzhaki (1982) for a con51stency ana1y51s of the mean-G1n1

approach for dlfferent dlstrlbutlons
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