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Abstract

In this paper, we tackle the dilemma of pruning versus proliferation
in a vertically di¤erentiated oligopoly under the assumption that some
�rms collude and control both the range of variants for sale and their
corresponding prices, likewise a multiproduct �rm. We analyse whether
pruning emerges and, if so, a �ghting brand is marketed. We �nd that it
is always more pro�table for colluding �rms to adopt a pricing strategy
such that some variants are withdrawn from the market. Under pruning,
these �rms commercialize a �ghting brand only when facing competitors
in a low-end market. The same �ndings do not hold when �rms are
horizontally di¤erentiated along a circle.
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Pruning, Price Collusion.
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1 Introduction

There is an interesting debate about the impact of competition between those
who think that cannibalization/pruning is a structural ingredient of the industry
and those who are convinced that �rms always bene�t from proliferating the
number of variants they o¤er for sale. Cannibalization refers to a reduction in
total sales�revenue of one variant as a result of the introduction of a new variant
by the same producer. This introduction increases the competitive pressure
acting against the existing variant and, thus, decreases its sales revenue. But, by
contrast with competition coming from the variants sold by the other �rms, this
increased competition is the fact of the �rm itself, and could easily be avoided by
the status quo or by pruning one of the existing variants. The bene�ts coming
from variant�s proliferation come instead from �being where the demand is�:
the broader the product line o¤ered by a �rm, the higher the chance to meet
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the demand and increase pro�tability (Lancaster 1979 and 1990, Tirole 1988,
Kekre and Srinivasan 1990).
In this paper, we contribute to the above debate taking for granted some

main empirical regularities. First, examples of proliferation and pruning can
be found almost everywhere. While at �rst sight, these phenomena seem to be
randomly widespread, proliferation often prevails in horizontally di¤erentiated
markets, such as automobile industry, insurance markets, and the food industry,
while pruning is frequently observed in industries where products are mainly
di¤erentiated along a quality dimension (Siebert, 2003). Sony�s TV line is a
nice example of proliferation since it includes 27-, 32-, and 35-inch models.
Along the same rationale, Apple sells both the iPad Mini and the larger iPad
in the tablet market. Nevertheless, this company withdraws from the mobile
industry the iPhone 5 when marketing the higher quality iPhone 6. Second,
in the sectors where pruning prevails, �ghting brands are sometimes marketed:
beyond a high quality variant, a �rm sells a lower quality good designed to
�ght low-price competitors and possibly make them inactive. Philip Morris
decided to proliferate its products in 1998, when a sudden devaluation of the
ruble quadrupled the price of its internationally produced Marlboro cigarettes in
Russia, thereby making them too expensive for many Russian smokers. A locally
made �ghter brand Bond Street was thus used against local competitors and
enabled the company to reduce market share losses. Along the same rationale,
the strategy experienced by IBM. For a long time, in the printer market IBM
con�ned its production to a high quality product, the so called LaserPrinter.
However, as a reaction to low-end competition coming from Hewlett-Packard,
IBM introduced a �ghting brand, the LaserPrinter E. This product was identical
to the originally marketed LaserPrinter except for the fact that its software
limited its printing to �ve rather than ten pages per minute.
In these examples, proliferating products or introducing a �ghting brand

under pruning enable �rms to protect their market shares against competitors.
The cannibalization e¤ect can however reduce or, even worse, countervail the
bene�ts �owing from these strategies. "This was Kodak�s experience when it
attempted to beat back its Japanese rival, Fuji, in 1994. Over the previous
decade, Kodak�s market share had dropped as many of its customers switched
to Fujicolor Super G �lm, which was priced 20% lower than Kodak�s best-selling
Gold Plus �lm. Faced with continuing losses in share, Kodak launched a �ghter
brand called Funtime, which sold at the same price as Fuji�s o¤ering. In an
attempt to avoid cannibalization, Kodak manufactured Funtime using an older,
less e¤ective formula emulsion that made it signi�cantly inferior to Gold Plus.
But what appeared, from a corporate standpoint, to represent a genuine product
distinction was lost in the subjective world of consumer interpretation. Already
a low-involvement purchase, �lm had increasingly become a commodity, and
most consumers were unaware of the di¤erences in product quality. They simply
saw Funtime as Kodak �lm at a lower price, and the �ghter brand ate into Gold
Plus sales more than it damaged Fuji�s. Kodak withdrew Funtime from the
market after only two years and began to experiment with other alternatives."
Interestingly, a common way for a company to prevent cannibalization is
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given by the so called un�brand management. It consists in reducing the value
of a �ghter brand or innovating around the premium brand with the aim to
strengthen intra-�rm product di¤erentiation. This was the key practice of
P&G�s strategy when marketing the diaper brand Luvs along with the lead-
ing brand Pampers. The marked di¤erentiation between the two brands made
pro�table for the company proliferating brands in the diaper market thereby
succesfully discriminating among consumers.
In this paper, we tackle the dilemma of pruning versus proliferation in the

light of the above ingredients. We analyse (i) whether pruning emerges when
�rms compete along a quality dimension and, if so, (ii) a �ghting brand is
marketed. Also, we consider (iii) whether in the case of proliferation, the un�
brand management is used as a means against cannibalization. Finally, we
wonder whether (iv) our �ndings can be extended to a horizontal di¤erentiated
market.
The dilemma between pruning and proliferating products has been initially

faced by the literature on monopoly price discrimination. In the pioneering
contribution by Mussa and Rosen (1978), a price-discriminating monopolist de-
�nes its optimal product line when products are of di¤erent qualities. A crucial
insight of this work is that the quality level o¤ered to lower-value consumers is
distorted downward: such a distortion is optimal since it prevents higher-value
customers to buy the low quality good instead of the good targeted to them.
Similar �ndings are observed in Moorty (1984), where the cannibalization phe-
nomenon is clearly described in a monopoly setting with multiple consumer
segments di¤ering in their valuations for quality. Moorthy (1984) �nds that it
is optimal for the monopolist to produce a range of products thereby o¤ering at
higher prices higher-quality products to higher-valuation consumers. Further,
since lower-quality products can potentially cannibalize higher-quality prod-
ucts, the optimal price-quality bundles are such that only the highest-valuation
segment gets its preferred quality, the remaining qualities being distorted down-
wards.
Of course, the trade-o¤ between the bene�t of being where the demand

is and the cost of cannibalization is made more intricate in the case of com-
petition. In this case, when a �rm faces a rival, the bene�t of discriminating
among consumers through proliferation (demand e¤ect) has to be put in balance
with the gain of moving product qualities apart from each other and softening
price competition (strategic e¤ect) along with the bene�t from escaping intra-
�rm cannibalization (cannibalization e¤ect). When embracing this perspective,
the most part of the theoretical analysis on proliferation versus cannibalization
tends to solve this tension in terms of entry-deterring device (Schmalensee 1978,
Bonanno 1987, Tirole, 1988): an incumbent �rm decides to adjust its products
line as a reaction to (potential) entrant(s), expanding its own product variety or
rather withdrawing some goods depending on its cost function, marginal revenue
and market size, inter alia.1 More recent investigations have shown that prolif-

1 In Johnson and Myatt (2003), these drivers are considered when duopolists selling multiple
quality-di¤erentiated products and facing a potential entrant compete in quantity. The author
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eration strategies enable �rms to match products to heterogeneous consumers
(Kekre and Srinivasan 1990, Bayus and Putsis 1999, Siebert 2003).2

Our paper extends the above literature examining how the tension between
pruning and proliferation is solved when the market is populated by arbitrary
number of �rms, n > 2 producing di¤erent quality variants. We �rst determine
the conditions characterizing a noncooperative price equilibrium in prices when
all �rms act independently and can produce a single variant. Then, we assume
that some k; with k � n; among these �rms collude and, as a consequence,
control both the range of variants for sale and their corresponding prices, likewise
a multiproduct �rm.3 In the case when k = n; a full price collusion occurs and
the market is monopolized by an a priori multi-product monopolist. When k <
n; the colluding �rms can compete against single-product �rms or rather against
other groups of colluding �rms. The former scenario resembles a multiproduct
�rm against a fringe of single-product competitors, while the latter mimics price
competition among multiproduct �rms. We describe the pricing behavior of
�rms in either scenario and examine how the quality gap(s) among products
a¤ect the new overall structure of qualities available to consumers.
We �nd that it is always more pro�table for the multiproduct �rm under ei-

ther full or partial collusion to adopt a pricing strategy such that some existing
variants are withdrawn from the market. This �nding at �rst sight is rather
surprising. On the one hand, a reduction of product variety reduces the num-
ber of goods competing in the market with an upward movement of prices and
a possible gain in pro�ts. However, this reduction also provokes a reshu­ ing
of equilibrium prices among the products still on sale after the reduction has
been decided. On the other hand, reducing the range of products in the mar-
ket prevents �rms from discriminating among consumers, thus determining a
quality-speci�c loss in pro�ts. The former gain from pruning is larger than the
corresponding losses from missing the demand of some consumers. Thus, prolif-
eration never prevails, regardless of the number of �rms deciding to collude and
the quality of the variants that these �rms initially produced in the market.
Moreover, we show that, under pruning, the colluding �rms commercialize

a �ghting brand only when facing competitors in a low-end market. Indeed,
a direct comparison of the equilibrium prices reveals that, when k = n (full
collusion), only the top variant is kept for sale. When k < n the variants for sale
chosen by the colluding �rms only consists at most of the top quality variant and
the bottom quality one, among those initially existing in the bundle of variants
owned by them. The bottom quality is thus used as a �ghting brand. Further,
and as expected, under partial collusion, the level of prices is, for all �rms, always
higher than at a noncooperative Nash equilibrium without any collusion, but

�nd that an incumbent never responds to the entrant by expanding its product line when
marginal revenue is everywhere decreasing. Rather, under entry, the incumbent prunes lower-
quality products from the basket of its sales, thereby choosing to "focus on quality."

2Empirical analysis also contribute to this issue. See Berry, Levinsohn and Pakes (1993),
Berry and Waldvogel (1999), Davis (2002) and Petrin (2002), among many others.

3The dilemma between cannibalization and proliferation under mergers has received scarce
attention. Some noticeable exceptions are the analysis by Lommerud and Sorgard (1997),
Gandhi et al. (2008) and Chen and Schwartz (2013).
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lower than under full collusion. Finally, by means of an example, we show that
these �ndings cannot be extended to a model of horizontal di¤erentiation à la
Salop. When �rms are distributed along a circle, there exist circumstances such
that the pro�ts of colluding �rms increase with the number of �rms active in
the market so that proliferation is preferred over pruning.
The analysis performed under partial price collusion can contribute at least

to two strands of literature. First, our model can be intended as a sequence
of triopolies where a multiproduct �rm competes against two single-product
and quality di¤erentiated competitors. Interestingly, the pricing strategy of the
colluding entity de�ning the optimal range of variants changes depending on the
quality level produced by its adjacent rivals. More precisely, its strategy changes
depending on whether it is at the top, the intermediate or the bottom level along
the quality ladder. For example, the �ghting brand is sold by this �rm only when
it competes (also) against a low-quality rival. Otherwise, when its product lies at
the bottom of the quality ladder, a �ghting brand is never commercialized.4 Of
course, this feature of competition can be captured only under the assumption
that n > 2: Second, our model can also be viewed as a market where competition
occurs among several colluding entities. For example, one can imagine that two
or three di¤erent cartels are formed. In these circumstances, we can characterize
the market structure at equilibrium depending on the number of cartels (or
multiproduct �rms) and show that the optimal number of goods decreases with
the number of collusive agreements among �rms.

2 Pruning versus proliferation in a vertically dif-
ferentiated market

2.1 The model

Let a set N of �rms i = 1; 2; :::; n o¤er product variants v1; v2; :::; vn with vi 2
[v;1) and v > 0, to a population of consumers in a vertically di¤erentiated
market, such that vn > vn�1 > ::: > v1. Consumers are indexed by scalar �,
assumed uniformly distributed in the interval [�; �], with � � 0 and � < 1.
The parameter � captures consumers�willingness to pay for quality (henceforth
WTP). Our instantaneous demand set-up is directly inspired by traditional
model of vertical product di¤erentiation (see Mussa and Rosen 1978; Gabszewicz
and Thisse 1979). Accordingly, the utility consumer � derives from buying at
price pi variant i; is given by

U(�) =

�
�vi � pi if she/he buys variant i
0 if she/he refrains from buying.

(1)

As already noticed for the monopoly case, when �rms fully collude in prices,
thereby mimicking the monopolist, the market is endogenously uncovered. In-

4 In a three-�rm vertically di¤erentiated market Gabszewicz et al. (2015) show that , if a
merger can decide both on qualities and prices, it drops its bottom quality brand even when
competing against a low-quality rival.
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deed, a monopolist does not cover the whole market even if costs of quality
improvement are zero (Mussa and Rosen, 1978 and Gabszewicz, Shaked, Sutton
and Thisse,1986). Thus, for the comparison between full and partial collusion
to be meaningful, the market is assumed to be uncovered.
Finally, since we assume that the qualities are exogenously given, we disre-

gard costs. In general, our implicit assumption is that, for all �rms i = 1; 2; :::; n,
the quality levels v1; v2; :::; vn are such that all �rms�equilibrium pro�ts are non
negative.

2.2 Noncooperative price equilibrium

We �rst consider the case in which all �rms behave noncooperatively. The
equilibrium behaviour of �rms can be characterized by looking at the behaviour
of three types of �rms competing in the quality spectrum: top, intermediate and
bottom quality �rm. The top quality �rm. i.e. the one selling the top quality
variant and indexed with i = n, maximizes its pro�t

�n =

�
� � pn � pn�1

vn � vn�1

�
pn (2)

therefore setting the price according a best-reply

pn(pn�1) =
1

2
(pn�1 + �(vn � vn�1)) : (3)

An intermediate quality �rm, i.e. a �rm selling an intermediate variant
i = 2; 3; :::; (n� 1), maximizes its payo¤

�i =

�
pi+1 � pi
vi+1 � vi

� pi � pi�1
vi � vi�1

�
pi; (4)

and imposes a price respecting a best-reply

pi(pi�1; p+1) =
1

2

pi�1(vi+1 � vi) + pi+1(vi � vi�1)
(vi+1 � vi�1)

: (5)

Finally, the bottom quality �rm which sells the bottom quality variant (i = 1)
maximizes

�1 =

�
p2 � p1
v2 � v1

� p1
v1

�
p1; (6)

and sets its price according best-reply

p1(p2) =
1

2

p2v1
v2

: (7)

Note, from (2)-(6), that all �rms pro�t functions are continuous and concave
in their own prices. Moreover, for all �rms, prices and qualities are strategic
complements ( @2i �i

@pi@vi
> 0), so that �rm best-reply shift outward as a result of

an increase in its quality. On the other hand, for every �rm i, the e¤ect of an
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increase in the quality of its direct rivals�variants vj , for j = (i+ 1) and (i� 1)
is negative ( @2i �i

@pi@vj
< 0) and, therefore, price-competition becomes tougher as a

result. Note also that, since every �rm�s choice set is compact and convex and
best-replies are contractions,5 the existence of a unique (noncooperative) Nash
equilibrium price vector p� is guaranteed in the model for any (�nite) number
of �rms competing in the market.6

2.3 Collusive agreements and multiproduct �rms

2.3.1 Full price collusion

When all n �rms collude in prices, they behave like a multiproduct monopolist.
Thus, they maximize the sum of all payo¤s:

�N =
X
i2N

�i = �1 + :::+ �i�1 + �i + �i+1 + :::+ �n:

For every colluding �rm i the �rst-order condition writes as7

@�N
@pi

=
@�i�1
@pi

+
@�i
@pi

+
@�i+1
@pi

= 0; (9)

implying that what actually matters for the behaviour of a �rm, apart from its
own pro�t, is only the payo¤s of its two adjacent rivals. Since a cooperative
top quality-�rm internalizes only the payo¤ of its lower-quality rival, its optimal
reply is

pcn(pn�1) = pn�1 +
�

2
(vn � vn�1) : (10)

Along the same rationale, for all intermediate �rms i = 2; 3; :::; (n � 1), the
optimal reply writes as

pci (pi�1; p+1) =
pi�1(vi+1 � vi) + pi+1(vi � vi�1)

(vi+1 � vi�1)
; (11)

5A su¢ cient condition for the contraction property to hold is (see, for instance, Vives 2000,
p.47):

@2�i

@ (pi)
2
+
P
j 6=i

���� @2�i@pi@pj

���� < 0;
which, using (4) for all intermediate �rms i = 2; :::; n� 1, becomes

� 2 (vi+1 � vi�1)
(vi+1 � vi) (vi � vi�1)

+
vi+1 � vi�1

(vi+1 � vi) (vi � vi�1)
=

vi�1 � vi+1
(vi+1 � vi) (vi � vi�1)

< 0 (8)

which is respected for vn > vn�1 > ::: > v1. The same applies for top and bottom quality
�rms.

6See, for instance Friedman (1991), p.84.
7Note that @2�N

@p2i
= � 2(vi+1�vi�1)

(vi+1�vi)(vi�vi�1)
< 0 for i = 2; 3; :::; n � 1, and, therefore, the

joint pro�t �N is concave in every �rm�s price pi. The same condition holds for the two
extreme �rms along the quality spectrum, i.e. i = 1 and i = n
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since they internalize both the the payo¤ of the high-quality and the one of the
low-quality quality rivals. Finally, the optimal reply of the bottom quality �rm
is

pc1(p2) =
v1
v2
p2: (12)

In the next proposition, we characterize the level of equilibrium prices set
by the �rms under full price collusion and the number of variants remaining on
sale.

Proposition 1 Under full price collusion: (i) every �rm i = 1; 2; :::; n sets a
price

pci =
1

2
�

iP
j=1

(vj � vj�1) > p�i ,

where p�i stands for �rm i�s noncooperative price. (ii) The demand Di (pci ) of
the bottom (i = 1) and of all intermediate quality �rms i = 2; :::; n � 1 is nil,
while that of the top-quality �rm Dn (p

c
i ) is positive and covers one-half of the

entire population of consumers.

Proof. See the Appendix.
The above result does not come as a surprise, and simply duplicates the

well known result occurring under monopoly and quasi-linear preferences of
consumers (see Mussa and Rosen, 1978).8 Conversely, what appears as rela-
tively unexplored is the case of partial price collusion in a vertical di¤erentiated
market, which we consider in detail below.

2.3.2 Partial price collusion

In what follows, we introduce some de�nitions helping to develop the analysis
of partial price collusion.
The �rst de�nition introduces the notion of connected �rm: �rms are in

connection only when their demands are mutually dependent on their prices,
and this occurs only when they are neighbours in the variants�space.

De�nition 1 A �rm i (i.e. �rm selling variant vi) is connected to �rm j
(selling variant vj) for j 6= i when the demand of �rm i, denoted as Di, directly
depends on the price pj of �rm j.

A by-product of the above de�nition is that the vertically di¤erentiated
market is a market of local interaction, with every �rm i = 1; 2; :::; n being
at most connected with two �rms. From this de�nition, it naturally �ows the
notion of intermediate �rm:

8Extending their models to duopoly, Champsaur and Rochet (1989, 1990) and Bonnisseau
and Lahmandi-Ayed (2006) show that each �rm produces a single quality rather than a range of
qualities under the similar set-up: the quasilinear utility, the uniform distribution of consumer
taste, and the quadratic cost of quality improvement.
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De�nition 2 Firm i is intermediate whenever it is connected to both its left
and right neighbours, that is, Di (pi�1; pi; pi+1).

The latter result depends on the nature of the local competition occurring
in vertically di¤erentiation model. Indeed, under vertical di¤erentiation, a �rm,
whatever its quality, directly interacts only with its adjacent rivals: if the �rm
produces a quality which lies in the middle along the quality ladder, then it
interacts with a lower-quality competitor and a higher quality one. Rather,
when producing a quality at the top (resp. at the bottom) of the quality ladder,
this �rm only competes with a lower (higher) quality rival.
Note that when a �rm i forms a cartel S � N with �rms producing lower

quality variants, by (4) its �rst-order condition implies:

@
X

i2S
�i

@pi
=
@�i
@pi

+
@�i�1
@pi

=
2pi�1 � 2pi
vi � vi�1

+
pi+1 � 2pi
vi+1 � vi

= 0:

whereas, when the cartel is formed with �rms producing higher quality variants,
it sets pi such that9

@
X

i2S
�i

@pi
=
@�i
@pi

+
@�i+1
@pi

=
pi�1 � 2pi
vi � vi�1

+
2pi+1 � 2pi
vi+1 � vi

= 0:

Thus, i-th optimal reply plci (pi�1; pi+1) in the left-partial (resp. right-partial)
cooperation writes as10

plci (pi�1; pi+1) =
pi�1(vi+1 � vi) + 1

2pi+1(vi � vi�1)
(vi+1 � vi�1)

(13)

(resp. prci (pi�1; pi+1) =
1
2pi�1(vi+1 � vi) + pi+1(vi � vi�1)

(vi+1 � vi�1)
). (14)

It is easy to show that, when the bottom quality �rm, namely �rm 1 (resp.
the top quality �rm n) decides to collude, it only colludes with its right (resp.
left) neighbour, namely with the intermediate quality �rm 2 (�rm n� 1), with
a corresponding optimal behaviour characterized by (13) (resp. (14)). Indeed,
if two �rms which are not close neighbours (i.e. they are separated at least by a
�rm) decide to collude, at the price stage their equilibrium prices would coincide
with those obtained in the noncooperative case. In this case, no obvious bene�t
would derive from collusion. In what follows, we introduce some simple de�ni-
tions of partial collusion, which we use, later on, to characterize the behaviour
of the �rms at equilibrium.

De�nition 3 An intermediate cartel is a cartel formed only by intermediate
�rms. A bottom cartel is a cartel formed by intermediate �rms and also including

9Also here it can be easily checked the concavity of the cartel S joint pro�t with respect
to the price set by every i 2 S.
10The optimal reply describes the optimal behaviour of �rm i when competing against one

�rm and colluding with the other one.
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the �rm producing the bottom quality variant. A top cartel is a cartel formed by
intermediate �rms also including the �rm producing the top quality variant.

As stated in the introduction, any cartel behaves like a multiproduct �rm.
As a such, it can competes against either single-product �rms or other cartels,
namely multiproduct rivals. We can prove that, whatever the number of cartels
in the market, the following holds:

Proposition 2 Under partial price collusion with either a top or an inter-
mediate cartel, only two variants remain on sale from the cartel, the top and
the bottom quality good produced by the cartel. On the other hand, if the cartel
is a bottom cartel, only one variant remains on sale, the top quality product in
the cartel.

Proof. See the Appendix.
Moreover, the next result directly follows from Proposition 2.

Corollary In a generic partition of the n �rms P = (S1; S2; :::; Sm) orga-
nized in m < n non trivial cartels, a total of 2m+(n� z)�1 (resp. 2m+(n� z))
variants are put on sale in the market when the partition includes (resp. does not
include) the bottom cartel, for z = s1+s2+:::+ sm, where sj , for j = 1; 2; :::;m,
denotes the cardinality of every cartel.

The above statements provide a full characterization of all possible equi-
librium market con�gurations. For example, let us assume that the market
consists of two cartels, each of them involving an arbitrary number of collud-
ing �rms. Then, a top cartel competes against a bottom cartel and, whatever
the number of variants initially produced by the members of each cartel, at
equilibrium the pricing strategy is such that only three variants are on sale:
two variants are sold by the top cartel, a third variant being marketed by the
bottom cartel.11 It is worth remarking here that, although pruning always pre-
vails over proliferation, whatever the type of colluding entity occurring in the
market (top/intermediate/bottom cartel), the set of variants on sale at equilib-
rium changes with the type of collusive agreement. In particular, we observe
that a low quality variant is sold by a top cartel and an intermediate cartel,
but never by a bottom cartel. The rationale underlying this �nding is twofold.
First, it can be interpreted by taking into account the notion of �ghting brand.
Casual observations show that a �ghting brand appears only in some circum-
stances, namely when a cartel competes against a low-end rival in the market.12

Second, the practice of un�brand management as a means to avoid intra-�rm
cannibalization suggests to widen as much as possible the quality gap between
variants. As far as the bottom cartel, its pricing strategy is such that only one
variant is sold in the market, namely the top one. In this case, a �ghting brand
would not play any role since this cartel does not face a low-end competitor.

11Rather, when three cartels compete against each other, �ve variants will be put on sale,
the intermediate cartel providing two variants like the top cartel.
12This is in line with the evidence gathered in the introduction.
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Further, the un�brand management would not prevent the lowest quality vari-
ant produced by this cartel from cannibalizing the market share of the adjacent
variant, namely the top one in this bottom cartel. Accordingly, the bottom
cartel restricts its sales to the highest quality variant it can produce.
We conclude the characterization of any partial cartelization of the market

by introducing a price comparison with both the noncooperative and the fully
collusive case.

Proposition 3 Under partial price collusion all �rms i = 1; 2; :::; n set
prices ppci higher than the corresponding prices p

�
i set at the noncooperative price

equilibrium and lower than the ones occurring under full price collusions pci .

Proof. See the Appendix.

3 Pruning versus proliferation in a Salop circle

A natural question is whether pruning is con�ned to the speci�c context of ver-
tical di¤erentiation, or can be extended to the approach of spatial competition
where the location of �rms is used as a spatial metaphor for analysing horizon-
tal product di¤erentiation. While the empirical evidence provides many real-life
examples of pruning when the main driver of di¤erentiation among product is
quality, a conclusive argument does not emerge from casual observations when
goods are mostly horizontally di¤erentiated.13 In order to answer this question,
we consider the circular model of spatial competition a là Salop (1979). By
means of an example, we show that contrary to the �ndings occurring in the
above model of vertical di¤erentiation, pruning does not always prevail when
competition develops along a circle, and we discuss the underlying economic
reasons.
Let n = 5 �rms selling goods to consumers uniformly distributed along a

circle.14 Firms are located equidistantly and each of them is selling only one
good. All consumers possess the same WTP u and bear transport costs equal to
t times her distance to the good they intend to buy. Noncooperative prices can
be easily computed as p = t

n , and in this case each �rm gains a pro�t �i = t
n2 .

3.0.3 Full price collusion

By analogy with the analysis in a vertically di¤erentiated market, we start
considering the case of full price collusion such that a cartel (or multiproduct
�rm) monopolizes the market. To see whether pruning prevails we proceed as
follows.
We know from the literature that in a circle, the marginal consumers who are

indi¤erent between buying and not buying a product at price pM are located at
13Of course, in real-life markets, products are often di¤erentiated along two dimensions,

both vertical and horizontal. So, the rationale underlying our analysis tends to focus on the
prevailing trait of goods.
14Di¤erent examples yield the same qualitative results. A full-�edged generalization is out

of the scope of the present paper.
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a distance x = u�pM
t away from the monopolist. Thus, given that the demand

for the local monopoly is 2x, the market will not be fully served and the the
optimal price will be pM = u

2 . Thus, the equilibrium pro�t accruing to a

single-product monopolist is �M = u2

2t . Notice that, if the market is assumed
to be covered, then the monopoly price would be set as pcovM = u� 1

2 t, with the
equilibrium pro�t equal to �covM =

�
u� t

2

�
and �covM < �M .

Let us assume now that the cartel decides to sell more than one good, thereby
mimicking a multiproduct monopolist. In this scenario, any i-th member of the
cartel sets its price pi taking into account that there is no threat of cannibaliza-
tion by its neighbors through a price-cut strategy. Thus, given the market share
2xi with xi = 1

2n =
u�pi
t ; the equilibrium price pi is set by �rm i as pci = u� t

2n .
The equilibrium pro�ts is �ci =

�
u� t

2n

�
1
n , with �C = n

��
u� t

2n

�
1
n

�
being

the equilibrium pro�ts of the cartel when formed by n active �rms. Notice that
the total multi-product monopoly pro�t is increasing in n: So, if the cartel is
allowed to decide whether to sell more than one product, the optimal number
of active �rms in the market is n� = 5:When comparing the equilibrium pro�ts
in this latter scenario with the pro�t accruing to the cartel when it chooses to
sell only one good, we �nd that:

Proposition 4. In case of full price collusion, (i) whenever the cartel is
forced to cover the market, at equilibrium proliferation prevails over pruning.
Otherwise, namely (ii) when the cartel is free to let the market uncovered, the
proliferation prevails for intermediate values of u

t . For extreme values of this
ratio (i.e. u

t signi�cantly high or low), only one product is sold at equilibrium.

Proof. See the Appendix.
The economic intuition underlying the above proposition goes as follows.

Given the unit transport cost, a particularly high or low reservation price induces
the cartel to prune goods. Indeed, under a high reservation price, proliferating
products enables the cartel to set a very high price. Still, at this high price, each
of its members gets a very low market share with a negative e¤ect on overall
pro�ts. Under a particularly low reservation price, instead, for each member of
the cartel to be active and thus meet a positive demand, the equilibrium price
should be set very low with an immediate consuequence on equilibrium pro�ts.
These arguments no longer hold for intermediate values of the reservation price.
In this case, under proliferation each member of the cartel can meet a relatively
wide market�s demand at some relatively high price. This makes pro�ts under
proliferation larger than the corresponding pro�ts occurring under pruning.

3.0.4 Partial price collusion

Suppose now that �rms i = 1; 2; 3 form a cartel S = f1; 2; 3g, whereas 4 and 5
remain in the competitive fringe. The demand function of each �rm is given by
Di =

pj+ph�2pi
2t + 1

n with adjacent goods j; h 6= i. The partial collusive market
prices when all �rms are active can be easily obtained as

ppc1 = ppc3 =
11t

50
; ppc2 =

27t

50
; ppc4 = ppc5 =

7t

50
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and corresponding pro�ts are

�pc1 = �pc3 = 0:07t; �pc2 = 0:05t and

�pc4 = �pc5 = 0:08t:

The joint cartel payo¤ is, thus, �pcS = 0:2t. Suppose now that the cartel prunes
two product lines, (either �rms (1; 2) or (1; 3) or (2; 3)) and only one �rm in
the cartel remains active. As a result, now in the market three �rms play
noncooperatively and in this triopoly case, the cartel obtains

�S = �i(figi2S ; f4g ; f5g) = 0:11t < �S(f1; 2; 3g ; f4g ; f5g) = 0:2t

which is disadvantageous for the cartel. Interestingly, we observe that the loca-
tion of the "pruned �rm" does not alter the joint pro�t of the cartel, with the
number of active �rms being the unique feature able to modify the equilibrium
pro�ts.
Consider now the case in which only one �rm in the cartel is left inactive,

with at least two �rms i; j 2 S remaining active. It is easy to show that

�S(fi; jgi2S ; f4g ; f5g) = 0:16t < �S = 0:2t;

which again makes cannibalization unpro�table for the cartel. Thus, the in-
centive to cannibalize products is dominated by that of proliferation. This is
expressed in the next proposition.

Proposition 2 When three �rms form a cartel in a circular market populated
by �ve �rms, all products initially sold at the noncooperative equilibrium by the
members of the cartel remain on sale.

From the above analysis it follows that pruning does not always occur when
goods are horizontally di¤erentiated. Rather, there exist circumstances such
that, di¤erently from what happens under vertical di¤erentiation, proliferation
turns out to be the optimal strategy for a multiproduct �rm.

4 Concluding Remarks

In this analysis, we have considered the dilemma between pruning and prolifer-
ation in a vertically di¤erentiated market with more than two �rms. We have
shown that, the cannibalization e¤ect inducing pruning is so signi�cant that
proliferation never occurs. This is consistent with the empirical evidence de-
scribed in the introduction. The same �nding does not hold when products are
horizontally di¤erentiated. By means of an example, we prove that in the case
of competition along a circle, proliferating can dominate pruning.
Our paper provides a further dimension of analysis on the e¤ects determined

by collusive agreements. The standard understanding of collusion is that �rms
producing homogeneous goods collude in order to mimic the behaviour of a
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monopoly. Based on this, cartels are typically viewed as a means to reduce
competition. In the current paper, it is not clear a priori whether a cartel is
detrimental to the market, since it yields a quality shift, in addition to the out-
comes typically described in the literature on collusion. Similar considerations
can be applied to the analysis of horizontal mergers. The traditional approach
to mergers is mainly linked to industry-concentration measures whose value can
determine presumptions of illegality. In our work, the e¤ects of a merger are
not only depending on the number of merging �rms but also (and primarily)
on the qualities initially produced by the �rms. While disentagling these issues
goes beyond the aim of this paper, it opens the door to further research in the
�eld of competition policy.
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5 Appendix

Proof of Proposition 1
(i) After some manipulations the price of every �rm i = 1; 2; :::; n under full

collusion can be easily obtained in closed form as

pci =
1

2
�
P
j�i
�j ; (15)

where we denoted by �i = (vi � vi�1) the quality gap of every �rm i and its
lower quality-neighbour (i� 1), where �1 = (v1 � v0) = v1. That pci > p�i for
every i = 1; 2; :::; n, can be proved through the following steps: (a) Start with
the pro�le of Nash equilibrium prices, p� = (p�1; p

�
2; :::; p

�
n) and assume, with no

loss of generality, that �rms i = 2; 3; :::; n respond, instead of noncooperatively,
by setting prices according to their fully collusive optimal replies (10)-(11).
Comparing (3)-(7) with (10)-(12) we see that all �rms� replies are positively
sloped and additionally that the collusive optimal replies are twice as steep as
the noncooperative best-replies. Thus, it follows that after step (a), all �rms
i = 2; 3; :::; n increase their prices. (b) Let now also �rm 1 respond cooperatively,
hence increasing its price as well. (c) Let such adjustment process continue
for all �rms and, given that all �rms�optimal replies are contractions, a new
(fully collusive) price pro�le pc = (pc1; p

c
2; :::; p

c
n) will be �nally reached, with the

property that, for every i = 1; 2; 3; :::; n, p�i < pci . (ii) Using (6) and (15) the
demand of the bottom-quality �rm under full collusion is

D1(p
c
1; p

c
2) =

�
pc2 � pc1
v2 � v1

� p
c
1

v1

�
=

� 1
2� (�1 + �2)�

1
2��1

�2
�

1
2��1

�1

�
= 0

while, analogously, that of every intermediate �rm i = 2; 3; :::; n� 1 is

Di(p
c
i�1; p

c
i ; p

c
i+1) =

�
pci+1 � pci
�i+1

�
pci � pci�1
�i�1

�
=

=

�
1
2�
P

j�i+1 �j�
1
2�
P

j�i �j

�i+1
�

1
2�
P

j�i �j�
1
2�
P

j�i�1 �j

�i�1

�
=

=
�

1
2��i+1
�i+1

�
1
2��i
�i

�
= 0:

Finally, for the top quality �rm, the demand under full collusion is:

Di(p
c
n�1; p

c
n) =

�
� �

pcn � pcn�1
vn � vn�1

�
=

=

�
� �

1
2�
P

j�n �j�
1
2�
P

j�n�1 �j

�n

�
=
�
� �

1
2��n
�n

�
=
1

2
�:

Therefore, when the whole industry cartel forms and signs a binding agreement
on prices, it behaves as a single monopolist by o¤ering uniquely its top variant
at a marketable price and covering only one-half of the whole population of
consumers. Q.E.D.
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Proof of Proposition 2.
Take a generic intermediate cartel of k � n�2 �rms initially selling variants

vi; vi+1; vi+2; :::; vi+k

and competing, both with a left-hand fringe of independent �rms selling lower
quality variants v1; v2; :::; vi�1 and with a righ-hand fringe selling, alternatively,
higher quality variants vi+k+1; vi+k+2; :::; vn. Using expressions (13)-(14) the
optimal-replies of the �rms in the cartel are

pi(pi�1; pi+1) =
1
2pi�1(vi+1 � vi) + pi+1(vi � vi�1)

(vi+1 � vi�1)

pi+1(pi; pi+2) =
pi(vi+2 � vi+1) + pi+2(vi+1 � vi)

(vi+2 � vi)

pi+2(pi+1; pi+3) =
pi+1(vi+3 � vi+2) + pi+3(vi+2 � vi+1)

(vi+3 � vi+1)
::::::::::::::::::::::::::::::

::::::::::::::::::::::::::::::

::::::::::::::::::::::::::::::

pi+k(pi+k�1; pi+k+1) =
pi+k�1(vi+k+1 � vi+k) + 1

2pi+k+1 (vi+k � vi+k�1)
vi+k+1 � vi+k�1

:

where only the two extreme �rms i and i + k in the cartel are directly
competing with the �rms outside. Without loss of generality, take a generic
�rm inside the cartel producing an intermediate variant (i.e neither the bottom
nor the top quality in the cartel), say �rm i+ 1. Using both the optimal reply
of �rm i + 1 and those of the �rms connected to it (i.e. �rms i and i + 2) and
re-arranging, we obtain the optimal replies of these three �rms as functions of
pi�1 and pi+3 only.

~pi = pi(pi�1; pi+3) =
1

2

pi�1 (vi+3 � vi) + 2pi+3(vi � vi�1)
vi+3 � vi�1

;

~pi+1 = pi+1(pi�1; pi+3) =
1

2

pi�1(vi+3 � vi+1) + 2pi+3(vi+1 � vi�1)
vi+3 � vi�1

;

~pi+2 = pi+2(pi�1; pi+3) =
1

2

pi�1(vi+3 � vi+2) + 2pi+3(vi+2 � vi�1)
vi+3 � vi�1

:

Using the above, we can easily compute the optimal market share of �rm (i+ 1)
as

Di+1(~pi; ~pi+1; ~pi+2) =
~pi+2 � ~pi+1
vi+2 � vi+1

� ~pi+1 � ~pi
vi+1 � vi

= 0

which proves that under partial collusion every intermediate �rm of an inter-
mediate cartel obtains zero market share. Repeating now the same procedure
for the �rm producing the lowest quality in the cartel (here �rm i), we obtain
instead that

Di(~pi; ~pi+1; ~pi�1) =
~pi+1 � ~pi
vi+1 � vi

� ~pi � ~pi�1
vi � vi�1

=
1

2

~pi�1
(vi � vi�1)

> 0
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for ~pi�1 > 0. Finally, computing the optimal replies of the highest quality �rm
in the cartel, i.e. �rm (i+k), and of the �rms directly connected to it, we obtain

~pi+k�1(pi+k�2; pi+k) =
pi+k�2(vi+k�1 � vi+k�2) + pi+k (vi+k�1 � vi+k�2)

vi+k � vi+k�2

~pi+k(pi+k�1; pi+k+1) =
pi+k�1(vi+k+1 � vi+k) + 1

2pi+k+1 (vi+k � vi+k�1)
vi+k+1 � vi+k�1

~pi+k+1(pi+k; pi+k+2) =
1

2

pi+k(vi+k+2 � vi+k+1) + pi+k+2 (vi+k+1 � vi+k)
vi+k+2 � vi+k

:

Using the above,

Di+k(~pi+k�1; ~pi+k; ~pi+k+1) =
~pi+k+1 � ~pi+k
vi+k+1 � vi+k

� ~pi+k � ~pi+k�1
vi+k � vi+k�1

=

=
1

2

~pi+k+1
(vi+k � vi+k�1)

> 0.

showing that only the variants produced by the two �rms at the extremes of this
(generic) intermediate cartel are sold at prices implying positive market shares.
Exactly the same procedure can be used to prove that, in a top cartel, only the
highest and the lowest quality variants initially sold by the cartel remain on
sale.
Finally, let us consider a bottom cartel, i.e. cartel formed by �rms 1; 2; :::; k

initially selling k variants v1; v2; ::::vk and competing with (n� k) independent
�rms selling the higher quality variants vk+1; vk+2; :::; vn. Again, we can apply
the same argument used above to show that every �rm in the interior of the
cartel (i.e neither selling its lowest quality nor its highest quality variant in the
cartel) obtains zero market share. Also, for the top quality �rm in the cartel
(here �rm k), we obtain that Dk(~pk; ~pk�1; ~pk+1) > 0: Finally, when considering
the �rm selling the lowest quality variant in the bottom cartel, its market share
is:

D1(p2; p1) =
p2 � p1
v2 � v1

� p1
v1
= 0;

that, by simply substituting �rm 1 optimal reply

p1(p2) =
v1
v2
p2

becomes

D1(p2; ~p1) =
p2 � v1

v2
p2

v2 � v1
�

v1
v2
p2

v1
= 0;

showing that, di¤erently from all other cartels, the bottom cartel only produces
its top-quality variant vk. Q.E.D.

Proof of Proposition 3
We assume here, for simplicity, that only one cartel S � N has formed,

and that the remaining �rms play as singletons. However, the same reasoning
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would apply to the case with more than one cartel. It can be easily checked
that the joint pro�t of an arbitrary cartel �S =

P
i2S �i is continuous and

concave with respect to the price pi of every �rm i 2 S. Moreover, the optimal
reply of partially collusive �rms i 2 S are contraction (cf. footnote 5) and,
hence, a unique partially collusive price pro�le ppc exists for any given level of
qualities v1; v2; :::vn. Furthermore, as for the proof of proposition 1, we can: (a)
start with a pro�le p�of Nash equilibrium prices. (b) Let �rms in S � N reply
using their partially collusive replies. A quick comparison of the optimal replies
under partial collusion (13)-(14) and their noncooperative counterparts (3)-(7)
shows that the former are more reactive to prices than the latter and positively
sloped, so that the �rms in the cartel will set now higher prices than in the
noncooperative scenario. (c) The same occur to all �rms in the fringe playing
noncooperatively: given the higher prices of the cartel, they respond according to
their best-replies by increasing their prices as well.(d) The described adjustment
process, given the contraction property of all �rms�optimal replies, converges
to a new pro�le of prices ppcsuch that ppci > p�i for every i = 1; 2; :::; n. The
inequality pci > ppci for all i = 1; 2; :::; n can be proved along similar lines.
Q.E.D.

Proof of Proposition 4
Statement (i) immediately follows from direct comparison of �ci (n

�) and �covM :
For statement (ii), it su¢ ces to compare �C(n�) and �M . Since

�C(n�) � �M , 1

10

10u � t� 5u2 � t2
t

� 0;

from which it follows that �ci (n
�) � �M , u

t 2 [1 � 2
5

p
5; 25

p
5 + 1]: So,

given transport costs t; for extremely high/low values of the reservation price u,
�ci (n

�) < �M : Otherwise, i.e. for an intermediate value of the reservation price
u; the opposite holds, namely, �ci (n

�) � �M . Q.E.D.
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