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PLANT LOCATION ANALYSIS USING
DISCRETE STOCHASTIC PROGRAMMING*

COLIN G. BROWN and ROSS G. DRYNANf
University of Queensland, St Lucia, Qld 4067

A plant location model with two major aspects is outlined. First, discrete
stochastic programming is used to handle variability in supplies and demands.
Second, the cost structure of plants is modelled in more detail and with more
realism than is usnal. Results from applying the model to the Queensland cattle
slaughtering industry demonstrate the inappropriateness of using traditional
deterministic plant location models to analyse problems with major stochastic
elements. Deterministic models yield plant locations, sizes, throughputs,
commodity flows and implications which differ markedly from those generated
by stochastic models in which plant sizes and locations are optimally matched to
variable fat cattle supplies. In addition, the traditional deterministic long-run
model overestimates the normative gains of industry rationalisation.

Since King and Logan’s (1964) seminal work, the methodology of
studying plant location has developed progressively to account for
multiple products (Hurt and Tramel 1965), imperfect competition
(Ryland and Guise 1975) and plant dynamics (Kilmer, Spreen and
Tilley 1983). A further extension of plant location analysis, namely the
inclusion of variability, is described in this paper. Such an extension is
worth examining in the Australian context, where variability of supply
and demand has been strongly evident for most rural commodities
{Anderson 1979).

While techniques which accommodate variability have been
developed in most areas of agricultural economics, there has been little
attention afforded it in the plant location literature. By ignoring
variability, traditional plant location models rule out a priori the
possibility of optimum plant location, size and commodity flows being
sensitive to variability in supplies and demands. Further, traditional
models overlook the fact that variation in plant throughputs, per se, can
create significant costs. And these are not restricted to physical costs.
Variation in throughputs is likely to result in social costs associated with
labour displacement and its damaging effects on local economies based
primarily on the operation of a particular plant (Industries Assistance
Commission 1983). Optimal plant location patterns developed ignoring

* An earlier version of this paper was presented at the 29th Annual Conference of the
Australian Agricultural Economics Society, University of New England, Armidale. 12-14
February 19835.
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variability need not be optimal, or even attractive, in terms of social
well-being.

The specific approach for handling variability is outlined in the next
section. It entails the marrying of well-known discrete stochastic
programming methods with traditional plant location models. As with
most plant location analyses, total cost is adopted as the minimand.
While a major empirical objective was to apply the model to studying
the location of abattoirs in the Queensland cattle slaughtering industry,
another was to make an assessment of the impact of modelling varia-
bility in that application. This latter empirical analysis is reported in
this paper.

The Discrete Stochastic Plant Location Model

The traditional plant location problem seeks to minimise the sum of
assembly, processing and distribution costs by selecting plant sites,
sizes, throughputs and product flows subject to the available supplies
and demands. It takes the following form:

(1) Minimise ZpApXpt Zpfp(Xp) + ZpDp Xy

subject to:

(2) Z,X5%=0% for all ¢

(3) X, XP,=0?% for all j

4) Z X=X, XP,=2X, for all p

(5) XS, Xpand X?,;=0 for all ¢, pandj

where 4, = unit assembly costs from supply region ¢ to plant p;
(X)) =total processing costs of plant p;
D,;= unit distribution costs from plant p to demand region j;
X5,=number of units of raw product shipped from supply region
¢t to plant p;
X,=number of units of raw product processed at plant p;

X?,;=number of units of processed product shipped from plant p
to demand region J;

Q%= supplies in region ¢ and
QP;=demands in region j.

In practice, specification of the processing costs has ranged from that
of a constant average variable processing cost for all throughputs,
through that ofa linearised cost function with respect to throughput, toa
more general usage of a linearised cost function in which integer
variables are used to account for economies of size in processing. The
specification depends, in part, on which type of analysis is involved.
Two types are possible. Optimal plant locations, sizes and commodity
flows can be determined in a long-run analysis in which processing costs
(f»(x,)) involve both capital and variable costs. (Capital costs are here
considered as the amortised costs of plant investment and other
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ownership costs. All other plant processing costs are viewed as variable
costs.) Optimal commodity flow patterns alone can be identified in a
short-run (trans-shipment problem) analysis, in which plant locations
an? sizes are fixed, by specifying f,(X,} as variable processing costs
only.

One of the shortcomings of the traditional approach, particularly for
long-run analysis, is its failure to recognise variability in the raw product
supplies and the demands for processed goods. Variability in the con-
straints of programming models can be handled either as continuous
variation or as discrete variation. In the former, and arguably more
realistic case, computational difficulties limit the extent to which the
reactions to a particular scenario can be modelled. The method of two
stage linear programming with recourse is an example of this approach
(Charnes, Cooper and Thompson 1965). Balachandran and Jain (1976)
used it in their investigation of optimal plant location under random
demand by including stochastic constraints (replacing equation 3 and
assigning penalty costs to surplus or slack demands (in the objective
row, equation 1. But this procedure is less than ideal. It does not
explicitly allow for the real options (and their costs) for meeting
shortages and disposing of surpluses when they arise. No information is
provided on the optimal commodity flow solutions for different
demand (or supply) situations.

The second approach to handling constraint variability involves
discrete stochastic programming (for example, Cocks 1968). To the
authors’ knowledge, there has not been an attempt to use this approach
in plant location models. An elementary discrete stochastic
programming problem has the following form:

(6) Minimise C7Xs+ Z,w,C{ X

subject to:

(7) AaXa=Ba

8) AuXit+AsX:=<B; fors=1,...,n
(9 X X;=0

where Cy, C, X4, X, Baand B, are vectors; A4 and A4 are conformable
matrices; » is the number of states of nature; and w; is the probability of
occurrence of state of nature s.

Activities and constraints are grouped into # + 1 subsets. Each of the
last n subsets (subscripted by s) refers to a particular state of nature. The
activities in a set are performed only in the corresponding state of nature
and must satisfy the set of constraints applying for that state of nature.
Their contributions to the objective function are weighted by the prob-
ability of the state of nature occurring, The first set of activities (sub-
scripted by d) lies at the heart of discrete stochastic programming, for
without it, activity levels for each state of nature could be chosen
independently in a deterministic planning problem. The activities in
this set represent those that are selected and undertaken irrespective of
the state of nature. These ‘common’ activities have implications for the
objective function and for the feasibility of activities specific to a state of
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nature. Their optimal levels depend very much on their interactions
with the state-specific activities.

In essence, this simple discrete stochastic programming formulation
implies a two-period decision problem. Some decisions must be made
and implemented, and subsequently other decisions are possible once
details of the state of the world become known.

The plant location problem has precisely this sequential form. The
decisions about locations and sizes of plants, once implemented, hold
for all supply and demand scenarios that may eventuate.! These
decisions are modelled by the common activities of the stochastic
program. Subsequent decisions are made regarding sources of supplies,
processing and distribution once the supply-demand scenario becomes
known. These decistons can be reflected in a group of activities defined
for the particular scenario.

The advantage of modelling variability through a discrete stochastic
programming formulation is that it allows for specification of detailed
adjustment options and costs, and the long-run decisions of optimal
plant size and location are forced to take account of all possible states of
nature and available adjustment options. Its limitations lie in the
realism of a limited number of states of nature. However, in the
presence of the law of diminishing marginal returns to modelling efforts,
variation in plant location problems may more efficiently be
categorised by a relatively small number of discrete states of nature than
by the infinity implied by assuming continuous variation.

The core of the discrete stochastic plant location model is presented in
algebraic form in the Appendix. The Appendix demonstrates that the
model combines the elements of the basic plant location and stochastic
programming models outlined above. But there are added complexities.
Consideration is now given to some conceptual aspects of the model.
How these conceptual aspects are incorporated into the programming
model is briefly described in the Appendix. More detail is available in
Brown (1985).

Plant capacity

The notion of capacity here is one of the size of the plant. But capacity
does not represent any absolute limit on the processing ability of the
plant. Rather it is an index, albeit measured in the same units as
throughputs. A plant of a given capacity will entail some particular
capital costs, and will have associated operating characteristics reflected
in a curve describing the costs of using a plant to process various
throughput levels, both above and below capacity. As will become clear
later, in choosing our index, we have followed de Leeuw (1962) and
others who define capacity as that throughput which results in
minimum average variable processing costs.

Cost structure

A major feature of the formulation is the detailed specification of
long-run costs. The traditional long-run cost curve used in plant

I 'The subjective probabilities of occurrence of various supply and demand scenarios
arc assumed not to change over the planning horizon. To allow for such changes, the
modcl would have to allow for subsequent decisions on location and sizes of plants.
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location studies relates total cost to capacity alone. But this curve is in-
appropriate as a planning concept in the presence of variability because
costs depend on both capacity and throughput.

Long-run processing costs are modelled by a capital processing cost
curve (a function of capacity) and separate variable cost curves defined
for each possible size of plant (a function of throughput and the given
plant capacity). A capital processing cost curve for a range of plant sizes
is presented in Figure 1(a). Variable processing cost curves for two
different size plants (A and A of Figure 1(a)) are specified in Figure
1(b). (The curves shown in Figures 1 and 2 are hypothetical and used for
pedagogic reasons alone. More complex shapes are possible.) At low
throughputs, plant A, has lower variable processing costs than A,,
reflecting, for example, larger lump sum costs for the larger plant A,.
These costs relate to such things as cleaning, refrigeration and lighting.
However, at some throughput {(beyond the capacity of A,) the variable
processing costs of A will rise to exceed the variable processing costs of
Ao

Although plants of various sizes are likely to have different variable
processing costs for any given throughput, in a modelling framework it
is computationally infeasible to be completely general. To maintain
linearity, it is necessary either to limit plant capacity to one of a set of
discrete sizes, or to make more assumptions about the behaviour of
variable processing costs with changes in plant size. The latter option
was selected. In particular, the variable processing cost curve defined for
a particular plant size 1s assumed to be a radial projection of the variable
processing cost curves defined for other size plants.

Although A and A have different variable processing cost curves in
Figure 1(b), they have been drawn to reflect the particular cost structure.
For example, consider the 100 per cent capacity utilisation points on A,
and A: (points X and Z in Figure 1(b), indicating throughputs of 100 and
200, respectively). These points are constructed to lic along the same
ray. Thatis, they have the same average variable processing costs ($10).
Similarly, other points of equal capacity utilisation exhibit the same
average variable processing costs. For example, consider the points W
and Y on the variable processing cost curves indicating capacity
utilisations of 25 per cent (or throughputs of 25 and 50 for A; and A,
respectively). These points again lie on the same ray and so have the
same average variable processing cost (namely $30). The variable pro-
cessing cost curve for A, is simply a scaled up version or radial
projection of the variable processing cost curve for A,. The basic
assumption, therefore, is that plants operating at the same capacity
utilisation, no matter what their size, have the same average variable
processing cost.

This enables the definition of a single variable processing cost curve
to represent plants of all sizes (see Figure 2a). Here variable processing
costs are defined per unit of capacity, with the horizontal axis now
measuring capacity utilisation and not throughput. Calculation of the
variable processing costs associated with a particular throughput in a
particular plant involves multiplication of the curve A by the capacity of
aplant. For example, from Figure 2(a) variable processing costs per unit
capacity are listed as $10 for 100 per cent capacity utilisation. Therefore,
for plants A, (size=100) and A: (size = 200), variable processing costs
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associated with 100 per cent capacity utilisation (throughputs of 100 and
200, respectively) will be $1000 (100X $10) and $2000 (200X $10),
respectively. These are the same as the variable processing costs for
points X and Z (throughputs of 100 and 200, respectively) as shown in
Figure 1(b). Hence, information contained in curve A of Figure 2(a) is
sufficient to specify the entire variable processing cost curves for plants
A and A in Figure 1(b) or indeed the variable processing cost curve for
any plant irrespective of its size.

[t may be unrealistic to assume that plants will exhibit the same
average variable processing cost behaviour as a function of capacity
utilisation irrespective of size. Plants based on different technologics
could be expected to have different operating characteristics. It may also
be expected that large plants will have lower average variable processing
costs at 100 per cent capacity utilisation than smaller plants operating at
the same capacity utilisation. In this case, a number of capacity zones
may be defined as shown in Figure la. A unique variable processing
cost curve can be specified for each zone (see Figure 2b). For example,
in relation to cattle processing, zone A may refer to small bed-dressing
operations, zone B to medium on-the-rail slaughtering systems, and
zone C to large technologically advanced plants. All plants within a
particular zone will exhibit the same relationship between average
variable processing costs and utilisation of capacity.

Multiple objectives

Rarely do real world planning problems involve a clear, single-
dimensioned objective. Because the stochastic formulation focuses on
each state of nature and calculates product flows and throughputs for
each, account can be taken of objectives associated with variation (for
example, stability of employment and throughputs).

The variation in throughputs at a plant can be measured by methods
similar to the MOTAD formulation espoused by Hazell (1971). That is,
constraints and activities defining the deviations of throughputs around
the mean for a plant can be added to the matrix. It remains, then, to
define the objectives and/or the costs associated with the measured
deviations in throughput. The costs probably depend on the directions
of changes in throughputs and are likely to be non-linear. When plant
closure occurs, they may depend on the length of closure and the level of
throughputs prior to and after the closure. Undoubtedly a quite detailed
formulation of these complexities is possible, even in the context of a
programming model, if the relevant supporting data are available.

A much simpler approach has been used here. The costs are assumed
to be directly proportional to the mean absolute deviation of plant
throughput. If this were considered too simplistic, constraints on
absolute capacity and mean throughput could be added. If desired, one
could then force a plant to close unless it operates at sufficiently high
capacity utilisation levels and/or with throughputs close to its mean
throughput level.

Plant Location Matrix Generator

As part of an attempt to control the costs of plant location analyses, a
general plant location matrix generator (PLOMAG) was developed to
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enable rapid formulation of stochastic (and deterministic, if desired)
plant location problems. PLOMAG accepts as input raw data such as
supplies, demands and costs, first transforming them into the
programming matrix discussed above. Another routine converts this
matrix into the MPS input format as requlred by commercially
available mixed integer programmmg packages,? such as APEX IlI
(Control Data Corporation 1979).3

PLOMAG generates the programming matrix for all the variability-
related concepts discussed above. Other formulations, including
constraints on throughputs and capacities, restrictions on particular
shipping activities, modification of integer permission activities,
average throughput and capacity restrictions, and maximin decision
rules for multiple objectives analysis are also handled (Brown 19853).

Abattoir Location for the Queensiand Cattle Industry

Following a buoyant period in the late 1970s, the Australian meat
processing industry took a downturn in the early 1980s. Many pro-
cessing firms either closed their abattoirs or operated at low utilisation
levels. A government inquiry was initiated into the Australian abattoir
and meat processing industry (Industries Assistance Commission 1983)
and a variety of industry rationalisation proposals was put forward.
This was the context in which the empirical work was undertaken.

Around two million head of cattle are slaughtered annually in
Queensland. The geographical distribution of supplies, demands and
processing centres means large shipping distances and significant
transport costs. In contrast to supplies, which are distributed
throughout the entire state, processing 1s concentrated in the south-east
and demand is centred on Brisbane. Around 80 per cent of the meat
produced is exported, chiefly through Brisbane. In 1984, there were 39
abattoirs operating at throughput levels ranging from less than 100 to
more than 1000 head of cattle per day.

Large year-to-year variations occur in slaughter cattle supplies
because of a variety of physical and market uncertainties. In addition, a
marked seasonal variation (particularly in north Queensland) is
exhibited as a result of factors such as feed quality and availability, and
the ability of producers to move stock. Supplies peak during the period
from March to October.

The basic model used in the analysis has eighteen supply regions, four
demand regions and twenty potential plant sites. Variation in supplies
was characterised by: (a) ‘between-year’ variation described by three
states of nature, namely ‘good’, ‘average’ and ‘poor’ cattle producing
years with subjective probabilities of occurrence of 0.2, 0.55 and 0.25,
respectively; and (b) seasonal variation described by two seasons, ‘peak’
and ‘off-peak’, of 160 and 80 working days, respectively.*

2 The model uses integer activities for three purposes: handling economies of capacity,
scale economies of throughput and muitiple capacity zones. Problems exhibiting none of
these features reduce to ordinary linear programs.

3 However, as the programming matrix is always developed, other mixed integer
programming packages would be compatible with PLOMAG by slight medification of the
second conversion routine.

4 Details of how the variation was described and basic data for the empirical analysis
can be obtained from the authors.
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Variability and short-run solutions

The effects of variability were initially examined with plant capacities
fixed at existing levels. Two runs were made for each of the three types of
years, the runs differing in that one (seasonal model) recognised the
seasonal variation with peak and off-peak periods, while the other
(average model) consisted of a single period of 240 working days.
Although plants could not reduce or increase capacity within the annual
time horizon, they could close down in a particular season or otherwise
alter throughput levels. The results of these six runs are reported in
Table 1.

In the poor year, the solutions of the average and seasonal models are
quite different. The main effect of variability in the poor year appears to
be as follows. In the average model, daily supplies in north Queensland
are t0o low to maintain high capacity utilisations (and low processing
costs) in the-larger plants, and they close. By contrast, in the seasonal
model, the larger plants can attract sufficient daily supplies to operate at
high capacity utilisation in the peak season, but are forced to close when
faced with the reduced supplies of the off-peak season. Other Queens-
land plants, such as the large plants in the Moreton region and those at
Toowoomba and Biloela, also exhibit considerable differences between
the runs. This reflects the variation in capacity utilisation between the
peak and off-peak seasons in the seasonal model.

Introducing variability has different effects on the results in poor and
average years. In the poor year, ignoring seasonal variation reduces
north Queensland processing and increases that in central Queensland.
But in the average year, the importance of north Queensland is greater
when seasonality 1s recognised. The average model favours north
Queensland in the average year because average daily supplies are now
sufficient for plants to remain open and operate at relatively high
utilisation. That is, north Queensland plants do not have to close or
operate at low utilisations in the off-peak season. The local off-peak
supplies that north Queensland plants process in the average model go
to south Queensland plants in the seasonal model.

In the good year, variability again has implications, but for reasons
different to those applying in the average and poor years. The effects are
reversed. When variability is ignored, south Queensland plants are
favoured at the expense of north Queensland plants. Supply shipment
patterns indicate that the difference is associated with overcapacity
processing. In the seasonal model for the good year, peak season
supplies are so large that all plants operate at full utilisation. North
Queensland plants then process not only all supplies within their region
but also significant central Queensland supplies. This movement of
supplies is against the normal flow of supplies toward Brisbane but
arises because the increase in transportation costs is less than the
increase in processing costs resulting from operating at overcapacity
levels. When variability is ignored in the good year, daily supplies are
low enough for all of the central Queensland supplies which are
processed by north Queensland plants in the seasonal model and for
some north Queensland supplies to be diverted to the larger south
Queensland plants without costly overcapacity processing.

These runs identified two major aspects of the effect of variability on
short-run plant location analysis. The first is the significant impact on
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throughputs, capacity utilisations and shipment patterns. The average
models arrive at values which differ markedly from the optimal values
obtained from the seasonal model. Capacity utilisations suggested by
the average model simply do not apply in both the peak and off-peak
seasons and, in most cases, would be viewed by the industry as
irrelevant given the reality 'of seasonal variation. This problem is
compounded when, in traditional plant location studies, a single
deterministic run ignoring both seasonal and between-year variation is
made.

The second aspect highlighted by these empirical results is that the
effect of variability is itself variable. It is unlikely to be known a priori.
Hence, although some general trends associated with variability may be
Observed a model incorporating variability is required when variation
in supplles and/or demands arises.

Variability-cost trade-offs
The trade-off frontier between plant throughput variation costs and

combined shipping and processing costs (calculated here only for the
average state of nature) is shown in Figure 3. That is, it shows the

2057

200

Combined shipping and processing costs ($m)

o
w
l

190 ! I I I T
0.6 0.7 0.8 0.9 1.0 1.1
Plant throughput variation costs ($m)

FiGURE 3—Trade-off Frontier of Combined Shipping and Processing Costs versus Plant
Throughput Variation Costs.
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minimum plant throughput variation costs for any given level of
shipping and processing costs. Estimates of plant throughput variation
costs were based on a number of factors including size of plant,
population size of region (or alternative employment prospects) and
prior expectation of variability. The shape of this trade-off frontier is
important: there is scope for a non-trivial trade-off of costs. Provided
the machinery existed for intervention, it would be possible to obtain a
solution which promised large reductions in throughput variation costs
with only slight increases in processing and shipping costs. One such
solution 1s shown as point A in Figure 3, with specific solution details
presented in Table 1 (Frontier point). On the other hand, a policy which
placed excessive emphasis on minimising either plant throughput
variation costs or processing and shipping costs would incur sig-
nificantly increased total costs.

Variability and long-run solutions

Solutions were obtained from four ‘clean-slate’ or long-run models.
These solutions are shown in Table 2. The full clean-slate model
incorporates the three types of years and the two secasons. The others
involved some simplification. The first (deterministic model) incor-
porates neither source of variability. It parallels the traditional long-run
plant location model. The second incorporates the between-year
variability, but no seasonal variability. The third incorporates seasonal
variability, but no between-year variability.>

The capacity determined in the deterministic model was ap-
proximately 2000 head per day less than that determined in the full
stochastic model. Throughputs (which are equal to capacity in this
single state of nature model) are markedly different from those in the full
stochastic model.

Taking account of between-year variation alone leads to total
capacity in excess of that in the full stochastic model. In the full
stochastic run, capacities were aligned with throughputs in the average
year peak season, taking into account both over and under utilisation
processing costs, particularly the extreme high and low throughputs in
the good peak and poor off-peak seasons, respectively. In the between-
year variation model, because the low poor off-peak throughputs did
not have to be accounted for, the trade-off between capital costs and
under utilisation processing costs on the one hand with over utilisation
costs on the other meant that capacities were aligned to avoid over-
capacity processing. That is, capacities were aligned with throughputs in
the good year. Capacity utilisations and throughputs for all plants in the
solution were again markedly different from throughputs in all seasons
and types of years in the full stochastic model.

5 [n contrast to all other runs, the between-year variation and full stochastic model runs
were terminated short of knowing that a global optimum had been reached. However, the
branch and bound mixed integer programming algorithm gives a progressively better
lower bound on the optimal least-cost objective value. Each final solution for these runs
was no more than 0.1 per cent above this bound, and hence within 0.1 per cent of the
optimum. Typically, runs involving a matrix size of 900 column activities, 200 row
constraints and 20 integer variables took 20 CPU seconds to reach the global optimum
using the Control Data Corporation’s APEX III mixed integer programming package on
the CSIRONET system.
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Allowing only for seasonality leads to capacities more in line with
those of the full stochastic model. Capacities were aligned with
throughputs in the peak season of the expected year, not unlike the full
stochastic model in which capacities were aligned with throughputs in
the peak season of the ‘average’ type of year. As with other models,
however, capacity utilisations differ considerably from the full
stochastic model. In the peak season, throughputs are similar only to
those in the average year of the full stochastic run, while throughputs in
the off-peak season are markedly different from those in every type of
year in the full stochastic run.

The non-allowance for seasonally high and low supplies in the peak
and off-peak seasons resulted in anomalous capacity utilisations and
high infeasibility costs at various plants in the long run. Table 3
summarises the normative results of the clean-slate runs. The total costs
of each of the solutions based on the assumptions inherent in the
respective models are provided. These costs are then compared with the
total costs which would be incurred if one used the existing slaughter
capacity optimally in the short run, based on the same model assump-
tions. Thus, for example, the total cost of the deterministic model
solution is calculated assuming no seasonal or between-year variability
and this is compared with the best deterministic use of the existing
facilities. Each comparison represents the estimate of the normative
gains that analysis based on the particular assumptions about variability
would indicate.® Ultimately, however, the actual gains to be made are of
interest. A more useful comparison, then, is that of the costs of the
alternative location-size patterns (including the existing one) evaluated
in the presence of both seasonal and between-year variation. Thus the
capacities determined by each of the three simplified models and the
existing pattern were fixed and the short-run full stochastic solution
obtained for each.

As shown in Table 3, the traditional deterministic plant location
model would suggest potential normative gains of around $1lm
($216.5m less $205.5m), or a saving of about 5 per cent of total costs.
However, implementing this plan would actually result in a cost
increase of $1.4m ($217.5m less $218.9m) over the existing situation.
The fact that both models allow for only one type of variation also
suggests significant cost savings over the existing solution, of the order
of $7m or 3 per cent of total costs. Again, as with the deterministic
model, the normative gains of both models have been significantly
overestimated since the real gains are only about $4m. Nevertheless,
the gains from implementing the solution from a model recognising
only one source of variation are only $0.5m less than the estimated
gains from implementing the solution from the full stochastic model
($4.5m). This is because both models, like the full stochastic model,
have to account for extreme throughputs leading to similar optimal
capacities in all three models.

Previously, clean-slate plant location models have indicated sizeable
normative gains. For example, Cassidy, McCarthy and Toft (1970)
estimated gains of 10 per cent of total costs from rationalisation of the

6 This is strictly not true since one should compare the cost of actual use of existing

facilities with costs of actual use of envisaged facilities. We use the costs of the least-cost
short-run solution as an estimate of the actual costs.
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slaughtering facilities serving the eastern central Queensland cattle
industry. The Industries Assistance Commission (1983) also estimated
gains of the order of 11 per cent for the New South Wales meat
processing industry. Ferguson and McCarthy (1970) found potential
gains of 40 per cent from rationalising Australian wool handling. But the
finding in this paper (that the suggested gains from the traditional
clean-slate model of 5 per cent are considerably more than the 2 per cent
maximum gains from implementing the tull stochastic solution) 1s
sufficient to query whether a significant proportion of the gains
estimated in deterministic analyses may be due to misspecification of
the model rather than to any real cost savings from rationalisation.

Concluding Comments

Developments are probably necessary in order to maximise the
model’s usefulness in planning the location of plant facilities. For
example, supply and demand arguably are not perfectly inelastic in the
long run and should be endogenously determined along with the plant
facilities. Attention also needs to be given to modelling the imperfectly
competitive behaviour engendered by space.

Notwithstanding its limitations, the model is a marked improvement
over deterministic plant location models in terms of the quantity and
quality of information it yields. For example, commodity flows, plant
utilisations, and regional supply and demand location rents (as outlined
by Stevens 1961) can be determined for all possible states of nature
rather than an average state of nature. Plant throughput variation costs
can be determined directly and these costs may be traded off against
transportation and processing costs in a multi-objective analysis.

But more importantly, as evidenced in the empirical work, the
implications of the analysis can be quite different. Plant throughputs
and commodity shipments obtained from average short-run models
may bear no resemblance to those of a short-run stochastic model. For
long-run plant location problems, variability may also have significant
implications for plant locations, sizes, throughputs and commodity
flows. Normative gains associated with long-run industry rationalisa-
tion will be overestimated if variation in commodity supply and
demand is ignored. The only way to discover any of these differences is
to model the variability explicitly for stochastic plant location
problems.
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The Discrete Stochastic Plant Location Model

The core of the model may be stated as follows:

(A0)  Minimise Z,X Z;Aup XS+ ZpZ;ZeDps XPps+
Zthth th+ ZkaTpk+ ZszestAp.S'
subject to:
(Al) Zp)(stpsE Qsts for all t and s
(A2) o XPhs= QP for all j and s
(A3) Xos— Z:X5p=0 for all p and s
(AS) Y,— X£:.85,=0 for all p and s
(A6) Xps— ZiRpiSpis=0 for all p and s
(A7) Y,— Za(CAP)ph Wy =0 for all p
(A8) TaWm=<l1 for all p
(A9) —M Z Gpu— Tyt ZsZiwsCpnnSpis =0 for all p
k=2
(Alo) MGpr"_zM Z ka_Tpr+ ZsZiW:CpriSpisEM
k=2
kot forallpand r=2, ...,z
(A11) ZiGp=1 for all p
S
(A12) Bp— X Wy=0 for all v and p;
h=g
where v is an index of regions on the capital cost function at
which economies of size become more pronounced; g is the
initial point in economies of size region v, and f'is the initial
point in economies of size region v+ 1
S
(A13) X Wum— Bp— PBpi1=0 for all vand p;
h=g+1
and where P=01f v+ 1 is greater than the number of regions in
which economies of size become more pronounced for plant p,
otherwise P=1
b
(Al14) Bpu— X Sps=<0 for all p, u and s;
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where u is the index of regions on the variable processing cost
function at which economies of scale become more
pronounced; a is the initial defining point in economies of scale
region ; and b is the initial defining point in economies of scale
region u -+ 1

b
(AIS) Z Sp[s—ngu_Nvau+1£0 fOI' all U and p;
i=u+t+1
and where N=0if u+ | is greater than the number of regions in
which economies of scale become more pronounced for plant p,
otherwise N=1

(A16) E,— X(1/n)Xps=0 for all p
(A17) — Ep+ Xps+ Xp=0 for all p and s

X S!m» X DPjSa Xps’ YPs th, Tpka Spis, Ep, X ApS->—0

(AL8) forall 4, i,j, k, p,s, uand v

(A19) G, By, By are binary variables forall k, p, s, uand v

where the variables are defined as follows:

XS,»s =number of units of raw product shipped from supply region ¢
to processing plant p in state of nature s;

XP,;. =number of units of final product shipped from processing
plant p to demand region j in state of nature s;

X,s =number of units of raw product processed in plant p in state of
nature s,

Y, =processing ‘capacity’ of plant p;

W,» =the weight attached to the Ath defining point of the capacity
costs for processing plant p;

T =the expected variable processing costs incurred by processing
plant p when operating in the kth capacity zone;

S,s =ascaling variable for processing plant p in state of nature s for
capacity defining point 7

G = Dbinary variable for processing plant p for capacity zone j,j =2,

e 2

B¢, =binary variable for processing plant p for the vth region of
economies of size;

B, =binary variable for processing plant p in state of nature s for
the uth region of economies of throughput;

E, =mean throughput for plant p;

X4,, =negative deviation of throughput from mean throughput for
plant p in state of nature s;

and where the following are parameters:
[For,(CAP)p4] is a point on the capital cost — capacity function;

Cps is a weighting/cost coefficient on plant throughput
deviations;

Wy is the probability of state of nature s;

[Cori, Ryl is a point on the variable processing cost — capacity

utilisation relationship for the rth capacity zone;
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M is a large positive number;

Aps is a unit assembly cost;

ngs is a unit distribution cost;

Qs is the supply in region ¢ in state of nature s;
OPj; is the demand in region j in state of nature s;

and where there are:

supply regions;

demand regions;

processing regions;

states of nature;

capacity zones;

defining points for the capital cost curve for a plant; and
defining points for the variable processing cost curve for a
plant.

~ >N 3 whn

Comments

Plant capacity, and the (capital) costs of providing it, are specified
through equation (A7) and the third term of the objective function. In
general, capital costs would be non-linear functions of capacity, but for
modelling purposes, the curves are linearised using a series of linear
segments and, where necessary to accommodate economies of size
associated integer variables. The methods used in the study for
linearisation of the cost curve and use of integer variables to
accommodate economies of size or throughput follow the approaches
used by Wagner (1969) and Gray (1970).

The total variable processing cost curve is modelled for each state of
nature, the costs being defined in equations (A9) to (A11). Because these
costs are defined in relation to capacity utilisation, a linkage between
throughput and capacity is necessary. This linkage is first described for a
single state of nature.

Consider the variable processing cost curve for plant p. It can be
approximated by a linear segmented curve represented by the usual
linearisation construction:

(A20) COST,— Z:CpiXip=0
(A21) REL UTIL,— Z:R,i Xp=0
(A22) T Xp=1
X;p=0 for all /

where (Rp, Cp) are the co-ordinates of the segment defining points, the
Xy activities (between 0 and 1) define a convex combination of these
points, and COST, and REL UTIL, are activities with obvious
meanings.

By multiplying the three equations by capacity, and defining a
throughput activity (X,=REL UTIL,*Y,) for the plant, a capacity
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activity (Y;), a total variable processing cost activity (7,=COST,*Y,)
and scaling variables (S,;=JX;;%*Y,), onec obtains the followmg
equations:

(A23) T,— ZiCpSpi=0
(A24) Xo,— ZiR,iSpi=0
(A25) Y,— Z:5,=0
(A206) Spi=0 for all |

This formulation converts any throughput and capacity to total variable
processing costs by scaling the unit variable processing costs for the
particular relative utilisation by capacity.

The linkages modelled in equations (A23) to (A25) relate only to a
single state of nature. To allow for multiple states of nature, the
throughput and scaling variables must be defined for each state of
nature. The equations (A24) and (A25) for scaling the variable
processing cost curve must also be repeated. On the other hand,
equation (A23) necd be merely extended by defining 7, as the expected
total variable costs incurred by the plant, and by summing
probability-weighted variable processing cost activities (Sy) over all
segments and all states of nature.

(A27) Tp— ZSZ[WstiSpis=O

Finally, to allow for alternative capacity zones, the cost defining
equation (A27) must be replaced with a set of cost equations (A9) and
(A10). (Note: for each capacity zone (r), both the cost (Cy») and, in
theory, the capacity utilisations (R,») may vary. However, variable
processing cost curves for all capacity zones may be based on a single set
of R, values defined as the union of the sets for all capacity zones. This
enables the segment defining points to be represented by a single set of
activities (X, each defining particular capacity utilisations (R,), with
variation arising from different capacity zones being represented by
changes in variable processing costs (Cp).) The resulting cost equations
are incorporated in the model as rows (A9) and (A10). Each row relates
to a particular capacity zone and defines the cost for that zone as in
equation {A27), but as well includes binary variables which, along with
the convexity constraint (All), serve to ensure that only the one row
corresponding to the relevant capacity zone yields a cost contribution in
the objective row.

If the capacity of plant p is determined by the model to be in capacity
zone |, then the variable processing costs associated with this zone (Chpi
i=1,...,n)ywill be therelevant costs. Every G« will be set to zeroand, in
seekmg to minimise costs, only 7, will be an active (non-zero) transfer
cost activity. For capacity zone k(k>1), Gp will be set to unity and 7T p«
alone will be active. A similar mechanism operates when any other
capacity zone is relevant.
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