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ARMAX-Model Parameter Identification without and with Latent Variables

by Leon L. Wegge L7

There are three parts to this paper. In the first part we obtain identifi-
ability conditions for ARMAX-Model parameters without latent variables when the
external characteristics are a finite number of means and covariances. We show
how the conditions obtained here are related to conditions discussed by Fisher [4],
Hatanaka [7], llannan [6], Deistler [1] and others in the literature on asymptotic
identifiability. Our results are formally complete in the sense of characterizing
the quantity and quality of extra prior information when Fisher's Conditions or
lannan's rank condition on the parameter matrices of highest order or if his
minimality conditions do not hold. Having conditions for identifiability that require
a finite number of first and second moments has obvious advantages in suggesting
estimators that are natural composites of the identifying function and the estimating
function for the external information.

In the second part of the paper latent variables are introduced and the results
of the first part are re-stated when the external information are the subvectors of
first moments and the principal submatrices of the intertemporal covariances asso-
ciated with the observed variables. As a general rule, with latent variables extra
prior information is needed for identifiability. In dynamic models however the extra
prior information can be made up in many more ways than in the static models
analyzed in [10].Even more important is the conclusion that under observabhility
conditions, as this is defined in linear system theory, no extra information on the

parameters that determine the means of the variables, is needed.

1/ I wish to thank P. Schtnfeld and N. Christopeit of the Sonderforschungsbereich 21 at
Universitdt Bonn and M. Deistler for the many conversations during the formative

stages of this paper. All remainine errare are mina



In part three of the paper
fixed exogenous variables and
and state variable equations
parameter. The example itself
with the models considered in

however the parameters of the

2.
we consider the dynamic factor analysis model with
illustrate how independence assumptions between measurement
alone can establish identifiability of the model
should be of interest also because it has a resemblance
the literature on Kalman-filters. In this paper

model are not known and are to be estimated.




I. Identifiability Conditions for ARMAX(p,q)-Model Parameters

1. The Three Forms of the ARMAX(p,q)-Model

- e e

Below write Z+ =(zt) for the matrix with T columns, having z, as its t-th column,
t=] 0., T, Let LZ' be the matrix with Zy placed in the (t+1)th column, t=0,..,T-1.

The ARMAX Model under consideration is introduced in three familiar forms, the
structural form (SF), the reduced form (RF) and the final form (FF). These are

the G+H equations in each period t=1,..,T, and are written in standard notation

q
(bF) Bo\.[. + Bl 1,‘1,.1. « T X.[. = UT, U (u Y=( E &ket-k ), with et=0 for t< 0,

B.l is (G+H)x(G+H) with Bn nonsingular
I' is (G+H)xK with K the number of exogenous variables
&i is (G+H)x(G+H) with 60 =IG+H

(et] is a white noise process, mean zero, covariance I for t=1,..,T

Y% and X% are the data matrices on endogenous and exogenous variables

=1 2l = -1,
: 1 = n ‘I L L = = =
(RF) Yr LYp + g Xp + Vp, Vp=(v)=(By u )=( o Tk By €e-i)
"o "1 " ‘1- - 1 A P -1!'* I-l__ ]
1,=-By By, Ho=-B'T  Z.= B~ 4B, 2 =B IB\T=E(v v])
7 oot ot
(FF) L= ML+ W
t Bek o
2 M! = - 124
(2) Mp o= (g = (Tpuge anr’f{o"t-s (Mpueg *TpXe)  given w
t-1 g t-1 s 4 1
(3) We=(w)=( L myv. )= ( L Ny L =B e )
T t T G ot I gog kO “tes-k

The final form expresses the endogenous variables as the sum of the means H%

and the final form residuals N+. Cach component e is a distributed lag of the

: -1 - : ; " A .
sequence of residuals Bﬂ e which is a white noise sequence with covariance .



We show the relations (3)

i X f
Hl IG+H 0 [ 0 0
" I
s 5t & TGen | 9 0
(4) s q-ln" | I 0
w ) I o | g % =
qel] o] oo 1Tgs w1 @18 | G+H
R e | b :
wq+2 II1 sEO L “q-s sionl'q~s | 1 ¥ 2y G+H
- SR e e o ROy
T-q-1 5 -
W i r n3: |
T J 1 $40 17q-s
“~ ~
= D (L.® B.)) vecE
T 0 i
where vecET is the row of rows of ET written as a column and E% =(et)

From (4) we verify that w 0

. is a moving average of B

in more detail by rewriting them in the form

Y ( . 3
B."e
[ 0“1
| -1
| By €2
I_ ol o
o1
‘ BO eq+1
| h
| o q+2
b - - - ol
| Tgen By er
2/

e, with the first q+1 weights

determined by the moving average weights in the reduced form residuals as well

as by the reduced form matrix Hl.

with the matrix Hl.

recursive and the lag coefficients only depend on the lag and not on

Letting D.1

2

matrix C(T) satisfies

(5a) C(T) = (E(w,w,))= n(ITéb qoint, mEEL T
t-1
! = = = ] = = !

(58) Elrgwi) =0, 8 = sinnl“t-l-s)g Rea® ¥ GRw, i),
5 - - t_q_l !
(5) ”t,1“ my E(wq+1wl}

1 = 1 )
(5¢) E(wt+1wt,*1] E(wtwt,] + Dt+1,1 Q [t'+1,l

Beyond q+1 the weights are geometrically changing

An important property of the matrix of weights D is that it is

the time t.

§ be the (i,j)th submatrix of D, from (4) we verify that the covariance

t < q+l

t > g+xl

t,t'=l,..,T-1.

EL (vecZ)' is the row of rows of a matrix Z and (vec*Z)' is the row of rows of a

Pl

symmetric matrix omitting the elements below the diagonal. The matrices Q8+” and
Hvecz an

. are matrices of zeroes, ones and halves satisfying vec*Z=QC
G"'E ' . . v ha
vecls PG+ vec*Z, where Z is symmetric of order G+H. The operator Vec has the
property

at veCZ12223=(2f325)vcc22.




The recursive relation (5c) implies that if we were to start the dynamic
stochastic process one period later, i.e. in period 2 given wt=0, t <1, instead
of in period 1 given wt=0, t<0, the conditional covariance structure is exactly
the same as the original covariance structure, with one period delay. Property
(5¢) follows from (5a) and the recursive nature of D. Conversely if a covariance
satisfies (5c) it can be shown that there exist a recursive matrix D such that
(5a) holds.

The properties (5c) and (5h) imply further that all the covariance matrices
in C(T) can be expressed in terms of the covariances E(wtwi], t=1,..,q+1, for
given Hl‘ It follows that the information contained in C(T) is the same as the
information contained in E(wtwi), t=1,..,q+2, including the information concerning
Hl. Properties (5c) and (5b) are the basis for determining a minimal number of
external covariance characteristics.

If the true model is an ARMAX(p,q)-'lodel with a p-th order autoregression

in G* endogenous variables
P q
Tl ck ) * 1 { 1 Ve i - * _ x ~
(6) bo\T +b1 L\T + ., 0+ hp LoYR + YXT = Ux', U; -(u;) = ( k;Oaket_k}, Aa Las,
we can always write this in the form of (1) by letting G+li=pG* and defining
f [ 3
* 1 i * i
¥4 by by by 00 b y lay 0 oi
|
! |
7 ' = s = = |= = =! | =
(7 YT LYT s BO 0 IG* 01, B1 Iﬂ* 0 0{, T 0 ,ék L0 IG* 01, e,
1 |
LP™ yx 0o 0 I., Ln 1., 0 0 oorJ
| L G*] ge L L G*

Fisher [4] considers a first-order difference equation but nothing is known about

the error structure. This is formally equivalent to an ARMAX(1,T-1)-Model in which

final form residuals w, are moving averages of the white noise process (Bglet)

as in (4) and satisfying (5c). In particular w,_ would depend on T

T 1

weighting matrices S In Hatanaka [7] both p and K are unknown and q=T-1.

the

and on T-1 arbitrary



2, The Identification Concépt

The structural parameter a is the vector of parameters

| [ " L] L] L} Ll L]
(8) a = [B,BI,Y,él,.-.,éq,G)
where
Bo=vecBn, 81=vecBl, Y =vecl, 6k=vecAk, g=vec*L .

The reduced form parameter € is the vector of parameters
' = 1 ' 1 '
(9) e (“11 “0) Ely"! gq! W ‘}

where

= = = = = *
“1 vecﬁl, b1 vecHO, Ek vec_k, w =vec*n .

0

By definition and Bo nonsingular the relation between structural and reduced

form parameters

| 1 [ 1 ' [ ' ' ~1 1 '
(10) a'= (B!, —ﬂl(B0€916+H), —ﬁO(BOQDIK), El(BnGDBO R .,Eq(BOéOBO

1 L] ] ] L]
is one-to-one.

The structural parameter restrictions are a list of krequations $(a)=0, where

¢=(¢i), i=1,..,kr,is continuously differentiable.
We adopt the following definitions that are modifications of concepts in [g]

to reflect our interest in reducing external information requirements.

Definition 1.

The structure s={a, ¢(a)=0, X., U%} with moments M%,C(Tj and the structure
s*={ a*, ¢(a*)=0, X!, U%'} with moments M{',C*(Tjarc (Tl,TZ)-observationally

i iF ML o= A\ =C*
equivalent if IT1 JTI and CT2 CTZ, where T, < T, T2 < T.

Definition 2

The parameter a of the true structure s is (Tl,Tﬁ)—identifiable whenever s*

(Tl,sz;observationally equivalent to s, implies a*=a.




Definition 3

- -

The pair {TI,TZ) is observationally efficient if «a (Tf,TE)-identifiable implies

a is (TI,TZ]-identifiable, where T* > Tl’ TR

i X

2 with strict inequality at

least once.
In general one would not expect the observationally efficient pairs (Tl,Tz)

to be unique. Trade-offs between Tl and T2 can exist.

Remark 1

In Definition 1 the external information is T, first moments M| =(E(yt)), t=l; .

1 T1

and the matrix.C(T2)=(E(Yt—E(yt))(yt,-E(yt,})'), t,t'=1,..,T2. In contrast in the
classical papers by Hannan [5], [6], also Deistler [;], the identification concept
is asymptotic identifiability, the external information being an infinite number
of first and second moments. These enter in their analysis through assuming that
the spectral density matrix functions or the z-transformed transfer functions
(IG+H-H12)'1 I' and (IG+H-H12)-1 k?nERZk are given. This in turn pre-supposes
sfability requirements and restri;tions that either the historical values of the

exogenous variables are known outside the sample period or it is known that they

are stationary processes.

From the relation (10) bhetween structural and reduced form parameter, the
structural parameter o is identifiable if and only if the parameter((vecBo]',e')'
with B0 nensingular, is identifiable. In static models with intertemporally
uncorrelated residuals the reduced form is in final form already and the study
of identification proceeds by finding conditions under which the structural para-

meter o is uniquely determined given the reduced form parameter 6. The latter




8.

is assumed supplied by the external information. This exercise produces the
classical conditions for identification in static models.

Likewise we can perform this same exercise for the ARMAX(p,q)-Model and state
the conditions under which @ is locally uniquely determined given 6. These con-

ditions are that the matrix
(A1) ¥ = ¢g, (T fBp)+05: (g fSB1)*4y (TG, B+ RZTG'[(IGﬂ[@é‘k) -(4,8Tg]
* 20516 T @8

2 o
have rank (G+l1)°, where ¥ (Ir+d386 1) is the Jacobian matrix of kr restrictions

-1

(12) 0 = ¢(a') =¢ ((vecBO)',—(vecBonl)' -(vecB HOJ',.,(vecB k )',.,(vec*BonBé]'}

in the (G+H]2 unknowns 80=vccBO for given reduced form parameters and where

b 3¢ (o) d, % 3¢ (a) _—r 09 (a)

' 1 "
B0 a(vecBo)' Bl 8(vecBl)' v 3 (vecl)'
9
e = 36 (a) . 6(a)
k a(VecAk)' d3(vec*I)'

With linear ¢, independent of o) and of I, this condition is also globally necessary
and sufficient since (12) is linear in thc unknowns vecBn.

Many results in the literature on the identification of dynamic systems are state-
ments of conditions under which p(?)=(G+H)2 is the onlycondition for identification.
Taking together however the conditions for identification of the parameter of
dynamic systems must guarantee that p(?]=(G+H)2 as well as that the reduced form
parameter 8 itself is identifiable given the external information about the final
form moments. This is what makes the study of identification of dynamic model

parameters different from that of static model parameters.




(13)

A. The structural parameter o is locally (TI,TZ)-identifiable if and for

constant rank matrices only if the matrix

In-\Para-
for-\geter g! m! T} Es o w'
ma;::$$\ 0 1 9 1 q
Means 0 G+H® LM, T, In+H®xT1 0 0 0
4 L}
Ewwl) | 0 0 0 0 0 T (GeH) (GoH+1) /2
E(w,w1) 0 (.Hl@E(wlwl) 0 IG+@E (w,% 0 0
E(WQ+1wi} 0 (‘+}!® E(w w ) 0 0 G+IF¢E(w1wl} 0

] ' ]
E(hTzwl} 0 IGHI@E{NINTZ_I] 0 0 0 0

Z 1 -1

—~ ' L] ]

Prior ¥ ¢8i(B G+H) ¢Y.(B§§IKJ ¢5i(3é38 ) ¢GA(B&§BO ) 0G+H(865B0)PG+H

has rank equal to the number of structural parameters.

With linear prior information

independent of 4,, k=1,..,q, and of I, this rank condition is necessary and suffi-

k!
cient for global identifiability.
B, If a is (Tl,Tz)—identifiable and the pair (TI,TZ) is observationally efficient,

T, < q+2.
Proof. By definition the structural parameter a is (Tl,Tz)-identifiable if the
system (2),(5a) and (12) for given M+ A C(Tz) and ¢ has a unique solution in 1=
1

((vecBo}' s8"),



10,
The system (2) ut=H1ut_1+H0xt is the linear equations system

r ~
N T
L] 1]
| Teen®vyg Iow @ X)
vecnl
] ]
Uy Loen® ¥y T @ %5
vecll
- - W] o e e ae e we ee ae ka 0
1] ]
Ry T6en® bT -1 Toen® T
S z L =,

for given first moments {ut), t=0,..,Ti.After re-ordering of the rows,
the matrix of this linear system is reproduced under the first (G+H)T1 rows of (13).

As discussed above the matrix C(Tz) depends on the matrices E(wtwi), t=1,..,T2

i t-q-1
L 1

for t>q+1, where E(wlwi)= Q. The rows in (13) corresponding to the external covariance

'Y=% 1y = '
only. From (5b) E(wtwl) ”t-ln + HlE(w ) for t <q+l and E(wtwl} n E(wq+1w1)

matrices are successively

avec* Q
oz
v Ll
avecE(wtwl) Sl ) avecE(wt_lwl) . i - —
ag' 177 "G+l arg' “t-17 "G+H’ G+H 3!

for t=2,..,T,, where we put Et=0 for t >q.

2
The last row arc the partial derivatives of the kr prior restrictions ¢ (a)=0
with respect to ', through the relation (10), and where V¥ is defined at (11).
To show B, it suffices to verify that the contribution of external information
on E{NT,wi) for T, >q+2 is proporticnal to th: contribution from E(NQ+2wi) and does

“

not add to the rank of the matrix (13).
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Discussion

1. As discussed above, we get back p(?)=(G+H)2 as part of the rank condi-
tions for identifiability. This is to render inadmissible transformations of
the structural equations (1). In comparison to static models, the matrix ¥ now

includes restrictions involving the autoregressive matrix B, and the moving

1
average matrices A as well as the usual parameter restrictions of the static
model,

2. The reduced form parameter matrix M, can be identified through external
information on the means and also on the covariances as well as through prior
restrictions on Bl that are not used to meet the condition before.

3. A failure of the data matrix X+1 to have rank K implies that the reduced
form parameter HO is not identifiable on basis of the external information.

This can be remedied by extra restrictions on the matrix I' of coefficients of
the exogenous variables, which is indeed the remedy against perfect multicolli-
nearity.

4. The moving average matrix 2k is identifiable from the external information
E(wk+1wi) provided E(wlwi)=Q is nonsingular. If Q@ is singular, prior information
is needed to identify Ek' If the source of singularity of Q is the singularity of L

due to the presence of identities in the structural model (1), the corresponding

submatrix in A, is a submatrix of I

K and enough prior restrictions are

G+H
available to identify Zx in such cases. If the source of singularity of Q does

not lead to justifiable prior restrictions on By s then 3, is not identified.

“k
5. The parameter Q 1is always identifiable since it is given in the external
information matrix E(wlwi}.
The leading question dealt with in the literature on the identification of
dynamic model parameters is what are the conditions under which the structural

parameter is identifiable under the sole condition pﬁ¥)=(G+H}2, and without

having to use extra (over-identifying) prior restrictions to identify the
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reduced form parameter 6, except perhaps in the presence of identities, the
trivial restrictions that make up for the deficiency in the rank of Q.
Assigning the external information on the covariances E(wkwi), k=1,..,q+1, as

well as the trivial restrictions associated with identities, to Q and to Zx?

we can assign the externally given E(wq+2"i) to .. We have from Proposition 1

1

The structural parameter a is locally (Tl,q+2)—identifiab1e without the

help of extra (over-identifying) (BI,P)—restrictions only if condition

LMy E (w
(C1) G+H+K =p 1 q
X! 0
T

+lwi}
holds.

Unfortunately the condition (Cl) is not easily verifiable.

Let the p-th order autoregression with an r-th order moving average inp

tae K* exogenous variables ZT = (zt) be written as

a8y o b, Ry . Sy tRzr = s, URte @l = T rer )
B0 Sk AT St B B hlr Lo Kotk
In addition to the variables defined at (7), let
!Z+ Yo My Yr
(15) x3 = M7 r=|? " ", ™, ™).
L7z S 0
Lemma 1.

In tems of the parameters of the structural model (1) a necessary condition
for the condition (Cl1) to hold is that p(BI,r,aq)=ﬂ+H and p(X+1)=K. In terms of
the parameters of Model (14) a necessarv condition for the condition (C1) to
hold is that o(hp,&;, Yr)=G* and p{ZT )=X*, where G* and K* is the number of unlagged

1
endogenous variahles and exogenous variables respectively.



13.
a
s
= N= =
Proof. From T Hlut-l +H0xt and from E(wq+1w1) (sinnl_a_s)ﬂ, we have
-
M, E(w_. w!) mom. o0 g, nS: = || LMr = ln‘W
(16) 5 Ty q+l'1 1 0 s=2 "17q-s q §.. ar
L L}
XT 0 n o0 IK 0 0 LXT. 0
1 1
L}
XTI
0 Q
Q
e y
= 1 = 1
For the Model (14) X+ is the matrix of K* variahles Z+ and its r lagged
1 1
values so that the matrices Y+ and [X+ have K*(r-1) overlapping
1 1
components. After elimination of these we have that (16).equals
; [ 3
0 9 s 5 LZ“, -
l-[1 (HO)O (Hﬂ)l (Hﬂ)r s£2n1:q-s q Tl =q-1$-2
"
" 0 0 0 0 TK* 0 n LZT1 0
2 Ll
0 I, 0 0 n o0 0o|| L le 0
n n IK* n n N 0 Lr+lz. 0
T
- i T n
%)
il Q
0 Q
L J
= * ' = * '
<oy, (M), uq) + 1K +o(?--r1) I (F)r.ﬁq)ﬂK +0(21 ),

1

where ({Ho)k) is the partition of Hn corresponding to the partition of T.

By definitions (7) the result follows, noting that G+H=pG* and K=(r+1)K*.

The conditions under which it is possible to identifv the structural parameter
without over-identifying prior restrictions is thus seen to be limited to models with

parameter matrices of highest order meeting a full row rank condition.

Aspecial case discussed in the literature is Model (14) with q=T-1, i.e. when
the order of the error moving average process is not known. Covariance external
information does not help in identifying Hl, but Proposition 1 surprisingly

specializes to:
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Corollary 2.

The structural parameter of the model (14) satisfyingp(X+)=K=(r+1)K*, q=T-1
and G* endogenous variables is locally (T,T)-identifiable if and for constant

rank matrices only if the matrix

a7 ¥ (1,04 3 (b @Yo ) =2 (b, ®R)
B(VBCA)' a(VBC(bl,..,bp))' P 3tvec(Y0)")Yr)).

2 -1, g .
h * = = [ (B R} !
has rank (p+1)G*", where A (bn,..,bp,vn,..,yr) and R [XTXT] XTLJT. With linear
restrictions this rank condition is necessary and sufficient for global identifi-
ability. This rank condition is sufficient and for constant rank matrices necessary

for the system ¢(vecA)=0, E(U%'XT)=0 to have a locally unique solution in vecA.

Proof. When q=T-1 only the external information on the means helps to identify Hl.
The rank condition on the matrix (17) follows after elimination of the restrictions
on (BO,BI, I that are implied by the definitions (7) and (15) and after pre-multi-
plying the rows corresponding to the external information on the means by (IpG*Gbx+)'
The second part of the Corollary follows from considering the Jacobian matrix of

the system of equations ¢(vecA)=0,E(U%‘XT)=O.

Corollary 2 is an illustration of how in Proposition 1 the conditions for

identifiability and estimability are closely linked together. The estimator that

emerges is very S$tandard.

We now discuss how our Proposition 1 contains the results from the literature.
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Literature References

1. As discussed above, Fisher's Model in [4] is formally equivalent to an
ARMAX(1,T-1)-Model within the concept of (T,T)-identifiability. In our termino-

logy, Fisher derives the result that the condition

(€2) GeHeK = p| M1
A
is necessary and sufficient for the classical rank condition p(‘P)=(G+H)2 to
become the sole condition for identifiability. As stated in Corollary 1 above
the necessity of (C2) follows only if there are no over-identifying (Bl,r)—restric-
tions. If there are more than (G+N)2 prior parameter restrictions, it is possible

to identify a even when (C2) fails.

2. llannan [6], Deistler [1], Koch [8] and others have considered the ARMAX(p,q)-
Model from the perspective of asymptotic identifiability which is equivalent to
(T,T)-identifiability, when T»= . Often the exogenous variables are assumed gene-
rated by a stationary stochastic process and identifiability is to be understood
as identifiability within the class of stochastically generated exogenous variables.
Within the definitions of the pth order autoregression (14), the external informa-
tion assumed is (b(z))  y(z) and (b(z)) 1s(z), where
P s d s
b(z)= Zb.z y(z) = L y_z §(z) =

S 5
S

o«
0 s=0 s=0 °

n 1.0

0

are the z-transforms of the autoregressive and moving average processes.
In analyzing the leading question discussed in our Corollary 1, the authors found

it necessary to introduce the following conditions:
(C3) p(bp, Vire aa) =G* (Rank Condition on llighest Order Matrices)

(C4) b(z) and y(z) have no roots in common (Minimality Condition for Means)

(Cs) b(z) and &§(z) have no roots in common (Minimality Condition for Covariances)
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Conditions (C4) and (CS5) play a crucial role in the method of analysis followed
in Hannan [6] and others. Failure of (C4) implies that the final form transfer
function (b(z)) Yv(z) = (b2(z)) 1y2(z), where b?(z) and y2(z) are of degree
p-1 and r-1 respectively. If this is the case the final form asymptotic means
could be perceived as being generated by different ARMAX-Models of degrees (p-1,q-1) and
(p,q). A minimality condition would assume that the true model corresponds to
the lowest possible orders after all common roots are removed. A similar remark

applies to justify (CS5).

Hannan [g] found the justification of (C3) from requiring that transformations
of model (1) of the type

r a -
k k
' 2 71 = > =1
(18) [Fn+FlL)(Bn+BIL)YT + (F0+F1L) kin(r)k L S (Fn+F1L] kin&k L ET )

with matrices Fn, F, of order G+H and F1#0, he ruled out by the prior information.

1

This requirement is that the coefficients of LEY', Lr+1

' q+l.,
ZT and L ET i.e.
FI( Bl’ (F)r, ak] be all zeroes, for some FI#O. Under condition (C3) this is
impossible.
Without further discussion of the role plaved by the conditions in Hannan and in

other references, we will state here how the failure of the above conditions

imply a failure of our condition (C1):

LM+ E(WQ+1wi)

'
XT n

In terms of the parameters of Model (14) we have o

A

G+H+K-G* + p(b_, , A%
(b T 42

A

G+H+K-G* + D((E(”q+1”i3)1'(("T 0)E(w wi)),) if (C4) fails and I, +az

is a common factor in b(z) and yv(z), with (Z]1 the first G* rows of :

A

G+l1+K-G* if (C4) and (CS) fail and T+az is a common factor in all three

b(z), v(z) and é(z),
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where H? is the reduced form parameter matrix when the Model (14) is
a (p-1)-th order autoregression with parameter matrices (bg, b?,..,
b:_l) satisfying b(z)=(I,+az)b’(2).
Proof. The first inequality of Lemma 2 is a restatement of Lemma 1 for the Model
(14). To show the second inequality, following the definitions at (7) and the
" "
algebra in Lemma 1, write L“T E(wq+1w1 = Rl(p,r,b,y)Rz(p,r), where
X 0
T
-1 -1 -1 -1 -1 -1
} —hO hl -b[.} h2 -bO hp -bO Yo -hn Y, —hn 0
n s L}
Ee 0 0 0 0 0 E(w ¥
0 IG* 0 0 0 0 0
Rl (Psr:h:Y) e
0 n 0 0 0 0 IK* 0
0 0 0 Lys 0 0 0 0
0 0 n 0 IK* 0 0 0
N
~
2 3 p+l 2 T+l
L M* L M* L M% I.Z L2 L Lo L 0
T T T
(R, (p,1))" = T ¥ .
0 0 (
g 0 0 0 0 ) IpG*

and H{=E(Y§) is the TxG* matrix of expected values of Y%.

If (C4) fails and I+az is a common factor in b(z) and y(z), with b(z)=(l+az]ba(z)
ML E(w w0

X! 0
Rl(p—l,r-l,ha,ya)Rz(p—l,r-l}. Lagging the last relation by one periodT and solving

and Y(z)=(1+az)ya(z) identically in z, it must also be true that (

the first G* equations for ahi_le+lM%‘ + ay:_lLr+12+, eliminate h;lbp LP+IM%' -
balyr Lr+12+ from the product abhove, using hp=ah:_1, yr=ay:_1. The result is
LT L
LiT E(NQ+1w1)
= R3 R,(p-1,r-1)
X'I" 0 . -

where

B




\

-1, a -1 a
P9 Pp1 “Pp Yo
0 0
0 0
Isa 0
0 0
0

0 0
0 0

K*

Kt

The second rank inequality of the Lemma now follows by eliminating the

(p-1)G* rows that follow the first G* rows of R%’ rememhering that the first

(p-1)G* rows of E(wqwi) are identical to the last (p-1)G* rows of E{wq+lwi).

The third inequality follows from (5b) since if I+az is a common factor

in all three,

with =2=0.
q

the moving average error process is a (aq-1)-th order process

In general for finite (p,q) a common factor in all three b(z), y(z) and &§(z)

results in a failure of our condition (Cl1). If q=T-1, then asymptotically a

common factor in b(z) and y(z) alone makes condition (Cl) i.e. Fisher's condi-

tion (C2) fail. This

is the main difference between (C4) and (CS5).

But for finite (p,q) a failure of (C4) and (CS5) with different common factors

is not shown to result in a failure of (Cl).

Practically speaking the rank condition on the highest order matrices (C3) is

the more useful condition and failure of this necessarily makes (Cl) fail also.
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3. The last comparison is with Hatanaka [7]. His Model is (14) with given G*

and K* but unknown p, r=p and q=T-1 i.e. nothing is known about the stationary
error structure and nothing is known about the order of the stahle autoregression.
External information is all asymptotic means and covariances and X.i. has full

row rank. Hatanaka shows that the parameter is identifiable under a system of
exclusion and normalization restrictions that prescribes the coefficients of at

least G* components in each row of (bk, Yk), these prescribed coefficients standing

in the same columns of (bk, Yk), k=05152;%5

Therefore this is a system of (p+1)G*2 restrictions when the order of the
autoregression is p. This result is formally contained in our Corollary 2 to
Proposition 1 and the rank condition of (17) stated there should hold for every
integer p. It is also obvious that many alternative (p+1)G*2 exclusion and norma-
lization restrictions have the property of satisfying the rank condition stated
at (17) and llatanaka's case is special.

We end this survey of the literature with a reminder that Proposition 1 holds
independently of any minimality conditions or without conditions om the
rank of the parameter matrices of highest order.

We now turn to the problem of latent variables.
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Identifiability Conditions with Latent Variables

In this part of the paper we derive the necessary and sufficient conditions

for the local identifiability of the structural parameter when G endogenous

variables are observed and Il are not. In dynamic models the missing components

are missing also in the vector of lagged endogenous variables and this makes

the problem more complicated than the latent variables problem in static models.

An interesting intermediate case is whun observations become available after

one period, but this is not treated here. When the variables are generically

latent as in factor analysis,the identification problem must be dealt with as follows.

Assume the model is the same as model (1). Partition the endogenous variahles Y!

T

and the equations in G and H components. The three forms are :

(SF)

(19) (RF)

(FF)

“

~

—~

\

(B

(B.)

PEL)y

(Y
L

0}1

0.3

T)II
-

(Yp)

(D)

(B

(B

3| o

N
TI

(Y

0)4 %)II

((Hl)l m),

kf“l)s (M),

2
i)y

(13)
LTI

- N
(B (Byy| | (Yp)y FI} Uy

+ + |x+ = ,
Brls Bl [P rIIJ |1

+ Xy ¢ [, (v.)=(CL B.e )
1 T r | t 2% 5 0 "t-k
L(LYT)II (HO)IIJ {\T)IIJ k=015 )
) | (ut}lw| (F(w ! ) I( ), (),
5 MY = s E{w w' r}: =
& T t't e
(. (utJIJ (EQwowi ) [( Y € 1y

with all symbols as defined at (1).

The initial values (“O)II are included in the list of structural parameters and

the prior restrictions 4 may or may not depend on (u,) . Following [10], in the

presence of latent variables the definition of ohservationally equivalent parameters

is now changed to:
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Definition 4.

With latent variables the structure s={a, ¢(a)=0, X!, U%}

and the structure s*= {a*, ¢(a*)=0, X1, U%'} with moments H%', C*(T) are (TI’TZ}_

with moments M+, C(T);

o bservationally equivalent if (M+1)I=(M%;)I and (E(wtwé,))l = (E(w;w;:))l, t,t' =

1,..,T2, where T, <T, T

L 8 T.

<
5 &
Only the first G components of the mean vector are given externally and the

principal submatrix of the covariance matrices. The remaining definitions are as before.

A. The structural parameter of the latent variables model (19) is locally (Tl,Tz)-

-identifiable if and for constant rank matrices only if the matrix

' ' 1 1 1 [ !, '.—.1,,, 1
Gplir| 80| ()1 11 (o)1 (o) 11 &40 1 4
A 0 |1y 0 1.@x] 0 0 0
1) 1 1] (]
A 0 Iﬁ®u1 A0® Mo Ic®x2 Ay ® X1 0 0
1 1
1 1 ] L
A, 0 |18, s Ms®uy g 1@x3  Ey A@X; = 0
ST T R T T;:—Z T;:-2
(20 1 l 1 '
) A'I‘l-l 9 Ic@"‘Tl-l sZ0 “s®“T1-5-2 IG@XTI s&0 Asale-s—l 0 0
0 0 200 . 1 Tz;:—l(c &oan:5K-1y 0 2Q.. (C.®02) Q.. .(080)P!
M s E 1 7,64 TG G+l
5 (B
-1 %0 Gan By
0’11 1 i @B,)PiLy

has rank equal to the number of structural parameters, where 0=

' = [ 0 ; 1
=00 o ((m)p" 1)

set of G columns.

D'

To-i-1
(!

B. If the pair (T,,T,)is observationally efficient, T,< q+2+ii.

q

i=0

EC.Zp A=) (M) ,)

)" ) with {(“?’1)' in the (i+1)th
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Proof. By definitions (2) the derivatives of (ut)I with respect to the
structural parameters are all zero except
o( u,) a( u,) t 1 a(u,) t-1
'] t t° 1 t1
— o (] —————csmemm——— n e T '
e My s s sLo (D ®u) (. . sfo(nl)r®"t <8
Po’11 1 0
The first rows in (20) are . The second rows are minus (nl}l times the
da’' B(us) da’
first rows of (20). The third rows are e minus (nl)1 times the second rows of (20)

and minus (H ) times the first rows of (20). In general the t-th rows are equal to

d(u);

5—7———- minus the preceding rows (1),..,(t-1), multiplied by (Hg_l)l,..,(nl)l respectively
where we made use of the relation
" N t-1
(Ty)s = E CHNCAP(CA R A (M yheoy s

The contribution to the rank criterion coming from the external information on the
covariances is stated in the second part of the matrix (20). From the relations

(5b) and (5c) the matrix
N =

(E(wlwi))l (E(wlwé))l 3 (E(w1w+2))l

ene! = (E(wzwi))l
' E. 1
(EQwy 1%er4q) E(wtirv't.))1
(E(w. wi)) ti'sl ... .T.-1
T2 1 | t, seraly y
contains all the relevant information. The second to last rows in (20) are the deri-
* i
vatives %§$E——999— . In particular verify that
dvec*ONO' 3vecG q ack
I &on) =20r g I g &5
1 2 1 2" k=0 2 1
aC T,-1
— = £ entth,
1 s=k+1

The last rows in (20) is the contribution from the prior information exactly as in

the model with no latent variables.
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To show part B. of the Proposition, observe that the contribution from
the covariances to the identifiability of Ei is proportional to Ci’ s 3 SR

and by definition of O, the contribution to % is proportional to CO' The contri-

bution to Hl is a linear combination of the matrices Cq+1""’ CT o1 But we have
0 0 0 0 0 g ©
------------ 0— SRR T A I 0 ho
IG 0 [Hl)l 0 0 Al
R eSS (1) ={ (D) ) 0 0 A
151 152 171 151 2
z-t—l Ty-t-1 Tz-t—l Tz-t—2 0 i 5
(n g M 7 g (ST 2y @y O Ao

so that any linear combination of (C i CT _1] can not have rank more than the rank

q+1”"

of the second matrix in the product above. Since this matrix reaches its maximal rank

for T,-t-2=H-1 and t=q+l1, the Proposition follows.

Discussion

1. The unobservable initial values (u are identifiable provided the observa-

O)II
bility condition
(C6) H = p(hé hi o A+1_1] fo((I“ (nl)& o ((xl)é)n-lj(nl)é)
holds. In the language of linear system theory the condition (C6) holds if the
pair ((nl}i’(nl]é) is completely reachable or ((H1)4,(n1)2') is completely observable.
It plays the same role here. When (C6) fails prior information will have to be
supplied to identify (uO)II.

2. The external information on the means (ut)I contributes to identify =mot only
(II])I but also (HI)II, when the observability condition (C6) holds. Although we

do not observe H components (u of (ut], the information is not lost since (ut)I

t)II

depends partly on (u through the matrix (Hl)z. It also depends on (”t—Z)II

t-l)II

throughn(ﬂl)z{ﬂl)4 and on {ut-i)II through Ai—l’ i=l,.. . Indirectly (ut)II becomes
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available when the observability conditions hold. This is unlike the static model
where not observing (WJ)II implies that prior information is the only source
to identify the parameter (HO)II'

Similar remarks apply as far as the identifiability of I is concerned. Under

0
the observability condition (C6) it is possible to identify all components of
(uO)II’ “1 and Ty without needing any over-identifying prior restrictions from the
external information on the means alone. In the static models this is not possible

and prior information related directly or indirectly to (I is needed there.

O)II
3. The external information on the covariances adds at most p(Ci)o(OQ) to the

rank requirement for Ei’ and at most p( O)(p( 0)+1)/2 to the rank requirement for

2. Under (C6) p(Ci}=G+H and the contribution to each Ei could be (G+H)2 as required.

Similarly the contribution to @ could be equal to (G+H) (G+H+1)/2, as required

for identifiability.

These contributions are however not independent. The rank contribution to (Hl'

CEERE :q,ﬂ) is directly rglatgd to the rank of (Cq+1’ Cl"" Cq’ CO) respectively.
But note that Ci—CiﬂII1 = IG 0|, implying that the rank of any pair (Ci’ Ci+1) is
limited to 2G+H, o 9 Similarly the rank of any subset of k matrices

(Ci), i=1,..,k, is limited to kG+H., This means that if IIl is identifiable through
the external information on the means, we will need H(G+H) prior restrictions on
each matrix Ai, i=1l,..,q, if there are no prior restrictions on Q, assuming the
observability condition (C6) holds and Q is nonsingular. More restrictions will be
needed if either (C6) fails or Q is singular.

Again this differs from the static model where we always have to supply GH+H(li+1)/2
restrictions on Q .to identify Q. Here in the dynamic model it is possible to

I1

identify @ without direct or indirect prior restrictions on Q However the prior

11
information requirements directly or indirectly on (Ei)II are new requirements not

present in the static model.
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As an illustration we restate Proposition 2 when the structural model is

cz1) | Yo M e 0 00 e} | Te (udg| |=e £e-2
: 3 " g g | ’
9 Ty 1" 0 =%1 Mei] Fre U drr| |%e Ce-1
t L 0
with ( z ) a white noise process with mean zero and variance I=( Oee'E ).
- & v 0 (o

EE-16 ) implying that the structural residuals

e
-1
(ut)I and (ut)II are not correlated.

We will assume that a1= ( 0

This is a generalization of the static factor analysis model with fixed exogenous
variables analyzed in [10].The model (21) relates a vector of G observed variables Yes
such as test scores, consumption items, to a vector e of H unobserved variables,
such as ability characteristics, permanent income, the so-called factors.

The factors themselves follow a dynamic process over time and are influenced by
a vector of K regressors through the coefficient matrix rII'

Model (21) has the form of the models introduced in Kalman-filtering theory,
where n, are unobserved state variables and Y, are measurements on certain linear
combinations of the components of the state variables and the control variables X, -
Model (21) is however different from the Kalman-filtering model in that all the

matrices Ay, 7, £ and ﬁl are all unknown parameters to be estimated.

The reduced form corresponding to (21) is

by

Y Yo 1 (2] I A €, _
(22) YH=n e n. x_ +v,_, v.= 1 1 G Y Tk =
1 n 0"t t t o0 (z.) 0 I
My t-1 k711 H| |%t-k
where the parameters are
. 0 AT : Tp-ATyg _ AEE,I Bgr A+ A 6§£'1
1" » 0 » =1 = 1 - ’
0 T -T 0 K 5
II S
L A
eet’ Nyrrolly y &g!
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Corollary 3.

The structural parameter of the dynamic factor analysis model (21) is locally

(Tl,Tz)-identifiable if and for constant rank matrices only if the matrix (?1, ?2]

has rank equal to the number of its columns, where

- L 1 * L * ]
(vechy) (vec “0) (vec zee') (vec ch,)
- ] 1] L
IG®(u0)II1T Tn&xl 0 0 0
' ' ' T & x! 0 0
-1 @(ul II“ Iﬁ&x2 hy a xg
Tiz2 et
- 1 1 O ' a1
TSy " | Tg®%p AT Sx: o) 0 0
1 1 s=0 1 1
0. ~((0
Y. TG
Y. = 0 0 0 0. (0" 80" )P
: Tl S IT
20 ny)@o )P

256 U ST, )
a(vec*zge,)'

3
a(vec*zrc,)'

oo a¢ 3¢
— - ——— (B,® I e
a(vecﬁv)‘ 3(vecrl)' a(vec*Xee,}' o n (& A )P
3(vec*Z ]'
] "
. 3 (IGQCI‘”) €e
a(vecFI]'
S ¢ e f |
with 0= ( 0O 0" ) = age' A (ﬂ+& » )- EE ﬂv | a Tzﬂx(G+H) matrix and
_—_1___-L-_—1_i|
n i\ TT" "(’T+.-‘_\, '] |
-1 |
]
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' 5 1 1 1
(uO)II (vecT) (vecécs:l) (vecaccllj
'
A S A®Gig) 11 0 0
2 1 '
Aym Ayﬂg{UO)II+A§9(u1)II 0 0
T,-1
T 1 s

ATl I A TR (v ! 0 0

v s=n Y Tl—l—s II

¥, = 1 T,-1
’ Wy E PL((Ch » I, I T O, ©
0 27 k=0 s=k+1 20, r(clcbo L )| 204 o((CyA +C )®0a )
Tk, s-k-1.1I ‘ 8 £
CS ]Qﬁ(@ﬁﬂi ) ]

3¢ a¢ L ¢

» L) 1 L) L
B(QO)II 3 (vecT) a(vec&E :1) a(vecéccll)

0 0
I II ’ y .
and CS = ( Cs Cs ) = IF i _.f[ with the matrix (In 0) in the (s+1)th
0 Atz sl
y

set of G rows, is a GT2 G+H) matrix.

The proof is straightforward and follows from Proposition 2 after elimination

of the (By, B, 4,

ment (21).

The matrices (?1, ?2) contain the criteria for the identifiability of the

I)-restrictions that are explicitly shown in the model state-

parameters belonging to the static and to the dynamic parts of the model. In V¥

we find back exactly all the different ways to identify the static model as may

be compared by checking Proposition 4 of [10]. The rank conditions contained under

¥

, are the additional conditions.
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It is possible for the structural parameter of the dynamic factor analysis
model to be identified without any further prior restrictions beyond the zero-

-one-restrictions shown explicitly at (21). This is the case if in addition to

the observability condition H=p(1'A), vzn;, ...,‘H'TIA;), we also have H=p(1(uy) ;>

1(n0)11x1,..,I(RO)IIle_l). This is in contrast to the static model with 9=0, where

at least GH+lIK+H(ll+1)/2 prior restrictions on Ay' F,Zee,, ZCC' are always needed.

This is an example of a dynamic model where the zero correlation between the

structural observational and state variables equations is sufficient for identi-

fiability.



29.
IV. Concluding Remarks.

The main result of this paper is Proposition 1 and its Corollary 2 which
contain necessary and sufficient conditions for the identifiability of the
parameter of the ARMAX(p,q)-Model when the observational external characteris-
tics are a finite number of first and second-order moments, instead of the
transfer functions employed in the studies of asymptotic identifiability.

We discuss how our results contain the results in asymptotic identifiability
stated in the literature.

In the second part of the paper we developed necessary and sufficient
conditions for the identifiability of the parameter of the ARMAX(p,q)-Model
when some endogenous variables are latent variables. In comparison to the
static model analyzed in [10],the conditions for identifiability of the dynamic
model parameter are far less stringent. We illustrate this by specializing
our results to the dynamic factor analysis model, which is a Kalman-filtering
model with unknown coefficients, and show how observability conditions together
with zero correlations between structural errors are sufficient for identifia-
bility.

Dynamic features of the model help to identify, generally speaking.
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