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COMPUTATIONAL EXPERIENCE WITH KARMARKAR'S ALGORITHM FOR LINEAR PROGRAMMING 

PART II. ALGORITHMIC VARIANTS 

1. Introduction 

This paper reports the results of several variants of Karmarkar's 

algorithm for linear programming. While all these variants work, their 

discussion is presented here with the purpose of better understanding the 

algorithm. 

A summary of the algorithm as originally presented by Karmarkar will be 

given in section 2. A more detailed discussion of it can be found in Pari s . 

The proposed variants will be briefly introduced in section 3. Each of the 

variants will be analyzed geometrically and numerically in section 4. 

Tentative conclusions will be offered in section 5. 

2. The Sphere Algorithm 

The characterizing geometrical figure of Karmarkar's algorithm for linear 

programming is a sphere. For this reason, it is called the sphere algorithm, 

as opposed to Khachiyan algorithm, known also as the ellipsoid algorithm. 

(1) 

Consider the following LP problem: 

min 

subject to: Ax = b 
x > 0 

where A is a (mxn) matrix of rank m. Consider a strictly interior point 

x0 ) 0 for problem (1) an define a projective transformation using the 

diagonal matrix D0 such that D0 = diag(x
0

): 

(2) 
D0 x' 

x = _T ___ = -,-
e D0 x'+l xn+l 
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' T ' where xn+l = 1 - e x and e is a vector of ones. This transformation allows 

the re-specification of (1) as follows: 

(3) min [cTD0 x' - CMINx~+l) 

' ' subject to: AD x - bxn+l = 0 
0 

T I I ... 1 
e x + xn+l 

I I > 0 xn+l ~ 0, xn+l 

or, in more compact form: 

(4) min c•Tx• 

subject to: A'x' = 0 

eTx' 1 

x' > 0 

where x•T [x 
•T 

x~+1L A' [AD , - b], •T T , c = [c D , 
0 0 

Consider now a second projective transformation 

(5) x' = Dx'' 
T 

e Dx'' 

- CMIN] 

where Dis a (n+l)x(n+l) diagonal matrix, D = diag(x'). Problem (4) can now 

be transformed into the reference working framework of Karmarkar by 

substituting (5) for x' and replacing the nonegativity conditions by a sphere 

as follows: 

(6) 

subject to: A'Dx'' = 0 

x'' = a 0 - arc 
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where a 0 = e/(n+l) is the center of the simplex S'' = {x''leTx'' ~ 1, x'' ~ o} 

and of the sphere B' '(a0 , ar), r is the radius of the largest inscribed sphere 

and a is a number between 0 and 1. 

Phase II of the algorithm, as defined by Karmarkar requires the knowledge 

of a strictly interior point, x' > O. The various steps of the algorithm can 

now be listed as follows: 

Phase .!.!. - Iterative Loop 

B.l Define the diagonal matrix D = diag(x'). 

B.2 Define the matrix B 

B.3 Compute the orthogonal projection of the objective function's gradient 

cp =[I - BT(BBT)-lB]Dc'. 

cp/(cp'cp)l/2. 
A 

B.4 Normalize cp, that is c 

B.5 Compute the next interior feasible point using the recursive relation 

x'' = a 0 - arc. 

B.6 Compute the inverse projective transformation 

x' = Dx''/eTDx''· 

B.7 Verify the convergence criterion 

< 2-q 

where q is the precision of the available computing machine. If the 

convergence relation is satisfied, stop. Otherwise, return to B.l. 

Phase I - Initial Interior Point 

To begin Phase II, an initial, strictly interior, feasible point x')O for 

the system 



(7) 
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A'x' • 0 

eTx' = 1 

x' > 0 

is required. To achieve this objective consider the original system 

(8) Ax = b 

x > 0 

A.l Choose Xo ) 0 to be an arbitrary point, strictly interior to the positive 

orthant. 

A.2 Define the discrepancy vector 

d = Ax0 - b. 

A.3 Define the artificial problem 

(9) min X 

subject to: Ax - Xd = b 

x ) 0, X > 0 

Notice that x = x0 and X = 1 constitute a strictly interior point for (9). 

A.4 Apply Karmarkar's algorithm as defined in Phase II to problem (9). The 

optimum value of X is X = 0 which, when achieved, will be associated with 

an explicit, strictly interior, feasible point x' for problem (7). 

3. Variants of Karmarkar's Algorithm 

Two principal variants of Karmarkar's algorithm will illustrate !ts 

essential features: 

1. elimination of the capacity constraint eTx'' s l; 

2. elimination of Phase II. 



5 

In spite of the seemingly essential requirement, it can be shown that the 

constraint eTx'' • 1 is not crucial for the working of the algorithm. The 

reason is based upon the following fact. First of all, from the projective 

transformation 

x' 
Dx'' 

eTDx'' 

it is seen that the coordinates of the x' vector of problem (4) add up to one 

regardless of whether the constraint eTx'' = 1 is imposed explicitly on 

problem (6). In fact, 

T I I 
e Dx 

eTDx'' 
1. 

The elimination of the constraint eTx'' = 1 from the specification of problem 

(6) has, in general, positive effects. For example, the condition number of 

the B matrix (which now has one less row) is improved by an order of magnitude 

which depends on n, the number of variables in the original problem. 

Intuitively, the possibility of successfully solving the given LP problem 

without imposing the constraint eTx'' = 1 is due to the essential role played 

by the sphere B' '(a0 , ar), represented in the algorithm by the recursive 

relation in B.5. Since x'' is a vector whose coordinates differ only slightly 

from those of a0 , we can be sure that they will always be positive and will 

constitute a feasible solution of the problem. Then, whether or not they add 

up to one is not an essential aspect of Karmarkar's algorithm. 

The other major variant deals with the possibility of eliminating 

Phase II and concentrating in Phase I the problem of finding an interior 

feasible and optimal point. The required modification of the artificial 

problem as defined in A.3 is easily justified. Define 
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as the discrepancy in the objective function when it is evaluated at the 

arbitrary point x0 > O. Then, the new artificial problem is defined as 

(10) 

subject to: Ax - Ad = b 

x ) O, A > O. 

A value of CMIN (easy to guess) substantially above the optimal value is 

required. At this point, Karmarkar's algorithm is applied to problem (10). 

If the value of A can be driven to zero, the resulting interior point is also 

optimal. Otherwise, the original problem does not possess a solution. 

4. Detailed Discussion of the Variants 

In the following section a small numerical example will be analyzed with 

the purpose of providing empirical evidence for the deductions discussed 

above. Six scenarios are studied: 

E.l A Phase I problem with the eTx'' = 1 constraint; 

E.2 The same Phase I problem without the eTx'' = 1 constraint; 

E.3 A Phase II problem with the eTx'' = 1 constraint; 

E.4 The same Phase II problem without the eTx'' = 1 constraint; 

E.5 An optimizing Phase I problem with the eTx'' = 1 constraint; 

E.6 The same optimizing problem without the eTx'' = 1 constraint. 

E.l Phase I with the eTx'' = 1 constraint 

On pages 8 throughlO the numerical analysis of this case is presented. 

It is preceded by the solution of the corresponding LP problem performed by 

means of the simplex method. From the printout it can be seen that the matrix 
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A is of dimensions (2x3). The results are those expected, that is eTx'' = 1, 

eTx• = 1, eT~ = O. The condition number at the beginning and at the end of 

the process is 213,94 and 194,61, respectively. 

E.2 Phase I without the eTx'' = 1 constraint 

Pages 11 through 13 report the solution of the same numerical problem 

without the capacity constraint eTx•' = 1. Notice that, now: 

1, and eTx•' + a/ln(n+l) 1. 

This means that x'' does not lie on the simplex, but this fact does not 

prevent the achievement of the goal of finding a feasible, strictly interior 

point. In fact, by comparing the two interior points (with and without 

eTx•' = 1) we notice that they are the same (except for rounding-off errors). 

It took the same number of iterations to solve the two problems but the CPU 

time in this latter case is 20 percent less than that with eTx•' = 1. The 

condition number is also considerably better than in the case with eTx•' = 1. 

E.3 Phase II with eTx•' = 1 

Pages 14 and 15 give the results of solving a LP problem following 

strictly Karmarkar's layout. The same optimal solution achieved by the 

simplex method is reached in 16 iterations and 19.67 seconds of CPU time. 

Condition numbers are better than in Karmarkar's Phase I and Phase II. As 

required, eTx•' = 1, eTx• = 1, and eTc = O. 

E.4 Phase II without eTx'' = 1 

The same optimal solution is ~chieved with the same number of iterations 

but less CPU time. The conditions numbers are better than in the case with 
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( ~ UN'J>1Tt<»t AJ(,l.fr(~= 73.27¥ 
P H A S E 0 N E 

( MANUAL MODE 

:_$ 
( :_$ 

!_SUM('BP1) 
SUMCBPl> = .8882 
:_SLJM <BF'1>+ALPHA/SQRT<N*NP1) 
SUM<BP1>+ALPHA/SQRT<NtNP1> = 1 
:_SUMCCHAT> 
SUMCCHAT> = 1 
:_TABULATE BB 

E N It S 



!:' f 

f·~· ~· ·· ·· ' ·· ·· ~· ·· '" *" ' •.•. , *"*"' j· ,- ~ * '' * ....... , :t:t:t~· :t ~· t:t:t 
.:~~6~ .0974:1 .23 E~E l.487~E-~ -,5£?D9 
.t1c:1 ,1042~ .1~ 92~ 2.6 035E -6 -.97~31 

: _ T A f: U !.. A T E ! 1 [ 1 

~~Jo:---

[ 1 [ • 

***t•,~t•,tttlttt•••*t*ttttttt:tt:t:tt:t:tt:t*:tt 
.3 7 153 0 0 0 0 

0 .29226 0 0 0 
0 0 .~3E8S 0 0 
0 0 0 3.71?3E-7 0 
('! 0 0 0 .097331 

• ¢ ,_ , 

: - f 
:_$ 
: _ JOi.J~, NAL OFF 
:_s EXAMPL E OF PHASE TWO WITH EXT = 1, 

EXECUTION STARTED 

F' H A S E T W 0 BEGINS 

( INPUT IS THE PROPLEM A H!N=l OR A HAXCMIN=-1) ?r MIN 
: :··"1IN=1 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

: > · . ._, .. . ·· N U L L L I N E ENT ERE [I > > > 

A E< c 
ll * ··* '*' *" '"' 1 - 6 3 w 

r: 2 "") 10 4 -
2 

I T E F: PP TF: 0 0 T S 
ll"tt:t t* "4:***** 

2 .036059 
2.328 
4 

RESULTS AFTER ITER = 16 ITERATIONS 
tMEHORY EXHAUSTED - UNMAPPING LINKULES* 
:tUNLOAD LOADED L!NKULES TO INCREASE MEMORY* 

CONVERG 

********* 
6.6554E-7 

Xf'RIME 
t*lt****** 

.56842 
5.2354E-7 

.31579 

.11579 

CF·UF2 CHIN CMAX 

****** 
6.7273 ** ''*** ****** 19:'67 6.7273 

OL!1X DUAL 
********' ********* 1.6364 .36364 
1.5071E-6 .45455 

.90909 2.5381E-8 
0 

BBTROOTS 

******** 
.048787 

2.9597 
4 

eowo rnr11t "11.t ,,,~~,( :. Bl.9'1 

.. . - ··- - -·-- ···--- · - ·· -------.....---------------·· .,.. -- - - - -;·-------- ----- --...... · -- - .. -- ... -· . 

,,,, 



i . 

I 

F· H A ~ E 

M;.. NUA L MODE 
: - f 
: - t 
:_TAP ULATE BB 

!'f·: 

T W 0 

**'**•1 *'* *'1' it1 *'* *'**1 ... * * *:1 ~ *' ~· -· **'*'*'*'*'* 
. 3~E 0 5 4. 0 719E-7 .31S7° -.~ 0 ~ 7 4 
.94737 e.143 9E-7 .21053 -1 . 1~ 79 

1 1 1 1 ~ 

: - s u ~ ( p !=' 1 ) 
~ :_ll"\ ( f' F 1) = 1 
:_SU M< X> 
S \..: ~ \ X ) = 1 
: _2 1_1 ~ ( CHf.·T > 

:_! EXAM PLE OF P HA ~E TW O WITHO UT EXT = 1. 

E N ! 1 S 

-

I t . . 
._+ 

( EXEC UTIO N STARTED 

F· H A S E T W 0 
( 

I NPU T IS THE PROBLEM A M!N=1 OR A MAX <MIN=-1> ?r MIN 
: :·- HPI 

( MIN = l 

( 

( 

( 

( 

( 

( 

( 

( 

: > < < < N :_1 L L L I N E EN T E F: E !1 ' ,.-.,. > 
I NP~ T TABUL INCREME NT 
: >TAr'UL=-5 
: :· · I N CF: EM E tJT 
!NCREMEN = 4 . ·. ... .... .. "":.·· .. ·· .. NULL LINE ENTE RED 

(\ p c 
*'*"*'*'* **' >f' 

" 1 3 6 -- :, 

5 .., 2 10 4 -
2 

I TEF: BPTF:OOTS 
t*** *lllt't*** 

2 .029299 
2.005 C..c !VJ? t 11 "111 fl (,I. /')( l}JEi<_ ::. 6&. '1-3 

ITER IW1 x Cf' CHAT 

**** ***'*** ***:**** *****:**** ******* 5 .293 .56147 -.0073895 -.29795 
.12501 .010324 .021477 .86596 
.29157 .31307 -.0071428 -.288 
.29041 .11514 -.0069441 -.27999 

DD S 

***********•tt~f**************** ******** 
.55238 0 0 0 -.16458 

I 



I 

( 

( 

('· • 0:'38('·7 0 0 .0:?('·:16 
' 0 .3C1 95: 0 -.0£~143 

0 0 0 • l 14 :?9 -.031'?9 2 

~ : =. :-. P ~· 1 X CF' C :-'. A T 
rttt rtt*tt tt•ttt•tt t•tttttttr *'***'* 

9 .2g16° .56E1E -2,4E33E-4 -.2SSS6 
.1:492 3.:-125E-4 7.44:5E-4 .e6:16 
• 2016 4 
.2°1Cl 

.3157 -2.4E05E-4 -.:sss2 

.11577 -~.47?1E-4 -.~S2~~ 

DP S 

*'*•~*ttt•••rt**''*****tttttttttt •tttttrtt 
.~6 7 £7 0 0 0 -.16403 

0 e.1932E-4 0 0 7.09t~E-4 

0 0 .31557 0 -.09105 
~ .. 0 0 .11574 -.0333c1 

~TC" ... . - . _ '.'\ B=· 1 x CF ':HAT 
t * '* '! lt 'PP"+ r· ,. 1· f t .- r· t ". r· • r· r· l , . :+· • r: ,.. r·u:tu·t 

1! .29136 .56841 -8.2E9E-6 -.~8£5C 

. 124 e= 1. 12:2:2E-5 2.511:2E-5 .86814 
,29136 .31579 -8.2887E-6 -.:8655 
.29136. .11579 -e.2884E-6 -.2865'1 

fl ft 
r· , . J6·t· iri·t·r· it·t·i· •·•·tirr·rtirtt·t·J6·t·•· ~· tt'tt)6· t 

.5684 0 0 0 
0 :.76:'3E-5 0 0 
0 0 .31578 0 

s 
r:r·r:t.t'kr·it· it 
-.162S8 
2.3981E-5 
- , 09·:·4E7 

0 0 0 .11579 -.033178 

JTE R BF' 1 x CF' 

* t t't ****n r: * r· r· * t r· •· t ttu·ttt*** 
17 .28628 .56642 -2.3167E-7 

• 12('•06 3.8279E-7 8.:'978E-7 
.2s=:?s .21579 -2.3167E-7 
.286:!8 .11579 -2.3167E-7 

DD 
t~itlttttttfttttttf*************** 

.56842 0 0 0 
0 9,1275E-7 0 0 
0 0 .31579 0 
0 0 0 .11579 

CHAT 

****'**'*' -.25135 
.90026 

-.25135 
-.25135 

s 
***~: ***** 
-.14287 
8.2172E-7 
-.079373 
-.029104 

RESULTS AFTER ITER = 17 ITERATIONS 

CONVERG CF'UF2 CHIN CMAX 

********* ***** 
4.9e65E-7 16 

****** ****** 
6.7273 6.7273 

XF'F: I ME 
U:it·tt't*** 

.56842 

OLIIX 
***~'**** 
1.t.364 

DUAL 
****** 
.36364 

E<E<TROOTS 
******** 

.048787 

i£ 

--- - - - ---- - -



- ( 

"i 

( 

( 

( 

( 

( 

( 

( 

( 

.315 7 9 

~-

~i ANUAL MC'!'E :_. 
:_~ 

: _ TAB!...1LATE 

l, 1 O:.>E -6 
.909 0 9 

0 

H A c E ..., 

BF 

BP 

T w 0 

~- *· ~ - 1 · *· ..-j · ~ - -· 1 *·1·1 '* ~- *· ~· ~ *" ~ j 1" ~· * *"lt*"*"**"t 
.3 7 895 3. 0 4:5E- 7 .3157 9 -.694 7 4 
.<?473' 6.025E-7 

: _!:Lii" ( r· F· 1 ) 
!: U~( f P 1 > = ,07e9 
:_s u ~ c B~l > +ALP H A ' ~ DRT< N* N P l) 

SUM CBPl'+ALPHA .' SQRT<NitNP1 ) = 1.1~3:.> 
:_E: UM<SHAT ) 
SUM( CH AT> = , 14 6~1 

: _~ UM ( B P 1 > + A L P HA / ~D R T < NtN P l > *SUM < CHAT> 
S U ~ C P P 1 >+ ALPHA / SQR T<Nt NPl>tSUM CCHAT> = 1 
! _JOU RN1:iL OFF 

. . . - . . . . . . -- . . ·- . - ... -- ... .. - - ... . - -· . . 

17 

E N !• s 
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eTx'' = 1. Notice that eTx'' * 1, eTx' = 1, and eTc * O. Hence, the x'' 

vector does not lie on the simplex, but this fact does not interfere with the 

attainment of the LP optimal solution. 

E.5 Optimal Phase I with eTx'' = 1 

A numerical example is solved using the regular Phase I - Phase II 

Karmarkar's algorithm. The corresponding results are given on pages 19 and 

20. Notice that it took a combined 57 seconds of CPU time and 43 iterations 

to achieve convergence. The initial and final condition numbers of the (BBT) 

matrix are 213,94 and 81,99, respectively. 

Next, the same numerical example is solved using only the Phase I variant 

with eTx'' = 1. A value of CMIN = 1000 was entered at the beginning. The 

algorithm will update this estimate at each iteration as in Phase II of the 

regular Karmarkar's procedure. 

It took 32.42 seconds of CPU time and 27 iterations to achieve 

convergence. These figures compare favorably with those taken by the Phase I 

and Phase II procedure. The condition numbers at the beginning and the end 

are 203.3 and 102.5. 

E.6 Optimal Phase I without eTx'' = 1 

Finally, the results of optimizing the problem using Phase I without the 

capacity constraint are presented on pages 23 and 24. 

It took 21.36 seconds of CPU time and 26 iterations, a considerable 

savings over either procedure reported in E.5. The condition numbers are also 

improved as they are 96.69 and 60.67 for the beginning and ending iterations. 

At the optimum eTx'' = .92642, eTx' = 1, and eTc = .65814. 

ng 2/5/85 Pl5 
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( 

( 

( 

( 

( 

( 

F' H A S E Q N E BEGINS 

: : · A L F· H A = , 5 

: :. :. : :: N L: L L L I N E E ~ T E r:: Eri :· · > > 
INP UT ARE THE MATRI X A AND VECTOR B DEFINED? CY/NJ Y=1 N=Y=O•Y 
: > Y=1 

NULL LI NE ENT ERED ~>~ · 

('i p 
~:u • ... • :• - 1 3 :.. ,_ 
<-: - - !. '' 

. " . . . .. ·. • " 11 I PI L ,_._. 

t: U~ ~ENT~: 

:n ... ~- • * * 
';} 1 - 4 

~ISC R E P RHS APTIFC 
l•••it* *'* ttttt f 

- .1 6 0 
-

7 l C· 0 
0 

I T E F: B E' TF: Cl 0 T = 
l U 't 'tj"q"** ... * 

I'\..,"? "'t 7 1 . "" -..... -· . .... 
::: . 3 0 15 
5 

!=: E S 1_: LT S AFT E F: I TE R = @ I T E F: A T I 0 N S 

CONVERG CF'UF1 

XF·F: I ME OLDX 
**:U:-Urtt * *' * * * *: *' t• * .37142 1.2722 

.29242 1.0016 

.23884 .81804 
3.0494E-9 1.0445E-8 

.097321 0 

CMIN CHAX 

*' :t * * * * * * * * 2.4159E-15 

DUAL E'BTROOTS 
~· *• ~: * * * ~: * t ~- ****'*:*** 
1.2432E-16 .025692 
1.6699E-16 1. 8368 
1.3722E-9 s 

F'HASE 0 N E 

P H A S E T W 0 B E C3 I N S 

INTER I OF' 

******** .37142 ' 
.29242 
.23884 
.097321 

INPUT IS THE PROBLEM A HIN=l OR A MAX<HIN=-1> ?, MIN 

I Cf 



: > ~!N =- 1 
: : · · .· .· .. N UL. L L. I !'; E E N T E F: E!1 

A f c 
• l .... ~ •* ... 
~ 1 . t . ~ 

e ~ 
..., ! •:1 ~ _, 

-

! ' E F F°E' T t:: D : : : ~ 
:! 4 • .. .. ~ * .• * .•.•.. 

~ -: -:-,1-·-. -· ..... : -· 

1 - ~ ~~ G R~ ~ X~~~= TE D - ~ N~ A = P !N G L.! NKU LES* 
li '..11\ :... G ~; I · L. c• ~ !:1E1· L ! N t< u L.. E 2 : [ : I Ix C' F: Eh s E ME M C1 Ry:+" 

F: E = ;_1 L. TS A:::- TE F: I TE R = @ I T EF: AT ! 0 NS 

CQ ,,, ~ :EF: C' cc·uF : CM I !~ 'r 3 C~A "'. 
tt~'+fiii~ *j*'**~ ****•t 

XPF: I ME DUAL. PB TROOTS 
f~j~ft*f ~ ********t tttwf~)*** ~·r•r•r r 

. s .: 6 4'.::: ! • 63 6 4 
l .7:'.76 E- 2 5.0 88 5E-E .454~5 ~.95 9 7 

. 3 15 7 9 .90909 8.3701E-11 4 

.11579 0 

( F' H A S E T W 0 

Mr-:NUAL. MODE 
( : - $ 

: - '* :_$ 

~O'UD. :Jt - Pf. q 'I 

E N [I S 

:_c EXAMPLE WITH OPTIMAL PHASE ONE WITH EXT=1 
• ¢ . - ., . 

( : - $ 

Za 



' ) 

;;.. ' 

M ,; ~,'. :.._: ~. :.. M 0 [1 ~ 

: _ _i ::; :_:r: N;i L OFF 
! _ C· F T I F l I..' 
E\ E: UTI 0N STARTED 

F' H A S E 

H F L' T A L P f-i ~: D 

t !_ ~· H ~ = 
: :· Q 
(.< - .., r: 

r . _; 

0 N E 

: :·-...- · .. ·.. N '-' L L L ! NE EN T ERE D > > > 

B E G I N S 

!NP UT ARE THE MATRIX A AND VECTORS B AND C DEFINED? <YIN> Y=l N=Y=O,Y 
. ,_... _..._... NULL LINE ENTERE~ >>~· 

( ; f'. c 
~nn u *' 
'.:! 1 3 6 3 
s ~ ~ 10 '1 

:> 

I NPUT ARE DATA OK? (Y/N) Y=l N=Y=Ot Y 
: ><<< NULL LINE ENTERED >>> 
INPUT IS THE PROBLEM A MIN=l OR A MAX=-MIN=-1 ?, MIN 



( 

( 

( 

( 

( 

( 

( 

( 

: ·. M ! 1'1 
MIN = 1 
• " " · · N ;_r L.. L L I N E E N T E R E [' .· · . , . · 

A UGM ~ I,!; I~: .............. ~ · 

c; .., .., -... - - / 

- ., ,... 

Hi::; I FC 
l· ~1i1· H 

1 ' " ·i 

I T E r.: f' F TF: G 0 T ~: 

·i ~_.q "* *** 'H t. 

'; -: :... ":' ' ._ • - _, I c: 

!TE~; = ~-..:. / I T EF: AT I 0 N S 

I T E F.: R ; ! 0 t< ?. 

CMAX 

* ~ ll' ll ll i 
6+7:'.74 

Xt:F: ! M= OL.. rr>'. 
~ · :+. ~ * :t .•• i' :t •**** ·U·** 

DUAL 
:t:t:t:+ :t**' * 

BPTRO DTS I NTEP !OP 

******** ********* .s6e41 1 +6363 .36366 
! .4~C~E-5 4. :'.:'.91 E-5 +45454 

. ::1:::9 • 9C·909 4, t:·7E- .:. 
1. 3444~-E: '2.e703E-8 

.11579 0 

[F-' 1 x CF· 
*it: ll ll' :tl it tit·'ll'it **::u: ********** 
.:'.4083 .5t841 -1.2347E-5 
. 13876 1.4t.91E-5 1.8521E-5 
.24082 • 3157<;1 -1.2347E-5 
.13876 1.3444E-8 1.852E-~ 
.24082 .11579 -1. 234 7E-5 

XF'RIME 0Lr1x DUAL 
***'***** ********* ******** .56941 1.6363 .36366 
1.4t91E-5 4.2291E-5 .45454 

.31579 .90909 4.657E-6 
1.3444[-8 3.8703E-8 

.11579 0 

.048785 .568•i1 
2.9596 

CHAT 

******* -.36516 
.54773 

-.36515 
.54771 

-.36514 

BBTROOTS 
******** 

.048785 
2.9596 
5 

1.4691E-5 
.3157t;' 
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( 

( 

( 

( 

(_ 

( 

( 

( 

( 

t H A : E 0 N E E N D : 

r-:r : ~J:_1 {..L MDI' :: 
: _ _ :.J :_:::N.;;_ CF F 

: - t 
:_i 
: - i-
: _ f EXAMP LE QF OPTIM AL PHAEE ONE W!THO~T EXT = 1. 
:_~ 

: - t 
: _ Q F' T F 1 W 0 :!. 

EXE CUT IO N ~ TART E D 

F H A ~ E 

I N ;:· U T A L i: H H Ci 
: :" ALF f-iH 

~ . .. 
: ~·. !] 

G = : :: 

0 N E 

- -~ N U LL L! NE E N TE ~ E D . , · 

B - G ! N S 

IN~LlT ARE THE MA TRIX A AN ~ VECTO R£ f AND C DEFINE~? ( YIN ) Y=l N=Y= 0•Y 
• . v 

y = 1 . . . · 
~: 

n .:-tq 
2 1 7 

~· 

5 '") .... -

NU LL LINE EN TERED 

p 

** e. . {'i 

c 
* 
3 
4 

I N ~ UT ARE DATA OK? ( Y/ N) Y=l N=Y=O, Y 
: :: :: : · NU L. L L I NE E NT E F: Er• > > > 
! NF~T IS THE PRO BLEM A MI N=l OP A MAX=-~IN=-1 ?, MIN 

~ ! N = 1 
: :: :: : :· NU L L L I N E ENT ER Er1 
INF'UT CHIN 
: >CMIN=10 00 
: ~ · ~< · ' NULL LI NE ENTE RED 

AUGMENTA 

******** ~ 1 3 4 

DISCF.:EF' 
tll't.U:tt 

-4 
-7 

F:HS 

*** 
6 

10 

ARTIFC 
tU:t* >r 

3 
4 
2 

998 

>>> 

· .. ·. · .. 

*MEMORY EXHAUSTED - UNHAPPING LINKULES* 
*UNLOAD LOADED LINKULES TO INCREASE MEMORY* 

ITER BBTROOTS 

**:** *****'*** 4 .024565 
2.3752 
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( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

t · ::- = : 1: :c AFTEF . ·- - - -

RE~ L1L T ~ A=- r E i:: 

!TE = '"' ' .;:_ . 

I T[F' = Q 
Cl"' I~ 

; f ... JI .. 

c,,7::4 

ca...:. x 
• ii:. ll .L• 
J... ..,'":'-:' "-
- • • - . '+ 

X t · r . ':'lo(=-' r . ... I 1 - o:.. r·x 
*•n•is•q 

r11_: .; :.. r B T F· C\ : · "!" ~ I N. r n• : o ~ 
H '*•Ht :4. * 

.5!-241 
! .SC'·45E-5 

• ·:;·.:·.·709 
1 i.. C:~""ZC-C ••t..·---- -· 4. ?s::?:::-e 

PF· 1 x 

.. *~* .. + 1t~ .. ···~ .......... t 
.3C:3t.7 
.45454 

c F' 

,(;·4':784 
:;,959: 

.:-6841 
l. e ·:·45E-5 

~ .11:"?-:-

~ · ·•· 11· ;· 1 lt .. P-.:n~ ..... :n :it*:'nlitH 
CHl.r ~ C-:r>. ~ -

**U*:H 
• ::; 4 3 .5tS41 -9 .630'7E-6 -.:21736 

1 '") .!. i' 5 1 . 8 ·~42E-~ 
~ 

7· c· ~7E-5 . . .C-55! 
~ ~4-

.' ..: ..: ~ • 315 7 8 -9. 63C·4E-6 -.21735 
.6550e 1 - , ..., .· 1 6:-13E-2 ") . ... ..:. c . ~· . -. . :: :43 . 11579 -9. 

VC:• r · T ~t:' , , . r . • . . -
·~ l ·•••· 1 : ...... 

"':: ~ C-:EC . ,_ ... - .• -

OLDX 
p ··n ·n .. ** 
1.6363 

1 . 6 513E-S 4.7539E-S 
.1157° 0 

9C·:26E-5 
63C'•lE-6 -.21734 

Ii U A L P PT F; 0 0 T S 

*-. :nit·it ~* .. ***** 
• 3 .:.. 3 t ., . 0 4 8 7 8 11 

~ · H A S E 0 N E E N D S 

: - $ 
~ - ~ 
! _S L!M ·'. f ·;: 1 ) 
SU~<BF'l) = 
LSUM<X> 
~ U M < X> = 1 
:_~ U M ( CHAT) 

.9264~ 

S UMCCHAi> = .65814 
:_JOURNf".iL OFF 

60.,1 
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