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ABSTRACT

A production model is developed based on the postulate that the firm's
economic behavior depends on the form of the probability distribution function
of output which is defined as the firm's output distribution. In general all
of the moments of the output distribution may be functions of the inputs and
the parameters which characterize the firm's technology. After showing how
this approach is related to the literature, it is shown that the "standard"
stochastic production function specifications impose generally unacceptable
restrictions on the relationship between the inputs and the output
distribution's moments. Next, a "linear moment model"” is proposed which is
free of such restrictions, and large sample econometric techniques are devised
which provide parameter estimators which are asymptotically equivalent to
Aitken estimators. The paper concludes with a comparison of the proposed
econometric techniques to others that have been proposed for estimation of

output distribution and frontier production models.



THEORY AND MEASUREMENT OF OUTPUT DISTRIBUTIONS

In this paper I set out a production model based on the thesis that the
firm's decision maker views output, Q, as a random variable conditionally
distributed on the input vector x and the parameter vector a which
characterize the firm's technology. Therefore, the firm's economic behavior
depends on the form of the probability distribution function of Q which is

denoted by £(Qlx, a) and referred to as the firm's output distribution. This

interpretation of a firm's stochastic technology 1is of interest because it
suggests that, in general, all of the moments of the output distribution may
be functions of the inputs and the parameters which characterize the firm's
technology. In this paper I discuss the theoretical foundations and propose
some empirical techniques for the study of production models based on the
output distribution concept.l

The first section of the paper is devoted to various results from the
statistics, econometrics, and economics literature which serve to motivate the
output distribution approach and illustrate how the output distribution's
moments are important in terms of specifying a firm's technology and
understanding the firm's behavior under technological uncertainty. The second
section discusses several of the stochastic production function specifications
in the literature and shows that they all impose generally unacceptable
restrictions on the relationship between the inputs and the output
distributions's moments. In section 3, large sample econometric techniques
are devised which produce consistent, and asymptotically normal estimators of
the model's parameters. The paper concludes with a comparison of these
econometric techniques to others that have been proposed for estimation of

output distributions and frontier production models.




1. Statistical and Economic Foundations of the Output Distribution Model

Our first task is to explore the relationship between the moments of the
output distribution and the characteristics of a firm's stochastic technology.
Can we use these moments to uniquely characterize a firm's technology? To
demonstrate that the answer is affirmative I draw upon some results from the
"problem of moments” in the statistics literature.2 Kendall and Stuart (1976,
Ch. 4) prove the following theorem:

Theorem 1: Let uy denote the moments of a distribution calculated about

any origin. The moments uniquely determine the distribution 1f the

series

T pgtl/an
i=0
converges for some real non-zero t.
For the study of output distributions the following corollary to Theorem 1 is
particularly important:
Corollary 1: The moments uniquely determine the distribution if it is
defined over a finite interval of the real line.
Since we know that an output distribution must be defined over a finite
interval of the real line, it is uniquely determined by its moments. In
practice we may often need to approximate a firm's output distribution with
relatively few moments because the distribution may have many (or even an
infinity) of moments. Kendall and Stuart also suggest a method for such an
approximation. They let a distribution be approximated over some interval,
say [0, Q*], by:

n
Z bizi
i=1



where the by are found by minimizing the squared approximation error:

Q* n
fo [£(z) - % bizi]2 dz
i=1
Minimization of the above expression gives:

Q* Q* n
fo f(z)zldz = uy' = fo T byzlt] gz
j=1
Thus, Kendall and Stuart (p. 90) conclude that "if two distributions have
moments up to order n then they must have the same least squares
approximation, for the coefficients by are determined by the moments.”

These results have great importance for our interpretation of output
distribution models, for they tell us that we can uniquely identify, or
approximate to a desired degree, a firm's stochastic technology with the
output distribution's moments. Consequently the firm's optimal input choices
depend on these moment functions, as we shall now demonstrate. We let product
and input prices be given by p and r and for simplicity assume they are not
random variables (assuming they are random would complicate the analysis
without altering the qualitative conclusions concerning the output
distribution model). Expressing profit as m = pQ - rx, and letting U(*)
denote the firm's concave utility function, the firm's objective
is: max EU(n) =/ U(n)f(Qlx, a) dQ. The input choice which maximizes the

X
expected utility of profit satisfies:

9EU(™) _ s u' 37 £(Qlx, a)dQ + / U(n) 3f dq = 0
9x 9x X

or: r J U' £(Qlx, a)dQ = J U(w) EE dQ
9x

As usual, the optimal input choice equates the expected marginal cost to the

expected marginal benefit.2 The first term above is the cost term, the



expected marginal utility per dollar times the input price. The second term,
the expected marginal benefit, is expressed in terms of the change in expected
utility due to the shift in the mass of the distribution which is induced by
the input change. Since we know that:
r ¥ aq =0
X
we can interpret the marginal benefit as a weighted average about zero of the
utility of each possible profit level. If on average the mass of the
distribution increases for higher utility levels and decreases for lower
utility levels, the marginal benefit is positive.3
The connection between the output distribution moments and the firm's
behavior can be introduced explicitly by expanding the utility function about
expected profit before taking the expectation of utility (see Anderson,
Dillon, and Hardaker, Ch. 6). Letting Em = 7, and letting U; denote the ith

derivative of U, we obtain:

L--]
EU(n) = U(m) + £ Ui plyy
i=2 1!
Differentiation gives:
BEU(m) = [U3 + = Ui+l plug) 3™+ 1 Uj pl 3y
9x i=2 14l ax 1=2 1! 9x

Now recalling that the firm's technology 1is uniquely characterized by the
output distribution's moments, we can see that the firm's optimal input
choices depend on the effects of inputs on the technology as represented by
the functional relationship between the uy and x.

A further understanding of the behavioral implications of the output

distribution model can be gained by interpreting it as a frontier production



function model (for references to the literature see Forsund, et al. 1980). To
do this we note that a frontier output distribution model must account for two
factors: the effects of inputs on the relative position of the mass of the
distribution function, and the effects of inputs on the location of the
production frontier, denoted as Qp. These two elements of the frontier model
can actually be considered as one and the same by defining the distribution
function over the positive real line, by assuming it is unimodal, and by
defining Qp as that Q > 0 which satisfies £(Qlx, a) = 0. Viewing the frontier
model this way is useful because it shows that the firm's choice of inputs
determines the position of the mass of the distribution. The different ways
the various inputs and production techniques shift the distribution's mass,
together with the form of the firm's objective function, determine the
benefits the firm obtains from the inputs. For example, an increase in an
input could shift the entire mass in the positive direction (see Figure la);
other inputs may have little effect on the frontier while shifting the mass
rightward towards the frontier (see Figure 1b); still other inputs may shift
the frontier rightward without greatly altering the position of the mass (see
Figure lc).

The frontier interpretation of the model has several interesting
implications. First, frontier output distributions will not generally be
symmetric distributions. Clearly, therefore, odd moments of the third and
possibly higher order are likely to play an important role in determining the
shape of the output distribution. For example, in Day's (1965) study of yield
distributions of field crops, it was found that as fertilizer applications
increased the distributions systematically shifted from a positive skew shape
to a negative skew. Essentially, the increased fertlizer input shifted much

of the mass rightward towards the production frontier, with more and more of



the mass "piling up” near the frontier as fertilizer input increased.

Secondly, the frontier model suggests that output distributions are not likely
to be well approximated by normal or other symmetric distributions;
consequently, the mean-variance criterion may be very inadequate in analyzing
behavior under technological uncertainty. As an example of how the
mean-variance model could lead to exactly the opposite conclusions from a more
general expected utility model, consider a case in which an input increase has
a small effect on the mean but substantially increases the distribution's
variance and skewness. In this case the mean-variance criterion could indicate
a reduction in expected utility whereas a more general utility model (say, with
mean, variance, and skewness) which attached positive utility to skewness could
show that the input change would increase utility. As an example of how this
might occur, consider a third-order approximation of the utility function. The
firm's decision would depend on the mean, variance, and third moment of the
output distribution. A risk averse individual has Uy < 0, and if the
individual is downside risk averse as defined by Menezes, Geiss, and Tressler
(1980) then Uz > 0. Therefore, the decision maker prefers output distributions
with a positive skew over those with a negative skew. This issue of skewness
is not only of academic interest, as shown by research on the behavior of
subsistence-level farmers in developing agricultures. It seems likely that
these farmers are very concerned with down-side risk and may choose techniques
accordingly; moreover, this attitude may differ substantially from the
attitudes of wealthy farmers. The output distribution model could be used to
determine the relationships between production inputs and the shape of the
alternative technologies available to these farmers, and thus improve our

understanding of their technology choices.



We can also relate the output distribution model to stochastic dominance
theory. Hadar and Russell (1969) show that if distribution g is preferred to f
by all agents with monotonic increasing utility functions, that is if g is
greater than f in terms of first order stochastic dominance, all of the odd
moments of g about the mean are greater than the odd moments of f. It also
follows that all of the positive moments about zero are greater for g than for
f.4 Therefore, first order stochastic dominance implies a set of testable
restrictions for the effects of inputs on the output distribution's moments.

If an input has a positive effect on all moments, then we know that more of the
input is preferred to less in the sense of first order stochastic dominance.
However, in the case of second order stochastic dominance (the case of risk
averse agents) there is no such systematic relationship between moments and
preferred distributions. This does not mean that studying the moments of
output distributions 1s not a worthwhile endeavor, for as we have shown above
we can use the moments to approximate distributions, and using the local
approximation of the utility function leads to direct interpretations of

the moments' effects on firm behavior. In addition, if we were interested in
studying second order stochastic dominance, the moments could be used to
approximate the distribution function and determine whether the stochastic

dominance condition holds.

2. Interpreting Stochastic Production Models as Output Distributions
Two stochastic specifications of production functions have dominated the
econometrics literature. These are:

i
Qg = m(xg, B) + ug, Eup = 0, Euy independent of x for all {1 (la)

i
Qk = m(xg, B) ug, Eug > 0, Eug independent of x for all 1 (1b)



where m(x, B) is a function obeying the usual regularity conditions. The first
specification implies that only the mean of the output distribution is a
function of the inputs. The second implies that the relationship between the

inputs and the ith moment is determined by the parameters B, since:
i { i
E(Qg) = m(xy, B)* E(uy)

Clearly, both of these specifications are unacceptable for a theory of
production based on the hypothesis that the moments may be general functions
of the inputs and not arbitrarily restricted as in these models.

In order to study the variance of output as a function of the inputs,
Just and Pope (1978) specified a model which does not restrict the

relationship between inputs and variance as model (lb) does. Their model is:

Qk = m(xg, B) + h(xk, Y)ek, €k i.i.d. (2)

= m(xyg, B) + uy

Just and Pope show that this model allows inputs to have separate effects on
the mean and variance of output. They propose an estimation algorithm which
involves: (i) least squares regression of Qg, on m(xyg, B) to produce consistent
(but inefficient) estimates of B; (ii) linear regression or the log residual

In I;kl on In h(xg, Y) to produce consistent, asymptotically normal estimates
of ¥ [In h(xyg, Y) 1s assumed to be linear in the paramters]; reestimation of B
using weighted least squares, with h(xy, ;)"5 as weights to obtain
asymptotically efficient estimates; an interative estimation algorithm to
obtain asymptotically efficient estimates of Y.

Although the Just and Pope model is somewhat more general than the models

in (1), I will now show that their specification imposes generally undesirable




restrictions on the second and higher order moments of the output distribution,
just as model (1b) imposes such restrictions on all of the moments. To show

this we simply note that, from (2),
i p B
ug = h(xg, Y) &g
so that
i i b
E(ug) = h(xg, Y)*E(eg)

Clearly, then, for i, j > 2 the parameters of the ith moment are directly
related to the parameters of the jth moment; if In h(xg, Y) is linear in the
parameters then the parameters of the jth moment are equal to j/i times the
parameters of the ith moment.? It is also clear that if the ith moment of ey
exists, then the ith moment of Qy exists and is a function of xy with these
restrictive properties.

If we interpret the Just and Pope criticism of the standard models in
(1) as saying that the effects of inputs on the second moment should not be
constrained to be zero or to have the same sign as their effects on the first
moment, then the consideration of higher order moments suggests the following
generalization of their principle: the effects of inputs on each moment of
the output distribution should not necessarily be determined by their effects
on lower order moments. Each of the models discussed above fails to satisfy
this "principle of the output distribution.” In the following section I
propose an alternative model which does satisfy this principle, and then

discuss estimation procedures for it.
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3. Specification and Estimation of Output Distributions
In this section I develop estimators for the parameters of the following

linear moment model:

Q = m(xg, B) + ug, Eug = 0, Eupuy' =0, k # k' (3)
i
up = XKY4 + Viks Evik =0, 1 2 2. (4a)
Note that (4a) implies :
i 2 2
Eug = uyk = xk¥1, E(vik) = w21,k = Mik» E(VikVik') = 0, k # k' (4b)

This model clearly satisfies the output distribution principle defined above,
as there are no a priori restrictions on the Y4 across moments. For the
asymptotic results derived below we let X be the (N x k) matrix of the x, ul
and vy are (N x 1) vectors of the ui and vyi, and we assume that X'X/N
converges to a positive nonsingular matrix as N approaches infinity and plim
X'uy/N = 0. Under the conditions in (3) and other standard assumptions,

least squares estimation [either linear or nonlinear, depending on the

-~

function m(x, B)] produces a consistent estimate B of 8 (Malinvaud, 1970).

We then have the residuals:

-~ ~ -~

ue = Qe - Qo = m(xg,B) +ux - m(xg,B) (5)

Using the binomial theorem, (5) implies:

~ ~ i - -~
up = [ug + m(xyg,B) - m(xg,B)] -jzo(j) [ug] - [m(xk,B) = m(xy,B)]

. X % 1-3 |
=ug +I (§)ug] ~[m(xg,B) = m(xyg,B)] (6)
J=1

-~

From (6) it is clear that Eug # uyp. However, in the limit the bias vanishes

~

because plim B = B, and using a well known limit theorem (Rao 1971,

pp. 120-124) it follows that:
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= S i
plim up = [up + m(xg,B8) - plim m(xg,B)] = uy (7)
“1 i
Therefore, uy converges in distribution to uy (Dhrymes 1974, p. 93), that is:
| ”i i.d. i
> up ——  uyp (8)

Next I construct the estimator:

Y* = (X*'X)71 X'ul = vy + (X'X)7] X'vy (9)
i
which is obtained by regressing uy on xyYj. It follows from (8) that:
* ~, 1.d.
vi = x'x)~1 xrul =57y * (10)
and hence
plim Yi* =Yy = plim vy (11)

Using (11) and (4) we have:

- - 2
plim xy Y924 = plim (kai)2 = W21,k ~ Mik (12)

Now define:6

-~ -~ ~

- 93 = diag [m21,k - uiil and @y = diag [xpYoq - (xxYv1)2], (13)
k=1, « « «, N
We are now prepared to prove the following Theorem:
-1

'Q4X

X1

Theorem 2: Supposenlim N 1is finite and nonsingular and that pji and
2EE0LN X i
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M2,k exist for { = 2, . « ., M. Then the feasible generalized least squares

estimator:

“GLS o e T |
Y{ =(X'4X) X'Qul, 1=2 ..., ¥

has the same asymptotic distribution as the Aitken estimator:

GLS -1 -1
Yy = (X' X)7Ix'@q ul, 1 =2, ..., M

Proof: It is sufficient to show that:

~m -1
Xty 2 208y X (14)
plim N = plim N

and
X'§q ut X'y ul
plim = plim (15)
Y N V' N

Equations (12) and (13) show that (14) is satisfied for each element. (15) holds by

the fact that the elements of {ij converge in probability to nonstochastic term, and
~1

by the fact that u converges in distribution to ul, Therefore, each element of

i -1

4 ul converges in distribution to 4 ul (Rao 1971, pp. 116=124). Thus (14) and

(15) hold and we can assert that:

N “GLS i.d. GLS
plim V' N (y4OLS - y4CLS) = 0 and hence Yy =-— Yy . Q.E.D.

* GLS GLS
Although the estimator Yy converges in distribution to Yy , 1t is not a

fully efficient estimator because the errors vy are correlated across equations.

To see this, note that:
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A GLS estimator for the parameter vector B can also be devised. Let Q
be the (N x 1) vector of the Qg, let:

21 - diag [uz’k], k = 1,0--,”

~

and define L] accordingly. By the same arguments as in the above proof we
have the following result:

Theorem 3: Under the conditions of Theorem 2 the feasible GLS estimator:

“GLS s T T
B = (X'} X) X'I; Q

has the same asymptotic distribution as the Aitken estimator:

GLS -1 =1 =1
B = (X'T; X) X'Ij Q.

In addition to the heteroscedasticity of the errors in the moment
functions, it is easy to show that the errors are contemporaneously correlated
across equations. Therefore, efficiency may be gained by utilizing a multiple
equation GLS estimator. In the discussions to this point the same input
matrix X has been used in each moment equation, although this need not be the
case. For example, restrictions on the parameters of the moment functions
would essentially break the identical regressor situation. Therefore, I shall
now consider the joint GLS estimation problem under the assumption that the
regressors are not identical across moments; the identical regressor situation
1s obviously a special case of this model.

The cross equation correlations are given as follows:

E( ") = E( 1 " - 'vy) = i+l = K
UkVik Ugug UgXg Y1 Hk ’

=0 ,k#Kk'
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i J
E(vikvik) = EQug = xpvq)(ug = XkY§) = Mi4q k Uik ks all 1,3
E(Vikvjk‘) =0, k # k'

Now let

diaglui*l], 1 = 1,...,M

™
[
L]

U4 = diag[u1+j,k - uik“jk]! 1, = 2,e0.,M

Ly = diag[xyYi41]l, 1 = 1,e04,M

-~ ~ -~ -~

iy = diag[kai+j - kaikaj], 1, = 2,444,M

and let

=

. . . L]

ZM SZHZ . . . ﬂbﬂj

-~

and & is defined accordingly. Finally, define X; as the matrix of regressors

for the ith moment function, and define:

X*

diag[X4]

~ ~

y' = (Q, uzt"‘s“M)! Yl e (quz""sun)
6' = ( B’ Y2,"':YH)

. -1 =1 *-1
6CLS = (x*'2 "X*) X% 'y

The following theorem is a direct generalization of Theorem 2:
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Theorem 4: Let @71 = [21]], and assume 1im X;'w1JXy/N 1s finite and
nonsingular for 1,j = 1,...,M. Then §GLS converges in distribution to the

joint GLS estimator:

-1 -1 -1
6GLS = (xx'q X*) X*'a vy.

=1
Proof: By (11) we know that the elements of & converge in probability to

the elements of ¥ .« Therefore, as in Theorem 2 we have that:

-~

plim X' X*/N = lim XA'Q  X*/N
plim X*‘;_ ;//N = plim x*'u-ly/JN
and it follows that ;GLS 1,d. §GLS, qQ.E.D.
Based on these results, an estimation algorithm for the moments of the
output distribution proceeds as follows:
(1) wuse least squares to obtain unbiased or consistent estimates of B;
(11) wuse least squares to obtain consistent estimates of the moment
function parameters Yj which are of interest to the analysis;

(111) use the Y4 to form estimators of the covariance matrixes;

(iv) wuse the estimated covariance matrixes in GLS regressions.

4. Applications and Extensions of the Linear Moment Model

The econometric models in equations (3) and (4) and the proposed
estimation techniques have several important advantages over the models and
methods used in the literature. One major advantage is that only one
observation per individual is required when cross section data is used, or
only one observation per time period is needed in the case of time series
data. Repetitions for each individual are not required as in the "method of

moments” estimation approach used by Day (1965). Another advantage is that
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standard test statistics can be employed to test hypotheses about the effects
of inputs on the moment functions. A third advantage is that these linear
functions and associated test statistics can be computed with readily
available software at a low cost.

In terms of approximating the shape of the distribution, at least two
approaches are available. One is use of a polynomial approximation as
discussed in Section 1; however, it is not clear whether this approach would
produce useful approximations. An attractive method would appear to be to use
the first four moment functions in combination with a Pearson-type
distribution, as a means of achieving an approximation. Day (1965) found
Pearson's Type-l1 distribution performed well and it would appear to be
suitable for other agricultural or nonagricultural applications.

Recalling the interpretation of the output distribution model as a
frontier production model, it is interesting to note that the production
frontier is obtained as a by-product of the distribution approximation. It
is quite remarkable to observe that production frontiers are apparent in the
distributions Day studied, although he did not discuss the frontier production
function interpretation. As an empirical technique for estimation of frontier
production models it is also worth noting that because the linear moment model
can be estimated with standard linear techniques, it may be an attractive
alternative to the "stochastic frontier production function" proposed by
Aigner, Lovell, and Schmidt (1978). The stochastic frontier model requires
the use of nonlinear optimization techniques to obtain maximum likelihood
estimates of the parameters. Furthermore, by using the output distribution
model it is not necessary to make the stochastic frontier assumption that was
introduced largely to facilitate the use of the maximum likelihood procedure.

Although recent research has introduced distributions into the stochastic
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frontier framework which are more plausible than the half-normal model of

Aigner, Lovell and Schmidt (see the papers in Annals of Applied Econometrics,

1980), a more flexible approach might well be the use of approximations based
on the estimated moment function introduced in this paper. Future research

will investigate this possibility.

jms B-17 4/16/81
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Footnotes

l. The concept of the output distribution is, of course, implicit in any
stochastic production function model. However, most specifications are
designed to measure mean productivity and typically ignore the possibility
that other moments may be functions of the inputs. The first explicit
recognition of the broader implications of the output distribution concept
appears to be Day's (1965) seminal study of yield distributions in
agriculture. Assuming the yield distributions were in the class of Pearson
distributions, Day found standard measures of skewness and kurtosis to be
functions of fertilizer input. Also Anderson has studied the relationship of
output distribution moments to input use (see Anderson, Dillon, and Hardaker,
1977, Ch. 6), and Just and Pope (1978) have developed a two moment production
model and discussed its economic interpretation.

2. Of course this approach presumes that the moments of the output

distribution exist. If they do not exist, all of the standard econometric

formulations of production models would be misspecified.
3. In the "usual” expected utility model Q is written as Q = m(x)u or
Q = m(x) + u, where m(x) is a deterministic part and u is a stochastic part
independent of x. Then the optimality condition 1s expressed as:
SEU(T) = s y' 2T £(u)du = 0
9x 9x

Using this model we could perform a change of variable and rewrite EU(m) as:

EU(r) = J U(r) £(Qlx, a)dQ
Then the optimality condition becomes:
3EU(T) = s y* 3™ £(Qlx, a)dQ + / U(r) 3£ dq = 0
9x 9x ax

as shown in the text.
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4, Note that we must have 32EU/3x2 < 0 to ensure concavity of the objective
function. When f(Q) depends on x, concavity of the utility function is not

sufficient to ensure this condition. It can be shown that Bszaxz < 0 and

;o %f.dQ > 0 are sufficient conditions for concavity; only the former
X

- condition is needed 1if the firm is risk neutral.
5. Hadar and Russell show that first order stochastic dominance implies g

dominates f if:
J u(v) g(v) dv > J u(v) £(v) dv,

where u' > 0. Since u is a monotonic increasing function for odd moments
about the mean (or zero) and even moments about zero, these moments are all
greater for g than for f.

6. Due to this condition, it follows that the standard measures of skewness
and kurtosis, S = UB/U23/2 and K = u4/u22, are independent of the inputs,
regardless of the form of the h(x, y) function.

7o Diag [Zyyx], K =1, « « «, N, 1s the (N x N) diagonal matrix with kth

diagonal element Zyy.
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