%‘““‘“\N Ag Econ sxes
/‘ RESEARCH IN AGRICUITURAL & APPLIED ECONOMICS

The World’s Largest Open Access Agricultural & Applied Economics Digital Library

This document is discoverable and free to researchers across the
globe due to the work of AgEcon Search.

Help ensure our sustainability.

Give to AgEcon Search

AgEcon Search
http://ageconsearch.umn.edu

aesearch@umn.edu

Papers downloaded from AgEcon Search may be used for non-commercial purposes and personal study only.
No other use, including posting to another Internet site, is permitted without permission from the copyright
owner (not AgEcon Search), or as allowed under the provisions of Fair Use, U.S. Copyright Act, Title 17 U.S.C.

No endorsement of AgEcon Search or its fundraising activities by the author(s) of the following work or their
employer(s) is intended or implied.


https://shorturl.at/nIvhR
mailto:aesearch@umn.edu
http://ageconsearch.umn.edu/

RESOURCE ALLOCATION AND A FITTED
PRODUCTION FUNCTION

J. H. DuLoy*

1. Introduction

Over a considerable period of time, econometricians have been
attempting to estimate the marginal productivities of resources by the
use of regression analysis. The first use of the most commonly used
functional form, the Cobb-Douglas or logarithmic function, was in an
attempt to answer some questions concerning the distribution of the
product of the economy between capital and labour, using time-series
data.! Currently, regression methods of estimating marginal produc-
tivities have been largely confined to cross-sectional studies of agricul-
tural or pastoral regions.”

There exists a considerable body of literature dealing with the
statistical problems involved in fitting regression functions for this
purpose.® There has also been discussion of the validity of the results
from a function fitted to a sample of farms when applied o an
individual farm. This present article has nothing to say on these
problems, and will, in fact, assume that the regression coefficients in
the functions fitted provide unbiased estimates of the population
coefficients.*

However, there exists a quite different problem, largely untouched in
the literature in relation to estimated marginal value products. This
problem may be defined in a question: “Given that the production
function has been estimated, how is an optimum allocation of resources
defined, and how should resources be moved to obtain it?”

In the next section the most common method of interpretation of the

* University of Sydney. The author’s thanks are due to Dr. H. S. Konijn, who read
the first draft and made some useful suggestions.

'C. W. Cobb and P. H. Douglas, “A Theory of Production,” American Economic
Review, Vol, XVIII, Supplement (March, 1928), pp. 139-165.

*For a recent Australian example where a function is fitted to time-series, see G. O.
Gutman, “Investment and Production in Australian Agriculture,” Review of Marketing
and Agricultural Economics, Vol. 23, No. 4 (December, 1955), pp. 237-310.

*See, for example, H. S. Konijn, “Estimation of an Average Production Function
from Surveys,” The Economic Record, Vol. XXXV, No. 70 (April, 1959), pp. 118-125.
The literature has been reviewed by R. M. Parish ‘and J. L. Dillon, “Rccent Applica-
tions of the Production Function in Farm Management Research,” Review of
Marketing and Agricultural Economics, Vol. 23, No. 4 (December, 1955) pp. 215-236.

* This assumpnon, of course, 1mp]1es the further assumption that stch populatlon
coefficients in fact do exist; that is, that all farms in the sample are operating on the
same production function,
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estimated function will be described, and in subsequent sections an
attempt will be made to provide a better approach to the interpretation,
based on answering the question posed above.

II. Marginal Productivities and Market Prices

At some stage in all studies using Cobb-Douglas functions which the
author has seen, the marginal value products of the resources entering
the function have been computed at the geometric mean level of income
of the sample, and at the geometric mean level of the particular
resource being considered. That is, the M.V.P, of a particular
resource Is computed at its geometric mean, all other resources
being held constant at their geometric means. Computationally, this is
very simple. lf we have a function

where Y is gross farm income in money terms and the X; are the
individual resources either in value or physical units, then the M.V.P,
of the ith resource is simply

. @
My;

where My and My; are the geometric means of income and of the
ith resource, as defined above.

MVPy, = a;

The usual practice is then to compare MVPy; with py; the market
price of the ith resource. Where MVPy, = px, it is suggested that

the use of the ith resource should be expanded, and, conversely, con-
tracted where MVPy;, < px;. This is done successively for all

resources Xyq, ... , X, entering the function.

It is apparent that this procedure involves several special assump-
tions in addition to the assumptions regarding the function itself made
in this paper.

The first of these special assumptions is that all resources are con-
sidered to be variable. This assumption underlies the examination of
the relationship between the M.V.P. and the market price of each of
the resources taken successively. Generally, however, authors go
further than this, and suggest that, whereas the use of one resource,
for example, should be expanded, the use of another should be
contracted. A necessary condition for the validity of this type of
recommendation is that the resource adjustments being considered are
purely marginal. Generally, to bring resource use to an optimum,
fairly large, and certainly non-marginal, adjustments are necessary.
Summarising, we can state that if all resources are considered variable,
and the changes in resource allocation required or implied are non-
marginal, then, from a given function, recommendations can be made
for one resource only, using the conventional approach to these recom-
mendations, Where the above circumstances hold, and more than one
resource is considered, then an error is introduced, as the marginal
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productivity of any one resource is a function, not only of the level of
that resource, but of the level also of all other resources in the function.
It seems tedious to spell out this common knowledge in such detail, but,
as will be seen in Section V, non-observance of these considerations
can lead to wrong conclusions.

The second special assumption is that capital is not limited, i.e.
that the conclusions usually drawn indicate movement towards maxi-
mising income, without capital restraints, by obtaining an equation of
M.V.P. and market price of resources. The use of this assumption can
be questioned on two grounds.

Firstly, the maximum income position can be defined only when the
sum of the elasticities in the function is less than one, or, when the sum
is greater than or equal to one, one or more of the resources are held
constant, such that the sum of the elasticities of the variable resources
is less than one. These considerations limiting the generality of the
criterion of equality between M.V.P. and market price have by no means
always been observed.

Secondly, capital-rationing, self-imposed to some extent, is generally
recognised in agriculture. The extent of re-allocation of resources open
to most farmers thus usually involves the re-allocation of existing
resources, or at best, the use of a limited quantity of resources pre-
viously not used on the farm.® If this be the case, then the appropriate
standard against which to compare observed marginal value products
is the opportunity cost, rather than the market price.®

Some definitions need be clarified before proceeding to the more
systematic treatment in the next Section. All variables will be con-
sidered to be in value terms, that is, each independent variable X;
(which in practice will be an aggregate of input categories) is the
sum of the physical quantities of resources multiplied by the appro-
priate market prices and including any complementary costs associated
with the use of resource aggregate X.. With this definition of
X;, the test generally used as described above of comparing the
marginal value products of resources with their market prices now
becomes a comparison of the marginal value product of the resources
with unity.

In the next section, the movement towards the final optimum of all
marginal value products equal to one will be considered in two steps.

*For some empirical evidence on this point, see E. O, Heady and E. R. Swanson,
Resource Productivities in Iowa Farming with Special Reference to Uncertainty and
Capital Use in Southern Iowa, Research Bulletin 388, Agricultural Experiment Station,
lTowa State College (June, 1952).

®In this paper, the opportunity cost of resource use will be computed from the
function, assuming, initially, that all resources are readily transferable. The assumption
that all resources can be expressed in terms of capital and thus allocated among
vatious avenues of expenditure according to some profit maximisation criteria raises
the question of the stickiness and lumpiness of many resources. These questions are
discussed in G. L. Johnson, “Classification and Accounting Problems in Fitting
Production Function to Farm Record and Survey Data,” Chapter 9 in E. O. Heady
et al. (eds.), Resource Productivity, Returns to Scale, and Farm Size, The Iowa State
College Press, Ames, Jowa, 1956. In the main, these problems will be ignored in the
present paper (see. however, Section TIIB below).

*This definition is adopted to simplify notation in succeeding sections. A slightly
more complex notation would enable an examination of the effects of changes in the
prices of resources or of capital.



78
The first condition for the optimum, the internal condition is satisfied
when the marginal value products of all variable resources are equal

to some number, p. Where p # 1 the internal condition only is
satisfied. The external condition is satisfied when p = 1.

HI. The Internal Conditions for Equilibrium

A. Cobb-Douglas Function—All Resources Variable

Given that there exists a production function

n a;
Y = ¢ T Xi (1)
i=1
we shall define the conditions for internal equilibrium as
MVPx, = p =1, .. 5 1 LT (2)

where p is some number and MVPX, is the marginal value product of the

ith resource. X’: is defined as the level of the ith resource when (2)
holds.

In this section, we are concerned with the situation where capital is
limited, and we wish to define the optimum use of the given total
quantum of resources existing on an individual farm. At this stage,
we shall assume that all resources are variable and in money terms as
defined at the end of Section 1I.

Then T, the total quantum of resources, is simply

n n #
T =3 X = z X

i—1 i=1
Note that X{ P» are functions of T, hence, instead of p, we write pr as

n &
the equilibrium value of all MVPx., for = Xt =T

i=1
Then, (2) can be re-written as

Y

80X

*

XiT

&
When this equality holds, the maximum gross income, Yt is forth-
coming,.

Yt .
Thenpr = a; + 1 =1, ,n (35)
Xit

*

b , , (6)
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Substitute (6) into (3),

% n
-
T = % P2 ™
and pr — ‘% S a ®)
Substitute (8) into (6),
o= S =l n ©)

By comparing X{r with X;, the observed level of use of the ith resource,
it is possible to recommend resource movements towards the optimum
position defined for the existing level of resources.

IIIB. Cobb-Douglas Function—with Some Fixed Resources

In the short run, not all resources are variable.® The method of
analysis developed above can readily be extended to include the
situation where the task is to determine the optimum combination of a
given quantum of resources among several resource categories, given
that the level of one or more resources is fixed.

Consider that X;, j =1, ... , m are resources which are fixed, and
that X;, i=1, ... ,  are variable resources, and that there exists a
function

m aj n ai
Y = ¢ X, T Xy ()

=1 i=1

Let T be the total level of all resources and T’ be the total level of
variable resources.

Then,
m
T =T- X X,
j=1
n
— Z Xi
i=1
n ]
ot Z XiT’ ................................. N (2)
i—1
As before
Y
X, = pr’
A i=1, . 0 )

® An example of such a resource is family labour. A rather more interesting example
is land which can be considered as fixed, except in the extremely long period, by the
way in which many samples are defined. Properties with non-contiguous land are
frequently excluded from the sample, and thus, any increase of the farm area by the
addition of non-contiguous land means that the farm is now operating on a different
production function. Hence, the only increase in the land input generally considered is
of contiguous land, which is generally not available except in the very long run.
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In this case pr’ is a number equal to the marginal value products of
the variable resources, X;, at an equilibrium position the level of
which is determined by equations (1) and (2).

, a YT
pr = XiTT' (4)
and
Y*
R 5
X,T» — i th ()
Rewriting (2) by substituting (5), we have that,
T=Y" »y ®)
Pr
and p—r' = YT; 2 a; (7)
T
From (6) and (7)
o asT’ . .
X' = Ta T =1, ey N (8)

Note that §TLT” the proportion of the total expenditure on variable

resources expended on the ith resource, is not a function of either the
level or the combination of fixed resources. In practice one would not
expect that this property of the Cobb-Douglas function would occur on
farms where, for example, the proportions of variable costs represented
by expenditure on labour and fuel would vary with the level of invest-
ment in machinery, etc.

11IC. The Transcendental Function

The results from IIIA (and 1IIB) are readily extended to the
situation where the production function is of the form?
n a; biXi
Y=cT Xi e (1)
=1
As in ITIA, let T be the given quantum of resources available on a
particular farm, so that, as before,

n n P
T pa— Z Xi = Z XIT ...................................... (2)
i—1 i=1
As before, we define
Y
pr = — i=1,. ... JI (3)
38X
Xit

?See A. N. Halter, H, O. Carter, and J. G. Hocking, “A Note on the Transcendental
Production Function,” Journal of Farm Economics, Vol, XXXIX, No. 4 (November,
1957), pp. 966-974.
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Then,
N (4)
pr = Yr & r
L Xir
Y} is defined as in the Cobb-Douglas case,
From (4),
= ai Y';"
XiTt = e OO TURR (5)
pr—Yrb
Substituting (5) into (2) and re-arranging terms,
n
> a;
Ed i - 1
T =Yy —m8M — (6)
* n
PT — YT > bi
i = 1
From (6) ’
Zai 1
% 3 ‘1"— Zb1 } ................................... (7)
pr = Yy L T
Substituting (7) into (5),
5o il . (8)

Zag + T (Zbi—bj)
Note that when all the b, are zero, the production function, (1),

becomes a Cobb-Douglas function and the expression for XIT, (8),
simplifies to the expression for the Cobb-Douglas case.®

IV. The External Condition for Equilibrium

In this section it is assumed that the estimated function exhibits
decreasing returns to scale, that is, in the Cobb-Douglas case, that the
sum of the partial elasticities is less than one.

Unlimited Capital

As before, we have a production function of the form
n
Y —=¢ T Xi

ag
T X (1)
i—=1

We wish to maximise profits, that is, to maximise Y — > X;, with no
restraints upon the quantity of capital. It is assumed that the price of

o If bi is positive, Y — f (Xi) increases at an increasing rate if a, 2 1, or, if
4, + Va,
0 <a 1, increases at a decreasing rate until Y — ~—————, and thence at an
b.

1
increasing rate. See Halter, Carter and Hocking, op. cit. If these values of a, and
bi are observed for one or more of the independent variables in the fitted function,

then the method of analysis developed here may become indeterminate. This js not
surprising, as we are postulating increasing marginal returns for at least one of the
factors. .
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capital is not a function of the quantity of capital demanded by the
individual firm.

To maximise profits, we have
(Y- X))

= 0 (2)
38X
a;
Le. — Y = 1 (3)
X;
From (3),
Xi = &Y (4)
By taking the ath power of both sides of (4), taking the products
over i =— 1,.. . ,n and multiplying both sides by ¢, we have
n a; Zai aj
¢c T a Y = ¢ X
i=1
=Y (5)
Zai
Divide through by Y and let e = 1 - 3a,
a; €
CTTai =Y (6)
1 a;
e e
Y = ¢ Tar (7)
Substituting from (4),
] d;
3 €
Xi = aic TN a3y (8)

X; here is the optimum quantity of the ith resource to use to maximise
profits with capital not limited. As before, we will call this level of the

*
ith resource, X;.

Letting K be the optimum quantity of capital to use, then

K = X,

1 ai
e e
= (I—-e)c T ay (%)
% aj K
Then, X, =
1—¢
aiK
T e (10)
>a,

It is a property of the Cobb-Douglas function that the optimum
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*

X;

proportion of total resources devoted to the ith resource,

=X
is a constant for given resource prices and is not a function of the total
level of resources used.

Limited Capital

The results from Section III above enable the definition of the best
combination of a given bundle of resources. These results can be
extended to indicate whether a greater or a smaller total bundle of
resources can profitably be employed.

Computationally, by substituting the values for )iT obtained from
the use of equation (9) into equation (1) (Section IIIA), the value of

Y7 is obtained. Substituting this into equation (8) (Section IIIA), the
value of pr is obtained.®* Where pr = 1 the use of additional reso irces
is profitable.

An intermediate step in the above calculations yields quantities which
are useful when making comparisons of the efficiency of resource
allocation. For instance, do farmers on large properties use the
resources under their control more efficiently than small farmers?!2
Separate functions could be fitted to the different groups of farmers from
the same district and, for each, compute an ‘“‘efficiency index,” con-
sisting of actual income divided by Yf the expected income when the
observed level of resources is combined optimally. Similarly, an index
measuring the efficiency of utilisation of individual resources could be
computed.

V. An Example

Recommendaticns for the re-allocation of resources which are based
on the usual method of interpreting results from a fitted function may
well suggest shifts in the use of a particular resource in the opposite

" From the expression,

These quantities are easily computed and have proven readily adapted to automatic
treatment on an electronic computer.

" A similar type of measure was computed for comparing the efficiency of resource
use of share-farmers and owner-operators. See W, S. Miller, “Comparative Efficiency
of Farm Tenure Classes in the Combination of Resources,” Agricultural Economics
Research, Vol. 1X, No. 1 (January, 1959), pp. 6-16. In this work, however, the index
of efficiency was the ratio of actual total costs to the minimum total cost of
producing a given level of output. This approach does not allow the use of all the
resources at the disposal of the farmer, requires special assumptions about the
opportunity costs, and does not indicate inefficiencies arising from operating at an
inappropriate level of production.
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direction to the direction of movement to an optimum position. This
may conveniently be shown by an example.}$

We shall assume a function of the form
Y = 5.424 X,2068X,+1847X 4339 X -1436

In this example, 3 a; — 0.969, i.e. there exists diminishing returns to
scale. The “observed” levels of the resources together with their
marginal value products are set out in Table 1.**

Table 1
OBSERVED RESOURCES eAND PRODUCTIVITIES
Resource Obseg:éée;el of ObservedPZr\ﬁz)fci;zal Value
X 2500 0.698
X, 9450 0.165
X, 1187 3.084
X, 854 1.419

Interpreting these results conventionally, we note that the marginal

value products of resources X; and X, are less than one, and those of
X, and X, are greater than one. We could then suggest that the use of
the last two resources be expanded, and that the use of the first two be
curtailed.

Such a re-combination of resources may certainly be an improve-
ment on the observed situation. However, in the case of resource X;, it
would involve a shift away from the level of use of X; appropriate to

the optimum position of the firm, whether or not capital is limited.

Firstly, assume that capital is not limited as is implied by the

comparison of marginal value products with one.

The observed and the

optimum quantities of the four resources are given in Table 2.

Table 2
CAPITAL NOT LIMITED
Resource Observed Level Optimum Level
X, 2500 124,600
X, 9450 111,300
X, 1187 261,400
X, 854 86,500

* An hypothetical example has been used because the author did not succeed in
finding in the literature an example which included all the information required.

*The marginal value products

were computed

A
= a2, Y/X| where

i

from MVP
X

A
Xi is the observed level of the jth resource and Y is the expected gross income

computed at the observed levels of all resources.
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From Table 2, it appears that, if the consequences of the assumption
of unlimited capital are traced out, the results obtained go far beyond
the bounds of “reasonable” extrapolation.

The optimum combination of resources when capital is limited to the
total of the observed resource levels from Table 1 is set out in Table 3,
together with the observed levels of each resource and its marginal
value product computed at the observed levels of all resources,

Table 3
CAPITAL LIMITED

Resource Observed Level Observed Marginal Optimum Level
’ Value Product
X, 2500 _"t 0.698 2986
X, 9450 I 0.165 2667
. 1187 3.084 6265
> 854 J 1.419 l 2073

The results tabulated above (Table 3) suggest that, although the
observed marginal value product of X, is less than one, the resource X,
is actually being used at a level below the optimum level as the
optimum has been defined in this paper. (At the above level of total
resource use, pr = 1.12, and hence the use of additional capital would
be profitable.

VI. Conclusions

The commonly used method of computing marginal value produc-
tivity of resources at some observed level of all resources, and
comparing these with the market prices of resources can lead to
incorrect conclusions about the direction of resource shifts required to
bring about an optimum combination of resources,

The equilibrium position which is implied by the above procedure
may not exist (where the sum of the partial elasticities of variable
resources is equal to or greater than one) or may (because of the
constant elasticity of production of the Cobb-Douglas function) exist
at a level of resource use far greater than anything existing in practice.

A preferable approach is one which allows the definition of an
optimum position which is attainable, and which, considering all
resources simultancously, specifies the combination of resources satis-
fying the required optimum.



