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A REVIEW OF THE ESTIMATION OF
TRANSITION PROBABILITIES IN
MARKOYV CHAINS
WARREN DENT and RICHARD BALLINTINE*

A chronological review of the development of estimation procedures for
unknown constant Markovian transition probabilities is presented with
emphasis on applications involving the availability of macrodata, as
opposed to microdata. Monte Carle results comparing various estimation
methods are amalysed and several suggestions for estimating mnon-
stationary probabilities are made.

The estimation of Markovian transition probabilities and inferences
based on these probabilitics have been examined in a variety of applied
fields, and under a variety of assumptions. The basic concept of the
Markov chain was introduced by A. A. Markov in 1912 [42], with sub-
sequent relevant studies by Kolmogorov, Doeblin, and Doob in the early
1940’s [14, 15, 16, 17, 18, 32]. Miller’s 1952 work in the study of
learning processes in psychology [44] seems to offer the first serious
application involved with estimation of a Markov process. This initial
attempt has provided the impetus for a widening band of estimation
techniques in instances where applied data is in the form of ‘market
shares’.

To estimate transition probabilities, ideally the researcher would like
to have information over each period on actual movements of individuals
from one state of the chain to another. This might be considered the case
of ‘full information’ or of the availability of ‘microdata’. Here the maxi-
mum likelihood estimators of the probabilitics p;; of the transition from
state I to state j are easily derived as the ratios of the numbers of indi-
viduals moving from state i to state j to the numbers originaily in state i.
Where observations are available over several time periods and the
probabilities are assumed constant, the maximum likelihood estimators
are found by a straightforward averaging process. Billingsley [5, 6, 7]
and Anderson and Goodman [3, 22] have examined in detail the statis-
tical properties of these estimators and developed tests for time-
dependency and the order of chains providing the best fit to given data.
Lee, Judge, and Cain [35] have shown in their simulation study that
such microdata estimators provide excellent estimates of the true transi-
tion probabilities.

* Respectively of the Department of Economics, University of Iowa, and the
School of Business Administration, University of Minnesota.
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Unfortunately, in most applications researchers do not have available
data on movements between states. More likely they have data reflecting
the end result of such movements, this data being in the form of propor-
tions or market shares, and called ‘macrodata’. This case of ‘limited
information’ is also the more challenging theoretically, in that estimators
with strong properties are desired, yet the assumptions postulated must
be necessarily weaker.

This review is mainly concerned with estimation in the case of limited
data information. It proposes to examine chronologically the develop-
ment of estimation techniques, and point to possible future avenues of
research. A comprehensive selection of published applications is includ-
ed. The areas from which these are drawn involve agricultural economics
[27, 31, 33, 61}, international trade [12], fertility [56, 57, 58, 59},
industrial structure [1, 11, 513, sociology [20, 71], psychology {29, 44],
medicine [9], actuarial science [10], marketing [38, 48], demography
[30, 45, 46, 47, 54], stock market analysis [19], capital theory [53],
ethnic studies [55], behaviour [2, 52, 63], wage theory [60], social
mobility [8, 49, 50] and textile production [26]. A further, excellent
review of the state-of-the-art of estimation in micro and macro Markov
models is to be found in Lee, Judge and Zellner [37], where detailed
mathematical and Monte Carlo analyses of theoretical models are under-
taken and reported.

The common model for most applied studies may be written as

1) mj:=zlPijmiz—1+Uj: ji=L..,rnt=2..,T
i=

where mj; is the proportion of the system in state j at time ¢, there being
r states and T—1 time periods (time ranging from t = 1 to ¢t = T'), and
vj: is a random error component. The transition probabilities p;; are
assumed constant over the time span analysed. In matrix notation (1)
may be rewritten as

(2) ’Z1I=P,rft—l+yt t=23~"7T
where m,” = (mys, may, . . ., m,) is the row vector of market shares at
time ¢, P — (p;;) is the matrix of transition probabilities, and v; the
error term at time 7. The only given relations on the data are

m =1 -
3) m 0 t=1,...,T
where 1 is an r component column vector of ones. The desired con-
straints on the transition probabilities are
(4) 1=P=0
(5) p-1=1
A set of probabilities or transitions matrix satisfying (4) and (5) is
called ‘admissible’. Equation (5) together with the right hand side of
(4) implies the left hand inequality of (4).

Unrestricted Least Squares
Denoting the first term on the right of (1) by

(©) ';‘jt= ZIPijmit—l j=1..,r
i=
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or the predicted share of state j at time ¢, Miller [44] estimated the
unknown probabilities by minimizing the sum of the squares of the
differences between the predicted proportions and the proportions
actually observed. His objective function was

T r T
(7) Z y: by = Z z thz

=2 =2 j=1
Although Miller erred in his derivation procedure, Goodman [21]
obtained the same result on correction. This was that the least squares
estimate of the matrix of transition probabilities is given by the follow-
ing:

y P=NM (MM’')—?
where M is the matrix of observed proportions for observations one to
n—1 (n is the total number of observations or time periods), and N is
the matrix of observed proportions one observation beyond M (i.e.
observations 2 through n).

Inherent in the form of P was the satisfaction of condition (5), or the
exhaustion of possible movements from any given state. Unhappily
Miller’s technique permitted the occurrence of inadmissible estimates,
that is negative probabilities, or probabilities greater than unity. Further,
the correction terms for each state did not have the same variance so that
unweighted estimators were not asymptotically efficient [41]. The
independence of the correction terms and the observations, however, did
make the estimates consistent with respect to the number of observations
and asymptotically consistent with respect to the sample size. Madansky
[41], who pointed out the differences in the variances, in the same article
proposed a way to overcome the problem. After obtaining the estimates
as Miller proposed, Madansky suggested modifying them by forcing the
variances of the correction terms to be unity through the use of a weight-
ing technique in the objective function, to be discussed later.

The problem of inadmissible estimates was first attacked by Good-
man [21]. His solution was simply a modification of Miller’s method.
Summarily dismissing the problem, Goodman suggested setting all
probabilities beyond the allowable range equal to the closest boundary
value (i.e. 0 or 1) and adjusting the remaining estimates so that the sum
of the squares of the correction terms was still a minimum. Telser car-
ried this line of reasoning one step further by actually giving the iterative
procedure necessary to incorporate such a modification into the solution
[64]. His procedure became very complicated when the inadmissible
estimates were greater than four in number and naturally, if all the
alternative possibilities of assigning extreme values were not examined,
it was possible that the combination of estimates which best fitted the
least squares criterion would not be found.

Telser also modified the procedure in two other ways. He transformed
the relationship (1) by a simple adjustment of the coefficients to yield

r

(8) ’/njt=aj-ln_z1 aijmit—l +th j=1,...,r
I

where

® %j = Pjj %j = Pij — Djj
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a formulation which was more consistent with the then current regres-
sion expressions. Although this was nothing really new, it did present
the estimation technique in a different light. Telser also attempted to
modify Madansky’s weighting procedure so that the requirement that the
transition probabilities for a state would sum to unity (a quality which
was lost when Madansky modified Miller’s work) would be satisfied.
Lagrangian multipliers were used to include this restriction explicitly.
Telser found the worth of this modification to be somewhat doubtful
since the resulting estimates were unreliable. This was due to the ap-
proximately singular nature of the matrices, causing extreme sensitivity
to rounding errors. He concluded that the procedure should only be used
with great caution, preferably when experience provided some idea of
the value of the technique for the process being studied.

Restricted Least Squares

Although attempts were made to adjust the basic least squares tech-
nique for admissability, the modifications were somewhat arbitrary and
the resulting probabilities no longer were guaranteed to satisfy the least
squares criteria. Work such as Madansky’s which aimed at solving prob-
lems in the technique only resulted in fewer of the restrictions on the
probabilities being met. It seemed that only by explicitly including all
the restrictions could the problem be solved. The resulting procedure
was called restricted least squares.

To enable both the equality restriction (5) and the inequalities (4) to
be explicitly included in the formulation, the problem was specified by
Lee, Judge and Takayama [28, 34} and by Theil and Rey [68] as a
typical quadratic problem. The objective was to minimize the error sum
of squares

T

2, vo

t=2
(quadratic in the unknown probabilities) with respect to the linear
constraints (4) and (5). The version of Lee, Judge, and Takayama
made use of the standard simplex version of the quadratic programming
algorithm. Theil and Rey’s version modified the unrestricted least
squares results in a finitc number of successive steps, in each of which
certain constraints that were violated in previous steps were imposed in
binding (equational) form.

Zellner [74] investigated the statistical properties of these inequality
restricted estimators. He found the estimates had distributions of the
truncated normal form (partly continuous and partly discrete). How-
ever, he found it difficult to evaluate the moments analytically and obtain
the sampling properties of the restricted estimators when more than two
variables were involved. The difficulty stemmed from the fact that the
distributions which were binding were not constant from one observa-
tion to the next and should really have been considered as a vector of
random variables. Properties of the restricted least squares estimates
have been discussed by a number of others. Although some definite
conclusions have resulted, such as the derivation of the exact distribution,
the general consensus [25] is that other properties are analytically in-
determinate.
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Weighted Restricted Least Squares

The explicit consideration of the restrictions on the probabilities by
the restricted least squares method resulted in the estimates being admis-
sible. The efficiency of the restricted least squares estimator was ques-
tioned however, and the weighted restricted least squares estimator was
developed.

The problem of heteroscedasticity noted earlier was found to be partly
removed when a matrix weight function was introduced into the least
squares objective equation. The objective function became

T
(10) Y v A, v,

=2 " ~
where A4, is a matrix of weighting factors applicable to time ¢. The
admissability constraints were not explicitly included. In a previously
mentioned study, Madansky put forth the first type of weighting struc-
ture [41]. His procedure required that the transition probability esti-
mates be determined first using the unrestricted least squares technique.
Using these estimates, the estimates of the inverses of the variances of
the deviation terms for each period were used as the weighting factors to
recalculate the estimates. Madansky found little improvement was gained
by repetition of the procedure.

Theil and Rey proposed the use of the inverse of the average propor-
tion in a state over the period of observation as the weighting factor [68].
By inserting this appropriately in their quadratic programming scheme,
the unrestricted least squares procedure was by-passed and both of the
restrictions on the transition probabilities were met.

Other weighting factors have been suggested by Lee, Judge and
Cain [35]. They proposed using the inverses of the estimate of the
disturbance variance for each of the equations in the unweighted least
squares procedure as weighting factors, yielding an unbiased version of
Madansky’s procedure. The properties of the estimators so derived and
tests to determine their usefulness are presented by Zellner [73], who
found that this procedure often resulted in large gains in efficiency
when compared to the regular application of least squares. Tests were
presented which examined the hypothesis that the transition probabilities
were constant. Another possibility mentioned by Lee, Judge, and Cain
was to employ the inverse of the product of the average proportion in
a state and the average proportion not in that state as a weight for that
state in the given period. Comparisons of the accuracy of different
weighting factors in simulated use will be made later.

McGuire [39] investigated a number of the weighting proposals. Giv-
ing special attention to Madansky’s procedure, McGuire showed his
estimator was not inefficient. Although no general recommendations
were made, McGuire did propose a different statistic to use as a weight-
ing factor, in which the whole covariance matrix of the disturbance
terms was used.

Other Estimators

The previous techniques have been concerned with the gradual evolu-
tion of the use of least squares criteria for estimating the transition
probabilities of the postulated Markov chain underlying the process
being investigated. Other published techniques differ in the criteria used
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to derive optimal estimates. Lee, Judge and Zellner [36] present a
method of estimation based on maximizing a likelihood function of the
transition probabilities. On the hypothesis that the observed proportions
are generated by independent trials with the transition probabilities
constant for each trial, the multinomial probability of any given se-
quence of states at time ¢ is given by

an *,N(t)! 11[ qj(t)nj(r)
I EZG R

i=1

where N(¢) is the number of trials, n;(¢) is the number of times state i
is observed in the N trials, r is the number of states, and g;(¢) is the
probability that the j-th state will occur for an individual.

It is possible to maximize the likelihood function of the joint density
function if the covariance matrix of the proportions in the various states
is known. Without this knowledge, an estimate of the covariance matrix
must be made. The estimate is found by replacing the observed propor-
tions in the analysis by the expected proportions, whose covariance
matrix can be found by existing techniques [36]. The procedure then is
straightforward when the restrictions on the permissible values of the
probabilities are ignored. Inclusion of these restrictions, however, requires
the use of the reducibility theorem of non-linear programming, and after
some manipulation, the problem can be converted into a form that is
solvable by use of the standard simplex version of the quadratic pro-
gramming algorithm developed by Wolfe [72].

Dent [13] and McGuire et al. [40] have developed maximum likeli-
hood procedures which directly account for the probability restrictions.
Their methods are based on normality of the usual regression disturb-
ance terms v, in (1). The errors are assumed to have a special sym-
metric covariance structure reflecting the singularity of the interdepend-
ence of the regression equations, identical marginal distribution vari-
ances and identical pair correlations. It is shown that the maximum
likelihood estimators are equivalent to the restricted least squares
estimators under these conditions.

Taking their cue from the findings of others [43, 67, 69, 70, 75], Lee,
Judge and Zellner [36] have shown how Bayesian techniques may be
used to estimate transition probabilities. The Bayesian approach may be
used in cases of microdata availability when the prior mean and variance
may be found from an actual frequency count of the movements of the
microdata. The prior probability density function for a given state is
assumed to be a basic multivariate beta probability with the given mean
and variance. Using the multinomial likelihood, a posterior density may
be derived. If a mean and variance are not available a priori they may be
derived from a predicted moving frequency of past transition probability
estimates [36].

Lee, Judge and Zellner initially ignored the restrictions on the proba-
bilities in arriving at an estimating equation for the probabilities, and
made various approximations using the prior variance and prior co-
variance for current unknowns. The initial probability estimates were
then used to replace the prior probabilities and the procedure was
repeated. Repetition continued until no change in the probabilities was
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seen. The posterior probabilities used in the procedure were at the mode
of the posterior probability distribution.

Since the admissibility restrictions were not included, some of the
probability estimates so found were not admissible. It is possible, al-
though cumbersome, to include these restrictions in a manner very
similar to that used in the maximum likelihood estimation technique.

A third type of estimation technique that has been proposed is the
minimum absolute deviation (MAD) procedure. Ashar and Wallace
[4] derived transition probability estimates which minimized

T r

DA I

=2 j=1
subject to admissibility constraints. Others have pointed out and Ashar
and Wallace themselves realized that a MAD estimator is not as efficient
as a minimum variance estimator. The advantage of this technique,
however, is its computational simplicity. Ashar and Wallace showed
how appropriate transformations of the original variables permitted the
problem to be formulated as a linear program. Investigation has shown
that the estimates resulting from their procedure are normally distributed
except for those estimates close to the limits of the allowed probability
values [35]. The quality of the results was found to be highly dependent
on the sample size, improving as the sample size grew.

Time-dependent Estimators

All the previous estimation techniques have had one assumption in
common, that the transition probabilities are constant over time. When
this assumption is relaxed, the task immediately grows from finding one
set of probabilities to finding nearly as many different sets as there are
time periods. Such a problem would be very difficult to solve unless some
relation between probabilities in successive periods were assumed. If
more than just the passage of time is felt to influence the changes in
probabilities, the next question concerns determination of the relevant
independent variables in the relation which are responsible for these
changes, and the cxact form of the relation hypothesized.

Miller investigated the assumption of time independence in his ground-
breaking article in the early 50°s [44]. Since his work involved psycho-
logical phenomena, he considered any time dependence would be due
to learning processes. This led him to believe that the dependence would
be transitional in nature as the organism advanced from a position of no
knowledge to a position of complete knowledge. If the probabilities for
both these positions were known, the change per period could be
determined (assuming the change to be uniform).

Telser [64] presented a method that looked for possible relations of
the transition probabilities with factors other than just the passage of
time. Assuming such relations to be linear, he replaced the probabilities
with their equivalent value in terms of the other factors in the equation
relating past proportions to present proportions. Least squares estimators
were used to determine the coefficient of these other factors in their
relation to the probabilities. Telser was particularly concerned with the
problem of multicollinearity and presented approximation techniques for
estimation when such a situation arose. Two examples of the effect of
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external factors on probability determination were presented. In the first,
the transition probabilitics between brands of cigarettes were assumed
to depend on prices and in the second example, the independent variable
was advertising expenditures {65, 66].

Recently, there has been more interest in the determination of the
time dependency of the transition probabilities. Initially, the concentra-
tion in this research has been at the expense of the generality of the
procedure. Thus, the new studies have again started assuming the avail-
ability of microdata. Hallberg [23] examined the prediction of future
transition probabilities by regression analysis. The assumption on which
he based his study was that there existed a time series of known transi-
tion probability matrices. With these matrices, it was possible to fit a
least squares regression equation of various exogenous factors explain-
ing the transition probability values. The result was used to predict
probabilities in future periods and although the probabilities for each
state did sum to one as required, some of the estimates were inadmis-
sible. Using an admittedly arbitrary rule, Hallberg suggested setting the
inadmissible estimates equal to the closest permitted value (O or 1). The
remaining estimates were then adjusted so they still summed to one.

In the same field of interest, although not concerned with the estima-
tion of the transition probabilities per se, is the work of Lipstein [38]
who attempted to find the effect of advertising expenditures on brand
attitudes. Lipstein dismissed the problem of finding the transition
probabilities for a period. As he put it, ‘These entries [probabilities] are
easily derived from consumer purchase panel data’. He postulated that
the probabilities were dependent on three factors: availability, price, and
a reaction factor. Since price and availability were supposedly known,
the object was to find the reaction factors, which were the probabilities
of a brand preference change. Since the transition probabilities (brand
preferences), availability, and prices were all known for all periods, the
reaction factors could be readily determined for each period. Lipstein
hypothesized that the change in the reaction factor matrix from one
period to the next could be explained by a causative matrix. In other
words, the reaction factor matrix for a period could be found by multi-
plying the reaction factor matrix of the previous period by the causative
matrix. Since all the reaction factors were known, the causative matrix
could be found by regression analysis. Assuming the elements of the
causative matrix to be dependent on advertising expenditures, a linear
regression analysis was run to determine the coefficient relating the two.
Lipstein concluded that the resulting coefficients were measures of how
advertising expenditures could bring about changes in attitudes. The
work has been followed by a statistical analysis of this causative model
with special attention on the two state case [24].

Dent [13] suggested a technique for estimating non-stationary proba-
bilities from macrodata restrictions. In essence the method depended on
heuristic rules for bounding the movements of individual transition
probabilities between successive periods, the rules being determined by
the application. The usual objective function was expanded to include
the effects resulting from the time dependence. This allowed the model
to maintain the regression structure and permitted consideration of
external influences at the same time. Prices were the main external factor
considered. Quadratic programming was found to be required for solving
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most problems. An example of the use of the technique in the case of
two states over three periods was presented.

Comparisons

It is difficult to compare analytically the various techniques of transi-
tion probability estimation that have been described above. Lee, Judge,
Cain and Zellner [35, 36] undertook two simulation analyses to compare
some of the methods. Using a given set of transition probabilities, 1000
individuals were led through a number of steps of a random walk. The
comparison of different estimation techniques (applicable to micro and
macrodata cases) was made by examining how well each method could
estimate the known transition probabilities from the generated data. The
criterion of ‘how well’ was the size of the sum of the root mean square
errors for each of the estimators, the smaller the sum the better the
estimation procedure. Unfortunately, in the two analyses performed
different numbers of steps were used to find estimates so that direct com-
parison of some pairs of techniques is impossible.

The first study [35] resulted in the following ranking of methods with
the best procedure given first: weighted restricted least squares, un-
weighted least squares, restricted minimum absolute deviations, and
unrestricted least squares. Although the different weighting procedures
used in the weighted restricted least squares produced slightly different
results, the differences were not significant. Hence, no differentiation
was made between the various weighting schemes. Furthermore, the
MAD and unweighted least squares techniques were found to be ap-
proximately equal. The most significant difference was found between
the unrestricted least squares and the other techniques. That is, little
difference was found among all restricted estimators, but they were all
much better than the unrestricted least squares. Of course, if microdata
were assumed to be available, the maximum likelihood techniques which
used the microdata were far superior to any other procedure.

The second independent study [36] resulted in the following rank
ordering of methods: Bayesian, maximum likelihood, weighted least
squares, least squares. This order was found to hold whether the tech-
niques were restricted or not (however, when the restrictions were not
applied, least squares did not differ from weighted least squares and the
maximum likelihood estimator was not significantly better). All tech-
niques improved with larger sample sizes, and the accuracy of the Baye-
sian estimators was found to be highly dependent on the accuracy of the
prior probabilities.

Future Studies

Looking at past studies, it is evident that an evolutionary trend has
been followed. Each study improved on the work in its particular family
of studies. The families of studies are differentiated by the different
fundamental bases (least squares, maximum likelihood, minimum abso-
lute deviations, etc.) used in their estimating technique. Extension of
the trend of the past studies into the future gives a definite suggestion of
what the next step will be. Only one existing study has been able to
estimate nonconstant transition probabilities without using microdata.
Unfortunately, cases where the probabilities are not constant and only
proportion data exist are the most common.

Analogous to the restricted least squares formulation in the constant
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probability case, a possible representation of the non-stationary estima-
tion problem is: find matrices P;, t = 1, . .., T—1 which minimize

T
(12) 22 ty vy
subject to ”
(13) vy=m— P ym_ t=2,..,T
(14) Pl=1 t=1,...,T—1
(15) - P >0 t=1,..,T—1
(16) Po=fPi_ty..,P) t=2,...,.T-1.

P; is the matrix of transition probabilities applicable between periods
t — 1l and ¢, while P, = f(P; _ 4, .. ., Py) is some relation, as yet unspeci-
fied, relating probabilities in the current period with those in previous
periods. Ignoring this relation reduces the problem to the equivalent of
T—1 restricted least squares problems each using only two data periods.

Dent [13] suggested (16) take the form of a series of inequalities
determining bounds on the extent of possible changes in the probabilities
from period to period. Another possibility is to assume, as did Lipstein
[38] that the P, are related by a causative matrix C such that

(17) P,=CP,_,otP,=P,_,C t=2,..,T—1

where the C and P, matrices also obey certain other constraints [24].
Essentially such relations imply that the probabitities are changing in a
constant manner. The existence and form of the nonlinear terms in P, =
P;_, C in this formulation, however, prohibits the use of quadratic or
convex programming methods in determining an explicit solution. At
this time an appropriate programming technique which will result in an
explicit solution is not known.

Alternately, the P, could be looked upon as being dependent on
previous period probabilities and/or some other observable variable,
such as price or advertising expenditures or a combination of such
variables, Since the P; are not known, the exact nature of such relation-
ships cannot be found without further assumptions. Another possibility
involves assuming the probabilitics constant over a number of distinct
time spans and drawing inferences from sets of constant probabilities.
For example, suppose proportion data for twenty periods were available.
The periods could be separated into groups of five. Constant probabili-
ties over each group of five periods could be estimated by existing pro-
cedures. There would then exist four sets of transition probabilities. The
relations between them could be found by the techniques discussed under
‘“Time-dependent Estimators’” and the pattern of change could then be
applied within the groups to find different probabilities for each year.
These estimates could be used again to estimate the yearly variance,
from which a final set of transition probabilities would emerge. Work
would be required to test the mechanics and the validity of the pro-
cedure.

Indications are that the best method of estimation of non-stationary
probabilities may depend heavily on the particular application. With
limited data availability in the macro case and a high number of inde-
pendent probabilities to be estimated, the power of any procedure will
be limited except under relatively strong assumptions. While various
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system formulations may be readily constructed, the actual derivation of
solutions may be extremely complicated. The use of non-stationary
probabilities and their value (e.g. in prediction) appear to be the most
pertinent field for immediate analysis.
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