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Abstract:  
 
The divergence of SO2 allowance prices from initial estimates has spawned substantial 

interest since emission trading began.  This paper uses non-parametric DEA to calculate 

technical, output-revenue and allocative efficiency measures of Phase I electric plants.  

The allocative efficiency measure is used to determine if allowance prices actually reflect 

opportunity costs. 
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I.         Introduction 
 
 

Title IV of the Clean Air Act Amendments of 1990 (CAAA) established a system 

of tradable emission allowances as a market-based mechanism designed to reduce sulfur 

dioxide emissions in the U.S. electric utility industry.  Indications are that a reasonably 

efficient market has developed, however allowance prices have diverged significantly 

from initial estimates, falling precipitously from the time of the first documented trades in 

early 1992 until mid-1996 and rebounding strongly since.  The question of why prices are 

below their predicted values has spawned substantial interest.  This paper addresses two 

questions intricately linked to this issue.  First, does the allowance price reflect 

opportunity costs in the electric utility industry?  And second, has marginal abatement 

cost converged across firms as theory suggests it should? 

Recent work by Ellerman and Montero (1998) indicates that prices are 

significantly lower than expected due to unanticipated decreases in transportation costs 

associated with low-sulfur coal.  This implies a downward shift of the marginal 

abatement cost curve.  The cost of abatement can also be measured in terms of electric 

generation that must be foregone in order to reduce emissions.  However, no attempt is 

made to recover this shadow price.   

Coggins and Swinton (1996) estimate the firm specific shadow prices of SO2.  

They use a parametric data envelopment analysis (DEA) model of a Farrell (1957) output 

distance function to determine the relative efficiency of a panel of fourteen Wisconsin 

electric plants.  They then exploit the duality between the output distance function and 

the revenue function to derive shadow prices for sulfur emissions following a technique 

introduced by Fare et. al. (1993).  Their data set however, is limited to years prior to 
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active trading and encompasses only fourteen plants, a significant portion of which are 

not included in Phase I of CAAA.  Subsequent work (Swinton, 1998) refines their 

technique to include improved measures of abatement technology and expands it to a 

larger set of plants.   

 Tyteca (1996) uses a similar technique to calculate relative efficiency measures 

for a larger sample of plants.  His technique, non-parametric DEA, also allows for the 

derivation of shadow prices but the information this method provides is questionable.  No 

attempt is made to arrive at the shadow prices of SO2 or the other undesirable outputs 

included in the study. 

 The present paper builds on the work of Coggins and Swinton and Tyteca, 

introducing a new method of testing the proximity of shadow prices to market prices in 

an industry characterized by detrimental outputs.  I build on the concept of allocative 

efficiency discussed by Fare et. al. (1994), exploiting the relationship between it and the 

ratio of shadow prices to market prices.  This methodology allows me to conveniently 

test whether (1) observed prices have become more reflective of opportunity costs over 

time and (2) abatement costs have converged across firms. 

 

II. Theoretical Model 

Technical Efficiency 

 Consider a set of k ={1….K}decision making units producing a set of y ∈  ℜ M
+ 

outputs using a set of x ∈  ℜ N
+ inputs.  The output correspondence, P: ℜ N

+ → P(x) ⊆  

ℜ M
+, conveniently represents technology in this multiple-input, multiple-output 

framework.  Additionally, let the set of y outputs be partitioned into a set of v ∈  ℜ R
+ 



 

 

3

 

desirable outputs and a set of w ∈  ℜ S
+ undesirable outputs.  The desirable outputs are 

assumed to satisfy the strong disposability condition, v' ≤ v ∈  P(x) ⇒  v' ∈  P(x), which 

states that if output vector v is feasible then a smaller output vector v' is also feasible.  In 

addition, let the undesirable outputs satisfy the weak disposability condition, y ∈  P(x) ⇒  

θy ∈  P(x) for all 0 ≤ θ ≤ 1, meaning that in order to achieve a reduction in undesirable 

output, desirable output must be sacrificed as well.  The resulting output correspondence, 

P(x), is shown in Figure 1.  Efficient firms are those making up the frontier in this piece-

wise linear representation of technology.  Inefficient firms, such as the one labeled A, fall 

in the interior of P(x).   

 The technical efficiency of unit k is indicated by its position relative to the 

efficient frontier.  Three measures of this efficiency can be easily established.  The first 

measure, FV, calculates the potential expansion of desirable output while holding the 

undesirable output and all inputs constant.  The graphical representation is shown in 

Figure 1 as the vertical ray Aa.  This measure is calculated as the solution to the problem,  

 

FV(wk, vk, xk) = max [θ : (θvk, wk, xk) ∈  P(xk)]    (1) 

 

where θ is the scalar by which desirable output can be expanded.  A value of θ =1 

represents a firm on the frontier, while a θ value greater than 1 represents an inefficient 

firm capable of increasing the desirable output by the scalar θ or {(θ-1) x 100}%. 

A second measure of technical efficiency, FW, describes the potential contraction 

of undesirable output holding the desirable output and all inputs constant.  This measure 
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is represented graphically in Figure 1 as the horizontal ray Aa''.  The solution to the 

problem,  

 

FW (wk, vk, xk) = max [θ : (vk, wk/θ, xk) ∈  P(xk)]    (2) 

 

yields the fraction of undesirable output which could potentially be eliminated.  

Specifically, undesirable output can be contracted by the scalar 1/θ or {(1-1/θ) x 100}%, 

where θ ≥ 1. 

A third method of estimating technical efficiency is referred to as the hyperbolic 

efficiency measure, FH, and is attributed to Fare et. al. (1985).  Graphically this measure 

is represented in Figure 1 by the arc Aa', the movement from point A in the upward and 

leftward direction.  The solution to the problem,  

 

FH (wk, vk, xk) = max [θ : (θvk, wk/θ, xk) ∈  P(xk)],   (3)  

 

yields a scalar, θ, such that desirable output can be expanded by θ and undesirable output 

can simultaneously be contracted by 1/θ, holding inputs fixed.  Although the hyperbolic 

measure represents a projection to the frontier in a somewhat arbitrary direction, its 

strength lies in its relative computational simplicity. 

 

Revenue Efficiency 

 Now consider a set of output prices pk ∈  ℜ M corresponding to the vector of 

outputs y.  Prices of desirable outputs are assumed to be positive, more output yields 
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additional revenue; prices of undesirable outputs are assumed to be negative, more output 

entails a cost.  Output prices are allowed to vary across firms as necessary.   

 The output correspondence is an output-oriented representation of technology, 

which focuses on potential expansion of desirable output and/or contraction of 

undesirable outputs, while taking inputs as given.  Under these circumstances the firm 

chooses the output vector which solves the following revenue maximization problem,  

 

R(xk, pk) = max [pky : y ∈  P(xk) ].       (4) 

 

Fare et. al. (1994) describe the Output Revenue Efficiency Measure as, O(xk, pk, yk) = 

R(xk, pk) / pkyk.  Revenue efficiency is the ratio of maximum potential revenue, R, to the 

revenue achieved with the current outputs, pky.  The dashed lines in Figure 2 depict iso-

revenue lines.  Iso-revenue line R0 passes through the current choice of outputs and 

shows current revenue.  Iso-revenue line R* represents the maximum potential revenue 

given the current production possibilities as defined by the output correspondence P(x).  

The ratio of these two revenues indicates the firm's revenue efficiency.   

 

Allocative Efficiency 

The revenue shortfall indicated by the presence of revenue inefficiency can be 

attributed to one of two sources, (1) producing inside the frontier and (2) producing the 

incorrect combination of outputs.  Fare et. al. (1994) decompose revenue inefficiency into 

its two sources, technical inefficiency and allocative inefficiency.  After technical 

efficiency and revenue efficiency measures are calculated, allocative efficiency remains 



 

 

6

 

as the residual.  The measure of allocative efficiency proposed by Fare et. al. (1994) 

subsequently becomes, 

A(xk, pk, yk) = O(xk, pk, yk) / F(yk, xk).     (5) 

 The decomposition of revenue efficiency can be seen in Figure 2.  Revenue 

efficiency is shown as the ratio of the revenue associated with R* to that associated with 

R0.  If F
V is chosen as the measure of technical efficiency, the line segment Aa depicts the 

technical efficiency and the residual segment ab represents allocative efficiency, AV.  

Similarly, segment Aa' represents FW and segment a'b' shows the allocative efficiency 

measure AW.  Segment Aa'' is the graphical representation of FH leaving the residual 

segment a''b'' to represent AH.   

The general formulation for calculating allocative efficiency, given in equation 5, 

assumes all outputs are desirable, thus the measure of technical efficiency takes the form 

of an expansion along a ray from the origin extending outward to the frontier.  This 

conventional measure of technical efficiency increases all outputs in the same proportion 

when projecting to the frontier.  While this type of expansion makes intuitive sense in the 

multiple desirable output case, it does not conform well in an environmental management 

paradigm.  Therefore equation 5 must be modified slightly when dealing with the types of 

measures described here.   

 Intuitively, an expansion of all outputs by a given proportion with constant prices, 

increases revenue by that same proportion.  However, none of the measures described in 

this paper propose such an expansion.  Expanding or contracting only one output by a 

given percentage, as demonstrated in measures FV and FW, will not increase revenue by 

that same percentage.  Therefore, these technical efficiency measures will not be 
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indicative of the revenue shortfall due to production inside the frontier.  The same is true 

of the hyperbolic measure, FH, as well.  It becomes necessary, therefore, to adjust the 

technical efficiency measures described in this paper before calculating a firm's allocative 

efficiency.  The adjustment is straightforward, however space constraints preclude a 

complete description. 

Once the allocative efficiency measure is calculated, it can be used to test two 

basic hypothesis:  have shadow prices converged to the market price over time? and do 

firm specific shadow prices converge across firms?  Shadow prices are simply 

represented as the slope of the correspondence P(x).  This slope describes the potential 

tradeoff between the two outputs, w and v.  As a new market emerges (SO2 allowances in 

this case), it is reasonable to assume managers recognize the opportunity costs only over 

time, and can only alter production slowly.   

Due to the convex nature of the output correspondence, as the shadow price ratio 

approaches the actual price ratio, the measure of allocative inefficiency decreases towards 

θ = 1.  This convergence is represented in Figure 3.  As unit k moves from point A to 

point B the shadow price ratio corresponding to those points, given by slopes α and β 

respectively, approach the actual price ratio, given by the slope R*.  The movement from 

A to B is also characterized by decreasing allocative efficiency measures, aa' to bb'.  As 

firm specific shadow prices converge to the observed price ratios the industry becomes 

more allocatively efficient.  Thus a reduction in the mean allocative efficiency measure 

over time represents a convergence of shadow values to observed prices.   

Also of importance is the dispersion of the allocative efficiency measures across 

firms.  One of the significant advantages of market based environmental regulations is 
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that marginal abatement costs are equated across firms.  In this context, the shadow prices 

represent the amount of desirable output that must be given up in order to reduce the 

undesirable output.  The shadow prices then represent a measure of the marginal 

abatement costs.  This convergence in shadow prices is represented by a reduction in the 

variance of the firm specific allocative efficiency measures from year to year. 

 

III.  Data and Results 

 

The empirical analysis conducted here examines a panel of 100 of the 110 electric 

utility plants included in Phase I of the 1990 Clear Air Act Amendments.  These plants, 

located in twenty-one states in the eastern half of the U.S., were analyzed over the period 

1994-1997.  Following Tyteca (1997), the plants were modeled as producing two outputs, 

electricity and sulfur dioxide, with five inputs; coal, oil, natural gas, capital and labor.  I 

gathered data on sulfur dioxide emissions from an online database established by the 

E.P.A.'s Acid Rain Program.  Additional databases, maintained by the U.S. Energy 

Information Administration (Forms 759 and 860), were used to assemble data on fuel 

consumption, electricity produced and capital.  Federal Energy Regulatory Commission 

Form 1 was used to compile labor usage data at the plant level for the years analyzed.  

Prices of sulfur dioxide were computed as the average price of an SO2 emission 

allowance during each year as established by Cantor Fitzgerald EBS.  Finally, the price of 

electricity was computed as the revenue earned by the utility from the sale of electricity 

divided by the net electricity generated.  This price differs from utility to utility but was 

assumed to be the same for plants owned by the same utility.     
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Using linear programming techniques detailed in Fare et. al. (1994), measures of 

technical efficiency ( FV, FW, FH) and revenue efficiency (OO) were calculated.  Columns 

1-4 of Table 1 show the results of these calculations.  In the interest of brevity, firm 

specific measures were not reported, only the yearly mean and standard deviation.   

Column 1 indicates, for instance, that on average in 1997 plants could have 

increased electric generation by 9.10% (1.091-1) and reduced SO2 by 8.34% (1-1/1.0910) 

holding inputs constant.  Column 2 indicates that, on average in 1997, electric generation 

could have been increased by 9.79% holding emissions and inputs constant.  

The first entry in column 3 shows that, on average in 1997, SO2 emissions could 

be reduced by 71.7% (1-1/3.5377) while holding electric generation constant.  This, of 

course, seems unreasonable.  The presence of this large value highlights the shortfall of 

the modeling technique.  The model does not explicitly include abatement inputs, such as 

flue gas desulfurization units nor does it differentiate between grades of coal.  Plants 

using such abatement technology will appear as outliers, skewing the efficiency measures 

of other plants in the upward direction.  Subsequent versions of this paper will attempt to 

model these inputs. 

The first entry in column 4 indicates that, on average in 1997, revenues could 

have been increased by 13.64% {(1.1364-1)/1}.  Following a slight modification of the 

Fare et. al. (1994) procedure outlined in equation 5, this revenue shortfall can be 

decomposed into allocative efficiency and technical efficiency.  The allocative efficiency 

measures corresponding to the three technical efficiency measures are given in Columns 

5-7.  The entry for 1997 in column 5 shows that if the hyperbolic technical efficiency 

measure is used 3.74% of the 13.64% revenue shortfall can be attributed to allocative 
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inefficiency.  The results of this decomposition corresponding to technical efficiency 

measures FV and FW are the values 3.31% and 12.51% respectively.   

Examination of the results reveals that the allocative efficiency measures, AH and 

AV, fall from 1994 to 1995,  spike upward in 1996 and again fall in 1997.  Interestingly, 

Jondrow, et. al. (1998) suggest that emissions increased in 1996 due to plants reversal of 

over-investment in abatement technology.  Due to the model's current lack of a specific 

abatement technology input this reversal of over-investment simply shows up as an 

increase in the production of sulfur dioxide.  The production of additional SO2 leads to 

increased allocative and technical inefficiency.   This spike in efficiency scores may be 

explained if abatement technology is included as a specific input.   

The dispersion of two of the allocative efficiency measures, as indicated by the 

standard deviation of AH and AV, decreased from 1994 to 1995, once again spiked in 

1996 and continued to fall again in 1997.  This is consistent with convergence of 

marginal abatement costs across firms in the periods 1994-1995, 1996-1997 and for the 

overall period 1994-1997. 

The third method of calculating allocative efficiency, AW, does not conform well 

with underlying theory.  According to this measure, allocative efficiency, and hence the 

difference between shadow price ratios and observed price ratios, is increasing over time.  

The variance of the firm specific measures is also increasing, indicating a divergence in 

abatement costs.  The spike in the measures for the year 1996 is also observed in AW.   
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IV. Conclusion 

 

 This paper has developed a new method of determining how closely shadow 

prices reflect market prices.  The allocative efficiency measures are used to observe the 

relationship between shadow and actual prices.  This new technique was used to analyze 

whether market prices of SO2 emission allowances are indicative of the underlying 

opportunity costs.  Results are generally consistent with the theoretical backing, however 

additional work must be done to better model the production process.    

 

Table 1 

  Fh Fv Fw O Ah Av Aw 
1997 Mean 1.0910 1.0979 3.5377 1.1364 1.0374 1.0331 1.1251 

 St. Dev. 0.1162 0.1365 3.5727 0.1578 0.0737 0.0612 0.1524 
         

1996 Mean 1.1364 1.1668 3.8595 1.2386 1.0758 1.0510 1.2274 
 St. Dev. 0.1490 0.2130 4.0340 0.3435 0.1821 0.1260 0.3352 
         

1995 Mean 1.0891 1.0897 3.2185 1.1342 1.0370 1.0393 1.1182 
 St. Dev. 0.1123 0.1234 2.9466 0.1482 0.0813 0.0805 0.1388 
         

1994 Mean 1.0836 1.0843 4.4528 1.1384 1.0446 1.0476 1.1147 
 St. Dev. 0.1058 0.1147 6.5795 0.1468 0.0915 0.0922 0.1367 
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