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Abstract

An extension of Schwartz's model of futures price term structure that includes

seasonality is developed. The approach allows futures prices for all maturities to be es-

timated simultaneously by exploiting arbitrage relationships. An application to wheat

futures prices is presented.

Recent practice in �nancial econometrics has emphasized the use of models that utilize

arbitrage relationships across collections of assets. Most fully developed for �xed income

securities, the entire term structure is modeled in terms of a few underlying (and possibly

unobserved) factors. Recently Schwartz has applied the same approach to modeling the

term structure of commodity futures prices. Schwartz also discusses the use of such models

in valuing long-run commodity based assets and in evaluating investment strategies for the

development of natural resource sites.

�The authors are, respectively, an Associate Professor and a Graduate Research Assistant at the De-

partment of Agricultural and Resource Economics, North Carolina State University, Raleigh NC. The �rst

author can be contacted by e-mail at paul fackler@ncsu.edu.
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The approach has some signi�cant potential advantages over modeling commodity futures

prices using o�-the-shelf time series econometric models. First, there is no need to arti�cially

construct time series by rolling into new contracts as maturity dates are reached. Instead, all

maturities are modeled simultaneously. Second, the resulting joint model for all maturities

links each contract in a model free of arbitrage possibilities and hence the model incorporates

restrictions consistent with economic equilibria. Third, due to its internal consistency, the

model can be extrapolated with more con�dence and thus utilized in applications beyond

that of modeling futures prices. In particular, such a model can be used in evaluating

investment projects that yield streams of returns over time that are linked to commodity

prices.

The basic approach begins by assuming a functional form for a set of underlying state

variables. Schwartz utilizes up to three such variables, a commodity spot price, S, a possibly

stochastic convenience yield, Æ, and a possibly stochastic interest rate, r. Futures prices

depend on the underlying state variables; an arbitrage relationship is exploited to determine

the functional mapping between the state variables and the futures prices. In general, this

relationship is de�ned by a partial di�erential equation, which, for speci�c choices of the

state variable process, can be solved analytically.

In adapting the approach to futures on agricultural commodities, a number of extensions

to Schwartz's approach may prove bene�cial. In this paper we concentrate on modeling

seasonality in the mean of the state variable process. Seasonality is a well-documented

feature of grain markets, arising from seasonal nature of the production technology. In this

paper we demonstrate the basic approach and describe one way to incorporate seasonality
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into the model.

To review what is to come, we �rst discuss the state variable approach to modeling futures

prices and how we model seasonality. To this end we use an extension of Schwartz's two

factor model. We then apply the methodology to Chicago Board of Trade wheat futures.

We �nish the paper with a brief summary and discussion.

A State Variable Approach to Modeling Futures Prices

The basic state variable approach can be summarized as follows. First, assume a stochastic

process for a set of underlying state variables, x. These are modeled as a continuous time

Ito di�usion process described by the stochastic di�erential equation1

dx = �(x; t)dt+ �(x; t)dz:

It can be shown that a futures contract whose price depends on x must satisfy an arbitrage

condition that can be expressed in terms of the risk-adjusted (risk-neutral) process for x

dx = [�(x; t)� �(x; t)�(x; t)]dt + �(x; t)dẑ;

where � represents the market price of the risk in the state variables. Speci�cally, futures

prices are martingales with respect to the risk adjusted process:

dF = Fx�(x; t)dẑ:

Using Ito's Lemma, this condition can be written as the partial di�erential equation:

0 = Ft(x; t;T ) + Fx(x; t;T )[�(x; t)� �(x; t)�(x; t)] + 1
2
trace

�
�>(x; t)Fxx(x; t;T )�(x; t)

�
;

1Hull contains a readable introduction to Ito processes and their use in �nance.

3



subject to the boundary condition that the futures price equals the spot price at the

maturity date of the futures contract, T .

Schwartz examines models with one, two and three stochastic state variables. In the

�rst, the single state variable is the log of the spot price, S(t); in the general notation above

x1 � ln(S). The second adds a stochastic convenience yield, x2 � Æ. The third model adds a

stochastic interest rate, r to the second model. Here we concentrate on the two factor model

of Schwartz, who found it to perform signi�cantly better than the one-factor model and as

well as the three factor model when applied to oil and copper futures.

In all of these models the state variables are treated as unobservable. Although speci�c

local cash prices may be observable, none are necessarily applicable directly to the futures

market as all may incorporate some form of locational di�erential. Instead the spot price

is treated as a limit of an instantaneous futures price: S(t) = F (x; t; t). The convenience

yield is treated as a ow of bene�ts that stockholders obtain that do not accrue to holders of

futures positions and, as such, is analogous to the ow of dividends to stock or coupon-bond

holders (see Hull for a discussion of this interpretation).

The speci�c two-factor model for the spot price and the convenience yield used by

Schwartz is

dS = (R� Æ)Sdt+ �1Sdz1

dÆ = �(�� Æ)dt+ �2dz2;

with dz1dz2 = �dt. Here R is the total return on holding the spot good, which consists of

the rate of appreciation of the spot price plus the convenience yield Æ, expressed as a rate.

A general solution for E[Æ] is

Et[t+ Æt] = m(t +�t) + e���t (Æt �m(t)) ;
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where

m(t) = �e��t

Z
t

e���(�)d�:

The function m(t) can be interpreted as the long-run mean towards which the system tends

after being perturbed.

The futures, however, depend on the risk-adjusted process. This requires a bit of expla-

nation. First, the spot price, although not observable, is treated as an asset and hence must

satisfy an arbitrage condition:

R = �+ Æ = r + ��;

that the total rate of return on the asset, R, which is identically equal to its rate of capital

appreciation, �, plus its dividend rate, Æ, must equal the risk-free rate of interest, r, plus a

risk premium equal to the volatility of the process, �, times the market price of risk, �. This

allows the risk adjusted drift for the spot price, �� ��, to be replaced by r � Æ.

The associated futures price satis�es

0 = Ft + (r � Æ)SFS + (�(�� Æ)� �)FÆ + 1
2
�2
1S

2FSS + ��1�2SFSÆ + 1
2
�2
2FÆÆ;

with the boundary condition F (S; Æ; T ) = S and where r is the risk-free rate of interest.

It is straightforward to verify that

F (S; Æ; t) = S exp

 
A(T � t)� Æ

1� e��(T�t)

�

!

solves the PDE for futures prices for some function A(t) and that this function must satisfy

A0(t) = (��� �+ ��1�2)
1� e��(T�t)

�
�

�2
2

2

 
1� e��(T�t)

�

!2

� r;
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with A(0) = 0.

Schwartz treats all of the model parameters as constants but the analysis is unchanged if

the parameters are treated as functions of time. Seasonal e�ects can therefore be introduced

into the model by making the parameters be periodic functions of time, with a periodicity

of one year. Furthermore, any seasonal variation in the model parameters (other than �)

inuences the futures price only through the A(t) term.

A simple way to introduce seasonality into this model is through the parameter �. This

causes Æ to be mean-reverting to a seasonal function rather than to a constant value. Specif-

ically, �(t) is modeled as a truncated Fourier series, i.e.,

�(t) = �0 +
X
i

cos(�it)�i + sin(�it)�i: (1)

where �i = 2�i.

When seasonality enters through �(t), it is easily veri�ed that A(t) is given by

A(t) =

 
r +

�

�
+

�2
2

2�2
�

��1�2

�

!
(T � t) +

�2
2

4

1� e�2�(T�t)

�3

�

 
�

�
+ ��1�2 �

�2
2

�

!
1� e��(T�t)

�2

+
Z

T

t

�
1� e��(T��)

�
�(�)d�

The last term in this expression can be factored as

Z
T

t

�
1� e��(T��)

�
�(�)d� =

Z
T

t

�(�)d� �
1

�

�
m(T )� e��(T�t)m(t)

�
:

When �(t) is speci�ed as a truncated Fourier series (eq. 1), this can be written as

Z
T

t

�
1� e��(T��)

�
�(�)d� =

�0(T � t) +
X
i

 
[sin(�iT )� sin(�it)]

�i

�i
� [cos(�iT )� cos(�it)]

�i

�i

!

�

1

�

�
m(T )� e��(T�t)m(t)

�
:
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When � is a constant this simpli�es to

 
(T � t)�

1� e��(T�t)

�

!
�;

the expression in Schwartz.

An Application To Wheat Futures

Friday futures prices for the Chicago Board of Trade wheat futures contract were used to

estimate parameters of the term structure model presented above. The data set spanned

the period from July 1, 1975 to December 27, 1996. All futures contracts with maturities of

one year or less were used, excluding contracts in their delivery month, with a total of 5583

price observations.

Maximum likelihood estimation was used, with the likelihood computed via the Kalman

�lter, as described by Schwartz. Like Schwartz, we used the Euler discretization of the state

transition equation, rather than computing the exact discrete time mean and variance. Due

to identi�cation problems, it was not possible to obtain useful estimates of �. This parameter,

representing the market price of convenience yield risk is expected to be small for wheat

and hence was set to zero. A value of zero was used for the interest rate; the speci�c value

chosen does not a�ect model �t but only how certain parameters are interpreted. Speci�cally,

convenience yield is interpreted as the total ow of payments resulting from holding stocks,

including the costs (negative payments) of interest, storage charges, insurance, etc.

Parameter estimates are presented in Table 1 for four alternative models with di�ering

numbers of seasonal terms. The results provide clear evidence for the importance of the
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seasonality terms in the convenience yield. The seasonal terms (the �i and �i) all have

coeÆcients that are signi�cantly di�erent from zero. Using the Akaike information criteria

(not shown), however, the order 3 model (with six seasonality coeÆcients) is judged to have

the appropriate balance between �t and parsimony. The four instantaneous mean functions

for the convenience yields are plotted in Figure 1. The higher order functions are bimodal,

reecting the two annual wheat harvests. Convenience yield is highest in late spring, just

prior to the winter wheat harvest and dipping in its wake. A second, lower, peak is observed

prior to the spring wheat harvest in the fall.2

Turning to other parameter values, the value for � of 0.0019 can be interpreted as the

long run average level of the convenience yield, suggesting that it is generally quite small

(two tenths of a percent of the value of wheat). The size of the instantaneous variance on the

convenience yield (�2 = 0:4527) together with the seasonal shifts from -0.25 to 0.2, indicate

a high degree of variability in convenience yield over time. The mean reversion parameter,

� = 1:8228, indicates a fairly rapid rate of reversion, with a half life of between four and �ve

months.

The total return on holding spot goods, R = 0:0277, indicates that the margins on

storage of wheat are rather small, 3%, above the risk-free rate. This is true in spite of the

fact that the risks are rather large; the annualized volatility in the spot price is �1 = 0:2326.

Finally, the correlation between the spot price and the convenience yield, � = 0:3377, reects

a positive relationship, which is consistent with the stylized fact that convenience yield, like

price, is low (high) when stocks are plentiful (scarce).

2The CBOT contract is on spring wheat but winter and spring wheat exhibit a high degree of substi-

tutability in demand.
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Conclusions

Schwartz has provided an integrated framework for modeling futures prices that incorporates

arbitrage relationships and allows futures of all maturities to be used simultaneously to

estimate model parameters. The approach avoids some of the problems that arise in trying

to get futures prices to �t the assumptions of o�-the-shelf time series models. The most

obvious of these is the roll-over problem that arises at a contract's maturity. More subtle and

often simply ignored are the complex relationships that arise due to the maturity structure

of futures and the convergence of futures to spot prices at maturity. These e�ects are

incorporated in the model structure in Schwartz's approach and hence do not require special

attention.

One important extension to Schwartz's model, especially for agricultural commodities, is

the incorporation of seasonal e�ects into the model. All model parameters can be made to

be seasonal functions of time. With the exception of the mean reversion speed parameter,

this extension only changes the de�nition of the A(t) term in the futures price function.

The speci�c seasonal function used here allowed the mean of the convenience yield to vary

over the year. In an application to wheat futures, this was clearly warranted by the results

presented.
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