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Abstract

Failure of integrability is shown to cause path-dependence of willingness-to-
pay measures of welfare change.  Using the linear expenditure system, effects
of failure of integrability are negligible (substantial) for estimating income
(price) elasticities.  For single price changes, Hausman’s approach to
calculating willingness to pay from ordinary demands becomes subject to
excessive errors of estimation.  For multiple price changes, calculations of
willingness to pay become path dependent.  The empirical approach of Vartia
to calculation of willingness to pay for multiple price changes thus involves an
arbitrary choice of path.  Furthermore, the Willig results justifying consumer
surplus approximation fail.
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It is well known that consumer surplus as a measure of consumer welfare suffers from path

dependence.1  Unless the restrictive assumption of constant marginal utility of income is met, the

consumer surplus measure of welfare change associated with price changes for multiple goods or a

price and income change will vary depending on the order of the price (and income) changes (i.e.,

on the path of integration).  This ambiguity is avoided if welfare is measured by compensating

variation (CV) or equivalent variation (EV).  Both CV and EV are accepted as accurate willingness-

to-pay measures of welfare change.  However, an often overlooked fact demonstrated in this paper

is that, depending on empirical implementation, all three of these measures are subject to a second

form of path dependence—the failure of integrability.  A system of demands is integrable when it is

restricted so as to be consistent with a well-behaved utility function.  That is, demands must be

homogenous of degree zero in prices and income and must satisfy the budget constraint, Slutsky

symmetry, and negative semi-definiteness of the Slutsky matrix.  Hausman demonstrated for a

single price change that exact measures of willingness-to-pay can be derived from the

corresponding ordinary demand equation despite the failure of integrability.  We consider further

the lack of accuracy in estimation when a demand equation is not estmated as part of an integrable

system.  Moreover, we consider the application of such approaches to the measurement of

willingness to pay for multiple prices change when demands do not meet the integrability

restrictions.

A common practice in applied welfare analysis—particularly when time and funding are in

short supply—is to borrow estimates of price and income elasticities from existing studies or to

estimate a partial demand system to obtain approximate welfare results.  Elasticity estimates so

obtained typically fail to meet the requirements of integrability.  This raises a number of practical

concerns about the magnitude of the error introduced by estimating welfare changes without

integrability as well as the extent of path dependence with multiple price changes.  We demonstrate

the effects of the failure of integrability on estimation of CV using the linear expenditure system as

an example.  The derivation of the analogous result for  equivalent variation is trivially similar.

Willig developed a rule of thumb showing that the error in using consumer surplus as a

measure of CV or EV is not large.2  We also demonstrate that his results fail when integrability fails

and, thus, his rule of thumb is not applicable to a major problem for which it was designed—the

case where ad hoc demand specifications are used to estimate welfare change.

The results show, not surprisingly, that the variance of parameter estimators is larger when

integrability is not imposed in estimation (the unconstrained or ad hoc case), and that the difference

in variance between the unconstrained and constrained cases is increasing in income elasticity and

number of demands in the system.  While the benefits to estimating systems that satisfy integrability
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may be negligible for estimating income elasticities and own-price elasticities, they are considerable

for estimating cross-price elasticities.  In particular, errors in estimating price elasticities are shown

to be an order of magnitude (or two) larger with unconstrained versus constrained estimation

where the order is determined by the size of the demand system.  While Hausman demonstrated

that CV and EV can be measured accurately for a single price change using estimates of the

corresponding ordinary demand, our results imply that, without system estmation of integrable

demands, such willingness-to-pay measures are subject to greater errors of estimation for the single

price change case which may or may not be considerable depending on the order of the system.

More seriously, path dependence in the multiple price change case is shown to be subject to large

empirical errors because of lack of precision in estimating cross-price elasticities.

Integrability

Integrability refers to the method by which underlying preferences can be recovered from a

consistent system of ordinary demands.  Let ),...,( 1 Nqqq =  be a vector of consumer goods and

),...,( 1 Nppp =  the corresponding price vector.  Total expenditure or income is denoted by m and

e(p,U) represents the expenditure function.  The ith Hicksian and ordinary demand functions are

),( Upqi  and ),( mpqi , respectively.  In order for the system of (differentiable) ordinary demand

equations to satisfy integrability, it must meet four conditions (Hurwicz and Uzawa):

(i) the budget constraint, mmpqp
N

i ii =∑ =1 ),( ;

(ii) homogeneity of degree zero in prices and income, ) , (),( mpqmpq ii λλ= ;

(iii) Slutsky symmetry, ijji pqpq ∂∂∂∂ = , where mqqpqpq ijjiji ∂∂+∂∂=∂∂ ;

(iv) negative semi-definiteness of the Slutsky matrix, { } 0≤∂∂ ji pq , in matrix notation.

Any demand system satisfying these conditions is consistent with utility theory.  Moreover,

Shephard’s lemma or Roy’s identity provide expressions that, when integrated over prices, can be

used to recover a concave, linearly homogenous expenditure function or indirect utility function,

respectively, from which the direct utility function can be derived using duality theory.

To ensure that integrability conditions are satisfied, it is necessary to derive demand

specifications from utility maximization and impose cross-equation parameter restrictions in

estimation, or to impose all integrability conditions on arbitrary demand specifications during

estimation.  The former approach is used for the translog, generalized Leontief and other second-

order flexible functional forms.  The latter approach often leads to economically implausible

restrictions on demand when ad hoc specifications are used.  For example, LaFrance (1985, 1986)

demonstrated that imposing the integrability conditions on an ad hoc system of linear or log-linear
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demands leads to extremely restrictive conditions on price and income elasticities (including zero

income effects for all goods) that render these approaches useless for practical purposes.

The Linear Expenditure System

We use the Linear Expenditure System (LES), originally developed by Klein and Rubin, to

demonstrate the implications of the failure of integrability for welfare measurement for several

reasons.  The LES is a system of linear demand equations of the form

(1) ∑
=

+=
N

j i

j
ij

i
ii

p

p

p

m
q

1

ββ ,  i = 1,…,N.

This system is linear in parameters and corresponds closely to the most common linear

specification used for piecemeal or ad hoc estimation of individual demands.  Furthermore, it is

almost linear in variables, incorporating the minimum degree of nonlinearity in variables that allows

imposition of homogeneity.3  Because the unrestricted form of this system is similar to ad hoc

demand specifications, examination of departures from integrability should provide useful insights

for evaluating the implications of ad hoc practices.  Nevertheless, the principles developed below

are general and should be relevant to more general functional forms currently in use.

Stone derived restrictions on parameters of the demand specifications in (1) that are

necessary to ensure integrability of the linear expenditure system.  Imposing the budget constraint,

homogeneity, and Slutsky symmetry leads to a system of linear expenditures given by

(2) ∑
=

−+=
N

j
jjiiiiii ppmqp

1

αβαβ ,     Ni
N

i
i ,...,1     ,1

1

==∑
=

β ,

where the iα  are constants.  While the general expenditure system implied by (1) requires the

estimation of N(N+1) parameters, the imposition of integrability in (2) results in N(N-1)+1

restrictions on the expenditure system, leaving only 2N-1 parameters to be estimated.  Imposition

of the budget constraint requires that the sum of income coefficients across equations is one,

∑ = =N

i i1 1β , and that the sum of price coefficients across equations is zero, ∑ = =− N

i iii 1 0βαα .

However, the latter N restrictions are redundant after imposition of the N(N-1) restrictions needed

for Slutsky symmetry.  Symmetry requires that

(3)      ,    , ijij
k

i
kjij ≠∀−== βα

β
βββ   and )1(

1
ii

k

i
kiii βα

β
β

ββ −=
−

= ,

where k refers to an arbitrary equation in the system.  Finally, negative semi-definiteness of the

Slutsky matrix requires

(4)      ipm i

N

j
jj ∀>>− ∑

=
  ,0   ,0

1

βα
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(Deaton).  Deaton and Muellbauer note that as a result of these restrictions, all goods in the linear

expenditure system must be substitutes in consumption and all must be normal goods.  These

conditions are likely to be met for fairly aggregated commodity groupings.

Willingness-to-Pay Measures

Willingness-to-pay measures of welfare change can be derived from the restricted linear

expenditure system in (2) by first recovering the corresponding utility function and indirect utility

function.  Geary demonstrated that the demands implicit in this expenditure system can be derived

from a utility function of the form, ∏ = −= N

i ii
iqqU 1

)()( βα .  The corresponding indirect utility

function is,

(6)    ∑∏∑
===

=
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The indirect utility function provides a basis for defining the compensating variation,

),(),( 0011 mpVCVmpV =− , i.e., compensating variation, CV, is that amount of income that must

be taken away from an individual following a price and income change to leave the individual’s

indirect utility unchanged.  Using this definition, the measure of compensating variation for the

restricted LES follows from (6),

(7)    ∏∑∑
===









−−−=
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The expression for equivalent variation can be similarly derived as the solution to

),(),( 0011 EVmpVmpV += .

Path Dependence of Compensating Variation

In order to demonstrate the path dependence of CV for the LES when integrability fails, we derive

the expression for CV for the unrestricted LES in (1) using Hause’s method.  Shephard’s Lemma

relates the expenditure function to the ith ordinary demand equation in (1),

(8)  ∑
=

+==
∂

∂ N

j i

j
ijii

i

i
iii

i

ii

p

p
Upe

p
Upepq

p
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1

),()],(,[
),(

β
β

.

Note that a subscript is attached to the expediture function denoting the demand from which it is

derived because non-integrable ordinary demands will yield path dependent differential equations

describing the expenditure function.  Solving the differential equation in (8) for ( )ii Upe ,  yields an

expression for how the unrestricted LES expenditure function depends on the ith price,

(9) ( ) 
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Hausman refers to expenditure functions derived in this way as “quasi-expenditure functions,” since

they do not satisfy the integrability conditions.  If (9) were derived from an integrable demand

system, the CV of a single price change, say ip  from 0
ip  to 1

ip , would be

),,...,,...,( 0
010

1 UpppemCV Ni−= .  However, when demands are not integrable, the N expenditure

functions derived from N ordinary demands according to (9) are mutually incompatible, which is

the source of path dependence of willingness-to-pay measures when integrability fails.

To illuminate the path dependence problem, consider two alternative rectangular paths for a

two-price-change case.  Let Path L1 refer to a change in price p1 followed by a change in price p2.

Path L2 refers to the price changes taken in opposite order.  With Marshallian consumer surplus,

path dependence is shown simply by demonstrating a difference in consumer surplus change

calculated along the two paths (where all other prices are dropped for simplicity of notation),

∫∫ −−=
1
2

0
2

1
1

0
1

22
1
121

0
21111 ),,(),,(       : 

p

p

p

p

dpmppqdpmppqCSLPath ∆

and

∫∫ −−=
1
1
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0
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21122
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p

p

p

p

dpmppqdpmppqCSLPath ∆ ,

when ijji pqpq ∂∂≠∂∂ .  Willingness-to-pay measures are represented similarly by the change in

Hicksian consumer surplus.  Neither CV nor EV are path dependent in theory because

∫∫ −−=
1
2

0
2

1
1

0
1

22
1
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0
21111 ),,(),,(       : 

p
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1
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1222 ),,(),,(       : 

p

p

p

p

dpUppqdpUppqHLPath ∆

are identical given Slutsky symmetry, ijji pqpq ∂∂=∂∂ .  In practice, however, when individual

compensated demands are inferred from corresponding ordinary demands that do not satisfy

integrability, Slutsky symmetry will typically fail.

Suppose one employs independent estimates of ordinary demands, ),( mpqi , i=1,…,N, and

computes the Hicksian surplus change by inferring the associated compensated demands.  In

principle, this is done by using the Slutsky equation or, equivalently, by solving the differential

equation )],(,[ Upepqpe ii =∂∂  for ),( Upe , then finding ii peq ∂∂=  and imposing the boundary

condition implicit in ),(),( mpqUpq ii = .

Consider the two-price-change case where estimates of ordinary demands follow the

unrestricted LES in (1).  Solving the differential equation in (8) obtains an associated expenditure

function as in (9).  The associated Hicksian demands are
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(10)
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If p1 changes first (as in Path L1), the boundary condition for the initial segment of the path is

),,(),,( 0
0
2

0
11

0
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0
11 mppqUppq = , which implies
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Then the CV of the change in p1 for the unrestricted LES is obtained by substituting (11) into (9)

and evaluating at the appropriate price levels,

(12)      
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where 01 / iii ppR =  for simplicity of notation.  The latter equality follows because, by the budget

constraint, ),,( 0
1

0
2

0
11 Uppem = .

The boundary condition for computing CV along the second segment of the path (in which

p2 changes) requires that utility be held at the initial level (prior to the change in p1) by deducting

from income the compensating variation CV01 of the first price change, i.e., the appropriate

boundary condition for the second segment of the path is ),,(),,( 010
0
2

1
11

0
1

0
2

1
11 CVmppqUppq −= .

Solving this condition,

(13)     
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where for simplicity of notation .,...,3,01 Njpp jj ==   Thus, the CV of the second segment of Path

L1 is
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Finally, the CV of the two price changes along Path L1 is the sum of the compensating variations of

the individual price changes,
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The CV associated with the same price changes taken in opposite order (along Path L2)

yields an expression, CV021, that is the same as (15) except all 1 and 2 subscripts are interchanged.
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Because (15) is not symmetric with respect to prices, the two measures of compensating variation

are clearly not equivalent.  Thus, the compensating variation is path dependent.  However,

substituting (3) into (15) yields

(16)      2121
21

2

1

0
2

1

1
21

2

0
1201012 .)1( ββββ ααα RRppRRpmCVCVCV

j
jj

j
jj

j
jj ∑∑∑

==>
+−−








−=+=

which is both symmetric with respect to subscripts 1 and 2 and consistent with (7).  In other words,

path independence of compensating variation holds if and only if the ordinary demands, from which

compensated demands are derived, are integrable.  Of course, similar results can be demonstrated

regarding path dependence of equivalent variation.

These results have serious implications for any attempt to derive measures of exact welfare

change from an ad hoc demand or system of non-integrable demand equations.  This demonstration

also underscores the restrictiveness of Hausman’s result.  Hausman argues that deriving welfare

measures from observed market demands is better than starting from a specification for the

expenditure or indirect utility function because of the econometric benefits of finding the best

functional form that fits the individual demand equation.  However, this claim is only applicable to

the single price change case and, as shown below, ignores the accuracy in estimation of an

individual demand that is possible through system estimation.

When more than one price changes, parameter estimates from multiple demand equations

are required.  Path independence of willingness to pay measures is attained only by deriving a

demand system from a common expenditure or indirect utility function and imposing implied cross-

equation parameter restrictions in estimation, or by imposing all integrability restrictions on an

arbitary specification of the demand system in estimation.  With these considerations, the results of

Hausman and Vartia are of questionable usefulness for measuring willingness to pay for multiple

price changes.  In particular, neither repetitive application of Hausman’s approach nor application

of Vartia’s approach accounts for path dependency.  As Vartia acknowledges, his derivation

assumes integrability.  LaFrance’s results show that imposing integrability on arbitrary

specifications of demands can result in implausible restrictions.  Thus, the only practical way to

impose integrability and thus attain path dependence with minimal flexibility is to begin with an

expenditure or indirect utility function.  But in this case, willingness to pay can be determined

directly from the expenditure or indirect utility function upon estimation of the demand parameters.

Thus, the Hausman and Vartia methods are not needed.
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Failure of Willig Approximations

Another important implication of the failure of integrability is that Willig bounds on errors in

consumer surplus as an approximation of compensating and equivalent variation are also not valid.

Willig does not mention the dependence of his results on integrability, but this result is easily

demonstrated using the LES as an example.

Because the change in consumer surplus is path dependent even when integrability holds

due to nonconstant marginal utility of income, any expression for consumer surplus change depends

on the path of integration.  Consider a path in which income is first changed and then price changes

are imposed sequentially from initial to final values.  Let ),...,,,...,(ˆ 00
1

11
1 Njj

j ppppp +≡  and

),...,,,,...,()( 00
1

1
1

1
1 Njjjj

j ppppppp +−≡(  where jp̂  is a vector representing the jth point along a path

of integration and jp
(  is a function of jp  along the jth segment of the path.  A general expression

for the change in consumer surplus associated with an income change and price changes from 0p̂

to Np̂  is

    i
i

i

p

p
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m

m

dpmpqdmCS
i
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),( 1
ˆ

ˆ1 1

1

0

(
∫∑∫

−=
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The corresponding expression for the change in consumer surplus for the restricted

(integrable) LES in (2) is

(17) ∑ ∑∑
= >< 
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assuming no change in income.  Similarly, the change in consumer surplus for the unrestricted LES

in (1) is given by

(18)      ∑ ∑∑
= >< 
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Willig’s result shows that the error in approximating willingness-to-pay welfare measures by the

change in consumer surplus is bounded by functions of the change in consumer surplus and income

elasticity of demand.  However, the path dependence associated with nonconstant marginal utility

of income for the change in consumer surplus present in expression (17) and is compounded in (18)

by the failure of integrability.  This second source of path dependence leads to failure of the Willig

bounds.

When integrability fails, Willig’s results are invalid for two reasons.  First, failure to restrict

the demand system to satisfy integrability introduces errors in consumer surplus as evidenced by the

difference between (17) and (18).  This error enters nonlinearly in the derivation of Willig’s error

bounds.  Second, failure of integrability leads to errors in the measurement of income elasticities.

In the LES, the income elasticity of demand for the ith good is iii sβη =  where is  is the ith
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budget share.  Because, as demonstrated below, errors in unrestricted estimation of the iβ  are

likely to be comparable to restricted (integrable) estimation of demands, this second source of error

may not be serious.

The magnitude of the error in the Willig results will depend on how seriously unrestricted

demand estimates (that do not impose integrability) depart from restricted demand estimates (that

impose integrability).  In the following section, we take a step toward quantifying this comparison.

Assessment of Econometric Error from Failure to Impose Integrability

The LES can be used to demonstrate the effects of errors in parameter estimation when

integrability is not imposed.  That is, if demands as in (1) are estimated when demands as in (2)

apply in reality, then the parameter estimators will satisfy integrability in expectations.  Note that

estimation of (1) corresponds to independent estimation of individual demand equations as might be

the case when the results of independent studies are combined and used to assess welfare effects.

Assume data are available for T periods on N commodity demands.  In the LES, a typical

and convenient addition of disturbances for econometric purposes follows the form,

(19) ∑
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Then in matrix notation, (19) becomes

(20)       NiXBY iii ,...,1              , =+= ε .

Unrestricted estimation of this model by ordinary least squares yields parameter estimates

NiYXXXB ii ,...,1  ,)(ˆ 1 =′′= − , with 1)()ˆ( −′= XXBCov iii σ .  If the true demands are integrable, they

take the form

(21)        it

N

j
jjiiiiii ppmqp εαβαβ +−+= ∑

=1

,      Ni
N

i
i ,...,1     ,1

1

==∑
=

β .

Then with regression following (19), ijβ̂  estimates jjαβ−  and jjβ̂ estimates jj αβ )1( − .

While estimation of the unrestricted demand system in (19) results in only one estimate of

each iβ , because each iβ  appears in only one equation, there are potentially N different estimators

of each jα , one implied by each equation in (19).  If the primary source of errors in estimation of

(19) is errors in estimation of the iβ , then little may be gained by integrable system estimation as in

(21).  However, if the primary source of errors from estimation of (19) is conflicting implications
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for the jα , then imposing integrability as in (21) has substantial econometric benefits.  Said another

way, if estimates of ijβ̂  from equation (19) lead to widely varying implied estimates of jα , then the

path dependence of compensating and equivalent variation calculations is likely to be large.

In order to focus attention on the more interesting case in which errors in estimation of jα

are relatively important compared to errors in estimation of iβ , assume for the moment that the

Nii ,...,1  , =β , are known.  Estimation of (19) then yields N different estimators of jα  given by

Niiij ,...,1  ,
~ˆ =ββ  where for convenience jiii ≠−= for  

~ ββ  and jj ββ −= 1
~

 otherwise.  Each

estimator of jα  has variance

(22) 2~
)

~ˆ( ijiiiij wV βσββ = ,

where jw  is the (j+1)th diagonal element of 1)( −′XX .  An efficient estimator of jα  can be found by

using 1)()ˆ,ˆ( −
•• ′= XXBBCov ijji σ  which implies
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Σ
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where Σ  is the covariance matrix, { }ijσΣ = .

If the true demand system satisfies integrability as in (21) with ∑ = =N

i i1 1β , then

jj eZE αβ =• )ˆ(  where )1,...,1(=′e  and Z is a diagonal matrix with }
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NdiagZ ββ Κ=− .  A

suitable regression model for estimating jα  is ZZwCovEeZ jjjjjj Σδδδαβ ==+=• )(    ,0)(    ,ˆ ,

for which an efficient estimator is the Aitken estimator,

(23)    ( ) ( ) ∑∑∑∑
= =

−

= =
•

−−−




=′′=

N

i

N

k
kj

ik
i

N

i

N

k

ik
kijj ZZZeeZZe

1 1

1

1 1

111 ˆ~~~ˆ][ˆ βσβσβββΣΣα ,

where { }ijσΣ =−1 .  The corresponding variance is

(24)        ∑∑∑∑
= =

−

= =




=

N

i

N

k
kj

ik
i

N

i

N

k

ik
kijj wV

1 1

1

1 1

ˆ~~~
)ˆ( βσβσββα .

The variance of the efficient estimator in (24) can be compared to the variance of

independent estimators in (22) to determine the magnitude of the error in estimation of the jα

when integrability is not imposed.  To facilitate simple comparison, suppose jiij ≠∀= 0σ  so

0=ijσ  and ii
ii σσ /1= .  Suppose also that the standard error of expenditure equation disturbances

is proportional to income coefficients, i.e., 2
iii kβσ =  for some k.  This assumption is consistent

with the plausible case where larger expenditure errors are made on those commodities for which

expenditures are larger.  The variances of jα  estimators from (22) are thus

(25)  ,for    ,)
~

/ˆ(
2

jikw
w

V j

i

jii

iij ≠==
β

σ
ββ
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(26)    jikw
w

V
i

i
i

i

iii
iii =








−

=
−

=  for   ,
1)1(

)
~

/ˆ(
2

2 β
β

β
σ

ββ

whereas the variance of the efficient estimator is

(27)  

121

1

2 1
1

1~
)ˆ(

−
−

= 





















 −
+−=








= ∑

j

j
j

N

i ii
ijj NkwwV

β
β

σ
βα .

Comparing (26) and (27) reveals that unconstrained estimation causes an N-fold increase in

the variance of the own-price elasticities if 2/1=iβ .  To assist in interpreting results, note that

iii
iii

i
ii

i s
m

qp

m

q
p

m

qp
ηηβ ==

∂
∂

=
∂

∂
=

where iη  is the income elasticity and is  is the ith budget share.  Generally, one can show that (27)

is less than (26) for 10 << iβ  and that the difference is increasing in iβ  and N.  If N = 20 and

20/1=iβ , on the other hand, the ratio of (26) to (27) is only 20/19.  Thus, if income elasticities

tend to cluster around 1, accuracy is improved only about 5 percent with constrained estimation

when budget shares are about 5 percent.  As a general rule of thumb, if Ni /1=β , then the ratio of

(26) to (27) is )1( −NN , or more generally, if Ni ζβ = , the ratio is 
22 )()1(1 ζζ −−+ NN .

Overall, comparison of (26) and (27) reveals that the variance of errors in estimates of own price

coefficients is somewhat lower when integrability is imposed as in (27) but the difference is not

great for moderate-sized systems of demands.

Turning to cross-price coefficients, however, the relevant comparison is between (25) and

(27).  If 2/1=iβ , then (25) represents an N-fold increase in variance.  In the more plausible case

where on average Ni /1=β , (25) represents N(N – 1)-fold increase in variance over the efficient

system estimator.  More generally, if Ni ζβ = , then ratio of (25) to (27) is ./)(1 22 ζζ−+− NN

Clearly the errors for estimating cross-price coefficients tend to be much larger when the rest of the

demand system and associated integrability coefficients are not considersd.  These results show for

moderate-sized systems the variances of cross-price coefficients differ by about a second-order of

magnitude in the number of demands in the system.4

Conclusions

This paper has investigated the problem of path dependence that occurs in willingness-to-pay

measures of welfare change when integrability does not hold in the system of demands from which

it is derived.  For measures of the welfare benefits associated with changes in more than one price,

the failure of integrability introduces error in willingness-to-pay measures.  Furthermore, Willig’s

error bounds on consumer surplus as an approximation of willingness to pay also fail with failure of
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integrability.  These problems are serious for practical policy evaluation studies that rely on

piecemeal estimates of demands or elasticities from various other studies.

For problems that involve welfare measurement for multiple price changes, the results of

this paper suggest a considerable benefit to estimation of integrable systems of demands, which for

practical purposes and minimal flexibility implies estimation of a demand system derived from an

explicit specification of the expenditure or indirect utility function.  Without imposing the

associated integrability, estimates of individual demands may be unbiased, e.g., if the functional

specification for the individual demand is appropriate.  However, the variances of errors in

estimation of key price elasticities are likely to be larger by an order of magnitude if demands are

not estimated as a system with all necessary cross-equation parameter restrictions imposed.

Furthermore, the researcher will be in a position to influence the magnitude of estimated

compensating or equivalent variation by the choice of order in which price changes are considered.

Footnotes

                                                       

1  For the purposes of this paper, consumer surplus is defined as the area under the ordinary demand

curve and above price following Just, Hueth, and Schmitz.  Compensating and equivalent variation

then follow the parallel Hicksian surplus defined as the area behind Hicksian demand curves and

above price with utility held constant at the initial or subsequent levels, respectively.
2 Willig demonstrated his rule of thumb for the case of a single price change, but mentions similar

results for multiple price changes.
3  Because this system incorporates minimal nonlinearity in variables to satisfy homogeneity, it is far

less restrictive than the linear or log-linear demands analyzed by LaFrance (1985, 1986).
4 Similar conclusions apply to estimation of both own- and cross-price elasticities because they are

proportional to the LES price coefficients.  In the unrestricted LES in equation (19), own-price

elasticities are given by 1−= iiiii qβε , while cross-price elasticities take the form

)/)(/( iijijij qpp βε = .  Since ijβ̂  estimates jiαβ−  and iiβ̂  estimates ji αβ )1( − , the implied

estimates of own- and cross-price elasticity consistent with the restricted LES are
1/)1( −−= iiiii qαβε  and )/)(/( ijiijij qpp αβε −= , respectively.  Thus, the error in estimation of

own- and cross-price elasticities is proportional to the error in estimation of jα
 discussed above.
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