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Chapter 1: The Nature of Econometrics 

Introduction 

Econometrics is concerned with measurement of economic relationships. 

It is a science which attempts to describe an economy or part of an econ

Omy· in terms of an equation or set of equations. There are both theoret

ical and empirical approaches to econometrics. The purely theoretical 

component consists of the development of a body of knowledge which tells 

us how to go about measuring economic relationships. The theory is devel

oped on a fairly abstract or general basis, so that the results may be 

applied to any one of a variety of problems which may arise, Empirical 

procedures are direct applicationg of the methods of theoretical econo

metr;l.cs, 

Econometricians attempt to express economic theories in mathematical 

terms in order Lo v"rify t.h= by statistical methods and to measure the 

impact of a variable or set of variables, some but not necessarily all of 

which are economic variables, on one or a set of economic variables. 

Usually they are interested in this for one of two reasons. They may be 

interested in predicting future events arising from changes in certain 

economic variables or existing conditions. Or they may wish to advise 

about alternative economic policies to achieve certain desired results, 

Components of Applied_E~onometrics 

There are four major parts of applied or empirical econometrics, 

First, there is specification, Specification entails expressing an eco

nomic theory in mathematical terms, This is the model building activity. 
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A model is a set of mathematical expressions usually equations. In model 

buildinc, one is always faced ~<ith the problem of what to leave out, equa

tions aud variables, if the model is to be manageable and yet useful given 

the data that are available. 

The second component is estimation. Estimation entails "fitting" the 

model, in total or in part, to empirical data. Tlte equations of the model 

are confronted uith data. First the economic model has to be translated 

into a statistical model. This involves expressing the equations of the 

model in terlliB of statistical equations that is the relationships of the 

model which are not identities are expressed in a stochastic form. Each 

of the equations has to be expressed in a particular functional form and 

each of the variables in the equations has to specifically be defined in 

terms of the real world observations it represents. Then the usually scanty 

data available are used to obtain good anJ trustworthy estimates (numerical 

values) of the parameters (coefficients)of the statistical equations of the 

parameters (coefficients) of the statistical equations of the model. 

The third component is verification of the model. Verification entails 

testing the model and the economic theory underlying the model. Criteria of 

success are established to accept or reject the economic theory being tested 

with the model and the particular set of data. Acceptance or rejection of 

the economic theory underlying the model refers to an acceptance or rejec

tion of the applicability of the particular theory or theories used in terms 

of their ability to explain the observations of the particular economic 

phenomena given the particular economic phenomena given the particular sta

tistical oodel and data used. In particular rejection simply means that the 

economic theory used did not satisfactorily describe the observed phenomena 

according to the criteria chosen. It is not possible to reject a theory 
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in an unqualified sense on the basis of an empirical application. Even 

if p given economic theory does not satisfactorily describe observations 

of economic variables in one situation it may still be a perfectly good 

theory for other samples of data and other situations. 

The testing of a model in the verification aspect of econometrics 

involves testing via statistical methods, hypotheses about parameters or 

sets of parameters of the statistical equation. Conclusions and infer

ences are made about these parameters and the interpretation and con

clusions about the economic theOJY are.dane_emlight of these statistical 

results. Generally tests are not performed with regard to hypotheses 

concerned directly with parameters of the non-statistical representation 

of the economic model. Both estimation and verification rely heavily 

on statistical methods and statistical theory. 

The fourth component is prediction. This is what one is ultima.taly 

after in applied econometrics. One generally wants to determine and 

analyze what kind of changes are likely to occur if changes occur in 

certain variables or if certain relationships of the model experience 

shifts. Prediction may involve rearranging the model into a convenient 

shape and form, so that new information in predetermined variables can 

be fed into the model in order to obtain answers about the impact of 

these variables on endogenous variable.s in the system. 

Disciplines _ _i!!_ !'£~.nometrics 

Econometrics is a combination of economics, mathematics and statis

tics. In this sense it is an interdisciplinary science. Let's briefly 

consider the role of each of these disciplines in econometric analysis. 
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Economic theory is fundamental to all aspects of econometrics. It 

establishes the boundaries within which we ask questions. The questions 

we pose and seek answers to are of an economic nature. Economic theory 

provides us with the hypotheses· to be tested. In every piece of research 

we are concerned with some type of hypothesis which has evolved from 

some part of economic theory. From the micro theory of the firm evolve 

hypotheses>about technical activities in terms.of production functions 

and related marginal relationships, substitution among inputs in pro-

duction, cost structures of firms and supply responses of individual 

firms and firms in an aggregate. From the micro theory of consumer be-

havior evolve hypotheses about marginal utilities and marginal rates 

of substitution, price response, income response, and demands for com-

modities for certain aggregates of consuming units. From various mar-

ket oriented theories have evolved hypotheses about industry suppli~s, 

demand for inputs of industries, price behavior and industry cost 

structures. Business cycle theories have produced a large number of 

hypotheses without explicit reference to the theories of the firm, 

consumer behavior or such and these hypotheses have generally been in 

' aggregative form referring to a whole industry, groups of industries, 

groups of households, etc. Certain macro theories have suggested by-

potheses about consumption, savings, investment, employment, etc. 

One could continue listing various other theories such as monetary, 

growth, trade, and others and the hypotheses which have evolved from 

them but this list is meant only to illustrative and not exhaustive. 

Mathematics is a tool both is economics and statistics. It pro-

vides a means of stating complex relationships in reLatively simple 
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forms. It is a very Ulleful "shorthand" in this sense. It permits us 

to WTite in a few equations what would take pages to explain narra

tively. Mathematics allows us to test for internal consistency and 

validity of conclusions derived from a set premises. The conclusions 

hold if the premises are valid and the argument is logical. Mathemat

ics plays a similar role in ststistice. It provides the foundation 

and theorectical basis for statistical procedures. 

In econometrics, we are interested in the estimation and testing 

procedures of statistics. Many of these procedures involve operating 

with mathaatical tools. Statistics provides us with a means of meas

uring from empirical data statistical r.~presentations of economic re

lationships and testing statistical hypotheses which have evolved from-· 

economic hypotheses. It provides the vehicle for making inductive in

ferences from a sample to a population. The usa of statistic• is par

ticularly crucial in economics and other social sciences because there 

is little opportunity for controlled experiments. Generally we have to 

take the observed data as they have been generated by an economy or 

some part of an economy and draw inferences about the mechanism or 

structure which is believed to have generated the data. One reason why 

econometrics deserves separate treatment as a distinct body of knowledge 

is that the techniques of measurement and testing developed are applied 

to non-experimental economic observations. 

Assumptions About __ the_R;!al World 

For purposes of econometric analysis the world is assumed to h8ve 

three essential characteristics. First, the economic_system can be 

described by a system of equations which relate economic variables that 
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are consistent with economic theory. Second, the relationships are mea

surable. Third, the relationships are_~~~tonomous set, The latter 

assumption means that the relationships are reasonably stable and are 

not going to change freely in structure. This doesn't mean that no 

change will ever occur but rather if a change does occur it can be ex

plained by a limited number of economic variables. Furthermore, this 

means that a change may occur in the parameters of one equation of a 

system of equations without affecting the parameters of other eq~atinns 

in the system. For example, in a model consisting of a supply relation

ship and a demand relationship if for some r""son one or more parameters 

of the supply relationship change the parsmeters cf the demand relation

ships will remain unchanged if the relationships are autonomous, In 

other words a change in the behavioral response of suppliers doesn't 

change the behavioral response of demanders. The notion of autonomy is 

not sn all or nothing proposition but rather s more or less proposition 

in terms of degrees of autonomy. 

Three Approaches to Ana!Y~~~-E~onomic Data 

One approach which most of you are familiar with is to loo~. the 

time series in its own terms. You probably came across this approach in 

a course in prices, business statistics, basic statistical principles, 

or business cycle course. The approach attempts to decompose and class

ify the various types of fluctuations in a time series of data and iden

tify the different classes withleconomically interpretable thin;;s. Th" 

four classes of fluctuations generally considered are trend, cycle, sea

sonal, and random. Frequently the tie between the classes of fluctuations 

or "wiggles" is loose and casual. 
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A second approach consists of ~a_2E_la.E_i~n __ o.E_ fo.I_ecasting. Emphasis 

is predicting what is going to happen with little emphasis on why it is 

going to happen. If there is considerable inertia in the economy under 

consideration the predictions may be successful without doing hardly any 

explaining of why things occurred the way they did. Huch of the time the 

predicti~s may be good except when a turning point is reached. 

A thlrd approach is to dev"llop and ~stima,te __ stAt_istical models j>!._s_~<! 

on economic theory which explain the time patterns :>f ou,..,••ahle '.'ariables. 

This is the econom.etrict_ BPl>roach, &lphasia is on explanation and ur.der

Btanding of behavior. It is different from the first approach in that 

each series involved is treated by itself but not idAependently of other 

aeries. Focus is on identifying causality and causal flows. Although 

interest in this approach may be in prediction and forecasting it differs 

from the second approach in terms of its stress on economic structural 

relationships and causality. The model may consist of one relationship or 

set of relationships which may be considered independently and handled 

statistically by single equation Qethods, Alternatively the model may 

consist of a simultaneous system of equations and estimation and analysis 

performed by one of the simultaneous equation procedures. 
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Chapter 2: Linear Regression 

Introductory Remarks 

In ~~er of instances a eingle equation representation of various 

economic phenomena is a suitable framework for estimation and analysis. 

Frequently such s representation entails a linear relationship in which 

the variation in a single endogenous variable is being accounted for by 

one or more exogenous or independent variables. The single exogenous vari

able relationship is a special case of the multiple exogenous variable re

gression. The relationships are specified as if causality wav unidirec

tional from the exogenous variables to the endogenous variable even though 

in some cases there may be no intent to focus attention on causality per 

se. This is sometimes true about variables in models designed primarily 

for prediction purposes. On the other hand, models focusing on economic 

structure and the understanding of economic behavior are very much concerned 

with the directional flow of causality. In the latter types of models con

siderable emphasis is given to the underlying economic theory and other 

prior information which suggests the direction of causality. 

The discussion of the linear regression model will focus on a number 

of topics which may be of interest to the applied economist. First, the 

linear model will be presented in compact matrix notation and the required 

assumptions for least squares estimators to be obtainable anrl have desirable 

properties will be discussed. This will be followed by a brief demonstra

tion of the desirable properties of least squares esti~ters when assump

tions are fulfilled. The relationships among the underlying normal equa

tions when expressed in general matrix notation, moments or sums of squares 

and cross-products and correlation coefficients will be pointed out, 
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Several sections will be devoted to point and interval estimation and test

ing of various types of hypotheses about individual parameters and groups 

of parameters. Finally, var±ous co~on estimation and testing problems 

occur in empirical application including violation of assumptions will be 

discussed. 

The emphasis is on the estimation aspects and application. The early 

sections contain a few p~oofs or possibly more accurately expressed as 

demonstration, many of which have been borrowed from Theil, Johnston, Gold

berger and others. Most of the text is a blend of personal notes with texts 

of the individuals mentioned and others. Numerical examples are used liberal

ly and consist mainly of performing various types of analyses and tests on a 

few selected sets of data so that the reader can more easily relate the 

various topics. 

Model Expression 

Let us start with a situation where an economic model or other type of 

model has been form~lated and translated into a stochastic or statistical 

model. Also, let's suppose we have a set of observations or data which will 

be used to obtain numerical values of the coefficients of the statistical 

model. The set of data consists of a concurrent observations on one endogen

ous variable, Y, and k exogenous variables x
1

, x2 , x
3

, ••• ~· 
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(2.1) 

Ue are interested in summarizing the pattern of the data by expressing the 

relationship between the X's and theY in the form of a multiple variable 

linear stochastic equation such as 

<2 •2> Yi ~ 8o xio + 81 xn + 82 xi2 + --- + 8k xik + Ei 

k 
(2.3) E 8 Xi_j + Ei 

j~O j 

~here: i = 1, 2, 3, ... , n 

j = 0, 1, 2, •.. , k 

Y is the endogenous variable 

Xa = 1 

x1 , x2 ,--- ~are k exogenous variables 

E is the disturbance or error term whose values are not observable. 

The disturbance represents the combined effects of all variables neglected 

by the model and not included in the equation. •· is the intercept whose 
"o 

Bk are parameters, the population regression 

coefficients, whose values are also unknown. In fact, attempting to obtain 
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numerical estimates of the parameters s0 , s1 , s2 , ---,B k is what the estima

tion aspects of regression analysis are all about. 

The observations presented in (2.1) may now be expressed in terms of 

the expressions presented in (2.2) and (2.3) in the following manner: 

(2.4) 

Y2 = 8o x2o + 1\ x21 + 82 x22 + - - - + 8k x2k + cz 

Y 3 = ilo x3o + 81 x31 + 82 x32 + - - - + 8k x3k + c3 

Remember that the elements of x10 - -- XnO are each equal to one. 

The n equations in (2.4) may also be expressed in matrix notation as 

(2.5) Y = X B + c 



where: 

ry; 

y = 

8 ~ 

y2 

y 
n 

Bo 

sl 

Biz 

~k 

y lls n X 1 

X is n x (k+l) 

8 is (k+l) X 1 

£ is n x 1 

I 

X = 

L- 5 

1 

1 

1 

£ 
n 

xll 

x21 

x31 

xl2 xl3 

x22 ~3 

x32 x33 

Estimation of Regression Parameters 

xlk 
I 

~k 

XJk 

(2. 6) 

There are many ways in which the numerical estimates of the 8' s could 

be chosen. One of the more popular methods is based on t;h,; lea>~L squares 

ctiterion.. The least square~ method iuvolvt=t::t f1lt.lug t.hc multiple regression 

equation, whioh is a hyperplane, to the observations in such a way that the 



2-6 

sum of squares of the residuals is a minimum. l~o other set of numerical 

esti=tes of the a's can yield a smaller sum of squares of the residuals. 

The residuals are the numerical estimates of the &'s, When certain assump-

tions are met, least squares estimators have the desirable properties of 

being best, linear, and unbiased estimators. 

Assumptions 

There are five major assumptions underlying classical linear regression 

models in order for the estimators to be best, linear and unbiased. An addi-

tional assumption about the distribution of the disturbance has to be made 

if tests of hypotheses are to be performed, 

(A.l) Y = X a + c 

This assumption states that the maintained hypothesis is linear in the 

sense that Y observations are linear functions of the X observations and the 

&'s and the parameters are linear functions of theY observations. The exo-

genous variables may be of various powers. 

(A.2) E(E) a 0. 

This assumption states that t:u~ expected value of the disturbance is 

zero. Hence, the mean value of the disturbance is zero. One way of think-

ing about this is that the influences of all the variables excluded from 

the model and not considered are expected to cancel each other out on the 

average and have no influence on the endogenous variable, 

This assumption really encompasses two assumptions. First, it states 

2 2 
that E(ci) • o for all i which indicates the Ei have a constant variance. 

This is the homoscedasticity property of variances. This means the diagonal 
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elements of the matrix o2I are all the same. In fact o2I is a scalar matrix 

because of the second assumption embodied in (A.3). The off-diagonal terms 

are zero and this occurs because E(Ei£r) ~ 0 for ilr which means that the 

£i 1 s (disturbances) are pairwise uncorrelated in the particular sample being 

considered. 

(A.4) X is a n x (l+k) matrix of fixed numbers 

This assumption states that the exogenous variables are nonstochastic 

or fixed in repeated samples. Hence, for a specified set of X's the sole 

variation in Y is variation in £. This implies that X and£ are independent 

and hence E(X£) a EO\). E(£) = E(X) • Q = 0 because of (A. 2) 

(A,S) Rank of X = l+k < n 

This assumption also consists of two parts which could be considered 

two assumptions. First, it says the rank of X is equal to the· number of 

exogenous variables, including the "dUllll!ly" variable which takes on only the 

value of one, which menns there are no exact linc:lr relationships among the 

exogenous variables. The number of exogenous variables including the "du=y" 

variable of the intercept is also the number of parameters to be estimated. 

The second part of this assumption (l+k) ~ n simply indicates the number of 

parameters to be estimated has to be equal to or less than the number of 

observations. If the equality holds, the fit of the regression equntion 

shall be perfect because the regression surface shall be forced through 

every single observation and there shall be no residual of any type. If (k+l) 

were greater than n there would not be adequate information in sample observa-

tions to provide information about all of the parameters. Another way of 

saying this is that more degrees of freedom would be required than are av~lla-

ble, 

I 
I 
I 
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J!Dally if tests of significance are to be performed than the additional 

assumption required is: 

(A.6) E are normally distributed. 

This assumption is required so that probability distributions with 

known parameters and thus properties can be used in.ospeci.fying and evaluating 

tests of hypothhses. Note that since X is considered a set of fixed RDmbers 

and the a is a set of constants (parameters) the Y takes on the same assumed 

type of distribution as ~· 
2 

Both Y and E have the same variance o , but the 

mean of Y is ~ while the mean of £ is E(e) = 0. Under this assumption 

2 2 Y is N(~Y' o) and£ is N(O,o ). 

Least-Square Estimators 

In (2.5) a linear regression model with K exogenous variables was ex-

pressed in matrix notation. The specific model considered was 

Now let us consider the estimating form of this model 

(2.7) Y • X b + e 

where: y is a n x 1 vector of observations of the endogenous variable 

. bl l/ X is a n x (k+l) matrix of observation of the exogenous var1a es-

b is a (k+l) :z 1 vector of estimators 

e is a n x 1 vector of residuals of (Y - Xb) 

There are two rather critical differences between (2.5) and (2.7). First, 

the vector of S parameters in (2. 5) whose values are unknown is replaced 

1/ 
-Remember, there are k exogenous explanatory variables plus the dummy . 

variable which takes on only values of one; hence the dimensions. 
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in (2.7) by the b estimators. Second, the unobservable disturbances,£, 

in (2.5) are replaced with the observable residuals, e, in (2,7). 

The least squares principle is one criterion which msy be used to obtain 

the b estimators, The minimization of the sum of squared residuals is the 

basis for this criterion, Considering a sample size of n, the sum of squared 

residuals is 
n 

(2.8) e'e • (Y- Xb)' (Y- Xb) • r ei 
i•l 

= (Y' - b'X') (Y - Xb) 

~ Y'Y - Y'Xb - b'X'Y + b'X'Xb 

Note that Y'Xb is a scalar and thus equal to its transpose. Hence, (Y'Xb)' m 

b'X'Y which permits combining Y'Xb and b'X'Y. 

In order ~o minimize the sum of squared residuals the gradient is ob-

tained and set equal to zero as follows: 

(2.9) ae•e 
'""'§'b m -2 X'Y + 2X'Xb ~ 0 £/ 

and 

(2 .10) X'Xb ~ X'Y 

(2 .11) (X'X)-l X'Xb = (X'X)-l X'Y 

(2.12) lb • (X 1X)-l X'Y 

(2 .13) b = (X'X)1 lX'Y 

2/ 
- Vector and matrix differentiation applied to a quadratic form was used to 
obtain (2.9). Suppose we have a quadratic form X'AX. (X'AX) • (A+ A') X 

ax 
and if A is symmetric as is the case with X'X then A'. • A and (A+ A')X • 
2AX m 2A'X. Alternatively, the quadratic form vould be expanded and then 
partially differentiated term by term, 
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Hence, (2.13) are the leasts squares estimators which are the recipes for 

obtaining from observed data numerical estimates of the regression parameters. 

Now let us attempt to develop the covariance matrix of the least squares 

coefficient estimators. The samplin~ error is 

(2.14) b - B = (X'X)-l X'Y - e 

but since Y = X B + E then 

(2.15) b- B = (X'X)-l X' (X 8+E) - B 

= (X'X)-l X'XB + (X'X)-l X'E - B 

= B + (X'X)-l X'E - B 

= (X'X)-l X'E 

Note that since the elements of (X'X)-l X' are constant that the sampling 

error (b- B) is a linear function of E, the disturbance. Also, (b- B) 

is a similar function of the disturbance as b is of the endogenous variable. 

Now, 

(b -B) (b-e)' = ~(X'X)-l X' 

= LCX'X)-l X' 

= (X'X)-l X' 

The covariance matrix is the 

g)I(X'X)-l X'E -! 1 

1 ,- -11 E 'E 1 X (X'X) 
::--..... -

-1 EE 1 X(X'X) 

that the least squares estimators 

expected value of this expression given 

are unbiased .ll 

(2.16) V(b) "'E lb -e} (b- B)'j .. E ('(X'X)-l X' EE' X (X'X)-l) 

but since the elements of (X'X)-l X' and X(X'X)-l are fixed or constant 

(2.17) V{b) = {X'X)-l X' E(E E') X(X'X)-l 

= cr 2 (X'X)-l X'X (X'X)-l 

= a2 (X'X) -l 

There are two things to note about the covariance matrix of b. First, 

it entails, the same inverse matrix as do the least squ~res estimators, 

3/ 
- The unbiasedness property will be proved in a subsequent section. 



b. 

I 2- 11 
> I 

2 
Second, the covariance matrix is in tenns of the variance parameter, o • 

Usually the true variance is unknown and an estimate of the variance is 

needed. One way of handling this is to substitute for the unobservable 

disturbance,E = Y- X a, the observable residuals, e = Y- Xb, and utilize 

2 the residual variance as an estimator of a , 

The estimator of the residual variance associated with a least squares 

regression equation is: 

(2.19) 2 
s = e'e 

n-k-1 = 

n 
r 
i=l 

.=n"""'-k;-_-;1-
~urn of squared residuals 

degt·ees of freedom 

Intuitively, it is not difficult to see why this estimator appears appropriate 

and makes sense. In the least squares framework the sum of squared residuals 

is a measure of the variation in the endogenous variable not accounted for by 

the exogenous variables, X, included in the regression equation and when 

divided by the appropriate degrees of freedom yields an estimate of residual 

variance. Furthermore, intuitively n-k-1 degrees of freedom appear appropriate 

in that this is simply th~ number of observations of the variables less the 

n~ber of restrictions imposed on the given sample of n observations in terms 

of the freedom in which the variables can assume values. There are k para-

meters of variables plus an intercept to be estimated which imposes k + 1 

restrictions and hence k + 1 degrees of freedom are "used up". 

2 To show that s is the least squares estimator of residual variance and 

that n - k - 1 are the approptiate cegrees of freedom involves some tedious 

but not extremely difficult matrix manipulations. First, let's consider 

the alternative forms of the least squares residual which are readily amena-

ble to matrix manipulation. 
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(2.19) em Y- Xb = Y - X(X'X)-l X'Y = (I - X(X'X)-l X' J y'!J 

where (I - X(X'X)-l x',] is sytllllletric and idempotent.i/ Now substituting 

Y = X8 + ~ into (2.19) yields: 

(2.20) e = [r X(X'X)-l X'] Y =[I - X(X'X)-l X'] (X ll + E) 

= [I - X(X'X)-l x•J Xll + (I - X(X'X)-l X'J~ 

= X B - X(X'X)-l X'X8 + [I - X(X'X)-l x'] e: 

= X 8 - XB + [I - xcx~x)-1 x•]e: 

= li - X(X'X)-l X':k 

Note that the least squares residual vector is a similar linear function of 

the disturbance, e:, as it is of the end~genous variable, Y. The sum of 

squared residuals is~ 

~/Any n x 1 vector is equal to the product of itself premultiplied by an 
n x n identity matrix, i.e., Y =I Y. 

n 

5/ - An idempotent matrix is a square matrix which satisfies the condition that 
A= Az. In this case 

[I ·- X(X'X)-l x•J [1- X(X'X)-l X') a r2 - IX(X'X)-l X'I 

+ X(X'X)-l X' X(X'X)-l X' 

= I - X(X'X)-l X' = X(X'X)-l X' 

+ X(X'X)-l X' 

= I - X(X'X)-l X' 

also, (1- X(X'X)-l X']'= I' -(X\X'X)-l X']= (1- X(X'X)-l X')since 
X'X and (X'x)-1 are symmetric metracies and [x'X) 1] ' = (X'x)-1_ 
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-1 . :1 [ • -1 ,, } 6/ 
(2.22) e'e • £'[I- X(X'X) X~·~ • tr {£' I- X(X X) X~£ -

e'e may be conveniently expressed in terms of a trace since £
1 ['I - X(X'X)-l :<']• 

7/ 
is a scalar and thus equal to tts own trace.- The trace is a linear 

function and since the expected value of a trace is the trace of the ex

pected value, taking the expectation of the sum of squared residuals yields· 

(2.23) E(e'e) = E {e' [I- X(X'X)-l X1]d= E tr {£ 1 [I-X(X'X)-
1
x']d 

1 r: -1 
aEtr{[I-X(X'X)- x•J ££'}=trE{ LI-X(Y'X) .. X']E£ 1

) 

• tr {[I • X(X'X)-l X' J E(££ ')} 

c tr ![I - X(X'X)-l X')a 2
I } 

= tr {(I- X(X'X)-l xi] a 2 
} 

= {tr (i- X(X'X)-:1} a 2 

= {tr [I]- tr [(X'X) (X'X)-1
}a

2 ~/ 
n 

= [ n - (k-1)] a 2 
" (n-k-1) a 

2 

~/The trace of a square matrix is the sum of its diagonal elements, i.e. 

n 
tr A m E aii where A is n X n. 

i=l 

7/ -1 -It may not be obvious that £1 [I- X(X'X) X']£ is a scalar, however, con-
sider the size of each of the matrices and the order of multiplication.-

The result is a 1 x 1. 

£1islxn 
I is n x n 
X is n x (k+l) 
(X'x)-1 is (k+l) x (k+l) 
X' is (k+l) x n 
£ is U.·X 1. 

8/ - This particular step is based on a b~sic property of tnaces of products of 
matrices. If A, B, and C are three matrices conformable to multiplication 
then tr (ABC) • tr (BCA) • tr (CAB). In this cl!Be ll • X, B • (X'X)-1, snd 
C • X' and tr [X(X'X)-1 X'] • tr (ABC) • tr (CfiB) • tr [X'X (X'X)-1]. filso, 
this operation yields an identity matrix and th~ order of the identity metrix 
is its trace. The orders of the product matrices resulting from the various 
multiplication will not be the same unless all the component m.~triccs.of the 
product nrc square and sll have the sane order. 

!"' 

I 
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Hence, an unbiased estimator of the disturbance variance is obtained by divid-

ing the error sum of squares or sun of squared residual by n- k- 1. Thus, 

the unbiased estimator of o 2 is: 
n 2 

(2.24) 2 e'e D l~l ei SSE s - D 

n-k-1 n- k - 1 n-k-1 

where SSE denotes errorssum of squares. Combining this information with (2.17) 

·it directly follows that an unbiased estimator of the covariance matrix of b 

is: 

(2.25) S(b) D s2 (X'X)-1 

The estimators of variances are t]·,, elements of the main dingonal while off 

diagonl elements are covariances. 

Properties of Least Squares Estimators 

We went through some tedious and messy matrix algebra to show that the 

estimator of the disturbance variance and the estimators of the variances 

and covariances of the regression coefficidnts are unbiased, but nothing has 

been said about the properties of the estimators of the regression coefficients. 

If assumptions (A.l) through (A.S) are met then the estimators have the de-

sirable properties of being best, linear, and unbiased estimators (BLUE). 

One of the easier to show properties is that b is linear. Linearity 

here refers to b being a linear function of Y, the endogenous variable. This 

can be done by considering the specification of b given in (2.13) which is 

b m (X'X) -l X'Y 

-1 In assUI!!ption (A. 4), X was considered a matrix of fixed numbers, thus (X'X) 

X' consists of constant ele':lents ;-,:.:1 b is linear in Y, 

The estimators is unbiased if for any arbitrary sample size the expected 

value of the estimetor .is tae parameter being estimated. To show this, let 

us take the expectation of b. 

(2.26) E(b) ., E[(X'X)-l (X'Y} a (X'X)-l X' E(Y) 
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But, the expectation of Y is 

(2.27) E(Y) c E[X8 +e) ~ XB + E(E) = X8 

Thus, 

(2.28) E(b) ~ (X'X)-l X' (XS) = (X'X)-l (X'X)8 = 8 

Hence, b is an unbiased estimator of 8 • 

The"bestness" property is somewhat more difficult to prove. It entails 

showing for any arbitrary sample size that there is no other linear unbiased 

estimator that has a smaller variance than the least squares estimator. In 

a rigorous manner Theil states that if the assumptions (A.l) throueh (A.S) 

are not violated the least squares estimator b is best linear unbiased in 

the sense that any other estimator of 8 which is also linear in the vector 

Y and unbiased has a covariance matrix which exc~~ds th~t of b by a positive 

semi-definite rnatrix.2/ 

We have already shown that b = (X'X)-l X'Y is zn unbiased estimator of 

8 and is a linear function of Y. Also, we have shown that the covariance 

matrix of b is ~(b) = a2 (X'X)-l which in the least squares framework can 

be estil!lated by s 2 (X'X)-1• NolO let us consider any other linear estimator 

of 8, say 8, lolhich can be expressed as 

(2.29) B ~ A'Y 

and A' can always be expressed as 

(2.30) A' = [(X'X)-l X' + D'] 

where D' is a (k+l) x n nonstochastic matrix all of whose elements are not 

zero. For a to be unbiased A'X B I + D'X D I which means 

(2.31) D'X ~ 0 

2/For additional details see Chapter 3 of Henri Theil, Principles of Econo
·-metrics, 1971. 
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Under this condition and by substituting (2.30) into (2.29) the covariance 

matrix of S is 

where 

(2.32) v(S) -
R E [ ( 6 - B) (a - 8) 'I m E [(A. E) (A I E) '] 

2 = E[A 1 EE 1A] D 0 A'A 

(2.33) A'A a [(X'X)-l x• + D'] I(X'X)-l X'+ D']' 

= [(X'X)-l X' + D'] [X(X'X)-l +D) 

= (X'X)-l X'X (X'X)-l + (X'X)-l X'D + D'X(X'X)-l + D'D 

• (X'X)-l + D'D 

(X'X)-l X'D and D'X(X'X)-l both vanish because of (2.31). Hence, 

(2.34) V(S) a o2 [(X'X)-l + D'D] • o2 (X'X)-l + o2 D'D 

10/ where D'D is a positive semi-definite matrix.-- Thus, any linaar estimator 

B which is unbiased, i.e., satisfies (2.31) will have variances of the esti-

mators which exceed the variances of the least squares estimators by the 

amount of the diagonal elements of D'D. Covariances will differ by the 

amounts of the corresponding off-diagonal elements of D'D. Hence the least 

squares estimators are the best of all possible linear unbiased estimators. 

10/ --A matrix premultiplied by its own transpose yields a product matrix with 
main diagonal elements which are a sum of squares and as long as we are deal
ing with real numbers ~he main diagonal elements are non-negative. Further
more, D'D is square and symmetric. One can ehow it is symmetric by simply 
transposing D'D; (D'D)' = D'D 

To show that D'D matrix is positive semi-definite, let us express it as the 
coefficient matrix of a quadratic form 

where 

F • Z' (D'D)Z 

z• is 1 x (k+l) 
D' is (k+l) x n 
D is n x (lt+l) 
(D'D) is (k+l) x (k+l) 
Z is (k+l) x 1 

If (D'D) is positive semi-definite then F is non-genative ~ 0) for every Z 
and there exists points Z of. 0 .. for which Z '{D'D)Z • 0. Note that F is a qua
dratic equation and in terms of matrices it is a 1 x 1. Now expressing F as 

F • (Z'D') (DZ) • (DZ)' (DZ) 

we note that Z'D' is 1 x n 
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Estimation From a Mooent Viewpoint 

Much of what has been set forth thus far has been theoretical in nature 

with focus on showing why the least squares estimtors are <~hat they are and 

showing that they do possess some de.sirable properties if certain key assU!ll?-

tiona are fulfilled. Now we shall turn to developinv, more of an applied fram<e-

work which directly >1ill yield computational fomuli for obtaining numerical 

values of the least squares estioators, Then sol!le of tl,e fundal'lental and 

major tests of hypotheses about parameters are presented. 

As a point of departure, let us more closely examine the J['X matrix <~hich 

plays such a key role in least squares estimation. The X matrix presente0 in 

(2.6) is a n X (k+l) consisting of n observations on each of k exogenous vari-

ables and a dui'!ffiy variable, X 10• which only takes on values of one. Hence. 

x10 xn x12 - - xlk 1 xn v :ell· .12 

xzo xn x22 - x2k 1 x~l x:?2 - X?! _( 

X = 

X no xnl X ? - - - - X 1 xnl 1' - - - - X ' n~ nl~_1 ~~n2 n . .::: 

1 1 1 1 v X - - - - ylll '·n 12 

xll x21 \1 1 x21 x22 x2k 

x12 x22 xn2 

X'X " ' I • 
' . 
I 
I : 

' 
~k xzk .. xu I~ xnl X ? X n .• nk 



The cross moments of the exogenous variables with the endogenous variable 

unadjusted for means (moments about the origin) are: 

~~~ :-
1 1 - 1 n 

~ yi 

xll x21 - - xnl y2 1•1 

x12 x22 --X 
n 

n2 li xil yi 
i•l 

(2. 36) 

X'Y ~ 
. . -

:.k, ~. xlk X --
n 

2k E xik yi 
- ·..; i~l 

If the subscripts ot X' in (2.36) appear peculiar remember that the columns 

of X' are the corresponding rows of X. 
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The normal equations of least squares estimators presented in l'llitrices of 

moments unadjusted for means are: 
n 

n h n n bo l: 
yi 

l: xu !: xi2 l: xik i•l 
i•l i•l i•l n 

n n 2 
n n 

bl l: XilYi l: X l: xu l: xu xu - r xilxik isl i•l il i 0 l i•l i•l 

(2.37) • . 

n n n n 

i=l 

Numerical values of all elements i~ X'X and X'Y are obtainable from the ob-

served data, If the inverse of X'X is obtained, (2.37) may be solved for 

estimates of the elements of the b vector. (X'X)-l entails elements which 

permit obtaining the variances and covariances of sll estimated coefficients 

including the intercept, b0 • If tests of hypothesis about the intercept or 

interval estimates for the intercept sre relevant to the problem bein~ investi-

gated, then the unadjusted moments faom of normal equations are appropriate. 

Alternatively the normal equations may be expressed in terms of correct-

ed moments or moments adjusted for means (moments about the means), To show 

the normal equations expressed in terms of adjusted moments (2.37) l'lliY be 

directly solved for b0 and this expression for b
0 

substituted into each of 

the k re~aining noroal equations. The norcal equations given by (2.37) 

written out are: 
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n n n n 
nb0 + b1 

l: xu + b2 t xi2 +---+bE xik s t yi 
i•l . i•l k i=l i•l 

n n 
2 

n n n 
bo l: xil + bl E xil + b2 E xil xi2 + --- + bk E xilxik • t xil Yi 

i•l i=l i•l i=l i•l 

(2.38) 

n n n n n 

bO E X + b E X X + b E X X + --- + b E x2 
c E X Y 

i=l ik 1 i=l ik 11 2 i=l ik i.2 k i=l ik i=l ik i 

Solving the first equation of (2.38) for b
0 

yields 

n n n n 

(2,39) bo a 
t yi E xil E xi2 t xik 
i=l - bl i=l - b2 i•l ' bk i•l 

II n n n 

For illustrative purposes substituting (2,39) into the second equation of 

(2.38) yields 

~ 
n n 

(2. 40) 
l: y l: X E xi2 
i•\ i - b i=l 11 

- b2 i~l 1 n n 

n 2 ~ n n 
+ bl E xil + b2 l=l xixi2 +- -- + b l: xilxik • E xilyi i=l k 

IT 2 C )C J + b2 [! ,_, ·-·~., 
}~nl\z-{ ~ = bl l: xil - E X E X 

xi J i=l 1=1 il i•l il i=l i•l 1 
n n 

X l ~ 
1 j i=l 

n 

n 

and 
n 

(Xik- ~)(Xij- Xj) c i=l 
:~ :-< 
ik ij 

n 
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Small letters are being used to denote deviations from the mean3 and this 

convention will be adopted throughout the text. Rewriting (2.40) in this 

n n 

l: xilxik ~ E xilyi 
icl i=l 

It is rather straight forward that each of the normal equations may 

be rewritten similarly to (2.41). The normal equations 1n-itten in terms 

of adjusted moments and in matrix form are: 

(2.42) 

n 
l: 

i=l 

n 
E 

i=l 

n 
l: 

i=l 

.n 

xikxil E xikxi2 
ial 

2 
X 

ik 

-
n 
E 

i=l 

,_ 
If the inverse of [x'x] is obtained, the equations given in (2;.42) nay be 

solved for b1, b2 , ---, bk. b0 is obtained from (2.39). 

There are a few aspects of the normal equations expressed in terms of 

adjusted moments which are worthy of mention. First, notice that the set 

of least squares estimators of the coefficients may be obtained either from 

moments adjusted for means or mom.:nts unarljusted for T'leans. Second, the 

matrix which has to be inverted uhen the moments are expressed about the 

means is a k x k as compared to a (k+l) x (k+l) t1hen the ::'X matrix is 

used. ln the age of electronic computers this is not as important, but 

when calculations are 
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being done by hand reducing the matrix to be inverted by one row and one column 

may save a tremendous amount of work. Third, and probably nost important, 

does not contain elements which would permit obtaining the variance 

of the intercept nor covariances involving the intercept. Hence, if testing 

hypotheses about the intercept or obtaining interval estimates for the inter-

cept are desired, the procedure involving the adjusted momenta is not the one 

to use. 

Again consider the normal equations in terms of unadjusted moments as 

expressed in (2.37) and obtain a solution for the b uector. Let C = (X'X)-l 

with elements cij where i denotes rows and j the columns of C. The estimators, 

'· . b, are obtained by 

(2.43) 

C a 

(X'X)-l (X'X) b a (X'X)-l X'Y 

b a (X'X)-l X'Y 

:coo 
I 

cOl 

\ clO ell 
' I 
\ c?,O c21 

! 

b a C X'Y 

I 

C02 
I 

- cOk! 

elk i c12 

- - _ c I c?.2 2k. 

i 
I 
' ' ckk \ 
; 

-
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and 
bo coo cOl C02 

bl clO ell c12 

(2.44) b2 c20 c21 c22 I 
I c 

I 
I 

bk I ~0 ckl ck2 

hence, 

n n 

bo~cc10 
E E 

xil~i + coz i=l yi + cOl i=l 

n n 

bl=clO 
t 

Yi + ell 
E 

xil Yi + c12 icl i=l 
(2.45) 

Some Measures of Variation 

~ 

I 
I 

n 

i l: yl 
COk I i•l 

n I elk E xu Y 
I i•l 

c2k 

n 
ckk I E v 

; __ :1,.~1 ''11~ 

n "' E 
?i2yi i 111 l + -·- + c Ok 

n 
t 

xl2Yi + --- + elk i•l 

' 
n 
t 
i~l xi2Yi + --- + ~k 

y:_l 

n 
t 

xik\ i=l 

n 
l: X y 

i=l jl< i 

The variation about the origin in the endogenous variable is repre-

sented by the second moment about the ori~in, Y'Y • The Bl!lOunt 

of variation about the origin in Y accounted for by the (k+l) exogenous 

variables is b '/"Y which in terms of the estimators (2 .44) and cross 



moments in (2.35) and 2.36) is: 

(2.46) 

n 

b 'X'Y' ~ b l: Y + b 
0 i=l i 1 
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n n 
E E 

i=l xi2Yi + --- + bk i~l xikyi 

Generally the variation of concern in the endogenous variable is not the 

variation about the origin but the total variation about the mean. In 

terms of moments this is the second moment about the mean. The total 

variation about the mean of the endogenous variable is frequently referred 

to as the total sums of squares and is the variation about the origin cor-

rected for the amount attributable to the meal level. 

/n y~ 
2 

(2.47) n -2 n 
y2 -

I E 
y'y ~ r Y2 I 

i=l i 
= Y ty -n Y c: r 

1 
\,_ i~l I 

icl 
n 

The amount of variation in Y, measured about the mean of Y accounted 

for by the k exogenous variables is called the sum of squares regression 

and is as follows; 

(2.48) SSR ~ b'X'Y- n Y2 

n n n 
E E 

X11Yi + b2 
r 

X y + ---= bo icl Yi + bl i•l i•l i2 i 

n (~ y~ 2 
E 

+ bk i~l xikyi - \~cl 

n 

This represents the amount of variation in Y that is "explained" by the 

variables included in the regression equation. As SSR approaches y'y 

the specified relation is basically doing a good job in explaininR the 

variability in the endogenous variable and we have a good fitting equa-

tion. 
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It might be well to point out that if the moments are adjusted for 

means such as those (2,42) the sum of squares regression is~ 

(2.49) 

n 
E 

i~l x12yi + --- + bk 

The b1 , b2, ---, bk are the same as those given in (2,45) disrer,arding 

the estimator of the intercept. 

The aoount of variation in Y which is not accounted for by the 

exogenous variables (including the dummy for the mean) in the relation 

is the sum of squares error or residual. It is an indicator of the 

lack of fit of the regression equation. The surn of squares residual 

der.oted as SSE is~ 

(2.50) SSE a e'e = Y'Y- b'X'Y a y'y - SSR 

It follows that the total variation is the sum of two components, 

y'y • SSR + SSE. 

The least squares estimator of variance may be obtained from (2.50) 

by simply dividing the sum of squared residuals by the appropriate de-

Brees of freedom, n - k - 1. Hence, 

(2.51) 
2 

s 
e'e 

~ -n-=--"'k,.-_---,.-1 
SSE 

n - k - 1 

2 One of the more common measure.:o of goodness of fit is the R or 
0 

coefficient of determination. R~ indicates the proportion of variation 

in the endogenous variable, where variation is measured in squared 

deviations about the mean, accounted for by the exogenous variables in 

the regression relation. 

(2.52) R2 E b'X'Y - n Y2 

Y'Y- n"Y2 
= SRR 

y'y 
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R2 may take on values between 0 and one, 
2 An R value near zero indicates 

that the exogenous variables in the recression equation are not very use-

ful in terms of accounting for the variation in the endogenous variable. 

R
2 ~ 1 indicates a perfect fit which from an applied vie1.rpoint is not 

only an uninteresting case but a candidate for suspicion. Perfect fits 

usually provide little useful information and often orise only because 

of inadequate degrees of freedom. 
2 High R (but not equal to one) in 

cases where inadequate deerees of freedom are not a problem indicate a 

good fitting equation in which the exogenous variables account for a 

large proportion of the variation in the endoeenous variable. 

The coefficient of non-determination follows directly from the 

coefficient of determination. The coefficient of non-determination is 

(2.53) 2 
1 - R = 

e'e 

Y'Y - n Y 2 
e'e 

--;-- = 
y'y 

SSE 
y'y 

I{measures the ~rtion of the variation about the mean in the 

endogenous which is not explained or accounted for by the exogenous 

variables in the equation. 

The coefficients of determination as expressed in (2.52) and non-

determination given in (2.53) are not adjusted for differences in 

degrees of freedom associated with the numerator and denominator campo-

nents. Basically sample size was used for both which cancelled out 

and left the resulting coefficients unaffected. However, the multiple 

correlation coefficient squared or coefficient of determination and the 

coefficient of non-determination may be defined in terms of degrees of 

freedom rather than sampl~ size. Such coefficients are referred to as 

adjusted for degrees of freedom or simply adjusted. If the sample size 

i 
I 
I 

I 
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is very large and the difference between this and degrees of freedom is 

small (i.e., relative to the number of observations the number of para-

meters being estimated is small) the adjustment for degrees of freedom 

will be s~ll. On the other hand, if the sample size is rather ~all 

and relative to the number of observations the nuober of parameters 

being estimated is large then the adjustment for degrees of freedom mav 

be quite substantial. Denoting the adjusted coefficients of determin-

ation with a bar we have: 

(2.54) -2 1 - R m 

e'e 
n-k-1 

Y'Y - n Y2 

n-1 

-2 and solving for R yields 

(2.55) 

a n-1 
n·-k-1 

The adjusted coefficient of determination is interpreted in a similar 

manner as the unadjusted coefficients. It is a measure of the propor-

tion of variation in the endogenous variable accounted for by the ex-

ogenous variables included in the model after adjustments for degrees 

of freedom have been made, 

Now let us consider the covariance matrix given in (2.25). 

~ and letting (X'X)-l be C as given in (2.43) we have 

S(b) 2("' ·'.-·' = s h .... , ' 

' 
~----

' --, 
coo cOl C02 cOk 

1 clO ell c12 elk 

czo c21 en elk 

(2.56) S(b) 2 
a s 

i ~0 ~1 
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The estimated variances of the estimators of regression parameters are 

2 the product of a and 10/ the respective diagonal elements of c.- For 

example the estimated 2 2 2 2 
intercept is abO a coos ' of bl is sb D ella ' 

1 
2 2 

of b2 is sb = c 22s 2 , etc. The covariances between pairs of estimated 
2 

coefficients are given in the product of s 2 and the respective off 

diagonal elements. For example, the covariance of b1 and b2 is s 
blb2 

(X'X)-l is 

2 
= cjis • 

symmetric. The covariance of any 

This is a k x k matrix with the estimated variances on the major diag-

onal and covariances off-diagonal. However, the estimated variance of 

b
0 

and the estimated covariances of b
0 

with other estimated coefficients 

are not available from (2.57). 

the first row and first column 

(2.57) is the submatrix of 

11/ of (2.56) are deleted.-

Estima~1on from a Cnrrel~tton Coefficient Vieunoint 
ana ;:,tannardlzed Regressi''l' 

(2.56) when 

Some computational procedures for obtaining least squares estimators 

involve transforming the moments about the means to correlation coeffi-

cients and perfoming th~ matrix inversion and other computations in terms 

lO/lf the normal equations were formulated in terms of moments adjusted 
for means as expressed in (2.42) the inverse to be considered is 
(x'x)-1 where x represents the matrix of exogenous variables expressed 
as deviations from their respective means. The covariance matrix of 
the estimators is: 

(2.57) 

11/ --Arthur s. Goldberger proves this on pages 182-184 of Econometric Theory, 
1964, as does Henri Theil in Chapter 1 of Principles of Econometrics, 
1971. Franklin Graybill proves the aimple regression case on page 118 
of An lntroduc.tion to Linear Statistical Models, Vol. 1, 1961. 
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of the correlation coefficients. One advantage of using the correlation 

coefficients is that the matrix for which an inverse has to be obtained 

is well conditioned in that all of its elements take on values between 

-1 and +1 since these are the bounds of product-moment correlations. 

This section will not be as detailed as the previoua section since its 

purpose is to show the relationship between the moment approach and 

correlation coefficient approach to obtaining least squar.es estimators. 

The estimators which are first obtained by using the correlation coef-

ficient approach are referred to as standard partia.l regression coef-

ficients. The standard estimators may be very easily and directly 

transformed to the ordinary least squares estimators. 

The product-noment correlation: 

n 
E (xu - Xl) (Xi2 - X2) 

i=l 

n 
n - 1 E XUXi2 

i=l 
(2.58) r a 

~ 
n x >2 ,, ~ (Xi2- x >2 

;n 2 
tn -· 

2 ' . ' E <xu- i E xu I E xi 1 
i=l 1 

·\(1 

2 
\jicl Vi=l -

n- 1 

The correlation coefficient is a measure of how two variables vary to-

gether either in the same direction or opposite directions. Specific-

ally, the correlation coefficient is a measure of the degree of linear 

association between two variables. It is a dimensionless quantity .in-

dependent of any units of measurement. The extreme values of r, r•l 

and r•-1, represent perfect positive and negative linear association, 
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respectively, r•O indicates there is no linear association between the 

two variables. A linear correlation of zero does not preclude some 

type of non-linear relationship between the two variables. 

!low let us consider the normal equations of the least squares 

procedure when expressed in terms of moments about the means as they 

were presented in (2.42). Unless specified otherwise, sll summations 

are over i a 1, 2, ••• , nand hence subscripts are dropped. These 

normal equations are: 

bl 
2 

Exl + b2 Ex1x2 + - - - + bk Ex1'1< • Ex1y 

bl Ex2xl + b2 
2 

- + bk Ex x, • Ex2y l:x2 +-- 2 K 

(2,59) 

Now let us divide both sides of the first equation of (2. 59) by \~- • 

,-~ 

\ . 2 \ I 2 both sides of the second equation by jEx2 • ~Ey etc. down 

kth equation which is divided by \/ E{ f~/ ~ The resulting 

set of equations is 

to the 

:·i 2- Ex
1
x2 Ex "! Ex

1
y -._; xl 

- + b 1 c ~ 

bl 
\Ey2 

+ b2 I 2 I f 2 +---
kIt 2 I z \/E~· \{Ey2 i'_Ex1 /EY "xl \ Ey 

,-
. \JE 2 

• Ex2x1 Ex2'1<_ Ex
2
y 

bl + b ~2 + - + b (2.60) I 2 JEl. 7:7 k 
'/Exi VEl 

;-::--'2 ~-
'-./Ex ,) Ey \ Ex2 

2 
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Let these etitiontors b.:, denoteu witit an asterisk. 

lhe relationship between these and the least squares es-

timators is: 

(2. 61) 

where bj is the least squares estimator of the jth parameter and sj 

and sy are the standard errors of Xj andY, respectively. 

that 

(2.62) 

It follows 

* The b 's are called standard partial regression coefficients. They are 

independent of the original units of measurement and comparisons of any 

two indicates the relative importance of the two variables in terms of 

predicting values of the endogenous variable and accounting for variation 

12/ in the endogenous variable.-- The notion of relative importance is · 

strictly from a statistical viewpoint and in a mechanical sense, 

Let us now rewrite the equations presented in (2,60) in terms of 

the standard estimators, This transformed system of equations is: 

12 /For more details see Robert G. D, Steel and James Torrie, Principles 
and Procedures of Statistics, 1960, pages 284-85. 



* bl 

• 
bl 

(2.63) 

But 

2--Jl 

• Ex
1

x
2 • Ex1'lt + b2 + - - - - + b k 

-~-\/rxf vrxi Jrx;. 
• * Ex

2
x

1 + b2 + - + b k 
Ex 2xk 

vrx; ~--

+ b; E'ltx2 

\.{~~\/~:-; 

\Q\Q , Ex 2 Exk 

• + - - - - + bk 

- Ex
1
y 

\/-2 r:J Ex1 \. Ey 

c ::x2y 

\1 Exi V rl 

-

~ rij ~hich is the correlation coefficient 

be~een the ith antl jtl~ variables and hence (2.63) may be rewritten in 

terms of correlation coefficients. 

* + + - + b rlk 
, 

rly k 

" + - + b k r2k = r2y 

+ = r 
ky ,, 
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which when written in terms of matrices is". 

1 ! * I ~11 rl2 rlk i -1:11. I 
r21 1 r2k I b~ I I ~ly I ' 

I I (Z.64) I 

I • 
rkl rk2 1 J bk r ky, 

-· - s..l 
and in general notation 

where [rij] is a k x k matrix of correlation coefficients of pairs of 

exogenous variables • 

Let 

• b is a k x 1 vector of standardized regression coefficients. 

is a k x 1 vector of correlation coefficients between 

exogenous and endogenous variables. 

* The standard estimators are obtained by solving for b as follows: 
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Then 

(2.68) * " b = c rjy 

and 

·* * * * bl = cu rly + cu r2y +----+ clk rky 

* 1t * * b2 = c21 r ly + cz2 r2y + - - - - + c2k rky 

(2.69) 

The estimators presented in (2.66), (2.68) and (2.69) are estimators 

of the coefficients of a standardized regression equation, a transformed 

version of the conventional one we were considering earlier, which may be 

expressed as: 

(2.70) 

where 

(2.71) * y 

~ 

= (Y - y) 

sy 
* and Y = y s + y 

y 

* (Xj - Xj) and Xj = xj Sj + xj 
sj 

(2.72) xj = ----~--~--

* e is the residual 

* bj 's are the standard least squares estimators. 

Usually the standard regression equation given in (2.70) is not presented 

and when it is, it is usually expressed in prediction equation form. In 

prediction form, the standardized endogenous variable is replaced by 

standardized predicted values of the endogenous variables as follows: 

(2.73) '* y • * * ** ** ** (y -e)ab * +b X +---+b X. 1122 ktt 

\"'" 

• 
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where 

(2.74) 
... 
Y a 

. .. 
and Y ~ y sy + Y 

Other statistical quantities such as sum of squares due to regression, 

sum of squared residuals, coefficient of determination, etc, may be com-

puted in the standardized framework. However, standardized quantities can 

be transformed to corresponding non-standardized quantities quite easily. 

The transformation for psraceter estimators is given by (2.62) and for 

the endogenous, exogenous and predicted endogenous variables by (2,71), 

(2. 72) and (2, 74), respectively. The inverse of the standardized form 

c" may be transformed to the inverse of the nonstandardized form invol-

ving moments about the means by the following; 

(2.75) * Exixj 
cij J:xi 

2 
cij a cij c l:xj 

rij 

and 

• rij 
cij (2.76) cij a cij 

Exixj 
2 

Exi 
2 

Exj 

where 

* * cij is the element in the ith row and jth column of c • 

element 
-1 

cij is the in the ith row and j th column of (x' x) • 

Note that if Exixj K 0 then rij a 0 and the first expressions to the 

right of the equal signs in (2.75) and (2.76) cannot be used for com-

putational purposes. 
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After the inverse of the matrix of correlation coefficients and 

estimates of the standardized regression coefficients have been ob

tained, the standardized quantities may be transformed into non

standardized forms for the purpose of computing other quantities. 

Testing of hypotheses and other analyses may be performed in the non

standardized form. After obtaining the inverse and standardized re

gression coefficients, there is no apparent advantage for continuing 

to use the standardized framework. 
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Interval Estimation 

Statistical inference is concerned with two types of problems -

estimation and testing of hypothese. Estimation entails two types 

of estimators, point and interval. The least squares estimators, b, 

which we had discussed earlier are point estimators. Point estimators 

yield a single numerical estimate of each parameter being estimated. 

There is no specific probability of occurrence associated with the 

single valued numerical estimate. 

In estimation·, the estimates we obtain usually do not have ex-

actly the same value of the parameter being estimated. It makes sense 

to give the estimates in terms of an interval and these intervals are 

called confidence intervals. The interval is given in terms of a spe-

cific probabili~y level. Confidence interval gives the shortest range 

' or interval which at a specified probability level is expected to con-

tain or include the parameter for which the interval is being established. 

Three types of interval estimators related to least squares multi-

ple regression will be considered. First, the interval estimator (confi-

dence limits) for a single regression parameter will be presented. Next, 

the interval estimator for the difference between a pair of regression 

parameters will be given. Finally, the interval ~stimator for an average 

predicted value of the endogenous variable and for an individual value of 

the endogenous variable will be presented and discussed. 

Confidence Limits for Individual Regression Parameters 

In setting conficence limits upon a specific ~j we wish to establish 

' an interval such as 

(2.77) 

' . ' 
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where the probability of the 

Parameter B is c~ual 
j -

interval (L
1

, L2) containing the population 

to (1 - a), l3/ (1 - a) is the level of con-

fidence which is one minus the level of significance wh~re a is the level 

of significance and the probability of committing a Type I error. L1 and 

L
2 

are the limits which are to be established. 

In establishing a conficence interval for any parameter values from 

a known probability distribution are utilized, The particular theoretical 

values are determined by the selected probability level, (1- a), For 

example, .9S confidence limits (a • .OS) would mean that the theoretical 

values of some known probability distribution would be chosen or greater 

than the larger value chosen is . OS. The particular kno"" probability 

distribution chosen to establish confidence limits for a particular type 

of parameter is determined by the sampling distribution of some function 

of the parameter for which the interval estimate is being made. In the 

case of Bj the function we are concerned with is: 

(2.78) b - s 
j j 

sb 
j 

which is ~1stributed as a t. In general, the difference between an esti-

mator and the parameter ov"r the standard error of the etltimator is dis-

tributed as a t. The general probability expression of the confidence 

13( 
--This is an open interval and hence does not include the boundary points, 
A closed interval could be chosen and the boundary points would be included. 
The probability expression would contain the weal inequality and (2.77) 
would be: . 

P (L1 :'. S j ~- L2) • l - a 
> 



interval is: 

(2.79) p [-ta/2 < 

p [-bj - ta/2 sb 
j 

p [bj + ta/2 sb. 
J 

L-3j 

< 

,, 
= 1 - (l 

< -B < -b + t sb J j j a/2 
j 

> aj > bj - ta/2 sb J = 
j 

= 1 - a 

1 - a 

p (bj - ta/2 sb < aj < bj + ta/2 sbj_] = 1 - a 

Hence: 

(2.80) 

where 

• j 

L~ = b. - ta/2 sb 
J j 

L = 2 bj + ta/2 s 
bj 

Ll is the lower limit 

L2 is the upper limit 

bj is the least squares estimator 

ta/ 2 is the tabled value of t for 

2 same degrees of freedom as s • 

of 8 .• 
J 

a/2 probability 

"-/.2 sb = \ s c 'j 
j J 

is the standard error of bj. 

level and the 

Note that the two-tailed t was used. Both a lower and upper limit are 

being established and part of the " probability is in each of the tails, 

hence the a/2. The two theorectical values are used except in cases where 

qne licit is i;uo._.n .. priori . ~· and only one limit needs to be es-

. tablished on a probabilistic basis. 
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An appropriate interpretation of a confidence interval is that the 

probability is (1 - a) that the interval established by (2, 80) contains 

the parameter ~j' Alternatively, one is 100 (1 - a) percent confident 

that the interval established by (2.80) contains the true parameter. 

These statements apply to confidence intervals in general. 

There are two things worth noting about the confidence interval 

statement. First, the statement is made in such a way that the para-

meter is a constant and does not vary but the confidence limits vary in 

repeated sampling. Second, from a probability viewpoint the statement 

is valid only before numerical values are established for the confidence 

limits. Once the numerical values are established, th~ probability that 

the parameter is contained within the limits is either one or zero, 

Confidence Limits for the Difference Between Two Regression Parameters 

Following the same procedure as the single regression parameter we 

can quickly established the confidence interval for the difference between 

two regression parameters. The quantity we are concerned '.ri th is 

(2.81) 

9 
(b - b ) 

j r 

The confidence interval is 

(2.82) 

= 
- ---- -·-------

s (b - b ) 
j r 
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and 

(2.83) L1 ~ (bj - br) - t 012 s(bj- br) 

L2 = (bj - br) + ta/2 s(b -' b ) 
j r 

where: 

L
1 

is the lower limit 

La is the upper limit 

(bj - br) is the difference between the jth and the rth estimators 

ta/ 2 is the tabled t value for a/2 probability level and the same 

2 degrees of freedom as s 

'Ji 2 - b ) = · s (c 
r jj + c - 2c ) rr jr is the standard error of the 

difference between the jth and rth estimators. 

Confidence Limits for Predictions 

Sometimes linear multiple regression equations are estimated primarily 

for the purpose of predicting values of the endogenous variable. In many 

instances an interval estimate may be more enlightening and useful than 

point estimates of the endogenous variable. For example, it might be more 

useful to know that the probability is .95, that the price of corn will be 

between $2.10 and $2.20 per bushel for a set of exogenous variables than 

to only know that for that set of exogenous variables the prediction is 

$2.15 per bushel. The latter prediction provides no information about 

the chances of the predicted value occurring. However, if one is going 

to establish confidence limits for the price of corn per bushel one has 

to decide whether the limits· will be set on the average price per bushel 
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during a ~pecified time or on the price of any individual bushel of 

corn which might be sold during some specified time period. The two 

types of confidence limits for predicted values are: 

(1) Confidence limits for the average value of the endogenous 

variable which might occur for a given set of values of the enogenous 

variables. 

(2) The confidence limits for any single predicted value of the 

endogenous variable for a given set of values of the exogenous variables. 

Let us consider the linear multiple regression model in its predic-

tion form i.e., Y = Y- e then 

Now let us obtain a predicted value of the endogenous variable for a 

specific set of X' s which will be denoted with a super +. By a specific 

set of X's is meant s specific value of each X from x
1 

through ~· The 

predicted value of Y for the specific set of X's may be expressed in 

equation form as follows: 

(2.85) + 

where: 

+ +-- - + bk~ 

+ 
+--- + bk~ 

.+ 
Y is the predicted value of the endogenous variable 

X+ is the chosen value of the jth exogenous variable 
j 
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where: 
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+ xj is the deviation of the chosen value of the jth exogenous 

variable from the mean of the jth exogenous variable 

bj is the jth least squares estimator. 

The estimated variance of an average predicted Y is 

= 
k 
E 

i=l 

k 
I: 

j=l 

s
2 is the residual variance, i.e., 

e'e 
n-k-1 

c is the element in the ith row and j_th column of (X'X)-l 
ij 

n is the number of observations, i.e., sample size 

For a three exogenous variable example, the estimated variance of an 

average predicted Y is 

(2.87) 

Note there are two components of variation in s
2y+. The first is the 

2 
variance of the mean which evolves from s The second is the sampling 

n 
variability and covariability of the estimated regression coefficients 

weighted by the squares and cross products of deviation of the chosen 

14/ values of the exogenous variables from their respective means.-

14/ -- This point is 
there is only 

s2"+ ~ 
y 

more easily seen in the simple 
one exogenous variable.[ Then 

s2 fl. + (x+)2l ~ s2 + to E i<2 n 

regression 

s 2 (x+) 2l 
b J 

case when 
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This latter component becomes a more and more dominant factor as the 

chosen values of the exogenous variables deviate further and further away 

from their respective mean values and the result is a larger and larger 

estimated variance of the predicted average value of the endogenous var-

iable. 

Similar to the confidence limits for the regression coefficients, 

the quantity of interest is .::Y_+ _ _;E_,(.=.Y +--L). which is distributed as a t. 

s·+ y 

The (1 - a) confidence limits are: 

(2.88) 

and 

(2.89) 

where: 

( '+ 
p y - t,,_/2 

L
1 

is the lower limit 

L
2 

is the upper limit 

+ '+ 
E(Y ) < Y + ta/ 2 s.;;+) = 1 - a 

ta/ 2 is the tabled t value for the a/2 probability level and the 

s.;;+ = 

same degrees of freedom as 2 
s • 

' / 2 
\f s '+ y as defined in (2.86) and illustrated in (2.87) 

The confidence limits for any single predicted value of Y for chosen 

values of all of the exogenous variables are determined in a similar manner 

but the estimated variance of the single predicted value of Y includes an 

additional component of variation, The third component of variation is the 

random variation of individual items as measured by the residual variance. 



The residual variance is a measure of the random variation among indi-

vidual items even though treated alike and subjected to the same stimuli. 

The variance of a single predicted value of Y is 

k k 

(2.90) 

All terms have already been defined. The three variable illustrative 

example would be the same as (2.87) except for adding a one inside the 

brackets. 

(2.91) 

and 

(2.92) 

where: 

The (1 - a) confidence limits are: 

'+ 
Ll a Y •· t a/ 2 Sy + 

'+ 
L2 = y + ta/2 sy+ 

L
1 

is the lower limit 

L2 is the upper lL~it 

= 1 - a 

ta/
2 

is the tabled value of t for the a/2 probability level and 

2 the same degrees of freedom as s 

2 where sy is defined in (2. 90) 

The confidence limits for the single predicted Y establish an 

interval such that the probability is (1 - a) that the true value of Y 

for the chosen levels of exogenous variables is contained in the interval. 

For the average predicted Y the interpretation is that the probability is 

(1 - a) that the interval contains the true expected value of the endogen-

ous variable for the chosen values of the exogenous variables. 



Some Numeri_<O_a_l_ ~xamples 

To complement the theoretical and computational frameworks presented 

thus far, attention is focused on two types of numerical examples. These 

numerical examples illustrate some aspects of estimation of the least 

squares linear multiple regression model. The first of the examples em-

phasizes estimation of regression coefficients using correlation coefficients. 

The second example focuses on point and interval estimation of parameters 

of a multiplicative relationship which is linear in logarithms. 

Estimation Using Correlation Coefficients 

Let us consider a study of the demand for a particular commodity, 

based on hypothetical annual data for 21 years, which yields the follow-

15/ ing results.-

Means Standard Deviation Correlation Coefficients 

X 51.843 sx D 9.205 rXY = -0.9158 

y 8. 313 Sy = 1. 780 rYT = -0.8696 

T = 0 ST = 6.057 rXT = 0.9304 

where 

X = per capita consumption in pounds 

Y = deflated price in cents per pound 

T =time in years. 

15/ 
-This example is problem 5.1 in J. Johnston, Econometric Methods, Second 

Edition, 1972, p. 170. 
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Note th~t for T = 0 time is coded negatively from the 11th year back 

toward the beginning of the series and positively from the 11th year 

forward. 

Let us consider the problem of computing the coefficient of time 

in the estimated relationship between Y and X and T and testing hy-

potheses about whether the coefficient differs significantly from zero. 

Y will be assumed to be an endogenous variable while X and T will be 

considered exogenous. Hence, we are considering a demand relation in 

which the quantity is assumed to be predetermined and adjustments to 

achieve equilibrium occur in the price variable. 

Since the partial information presented is in standard deviations 

and correlation coefficients, it is advantag~ous to perform the est!-

mation using the correlation matrix. Inverting the correlation matrix 

instead of the moment matrix and using this matrix yields standardized 

partial regression coefficients. As we have indicated before the 

standardized partial regression coefficients can be readily transformed 

to the ordinary least squares coefficients. Alternatively, one could 

transform the standard deviations and correlation coefficients into 

moments and cross-moments about the means and formulate the normal equa-

tions in terms of moments about the means. 

Our interest at this point is to perform the estimation in terms 

of correlation coefficients. The normal equations of interest are: 

* * 
(2. 93) 

bl + b2 rXT = rXY 
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which in matrix form are: 

r (2.94) 1 rXT b;l rXY 

rXT 1 b2 • rTY 
I 

L_ -' .J 
• * where b1 and b

2 
are estimated standardized partial regression coefficients. 

The standardized estimators are: 

-1 
-1 

1 r l I rXY 
\ 

(2.95) 

rTY i ·- __l 

The determinant of the correlation coefficient matrix is 

1 rXT 2 (2.96) a 1 - r = 1- (.9304) • 1- .8656- .1344 XT 

rXT 1 

and 

~ -1 r·; -r I 
' 

rXT I XT' 
(2.97) I = 1 

I I .1344 

GT 
1 1 I 

j_:-XT I _, 

1 -.93o'4l 7.4405 -6.9226' 

.. 1 
.1344 -

-.9304 1 _\ -6.9226 7. 4405J 

Hence: 

*' I-·9158J -.79411 bl I 7.4405 -6.9226! 

(2.98) = • 
I I I I 

"' 7.44051 l.86~ b2 -6.9226 -.1305 
_l 



tim; to obtain t:1e ordinary least squares estimators we adjust the stan-

dardi:~:ed partial r.c~ression coefficients by the ratio of the standard 

error of the endogenous variable over th.e standard error of tile respec-

tive exor;euous variable. 

~~ . By 
bl a bl 

(2.'J9) s .. , 
'• 

1< By 
b2 a bl 

sT 

The eatiwateu intercept is: 

-. 7941 

-.13)5 

9.2J5 

1. 7~0 
6.057 

.. -.153G 

= -.J3~4 

(2.1UJ) h_, = Y- b
1
X- b

2
'l

2 
= 3.313- (-.1~36) (5l.o43) - (-,03[;4) (0) 

o0 = 6.313 + 7.963 

bJ = lu.27v 

(2.101) Y • 1C.27~ - .1J3~~ - .~)~4 T 

and Y is 

(2.lLi2) 

~(n-1) 

(L.lJ3) Exy D (-.JJl:i~) (1. 7",)) (:J.205) (2J) • -3JJ.l05'J 
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The cross moment about the means of Y and T is: 

(2.104) Eyt • rXT sy s
1 

(n-1) = (-.8696) (1.78) (6.057) (20) ~ -187.5112 

The second moment about the mean of the endogenous variable is: 

(2.105) Ey
2 • (n·l) e~ • 20 (1.78) 2 

a 20 (3.1684) • 63.~680 

The amount of variation in the endogenous variable accounted for by 

the regression is 

(2.106) 

~ (-.1536) (-300.1058) + (-.0384) (-187.5112) 

= 53.2967 

The amount of variation in the endogenous variable which is not 

accounted for by the regression is: 

(2.107) SSE= Ey2 ~ SSR a 63.3680 - 53.2967 a 10.0713 

The proportion of variation in price accounted for by the per capita 

quantity and time is 

(2 .108) R
2 

• 
53.2967 
63.3680 Cll .841 

About 84% of the variation in price is accounted for by the per capita 

quantity and time together. Hence, in terms of the proportion of var-

iation accounted for this is a fairly good fitting function. 

The coefficient of determination adjusted for degrees of freedom is 

(2.109) R 2 = 1 - __ !!.::_1_ 
n-k-1 

- 1 - .176 7 

R2 • .8233 

(l-R2) • 1 - _lQ_ (1 - .841) = 1 18 
20 ---18 (.159) 



After adjusting for degrees of freedom the proportion of variation 1n 

the endogenous variable accounted for by the two exogenous variables is 

still 82.3 percent. 

An estimate of the residual variance may be obtained from the error 

sum of squares given in (2.107). The estimated residual varianco i3 

(2.ll0) 2 
B 

. SSE ---- ~ 

n-k-1 
10.0713 

18 - .5595 

In order to obtain the estimated variances of the b coefficients the 

diagonal elements of the inverse of the matrix of moments about the means 

are needed. These are obtained by adjusting the elements of the stand-

ardized regression in the following way: 

(2.111) 

(2 .112) 

The 

(2.ll3) 

ell a 

= 

* ell rll 

Ex
2 

(7 .4405) (1) 

(9.205) 2 (20) 

R 

(7 .4405) (1) 
c22 • -'-(6'-.'-"0c:::5.:::7)"-;2~(~20'-)-

* * ell r ll ell 
= 2 

sx (n-1) Ex
2 

n-1 

7.4405 
84 • 73 2 0---,( 2""0"'")- = 

7.4405 
- 36.6872 (20)· -

variances of the estimates are 

( 1) • 
D ~i 

Ex 
(n-1) 

7.4405 
:L694,64-- .00439 

7.4405 .0104 
733.744 

2 2 
R ( ,00439) (.5595) c ,002456 sb •ell s 

1 

2 2 
~ ( .01014) (.5595) = .005673 sb c "22 s 

2 
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and the standard errors of the estimated coefficients are: 

----
(2.114) - \i c 

2 \( 002456 a .0496 Bb B ~ 

1 
11 

~1./ c
22 

2 v. 005673 .075 3 Bb s a -
2 

Now we can proceed to testing hypotheses about the parameter of the 

16/ time variable.- In this case there is inadequate prior information to 

justify a one-tailed alternative hypothesis and hence a two tailed al-

ternative will be used. The appropriate hypotheses are: 

The appropriate test is a t-test 

(2.115) 
t c = 

-.0334 - 0 
.0753 

-.0384 
.0753 

- -.509 

To be significant at the .OS level the computed would have to be less 

than 

\.025) (18) = -2.1Cll 

Hence, time whatever it is measuring is not a significant variable in 

accounting for the variation in the price of this commodity. 

Time could be measuring any number of variables. One could agree 

that time is a "proxy" variable representing a measure of changes in 

tastes and preferences for this particular commodity. Over time changes 

16/ 
- Although the theory and procedures of hypothesis testing are discussed 

in the next chapter it is convenient and hopefully meaningful to pre
sent the use of the single t-test as the final part of this problem. 
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in tastes and preferences are believed to be gradual and usually in a 

given direction rather than an erratic back and forth changing and 

hence time may be a fairly reasonable measure of such changes. Also, 

income is not included in this relation and incomes tend to change 

steadily in recent times and one might argue that the time variable is 

a "proxy" for income and other variables which shm; a steady pattern 

of chan~e over time. 

Point and Interval Estimation of Coefficients of Hultiplicative Functions 

The follot<ing is a matrix of hypothetical variances and covariances 

of the three variables: 

X ~ log food consumption per capita 
l 

x2 = log food price 

x3 m log disposable income per capita 

The variance-covarianc~ matrix based on a sample of 20 observations is: 

xl x2 x3 
-1 

(2.116) xl 11.50 ·3 .12 26.99 

x2 29.16 30.80 

x3 133.00 I 
' I 
~ 

On the assumption that the demand relationship may be adequately re-

presented by a function of the form Y ~ 
l (where xl a 

log Y1), the problem is to estimate the income elasticity of demand 

and compute a 95 ~ercent confidence interval for this parameter. 



The model whose parameters we are interested in estimating is: 

(2.117) 

where: 

E is a random disturbance in logarithmic terms 

B
0

,e
1

, and B2 are the regression parameters with e0 

being the intercept 

In terms of logs (2.117) is: 

(2 .118) 

In logarithms the model is linear and estimation may be performed in 

terms of conventional least squares methods. The least squares esti-

mators are elasticities. This may be shown by considering the multi-

licative form of (2.118) and focusing on ~ 2 , the coefficient of the per 

capita disposable income variable. An income elasticity of demand is 

defin~d as a relative change in the quantity consumed (demanded) over a 

relative change in income. Hence, in terms of partial derivatives the 

income elasticity of demand is: 

(2 .119) 

But 

(2.120) 

E. = 
I 

<lYl 

yl 
= 



and 

(2.121). a Y1 a1 a2 ·-1 
~ az 8o Yz y3 £ 

<l y3 

Now 
y3 

<l yl y3 31 a ·-1 
(2.122) E = a2 Bo v y3 

2 = £ 
I 

<l y3 yl 
-2 yl 

a 2 so Y 2 
al .. 82 32 yl B2 c y3 £ = = 

yl 

1\lithout loss of generalization the elasticity concept applies to each 

of the parameters of a multiplicative relation 'lhich is linear in logar-

ithms. 

Turning to the estimntion of the coefficients the determinant of 

the variance-covariance matrix is.: 

(2.123) 29.16 30.80 
c 2929.64 

30.80 133.00 

and the inverse of the variance· covariance matrix is' 

rl33.00 
' r .04540 I ·-.0105~ -1 1 -30.80. 

(2.124) [x' x] = ------ I = I 2929.64 L . 3'l. 80 29.16/ L-.01051 .00995 

The estimates of the regression coefficients are: 

(2.125) . 01051 i j-3.12 
= 

,--=.42531-1 
I I 
I 

L26. 99 .0099~j I • 30134 
' . 



The sum of squares regression is: 

(2.126) 

- .42531 (-3.12) + .30134 (26.99) - 9.46013 

The sum of squared residuals is• 

(2.127) SSE · SSR • 11.59 - 9.46 = 

and the esti!:lated residual variance isc 

(2.128) 2 
s 

2.13 
m -u = .1253 

2.13 

The variance of the stimated coefficient of the dispoenhle income 

variable is' 

(2.129) 2 
s b 

2 
= c s 

ss 
2 = .00995 (.1253) = 

and the standard error of b is· 
2 

(2.130) = = .035 

.00124~74 

The estimated ?rice elasticity of ~emand for food is bl m -.42o 

and the estimated income elasticity of demand for food is b2 c .301. 

The 95 percent confidence limits for the inco!:le elasticity are· 

(2.131) b2 - t(.025) sb < 82 < b2 + t(.f')25) sb (17) 2 (17) 2 

.301- (2.110) ( .035) < 82 < .301 + (2.110) (. 035) 

.301 - .074 < 8 < .301 + .074 

.227 < 8 < • 375 



Hence the probability is .95 or we are 95 percent confident that the 

income elasticity for food is bet"een .227 ancl .375. In similar manner 

confidence limits could be aet on the price elasticity of demand. In 

general, this is the procedure for makinr, interval estimates for the 

individual parameters of a linear nultiple regression equation. 



Chapter 3 - Testing Hypotheses About Linear Regression Parameters 

Introduction 

In the previous chapter the general linear multiple regression 

model was presented and some general estimation procedures trere eiven. 

In this chapter attention.is focused on various types of hypotheses 

about regression parameters t.lat may be tested and the appropriate 

tests for testing such hypotheseG. First, some general concepts con-

cerning testing of hypotheses will be discussed. Then hypotheses and 

tests concerned with accounted for variation, variation associnted 

,.,ith deletion of variables, single coefficients, and pairs of coef-

ficients tnll lie considered. Finally, .testing linear combinations 

of regression coefficients and equality among ~oefficients in two 

or more relations are discussed. 

Fundamentals of Hypothesis Testing 

Statistical hypotheses specify the value of a pnrameter, values 

for a set of parameters, or the relationship among tHo or more para-

meters. In testing statistical hypotheses, the investigator is confronted 

uith the possL:Jility of making one of tHo types of errors. If the 

sl'ecificationsof the null hypotheses are true but called false, i.e., 

the null hypothesis is rejected Hhen in fact it is true, a Type I error 

is committed. A second type of error uhich may be committed is the 

Type u!/ and it occurs when a null hypothesis uhich is false is not 

!/ Closely associated tdth the Type II error is the concept of the power 
of a test. The pcwer of a teat is one ~inus the probability of com
mitting a Type II error. The po>rer of a test indicates the ability 
of the test to detect the alternative hypothesis when the null hypoth
esis is false and the specific alternative under consideration is 
true. The teats •micb will be considered are some of the more pouerful 
teats available for the types of teats in which t<le are interested. 
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rejected. A Type I error may occur only if the null hypothesis is 

rejected and a Type II may occur only if the null hypothesis is not re

jected. Hence, for any specific testing situation, the investigator 

is subject to committing one or the other of these errors but never 

both at the same time. Of course, no error is committed if a falsz 

null hypothesis is rejected or a true null hypothesis is not rejected. 

From a practical viewpoint it is usually either not feasible or impossible 

to verify whether an error was committed in rejecting or not rejecting 

the null hypothesis, Hhichever the case may be. 

In testing of hypotheses the probability of occurrence of a Type I 

error is commonly referred to as the level of significance. Usually an 

acceptable level of significance is chosen prior to performing the 

statistical tests, Alternatively, results of statistical tests are 

sometimes reported in terms of the probability level at Hhich the results 

of the tests are significant. The choice of a level of significance 

depends on how crucial it is for the problem being considered to call 

a null hypothesis false t~ben it really is true. 

For a specified level of significance the size of the rejection 

region is influenced by t·mether a one or tHo tailed alternative hypothesis 

is considered. All other things equal a smaller value of testing statistic 

is required to be significant (in the rejection region) at a specified 

level when a one tailed alternative is used as compared to a tuo taileJ 

alternative hypothesis. Alternatively, a specified value of a testing 

statistic will be significant at a higher level (smaller probability 

of occurrence of Type I error) for the one tailed alternative hypothesis 

than for the two tailed given that everything else is the same. \Jith 

one tailed alternative hypotheses and corresponding appropriate tests, 

smaller differences may be judged in the significant class than with a 

~~o tailed alternative and corr~spondingly appropriate tests and hence 
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it is to the interest of the investi~ator to use a one tailed alternative 

hypothesis whenever it is appropriate. The choice of the alternative 

hypothesis is based on: 

1. Theory of the discipline and infornation auout the directional 

flow of causality of the phenotaena bein[; investigated. 

2. Info=ation about t!le particular phenol!lena based on other 

research arid investigations and general knowled~e about the particular 

characteristics being tested. 

3. Area of int~rest or ~portance for the particular problel!l bein~ 

investit;ated. 

Soroe of tl1e basic and funJamental statistical tests of the least 

squares aultiple re~ression frameworkare -;r~S-2!J.t3d in this section. Little 

attention is de.vote<..l to the derivation of the stntistical tests. Emphasis 

is on the cow9utational aspects of the statistical tests. All the tests 

consid.ered involve the rer;ression ~arameters, B. P.~thoug~l in sooe cases 

the Central Limit Theorem could be relied upon to provide information about 

sampli~g distribution of estioators so that appropriate statistical tests 

could be performed, t<e Hill dir.,ctly ei.Jploy assu;;:?tion (A.6) in Chapter 2 

u:1ich specifies t.~1at the E:' s are normally distributed. 

Tests Concerned :.fith .\ccounted For Variation 

The total variation of the endonenous variJble measured about its mean 

~y be separated into b<Jo parts - c:1at accounted for by t!:le exor;enous 

variables in the reGression equation and the aaount not accounted for by the 

exogenous variables in the regression equG.t.ion. E.:1ch of these aDOunts of 

variation is a suo of squares. FurthertJore, t.:1e total variation is also a 

sum of squares - the suta of squared cle.viatiuns abotlt. 1:he i.llean. The sampling 

Jiscribution of suss of squares is a chi-square distribution. The rnt.io of 

tHo independently distributed chi squares is a F r:.tio. tlence, any tests 

~erfor.ned in the analysis of account"d for variation «ill entail some type 

of ratio of suns of squares; generally, sums of squares divided by deGrees 

of freedom. 
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Frequently, the question one wants to ans•·rer after estimatinr a re-

gression relationship is whether a significant anount of variation in the 

end<>r;anoug variable was accounted for by the reeression. Another '<BY of 

Dtatin!Z this iS 1"0 nP!"PTTninP '-'h~ther SO")e Of the rep,reSSiOn COefficientS 

are not equal to zero. The null and alternative hypothesi~ r.1ay be epee-

Hied as follm;s. 

HO s6 
• 0 where 8

6 excludes s
0 

Not all Sj'= 0 or s6 #0 HA j c 1,2,3,---,k 

The analysis of variance table which provides all the needed infor~tion 

is as follows· 

(3.1) 

Degrees of Source of Variation 
-------------------~F~reedom 
Due to regression 

Residual (from 
regression) 

Total 

k 

n-k-1 

n-1 

The appropriate test is: 

·------ ------ -- ~ --
!·~ean 

Squares S 
----.--- __ ---·~a_r_e __ _ 

SSR = b' X'Y - nY
2 

liSR • SSR/k 

Sum of 

SSE= e'e ~ Y'Y- b'X"Y 
2 s m SSE/n-k-1 

(3.2) 

l-ZSR 
F =z 

s 

= sS't/k = ssR (n-1<--I\ = ssr.Ju / n-k-i\= £ 
SSE/n-k-1 SSE k 

0

} SSE/y'y \ k -) l-Rz 

There are k degrees of freedom associated with the mean square in the num-

erator of the F and n-k-1 degrees of freedom associated with the den0111ina-

tor. The degrees of the n~erator and denominator components of the test. 

The particular test presented in (3.2) provides additional information 

about the goodness of fit. The coefficient of determination indicates the 

proportion of variation in the endogenous variable accounted for by the 

exogenous variables in the regression equation 



while the F test specified! in (3,2) provides infomation about whether 

the amount of variation accounted for can be judged as being signi-

ficantly different from zero at the selected level of significance, 

In this context being significantly different from zero means that not 

6 
all elements of the e vector of regression parBIIleters are zero. Hence, 

one or more of the exogenous variables are important in the senoe 

that the variation in the one or more exogenous variables is signifi-

cantly associated ~>ith variation in the endogenous variable. 

Accounted for Variation and Deletion of Variable~/ 
At times it is of interest to kno\7 .,hether a given exogenous 

variable or subset of exogenous variables account for a significant 

amount of variation in the endogenous variable. Another way to view 

this is if a given exogenous variable or subset of exogenous variables 

were deleted from a regression model is the amount of variation 

accounted for by thiG : subset of variables significantly different 

from zero? In othoor .rords one is seekinr, to detert!line if the para-

meters of one or oore of the svt>set of exogenous variables are sig-

nificantly different froo zero. 

Let ua consic!er a regression equation Hhich has g+l exo(\enous 

variables; g e:<planatory variables plus a "du1l!l!ly variable" which only 

takes on a value of one. The latter variable is included to obtain 

an intercept. g is considered to be less than k, TI1e coefficients 

of this function could be estimated using least squares procedures and 

£/ This also applies to addition of variables since in addition of 
variables one starts .rith a given model and then increases the 
number of exogenous variables included in the model while in 
deletion of variables the initial model has the largest number 
of exogenous variables which are reduced in subsequent specifications. 



all quantities discussed thus far could be obt !ned for this spec!-

fication, The main quantity of i~terest is the sum of squares 

regression which is: 

I -2 I SSR = b X1 Y - nY «here b are the least squares estimators 
g g g 

(3. 3) 

for the relation '~1 th g+l exogenous variables. 

The difference bet•<een the sum squares «hen k+l and g+l exogenous 

variables are considered is: 

. (3.4) uSSR = SSR - SSR 
g 

where SSR is given in (3,1). This is a difference be~·een two sums 

of squares which is also a sum of squares. The sa"pling distribution 

of the difference be~•een the tHO sums of squares is also a chi square. 

The hypothesis to be tested is that the amount of variation in 

the endogenous variable accounted for by the (k-g) additional varia-

bles is not different from zero at sorne chosen level of significance, 

In terms of the parameters involved the null and alternative hypo-

thesis are: 

HO: 

HA: 

Utilizing the 

presented in 

(3. 5) 

s • - - - = 8k-l g+l 

Not all Sj D 0 j a g+l, 

infor'mation about the 

(3.1), the 

uSSR 
~) 

2 
s 

appropriate 

k 

test 

= s c 0 
k 

-- ,k-l,k. 

exogenous variable model 

is 

with (k - g) degrees of freedom associated with the numerator and 

(n - k - 1) degrees of freedom associated with the denominator. The 

deletion of a single variable is a special case and (k -·g) • 1 so 

that g • k - 1. 
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Illustration of Testing Addition to Sur,, of Squ~res Regression 

Let us consider a hypothetical study of 89 firms in which we are 

interested in accounting for the variation in the endogenous variable, 

total cost (X
1

) utilizin~ exogenous variables, rate of output (X2) and 

rate of absenteeism (X
3
).1/ The means are 

and the matrix of moments about the means is 

(3.6) xl X 2 x3 

xl 113.6 36.8 39.1 

x2 50.5 -66.2 

x3 967.1 

The problem is to estimate the relationship between x
1 

and the other 

two variables, set up an analysis-of-variance ta!ole to shm; the 

reduction in the total sum of squares due to fit tin[! x2. the additional 

reduction due to fitting x
3

, and the total reduction due to x
2 

and 

x
3 

top,ether, and finally to test the overall effect an~ the partial 

x3 effect, given x2. 

In estimating the coefficients of the relationship of int~rest 

in this case we need to concern ourselves with the lower ri~ht 2 by 2 

submatrix of (3,6). The determinant needed in e>btaining the inverse 

is: 

50.5 -66,2 
(3. 7) - 44,456.11 

-66,2 967.1 

1/ This is problem 5.9 in J. Johnston, Econometric Hethods, Second 
Edition. 1972, p. 173, 
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The desired inverse is: 

t"·' 66.2 ] • [.02175 ,00149 

(3. 8) ' -1 1 [x x] • 
44,456.11 

66.2 50.5 • 00149 ,00114 

and the least squares estimators expressed in matrix product form are: 

bl ,02175 ,004191 36,8 .85866 
(3. 9) ~ 

• 

b2 .00149 .00114J 39.1 .09941 

hence: 

bl .. .85866 

Given the estimated values of the regression coefficients and the 

mean values of the variables the intercept may be estimated as follows: 

(3.10) 

m 5,8- {,85866) {2.9) - {,09941) {3,9) 

The estimated regression relationship (or estimating equation) is: 

(3.11) x
1 

= 2.922 + ,859 x2 + .099 x
3 

The sum of squares regression when x
2 

is the only exogenous 

variable i.e., simple linear regrcossion is: 

(3.12) SSR • 
1 

Note that 

D 
(36.8) 2 

50.5 
• 26.82 

is the least squares estimator of the regression 

coefficient in the simple linear regression frame<~ork. 



The sum of squares regression due to x2 and x
3 

together that is 

when both x2 and x3 are incorporated as exogenous variables in the 

regression relationship is: 

Now from the information provided by (3.12) and (3.13) we can 

compute the additional amount of variation in x
1 

which is accounted 

for by x
3 

over and above the amount accounted for by x2• Recognize 

that the increment of explained variation with which we are concerned 

is the additional amount which x2 and x
3 

together account for above 

what x2 accounts for by itself when it is the only exogenous variable, 

Thus a specific sequence is being considered; x
2 

first and then x
3

• 

If the exogenous variables were orthogonal then the incremental sums 

of squares accounted for by each could be summed to obtain the sum 

of squares when all variables, in this case x2 and x
3

, are in the 

model. However, when exogenous variables are not orthogonal then 

the amount attributable to any one exogenous variable depends on 

which sequence is considered. In other words the amount of sum of 

squares regression attributable to x3 alone or to x3 and x2 when 

x3 is permitted to be incorporated into the equation ahead of (in 

terms of sequences) x
2

• Now the additional sum of squares regression 

due to x3 given that x2 is already in the equation is simply the 

difference between (3.12) and (3,13), 

(3.14) 8SSR • SSR2 - SS~ ~ 35.48 - 26,82 • 8.66 

The sum of squared residuals is: 

(3.15) 2 SSE - Ex1 - SSR2 • 113.6 - 35,48 • 78,12 

An estimate of the residual variance is: 



(3.16) 2 s 
SSE --- ~ n-3 

3-n 

78.12 ... 9084 
86 

The residual variance to be used in performing tests of hypotheses 

about the additional increment of sum of squares regression is the 

one presented in (3.16) in this case and in general the residual 

variance associated with the model containing the largest number of 

exogenous variables, The residual variance esti!!lates associated uith 

equations containing fewer exogenous variables contain the amounts 

of variation attributable to the exogenous variables not included in 

the models and hence these estimators are not as efficient estimators 

of the disturbance variance, 

The analysis of variance table which gives the breakdown of the 

various sums of squares of interest and the corresponding mean squares 

is: 

(3.17) 

ANOV 

Source of Variation 

Due to x2 and x
3 

Due to x2 

Due to X3 (above X
2

) 

Residual 

Total 

Degrees of 
Freedom 

2 

1 

1 

86 

88 

Sum of Mean 
Squares Squares 

35.48 17.74 

26,82 26.8<. 

8.66 8.66 

78.18 .908 

113.60 

In testing the overall effect one is concerned about whether 

or not a significant amount of variation in the endogenous variable 

is accounted for by the set of exogenous variables used. Another 

way of saying this is that one is testing to determine if the s6 
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vector is null, i,e,, >~hether or not all the aj excluding a
0 

are 

equal to zero. Hence, the null and alternative hypotheses are: 

(3.18) 

or 

HO: i3 m 0 
j 

HA: Not all Sj = 0 j = 2,3~---,k 

The testing statistic is a ratio of two estimated variances which 

is on F. 

(3.19) F • MSR --. 
2 

s 

Choosing an a level of ,OS, F(.OS)(Z, 86 ) = 3,11 and hence the test 

indicates significance at the ,OS level, At the .OS level (really 

at a higher level) the F-test indicates that the amount of total 

cost accounted for by the rate of output and rate of absenteeism, 

together is significsn t. 

Testing the partial effect of x
3

, given x2 requires testing 

hypotheses about whether or not the additional amount of variation 

in x1 accounted for by x3 above that accounted by x2 alone, is sig

nificantly different from zero. The specific null and alternative 

hypotheses are: 

(3.20) 

The appropriate testing statistic is an F ratio: 

(3.21) 
F • 

llMSR -r- 8,66 ·- . • 908 
9.537* 

s 



Choosing the .05 level of significance F(.05)(l.B6) • 3.96 and hence 

the co~puted F is in the rejection region. One concludes that the 

amount of variation in total cost accounted for by the rate of 

absenteeism given the rate of output, is significantly different from 

zero at the .05 level. 

Note that the hypotheses presented in (3.20) and the test 

presented in (3,21) may be generaliztd at the addition or deletion 

of any g set of exogenous variables. This generalization is 

presented in (3,3) - (3.5). 

Testing Hypotheses About Single Coefficients 

In statistical relationships which are stochastic represents-

tiona of some economic mod<'l, "e are usually interested in testing 

hypotheses about individual coefficients to determine if they differ 

significantly, at a chosen level of significance, from zero or ~me 

specified nonzero value, The null and possible alternative 

hypotheses are: 

RO: aj K 0 HO: sj a K 1 0 

HAl sj 1 0 or HAl sj 1 K 

HA2 8:1 < 0 HA2 sj < K 

llA3 Sj > 0 HA3 8 j 
> K 

The choice of the specific alternative hypothesis will depend upon 

what kind of prior information one has. 

The appropriate test is 

(3. 22) 

where: 

t = 

bj is the j£h estimated coefficient 

sj ia the jth parameter 

ab. is the standard error of the jth estimated coefficient. 
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The degrees of freedoM associatecl wi.th t are the number nssccinted 

with the standard error '·'hich is the sur;,e as the number of degrees 

of freedom associated '"ith the residual variance. The derrecs of 

freedom are n - k - 1. The standard error of bj in the denominator 

is the square root of the variance: 

(3,23) 

A t statistic Hhich is significant at some specified level of 

significance indicates that the jth parameter is significantly 

different, significantly less, or significantly greater than zero or 

some specified nonzero value, Basically this indicates that the 

incremental changes in the endogenous variable associated· with unit 

changes in the jth exogenous variable differ from zero at the level 

of significance bein~ used, 

The t test presented in (3.22) and the F presented in (3.5) in 

the special situation when (k - g) ,. 1 are tHo >Yays of testinf~ 

whether the j~ exogenous variable accounts for a significant amount 

of the variability in the endogenous variable. Except in the case 

where all exogenous variables are truly orthogonal these two tests 

are somewhat different. In the case of the t test all k + 1 

exogenous variables were included in the model and the testing is 

done within the context of the (k+l) variable model. In the case of 

the F for differences in sum of squares regression, the jth variable 

is excluded from the (g+l) exogenous variable model but included in 

the (k+l) exogenous variable model, This latter test focuses on 

the contribution of the jtb exogenous variable to the sum of squares 

regression. Because of nonzero correlation coefficients among the 

exogenous variables these tests may differ in terms of the conclusion 

one might make about the significance of the influences of the 

- ---' _L,_ 
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Testing Hypotheses About Pairs of Coefficients 

On occasions it may be of interest to perform tests of hypotheses 

between two coefficients in a given multiple regression equation. This 

may be accomplished by employing a t teet. The hypotheses to be 

tested involve a relationship between two regression parameters. The 

null hypothesis may specify that the difference between two regression 

parameters is zero or some non-zero constant. The alternative hypo-

thesis may specify that the difference between the two parameters is 

not equal to, less than, or greater than zero or a specified non-zero 

constant. The null and alternative hypotheses possibilities are: 

HO: aj - a a 0 HO: aj - a '"K r r 

HAl aj - a ~ 0 HAl aj - a ~ K r r 
or 

HA2 aj - a < 0 HA2 aJ - a < K 
r r 

HA3 aj - a > 0 HA3 aj - a > K 
r r 

Again the type of phenomena being investigated will dictate which null 

hypothesis is appropriate and the type of available prior information 

will determine which alternative hypothesis is appropriate. 

The appropriate test is: 

(3. 24) t -

(b - b > - <a - a > j r j r 

S(b -b) 
j r 

where: (bj- br) is the difference between the jth and rth estimated 

coefficients. 

(aj - ar) is the difference between the j~ and r~ regres

sion parameters, 

s(b is the standard error of the difference between 
j - br) 

the J.!:h and rth estiliJSted regression coefficients. 
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The standard error of the difference may be derived from the 

covariance matrix of the coefficients and is: 

(3.25) 

For example the standard error of (b
2 

- b
3

) is 

The degrees of freedom associated with the t test presented in (3.24) 

are (n- k- 1). The deurees of freedom are those associated with 

the standard error which are the degrees of freedom for the residual 

variance. 

A word of warning is needed in perfo~nr, testa involving pairs 

of regression coefficients. The test is legitimate and appropriate 

for independent pairs of coefficients. Hence, it is not proper to 

teet all possible pairs of coefficients of a set of coefficients. 

The same difficulty arises here as arises in testing pairs of me~ns 

of a set of means, The teet applies only to orthogonal pairs of 

coefficients. 
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Testing Linear Combinations of Regression Coefficients 

The 81mpliest form of a test of linear combinations of regression 

coefficients was presented in (3.24). This entails the difference be-

tween two regression coefficients. Testing hypotheses atout pairs of 

regression coefficients poses some interestinr; questions. One of these 

is that if we have k > 2 regression parameters, can bonefide tests be 

performed about all possible pairs? If not, then about which pairs or 

groups can tests be performed and h01o1 does one go about determininv, 

these? 

The questions which have just been raised are clear ar.d straight-

forward, unfortunately the answers or partial ans<~ers ;ore not clear anr! 

straightforward. The t-test may be used to perform tests of signifi-

cance about orthogonal or independent pairs of coefficients but not all 

pairs of all possible pairs of coefficients are orthogonal so that the 

t-test is not a legitimate test for all possibl~ pairs. However, the 

t-test is appropriate for the orthogonal pairs. A sequential ranGe test 

such as the Newman-Kuels' test,~/ which was designed to test for differ-

ences among a set of sample means may be modified to be at least an 

approximate test for a set of rer;ression coefficients. Focus here ••ill 

be on some of the things which can and cannot be done in testinP, linear 

combinations of regression coefficients. 

Let us consider a linear multiple regression equation of the form 

(3. 26) Y=XS+c 

4/ 
-For additional details and tables of values, see Robert G. D. Steel 

and James H. Torrie, Principles and Procedures of St,~tistics, Mc(;r,~w
Hill Book Company, 1960, poges 111-115 and Appendix Tnble A.B. 
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where: 

Y is a (nxl) vector of values of the endogenous variable. 

X is an n x (1<+1) matrix of the values of the (k+l) pre

determined variables (including the dummy variable for 

the intercept). 

S is a (k+l) x 1 vector of the regression parameters. 

E is an x 1 vector of distrubance terms. 

The prediction or estimated equation correspondinp, to (3.26) where 

the estimated coefficients have been obtained by least squares techniques 

is in matrix form: 

(3. 27) Y = X b 

where 

Y is a (nxl) v~ctor of the predicted values of the endogenous 

variable:. 

b is the (k+l) x 1 vector of estimated regression coefficients 

including the intercept. 

In non-matrix form the estimated equation is: 

(3.28) 

An 1 subscript denoting the individual observations of the sample has 

b~en omitted and unless specified otherwise it is to be understood that 

sample size is n > (k+l). 

Hypotheses about the individual cocfficients may he tested usinp, 

the t-test presented in (3.22). Specifically hypotheses about whether 

or not each of the Sj parameters are equal to zero or equal to some 

non-zero constant may be tested using the conventional t-test. Whether 



a one or two tailed hypothesis is specified and a one or two tailed test 

1" "oc-t rl"l'"M" on the nature of available prior infonTIRtion. 

Now one can <alec aomc interesting questions about whether a
1 

is 

different from a2' 81 different from 83, a2 different fro~ 83 or any ag 

different from Sh, g ~ h. These kinds of contrasts arise when the hy

potheses being tested specify a relationship betueen two or roore para-

meters. Significant differences between two parameters or among more 

than two parameters may be meaningful in an economic sense or in terms 

of some other discipline. Two approaches to answerin:~ quEostions about 

differences among parameters appear promising. One is to identify the 

orthogonal contrasts among the set of coefficients of interest and use 

the appropriate conventional tests to test hypotheses of interest. 

Second, is to modify a sequential range test for sets of means, recog-

nizing that the b's are also a type of means, to apply to sets of esti-

mated regression coefficients. The orthogonal contrasts will be con-

sidered first but before pursuing the topic some basic aspects of ortho-

gonality and fundaiJentals of linear forms Hill be developed. 

Orthogonal Comparisons 

In terms of orthogonal comparisons, one is concerned with linear 

relations among sums 5uch as· 

(3. 29) 

where r is the number of variables, groups, or in the experimental 

... 
sense treatments in the comparison and the aj are coefficients of the 

5/ sums making up the comparison.- Let us assume that the number of 

1/For additional information, see George Snedecor, Statistical Methods, 
Iowa State Press, 1956, p. 330 or Steele and Terrie, Principles and 
Procedures of Statistics, p. 216. 



observations which go into making up each of the sums, Sj, is the same, 

say n the sample size. In experimental work, the number of observations 

on which each S is ba~ed is the number of replications but in the re-

gression frameworks with which ecunomists usually deal w1 th this would be 

the number of observations or sample size.~/ 

Alternatively, the linear function in (3.~) may be expressed in ter~s 

of means; 

(3. 30) 

and 

' . 
(3.31) 

* where uj is an estimated mean corresponding to the sum Sj and aj = n aj. 

There are two rules with regard to comparison which are relevant to 

assessing feasiblG contrasts among a set of regression coefficients. The 
r 

first is that L ~ E 
j=l 

(3.32) r 
r 

j=l 
and 

or 

r 
r 

j=l 

r 
L = r 

j=l 

a = 0 
j 

6/ - In analysis of variance of factorial arrangements 
orthogonal comparisons are frequently of interest 
observations among sums or means sometimes occur. 
elude making orthogonal comparisons; however, the 
observations have to be taken into consideration. 

sj is a comparison if 

of treatments where 
unequal numbers of 
This does not pre

unequal number of 
Instead of working 

* in the rules of orthogonal contrasts, (nj aj)'s 

are used and the orthogonal comparisons and corresponding tests are 
developed accordingly. 
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The second rule pertains to two compari.sons say: 

(3.33) 

(3.34) 

L1 and L2 are orthogonal if: 

(3 .35) 

(3.36) 

and 

(3. 37) 

If a mean or sum does not enter into a particular comparison its coef-

ficient is considered to be zero. 

Now for illustrative purposes,.let ua consider a set of 5 para-

meters from (3.26) and attempt to identify Which comparisons are ortho-

gonal. We could choose any set and in practice this would be dictated by 

the questions we are attempting to answer Which would indicate Which 

ones are to be considered. For convPnience purposes, let us just take 

the firat 5- s
1

, e2 , s
3

, s
4 

and e5• In table form one set of orthogonal 

comparisons is: 



3··21 

Table 3.1. Orthogonal Comparisons AmonG Five Coefficients in Equation (3.26). 

Comparison 

I. +1 +1 +1 +1 -4 0 

II. -1 +1 0 0 0 0 

-1 +1 0 0 0 0 

III. 0 0 +1 -1 0 0 

0 0 +l -1 0 0 

0 0 0 0 0 0 

IV. a4j +1 +1 -1 -1 0 0 

alj a4j +1 +1 -1 -1 0 0 

a2j e4j -1 +1 0 0 0 0 

a2j a4j 0 0 -1 +1 0 0 



The comparisons presented in Table 1 are one set of four orthogonal 

comparisons among five selected coefficients of variables in (3.26). The 

five variables are comparable to 5 treatments and there are 4 degrees of 

freedom associated with the treatment 11ffect and thus an orthogonal 

contrast for each individual degree of freedom. One thing which should 

be recognized is that there are alternative sets of four orthogonal com

parisons which may be formulated for this same set of 5 coefficients. 

Which comparisons are considered in an orthogonal set of contrasts de

pends for which particular comparisons it is most important to have in

formation. Which particular comparison. or comparisons are formulated 

first in part determine which other orthogonal comparisons are possible 

given a set of coefficients or treatments. For example, an alternative 

set of orthogonal comparisons to those presented in Table 3.1 is: 

61 62 63 64 65 

I +1 +1 +1 +1 -4 
(3.38) 

II +1 +1 +1 -3 0 

Ill +1 +1 -2 0 0 

IV +1 -1 0 0 0 

The first comparison in Table 3.1 labeled I entails contrasting the 

first four coefficients against the 5th coefficient. For most sets of 

five parameters of continuous variables in regression equations this 

might not be a contrast of interest. However, if these vere coefficients 

of discrete variables acting as surface shifters then this particular 

contrast might taka quite different importance. The topic of zero-one 

variables in regression equation will be developed in another section 
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The second comfariscu in Table 3.1, II, is simply the difference 

between b1 and b2 , and the null hypothesis to be tested is that 

a2 - al - o. The t-test for pairs of regression coefficients presented 

in (3.22) is an appropriate test. Similarly the third orthogonal con-

trast entails the difference between b
3 

and b4 and the t-test presented 

in (3.22) is appropriate. Comaparison IV entails the sum of b
1 

and b2 

contrasted with the sum of b3 and b4 or the average of b1 and b2 contras-

ted with the average of b
3 and b4. The null hypothesis to be tested is 

that <al + a2> - <a3 + a4> - 0 or that (Bl+a2> • <a3 + a4> 

2 2 

or that - o. An appropriate test 

2 

for this is not obvious and in fact we need to develop some fundamental 

concepts of linear forms before we can formulate the appropriate test. 

Intuitively one would feel that a modified version of the t might be ap-

propriate. The form of the t which sugcests itself from previous con-

sideratioos is: 

(3.39) 
a3 + aJ\ 

2 -

The problem is how to get the standard error and to determine the appro-

priate degrees of freedom. 

Some Fundamentals of Linear Forms 

Let us consider the following line.>r form' 

(3.40) L a a b + a b + - - - - + a b • 11 22 rr 
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where the aj is some fixed constant and the bj's are sample values which 

are not necessarily random, However, if the bj's represent least squares 

estimators of regression coefficients they are random variables from a 

sampling viewpoint. They are a set of constants for any one sample of 

data but are random variables for different samples. 

The expected value of the linear form given in (3.15) is: 

(3. 41) 

and the 

(3.42) 

r 
E(L) ~ r aj E(bj) a 

j~l 

variance of the linear form 

o.2 a E[L- (1)] 2 • E[ 
r 
r 

1. 
j~l 

r 2 2 
r 

m .r + r 

is: • 

aj (bj 

r 
r 

J"l 
aj "b 

j j•l k•l 
aj~ 

-

- B ) 12 
j 

(J 
bjbk 

where ob b is the covariance between the jth and kth estimated regression 
j k 

coefficients, 

2 
then o1 • 

r 2 
l: a 

j•l j 

2 
(Jb 

j 

As an illustrative example let us consider the simple linear form: 

(3.43) 

where a1 • +1 and a2 ~ -1. 

The variance of this linear form is• 

(3. 44) 2 2 (+1)2 2 
+ (-1)

2 (J~ + (+1) (-1) oL • (Jb • (Jb (J 
1 - b2 1 2 bl b2 

+ (-1) (+1) (J 
b2bl 

2 + 2 
2·ob b - (Jb (J -

1 b2 1 2 
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The estimated v~lue of the variance given in (3.44) is: 

(3. 45) 

where s 2 is the estimated residual variance and c11 , c22 , c12 are 

elements of the (X'X)-l matrix. Note that (3.45) is the variance 

presented in (3,25)for the case where j a 1 and r = 2. 

Now let us consider the linear form: 

(3.4&) 

where a
1 

• a2 • + 1/2 and a3 ~ a4 • - 1/2. This is exactly the form 

under consideration in (3 .14). lhmce, the linear form of interest is: 

(3.47) 

The variance of the linear form in (3.47) is: 

(3. 48) 

ob
1
b

2 
+ (2)(1/2)(-l/2)ob b + 2(1/2)(-l/2)ob b + 2(1/2)(-1/2) 

1 3 1 4 

ob b + 2(1/2)(-l/2)ob b + 2(1/2)(-l/2)ob b 
2 3 2 4 3 4 
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The estimated value of (3.48) is: 

2 2 2 2 2 
(3.49) sL • l/4(sb + sb + sb + sb ) + 1/2 sb b - 1/2 "b b - 1/2 sb

1
b

4 1 2 3 4 12 13 

- 1/2 s - 1/2 sb b + 1/2 eb b 
b2b3 2 4 3 4 

and hence the required standard error in (3.39) is: 

(3.50) b.+ b~l 
~ •S[l/4(cll + c22 + c33 + c44) 

Thus the degrees of freedom associated with the standard error in (3.50) 

is the degrees of freedom associated with the estimated residual variance 

which is (n- k- 1). 

The hypotheses for testing comparison IV in Table I are: 

The appropriate test is: 

(3.51) (bl + b2) 
t • 2 

with (n - k - 1) degrees of freedom, the same degree of freedom associated 

with the residual variance. 
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Note that the particular values of aj's used in {3.47) are arbitrary 

but they must sum to zero. If we do some factorinr, in {3.51) He can ex-

press the t as: 

2 Also, a F test could have been used to test the hypotheses since t = F 

with one degree of freedom associated with the numerator and {n-k-1) 

degrees of freedom associated with the denominator. This test would sim-

ply be: 

Now we can briefly consider the first comparison {I in Table 3.1) 

which we indicated would probably not be of interest in most regression 

problems. It entailed comparing the sum of four regression parameters 

with the fifth regression parameter. If for some reason we are interested 

in the sum or mean of four parameters versus the fifth one, we may develop 

the appropriate test along the lines followed to develop the test for 

<a
1 

+ a
2

) versus {S
3 

+ a
4
). The hypotheses to be tested are: 

or 

The linear form of interest is: 

{3. 54) 

where al a a = a ~ a a 1 and a = -4. 2 3 4 5 
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Hence, 

(3. 55) 

The variance of the linear form in (3.55) is: 

2 2 2 2 2 2 
(3.56) aL • ab + ab + ab + ab + (-4) 

1 1 2 3 4 

2 ab b + 2(1) (-4) ab b + 2 ab b + 2 ab b + 2(1)(-4) a b 
1 4 1 5 2 3 2 4 b2 5 

+ 2 a b + 2(1)(-4) ab b + 2 (1)(-4) 
b3 4 3 5 

- 4 ab b + ab b + ab b - 4 ab b + ab b - 4ab b - 4ab b ] 
15 23 24 25 34 35 45 

The estimated value of (3.56) is: 

(3.57) 

The respective standard er·cor of L1 is: 

(J.58) sL • ~ • ls2
(c11+c22+c33+c44+16c55) + 2s 2(c12+c13+c14-4c15 1 ' Ll 

"1/2 
+ c23+c24-4c25+c34-4c35-c45)] 

' -1 In (3,57) and (3.58) the cij s are elements of (X'X) used in obtainin~ 

bin (3.27). 
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Again we are really interested in testing the difference between two 

means where one of these means is really a mean of 4 means, i.e., 1/4 (e
1 

(3.59) 
t -

• 

A suitable teEt is the t-test as follows: 

4 F:l + b2 : b3 + b4~ •. b5 

1 

SL 
1 

49 ~~ [(cll+c22+c33+c44+lGc55) + 2(cl2+cl3+cl4-4cl5+c23 

bl + b2 + b3 + b4 , - bs 
4 

1 
9 {lG [(cll+c22+c33+c44+lGcss> + 2 (cl2+cl3+cl4-4cl5+c23 

with (n-k--1) degrees of freedom. As before the F-test is an alternative 

test which could be used to test the hypotheses. We ere dealing with one 

degree of freedom in every one of these orthogonal contrasts and t 2 ~ F 

with one degree of freedom associated with the numerator and (n-k-1) de-

grees of freedom associated with the denominator. The f is of the form: 

2 
F • t • 

[ bl + b2 + b3 + b4 
4 

(3.60) 

s2 ( 1~ (-c-l~~-c22+c33+c44 H6c55)+2 (cl2~cl3~ cl4 -4c,_.+c2) 
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Summary of Orthogonal Comparisons and Linear Forms 

By using some of the basic concevts of orthogonal contrasts and 

linear forms the possible tests among five coefficients of variables in a 

regression equation evolved as various versions of the t-tests. The sec-

end and third comr~d.sons involved using the t-test for difference be-

tween pairs of coefficients, and the first and fourth involved a linear 

form wi.th several components but the basic test was still a simple t-test. 

In the first and fourth comparisons one of the more difficult tasks was 

that of obtaining the appropriate standard error. The F-test is an al-

2 ternative test in all of these comparisons since t • F with one degree 

of freedom associated wi.th the numerator and (n-k-1) degrees of freedom 

associated with the denominator. 

Even though only 5 parameters were used for illustrative purposes 

it should be clear that the methods apply to any number of coefficients. 

Of course, the various orthogonal comparisons become more complex as the 

number of coefficients under consideration incre81!Jes. However, not all 

comparisons of an orthogonal set of contrasts need to be submitted to 

statistical tests. Often a few selected comparisons provide the de-

sired information if the particular c~"parisons are selected properly. 

In problems wi.th large numbers of coefficients, the selection of ortho-

genal comparisons to provide the desired information becomes one of the 

key parts of the analysis. 

Newman-Kuels Test 

The difficulties with performing tests about all possible pairs of 

means and hence making non-orthogonal comparisons has long been recog-

nized in the testing of aets of sample means. The basic problem with 
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testing all possible pairs is that the level of significance decreases as 

non-orthogonal comparisons. In other words one may be performing the tests 

at some chosen level of significance say a and using rejection values for 

that level of significance when in fact the true level of significance 

may be considerably lees. As the number of coefficients or means in the 

set increases the loss in the level of significance becomes more severe. 

The outcome is that too many differences are judged to be significantly 

different from zero at a chosen probability level when in fact the dif-

ferences are not significantly different from zero. 

The Newman-Kuels test is a sequential range test which is designed 

to permit testing a wide range of possible pairs. The basic notion un-

derlying this test is that the ranges of differences which are specified 

as significant at a chosen level of significance are systematically ad-

justed depending upon the number of coefficients or means in the parti-

cular group being tested eo as to offset the loss of the level of sig-

nificance. In fact the ranges or differences which would be judged 

significant are varied accordingly. ·-In performing a Newman-Kuels test the first step is to arrange the 

estimated coefficients in decreasing order of magnitude such that: 

where the subscript 1 refers to the rank position of the coefficient. 

Next compute the differences between coefficients and prepare these in 

a table. The differences are highest and lowest, highest and second 

lowest, second highest and lowest, second highest and second lowest, 

etc., etc. It is easier to visualize and work with these differences if 

they are presented in a table such as the following: 



Table 3.2. Differences Among Estimated Regression Coefficients from 
Highest to Lowest. 

Rank h h-1 - - - - - - 3 2 

1 bl - bh bl - bh-1 bl - b bl - b2 - - - - - - J 

2 b2 - b b -b ---- - - b2 - b3 h 2 h-1 

h-2 

h-1 

The next step is to prepare a list of least significant ranges. The 

ranges are as follow: 

(3.62) 

where ~(j,k) is the least significant range for the co~parison involving 

h coefficients and specifically for the difference beti·Je-=n 

l/The 

bj and bk. 

q~(h, n-k-1) is the value of the special studentized range at the 

a level of sig,.ificance and for h coefficients and 

n-k-1 degrees of freedom. 

1 is needed becauae.c.he.q (h, n-k-1) factor from the special . a 

l2 
Table A.S on page 444 of Steele and Torrie, 1960,· encompasses B~ factor 
due to the fact that it is developed for the stnrroard error of. the mean 
difference with common variance and equ~l sample size an~ hence 

s:;- •'ls2 +sz • [;T .. .!\'z • SX Vz 
X:t~ V-;;- n \J~ vn v l 
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a is the level of significance and generally the studentized 

values are available for a • .05 and a • .01. 

is the standard error between the jth and kth estimated 

regression coefficients. sb -b • ~s 2 (cjj + ~- 2cjk) 
j r 

least significant range values are: 
s 

(bl - bh) 

~-1 (l,h-1) a qa(h-1, n-k-1) 

~-1 (2,h) • qa (h-1, n-k-1) 

~-2 (2,h-l) = qa (h-2, n-k-1) 

RZ(Z, 3) • qa (2, n-k-1) 
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The test proceeds sequentially \Jy rows, starting with rm; 1 of Table 3. 2. 

1. b 
Declare 1 - bh si&nificant if it is :;reater than Fn(l,k) • If 

not, stop. If it is significant, proceed. 

2. Declare b
1

- b
11

_1 significant if it is greater than Fn-l(l,h-l)' 

If not, stop. If it is significant, proceed. 

3. Declare b 1 - bh_2 significant if it is ::;reater than \-2 (l,h- 2). 

If not, stop. If it is significant, proceed. 

Continue in this 11ny until the first non-si;~nificant difference 

occurs in Row 1. All differences in coefficients to the right of this 

non-significant difference are also declared non-significant. Also, 

all differences belo1; and to the ri;:;ht of the noo-sit;nificant differences 

in Row 1 are also declared non-significant. 

i~ow proceed to r0\'1 2 of Table 3. 2 but consider only those colunns 

\rhose row differences were declared significant. 

4. Declare b 2 - bl
1 

significant if it is greater than ~1_ 2 ( 2 ,h). 

If not, stop. If it is significant, proceed. 

5. Jeclare b2 - bn-l signific:mt if it is greater than l),_3 ( 2 ,h-l)' 

If not, stop. If it is sicnificant, proceed. 

Continue in this way until the first non-significant difference occurs. 

All differences to the right of this in ro\1 2 nre also declared non-

significant. All differences belm; these non-significant differences in rou 

2, in the s.:~ue colu .. ms~ nrc nlso declureJ. Y'lon·-si~,'lific.J.nt. 

dow we proceed to row 3 of Table 2 considering only those colunns 

whose rm; 2 and hence also row 1 entries •1ere si~nif icant. 

6. ileclare b 3 - bh significant if it is greater than 1),-J(J,h)' 

If not, stop. If it is significant, proceed. 
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Continue in this manner until a non-significant difference is ob

tained in column h of Table 3.2 in which case the testing would be 

tenninat.ed or until the final test in row(h-1) is perfomed. This 

test permits assessing ali possible pairs of s set of coefficients 

and it is fairly easy to perform. Usually there are some differences 

for which the test results are not clear cut and one is not able to 

say as much about then as one would like. 

Finally, the Newman-Kuels test is designed to over.:ome the prob-

lem of the changing level of significance when conventional statistical 

tests for testing differences between pairs of parameters are applied 

to sets of non-orthogonal differences between pairs of parameters. For 

the Newman-Kuels test the ~ level is the level of signifieance and de-

notes the probability of committing a Type I error (probability of 

rejecting s null hypothesis which in fact is true) for any one testing 

event given the particular test being used. For the Newman-Kuels test 

the ~ refers to the probability of committing at least one Type I error 

among the h(h-1) 
2 

differences tested in Table 3,2 for infinite degrees 

of freedom if in fact all null hypotheses are true, i.e. s1=s 2• --- = sh. 

In fact the ~ really represents the probability of committing a Type I 

error on the largest difference for infinite degrees if in fact all null 

hypotheses are true. 
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Equalituetween Coefficients of Two or !lore Relations 

A problem which often a~ises in estimation and hypothesie testing 

is whether or not sets of data should be pooled and one regression es-

timsted or whether a eeparate regression equation should be estimated 

for each group of data • .!!/ This type of problem arises nhen basically 

the same type of relationship is being estimated for several geographi-

cal regions, several time periods, or several classes of any number of 

qualitative variables. 

Let us suppose that 

9/ 
k • number of predetemined variables- j "' 1, 2, • . • • , k 

g • number of groups each with some ni observations. 

The relationship we are concerned with are 

(3. 63) 

=Xfl +£ 
g g g 

~/Additional information about analyzing various aspects of equality 
among regression relations is presented in J. Johnston, Econometric 
Methods, Second Edition, 1972, pp. 192-207 and M. B. QuenoJllle, 
Associated ~!easuremet\itB, Academic Press, Inc. Publishers, 1952, 
pp. 75-79. 

~/Predetermined variables include exogenous variables and lagged endogen
ous variables. 
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(3. 64) 
y -T 

and 

(3. 65) 
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( 3. 66) 
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YT, ~· and ~ simply refer to the pooled observations from all g groups. 

The relationship pertaining to all the data pooled together is' 

(3.67) y D 

T ~aT + ~ 
g 

The runnber of observations in YT, ~ and ~ is E n• The number of ob-
i•l i 

aervations in the g groups need not be the Bame; however , we are assuming 

that the number of predetermined variables in the relationships for each 

of the groups iS the same: in fact, we are assuming that we are conaiderin~ 

the same predetermined variables in each group but of course, the values 
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these predetermined variables take on may vary from group to rroup. 

Now the question that one is concerned with in testinr, the equality 

of regression coefficients is whether ~ 
1

, ~ 
2 

· . • ~ are different 
g 

from each other or whether they may be viewed as a homogeneous set of 

parameters. If the sets of regression parameters are not different from 

each other then there is a common set of parameters for all groups and 

that common set is ~T. If ~T is the appropriate vector of parameters 

then we want the estimators to be based on all of the available data 

pooled together, On the other hand, if there are differences among the 

sets of parameters, ~l' ~ 2 • --- ~g then we will want the estimators of 

each of these sets to be based only on the data to which the set pertains. 

To perform the tests needed to determine which of the sets of parameters 

are appropriate estimators will have to be obtained for each of the 

groups separately and for the total of all groups when the data are 

pooled together. 

Consider the normal equations for each group 

{3. 68) 

(X X ) b • X Y g g g g g 

where b1 - - - bg are the least squares estimators for ~l - - - ~g' 

X - - - X each contain a vector of ones so th3t intercepts may be 
1 g 

obtained for each. The variation in the endogenous variable for any 

of the g group is: 

(3. 69) ' ' -2 
yi yi • yi yi- ni yi ia':L2, ..• ,g 
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The sum of the variation over all of the g groups when each is vieved 

separately is: 

(3.70) -·;-

The amount of variation accounted for by the regression for any one of 

the g groups is: 

(3.71) i = 1, 2, - - - g 

The sum of squares regression over all of the g groups when each is 

viewed separately is: 

(3. 72) SSR = 
i 

g y2 
E ni i 

i=l 

The sum of squared residual for any one of the g groups is: 

(3. 73) 

The sum of squared residuals over all of the g groups when each is 

viewed separately is: 

(3.74) 
g 
E 

i=l 
SSE = 

i 

The information about the individual regressions fit to each group 

may be conveniently summarized in an analysis of variance table. 



1 SOURCE 

iDue to re3ression 

I 
Dev. from regression 

.3 4J 

DEGP£ES OF 
FREE DOH 

g k 

- gk .. g 

SUliS OF SQUAP-ES 

g ' ' n -2 g 

E blXiYi E niY - E SSRi = 
~ i=-1 i~l i~l 
I 

g g 
E eiei = E SSE

1 
c sl 

1~1 i=l 

·····- -·-- -· ~ ~ --· 

/Total 
g 
E n - g 

- _____ .li:L __ i_ - --- . -' ~---------- -· -

N~ let us focus on the regression relationship when all the data 

from the g groups are pooled together. The pooled data are presented 

in (3.64)-(3.66) and the relationship of interest is given in (3.h7). 

The normal equations are· 

(3.76) 

and 

(3.77) 

The variation in the endo~enous variable is· 

(3, 76) 

The sum of squares regression is: 

' ' g -2 
(3.79) SSR.r = bT ~ YT- E ni YT 

i~l 

The sum of squared residuals is: 

(3.80) 

I 
s ' 2 

I. 



The information about the regression relationship estimated from 

the pooled data ~y be conveniently summarized in an analysis of var-

iance table as follows 

I Degrees of 
: 

Source Sutn of Squares Freedom 

~e to 
I ' I g -2 regression ' 1< b~YT - E ni YT ass~ 

i'"l 
I 

r·· 
' 
I g 

' from regression i E o1 - k - 1 eT eT ,. SSF.r = ST 
I ial . 
i 

fkotal I 
g ' E n - 1 YT YT I ! isl i 

I I I 

The test for aggregation is a test of the following hypotheses· 

HO: One regression relationship for all groups, 

(3. 82) HA· Not one regression relationship for all groups. 

The aprropriate test is the F ratio. 

(ST - s ) I {k + 1) (g - 1) 
(3 .83) F ~ 1 

g 

sl I E ni - gk - g 
icl 

g 
>lith (k + 1) (g - 1) degrees of freedom in the numerator and E n -gk-g 

iul i 

degrees of freedom in the denominator. (ST - s1) is a measure of between 

group variability and we have the between group variability for each 

coefficient and the mean. For each coefficient and the mean, we have 

(g-1) degrees of freedom, There are 1< coefficients plus the mean thus 

the degrees of freedom for the numerator are (k+l) (g-1) which is also 

the difference between the degrees of freedom for ST and the degrees of 

freed om for S 
1

• 



If th<> t<>st in (3.33) turns out to be nonsip,nificant at the chosen 

prohability level, the data may be a3r,regated and the relationship esti-

mated from the pooled data is appropriate. If the test in (3,83) indicates 

siBnificance at the chosen probability level, the data should not be a~-

gre:;ated. 

If the test for aggregation indicates that the data should not be 

aggregated one may wish to further analyze the situation to deterr'line if 

the slope coefficients or intercepts are responsible for the heterogeneity. 

In order to test hypotheses about the slope coefficients we need to esti-

mate a regression relationship based on the sum of the normal equations 

expressed in moments about the means. This basically provides us with 

information about whether or not a regression fit to r,roup means (Y means 

on X means) is linear or not. l-Ie '"ill Hant to adjust the sum of squares 

used in testing hypotheses about the slope coefficients for the effects 

of a relationship among the group means. 

Let us now sum the normal equations expressed in moments about the 

means. 
1 1 1 

(3.84) (xsxs) • (x1x1) + (x2x 2) +- - -- + (xgxg) 

and 

1 1 

(3.35) (xsys) = (xlyl) + (x2y2) + - - - - + xgyg 

where xJ. and y
1 

represent dl'oviations from their resoective means. 

t 

(3. 86) (X X ) 0 D X y 
8 B 8 S S 

and 

(3.:::7) t -1 ' 
b a (x X ) X y 

s l::!o 9 s 9 
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where b are the least squares estimators based on the information in the s 

sums of the normal equations. The sum of squares regression based on the 

summed normal equation is: 

• • (3.88) = SSR· ~ b x y 
.. 8 8 8 8 

Now to investigate whether or not the slope parameters differ we 

test the hypotheses. 

(3. 89) HO: -- - - • 8 (slope parameters equal) 
g 

HA: Not all slope parameters are equal. 

The appropriate test is the following F: 

(3. 90) 
(S2 - S3) I k(g - 1) 

g 
E n - gk - g 

i=l i 
g 

with k (g-1) degrees of freedom in the numerator and E ni - gk - g 
i=l 

degrees of freedom in the denominator. If (3.90) indicates significance 

at the chosen probability level, we conclude that the reason we could not 

aggregate is because the slope coefficients were different. If this test 

is not significant, we proceed to a test about differences in interceuts. 

/
the 

In fact if first test is significant and test of hypotheses about 8's is 

not then the test of hypotheses about intercepts has to be sig~ificant. 

In investigating differences in intercepts we test the following 

hypotheses 

(3.91) HO: Intercepts are equal 

HA: Not all intercepts are equal 

The appropriate test is: 

(3.92) F = (ST - 5 2 + 

s1 1 ~ 
i .. l 

n - gk - g i 
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with (g-1) degrees of freedom in the numerator and E ni - gk - g degrees 

of freedom in the denominator, lf (3. 92) indicates significance ac ch« 

chosen pTobability level, then we conclude that the reason we should not 

have aggregated is that the intercepts are different among the groups. 

Again, the information about the sum of squares pertaining to the 

tests about the slope coefficients and the intercept may be conveniently 

summarized in a composite analysis of variance table. 

Source 

Due to one re~ 
to all data 

Degree of 
FtHdOill 

k 

Sum of Squares 

' ' ' g 
SSR-•b-X_Y - E --z rT T i•l 

(3. 93 n ;Bet, group reg-
1 slope coefficients k(g-1) 
! 

n 
!Bet, group reg- g - 1 

Intercepts 

g 
Residual r n - gk - g 

i•l i 

g 
E ni - 1 

i= 
I Total 

There are other procedures for testing hypotheses about equality of 

coefficients among two or more linear regression relationships. Discrete 

variables which take on only values of one or zero sometimes referred to as 

"dummy" variables is a method of generalizing linear relationships which 

has gained considerable popularity in recent years. The zero-one var-

iables may be used to allow for intercept differences, slope differences 

or both intercept and slope differences among linear regression relation-

ships. The next chapter is devoted to the various uses of zero-variables 

and appropriate estimation and testing procedures. 
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Chapter 4: Use of Zero-One Variables in Linear Regressions 

Introduction 

d "d " The use of zero-one variables, sometimes referre to as ummy var-

iables, has become prevalent in regreesion models representing economic 

phenomena, In these types of models the zero-one variables for which con

tinuous measurements are either not available or not poscible. The zero-

one variables may be used to represent temporal effects such as seasons 

(months, quarters, etc.) wartime and peace time years, different political 

regimes, or different governmental programs. In some relationships the 

zero-one variables may represent different geographical regions, different 

neighborhoods, different types of farming regions or different metropolitan 

areas. Many types of qualitative variables such as eex, marital status, 

occupational classes, ethnic background, race, and quantitative variables 

such as age and income groupings may be included in a model using zero-one 

variables. 

Most frequently when zero-one variables occur in a regression model 

they are predetermined variables, However, the phenomena represented by 

the endogenous variable may occasionally be of the zero-o!1e form, Hhen 

the endogenous variable is of zero-one type the predetermined may be either 

continuous, zero-one or a mixture of zero-one and continuous variables. 

Zero-one variables are basically "yes-no" types of variables, They 

represent the occurrence or non-occun-cnce of a particular attribute, An 

attribute being represented by zero-one variables may consist of two more 

categories but these categories must be mutually exclusive. In other 

words if an attribute belongs to one category it cannot concurrently be

long to any of the other categories. For example, if we consider four 



seasons then a particular observation pertains to one of these seasons 

but only one. When using zero-one variables, the categories have to be 

established so that they are mutually exclusive or othervise zero-one 

variables are not appropriate. 

AB their naoo implies, zero-one variables take on a value of either 

one or zero, dependins on the occurence or non-occurence of a particular 

attribute. For 1ll0dels in logarithmic forw, the discrete variables have 

to take on values such that the logarithms of the discrete variables are 

zero or one. Generally, if the attribute occurs, the variable takes on 

a value of one. However, there is no hard, fast rule that dictates this. 

In terus of the wechanics of using zero-one variables, the variable coulJ 

take on a value of zero when the attribute occurs and a value of one when 

the attribute does not occur. In some cases one for~1lation may be more 

convenient for interpretation and subsequent analyses while in other cases 

the other formulation may be more suitable, Ease and convenience of 

analysis should guide the construction of the zero-one variable. 

Zero-one variables incorporated in a linear multiple reBression 

equation allow for differences in intercepts or differences of slopes of 

various dimensions of the surface or a combination of differences in 

intercepts and slopes. To allow for differences in slopes of various 

dimensions of the surface pertaining to various continuous variables 
are 

involves generating new variables which I products of the zero-one 

variables and the continuous varia~les of interest. These nev variables 

represent the interactions bet'leen the zero-one variables and the particular 

continuous variables. Significant differences among intercepts and/or 

SlllOng slopes generally have economic meaning (or other discipline meaning) 

and hence the tendency is to want to test hypotheses about all differences 

among intercepts and aiJDng slopes in order to conclude just >1hich ones 

are different from which others. Hat·rever, as with any other set of regression 

parameters problems arise in performing tests for various contrasts and all 

possible pairs of differences. If non - orthogonal 



4-3 

contrasts are going to be submitted to statistical teats then teats 

designed for such comparisons should be used. 

Before illustrating the use of zero-one variables the key purpose 

of the use of zero-one variables merits eumha/lia The key pur-

pose is to achieve a greater degree of generalization of a model. Rather 

than attempting to estimate a model for each attrihute or sets of attri-

butes, which might not only be impractical but impossible, one general 

model is estimated and the zero-one variables represent the effects of 

the different attributes which are assumed to account for the differences 

in models among the various attributes. From an estimation viewpoint all 

data are grouped together and the zero-one variables are supposed to 

represent the differences among categories or class of the qualitative 

or categorized quantitative variables, 

Zero-one Variables as Intercept Shifters 

Let us suppose we are concerned with a linear multiple regression 

model where one of the attributes to be taken into consideration consists 

of {h+l) categories or groups to be represented by zero-one variables. 

The categories must be mutually exclusive and must include all possible 

values that the attribute can assume, Let Y be a continuous quantitative 

variable and in addition to the zero-one variables there are other pre-

determined variables ,ffiich are continuous quantitative variables. 

Specifically let us consider a case where (h+l) • 5. There are five 

categories or classes of the attribute which may be represented by five 

zero-one variables: n1 , o2 , n3, n
4 

and n
5

• The discrete variables take 

on values in the following way, n1 takes on a value of one if the obser

vation pertains to the first category; otherwise it takes on a value of 

zero. n2 takes on a value of one when the observation pertains to the 

second category; otherwise it takes on a value of zero. n
3

, o
4 

and n
5 

take on values on a similar manner, Hence, every observation in the 
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sample must pertain to one of the five categories and each observation 

pertains to only one of the categories. The number of observations per-

taining to each category does not have to be equal. However, there must 

be at least two observations in each category or degrees of freedom pro-

blems will arise in estimation. Furthermore, when the numbers in any 

category are very small large sampling variation associated with very 

small samples may occur. The number of ones in each category are the 

number of replications of the effect which the category represents. 

The observations for the five zero-one variables which would com-

prise a partition of the X matrix are given in Table 4.1. The observa-

tiona in Table 4.1 ere arrayed in a systematic fashion such that obser-

vation 1 pertained to category 1, observation 2 to category 2, etc., 

and observation 6 to category 1 again, etc. Obviously in reality the 

observations need not occur in this manner and probably would not, but 

by shuffling observations they could be arranged in this manner. 

There is one very important thing to note about the observations 

in Table 4.1. The sum across columns for any row is equal to 1. Hence, 

(4.1) 

The sum of all zero-one variables of a set equals a column vector of l's 

which is X
0

, the "dummy" variable for the intercept, in the X matrix, 

the matrix of observations of the predetermined variables in ordinary 

least squares. Thus there is a linear combination among X
0 

and the five 

zero-one variables and (X'X) will be singular snd it ts not possible to 

obtain (X'X)-1• Therefore, for estimation purposes something has to be 

done to alleviate the singularity problem. 

There are three alternatives for handling the singularity problem. 

(1) Set the sum of the parameters of the zero-one variables equal to 

zero. This means one of the parameters can be expressed as the sum 
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Table 4 .1. Observations of the Five Zero-One Variables 

Observation 

1 1 0 0 0 0 

2 0 1 0 0 0 

3 0 0 1 0 0 

4 0 0 0 1 0 

5 0 0 0 0 1 

6 1 0 0 0 0 

7 0 1 0 0 0 

8 0 0 1 0 0 

9 0 0 0 1 0 

10 0 0 0 0 1 

11 1 0 0 0 0 

m 0 0 0 0 1 
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of the others. This is identical to the restriction on the sum of 

the treatment effects of a fixed treatment analysis of variance model, 

(2) Eliminate the intercept from the regression model. Thus Xo would 

be eliminated from the X matrix. 

(3) Arbitrarily choose the parameter of one of the zero-one variables 

to be zero which is accomplished by arbitrarily deleting one of the 

zero-one variables of the set. The intercept of the regression 

equation is the intercept pertaining to the omitted Cero-one variable. 

It becomes the base intercept. The coefficients of the other zero-

one variables indicate the differences between the base intercept 

and the intercept pertaining to the category of the attribute 

represented by a particular zero-one variable, 

The third alternative is one of the most convenient and easy to 

incorporate. Also, it is applicable to more than one set of zero-one 

variables in a given regression model. If there is a more than one set 

of discrete variables one zero-one variable needs to be deleted from 

each set. If slopes are also being permitted to change, omttting one 

of the zero-one variables automatically omits one of the interactions 

of zero-one variable and continuous variable and takes care of the sin-

gularity problem arising from the interaction variables. 

For purposes of estimating the parameters of the model, let us 

arbitrarily omit the fifth zero-one variable. Thus the first four zero-

one variables, Dl' o2, o
3 

and o4 will be included in the model and we 

can assume that they are the first four predetermined variables (after 

the "dUIIIIIY" variable for the intercept) in the X matrix. The linear 

multiple regression model in equation form is: 
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where: Y is an endogenous variable which is assumed to be a continuous 

quantitative variable. 

o1, o
2

, o
3 

and o
4 

are the four zero-one predetermined variables. 

x5, x6, x7, --- ~ are the other predetermined variables in the 

model. 

a's are the regression parameters. 

£ is the disturbance term. 

For convenience purposes, we can relabel the zero-one variables as X's, 

i.e., 01 = X1 , o
2 

= x2, o3 = x3 and o4 • x
4

, and express the model in 

terms of matrices as follows: 

(4,3) Y a X a+£ 

where: 

Y is a (n x 1) vector of observations of the endogenous variables 

X is a n x (k+l) matrix of observations of the predetermined 

variables including the four zero-one variables. 

a is a (k+l) x 1 vector of regression parameters. 

£ is a n x 1 vector of disturbances, 

Furthermore, in this particular case we are considering four zero-one 

variables but in general the number of zero-one variables may be h :t k i n. 

If h • k, that is all predetermined variable in the model are zero-one 

variables, the model is the analysis ~f variance model associated with 

a completely randomized design. When both zero-one and continuous quan

titative variables are included as predetermined variables in the model, 

the model is a covariance model. If there is only one continuous quan

titative predetermined variable the model is a simple covariance model. 

When there are two or more continuous quantitative predetermined variables 

the model is a multiple covariance model. 

Now (4.3) is the representation of (4.2) in matrix notation and is 

the general multiple regression model discussed in Chapter 2., The equa-
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tiona and formuli which apply to the general regression model apply to 

the regression model with one set of zero-one variables used as inter-

cept shifters. 

Now let us further explore the interpretation of the coefficients 

of the zero-one variables and the testing of hypotheses about these par-

ticular parameters. This can be conveniently done by considering the 

prediction or estimated equation corresponding to (4.2) where the esti-

mated coefficients have been obtained by least squares techniques. The 

estimated equation is: 

or in matrix form 

(4.5) Y a X b 

The b
0 

coefficient is the estimated intercept which pertains to the omitted 

category of the discrete variable. The t-test presented may be used to 

test hypotheses about e
0 

as such; specifically whether 80 is equal to or 

different from zero or equal to or different from some non-zero constant. 

b1, b
2

, b
3 

and b
4 

are estimates of the differences of the intercepts for 

categories 1, 2, 3, and 4 from the omitted category, category 5 in this 

case. The t-test may be used to test hypotheses about whether or not each 

of the respective parameters are equal to zero or equal to some non-zero 

constant. If e1 is found to be significantly different from zero at 

some chosen probability, this indicates that the intercept of category 1 

is significantly different from the intercept of the omitted category. 

Whether a one or two tailed alternative hypothesis is specified and whether 
t,ailed 

a one or twoVtest is used depends on one's prior information. Recognize 



that the estimated coefficients of the zero-one variables represent an 

incremental difference or change relative to a base and the base is the 

intercept pertaining to the ocritted category. Hence, testa of hypotheses 

about the individual parameters of the zero-one variables provide infer-

mation about whether the intercepts for each of the included categories 

are different from the omitted category and the estimated coefficients 

indicate the numerical amount by which the intercept of each of the in-

eluded categories is above or belcH the intercept of the excluded category. 

Note from (4.4) that if we consider predicted values of the endog-

enous variable pertaining to the fifth zero-one variable, the omitted 

category, that n1 • n2 • n3 ~ n4 • 0 and the appropriate prediction 

equation is: 

b
0 

is the relevant estimated intercept. If the predicted values of 

interest pertain to the first zero-one variable then n2 = n3 c n4 ~ 0 

and the appropriate prediction equation is: 

(b
0 

+ b1) is the appropriate estimated intercept. For the second zero

one variable the prediction equation is: 

(4.8) Y = (b
0 

+ b2) + bSXS + b6x6 +-- - + bkXk 

(b
0 

+ b2) is the appropriate estimated intercept. For the third zero

one variable the appropriate prediction equation is: 

(b
0 

+ b3) is the appropriate estimated intercept. And for the fourth 

zero-one variable the appropriate prediction equation is: 
A 

(4.10) Y • (b
0 

+ b4) + b5X5 + b
6
x

6 
+ - - - bk~ 

(b
0 

+ b4) is the relevant estimated intercept. 

Generally, when zero-one variables are used as intercept shifters 

in a regression equation one is also interested in testing hypotheses 
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about differences between the parameters of the zero-one variables. 

In other words, interest is in determining which intercepts differ 

significantly from each other at some chosen level of significance. 

Some information about differences in intercepts is provided by the 

tests of hypotheses about whether or not the parameters of tr~ ~ero-

one variables are different from zero, The hypotheses to be tested are: 

or 

or 

HA: 6, < 0 
~ 

j • o, 1, 2, 3, 4 

The appropriate test is the t-test is: 

(4 .11) t • 

when j • 0 the hypotheses and test pertain to the intercept associated 

with the omitted category of the attribute. In a sense the 6
0 

consists 

of two components - the intercept of the regression equation as such and 

the effect of the omitted category of the attribute or the fifth zero-one 

variable in the example considered. These two components are confounded 

and together considered the intercept of the omitted category. If tha 

null hypothesis is rejected the intercept of the omitted category is 

considered significantly different from zero (or some non-zero constant 

if the null hypothesis was specified in this manner). If the null 

hypothesis is not rejected one simply concludes that the sample does not 

provide evidence that the intercept is different from zero (or some non-

zero constant). 

When j • 1, 2, 3, or 4 the hypotheses and tests pertain to the co-

efficients of the zero-one variables. If the null hypothesis is rejected 
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in these cases the parameter is considered significantly different from 

zero. However, if the parameter is significantly different from zero 

then the intercept pertaining to that particular zero-one variable is 

different from the base intercept which is the one associated with the 

omitted category, If the null hypothesis is not rejected one concludes 

that the intercept pertaining to that zero-one variable is not signifi-

cantly different from the base intercept, S
0

, Hence, teats of the 

hypotheses that sj - o, j - 1, 2, 3, 4 in fact provides information 

about the differences between the base intercept and the intercepts 

associated with each of the zero-one variables. 

Hypotheses about differences among the parameters of the zero-one 

variables may be tested, however, these are subject to the orthogonality 

conditions or multiple range test considerations discussed in Chapter 3. 

In the example, we have been considering there are four parameters of 

zero-one variables and hence three degrees of freedom and three orthog-

anal comparisons which may be submitted to statistical testing using 

conventional statistical testa. One set of such orthogonal contrasts 

ere presented in Table 4,2, 

r 
Comparison 81 Bz 83 84 Md aij 

r 
aij a 

kj 

I a~ +1 -1 0 0 0 

II azj 0 0 +1 -1 0 

a~ a2j 0 0 0 0 0 

Ill e3j +1 .+1 -1 -1 0 

a~ a~ +1 -1 0 0 0 

a2j a3j 0 0 -1 +1 0 
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This set of orthogonal contrs3ts "ntnils tcs~in:; th2 <liffl3rl3ncl3 be·· 

twel3n al and a2. tue diffl3rence l>etlmen 83 and 84, and the <liffl3rence 

bet~<eeo the sum of S1 and ~z and the Slllll of a3 and a
4

. Tests of hy

potueses concerning the first tuo co.::Jparisons coulJ uc mad10 using the 

t-test presented in (3. 24). T.1e "ypothcs;os concernin3 the t;drd con-· 

parison may :..e tested usin:; t:1e t-teot ::;iv·:m in (4 .11) or the F-tcst 

in (3.!i3). 

T,le .leuman- Kuels test presented in Shapter 3 uay bG usl3c.; to 

test all possible ~airs of differenc10s ~n::; all the pnran"ters of 

(4.2) or all iJOssiule pairs of differences awon~,; the paraoetero of 

tile zero-one varia;,les. If only the .coefficients of t.1e zero-one 

variables are considGred in the e;;a;11ple ue hav" been considGrin::; t:1ere 

are six differences auong estiwateJ coefficients to be tcst~d. 

Two or ilore S-'tS of Zero-One Variables as l;:1t:orcept Slufters. 

For some pro~leQB it ~ay be weanin3ful to incorporate two or 

more sets of zerd-one variables to reprasent categories or classes 

of t1~o of more attributes w<.icil ar:;. qualitative in nature or quant-

itative iu nature for ~<hich only infortuation about diecrc=tc cate

gories is available. Two or more sets of zero-one variablc=s nay be 

incorporated into the general multiple regression model as long as 

the categories for each of the attributes b10in::; represented ar10 

mutually exclusive and include all possible values that each attri

bute can assume. 

To illustrate uultiple sets of zero-one variables as intercept 

ahiftera let us confine ourselves to two sets. It uill be apparent 

that t<1e generalization from tuo s<>te any mmber of sets ::;rester 

than two ia straigi1t fon•ard. As· one set let us consider t\1e five 

categories of an attribute discussad earlier, SiJecified in (4.1) 

and finally incorporated as four zero-cue variables in the r<>gression 
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lllOdel (4.2). As a second set consider an attribute uhici1 consi3ts of 

three cater;ories and which t.-ould be represented' by three zero-one 

varia.>les F1 , F
2

, and F
3

• Observations for the two set" of zero

one variables are presented in Tabla 4. 3. ,lote that not only does 
5 
E 

j•l 
Dj • [l]nxl • X

0 
given in (4.1) hold but also 

(4.12) 

The sum of all zero-one variables in each set equals a column vector 

of l's which is X
0

, the 'dummy·' variablco for the intercept. Prior 

to estimation the linear combinations between X and each of the sets 
0 

of zero-one varia'vles ahs to be eliLlinated by one of the three al-

t<!rnatives suggested earlier in ti1e chapter. The same holds true 

for any number of sets of zero-one variables. 

Let us again drat< on lthat is probably the easiest and very con-

venient way of eliminating this type of linear co~bination problem 

and that is to arbitrarily c:1ooae ti1e parameter of one the zero-one 

variables in eac,, set to bco zero. This is accomplish~d by arbitrarily 

dele tint: one zero-one variable frot:l each set. The intercept of tite 

equation is then the base intercept associated with t:te omitted zero-

ona variaole from each set. 

For purposes of illustrating the estimation of parameters and 

testing hypotheses about ?arameters of a rcsression model containing 

two sets of zero-one variables, let us arbitrarily omit the fifth 

category of the D zero-one variables and the third category of F 

zero-one variables. The linear multiple regression model in equation 

form is: 

+ E 
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Table 4.3. Observations for Two Sets of Zero-One VarJables With Five 
Categories in One Set and Three Categoriea in the Other Set 

Observation Dl D2 D3 D4 ns Fl Fz F3 

1 1 0 0 0 0 1 0 0 

2 0 1 0 0 0 0 1 0 

3 0 0 1 0 0 0 0 1 

4 0 0 0 1 0 1 0 0 

5 0 0 0 0 1 0 1 0 

6 1 0 0 0 0 0 (1 1 

7 0 1 0 0 0 1 0 0 

8 0 0 1 0 0 0 1 0 

9 0 0 0 1 0 0 0 1 

10 0 0 0 0 1 1 0 0 

11 1 0 0 0 0 0 1 0 

n 0 0 0 0 1 0 0 1 
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where: 

Y is an endogenous variable which ill assumed to be a continuous 

quantitative ~riable. 

D1, D2, D3, and n4 are the four zero-one predetermined variables 

of the first set of discrete variables. 

F1 and F2 are the two zero-one predetermined variables of the 

second set of discrete variaules. 

B's are the rggression parameters. 

£ is the disturbance term. 

Again we can conveniently retiame or relabel the zero-one variables 

as X's in the .following way: 

xl • Dl 

x2 • D2 

xl 2 D 
3 

x4 = D4 

x5 • Fl 

x6 • F2 

and express the model in terms of matrices as follows: 

(4.14) Y • X ll+ t 

uhere: Y is a (nxl) vector of observations of the endogenous variable 

X ia a nx (k + 1) matrix of observations of the predetermined 

variables includin3 X
0

, four zero--one varial>les of the first 

set of discrete variables, and tuo zero-one variables of the 

second set of discrete variables. 

Nou we have the covariance model uith two sets of discrete variables 

east in the framework of the general multiple regression model. Also, 

now it aay be more apparent why the first X variable in (4.13) •ms de

DOted as x7 --it facilitated the transition to (4.14). The equations 

And formuli pertaining to the general linear model discussed in Chapter !2_.. 
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apply to the multiple regression model with two sets of zero-one var-

iables used as intercept shifters. Furthermore, at this point it should 

also be apparent that these equations and formuli are applicable to mul-

~ 

tiple regression models with more than two-Pets of zero-one variables. 

The interpretation of estimated coefficients of the zero-one var-

iables and the testing of hypotheses about these parameters when there 

are two or more seta of zero-one variables are similar as in the case 

where there is only one set of zero-one variables. Let us focus on the 

estimated equation corresponding to (4.13) which ie: 

The b
0 

is the estimated intercept pertaining to the omitted categories 

of the two sets of discrete variables. In this case omitted categories 

are the fifth of the D set and the third of the F set. In a sense this 

intercept embodies three confounded components - some general intercept 

for the equation, the effect of the omitted D variable, o5 and the omitted 

F variable, F3• The t-test presented in (4.11) may be used to test hy

potheses about s0 , specifically whether s0 is equal to zero or equal to 

some non-zero constant or whether it is significantly different at some 

chosen level of significance. The test of hypotheses about parameters 

of the zero-one variables of both sets procedes along the same lines dis-

cussed for the case where there was only one set of zero-one variables. 

The estimated coefficients of the zero-one variables indicate the numer-

1cal amount by which the intercept of the included cate~ories of the two 

sets of discrete variables differ from the base intercept which pertains 

to an omitted category from each set. 
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With reference to (4.15) if we consider predicted values of the en-

dogenous variable pertaining to the fifth zero-one variable of the first 

set of discrete variables and the third zero-one vari~ble of the second 

set of discrete variables the appropriate prediction equation is: 

(4.16) 

~ber for this situation n
1 

• n2 • n
3 

• n4 • F
1 

• F2 • O. b0 is the 

relevant estimated intercept. If the predicted value pertains to the 

first zero-one variable of the first set of discrete variables and the 

first zero-one variable of the second set of discrete variables the 

appropriate prediction equation is~ 

(4.17) 

(b
0 

+ b
1 

+ b
5

) is the appropriate estimated intercept. The estimated 

equation for predicted values of the endogenous variable pertaining to 

the included catefories of the two attributes represented by the two 

sets of discrete variables will contain an intercept consisting of three 

components, b
0

, one of the four estimated coefficients, b1 , b2 , b3 , or 

b4 , and either b5 or b
6

• 

Hypotheses about differences among the parameters of each set of 

zer~·one variables may be tested, however, they are subject to the or-

thogonality conditions or multiple range test considerations discussed 

in Chapter 3. Orthogonal comparisons of the parameters for each set of 

sera-one variables or the Newman-Kuels test applied to the estimated 

coefficients of each set of zero-one variables, estimated coefficients 

of eaeh set of zero-one variables, estimated coefficients of all sets of 

zero-one variables, or all estimated coefficients of the regression equa-

tion as discussed in Chapter 3 may be made. 
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One Set of Zero-one Variables as Slope Shifters 

There may be reasons. in some problems to allow for differences in 

slopes of one or more of the continuous predetermined variables for var

ious categories of some qualitative variable or categorized quantitative 

variable. This may be incorporated into a multiple r~gression oodel by 

including certain interaction variables which are generated by interacting 

a set of zero-one variables with the selected quantitative predetermined 

variables of interest. Allowing for differences in slopes should not be 

done indiscreminately. There should be a sound basis, theoretical or 

other, for considering differences in slopes of continuous predetermined 

variables with rp.spect to categories of qualitative variables or categor

ized quantitative variables. Otherwise, the final statistical results 

may just be nonsense. In some cases they may be quite meaningful. For 

instance, the qualitative variable may represent regions. One may be in

vestigating the s~e type of model for all the regions and there may be 

a reason to believe and hypothesize that the change in the endogenous 

variable associated with some given incremental change in a particular 

predetermined variable may be different for the different regions. An 

alternative to estimating the parameters of the reeression model separ

ately for each of the regions is to estimate a model applicable to all 

regions using the data for all re;;ions pooled together and allmJing the 

slope or slopes of selected predetermined variables to be different a@Ong 

regions. This may be done in conjunction with a comnon intercept for all 

regions or the intercept may be allowed to vary by use of zero-one variables 

as intercept shifters. 

Let us consider the case in which there is a co~n intercept (inter

cepts are not allowed to shift by the use of zero-one variables) but the 
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slopes of the continuous predetermined variables are allowed to change. 

To keep the illustration manageable, let us consider an attribute con-

siating of five categories and let us select two continuous predetermined 

variables whose slopes we will allow to change. To allow slopes to change 

among the categories of the attribute requires generating new variables 

from zero-one variables representing the categories of the attribute and 

the quantitative predetermined variables whose coefficients we are allow-

ing to vary. The new variables are generated by constructing the first 

order interaction between each of the zero-one variables and the selected 

quantitative predetermined variables. In other words the new variables 

are generated by forming cross products between each of the ~ero-one var-

iables representing the categories of the attribute and the selected 

continuous predetermined variables whose coefficients are being allowed 

to vary among categories. 

To illustrate the use of zero-one variables for allowing slope 

changes let us consider the five D variables whose observations are pre-

sented in Table 4.1 and which are further defined in (4.1). Also, let 

us restrict the elope changes to the first two quantitative predetermined 

variables. The observations of the two predetermined variables and the 

generated interaction variables are pr~sented in Table 4.4. Note that: 

(4.18) 

(4.19) 

' Thus the aum of the interactive (crossproduct) variables and each of the 

quantitative predetermined variables evolve in a ~1near cumb~udL1un. 

Hence, all categories of the attribute must not be represented by zero-one 



Table 4. 4. 

Observation 

1 

2 

3 

4 

5 

0 

"' I 6 ..,. 

7 

8 

9 

10 

11 

n 

Observations of First Two Quantitative Predetermined Variables and Generated Interaction Variables 

xl 

x,_1 

x21 

x31 

x41 

X 51 

x61 

xn 

xa1 

x91 

x10~1 

xll,1 

X n,1 

x2 

xl2 

x22 

x32 

x42 

xs2 

x62 

x72 

xa2 

Xg2 

x10,2 

xu,2 

xn,2 

(XlD1) 

xu 

0 

0 

0 

0 

x61 

0 

0 

0 

0 

xll,l 

0 

(X1D2) (XlD3) 

0 0 

x21 0 

0 x31 

0 ~·0 

0 0 

0 0 

~1 0 

0 xa1 

0 0 

0 0 

0 0 

0 0 

----------------··· 

(X1D4) (;:1 ')5) (" n ) ''2"'1 (X2D2) (X2Cl3) (X2D4) (X2DS) 

------- --- -----· 
0 0 x12 0 0 0 0 

0 0 0 x22 0 0 0 

0 0 0 I) x32 0 0 

x41 0 0 0 0 x42 0 

0 X 
""51 0 0 0 0 xs2 

0 0 x62 0 0 0 0 

0 0 0 x72 0 0 0 

0 0 0 0 xc2 0 0 

Xg1 0 0 0 0 x92 0 

0 x10,1 0 0 0 0 
x1o,2 

0 0 xu 2 0 0 0 0 
' 

0 X 
u 1 0 0 n c X 

) 
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variables. The simpliest way to alleviate this problem is to omit one 

of the zero-one variables representing one of the categories of the 

attribute. The choice is arbitrary. By omitting one of the zero-one 

variables one interaction variable pertaining to x
1 

and one pertaining 

to x2 are automatically deleted and the linear dependency is disaapated. 

Then one can precede with the estimation of psr~ters of the multiple 

regression model using least squarea methode. 

To illustrate the estimation of parameters of such B model, let us 

omit the fifth category of the attribute which is represented by n5 • 

Automatically (X
1
n

5
) and (X

2
n

5
) are deleted. Now (4.18) and (4.19) no 

longer hold. The linear multiple regression model in equation form is: 

(4.20) 

where: 

Y is an endogenous variable which is assumed to be a 

continuous quantitative variable. 

(X
1
D

1
), (~D2 ) --- (X

2
n3) (x2n4) are the generated 

interaction variables. 

xl, x2' xll' xl2' - - - ~ are the quantitative pre

determined variables in the model. 

B's are the regression parameters. 

c is the dist~bance term. 
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Again for convenience purposes, we can relabel the interaction variables 

as X's, i.e., ~through x10 and the model may be expressed in the fam

iliar matrix form: Y • ex + c. Est~tion of parameters and testing of 

hypotheses about the parameters may be performed following conventional 

procedures fo the least squares framework. 

The interpretation of the estimated coefficients merits a brief dis

cussion. To do this let us consider the estimated equation corresponding 

to (4.20) which is: 

(4.21) Y • bO + b1x1 + b
2
x2 + b3(x

1
n1) + b

4
(x1n2) + b5 (X1D3) + b6 (X1D4) 

+ 

Now let us consider a predicted value of Y which pertains to the omitted 

category of the attribute. n1 • n
2 

• n3 • n4 • 0 and relevant prediction 

equation is: 

(4.22) 

Note that b
1 

and b2 are the slope coefficients of x1 and x2 respectively 

associated with omitted category of attribute which could be represented 

by a zero-one variables. They are base slopes. b
1 

indicates the arnount 

of change in Y associated with a one u~it change in x1 subject to the 

effects of the omitted category of the attribute. b2 indicates the amount 

of change in Y associated with a one unit chan~e in x2 subject to the 

effects of the omitted category of the attribute. b0 is simply the es

timated intercept of the equation. b11 throup,h bk are estimated regression 

coefficients of x11 through ~and interpreted in the usual manner. 

Now let us consider predicted value of the endogenous variable asso

ciated with the first category of the qualitative or categorized quantitative 
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attribute. D2 • n
3 

• o
4 

c 0 and the appropriate estimated equation is: 

But D1 • 1 so 

(4.24) Y • bo + (bl+b3) xl + (b2+b7) Xz + bllxll + - - - + bk~ 

The amount of change in Y associated with a one unit change in x1 subject 

to the effects of o1 is (b1 + b3), the slope coefficient of x1 for the 

first discrete variable. Similarly, the slope coefficient of Xz for n1 

is (b2 + b7). b3 and b7 are estimates of the differences in slopes from 

the base slopes b
1 

and b2 associated with the first discrete variable. 

The slope coefficients for the other discrete variables are obtained ~nd 

interpreted in a similar manner. 

Tests of hypotheses resardin& whether or not the parameters of the 

interaction variables are equal to zero or some non-zero constant may be 

performed using a t-test. These tests provide information about whether 

or not the slopes associated with the discrete variables are signifi

cantly different at same chosen level of significance from the base 

slopes. Tests of hypotheses about differences smong pairs of other linear 

combinations of the parameters are subject to the orthogonality conditions 

or multiple range test considerations discussed in Chapter 3. 

Two or More Sets of Zero-one Variables as Slope Shifters 

There is nothing that precludes having more than one set of discrete 

variables as slope shifters. If they are meaningful and helpful they may 

be used. Let us briefly explore the case of two sets using the five cat

egories represented by the D variables just discussed and the three cat

egories of a second set which were introduced in Table 4.3 and denoted as 

F variables. 
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·Again in order to keep the model manageable, let us restrict the 

allowance of elope differences to x1 and ~· Bawever, recognize that 

the slopes of all continuous predetermined variables could be allowed 

to change with respect to categories of qualitative or categorized quan-

titative variables. The interaction variables representing c~oss products 

of the D variables with x1 and Xz are already presented in Table 4.3. 

Similar variables have to be generated for the P variables and x1 and x2• 

In terms of the observations presented in Table 4.4. Similar variables 

have to be generated for the P variables and x1 and x2• In terms of the 

observations presented in Table 4.4 there would be 6 additional columns 

consisting of (~F1), (X1F2), (~F3), (XzF1), (X2F2) and (X2F3). However, 

similar to (4.18) and (4.19) 

(4.25) 

and 

(4.26) 

The 1um of the interaction variables in this case F and X, and the two 

conU....Ou8 . predetermined variables results in a linear combination. 

Hence, again one of the catagoriea of the F variable needs to be omitted. 

Let Ull arbitrarily omit r 3• This elinL.nate (X1F3) and (X2F3). The 

linear multiple regression model in equation form is: 

(4.27) 



4-25 

where Y is the endogenous variable which is assumed to be a continuous 

variable. 

(X1D1), (X1D2) --- CXzD3) (X2D4) are the generated interaction 

variables pertaining to the D discrete variables. 

(X1F1), (X1F2), (X2F1) and (X2F
2

) are the generacerl interaction 

vari~h1cb p~Tt~ining ~hP ~hP F diAcre~e variahles. 

xl' x2' xl5' xl6- --~are the continuous predetermined var

iables in the model. 

6's are the regression parameters. 

E is the disturbance term 

Now we may relabel the interaction variables as X's and express the model 

form as Y = X6 + £ which is the general multiple regression model. Es

timation may be performed according to least squares methods and testing 

of hypotheses about the parameters may be performed using conventional 

tests as long as orthogonality condicions are met. 

Interpretation of coefficients is similar to the case where only one 

set of zero-one variables was used to shift slopes. Consider the e8timated 

equation corresponding to (4.27) which is: 

(4.28) 

+ b7(X2Dl) + bB(X2D2) + b9(X2D3) + bl0(X2D4) + bll(XlFl) 

+ bl2(XlF2) + bl3(X2Fl) + bl4(X2F2) + blSXlS +--- + bk~ 

when n1 ~ D
2 

= n
3 

e D4 m F
1 

= F
2 

o 0 the predicted values of the endo

genous variable pertain to the o~itced categories of D and F which are 

n
5 

and F
3

• The relevant prediction equation is: 

(4.29) y e bO + blXl + b2X2 + bl5Xl5 + - - - + bk~ 

b
0 

is the estimated intercept of the equation and is common to all of the 
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discrete variables. b1 and b2 are the slppe coefficients of x
1 

and x2 

respectively associated with the omitted D and F variables. They are 

base slopes. b1 indicates the amount of change in Y associated with a 

one unit change in x1 subject to the effects of n5 and F
3

• b2 is in

terpreted similarly for x2. 

Now let us consider the predicted values of Y associated with the 

first D variable and the first Y variable. 

the relevant estimated equation is: 

. 

D ~ D a D • F • 0 and 2 3 4 2 

(4.31) Y • bo + (bl + b3 + bll> xl + (b2 + b7 + bls> x2 + bl5xl5 + - - -

The amount of change in Y associated with a unit change in x1 subject to 

the effects of n
1 

and F1 is (b
1 

+ b
3 

+ b
11

), the slope coefficient. Sim

ilarly, the slope coefficient of x
2 

is (b2 + b
7 

+ b
13

). b
3 

and b
7 

are 

estimates of differences in slopes from the base slopes associated with 

D
1 

snd b
11 

and b
13 

are differences in slopes from the base slopes asso

ciated with F
1

• The slopes coefficients for the other discrete variables 

are obtained and interpreted in a similar manner, 

Tests of hypotheses about the parameters of the interaction variables 

and other predetermined variables in the model are the same as those 

discussed for a single set of ~ero-one variables used to shift slopes. 
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One Set of Zero-one Variables as Intercept and Slope Shifters 

For problems in which it is meaningful to all for differences in 

elopes it may be meaningful to concurrently allow for differences in 

intercept. Let us consider the ease wbera a qualitative variable or 

a categorized quantitative variable with five eatefories is used to 

allow both intercepts and slopes of two predetermined variables to differ. 

This is basically incorporating the information from Table 4.1 and Table 

4.4 in a multiple regressiOft model. Let us arbitrarily omit n5• The 

regression equation of interest is: 

(4,32) Y • s0 + s
1
n1 + s2n2 + s3n3 + e4n4 +8 5~ + s6x2 + S7 (X1D1) 

+ S8(XlD2) + Sg(XlD3) + 810(X1D4) + 811(X2D1) + 8 t2(X2D2) 

where: Y is the endor.enous variable which is assumed to be a continuous 

variable. 

n1 , D2, n3 and n4 are four zero-one prede~ermined variables. 

(X1n1), (X1D2), - <XzD3), (X2D4) are the generated inter-

action variables. 

x
1

, x2 , x15 - - - ~ are the. <:OQCi.n"nNS l'.redetermioed variables 

in the aodel. 

S's are the regression parameters. 

£ is the distrubance term. 

Again by relabeling the ioteraction variables as X's i.e., x3 through 

X14 the liiOdel IIIBY be expressed in matrix fot1ll as Y = XI! + r;, 

The equation with parameter estimates obtained by least sqUares 

IDI!thods is: 
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(4. 33) 

The interpretation of estimated coefficients and tests of hypotheses 

about the paraters are the same as those discussed earlier in this chap-

ter. 

Two or ~lore Sets of Zero-one Variables As Intercept and Slope Shifters 

Two or more sets of zero-one variables may be used to allm-1 for dif-

ferences in both intercepts and slopes. This simply entails bringing the 

information concerning two sets of intercepts shifters and two sets of 

slope shifters tcgether into one multiple regression equation. The gen-

eralization to more than two sets simply entails following the same pro-

cedures that pertain to the two set case and expanding to the case with 

more than two sets. Details are not presented here since they should be 

apparent from the details of the component parts (two sets of intercept 

shifters and two sets of slope shifters) presented earlier. 

Concluding Remarks About Zero-one Variables 
As Intercept and Slope Shifters 

The mechanics of allowing for intercept and elope difference with 

respect to categories of qualitative or categorized quantitative var-

iables is quite simple. However, these techniques should be used with 

caution. The analyst needs to clearly think through the justification 

for differences in intercepts and elopes. If the parameters represent 

some economic structure then the question of why there should be such 

differences or changes in structure has to be answered. If there is a 
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theoretical or other justificatl.on of such differences or changes then 

the different intercepts and slopes may be meaningful. Otherwise even 

though significant differences may be identified statistically from an 

economic viewpoint they may be nonsense. 

Although only two sets of intercept shifters were illustrated there 

may be any number as long as adequate degrees of freedom are available. 

Also, only five and three categories of the qualitative or categorized 

quantitative variables were considered. The number of categories can 

range from two which can be represented by including one zero-one var

iable in the model to any number,pr~vided adequate degrees of freedom 

ex.ist. 

The illustrations concerning shifts or differences in slopes coo

fined the slope changes to two continuous ?redetermined variables. This 

was done strictly to keep the illustrations manageable. The slopes of 

all eontinuoua predetermined variables may be allowed to shift or take 

oo different values for different zero-one variables. This may be done 

for a single set of discrete variables or a multi~le set. 

The use of zero-one variables particularly Vhen slopes are allowed 

to vary requires a large number of degrees of freedom. In fact the de-

grees of freedom are one factor which may limit the number of , 

predetermined variables whose slopes will be allowed to vary. Even if 

degrees of freedom aren't a limiting factor the size of the equation which 

arises out of allowing slopes of a larg'e number of predeter

mined variables to vary may create difficulties of analysis and interpre

tation. Also, some extremely high intercorrelations may arise from large 

numbers of interaction variables required to allow for differenees in 

slopes of a large number of . predetermined variables. Of 
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course, in terms of the overall analysis the use of zero-one variables 

facilitates pooling of data for estimation and testing purposes so that 

there may be a gain in degrees of freedom as compared to estimating 

separate relationships for each set of data. 

It might be worth pointing out that allowing intercepts s~A the 

slopes of all predetermined variables to shift is equiv-

alent to fitting separate regression equations to the data for each 

category of the qualitative or categorized quantitative variables. 

Finally, throughout the discussion there wss considerable stress 

on the arbitrary choice of omitting a category of the qualitative ~ 

categorized quantitative variable. This simply means the analyst is 

at liberty to choose whichever ones he pleases. Under certain condi

tions some choices amy be considerably better than others. This io 

particularly true if one has some prior information about the magni

tude of the shifts in intercepts or slopes, If prior information is 

available then from the viewpoint of efficiency in testing and drawing 

inferences, it is to one's advantage not to omit an extreme category, 

By omitting a sort of "in the middle" category one may be able to make 

inferences about differences between intercepts or slopes without test

ing hypotheses about the differences letween pairs of parameters. For 

example, if one concludes that a parameter is greater than zero while 

for another parameter the conclusion is that it is less than zero than 

one can conclude that the two parameters are significantly different 

from each other without directly testing such hypotheses. However, if 

an extreme category had been omitted then the parameters may h~ve been 

found to be significantly greater than or significantly less than ze~o 

with little information about the difference between the parameters. 
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Matrix Representation of Zero-One Variables 
As Intercept and Slope Shifters 

Let us attempt to summarize the use of zero-one variables as inter-

cept and/or slope shifters in a compact form. This may be done by util-

izing partitioned matrices. Let the multiple regression model under con-

sideration be: 

(4. 34) 

When none of the predetermined variables are zero-one variables then 

( 4. 35) Z a X 

and 

(4.36) 

We simply have the multiple >egression model expressed in terms of matrices. 

Now let us consider one set of zero-one variables to be used for allow-

ing for differences in intercepts. Let us assume the linear dependency pro-

blem has been circumvented by arbitrary omitting one category of the attri-

bute by deleting one of the zero-one variables. Denoting the matrix of 

observations of the included zero-one variables as D, the D is a sub-matrix 

of the matrix of observations of all predetermined variables and may be 

expressed as a partition of Z as follows: 

(4.37) Z = (D:X) 

where: D is the matrix of observations of the included zero-one variables. 

X is the matrix of observations of the predetermined variables 

that are not zero-one variables. 

lhe x0 variable consisting of a vector of one's is included in X.and for 

convenience msy be considered the last X variable. The regression model 

may be written sa: 

' Ill 
(4.38) y = (D X) + E 

llz .. 
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Y is the vector of observations of the endogenous variable 

(D : X~• Z is defined in (4.37) 

~:1::_1 fo <ho po<<<<f..,d ••••"' of''''''''",,,..,,,,, 
2 with s

1 
referring to the parameters of the zero-one 

variables and s
2 

to the parameters of the X variables 

and a2 includes the base intercept. 

Following least squares procedures the estimators of the regression para-

meters are: t :: } (1'1)-1 l'Y • [(' 
(4.39) 

X) I (D X) ]-l (D X) I y 

Statistical quantities of interest such as sums of squares errors, sums 

2 of squares regression, R , residual variance, etc. may be obtained by 

procedures discussed in Chapter 2. The estimated variance-covariance 

matrix of the estimators is: 

(4.40) V(b) • s 2 
[ (D : X)' (D : X)]-l 

which provides the variances and standard errors needed to test hypotheses 

about the individual parameters and for making interval estimates for the 

individual parameters and predicted values of the endogenous variable. 

The generalization to any number of sets of zero-one variables used 

as intercept shifters is direct and straightforward. Let D be partitioned 

into f partitions such as 

(4. 41) 

where each D represents a set of zero-one variables. There may be any 

number of zero-one variables in each set. The multiple regression model 

for this case is: 
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(4.42) + E 

- af are the sets of parameters of the zero-one variables 

and af+l are the parameters of X. The least squares estimators are: 

(4.43) bl 
~ [ (D D2 Df: X)' (Dl D2 Df X)]-1 

b2 
1 

(Dl D2 . Df X) 'Y . 

Other statistical quantities of interest may be obtained as discussed above. 

The variance-covariance matrix of the est!Detors given in (4.43) is: 

(4.44) 

In order to incorporate zero-one variables to allow for slope changes 

of some of the predetermined variables partition the X matrix as follows: 

(4.45) 

where: xl is the set of predetermined variables whose slopes are going 

to be a llcn.Jed to chang,,, 

x2 is the set of predetermined variables whose slopes are not 

going to be allowed to change. 
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x1 consists of one or more predetermined variables. If the slopes of all 

predetermined variables are going to be allowed to shift then the X matrix 

is not partitioned. Considering only one set of zero-one variables aa slope 

shifters then: 

-(4.46) Z • (D'X 
1 ~ X2) 

aoo 

(4.47) Y • (D'Xl • • 
I xl 

. ~) el + E . 
62 

e3 

where: e 1 are the parameters of the slope shifting variables, D'X1, the 

generated interaction variables. 

e 2 are the base slopes of the predetermined variables whose slopes 

are being allowed to change. 

e 3 are the parameters of the predetermined variables whose slopes 

are not being allowed to change. 

The estimators of the parameters of (4.47) are: 

(4.48) bl 

b2 ((D'X
1 
. 

xl 
• 
~)' (D'X ' X ))-1 (D'X ~~y ~ . . xl xl 1 . 2 1 

b3 

The variance-covariance matrix of the estimators of (4.48) is: 

(4.49) 

If more than one set of zero-one variables are going to be used to 

allow for slope differences then the matrix of predetermined variables is: 

(4.50) 
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and the model is: '\ 
< . 82 

(4.51) y .. (DiXl Di\ DfXl xl : X2) + .. 
• 

• 

where B - - -1 Bf are the sets of parameters of the f sets of slope 

shifting variables 

Bf+l is the set of base slopes of the predetermined variables 

whose slopes are being allowed to change. 

8£+2 is the set of parameters of the predetermined variables 

whose slopes are not being allowed to change 

The estimators of the parameters of {4.51) are: 
r- I {4.52) bl 

b2 

{Z'Z)-l Z'Y 

where Z is given in {4.50), The variance-covariance matrix of the esti-

mators in (4.52) is: 

(4.53) 



4-36 

Now to consider the general case of allowing for both intercept and 

slope changes for some f sets of zero-one variables, then: 

(4.54) • - - - : 

and the model is: 

(4.55) 

where: a - - -1 

81 

fl2 + t ---.. 
sf ---
8f+l 
• 

af are the sets of parameters of the zero-one variables 

which are the intercept shifting parameters. 

af+l - - - s2f are the sets of parameters of the f sets of slope 

shifting variables 

Bzf+l is the set of base slopes of the predetermined variables 

whose slopes are being allowed to change. 

flzf+Z is the set of parameters of the predetermined variables 

whose slopes are not being allowed to change. 
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The estimators of the parameters of (4.55) are: 

(4.56) • (Z'Z)-l Z'Y 

where Z is defined in (4.50). The variance-covariance matrix of the esti-

mators in (4.56) is: 

(4.57) V(b) • s 2 (Z'Z)-l 

Other statistical ~uantities, tests of hypotheses, and interval estimates 

are obtained by the procedures of least squares discussed previously. 

Zero-one Dependent Variable 

Thus far we have discussed the use of zero-one •ariables as predeter-

mined variables but the endogenous variable may also be a zero-one variable. 

In cases where the endogenous variable represents the occurence or non-

occurrence of an event, the endogenous variable ~~11 take on values of one 

or zero and is a zero-one variable. For example, a person or spending unit 

owns a car or does not, has a mortgage on a home or does not, belpegs to an 

organization or does not, ranks a certain objective as number one or does 

not, etc. For such problems a multiple regression model may be formulated 
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in Which the zero-one endogenous variable is regressed on several predeter-

mined. The predetermined variables msy be continuous variables or some or all 

may be discrete variables. 

Least squares methods apply to multiple regression models in which 

the endogenous variable is a zero-one variable representing two classes, the 

occurrence or non-occu~rence of an event. In these models the estimated 

or calculated value of the endogenous variable is interpreted as a condi-

tional probability. It is the conditional probability of the occurrence 

of the endogenous variable given a set of values of the X, the predetermined 

variables. 

A problem arises in applying classical least squares methods to a re-

gression model Where the endogenous variable takes on values of one or 

zero. The problem is that the assumption of homoscedastic disturbances is 

untendable. Note that 

(4.58) 

and for any tth observation 

(4.59) Y • X' ll + E t t t 

where X' is a particular row of X's. 
t 

and 

(4.60) 

but Yt is either zero or one so 

(4.61) 

or 

(4.62) E • -X' 8 when Y • 0 
t t t 

Since tt takes on the same distribution as Yt' the aasumption of normality 

cannot be fulfilleu since the distribution of E is binomial. 
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Now denoting the probability that Yt • 1 aa P1 and the probability that 

Yt • 0 as P2 we have 

(4.63) 

where 

(4.64) 

and 

(4 .65) 

Now under the assumption that E(rt) • 0 then (4.63) with (4.65) substituted 

for P is: 

(4 .66) 

Also 

(4.67) 

(1 - X~S) (1 - P2) + (-X~S) • 0 

1 - X'S - P • 0 
t 2 

P2 • 1 - x~s . 

Therefore, if E(Et) • 0 the distribution of tt' given Kt is: 

(4. 68) 

- X' S 
t 

X' S 
t 

I 

I 
i 

Probability of Et 

1 - X' S 
t 

X' S t 

and the variance of tt is 

(4. 69) Var (tt) • E(E!) • E [t~l f(E~l) + £!o f(ttO)) 

• (-X'S) 2 
(1 - X'S) + (1 - X'S) 2 (X'S) t t t t 

• (X'S) 2 - (I'B)J + [1 - 2X'S + (X'B) 2J (Xt'S) 
t t t t 

• (X'S) 2 - (X'B)J + X'S - 2 (X'S) 2 + (X'S) 3 
t t t t t 

• X'B - (X'B) 2 • X'S (1- X'S) • E[Y (1- Y )) t . t t t t t 
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The variance-covariance matrix of the disturbances is' 

X'S(l-X'S) 
1 1 

0 0 

(4. 70) E(££ 1
) • 

0 X'S(l-X'S) 
2 2 

0 
r 

0 0 0 
' 

0 

0 

0 

X' S(l - X'8) 
n n 

Note that the values of the variances and covariances of the disturbances 

depend on the values of X~ and vary with the values of the observations of the 

predetermined variables. Thus, the variances are heteroscadastic depending 

on the valuP.s of Xt and thus the assumption of homogeneous variances cannot be 

fulfilled. 

To obtain efficient linear estimators, procedures which tak@ into con-

1/ sideration heterogeneous variances need to be used.- Generalized least 

squares procedures, which we will discuss later could be used. Also, for 

some problems the unbiased property may not be so crucial nor mandatory. 

Discriminate Analysis 

Regression analysis entailine a zero-one endogenous variable Where the 

endoflenOUB variable can take on values from two classes, occurrence or non-

occurrence of an event, may be used as b discriminate analysis. Discriminate 

analysis concerns itself with classifying individuals, firms, or other 

types of units into classes according to information about various variables 

and characteristics of the individuals, firms or units, ~pr example if we 

have information on family size income, composition, place of residence, 
tyaY be 

and other such characteristics we ,/ interested in predicting whether a 

family will or will not own an automobile. Or if we have detailed information 

]J See J. Johnston, Econometric Methods, Second Edition, llcGraw-Hill Book 
Co., Inc. New York, 1972, pp. 182-186 and p. 208-221 and Arthur Gold
berger, Econometric Theory, Wiley, 1964, p. 248-51 and Jan Kmenta, 
Elements of Econometrics, 1971, pp. 409-30, and p.p. 499-508. 
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about the characteristics of the farmer, his family, and his operation 

we may be interested in predicting whether he will or will not parti-

cipate in a given farm program. These two examples are illustrations 

of discriminate problems. 

Now to symbollically illustrate a simple discriminate analysis con-

aider an endogenous variable, Y, which takes on either a value of one or 

zero, that is two classes or categories define all values Which Y can 

take on. And suppose we have some K predetermined variables ~· The 

endogenous variable could represent whether families or spending units 

own or do not own an automobile. The predetermined variables could be 

such thi~~s as family size, income, family composition, place of res-

idence, etc. The discriminate function of interest is a regression model 

of the form: 

(4. 71) 

The estimated regression equation is: 

(4.72) Y • X b 

where h is the vector of estimators of a in (4.71) obtained by least 

squares procedures. The discriminate analysis entails classifying the 

endogenous variable into either category one or two for given values of 

the set of predetermined variables, X. The estimated discriminate function 

th for any t-"- value of Y is: 

(4.73 

Any observation for which 

(4.74) Y > bo + 
t -

1/2 



is classified into category one (for example own an automobile) and any 

observation for which 

(4.75) 
k 
E 
~1 

< 

is classified into category two (for example don't own an automobile). 

In (4,74)and (4.75) Xil and Xi2 refer to means of the ith predetermined 

variable for category one and category two, respectively. In other 

words the discrimineting value is the estimated intercept in (4.73) plus 

one-half of the sum ot the arithmetic means of the predetermined variables 

for the two categories weighted by the respective estimated regression 

coefficients from (4.73). 

2 A coefficient of determination, R and a coefficient of determination 

-2 adjusted for degrees of freedom, R , may be computed for a two category 

discriminate function but because of the non-normality of the disturbance 

term and the heterioscadaetic nature of the variances hypotheses about 

goodness of fit and about individual regression coefficients cannot legit

amately be tested.l/ 

2/ - Two references on discriminate analysis in which you might be interested 
are: 1) George W. Ladd, '~inear Probability Functions and Discriminate 
Functions", Econometrica, Vol. 34, No, 4, October 1966, pp. 873-885. and 
2) George W. Ladd, Analvsis of Ranking of Dairy Bargaining Cooperative 
Objectives, Iowa State University Research Bulletin, No. 550, January 
1967, Ames, Iowa, pp. 887- 893. 
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The least squares regression frame1mrk is applicable to discriminate 

analysis problems if the endogenous variable consists of only two classes, 

occurrence or nonoccurrence, of an attribute. If the endogenous variable 

consists of IDOre than two classes ordinary least squares is not an 

appropriate estimation method anJ other multivariate techniques need 

to be employed. 
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Ch~pter 5 - Autocorrelation and Serial Correlation 

Introduction 

Autocorrelation and serial correlation are concerned with the lack 

of independence of successive distrubances. The_auccessiveness of values 

may be based on a criterion such as ordering according to size of some 

exogenous variable or geographical proximity or in the case of serial 

correlation the natural swquencing over time. Autocorrelation and 

serial correlation refer to the same phenomena with the serial correla~ 

tion referring to the interdependency over time. 

Autocorrelation or serial correlation problems arise because the 

assumption E(~~·) • a2I underlying the least squares estimation pro

cedure is being violated. This assumption consists of two parts. The 

first part is that the a2 on the diagonal are all the same, hence, a 

common variance and second that E(~it~) m 0 for i ~ r or that off

diagonal elements are zero. In the case of autocorrelation or serial 

correlation E(titr) ~ 0 fori; r. If we specificall~introd~ca. time and 

focus on time series, then serial correlation exists when E(tt' tt+s) ~ 0 

for all t and for ~ue s ; o. 

There are two main sources of serial correlation. First, the 

serial correlation may be due to a variable or set of variables omitted 

from the equation. Second, the serial correlation may be attributsble 

to a systematic measurement error in the endogenous model. 

The omission of critical variables in an equation constitutes a 

model specification error wbich may or may not result in serial correl

ation of the disturbance terms. Just because a variable or set ·of 

variables are omitted from an equation doesn't mean that the distu~bance 

will be serially correlated. Models generally are simplified reprEsentations 
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of a mechanism believed to have generated some set of observations and 

some variables are always omitted from the specification of the model. 

The influences of the omitted variables may work against each other in 

such a manner that there is no pattern in their combined behavior. In 

other words the effects of the individual components of the set of 

omitted variables iancel each other out and there would be no serial 

correlation due to omitted variables. It is only when the influence of 

certain of the omitted variables becomes over riding and exhibits a pro

nounced pattern of behavior that serial correlation problems arise. When 

this occurs, the disturbance term consists of cwo parts - a random ele

ment and a non-r,~dom component consisting of the cot~ined effects of 

omitted variables. 

Measurement error in the endogenous variable also may or may not 

lead to a serial correlation problem. If the measurement error is ran

dom and has an expected value of zero then no serial correlation would 

occur from the measurement error. It is only when the measurement error 

exhibits a systemmatic pattern and none of the exogenous variables 

account for the systemmatic pattern that the disturbances are serially 

correlated. Again the disturban~terms consists of two components-

a random element and a systemmatic part. It is the systemmatic compo

nent which gives rise to the serial correlation. 

Regardless of source, if something is to be done about the serially 

correlated disturbances either the basic forces responsible for the 

serial correlation need to be removed or adjustment made for the serial 

correlation either by introducing some scheme which will account for the 

serial correlation or which will adjust data and/or estimators for the 

serial correlation. 
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Simple Illustration of Serial Correlation 

Let us consider serially correlated disturbances which follow a first 

order autoregressive scheme. In other words the disturbance is a linear 

function of its own lagged value as follows: 

(5 .1) 

where Et is the dis.turbance in time t and c is a random component in time 
t ' 

t. Of course, more complex assumptions can be made about the autoregressive 

mechanism such as second, third, or higher orders, however, there existence 

in economic models may be questionable. 

If in (5.1) IPI > 1 the autoregr&ssive scheme is explosive and tt 

won't have a finite or constant variance. Only if IP! < 1 is the variance 

of •t a finite constant. In this latter case tt in some proportion of the 

distrubances in the preceding time period. Let us assume that the serial 

correlation coefficient pis IPI < 1 and that 6t in (5.1) satisfies the 

assumptions 

(5.2) E (.S t) = 0 

and 

(5.3) E (6 t, 6 ) c o2 for s m 0 
t+s for all t 

" 0 for s ; 0 

Hence, 6t is the random component of the disturbance which satisfies the 

conditions which usually are assumed for least squares estimation. Now 

•t may be expanded in a series as follows' 
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(5.4) 

• P (p\-2 + 6t-l> + 6t 

m p
2 

(PEt ) + 6 ) + po l + 6 
- t-2 t- t 

= 2 
= p Et- + O t + p ,S t-1 + p 6 t-2 + • • • 

The first term of the last expression tlf (5.4) may be considered equal to 

zero without any difficulty since this amounts to changing the value of 

the constant term in the equation that has £ as its disturbance. Further-

more, any given E, say Et-= ,is anticipated to be small and has an expec

tation of zero in addition to the fact that p~ ~ 0 since !PI < 1. Now 

(5.5) E(Et) a 0 since E(6 t) ~ 0 for all t and furthermore, 

E(E~) • E(o~) + p 2E(6~-l) + p4E(6~_2 ) +---

since the 6's are serially independent and: 

(5.6) 2 2 4 6 2 
E(£t) • (1 + P + p + P + - - - +) a6 

Based on the sum of an infinite geometric progression the variance of 

Et in (5.6) becomes 



2 2 
(5. 7) a • a~ for all t. 1/ 

E 2 
1 - p 

llow 

(5.8) ~(Et' Et-1) • 
2 . 

E[(5 + p5 + p 5 , + ---)(5 + pli + ---)) 
t t-1 t-2 t-1 t-2 

2 
(5 pli + 0 ---) 1 

t-1 t-2 • E[5 (5 
1 

+ p5 z + --- + t t- t-

. 2 
• E [5 (5 + pli + ---) 1 + p E [ (5 + p5 + ---) 1 

t t-1 t-2 t-1 t-2 

2 
• pa 

E 

Similarly: 

(5.9) i::(Et' Et-2) m 
2 2 p a 

E 

and 

(5.10) E(Et' Et-3) • 
3 2 p a 

E 

l 
_!/Note that a may be obtained directly from (5 .1) as follows: 

E 

E(£2) •E[pE 1+5 )21+E[p2E2 1+2p£ 15 +52] 
t t- t t- t- t t 

a p 2E(E~-l) + 2 pE(Et-l) E(o t) + E(5 ~) 
2 2 2 

• p a E + a5 

Hence 

a2 2 2 2 
- p a + a5 E E 

(1 2 2 2 - P ) a a a 
E 5 
2 2 

a • ao E 

1 - p 
2 
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ln general 

(5.11) E( tt' t ) • ps i for s </- 0 t-a t 

and 

(5.12) p s. 

where E(tt' t ) t-s 
defines the sth order autocorrelation (serial) 

correlation coefficient of the t series. 

Effects of Serial Correlation 

If ordinary least squares methods are applied when the disturbances 

are serially correlated there are three main consequences, 

First, the estimators are unbiased, but the sampling variances of 

these estimators may be large compared with the sampling variances of 

estimators obtained by using different methods of estimation. the un

biased property follows directly from (5.5) since E(b) • S + (X'X)-l X't. 

The ordinary least squares method is not taking the autoregressive nature 

of the disturbances into consideration and hence the least squares esti-

mators are not minimal variance estimators. This sugBests that estimation 
that 

proceduresvwill really take into account the serial correlation and in 

some way adjust for it either by elimination or partial reduction should 

be more efficient estimators where more efficient means estimators with 

smaller sampling variances. 

A second critical effect is that if the least squares formulas for 

sampling variances of the least squares estimators of regression coeffi-

cients are applied the sampling variances are likely to be seriously 

underestimated. There are two possible reasons why this may occur. 
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First, the least squares estimator of the sampling variance of regression 

coefficients ignores a set of terms which entail the serial correlation 

coefficient and the set of exogenous variables in the regression equation 

and which arise because the serial correlation coefficient is not equal 

to zero. Second, the estimated residual variance may be biased (under

stated) if the disturbances and hence the residuals are serially correlated 

and the serial correlation is ignored. This tends to be true if one or 

more of the exogenous variables and the disturbance term are serially 

correlated. Evolving directly from the problem of the s~·. ';>1.in~ varia!'ces 

being underestilllated by ordinary least squares methods, is that the con

ventional tests, t and F, used in testing various regression related hy

potheses are no longer strictly valid. 

A third effect is if predictions are made they will tend to be in

efficient in the sense that they will have larger s~1pling variance then 

could be obtained if estimation and prediction were made by other methods 

which take the serial correlation into consideration. This is directly 

related to the first effect mentioned. 

Identification of Serial Correlation Problems 

In serial correlation problems, one is concerned with the inter

dependency among the disturbances'· however, the disturbances are not 

observable so the identification of serial correlation has to be done 

through an examination of residuals which are observable. One of the 

simplest but less rigorous ways of analyzing the residuals is to plot 

the residuals and examine the curve for patterns which would suggest 

whether or not the residuals might be either positively or negatively 

serially correlated. Often this ia a useful and expedient way of assess

ing whether serial correlation problems may exist, If the curve 
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resulting from the plotting of the residuals shows a trend from oegative 

to positive or vice-versa or if it exhibits fairly smooth long waves with 

turning points being less common than continuations of either upward or 

downward movements, then very likely the residuals are positively oerially 

correlated. Negatively serially correlated residuals will tend to exhibit 

persistent alternations between negative and positive values. 

There are two statistical tests which are commonly used for testing 

hypotheses about serial correlation - von Neumann-Hart and Durbin-Watson 

tests. The von-Neumann-Hart test based on Hart's table is not strictly 

appropriate for testing hypotheses concerning serial correlation of dis-

turbances in an equation because it was developed to apply to observable 

random variables. The distrubances are never observable so in order to 

make conclusion about the disturbances observable residuals which evolve 

from an estimated or calculated equation have to be used. The von:Neumann-

Hart test when applied to residuals of an equation tends to be biased 

toward the mean of the testing distribution and hence the hypothesis of 

no serial correlation is accepted too often when it should be rejected. 

That the Hart table is not appropriate was suggested by Monte Carlo 

2/ sampling experiments conducted by Orcutt and Cochrane.- They used 

artificial models with known serial correlation of shifts and known 

parameters to generate artificial time-series data, Sample sizes of 

n • 20 of this artificial data were used to estimate the parameters of 

the model. In a large number of the samples the hypothesis of no serial 

correlation was not rejected using the Hart table when it should have 

been rejected that it shatters the confidence one might have in the 

appropriateness of this test to residuals of an equation, The hypothesis 

of no serial correlation tended not to be rejected more often when in fact 

2/ - See Carl Christ, Econometric Models and Methods, pages 524-525. 
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it should have been rejected When the number of variables in the equation 

were large. 

The von-Neumann-Bart test is similar to the Durbin-Watson test which 

is an appropriate test for testing hypotheses about disturbances of an 

equation and it is presented mainly to show the relationship between the 

two tests. The von Neumann-Bart testing statistic is 

n 2 
e2 E (X - X ) /n~l 

(5 .13) .. 2 t t-1 

2 
S n -2 E (Xt - X) /n 

1 

where: 

Xt are random drawings from a normal distribution. 

n is sample size, i.e., number of observations. 

The e2 distribution was developed by von Neumann and tabulated by Hart. 

7 
The rejection and non-rejection regions of the von-Neumann-Bart test are 

presented in Figure 5.1. 
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l 

Figure 5.1. Diagramatic representation of von Neumann-Hart test for serial 
correlation. 

e2 
52 



:., 5-10 
'; 

The distribution of has a mean value of almost 2 and computed values 

of the testing statistic near 2 indicate little or no serial correlation. 

If the random variable exhibits smooth upward or downward trend or a smooth 
e2 

wavy pattern then 2 will take on small values which indicate positive 
s 

serial correlation. If a high value of the random variable is usually 

followed by a low value and a low value followed by a high value etc, then 
2 
~ will take on large values indicating a negative serial correlation 
52 
among the random variables. To apply the test, one needs the table of values 

e2 
of--- as presented in Table B-4 of Christ (1966). 

s2 
The Durbin-Watson test which is similar to the von Neumann-Hart test 

is appropriate for testing hypotheses about serial correlation of distb~b-

ances of a regression equation. The test applies when all of the indepen-

dent or predetermined variables are strictly exogenous. In general it is 

not appropriate to equations which belong to a simultaneous system or to 

equations that contain lagged values of the endogenous variable as an 

"exogenous" variable. 

The Durbin-Watson statistic, d, is almost the same as 
G2 

but 7 
differing by the factor (n/n-1). 

n 2 
(5.14) !: (et - e ) 

d = t~2 
t-1 

ft- 2 
!: et 

t•l 

n n -2 n 2 Remember that E et a n e a 0 so that !: (et - e) • !: et 
t•l t•l t•l 

The rejection and non-rejection regions of the Durbin-Watson statistic 

are presented in diagramatic form in Figure 5.2. 
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Figure 5.2. Diagramatic representation of Durbin-Watson test for 
serial correlation. 

In testing for positive serial correlation the foll~nng limits 

and conclusions apply: 

1. If d is below '\ reject the null hypothesis of no serial cor

relation and conclude that positive serial correlation exists. 

2. If d is above du do not reject the null hypo.thesis of no 

serial correlation and conclude that there are no serial correlation. 

3. If d is between '\ and du the test is inconclusive. 

In testing for negative serial correlation the following limits 

and conclusions apply. 

1. If d is above 4 - dL reject the null hypothesis of no serial 

correlation and conclude that negative serial correlation exists. 

2. If d is below 4 - du do not reject the null hypothesis of no 

serial correlation and conclude that there ia no serial correlation. 

3. If d is betw~en 4 - dL and 4 - du the test is inconclusive. 

4 

d 
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Tne uurbi\1-llatson test 1:>ay be applied to cross-section residuals 

arran~ed in any nontemporal order to test hypotheses about autocorrelation. 

In equations containing the la[\f,ed endogenous variable as a predetermined 

variable the Durbin-11atson test is biased a3ainst identifying eithe:: 

positive or ne[;ative serial correlation. T:1e Durbin-Hatson test appears 

to be an extremely good approximation for a po«er function in which the 

exogenous variables are various powers of a given exogenous variable, 

i Y f ( .. xz ,.3 "4 ) .e., = A, , A, J~, etc . . In t!1" case of simultaneous systems 

of equations, the Durbin-\Jatson test applies to the residuals of an 

equation that is just identified and it is a :~ood approximate test for 

the residuals of an over-identified equation «here all predetermined 

variables are assurued to be strictly exo:;enous, i.e., no lagged dependent 

variables as predetermined variables. 

l/ror more details on the topics presented in this paragraph see 
Carl Christ, econometric Hodels and liethods, pages 527-531. 
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Some Difficulties in Testing for Serial Correlation 

One of the major difficulties in testing whether or not the dis-

turbances of a regression model are uncorrelated is that the disturb-

ances are not observable. The common procedure in testing hypotheses 

about .the disturbances is to use the least squares residuals. The 

residuals are: 

(5 .15) -1 e = (I- X(X'X) X')£ 

where X is the matrix of observations of the predetermined variables 

£ is the vector of true disturbances. 

-1 (I - X(X'X) X') is idempotent, symmetric, and positive semi-

definite and its rank is n - k - 1 where n is sanplc size and (k + 1) 

are the degrees of freedom "lost" (k predetermined variables plus the 

-1 vector of ones for the intercept). (I - X(X'X) X') is the matrix 

that transforms the true disturbances, £, linearly into the estimated 

residuals. 

Note that the residuals depend not only on E but also on the values 

-1 of the predetermined variables, X through (I.- X(X'X) X'). This im-

plies that even if 

2 (5.16) E(e) 2 0 and E(cc') c o I 

are true the residuals , e, are in general not uncorrelated nor do they 

have constant variance. The variance-covariance matrix of the residuals 

is: 

(5.17) E(ee') c E ~I- X(X'X)-l X') (I - X(X'X)-l X')~ 

= o2 ((1-X(X'X)-l X') (I-X(X'X)-l X'):J 

= o2 (I - X(X'X)-l X') 



5-14 

-1 Remember (1-X(X'X) X') is symmetric and equal to its own square. 

This complicates matters in terms of testing. The Durbin-Watson 

procedure for testing against serial correlation is formulated in terms 

of upper and lower bounds to sienificance limits. Although it ie 

possible to simplify the testing procedure under certain conditions 

in most cases the testing procedure is not as simple as one might get 

the impression from the Durbin-Watson testing procedure. Also, the 

testing procedure for alternative hypotheses such as heteroscadasticity 

and non-normality of disturbance would be simplified considerably if 
0 

the variance-covariance matrix of the residuals were of the form cr~I 

rather than a 2(1 - X(X'X)-l X').!!/ 

There are some aspects of the Durbin··Hstson test which need to be 

pointed out. Criticisms have been directed to these aspects and alter

native tests have been sur,gested,1/ One of these aspects is the incon-

elusive region of the Durbin-l~atson test. This is a region of ignorance. 

This region is large when the number of observations is small or moderate 

(around 20) and the number of explanatory variables not so small,!/ This 

is not particularly helpful to the applied researcher who finds a lot of 

the tests he performs in the inconclusive region and thus he has no guid-

ance in terms of whether there is or is not serial correlation. Although 

!!_/See the article by H. Theil, "The Analysis of Distrubances in Regression 
Analysis", JASA, Vol. 60, No. 312, December 1965, pp. 1067-1079. The 
above discu~n has drawn on the first two pages of this article. In 
this article Theil develops his BLUS (Best Linear Unbiased Scaler Co
variance ~latrix) est :!lila tors. 

1/see H. Theil and A. L. Nagar, "Testing the Independence of Ree;ression 
Disturbances", JASA, Vol. 56, No. 296, December 1961, pp. 793-806. 
Richard C. Henshaw, Jr., "Testing Single-Equation Least Squares Regression 
Model for Autocorrelated Disturbances", Econometrica, Koteswara Rao 
Kadiyala, "Testing for the Independence of Regression Disturbances", 
Econometrica, Vol. 38, No. 1, January 1970, pp. 97-117. 

!/Theil and Nagar, Ibid., pp. 793. 
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many researchers interpret the "no inference possible" as "no need to 

reject the null hypothesis of independence among disturbances" and pro-

ceed as if there was no serial correlation. Generally it is pointed 

out that certain tests were inconclusive b~t then tre e~uations ·are 

grouped with those for which the test indicated no serial correlation 

and no distinction is made in interpretation and inferences from there 

on. There is a danger in this that it will lead to bias in the sense 

that too many cases of positive serial correlation are overlooked 

One aspect of the Durbin-Watson test which has come under fire is 

the theoretical underpinnings of the test. The inconclusive regions of 

the test are not necessarily independent of this. The difficulties with 

this underlying theory may be set forth from the Durbin-Hatson statistic 

presented in (5.14) which is: 
n 

2 
E (e - et-1) 

(5.18) t=2 
t e'A e 

d- - e'e n 
2 

E et 
t=l 

where: 

0 
--: 

-1 0 0 0 - - - - ---- 0 i 
2 -1 0 0 - - - - - - 0 I 

-1 2 -1 0 - - - - - - - - - - 0 

I ~ 
(5.19) A D 

I 
' 

2 -1 

0 - - - - - - - - - - - - - - - 0 -1 1 
L__ 
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The distribution of d depends on the particular set of regressors in the 

data under analysis and varies from sample to sample,l/ In other words 

the distribution of d depends on the particular X matrix being considered. 

This means that there is a different distribution of d for each set of 

predetermined variables. But the rejection values, ~ and ~· of the 

Durbin-Watson test are general bounds in the sense that the particular 

X matrix is not taken into consideration although sample size and the 

number of predetermined variables are. So the Durbin-Watson test is an 

approximate test which does not deal with the exact distribution of d 

for the particular X matrix. Under certain restrictive conditions 

the bounds established by Durbin-,latson are \mown to hold. Under the 

null hypothesis of independence and normal distribution of the disturb-

ances if the columns of X as spanned by the eigenvectors of A corresponding 

to the k smallest characteristic roots of A the upper bound of d is appro-

priate. Under the normality and independence assumptions if the columns 

of X are spanned by the eigenvectors of A corresponding to the k largest 

characteristic roots of A the lower bound of d is appropriate. However, 

a question arises concerning the justification of the assumption that 

the columns of X are linearly dependent on some k eigenvectors of A. It 

is not clear why this should be and furthermore it is not clear bow this 

may vary for different X matrices, Even more serious questions arise for 

llsee J, Durbin, "An Alternative to the Bounds Test for Testing for Serial 
Correlation in Least-Squares Regression", Econometrica, Vol. 38, No. 3, 
May 1970, pp. 422-429. In this particular article Durbin shows bow to 
transform residuals from regression on an arbitrary set of k regressors 
to a set of values having the joint distribution as the residuals from 
regression on a different set of L of k regressors. He denotes that 

2 
d'• E(et - et-1) calculated from these values. He shows that for 

e~ 
\ a suitable choice of L the distribution of d' is the same as du, the sig

nificance values tabulated for the Durbin-Watson statistic. SUitable choice 
still gives rise to some difficulties. 
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the conditions of the alterntive hypothesis that the disturbances are 

not independent and/or they are not normally distributed. It is not 

at all clear what the implications of applying the Durbin-Hatson test 

under these conditions are and it is not apparent that is an appropriate 

test. In addition the question of what happens to the d distribution 

for different X matrices continues to persist. 

B/ Theil and Nagar- pointed out that the regressor used in much time-

series regression are changing slowly in the sense that their differences 

of orders one to four are small in relation to the ranges of the variables 

themselves. Using this assumption they developed an alterntive test based 

on the moments of d where d is the Durbin-Watson statistic defined in 

(5 .18). The Theil-Nagar test is based on the first four moments of the d 

distribution which is assumed to be approximated by a Beta distribution. 

Ber~\lse of the slowly changing nature of the regressors, certain components 

of the first four wvmeots ~rc droppcJ. This makes the computation pro-

cedure less complicated 

Henehaw21 modified 

but their test is only dn approximation 

the Theil-Nagar test by improving the accuracy 

of fitting a Beta approximation based on the values of the first four 

moments of d. The method requires a substantial amount of computation 

however, with modern day computers this is not such a burdensome task. 

The Henshaw test is based on the fact ~hat in least squares regression 

the attainable lioits of d are determined by the roots of the matrix 

(5.20) K = A - AX (X'X)-l X' 

where A is defined in (5.19). (5.20) is positive semi-definite with (k+l) 

zero roots. The range of d consists of the smallest and largest of the 

(n - k - 1) positive roots of K. The numerical values of the first four 

~/ Theil and Nagar, op. cit. 

~/Henshaw, op. cit., pp. 648-651 
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moments of the d distribution are calculated from the data as follows: 

(5.21) 

(5.22) 

1 
E(d) a [n-k-1 ] 

~ 2 a var (d) c 

tr K 

2 ~ (n-k-1] tr K2 - (tr K) 2 "( 

( [n-k-1]
2 

[n-(k+l)+2] j 

l 
2 3 2 . 3\ 

8 n-k-11 tr K - 3[n-k-l}tr Ktr~+l(trK) ( 
3 3/2 ) 

c. 
(5.23) ~ .. 

~3 

3/2 
~3 

~4 

(5.24) s
2 

a ~2 

[n-k-1] [n-lk+l)+2][n-(k+l)+4] ~ 2 

• 12 ([n-k-1] 3 
(4 tr K4 + (trx2) 2] - 2 [n-k-11 2 

x[8trKtrK3 + trK2 (trK) 2] +[n-k-1](24tr~ (tr~) 4 J 

4 - 12(trK) } + 

(n-(k+l)+6] 

((n-k-1] 4 [n-(k+l)+t] {n-(k+l)+4] 

2 
~2 } 

k is the number of predetermined variables excluding the vector of l's 

for tbe intercept, i.e., (k+l) corresponds to Henshaw's k and Theil and 

'Nagar's A. The results (5.21) - (5.24) are then used to fit the Beta 

function. They are exact and may be computed for any k. 

A Beta variable in the range (0,1) has the following probability 

density function: 

(5.25) 

where 

f(w; p,q) = 1 

1 
B (p ,q) 

6 (p,q) 

K (p+q-1) l 

(p-1) l (q··l) 

The first fonr moments of the Beta function are: 

(5.26) E(w) • p 
p+-q 
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pq 

(5.27) var (w) z (p+q)2 (p+q+l) 

(5.23) \._.'8 1 a 2(g-p) (p+q+l)l/2 

(p+q+2) (pq) 1/2 

(5.29) a2 - 3 a 6((p+g+l) {q-p)2 - (p+g+2) (pq)J 

pq (p+q+2) (p+q+3) 

a 1 and (~ 2-3) are independent of origin and scale. (5.20) and (5.29) 

may be solved for p and q in tenns of a
1 

and ~ 2 • (5.23) and (5.24) may 

be used to estimate a 1 and a2 from the data. In order to solve for p 

and q in terms of a 1 apd a 2 let~ 

(5.30) H c 4 a 2 - 3 a1 

3 a1 - 2 B 2 + 6 

and --- 2 
v'al (ll - 1) 

(5.31) N a 
[16!1 + e

1 
(li+1)

2) 1/2 

The solutions to p and q are: 

(5.32) p c 1/2 (!I - H - 1) 

and 

(5- 33) q c 1/2 (li + N - 1) 

Now the d statistic may be »ritten (X , X ) wh<>re X and X are thP s g e p, 

smallest and greatest non-zero characteristic roots of K, respectively. 

d can be transformed into a beta variate w in the range (0,1) in the 

following manner: 

(5. 34) d - X 
W D 9 
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with 

(5.35 E(w) • E (d) - A s 

A A 
g s 

and 

(5.36) var(w) • var ~d2 
(A -

~ 
A ) 2 

s 

The solutions for A and A are: s B 

1/2 
(5.37) A • E(d) -s E(w) 

l var 
_var 

(d) I 
(w) ·-

and 

(5.3B) A a l.var (d) ! 
1/2 + A 

8 Lvar (w) s -

which may be calculated from the data by substitutine E(d), var (d), E(w), and 

var (w) from (5.21), (5.22), (5.23), and (5.24), respectively. 

To estimate the significance points of d the relationship between w and d 

implied by (5.34) may be used: (5.39) d a A + (A - A ) w 
s B s 

First, p and q as estimated by (5.32) and (5.33) should be replaced by 

10/ tabled values nearest them in the Tables of the Incomplete Beta-Function.--

so that values of w correspondinp, to the desired levels of sipnificance can 

be detemined. Interpolation should be used for more accuarte results. 

SubstitutinB such values of w into (5.39) yields the required sir,nificance 

points of d, i.e., d.OS or d.Ol etc. 

lO/Pearson, K., Tables of the Incomplete Beta-Function, Cambridr,e, 
Biometrika Office, 1934. 
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There are other tests for serial correlation all of which entail 

some rather burdensome calculations. Also, some procedures for cir• 

cumventing the problem have been surgested. For further information 

11/ 
see the reference indicated in the footnotes of this section.--

---------------------
11/ -- J. Durbin, op. cit. 

Hannan, E., Jr. and R. D. Terrel, "Testin:> for Serial Correlation 
After Least Squares Regression'', Econometrica, Vol. 36, 1968, pp. 
133-155. 
Kadiyala, Koteswara R., "Test inr: for Independence of Regression 
Disturbances", Econometrica, Vol. 38, 1970, pp. 97-117. 
Kadiyala, Koteswara R., "A Transformation Used to Circumvent the 
Problem of Auto Correlation", Econometrica, Vol. 36, 1968, pp. 93-96. 
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Alternative Approaches for Handling Serial Correlation Problems 

There are several ways of tacklinp, the serial correlation proble~. 

Some involve adjustments utilizing outside information, some utilize in

formation computed from the sample data, others involve modifications of 

the basic model. Each of several approaches will be discussed briefly: 

RefoTmUlate Model - Include Excluded Variables 

One of the causes of serially correlated disturban~es is the omission 

of a variable or set of variables which are crucial in accounting for the 

variation in the endogenous. If the effects of the omitted variables is 

overriding and exhibit a systernmatic pattern the disturbance consists of 

two components, the systemmatic one and the random element. Including one 

or more of the key omitted variables could reduce or eliminate the serial 

correlation among the observed residuals. 

The major difficulty with this approach is identifying one or more 

such exogenous variables that have a theoretical justification for beinr, 

included in the model. If a thorough and rigorous job was performed in 

formulating the model initially, it is not necessarily easy to identify 

specific variables which might be candidates to be included in the model 

to alleviate the serial correlation problem. At the same time, frequently 

in formulating a model, the desirability of a simplified model leads one 

to exclude variables which had a basis for being in the model but whose 

inclusion would make the model more complex and more difficult to estimate 

and analyze. These may be prime candidate to which to turn. Also, 

in the initial formulation frequently one has to choose between alternative 

functional forms, all of which may be theoretically justifiable, alternative 

measures of a given variable and alternative sets of variables. Some of 

all of these could be the source of the •erial correlation problem and thus 

be areas where solutions might be found. • 
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A hieh degree of serial correlation ar.ong th<O residuals is a sienal 

to carefully scrutinize the theory used in formulating the model. There 

is such a thine as using a good theory in the wrong way at the wrong time 

to formulate a model with serial correlation and other types of difficulties. 

After one has the information that serial correlation exists often one has 

no difficulty in enumerating reasons why knowledge that serial correlation 

exists is not astounding in that particular situation. On rare occasions, 

one may even use alternative theories to formulate a different model for 

the same problem situation an~ eliminate the serial correlation problem. 

Iterative Estimation of p. 

The first step in this procedure is to apply ordinary least squares 

to the data as if the disturbances were not serially correlated. Then com-

O pute the residuals and denote them as et • Next usin! least squares tech-

niques estimate the autoregression coefficient of the relationship. 

(5.40) e0 ~ e0 + o'O 
t pl t-1 t 

where: 
1 n 0 0 

n 
0 0 

(5.41) n-1 E et et-1 E e et-1 • t-2 t=2 t p = c 
s'}; 1 1 (n-1) n 

(e~)2 n-k-1 E 
t=l 

Next transform each variable, eadogenn11s and all exo~;enous variables, into 

a new set of variables consisting of the raw dat.a minns.p 1 .t:tu•eo t.ho 1R!'ged 

value of each variable. 

(5.42) Yt - pl Yt-l where Yt and Yt-l are (n-1) x 1 vectors 

and 

(5.43) Xt = pl Xt-l where Xt and Xt-l are (n-1) x (k+l) matrices. Now 

re~estimate the regression equation using the transforned data based on p1 . 

Then compute the residuals and denote them as et. A test regarding serial 

correlation in these residuals may be performed and if they are not 
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significantly serially correlated the iterative procedure is stopped. If the 
1 

residuals, et' are still highly correlated >re can estimate the autoregression 

coefficient of the relationship: 

' ~ •• (5.44) et ~ p e 1 + 5t 2 t-

where n n 
1 I: • I: • 

n-1 t~2 
e e t=2 et e 

t-1 (5. 45) t t-1 Pz = = 1 n (e~)2 (n-1) (s •) 2 
n-k-1 l: 

t~l 

Now transform the original data once again using Pz instead of p
1

• The 

transformed data are: 

(5. 46) Yt c Pz Yt-l where Yt and Yt-l are (n-1) x 1 vectors 

and 

• 
(5.47) Xt = p X 1 where Xt and X 1 are (n-1) x (k+l) matrices. 2 t- t-

Not~ re-estimate the regression equation using the transformed data based 

on Pz• Then compute residuals and denote them as e~. Next test hypotheses 

about serial correlation in the residuals, e~, and if they are not signifi

cantly serially correlated the iterative estimation and testing procedure 

is stopped. If the residuals are still serially correlated, repeat the data 

transformation and estimation based on the newly transformed data. Follo>r 

this by computing the residuals of this most recently estimated relationship 

and test hypotheses about serial correlation for those residuals. Continue 

repeating this process until a set of residuals which are not serially 

correlated are obtained. 

Assume a Value of p 

Instead of trying to estimate the autoregression coefficient alterna-

tively one may assume a value and transform the data similarly to the 

transformations in (5.46) and (5.47). Then one can estimate the regression 
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equation, compute residuals, and test hypotheses about serial correlation 

of the residuals, This is particularly a suitable approaCh if one has 

some prior information about the magnitude of the autoregression coefficient. 

When one is not so fortunate as to have a prior estimate of p, then 

Choosing a value of p to assume may be a rather difficult task. There is 

usually no reason to assume a value outside the range of -1 to +1 since 

values of p outside this range would be coefficients ef explosive auto-

regressive schemes and these are not very interesting to economists. 

Usually we don't observe relationships shifting baek and forth from one 

extreme to the other so that negative values of p are not very plausible. 

Hence, the most plausible range is from 0 to +1. p = 0 indicates no 

serial correlation and the shifts exert their influence in time period t 

and then are gone. On the other extreme, p ~ 1, indicates that the influence 

of shifts in time period t are permanent. The shifts in each successive 

time period are measured from the position established in the immediately 

preceding time period. 

The case where it is assumed that p a 1 entails a special transforma-

tion on the data. The transformation is: 

(5. 48) Y a I:JY and X - X = I:JX 
t-1 t t t-1 t 

These are first differences and a regression equation estimated on the 

basis of these data is the first difference equation. One thing to consider 

in using first differences is whether the phenomena bein~ investigated is 

conformable to the change conditions implied by a first difference equation. 

Also, under certain condition first differences may introduce aerial corre-

lation where otherwise there would be no aerial correlation. 

Incorporate Lagged Variables 

Many economic variables are serially correlated and incorporating 

both the current and lagged values of an exogenous variable or set of 
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exogenous variables in the regression equ£~ion creates a mechanic~l ''BY 

of eliminating or reducing the serial correlation in the residuals. Hence, 

this mechanical device accounts for the serial correlation and it is not 

forced upon the disturbance term. It should be recognized that this is a 

mechanical procedure and should not be used if the correct or more appro

priate model is known, 

There are a couple of dangers about using both current and lagged 

values of exogenous variables in regression equations which need to be 

guarded against, First, in some types of relationships certain lagged 

variables may not be meaningful and it is questionable whether such should 

be used just to alleviate a serial correlation problem. Second, and 

probably more important, current and lagged values of a given variable 

usually tend to be highly correlated and including both as predetermined 

variables in an equation may lead to a severe multicollinearity problem. 

Hence, one may eliminate one class of problems only to create another 

class of problems, Of course, relevant issues with respect to this are 

the severitY of the multicollinearity that ~as created and its consequences 

relative to the consequences of the serial correlation problem. 

Use Knowledge of Variance-Covarianee !latrix 

One of the more ideal >Tays and at the same time more impractical ways 

of handling the serial correlation problem is to incorporate knm·Tl.,dge 

about the variance-covariance matrix of the disturbance terms, ¢, right 

into the estimation process. If the disturbance term follows a first

order autoregressive scheme then: 
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--,1 

1 
2 n-1 

0 p - - - - p 

2 1 n-2 p p - - - - p 

(5.49) ¢ 06 
= 

1 2 2 n-3 - p p p 1 p p 

n-1 n-2 n-3 
p p p 1 

The generalized least squares procedure needs to be used and the GLS esti-

mators are 

(5. 50) 

>ri th variances 

(5. 51) 

The obvious difficulty with this procedure is that "e usually don't know 

¢. If an estimate of ~. say ~l' is available it can be utilized in esti

mation. The resulting estimators uill be unbiased but there Fill be an 

inaccuracy in computing the variance-covariance matrix of the estimators. 

The better the estimate that $
1 

is of ¢ the less the inaccuracy. Also, a 

slightly inaccurate estimate of $ may be better than neglecting the serial 

correlation problem by applying ordinary least squares methods. 

One estimate of $ 'lhich comes to mind it1'mediately is to use the 

ordinary least squares residuals and then to use generalized least squares 

to re-estimate the coefficients. This would mean letting: 

(5. 52) b = (X'X)-l X'Y 

and 

(5. 53) e=Y-Xb 

and 



(5. 54) 

where 

(5.55) 

However, 

does not 

¢> = ee' 
2 
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enel ene2 

this is not a workable method because $
2 

exist. Note that 

2 
el ele2 elen 

2 

2 - - - -. " n 

is singular and 42 
-1 

elel el 

e2el e2 e2en e2e2 -e 
2 

(5. 56) I $I ~ 

2 
e 

n 

~ ele2 - - - e 
n 

e e 
n n 

~ 0 because the rows of the latter expression in (5.56) are linear 

combinations of each other i.e., e
1 
~a e

2 
etc, and columns are identical. 

If one is dealing with a large sample there is ahrays the possibility 

of splitting the sample into parts and usinr, one part to obtain an estimate 

e 
n 

·of ¢ and u6e the other part or parts to estimate the regression coefficients. 

However, the usual sample size >~ith which economists are confronted is small 

and hence the estimate of $ will have to come from elsewhere than the sample 

data being analyzed if this method is to be used. 
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Simultaneous Estimation of All Parameters Including the Autoregression 

Coefficient 

This method entails the use of maximum-likelihood estimation procedures, 

It involves making a transformation on the autoregressive residuals to 

transform them into a random variable with zero mean and constant variance. 

This transformation is incorporated into the estimation procedure. The 

procedure requires that the transformed residuals are assumed to be nornally 

distributed. The estimating equations turn out to be nonlinear in unknowr.s 

and solving these is not only cumbersome but tedious and hard work. 
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Chapter 6 - Ceneral1zed Least Squares 

Introduction 

ln the previous chapter it was indicated that generalized least squares was 

an appropriate method of estimation for incorporating information about the 

variance-covariance matrix of disturbances into the estimation of parameters of 

a linear multiple regression equation when serial correlation is present in the 

disturbances. In this section an attel':lpt <~ill be made to briefly develop some of 

the fundamentals of generalized least squares (CLS) estimators. 

As one might guess from the name, generalized least squares, thie method of 

estimation utilizes the criterion of a minimum sum of squared residuals in 

obtaining estimators of parameter of a linear multiple variable model. Furthermore, 

one would suspect that under certain conditions, the ordinary least squares pro-

cedure is probably a special case of generalized least squares, And this is true. 

The generalization of least squares is attributable to Aitkenl/ in that he 

established the generalization of the basic Gauss-Markov theorem underlying least 

squares. Some times the generalized least squares estimators are referred to as 

Aitken's estimators. 

As a point of departure, let us consider a linear multiple variable model 

of the form 

(6 .1) 

where: 

Y is n x 1 vector of the endogenous variable. 

X is n x (k+l) matrix of exogenous variables. 

a iB a (k+l) X 1 vector of unknown parameters, 

£ is a n x 1 vector of disturbances which may or may not be randern. 

1/ -A. C. Aitken, "On Least Squares and Linear Combination" of Observations," 
Proceedings Royal Society, Edinburgh, Vol. 55, pp. 42-48, 1934. 
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Let us assume that 

(6.2) E(c) m 0 

(6. 3) E(ee') = $ .rhere $is a positive definite matrix of variances 

and cova~iances of the disturbance. 

(6.4) X is n x (k+l) matrix of fixed numbers or varie.bles ~rhich do not 

change values in repeated samplin~. 

(6. 5) The rank of X is (k+l) ~ n. 

llote that one of the major differences in assumptions underlyinR heneralized 

least squares and ordinary least squares is (6. 3). In ordinary least squares "e 

2 asswned a scalar matrix, a I, ,.,here as (6.3) specifies a non-scalar matrix. This 

means that the variances on the dia~onal of $ may not be the same and the covar-

iances as off-diagonal elements of ~ may be different from zero. Only infinite 

variances and singular ~ are exclude<:l. There are several reasons uhy ,;e might 

have a variance-covariance matrix such as ~.one of vhich 'le have already discussed 

and that is the case of serial correlations of disturbances. One desirable aspect 

of the generalization of least squares is that estimators with desirable pro.,er-

ties may be obtained \·•hen the variance-covariance matrix is not scalar but one as 

indicated in (6,3). 

:·lo•r let us further explore the characteristics of ~ ••hen it is positive 

definite which we are assuming it is since it is a variancP.-covariance matrix. 

'-le may express the variance-covariance oatrix as a product of t".e disturl,ance 

variance and another matrix sue>, as 

(6.6) 2 
$ = a A 

£ 

uhere a2 
is positive and A is a positive definite tn.Rtrix. 

£ 

Note that for a positive autoregression coefficient (the case of positive 

serial correlation) that the matrix of p's is this type of matrix. If E(E£ 1
) 1 

2 a I but equal to some ~ as in (6,3) and X as expressed in (6.1) has full column 
£ 

rank, ordinary least squares methods yield estiw~tors which are unbiased but they 
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are not best in the sense of being minimum variance estimators. For the general-

ized linear regression model, the best linear unbiased estimators (llLtP.:') of ~ 

is the generalized least squares vector 

(6. 7) 

with a variance-covariance matrix of: 

(6.8) 

It is clear that when ~ = a 2I the Aitken's estimators given in (6.7) and (6.8) are: 
£ 

(6. 9) 

and 

(6 .10) V(b) • (X' 1/a~ IX)-l • a~ (X'X)-l 

l/a2 X'Y • (X'X)-l X'Y 
£ 

Now let us focus on how we may go about obtaining the Aitken's type Bf estimators. 

One way of obtaining the best estimators under the conditione specified in 

• (6 ,1)- (6, 5) is to transform the variables, endogenous and all exogenous, in such 

~ 2 
a way that the variance-covariance matrix after the transformation is a I instead 

£ 

2 of t • a A, To proceed with this we need to take advantage of some fundamental 
£ 

properties of symmetric positive definite matrices, lf A is symmetric and positive 

-1 definite then A is also symmetric and positive definite and there exists a non-

singular n x n matrix P such that P'P c A-1 .~ Now we have: 

(6.11) 

Remultiplying both sides of (6.11) by P we have 

(6.12) py s P X B + P e 

where 

PY is the new vector of observations of the endogenous variable. 

PX is the ne>~ matrix of the observations of the exogenous variables. 

Pc is the new vector of disturbances, 

!/For the proof of this see Arthur S, Goldberger, Econometric Theory, 1964~ 
pages 35 and 36 particularly (7.6) and (7.11) in the section concerned with 
- ........... ..- .... a. ~,pff.nit.e matrices. 
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We are choosing P such that it is independent of £ and hence 

(6.13) E(PE) c E(P) E(E) = E(P) (0) = 0. 

Now 

(6.14) E((PE)(PE)'] c E(PE£'P') • P ~ P' = P o 2 A P' = o 2 P(PP')-l P' = o 2 I 
£ -£ £ 

where o2 P(PP')-l P' is based on P'P m A-l. 
£ 

At>plying the least squar:es criterion to (6.12) instead of (6.1) yields the 

generalized least squares estimators given in (6.7) and (6.8) namely 

(6.15) 

and 

(6.16) 

In the ordinary least squares framework of estimation, the estimator of the 

residual variance is obtained by dividinp: the squared length of the least squares 

residual vector by the degrees of freedo~ associated with the sum of squared 

2 e'e = (Y- Xb)' (Y-Xb) residuals, i.e., s = n-k-l n _ k _ 1 In the generalized least squares 

framework the quadratic form (Y- xb)' A-l (Y- xb) is divided by the degrees of 

freedom associated with these sum of squared residuals to obtain an estimate of 

the residual variance. The residual to be minimized is 

(6.17) (Pe) = P(Y - Y) c P(Y- Xb) 

where e = (Y Y) ahd Y = Xb. The estimator of the residual variance is: 

(6 .18) ;z. (Pe)'(Pe) = 
£ n-k-1 

e' P' Pe (Y- Xb)' P' P(Y - Xb) --n-k-1 n-l<-1 

(Y- Xb)' A-l (Y - Xb) = ~--~~n--~k~-~1~~--~ 
-1 -

e' A e 
n-k-1 

This estjmator of the variance is unbiased. -z Now by substituting o into (6.16) 
E 

we obtain the· estimated variance-covariance matrix of the GLS estimators which is: 

(6.19) 
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' l 
In summarizing generalized least squares procedures, let us focus on ~ere 

this leaves us with respect to .estimation. We need info11118tion about 4L-as such 

or about A, ~le cen use a cOI!Ibination of (6.15), (6.18) and (6.19) to obtain 

numerical values of the esti.lnators. However, this requires a considerable amount 

of information which may not be available, In terms of the problem of serially 

correlated residuals the required information entldls knowledge about 4> or some 

outside estimate of it or, alternatively, knowledge of p or an estimate of it. 

If we estimate p by iterative procedures and then apply generalized least squares, 

which is equivalent to converting all data by the estimated autoregression coeffi-

cient and applying ordinary least squares. 
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Chapter 7 - Reteroscedasticity 

One of the assumptions underlying the classical least squares linear regression 

model is that the variances of the disturbances are homogeneous. This is referred 

to as homoscedasticity. Homoscedasticity is embodied in E(cc) • a 2I. When this 

assumption is violated the variances are not homogeneous and this is referred to 

as heteroscedasticity. 

There are at least two reasons why heteroscedasticity may occur. First, some 

of the observations being used in the regression analysis may be "less reliable" 

than others. This may occur because of the way the observations were generated 

~r more likely by the way they were recorded. Hhat this usually means is that 

the variances of the observations are not all equal. The covariances may still 

'oe zero if the disturbances are independ~nt but: 

2 
0 0 0 0 01 

2 ;· 

0 02 0 0 --- 0 

(7 .1) • 

E(EE ') 
2 

• a I 

0 0 0 2 
·--a 

n 

2 
•n are not all equal. Second,•the heterescedasticity may occur 

oecause for one reason or another disturbances aren't independent. In this case. 

not only may the variances not all be equal but all the covariances will nat be 

:·ero. 

The consequences of applying ordinary least squares methods when hetero-

scedasticity exists are that the resulting estimators are unbiased but they will 

tend to be inefficient. Hence, tests such as the t and F and predictions will be 

·inefficient. 

Let us consider a heteroscedasticity situation where: 

(7.2) 



7-2 

(7.3) 

The covariances are zero and the heterogeneity of variances may be expressed in 

some proportional terms. The variance-covariance matrix of the disturbances is: 

cl 

0 

0 
2 2 (7. 4) E(EE 1

) - ~ ~ 0 A ~ 0 

0 

0 

c2 

0 

0 

0 0 

0 0 

c 3 -- o 

• 

0 -- c n 

Now let us use the generalized least squares framework for estimation. We have: 

.L 0 - - - - 0 
cl 

0 .L ----- 0 
c2 

L 0 0 0 

(7. 5) 
-1 c3 A .. 

0 1 - - - - - - - - - - c 
n 

Letting 

....!.... 0 - - _ .. _ -- 0 

IS 
0 

1 ----- 0 -
(7 .6) p - .rs 

0 0 ....!.... 0 

IS 

0 ---- - - -- _.L 

rc 
n 
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then 

(7. 7) 

Now let us premultiply both of 

(7.8) Y = XS + t 

'-Y P and we obtain 

(7.9) PY • PXS + Pt 

The variance-covariance matrix for the transformed dioturbances is: 

( 7 .10) 

\Je can apply ordinary least squares to (7.9). The least squares estimator is: 

(7.11) 

with a variance-covariance matrix 

(7. 12) 

To obtain numerical estimates of (7.9) an estimate of a2 is required. This 

estimate may be obtained as follows: 

- -
(7 .13) 

-2 - -a • (Pe)' (Pe) a 
e' P' Pe 
n-k-1 

- , 
,. (Y - Xb) P'P {Y 

n-k-1 
xb) • .,.:.(Y:.__.::;Xb::.. )(...

1

.,;;A:...-,..
1 ....:(o.!Y_...:.Xb~) 

n-k-1 

In order to adjust for the type of heterogeneous variances indi~ated in (7.1), 

values of the proportionality constants, C's, have to be obtained. There are 

three possible sources. First, is to assume values for the C's which is not very 

satisJactory if there is no prior information about magnitude of the variance. 

Second, prior information based on other studies l<hich investigated the same 

phenomena but focused on the heterogeneous variance issue may be used. Third, 

if the observations are replicated, say five or so for each set of observed 

values of the exogenous variables, then the variances for each set of replications 

could be computed and hypotheses regarding homogeneity of variances tested. 

Unfortunately, for most types of problems >nth which economists are concerned 
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data with replications are not involved and it not possible to obtain estimates 

of the proportionality constants from the sample data. 

Heteroscedasticity arises from serial correlation and is really a serial 

correlation problem. This is the type which we can do the most with. Hetero-

scedasticity arising from this source should be handled by focusing on the serial 

correlation problem and procedures applicable to serial correlation probl£ms 

should be utilized, For example, 

( 7 .14) 

1 p 

p 

n-1 n-2 
p p 

p 

n-3 
p 

2 diagonals are 1 so o 6 is a common variance. 

n-1 
p 

n-2 
p 

1 

Finally, in most economic analyses utilizing multiple regression models it 

is not possible to verify the homoscedasticity a~sumption. Generally, information 

is not available to allow testing of hypotheses concerning the homogenity of 

variances. Hence, the assumption is made without any attempt at verification. 

In subsequent chapters heteroscedasticity among equations in systems of 

equations will be considered, In such case< the variance-covariance matrix of 

variances and covariances of equations in the system can usually be estimated from 

the sample of data beinp, used to estimate the parameters of the equations of the 

system. After the estimated variance-covariance matrix is obtained, GLS methods 

may be used to obtain more efficient estimators. 
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Chapter 8 - Errors in Variables 

Introduction 

There are three types 'of errors in variables: (1) errors in only 

the endogenous variables, (2) errors in only the exog,!nous variables 

(one or more), and (3) errors in both endogenous and exogenous variables. 

Each of these will be discussed briefly. !/ 

Errors Only in the Endogenous Variable 

Suppose we are concerned with the relation: 

(8.1) 

where Y is the observed vector of the endogenous variable and the X 

matrix is measured without error. Further, suppose that the observed 

Y contains measurement errors of one sort or another such that 

(8.2) 

where YT is the vector of the true values of the endogenous variable 

and u is the vector of measurement errors. Then the model which rep-

resents the relationship between the true values of the endogenous 

variable and the predetermined variable is: 

(8.3) YT = X B + (v - u) 

where the relevant disturbance term is (v- u). It consists of two 

components, the true disturbance, v, and the measurement error, u. 

Thus E in (8 .1) really is 

(8.4) E c v-u 

!/Also see J. Johnston, Econometric Methods, 1972, pp. 281- 291 and 
Jan Kmenta, Elements of Econometrics, 1971, pp. 307 - 322 for problems 
of errors in~ariables. 
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The effects of this type of measurement error in the endopenous 

variable depends on the characteristics of u. If u is independent of 

the predetermined variables and if 

(8. 5) E (u) ~ 0 

the least squares method~pplied to (8.1) yields unbiased estimators 

of 8 but the estimators will not be efficient. The estimators of the 

regression parameters are: 

(8.6) b = (X'X)-l X'Y = (X'X)-l X' [XB + (v- u)] 

= (X'X)-l X'X8 + (X'X)-l X'v- (X'X)-l X'u 

= B + (X'X)-l X'v - (X'X)-l X'u 

Now if both v and u are independent of the predetermined variables and 

have expected values of zero then, 

(8.7) E'(b) ~ 8 + (X'X)-l X' E(v) - (X'X)-l X' E(u) 

= a 

Now 

(8.8) {b - 6) m (X 'X) -l X' (X8 + £) - a 

= (X'X)-l X' [X8 + (v - u)] - 8 

= 8 + (X'X)-l X' (v-u) - a 

= (X'X)-l X' (v - u) 

and 

(8.9) (b- B) (b- B)'= [(X'X)-l X' (v- u)] [(X'X)-l X' (v- u)]' 

= (X'X)-l X' (v- u) (v- u) (v- u)' (X'X)-l X' 

The variance and covariance of the estimators are: 

(8.10) V(b) E E[ (b- B) (b -B)') = E [ (X'X)-l X' (v- u) (v- u)'X(X'X)-l] 

-1 -1 but since elements of (X'X) and X(X'X) are taken as fixed: · · 
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V(b) • (X'X)-l X' E[(v- u) ~v- u)'] X(X'X)-l 

• (X'X)-l X' E[vv' - uv' - vu' + uu'] X(X'X)-l 

m (a2 + i - 2a ) (ll'X)-l 
v u vu 

With the true disturbances, v, snd the measurement errors, u, independent 

of each other the variance-covariance matrix of the estimators is: 

(8.12) 

and hence the variance of £ consists of 

(8.13) 2 2 2 o ;:3 a + a 
£ v u 

Note that if the expected value of the measurement error is not zero 

then the estimators are not unbiased. 

If the residuals are serially correlated then e • (v - u) will ex-

hibit some type of systemmatic pattern. The residuals are an eati~te of 

the combined effect of the disturbance and the measurement error. The 

measurement error in this case is acting as on omitted variable which 

varies in a systemmatic pattern. This problem would be handled as a 

serial correlation problell'.. When measurement error in the endogenous 

variable is the source of the serial correlation in the residuals, in-

corporating some type of autoregressive sCheme into the regression 

equation is a meaningful way of handling this type of measurement 

error problem. 

Errors Only in the Predetermined Variables 

Let us consider the case where the endogenpus variable is measured 

without error but the predetermined variable(s) are subject to measure-

ment error. Let: 

(8.14) 
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where ~ is the matrix of the true values of the predetermined vnciables 

and w is the matrix of measurement errors in the predetermined variables. 

Now suppose the relationship of interest among the true values of the 

variables is: 

(8.15) Y~lt.rB+v 

where v is the true disturbance and fulfills the conditions E(v) = 0 and 

E(vv') = o2 1 
v 

Now suppose we attempt to obtain the least square" estimators of 

8 from the observed values of the predetermined variables which contain 

measurement errors. The least squares estimators of the coefficients are: 

(8.16) 

and 

(8.17) 

b = (X'X)-l X'Y c [(~ + w)' (~ + wr~(~ + w)'Y) 

c [(~ + w)' (~ + w)]-l [(~ + w)' (~ 8 + v)] 

-1 
= <Jt.i. ~ + ~ w + w' ~ + w'w) [(~ ~ + w' K.r> 8 + ()~ + w)'v] 

E(b) = [x.rxT + E(Xiw) + E(w'~) + E(w'v))-l [~ XT 8 + E(w'~) 8 

+ E(Y~ v) T E(w'v)] 

v is assumed to be independent of ~ and w so 

(8.18) E(b) = !Jl.i: XT + E(Jl.i: w) + E(w'~) + E(w'>~)]-l [(l\.f ~) B + E(H'~)S 

+ c + 0) 

The measurement errors w may or may not be independent of the true values 

of the predetermined variables. The magnitudes of the measurement errors 

may depend on the magnitudes of the true values of the predetermined 

variables, directly or inversely. But suppose they are independent of 
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the true values of the predetermined variables then' 

(8.19) 

Clearly E(b) ~ B and hence the least squares estimators are not unbiased. 

Furthermore, the bias will not disappear as aarnple size becomes verv 

large i.e,, approaches infinity so that the least squares estimators are 

inconsistent. It is not meaningful to consider the efficiency of biased 

and inconsistent estimators nor is it meaninEful to perform test of sig

nificance. 

If it is at all possible to estimate the !'la!',nitudes of the measurenent 

errors corresponding adjustments may be made on the appropriate pred£ter

oined variables. With economic data this is usually not possible. If 

the measurement errors a~e proportional to the true values of the pre

determined variables, i.e., large measurement errors associated ~th larp,e 

values of ~ and small measurement errors associated with small values of 

XT or vice-versa the result is likely to be heteroscadasticity. Adjustin~ 

for the heterogenous variances using generalized least squares may provide 

some relief but even then the basic underlying problem ~11 remain, 

The three methods mentioned in the next section for coping ~th measure

ment errors in both the endogenous and predetermined variables are also 

applicable if only the predetermined variables are subject to measurement 

errors. 

Errors in Both Endogenous and Predetermined Variables 

Let us consider the more usual base in practice and that is when both 

the endogenous and predetermined variables are subject to measurement 

errors. Let , 

(8.20) 

and 

(8.21) 
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where Y and X are observed values of the endogenous variabLe and pred~ter-

··mined variables, respectively. 

YT and ~ are the true values of the endogenous variable and pr~-

determined variables, respectively. 

u are the measurement errors of the endor,enous variable. 

w are the measurement errors of the predetermined variaclcs (one 

or more predetermined variables), 

Now suppose the rel.3.tionship of interest at'tono the trut-! valtwe uf 

the variables is: 

(8.22) 

where v is the true disturbance and fulfills the conditions E(v) = 0 an~ 

2 
E(vv') = o I. 

v 

The least squares estimators based on the observed vRlues of the en-

dogenous and predetermined variables are: 

(3.23) 

and 

(8.24) 

b = (X'X)-l X'Y = [(~ + w)' (~ + w)]-l[(XTt·,.,)' (XT + u + v)] 

= [ (XT + w)' (XT + w)]-l[ (J'~ XT + w'XT)B + (XT + w) 'u + (XT-h-7) 'v] 

-1 
= [ <"i: ~) + x.; •• + "'~ + w'w] [x.;. ~) B + ("'xT)B + x.;. u 

E(b) 

+ w'u +X' v + w'v] 
T 

v is assumed to be independent of XT and w so. 

(8.25) 

+ E(w'XT) B + E(x.;.u) + E(1·:'u)] 

The measurement errors w and u may or may not be independent of the true 

values of the predetermined variables. As in the previous case the magnitudes 
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of the measurement errors may depend on the magnitudes of the true values 

of the predetermined variables, directly or inversely. If they are inde-

pendent then E(XT w) ~ E(w'l<.r) a E(J~; u) = 0 and 

(8.26) E(b) a [(X,f lt.r) + E(w'w)]-l [(X,f lt.r)S + E(w'u)] 

Furthermore, the measurement errors in the predetermined variables may not 

be independent of the measurement errors in the endogenous variable in 

which cases E (w' u) </ 0. If w and u are independent then 

(8. 2 7) E(b) = l<x.f x.> + Cw'w)J-
1 <xr x.> s 

If both the endogenous and exogenous variables contain measurement 

errors, least squares methods yield estimators which are not only biaseC. 

but they are inconEistent. To adjust for errors in both variables usually 

requires information which is not availnble. Furthermore, errors in var-

iables are not easy to identify and the task is even more ~ifficult when 

both the endogenous and exogenous variables contain measurement errors. 

There are three common approaches to the problem of errors in both 

endogenous and exogenous variables. The classical approach is to utilize 

maximum likelihood estimators. In this approach the likelihood function 

is set up with all the relevant error terms and then the maximum likeli·· 

hood estimators which contain the relevant error terms in addition to the 

appropriate variables are obtained. From a practical application vi~wpoint 

the difficulty uith this approach is that 1t requires information about the 

errors which generally is not available. 

A second approach is to utilize sub-groups of the data to obtain the 

estimates. \1al~/ suggested ordering the exogenous variable in ascendinf, 

order and dividing the data into two sub-samples. Then the slope coefficient 

ll A. Wald, "The Fitting of Strai[lht Lines if Both Variables are Subject to 
Errors", Annals of liathemntical Statistics, Vol. 11, 1940, pp. 284 - 300. 
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is estimated as the difference bet«een the nm groups in the means of the 

endogenous variables over the difference between the two groups in the means 

of the exogenous variable. The intercept is obtained in the usual way 

after the slope coefficient has been estimnted. Th~se P.Stimators are 

consistent. Bartlett's }_/ method is similar to Hald' s except he does not 

confine himself to using half the data in each sub-sample but J.n fac,· dis-

cards some of the data in the center of the array. 

A third approach entails the use of instrumental variables. The 

instrumental variable technique involves choosing an exogenous variable 

which is not included in the model and using it as an operational instrumer.t 

to circumvent the errors in variables problem. The instrumental variable 

selected is used to perfonJ a transformation on the original data. The 

particular instrumental variable selected must be independent of the 

errors in both the endogenous and exogenous variables. l'urthem.ore, the 

instrumental variable should be fairly highly correlated crith the exogenous 

varia~le. A separate instrumental variable is needed for each exogenous 

variable containing measurement error. This method also yields a set of 

consistent estimators. 

There are some difficulties in the application of the instrumental 

variable technique for errors in variables problems. The instrumental 

variables are choosen on an arbitrary basis and hence different instruments 

yield different estimates. Second, it is difficult anrl snm<>times impossible 

to check whether the instrumental variable or variables are independent of 

the measurement errors in both endogenous and exogenous variables. Finally~ 

consistency property is considered the ruling criterion and e cun~istent 

estimator may have undesireable small sample properties such as ·1arr,c 

sampling variances. 

}/H. S. Bartlett, "The Fittin~ of Gtral~ht Linco if Both Variables are 
SCibject to Error'·, Bicmetrics, Vol. 5, 1949, pp. 207- 2!,2, 
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Word of Caution About l-le<lsureU>ent Errors 

It is generally taken for granted t~at if measurement error exist that 

some effort should be made to make some adjustments for such errors and to 

take them into consideration in the estJmation of the parameters of the 

model. However, whether any adjustments should be made depends on hm·r 

the information is being used by the particular decision makin[! units of 

interest. And most important is whether or not the particular decisi0n 

making units base their decisions on the 11 true values 11 of vnriabl1.2s and 

relationships between the "true values" of variables. If they make decisions 

based on 1'true values' 1 of variables then raeasuretr.ent errors need to be ac

counted for and all the material discussed in earlier parts of this chapter 

are extremely inportant. However, this would imply that either tbe decisio" 

making units have access to data on "true values" of variables or they have 

some means of accounting for neasurement errors. Both of these implications 

suggest means of accounting for mensurer::J.ent errors in esti!j")ation. 

But what if the decision making units of interest have access only to 

the data that contains measurement errors and in fact 11!.1kc their decisions 

based on this data? Should the measure~ent errors be taken into considera

tio" in the estimation of the parameters of the model? Suddenly the whole 

notion of what a measurement error is becomes all muddled. \Jlvon dealing with 

most types of economic data should the whole concept of measurement error he 

relative to some ideal theoretical norm or relative to the decision r::al<inf 

unit utilizing the data? If the detailed behavior of the e1echanisro gener

ating the :lieasurement error can be identified then clearly adjustments in 

estimation and adjustments for decision making can be made to satisfv all 

needs. ilut generally such details about the mcasurenent errors can't be 

obtained. And if decisions are made on the basis of the data containing 

mea3urement errors then it would appear that these data containing measure

ment errors are the relevant ones for estimation. As far as the decision 
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making units are concerned there are no measurement errors or compensations 

are made for the measUDement errors. Under these conditions applying ordin

ary least squares methods to the data containing measurement errors would seem 

appropriate. 

It should be obvious that if the decision making units are basing their 

decisions on data containing measurement errors and on relationships between 

variables containing measurement errors, that adjustments for such measure

ment errors in estimation is in fact introducing an error into the decision 

making process. Hence, this is one good reason why concern about measu,ement 

errors has to be approached very carefully. This is also why much el'lpirical 

estimation and analysis is performed with data that clearly contain some 

types of measurement errors yet the analyses generate information useful for 

decision making. If one is practical and realistic one would suspect that 

almost all types of secondary data contain some types of measurement errors. 

And furthermore, there are no obvious and clear cut guides that indicate 

exactly uhen and what kinds of adjustments for measurement errors should 

be made. Don't misinterpret this last statement as implying that measure

ment errors in variables really don't pose any kind of serious problems be

cause they may and furthermore don't misinterpret the statement as an un

qualified indicator to use "bad" data in estimation. Carefully assess the 

nature of measurement errors in variables and carefully appraise ho>.' the 

data and estimates will be used; then use good judgement <nth regard to 

whether any adjustments for measurement errors should and can be made and 

if so, what types of adjustments. 
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Chapter 9 - Multicollinearity 

Introduction 

One of the assumptions underlying the general linear model for the 

purpose of estimating its coefficients by least squares procedures is 

that the matrix of predetermined variables, X, has full column rank. 

Full column rank of this matrix means that the columns of X are linearly 

independent. This assumption is violated if there is linear uependency 

bet•<een t>ro or more predetermined variahlc.s. The existence of linear 

dependency means that t'<O or more of the predetermined variable are per-

fectly correlated. Under such conditions it is not possible to obtain 

. 1 c: ;:) and the least squares procedure breaks down so that it is not 

possible to obtain estimates of the parameters of the linear model. 

The extreme case of multicollinearity involving perfectly correlated 

predetermined variables is a rarity. The opposite extreme is the case 

where the degree of correlation among predetermined variables is zero. 

This means that there is no linear dependences among the predetermined 

variables or that the predetermined variables are orthozonal. This ex-

treme case is also not very revelant unless the predetermined variables 

are being controlled experimentally and have been desicrned to be ortho-

zonal. 

The multicollinearity probl-.ms of greatest concern arise from situations 

where a der,ree of linear association exists between t~<o or !'lOre prede-

termined variabled but not perfect linear association. The proble~ of 

multicollinearity is a problem of degree of linear association and thus 

correlation a~ong predeter~ined variables. The severity of the impacts 

of multicollinearity depend on the de~ree of correlation among prede-

termined vtriables and the variability exhibited by the predetermined 
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variables. The higher the correlation anong the .pmdetetmined variables 

the more severe the effect of multicollinearity. 

Consequences of Uulticollinearity 

. :Ulticollinu.;rLty IIWlY not b~i Mrious ' . if (X'X)-l can be obtained 

and if focus is not on interpretation of individual regression pura~eters 

or the testine of hypotheses about individual regression parameters. ~fuen 

there is a high correlation amonfl ?redetermined variables it is difficult 

if not imnossible to isolate and internret the se~arate effects of var-

iables uith any degree of confidence. Yet inter?retation of the re-

cession as a ~<hole and predictions for sets of values of all pre~eternined 

variables may be made Hith little or no difficulty. Esti!ll3tors of the J 

coefficients when obtainable are unbiased. Also, the estimator of the 

? 1/ 
disturbance variance, o-, is not i"'paried .- !:01-1ever, the variances 

of the estimators tend to be large and hence the estimators tend to be 

inefficient fr~ the viewpoint of havin3 large variances. These lar3e 

variances of the estimators arise because of lar~e dia1onal eleoents of 

(X'X) -l. As the correlation a'llOnB predeterminei variables increaserl 

the (x'X) approaches singularity and the determinant of (X'X) tends to 

-1 
approach zero which yields an unstable inverse matrix, (X'X) • 

Hhen 111Ulticollinarity exists difficulties arise in testing hypot!J.eses 

about individual re~ression parameters. The large variances of t;1e es-

timators result in nany of the conventional statistical tests such as 

the t and ~ bein~ quite inefficient. Pre~uently conclusions that the 

testing statistic is not sir,nificant are made when in fact it rnay be. 

!f See the article by T. Paavelmo, ''Re!Dartts on Frisch's Confluence An3lysis 
and Its Use in Econometrics,,. in Tjallin3 C. l:Oopt1ans (ed) Statis

tical Inference in Dynamic Econonic 1-Ddels, Col-1les, Cormnission l!onouaph 
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Almost always tl,e type of mistake one will ma'<e is calling some test 

non-significant at a chosen probability level «hen in fact it may have 

been, 

Some difficulties also arise in interpreting the estimators. The 

estimated coefficients are generally intepreted as being the amount of 

change in the endogenous varia~le associated with a one unit change in 

the particular predetermined variable under consideration. 1n1en multi

collinearity exists the changes associated Nith the correlated predeter!!line<l 

variables tend to be confounded. It is not possible to change a prede

termined variable which is correlated with other predetermined variables 

without concurrently having the v::.lues of the other intercorrelated pre

determined variables, also changin~. l1ence, •men multicollinearity 

exists the estimated coefficient of a 3iven predetermined variable is a 

sort of composite amount associated •nth that variable and all of the 

other correlated predetermined variables included in t'le equation. 

Identification of l1ulticollinearity Problems 

The extreme case where there is perfect positive or negative cor

relation between two or more predetermined variables is easy to identify. 

The simple correlation coefficients are either +1 or -1, depending upon 

>Yhether the linear associat.ion is positive or negative, and the least 

squares breaks do'm and by conventional methods it is not possible to 

obtain an inverse of the (X'X) matrix. 

Usually one should scrutinize the simple correlation coefficients 

between pairs of predetermined variables. High correlation coefficients, 

values approaching ~ .90 or more, are signals suggestio~ that multi

collinearity problems may arise. 
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The standard error and variances of the estimated coefficients are 

also useful indicators of multicollinearity. If Multicollinearity exists 

none or very few of the coefficients seem to be si~ificantly different 

from zero or from some specified non-zero value. It is possible to have 

2 a rather high coefficient of determination, R ) .90 and based on the t-

test to have judged none of the regression parameters to be SihOifi-

cantly different from zero at commonly used levels of significance. 

Alternative Approaches to l!andline~ llulticollinearity Fxoblems 

There are several approaches which can be used to eliminate or 

circumvent the multicollinearity problem. Ho one approach is a solution 

for all situations. The method to be used needs to be selected in lit;ht 

of the particular situation being analyzed. Some possible approaches 

are discussed briefly. 

1. Delete Variables 

One of the first methods >~hich comes to r.rlnd is to delete one or 

more of the highly correlated variables. In terms of explaining the 

variation in the enGogenous variable, one may not be loosing much by 

the deletion. !~o;1ever, from an econonic vie1'1'oint, it may be quite 

critical to sinply delete one or more of the e;cogenous variables. Even 

though we may not be loosing much statistical information by doing this 

we may be loosing considerable economic information. Pecognize that by 

deleting one or more variables you are changing the original model. If 

the original t'loc'el H<:.s theoretically sound, the monel which you have 

after deletion of variables nay not lle. Furtheroore, the model "as de-

veloped on the basis of theoretical reasons but altered because of 

empirical and specifically sample data reasons. 

Some information about the effects of the deleted variable may be 

acquired by obtaining the relationship between the deleted predetermined 

variable and the included predetcrmin"d variabl.o with which it was highly 
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correlated. Given this r.olationship one can at least partly assoss the: 

effects of the del.ot.:.d variable or translat.; th" effects of thc hig.tly 

correlat~cJ included vnriabl<O in t2rms of th-o d,;letcd varia;,le. On.;o t·:ay 

of obtaining the relationship bet»oen th" ttw predetermined variables of 

interest is to estimate as a scparat~ side r..:!latiooship the simple rc-

grcssion relation bet11een the t110 variables as follous: 

(9.1) 

where 

~ is the included pr,:,detcrmined variabl<? t<hich is highly corrclatlld 

i·Tith the deleted predetermin~d variable. 

:'o:·lis the deleted prcdetermined variable. 

U is a random disturbance. 

o.o and o.1 are the regression parameters. 

The corresponding estimating equation is: 

. 
(9.2) XI = a0 + a1XD + u 

where a
1 

gives the amount of clumge in the included predet~rmined variabl.; 

associated t·rith a one unit change in the deleted variable. 

2. Combined Variables 

One way of handling a high correlation betvecn t110 predetemincd 

variables is to combine the tHO variables and create a "new" variable 

wltich is included in the regression relationship. For example, if x1 

and x
2 

arc highly correlated then ue may create a variable i~> the follo11-

ing manner. 

In fact k1 = 0 is simply another way of saying x2 is deleted. If the 

value of k1 is kn01m from ot;ter than the sample data the pro:,lem can be 

handled simply and expediently. If a value of k
1 

is not available thea 

a from (9.2) could serve as an approximation. 
1 
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3. Prior Information and Restrictions 

If prior information is available about the coefficients of one or 

more of the predetermined variables contributing to the mutlicollinearity 

problem, then this information may be incorporated into the model and 

taken into consideration in estimation. One source of such prior infor-

mation are other studies. lf estimates of one or more of the coefficients 

of the variables of concern are available and one feels comfortable >nth 

them, the parameters of these same variables in the relationship under 

consideration may be constrained to take on the values provided by the 

prior estimates. This has been done in demand stc:dies where for exae>;1l€ 

an income coefficient or income elasticity based on cross-sectional data 

was incorporated into a demand relationship concerned <lith a time series 

relation. 

4. Transform Data 

Sometimes transforming the data by a trigometric or logarithmic 

transformation will reduce the multicollinearity sufficiently to at least 

permit obtaining estimates of the coefficients. Similarly measuring the 

variables as deviations from their respective means \·nll also reduce the 

multicollinearity enough to permit estimates of the coefficients to be 

obtained. Heasuring the variables as deviations from their respective 

means tends to work well with· polynomial functions whose tel"!lls include 

powers of a given variable, i.e., quadratic forms X and x2, cubic functions, 

X X2 d .,3 , an A , etc. 

One thing to recognize in performing transfomations on the data is 

the consequences of such a transformation on the form of the relation-

ship being estimated. If one is not careful, one can perform a trans-

formation on the data which will reduce or eliminate the multicollinearity 

but one may end up with a relationship and/or forms of variables which 

cannot be meaningfully interpreted with respect to the problem being analyzed. 
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5. Correct The Inverse 

In the case where the inverse of the ~oment matrix and estimates of 

the coefficients are obtainable, much of the efficiency difficulties stem 

from the unstableness of the inverse. Diagon.ql eleme:>ts of the inverse 

are large and (X'X)-1 (X'X) and (X'X) (X'X)-1 deviate from the identity 

matrix of appropriate size. One Hay of reducing the difficult·ucs a! ising 

from the "mechanical aspects" of the problem is to adjust the inverse c,o 

as to make it more similar to the true inverse. For a true inverse ,;e 

wuuld have exactly: 

(9.4) (X'X)(X'X)-l ~I m (X'X)-l(X'X). 

Let 

(9. 5) A = (X'X) 

and 

(9.6) C = (X'X) ·-l 

then we can compute AC and the matrix (21 - A C). (21 - AC) is the sam~ as 

AC except the diagonal elements are subtracted from 2 and the si~ns of 

all other off-diagonal elements are reversed. 

Now we can compute 

(9.7) C" = C(2I - AC) 

where C" is a corrected inverse. We can check this inverse to see if the 

inverse has been improved adequately HherP there is no hard fast rule for 

specifying what is adequate. If 

(9 .8) C"A 

still deviates from the identity more than 11hat is felt to be desirable 

the interative steps are repeated. Next compute the matrix 

(9.9) C'" = C"(2I- AC") 

c"' is the new adjusted inverse. Again check it against A to see if 

C"'A is sufficiently close to the identity matrix. If one is satisfied 

with how close it is one can stop. If not, repeat the steps once again 
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and obtain C"". One can continue the interative procedure until a desirable 

-1 approximation of the inverse, (X'X) is obtained. 

An important tb.ing to recognize in this pr·JCedure is that it focuses 

strictly on the mechanics of the inverse. It does nuthing about the 

basic cause, namely, the high correlation between two predetermined variabl~s 

or among pairs of predetermined variables. This method focuses strictly 

on improving the accuracy of the inverse given that there are problems 

with the inverse which arise because there is multicollinearity. 

6. Simultaneous Model 

One thing which also needs to be considered when multicollinearity 

problems arise is whether the model being considered is incorrect because 

it is only a part of a larger model. The high correlation between two 

or among mere than two ot the predetermined variables may be due to the 

fact that predetermined variables are not really predetermined but they 

are jointly determined. If this is the case, this suggests there are 

more relationships in the model and the one under consideration is only one 

of several. If simultaneity is really the basic problem, then the model 

needs to be reformulated as a simultaneous system of equations. 

If the correlation among predetermined variables is in fact simply a 

linear association among variables that truly are predetermined, then 

formulating a simultaneous equation model is not appropriate, However, if 

variables are correlated because they are jointly determined and there is 

multidirectional causality among them, then the sit:!ultaneous system is 

appropriate. Often economic variables such as prices and quantities of 

substitutes and complements are highly correlated because the economic system 

is operating like our economic theory says they should and their values are 

jointly determined. 
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Chapter 10 - Lagged Variables 

' Introduction 

Lagged variables include both lagged exogenous and lagged endogenous 

variables. Both current and lagged values of exogenous variatles mav be 

included in a linear multiple regression if the behavior of th~ econ~rnic 

units being analyzed suggests that such a specificatitn is appropriate. 

Specific forms of lafls in exogenous variables may essentially result in 

relationships that are equivalent to those obtainRd by incorporating a lagged 

endc,~.enous variable in the model. 

There has been considerable interest in distributed lar ~od~ls. 

1/ 2/ 3/ Irving Fishe~ , Alt- , and Tinbere_en- "ere some of the earlier users o~ 

lagged variables. ~oyc~1utilized distributed lags to analyze investments 

d ., 1 51 ' d ' f j ~ 1 an "er ovz-- champ1one the not1on o a dyn!ll'lic partial ad ustment n.oue 

6/ 
for analyzing producer and consumer behavior. Hore recently Shirley Almon-

}j Irving Fisher, "Our Unstable Dollar and the So-Called Business Cycle". 
JASA, Vol. 20, 1925, pp. 179-202 and "Note on a Short-Cut MethoC. for 
Calculatine Distributed Lags", Bulletin of the International Statistical 
Institute, Vol. 29, 1937, pp. 323-327. 

Jj F. F. Alt, "Distributed Lags", Econometrica, Vol. 10, 1942, pp. 113-128. 

'}_/ J. Tinbergen, ';Lonp;-Term Foreign Tr.,de Elasticities, Metroeconomica, Vol I, 
1949, pp. 174-185. 

4/ 
- L. 11. Koyck, Distributed Lags and Investment Analysis, North-Holland Pub-. 

lishine Co. Amsterdam, 1954. 

2-'uarc ;:erlove, "Distributed Lags and Estimadon of Long-Run Supply and 
Demand Elasticities", Theoretical Considerations, ~urnal of Farm Economics, 
Vol. XL, No. 2, Uay 1958, pp. 301-311. 

§_/Shirley Almon, "The Distributed Laa Bet..,een Appropriations and Expendi
tures", Econometrica, Vol. 33, No. 1, January 1965, pp. 173~196. 
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utilized polynomial distributed lags to analyze capital appropriations and 

expenditures. These are just a few pieces of literature concerned with 

lacged variables and lag distributions. They do reflect rather wide dif

ferences in approaches and developments in utilizinG larged variables 

in economic analyses. 

Generally a discussion of lagged variables starts d.th lap,p.ed exor;enous 

variables. Here we will start with the lagged endogen<>us var!able anc the 

partial adjustment and expectation models that are so~etime referred to as 

the "Nerlovian distributed lags". Then sot:le limited attention will be de

voted to lags in exogenous variablcs and their lir.\<age to T'lOdels containinr· 

the lagged endogenous variable. Polynomial lass •.;ill be one of the last 

topics to be discussed in this chapter. 

Underlyinr. i!otivation 

Distributed lap,s arise in th~.ory when economic stimuli produce thc1 t 

effects only after some lag in time, so that the effects are not felt all 

at once, at a single point of time, but are distributed over a period cf 

time. For example, a change in the quantity demanded of a good in response 

to a price change or an income chan?,e would not be felt immediately but the 

effects are felt gradually so th"t the full effect is realized only after a 

period of time has elapsed. Sometime? this pPriod of time may be consider

able. Just how considerable it may be depends on the kinds of ripidities 

and"stickiness · which may exist in the economy or sector being conRidered. 

Lagged responses or adjustments are generally attributable to one or 

more of three factors. First, the la~s may be due to psychological fActnrr 

which include forces of habit and assUI".ptions on th~ part of the consumer 

that changes are temporary and thus there is no need to attempt to fully 

adju&t to the stimulus. Second, the lags may be due to technical factors 
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whi<;h, for example, may include such things as the inability to incr~""''· 

the use of frozen foods without first ecquirinp, adequate h<.•!Z<'l' .snace, 

Third, the lags may be due to institutional factors which ~y include 

situations in which certain contractual items of expenditure or savinrc: 

may need to be adjusted before shifts can be made b consunption patterr.s 

or the fact that some markets, particularly for durable g0ods, arP ir:perfect 

in an economic sense, 

The same notions that underlie distributed lag conce;:>t5 also uniPrliro 

the distinction between short and long-run elasticities concerrs. T:Ous as 

71 i " h f 1 ' f __ , 1 i . i . < Nerlove - puts t t e ormu at1on o eco""....._c re at ons.~ ps contB:n •. ~v 

distributed lags is related to the problem of formulatin~ meaninpfu: rEl~-

tionships among variables we can observe, and the problem of estimatirov 

distributions of lags is really the problem of estil!latin:>. lonp-run ~las-

ticities. 

There are at least three approaches to estimatin~ a distributior, of 

lag. First, no assumption need be made as to the form of the distributio;-,, 

8/ 9/ This was the approach taken by Alt- and Tinbergen- , The weifhts asso-

ciated with various lags were considered an empiric2.l issue. In other 

<Jor~s, incorporate all conceivable lags into the model and estimate the 
~ample 

relevant weights from the eameVof data. Because of the finite len•ctll of an.i 

seri.al correlation in most economic tim' series, this approach may not alwd:.-.c 

be feasible. Second, a general for.:< for the distribution of the lRf, '"''" b< 

assumed and parameters which define the exact ditribution estimnted. The 

10/ 11 I 
second approach is the one taken by Irvinf' Fisher--- and Koyck- . The 

llop. cit. , ?• 307. 

'E_/ Op. cit. 

'1/0p. cit. 

10/0p. cit. 

11/0p. cit. 
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assUI:lpt:!.on concerning the distribution of laB can't help but be <o,-hit::-arv. 

Finally, an explicit dynamic model of behavior which implies a distributed 

lag only incidently may be developed. This approach i.s the one championed by 

Nerlov~/ and leads to a direct interpretation of the distribution of 1~1 

in terms of econoQic behavior and in terms of the difference between short 

and long run elasticities. This is the form of lag that vill be discussed 

first. 

Nerlovian Lags 

Distributed lag models have been used in supply and dema.'ld anelyd.s as 

a means of estimating long-run elasticities. In a~ricultural economJ.:G 

in particular there has always been a concern about the long-run supply au.; 

demand relations for various agricultural products. The difficulty vith 

obtaining empirical coefficients of any long-run economic relati~n stems 

from the fact that long-run equilibrium values of economic variables are 

not observable. To overco~e this difficulty, sssumptions are usually made 

about the relationships between observed values of variables and the long-run 

unobservable values of the variables. Such assumptions have led to various 

distributed lags. 

Nerlove argues that short-run elasticities cannot be estimated because 

through each point on a long-run supply or demand relation there passes a 

"fan" of short-run curves, each one appropriate to a different interval o[ 

time. Therefore, the elasticity estimates of supply and demand relations 

are not unique in the short-run. The short-run elasticities differ depend-

ing on the initial position and the length of time allowed for adjustment. 

This is elementary but crucial to the estimation of elasticities. 

12/ - Op. cit. 
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Let us illustrate thia graphically using a demand situation for 

illustration purposes. To facilitate the illustration let's make the 

following assumptions: (1) Supply is perfectly elastic, so that the 

problem may be dealt with in the absence of difficulties caused by th~ 

existence of simultaneous relations among •ariables, (2) Observations 

on price and quantity are taken at discrete time intervals of a fixed 

length and full adjustment to changed conditions does not t~ke place 

wi tl '.n the time length of the intervals, (3) A o~ce rnd for all change 

in pricP. is assumed, and (4) As sum<! a lor.g-r .m curve D. ~~" in r'igt,re 

10.1 consider a price OA Which is given by a gupply-demand equilibriur .• 

At this price, AB will be taken. Now suppose a shift in supply results 

in a new price, OC. It immediately changes from AB to CH. Instead 

FIGURE 10.1 Adjustment of the Quantity Demand to a Once
and-For All ChaQge in Price • 

. A----

0 Quantity (Logarithmic Scale) 

quantity demanded is determined by short-run demands BD, BE, BF, etc. 

Each of these represents different lengths of short-run. The.quantity 

demanded associated with each of these short-runs is CD, CE, CF, etc. 

As time passes and the price remains at P2 the quantity demanded approaches 

CH where H is a point on the long-run demand curve. 
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~u~ in the real world prices don't simply exhibit a once-and-forever 

change. Realistically prices will be changine constantly and observed 

points never lie on the long-run demand curve. Let's attempt to Lllustrate 

this is Figure 10.2. Start with an initial equilibrium point at B on the 

loog-run demand curve DLDL associated with the price OA. Let the supply 

•. curve shift such that price decreases to OC, then to OG, to OL and finally 

to OR. As price changes from OA to OC consumers adjust the quantity de-

manded from AB to CD. If the price remains at OC, the consumer would demand 

CE the following period. And of course if the price r~ned there indef-

initely they would eventually dc:·"and CF where F lies on the lonp-run de~:>unc 

curve. But price doesn't remain at OC indefinitely but assume that the 

next period it changes to OG. Consequently consumers move alonr, a new 

short-run demand curve through point E to point I. Consumers demand 

slightly mere at prier. OG ~han if the price had remained at DC. If pric2 

A 

FIGURE 10,2 Adjustment of the Quantity Demanded to Successive 
Changes in Price. 

---__________ \ 
"' Quantity (Logarithmic Scale) 
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continued to decline a series of points D, I, M etc. would be observed 

all of which lie on different short-run demand curves passing through 

different points on the long-run demand curve. A curve passing through 

theae points ~ is sort of a "mongrel curve" that has neither the 

average elasticity of the short-run curves nor the elasticity of the 

long-run curve. ~fM is the curve that would be estimated if the 

whole problem of short and long run demand is neglected and is the de-

mP.r.~. curve which usually has been estimated. The position, elasticity, 

a"'' .'hal'" of the est.~ted denu:nrl curve, n
1
pM' depends on the shape 

ar.~ po~it1 00'6 cf the s:Oort-run ~""'~"d curves and the shifts in the 

supply cure<' Lr.d a3Qociated pattern of price changes. In fact it is 

questiona~le whet~c~ DMDM ia any kind of a demand curve and under the 

conditions specified here, it is really a ''predictive curve" of supply 

and dem3hd intersections but does not represent the demand structure. 

This is the crux of Nerlove's argument and is at the heart of his lag 

mechanism. 

Expectations 

Up to this point no mention has been made of uncertainty and ex

pectations. Yet the usual distinction between long and short-run elas

ticities rests on the assumption that expectations are static, i.e., 

that people believe that current prices and incomes will persist in

definitely. If expectations are not static then the magnitudes of long

run elasticities need not exceed the magnitudes of short-run elasticities. 

There are two serioue problems that arise in analysis of non-static 

expectations. First, expectations of this type are generally-not single 

valued and thus there is the issue of how to incorporate these in an 

analysis in a meaningful way and at the same time have the procedure be 
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simple and manageable. Second, usually there is a considerable number 

of non-quantifiable factors that influence the formation of expectations 

and explicitly incorporating these into the analysis is difficult. 

One concept of expectations which treats them as single valued is 

the notion of an expected "normal" value (price, income, or othet· var

iable), which is the level about which future values of the variables 

are expected to fluctuate, If changes in "expected" normal values are 

induced by changes in current values of the corresponding variables the 

same simple models of expectations formulation may be constructed. For 

example, let Z~ be the expected "normal" level of a variable at time t, 

and let Zt be the actual level. Then 

(10 .1) z~ - z~_1 ~ y czt - z~_1 > , o < Y < 1 

where Y is called the coefficient of expectation if Z* and Z are expressed 

in actual variates or it is the elasticity of expectation if Z* and Z are 

expressed in lctgarithms. Note that (10.1) states that in each period the 

notion of what is normal is revised in proportion to the difference between 

what actually happened and what was previously considered "normal". When 

the elasticity or coefficient of expectations is one, expectations are 

static; when it is less than one the expected "normal" fluctuates less 

than do the actual values of the variable. 

Note if supply depends on expected "normal" prices and demand on 

expected "notll)al" income and prices as well as on current prices, the 

introduction of non-static expectfttions in the form specified in (10.1) 

leads to another reason why long-run elasticities should exceed short

run elasticities. For example, if a consUEer experiences a change in 

income he may not believe that the chan~e will persist so there is no 

incentive to adjust fully to the change. But if this new level persists 
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through time, the consumer will believe in its permanence ann respond 

accordingly. In other words there will be a tendency to adjust toward 

the long-run equilibrium quantity. 

A Partial Adjustment Model 

Let us now look at a simple dynamic wod"l which leads to a distributed 

lag and which represents the phenomena reflected in Firrure 10.1. Let q* 
t 

be the quantity demanded in the long-run equilibrium and let ir. be a 

function of current relative price, current real incone, and other variables. 

Let qt be the current quantity demanded. Now in the absence of chcmee~ ir. 

relative price real income or the other variables upon which quantitv 

demanded depends, the c.urrent quantity demanded would change in proportion 

to the difference between the long-run equilibriun and the current quar.titv. 

Thus, this could be expreRsed as the following difference eq•1ation: 

(10. 2) 0 < y < 1 

where Y is the constant of proportionality which is either the elasticity 

or coefficient of adjustment depending on whether the quantitv is expressed 

in logarithms or actual variates. 

Now let P t be the logarithm of relative price and Y t be the logarithm 

of real income. One representation of the long-run demand curve, DLDL in 

Figure (10.1) is: 

(lO. 3) 

where a
1 

is the long-run price elasticity and a2 is the long-run income 

elasticity. A disturbance term is not included in (10.3) at this time 

because it is not being viewed as a stochastic relation. 

N01• from (10. 2) we see that 

(10.4) 

y 
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Substituting into (10.3) yields 

(10. 5) 

and 

(10. 6) 

qt - (l - y) qt-1 c ao + alPt + a2Yt 

y 

Reformulating (10.6) in terms of a stochastic relation yields: 

(10.7) 

whP.-:e 

eo m yao 

al ~ yal 

62 .. ~132 

83 " 1 - y 

He:lce, 'Y .. l - 83' 

Now if we est illlll t" (10.7) by ordinary least squares methods, the 

estimating equation is: 

(10.8) 

' where b
0

, b1 , h2, and b
3 

are estimators of e0 , s
1

, 8
2

, and 83 re~ectively 

and et is the residual for time period t. The coefficient of adjustment 

(or elasticity of adjustment if the variables are 1n logarithms) is esti-

mated by: 

(10.9) 'Y • 1 - b3 

where b
3 

is the estimated coefficient of the lagged endogenous variable. 

The coefficient or elasticity of adjustment is always one minus the coeffi-

cient of the lagged endogenous variable. 
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The coefficients (a's) in (10.3) are long-run coefficients. If the 

variables are in logarithms the coefficients are lonp,-run elasticities 

and if the variables are in actual values - then a
0 

is the long-run intercept 

and the other a's are long-run slope coefficients, Note that the ~ '.s in 

{10.7) are some type of short-run parameters wher~ the length of run pertains 

to the ~e interval represented by the t subscript. Also, note that the 

B 's are products of the coefficient (or elasticity) of adjustment and the 

long-run coefficients. From (10,8) estimates of the a's can be obtained 

and from (10.9) an estimate of the coefficient or elasticHy of adjustoenl 

can be obtained. Thus by dividing the b coefficients, e:<cept b, of (lo.n 

by tbe -r obtained in (10.9) the lonr··run estimates of the param<>ters of 

(10.3) are obtained. lf (10.3) and (lO.B) are expressed in logarithms 

the long-run price elasticity is bl and the long-run income elasticity is 

'T 

The long-run intercept ia b0 

'T 

were expressed in actual terms bl 
' 

If the variables in(l0.3) and (i0.8) 

and b2 are estimates of lonr,-run 

price and income slope coeffici~nts respe~tively and bO is sn estimate 
' 
'T 

of the long-run intercept for the actual variate demand equation. 

The -r coefficient is a proportionality constant and indicates the 

proportion of adjustment made toward the long-run equilibrium in one time 

period as measured by the time interval denoted by t when all other var-

iables are non-variant. Hence, a onee-and-forever shock is being consid-

ered and all other variables remain constant. Thus, in the first time 

period -r percent adjustment toward long-run equilibrium is made. In a 

subsequent second time period -r(l - -r) additional adjustment is made or 

the total adjustment for two periods is 1-r + -r(l- -r)]. After the second 

time period {1- [-r + -r(l- -r)]l adjustment toward lonp,-run equilibrium 

remains and thus the proportion of adjustment made in the third period is 
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y{l- (y + y(l- y)]}, The process can be continued and the number of 

time periods required to achieve a specified proportion of adjustment 

toward long-run equilibrium can be determined. Note that if the model 

is-~n-actual variates the proportion of adjustment refers to actual values 

of the variables and if the model is in logarithmic form the proportion 

of adjustment refers to logarithmic values of the variables. 

To further illustrate the interpretation of the coefficient of ad

justment let us consider an actual variate model with y c .40. In one 

time period .40 or 40 percent of adjustment toward long-run equilibrium 

is made and 160 or 60 percent remains. All other variables are assumed 

non-variant. In the second time period 40 percent of the remaining 60 per

cent of adjustment or 24 percent more is made. In two time periods, 64 

percent of the adjustment is cade. 40 percent of the remaining 36 percent 

or 14.4 percent is made in the third period. Thus, after three time periods 

78.4 percent of adjustment toward long-run equilibrium tllluld be accomplished. 
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Adaptive Expectation Model 

In {10.1) a simple expectation model was presented but a slightly 

different version of expectation was used in developing the partial ad

justment model. Underlying the partial expectation model in the notion 

that the difference in the value of an endogenous variable between time 

period. t and t-1 is some proportion of the difference between the long

run equilibrium value in t and the observed value of the endogenous 

variable in t-l. The variable of interest in the simple demand relation 

illustration was the quantity demanded. Once again a simple demand re

lation will be considered but more direct use will be made of the expecta

tion presented in {10.1). 

Let us consider an economic relationship in which the value of the 

endogenous variable in time period t depends on an expectation of & pre

determined variable formed in time period t rather than on sn observed 

value of the predetermined variable in time period t. Drawing once again 

on a simple demand relationship for illustrative purposes we have: 

{10.10) 

where P~ is a price expectation formed in time period t, Yt is some rel

evant measure of income in period t, and qt is the quantity demanded in 

time period t. The a's are parameters. To keep things simple as possible 

let us not include a random disturbance in {10.10). 

In time period t-1 the quantity demanded is: 

{10.11) 

)llbe.J:a c:he patametera and variable& are the same as in {10.10) except 

of course the variables are all lagged one time period. {10.;11) may be 

solved for P~-l which yields: 
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(10.12) Y - ao 
t-1 

Now looking at tbe expectation model !11 (10.1) expr.e.ased in ter:ms of 

the price variable is: 

(10.13) 0 < y < 1 

(10.14) 

• y pt - y p~-1 + p~-1 

- y pt + (l- y) p~-1 

Substituting (10.14) into (10.10) leads to: 

(10.15) 

and substitutinp, (10.12) into (lf',l5) yi.elds · 

(10.16) 

• 

-' - 1 qt-1 a (1-y) --1 I al ·-

Note that the model contains both a first difference of the exogenous 

13/ variable or variables and also the exogenous variable or variables lagred.--
·. 

131rf the de~. and model ,.-re q • a + a P* a d P* P* • y (" "* ) ··• ·~ t 0 1 t n t - t-1 t -c t-1 

The first difference and lagr.ed exogenous variables don't appear. This is 
the case generally used for illustration. 
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Refo~ulating (10.16) in terms of a stochastic relation yields. 

where Bo • yao 

Bl ... yal 

ll = 2 ,(l:t 

B ,. 
3 ya2 

e 4 • 1 - y 

Hence, y • 1 - a4 which is tl1e ~<BY the coefficient of eypectation is 

estimated. In this case the coefficient of expectation is a coefficient 

of price expectation. If the variables are it'. logarith!ns then y is an 

elasticity of expectation. In either case y indicates the proportion of 

the difference between the current observed price and last periods expec-

ted normal price is of the difference bev•een the current period's and 

last period's expected normal price. As a coefficient of expectation the 

proportionality constant refers to variables measured as actual variates 

"hile as an elasticity of adjustment the proportionality constant refers 

to variables measured as logarithms. 

Some Potential Estimation Problems 

To estimate the parameters of (10.17) ve '.rould be concerned vith 

the follo,.in.P, est!Platinr, equation: 

where the h's are estinators of the S's and et is the residual for time 

period t and is an estimate of the disturbance ct. Some severe multi-

c.ollineerity problems could arise in the estimation of (10.18) given 

that 6Yt, Yt-l and qt-l all appear in the model as predeterr.ined variables. 

Since multicollinearity is a 11ample phenomena \Ohether or not multic.ol-

linearity problems arise will depend on the specific sample values of the 



lO·Hi 

predetermined varia~les. 

A potentially severe problem that 'ilay arise anytime the lagged de

pendent variable is incorporated into a linear model as a predetermined 

variable is the biasedness of the coefficients. In ordinary least ~quares 

for· 

(10.19) F(b) • B 

to hold the covariance be~<een the disturbance term and all predete~ined 

variables must have expected values of zero. This will occur if there is 

no correlation between the disturbance term and each of the predetermined 

variables and 

(10. 20) F(E) = 0 

He know that i.n the det!'and relations considered that 

(10.21) 

and if the model is specif~ed properly, 

(10.22) E(qt-l' Et) f 0 

If (10.22) is true and letting Z represent tr.e l!'atrix of predetermined 

variables, then 

(10.23) 

and 

(10. 24) 

E(b) • B + F (Z'E) 

E(?'E) + 0 

because the expE'cteo covariance betHeen the distrubance and at least one 

Z, namely o·t-l, is not equal to ZP.ro. 

All the estimators ,,•Ul tend to be hiase~. l:ut 1d.th these types of 

l!'odels we are particularly corcerneo shout the coefficient of the la~red 

endocenous variable. It is either a coefficient (or elasticity if variable.• 

are in logarithms) of expectation or a coefficient (or elasticity if var·· 

iables are in loparithnc) of adjust:nent used in estimatin!' lonp,-run coeffi

cients. The bias in the coefficient of the lnp,3ed endopenous v~riable ten~s 
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to be upward. In other words a lagged endogenous variable used as a pre-

determined variable tends to account for ''more variation in the endoE;enous 

then it ought to' • It tends to ''over account" for tir.Jc related patterns 

in variables. An over-est~ation of the coefficient of the lagged endo-

genous variable leads to an under··estimation of the coefficient (or elas-

ticity) of expectation or adjustment and subsequently to an over-estimation 

of long-run coefficients and the time required for adjustment. Trend re-

moval or accountin3 for trend in some manner rnay help reduce the over-esti-

mation problem of the coefficient of the lagged endogenous variable. In-

elusion of time oeasured in ascendin~ or descending order i.e. 1,2,---,n cr 

n, n-1, - - -, 1 is one way of atternptinc to account for at least part of 

the time related pattern. Trend rerr.oval or incorporating time in some form 

in the model does not alleviate the biasedness preble~ as such but it does 

tend to reduce the over-estimation problem concerning the coefficient of the 

lagged endogenous variable, 

Koyck Types of Lags 

The most general form of a nodel vhich allous for a distributed lag 

is as follows~ 

where 

(10.26) 
~ '2 

E(tt) • cr , E(t
5

, Et) • 0 for s ~ t 

and X and E are independent. 

Although (10.25) is a more general than the formulations of a simPle period 

lag in endogenous variable thst '"' have considered thus far, its estimation 

presents some difficulty. The sample sizes with which we desl are finite 

so the infinite set of lagged variables have to be arbitrarily cut off at 

some point. Even then, there is likely to be a multicollinearity because 

successively lagged variables will tend to be highly correlated. 
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Some sort of restriction is in order and a natural one is to specify 

a priori that the coefficients of the successively lagged X's decline 

systemmatically as ue eo further back in time. In other words the closest 

lags carry the heaviest weight. This \<as origitllllly suggested by Irving 

Fisher and later by Koyck. Koyck's specification is that the coefficients 

of (10.25) decline geometrically. The general expression for any coefficient 

of (10.25) is: 

(10. 27) 8 "'8'k (k 0 1 2 ) k A m, ,,---

\<here 0 < ;>. < 1. Thus (10. 25) may be re-written as: 

(10.28) 

Lagging (10.2C) by one period and multiplying through by A yields 

Subtracting (10.29) from (10.23) gives 

. (10.30) yt. 8X + >.Y l + E + AE l t t- t t-

which is similar to (10.7) except for the underlying structure of the 

disturbance term. 

The particular formulation presented in (10.25) contains only one 

exogenous variable but different lage of that one exoeenous variable. The 

frerneuork is applicable to formulations containing more than one exogenous 

variable. Furthermore, all exorenous variables do not have to be lagged 

the same number of periods provided the phenomena being analyzed merits 

such consideration. Also, more than one exogenous variable may be lagged 

the same time periods considered in the lagging, but different weights 

given to different exogenous variables lagged the same number of periods. 



l0-19 

Mart~ considered a nonlinear distributed lag model containing two lag 

parameters, one for price and one for income in an analysis of demand. The 

model assumes that the effects of all price and income changes diminish 

through time at constant but different geometric rates. Thus, it is assumed 

that income posses a different lag distribution from that of price. 

Caution About Using Distributed Lags 

Gr1liches15/ presents a detailed survey of characteristics and esti-

mation problems associated with geometrically declining distributed lag 

models. He offers a few rules to follow for anyone using distributed lag 

models. 

1. If one is working with stronr,ly trending data one should inves-

tigate whether the exogenous variables provide an adequate ex-

planation for these trends. Do not throw the problem into the 

residual category without doing something about trend removal. 

The standard statistical theory applies only to the case of eta-

tionary disturbances. In practice, with estimated roots close 

to unity, it is difficult to discover ~<hether these hir,h esti-

mates are due to a slo~<ly growing component of the series or 

to long lags in adjustment. 

2. Test for the possibility of mis~pecification of the model by 

including additional lagged terms of the exogenous variables. 

3. If non-linear regression rountines are available, use then to 

test simultaneously for the presence of serial correlation. 

14/ 
-James E. Martin, "The Use of Distributed Lag Models Containing Two Lag 

Parameters in the Estimation of Elasticities of Demand", Journal of 
Farm Economics, Vol. 45, No. 2, December 1963, pp. 1474-1481. 

lS/ Zvi Griliches, "Distributed Lags: A Survey", Econmnetrics, Vol. 35, 
No. 1, January 1967, pp. 16-49. 
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4. Forget about the Durbin-Watson statistic in this context as a 

teat for serial correlation in the original disturbances. It 

is very badly biased. 

5. Do not expect the data to give a clear-cut answer about the exact 

form of the lag. One should try to get more implications from 

theory about the correct form of the lag and impose it on the 

data. 

6. Interpret the coefficients of a distributed lag model with great 

care, since the same reduced form can arise from many different 

structures. Moreover different reduced forma may not differ 

much in the fit they provide to data, but have widely differ-

ent implications as to the underlying structure that generated 

the data. 

7. To get better aaswers to such complicated questions we need 

better data and much larger samples. 

Polynomial Distributed Lags 

A flexible approach for incorporating various powers of lag and various 

time periods of lag suggested by Almon161. Her scheme is predicated on the 

Weirstra~s theorem which states that a function continuous over a closed 

interval may be approximated by a polynomial. Ori(linally Almon used Len;:an-

17/ :-;inn interpolation techniques to estimate the polynomial. Cooper--

has developed a more direct and a slightly less complicated approach to 

estiaating polynomial lags. Of course the complexity of estimating polynom-

ial lags increases rapidly with the degree of the polynomial being considered 

16/Shirley Almon, "The Distributed Lag Between Capital Appropriations and 
Expenditures", Econometrica, Vol. 33, No. l, January 1965, pp. 178-196. 

17 / J. Phillip Cooper, "Two Approaches to Polynomial Distributed Lags Esti
mation: An Expository Note and COIIIIIent", The American Statistician, 
Vol. 26, No. 3, June 1972, pp. 32-35. 
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and the length of lag being considered. Both the length of lag and thP. 

degree of the polynomial distributed lag models and it is desireable to 

have both of these dimensions fairly small. 

To illustrate the polynomial 

a supply model by Chen, Courtney, 

distributed lag model we shall draw on 

. 'IS/ 
and Sch~itz.~ Basically, the problem 

they were dealing with was one d~~ling with the response of milk produc-

tion to changes in administered milk prices. Producer milk prices al-

most every where in the u. s. are regulated by either federal ~ilk mar-

keting orders or state milk control programs. Milk production can prob-

ably be decreases easier (sending dairy cows to the slaughter house) than ... 
it can be increased. To increase milk production certain biological con-

straints have to be considet·ed. It is reasonable to expect changes in 

milk production to occur only after a certain amount of time has elapsed 

and also it's reasonable to consider the lagged response to be something 

other than linear. Thus, the polynomial distributed lag framework is a 

plausible framework for the type of problem being considered, 

Let us consider the following supply response model. 

(10.31) q • 
t 

k 
t 

T=O 

r 
e Pt + t rixi + €t 

T -<r i=O 

where 

q ~ output at time t. 
t 

P t..or • price at time t-'i 

k = number of periods covered by the lag function. 

ST• the coefficients of the lag structure, i.e. So• al--- sk. 

There are k + 1 of these coefficients to be determined. 

yi • coefficients of the other variable5 ~eside price that 

determine output at time t. 

18/ -Dean Chen, Richard Courtney, and Andrew Schmitz, "A Polynomial Lag 
Formulation of Milk Response", American Journal of Agricultural 
Econocics, Vol. 54, No. 1, February 1972, pp. 77-79, 
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Xi a variables other than price that determine output at time t. 

Now to consider the polynomial distributed lag let us disregard the variables 

other than price and the disturbance term. Let us consider only: 

(10.32) q • 
t 

k 
I: B Pt 

0 
T -'r Tg 

In a generalized polynomial lag model the lagged weights are given 

by: 

(10.33) B • 
T 

.2 N 
"0 + <llT + ll T + - - - + "lf 

2 

where N is the degree of the polynomial function. In this general form 

(10.32) could be rewritten as: 

(10.34) N 
- + "N T ) p t--r 

Generally a low ordered polynomial is considered adequate for most econo-

metric work. A low order polynomial is considerably easier to handle com-

putationally. For our illustration we shall consider a second order finite 

polynomial and the 

(10.35) q R 
t 

k 
I: 

specific form of (10.34) 

In this formulation B is: 
T 

(10.36) 

is: 

A further restriction on B is that B m 0 when T ak. This yields 
T T 

(10.37) 

This restriction is imposed since it is assumed that beyond so~~~e length 

of time period k, price changes would no longer affect current production. 

Now solving (10.37) for "o yields\ 

(10.38) 
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Substituting into (10.36) gives: 

(10.39) 

2 2 • a
1 

(r -k) + a
2 

(T - k ) 

Now (10.35) may be rewritten as: 

(10.40) 
k 

qt "' al I: 
T •0 

In (10.40) the price variables for which coefficients are estimated are: 

k 
(10.41) I: (T -k) p t-'[ 

and 

(10.42) 

For estimation purposes (10.40) could be expanded to include the non-price 

variables in (10.31). 

Note that (10.41) and (10.42) will tend to give negative weights 

because the number of time periods cove.:ed by the lag function is a pos-

itive number while T varies from zero to k but never exceerls k. This makes 

no difference in terms of estimation. However, it may be more convenient 
change 

to v the negatives of (10.41) and (10.42) in order to work with positive 

weights. This is accomplished by letting: 

k 
(10.43) wl • l: · (k-r > P t-T 

T •0 

lllld 

(10.44) 

Earlier we had assuced that a second order polynomial was the appro-

priate polynomial to consider. Now the number of per~ode covered by the 

lag is still an open question. However, prior to estimation the number 



10-24 

of periods, k, has to be selected. For illustrative purposes let us ar.-

bitrarily choose k•6. The weights are: 

and 

Now the equation to be estimated is (10.40) with (10.45) and (10.46) 

substituted into it. Thus the equation of interest is 

(10.47) 

and hence, 

(10,48) qt • al (6P t + SP t-1 + 4p t-2 + Jp t-3 + 2p t-4 + p t-5) 

. 
In estimation our interest is to obtain estimates of a and a2 , a1 and a2 , 

respectively. To obtain estimates of a1 and a 2 ordinary least squares can 

be. applied to (10.48). 

If the appropriate model contains variables in addition to the price 

variable, then the model of interest is (10.31). Ordinary least squares 

may be applied to: 

(10.49) 

to obtain estimates of the linear and quadratic components of the lag ann 

the parameters of the other predetermined variables. The values for w1 and 

w2 would of course be obtained from (10.45) and (10.46) respectively. 

Once estimates of a1 and a2 are obtained the linear and quadratic 

effects of the price for each of periods, current to t-5, may be computed 

and the total effect (linear and quadratic) of each of the periods, current 

to t-5 may be evaluated. Also, one may have alternative hypotheses about 
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the plausible periods of lag, which may be assessed. Of course to do this 

a separate equation will have to be estimated for each alternative hypothesis 

about the lag. 

Finally, note that S was the parameter of the price variable in the 
T 

original model but we ended up estimating a's. From (10,39)we see that: 

(10.50) B • a (t-1·) + a2 ( t 2 - k2) 
T l • 

If we wish to test hypotheses about Bt directly we need the standard error 

The variance of Bt is: 

(10.51) 
- 2 2 

Var (Bt ) " Var (a1 ~ -k) + a2 (t -k >] 

• ~ -k) 2 Var (a1) + ~ 2 -k2) 2 Var (a2) 

'and 

(10.52) t. 

\/ Var (BT) 

with degrees of freedom associated with the residual variance of (10.48) 

or (10,49), whichever was used. About the same information may be obtained 

by testing the a's andy's in (10.49). 
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Chapter 11, t!odels and Identification 

Introduction 

Thus far we have been concerned mainly with sinr.le equations and 

focus has been on estimation within the least squares framework and 

testing of hypotheses. He have not concerned ourselves with whether or 

not the equation we were estimatin?'. represented some type of structural 

relationship. In fact we really haven't worried very much about how and 

why the relationship of interest is \•!hat it ia, As a point of departure 

we took the equation as given and concerned ourselves uith estimation and 

testing of hypotheses about certain parameters or sets of parameters, 

We assumed that the equation represented the structure of interest or 

that the equation ~1as a prediction equation and the underlying economic 

structure was of no interest. Furthermore, the types of relationships 

~lith ~1hich ~~e were concerned consisted of one endoeenous variable and a 

set of predete~ined variables which were assumed to truly be predetermined. 

Under these conditions the issues 1•7e are goinp; to be discussing didn't 

arise. 

In this chapter attention \•!ill first be devoted to puttinr the model 

in perspective, Then focus ~1ill be on various ramifications of identi

fication, Identification is one of the more important concepts to under

stand uith respect to empirical economic analysis, In the early sections 

it will be helpful to define a nlll!lber of concepts \·7hich are essential 

to understanding identification an1 simultaneous equations systems, 

Structure and Economic l!odels 

l-luch of econometric analysis is concerned with the estimat:!.o'IJ of 

the parameters of structural relationships, ln other words estimating 

the parameters of an economic structure. Structure is the relationship 

or set of relationships capable of generating the numerical observations 

in which we are.interested, 
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Model is some>~hat of a broader concept. A model is a specification 

of classes of structures. An economic model is theoretical in nature 

although experience, previous studies, and observatirn may have been used 

in selecting the economic theory or theories to be usad. The model will 

entail a combination of behavioral, technical, institutional and defini-

tional relationships. Some of these relationships nay be identities 

particularly definitional or institutional relationships. The model 

includes the number of equations, the general form of the equations, and 

a priori restrictions the parameters of the relationships. 

The model is sort of an ideal representation of the relationship 

or relationships in which we are interested. The variables in the model 

are ideal. They are What economic theory tells us ought to be included 

if the model is to make sense. The variables are ideal in the sense that 

they are exactly what is needed to explain the phenomena of interest 

and they represent exactly what they are supposed to represent. The 

relationships in the economic model are usually expressed in general form 

and functional form issues are not of major concern. 

Statistical !~del and Variables 

Before empirical analyses may be performed specific functional forms 

of the relationships in the economic model have to be specified and 

"real world" variables "hich represent the ideal economic variables need 

to be selected and used. The economic model has to be translated into a 

statistical model. Estimation and empirical analysis are performed on 

the statistical model which provide the basis for conclusions and 

inferences about the particular economic model from which the statistical 
.-

model evolved. 

The statistical model is basically a stochastic representation of 

the economic model. It contains a stochastic disturbance term. The 

stochastic disturbance term is simply an explicit recognition that the 
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relationships we have specified don't hold exactly all the time, if ever. 

There may be any one or more of several reasons for this. First even 

though the economic theory we are using may be "good" and exact, measure-

ment problems may occur when we consider specific functional forms of 

relationships and specific empirical variables in the statistical model. 

The specific functional forms chosen in the statistical model may not be 

and very likely will not be exactly the true functional forms of the 

economic phenomena of interest, And we have no way of knowing what the 

exact functional forms of the economic phenomena are, Even if we did 

know, the true functional forms mirht be such complex curvilinear forms 

that we would need to use some simpler curvilinear or linear functional 

forms as approximations. The variables which are included in the statis-

tical model to represent the economic variables in the economic model 

may not be measuring exactly the economic phenomena they are supposed 

to be and insofar as they don't measurement errors >nth regard to the 

variables arise. Second, in economic and statistical model specification 

we do not attempt to include in the model all variables which might affect 

the particular variable or variables of interest. Generally, those believed 

to be the major ones are explicitly included and hence some are "left 

out". The composite effects of the "left out" variables are assU11led to 

be random and the stochastic disturbance term may be representing these 

"left out" variables, Third, some behavior of people and other economic 

units may in fact be random and if so the economic and statistical models 
not 

would ~old exactly, The random disturbance term may be representing 

some combiftation of the above and if any or all actually occur then the 

empirical model needs to be specified ldth some type of random disturbance 

term. 

Before the theoretical constructs can be confronted with empirical 

evidence either for estimation or testing purposes we have to commit 
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ourselves to specific functional forms of equations representinr. the 

relationships in the economic model, Generally, a simple functional form 

is preferred to a complex functional form. If the more complex functional 

form more closely approximates the functional form believed to be true 

than does the simpler form then one is faced with making a choice about 

the trade-off between the simpler form which may result in greater error 

and the more complex form which likely will result in less errors. The 

more complex functional form may raise some severe problems in estimation 

and analyses. One always tries to choose functional forms which are not 

inconsistent with economic behavior and the.particular economic theories 

or theories drawn upon in developing the economic model. This is parti-

cularly relevant when the choice is among functional forms that are non-

1/ linear in variables,- It may be possible to estimate the parameters 

of some non-linear functional forms, various types of exponential forms; 

however, the functional forms may exhibit various characteristics in 

certain ranges of the variables which are not possible if the relationship 

is supposed to represent some kind of economic behavior, Furthermore, 

some functional forms which appear to exhibit some desirable properties 

may be next to impossible and in some cases impossible to work with 

empirically in terms of obtaining estimates of the cesired parameters. 

Again great care has to be exercised especially when dealing with 

functional forms which are non-linear in variables and functional forms 

which are non-linear in parameters. Finally, one always wants to choose 

a functional form which lends itself to the types of analyses required. 

1/ 
- The same would apply for functional forms which are non-linear in 

parameters. In fact the problems are even more severe. Estimation 
of values of parameters of functional forms which are non-linear 
in parameters is complicated and difficult even in cases where it is 
possible. Insofar as possible we will steer away from models entailing 
functional forms that are non-linear in parameters. 
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Clearly a functional form which does not lend itself to the type of 

analyses desired is not very useful even if it is possible to obtain 

estimates of the parameters of the function form. For example, if marginal 

concepts form an integral part of the desired economic analysis then the 

ehoice of functional forms should be a choice among functional forms 

which can provide information about the required marginal quantities. 

The variables specified in the theoretical economic model usually 

don't exist as such, Among the existing variables which more or less 

approximate the variable or variables in the economic model one has 

to choose the most appropriate serrogate. Frequently several alternatives 

are available for a particular variable. For example in one of the 

structures of the economic model the price of a given commodity may be 

specified as a key variable in that structure. There may be several 

price series of this commodity available or one or more price indices 

of the commodity none of which is measuring exactly the phenomena that 

was specified by the corresponding variable in the economic model. Often 

the differences stem from some aspect of aggregation. Nevertheless one 

has to choose empirical variables Hhich most closely l!leasure the ones 

specified in the theoretical economic model. More often than not this 

choice is made with less than adequate guides or criteria. 

Classification of Variables 

The variables in the econornic and statistical model have to be 

classified into endogenous and predetermined variables. The endogenous 

variables are those whose values are determined within the system we 

are considering. Their values are determined by the model we have 

specified and its underlying economic theory. The values of the pre

determined variables are either determined >~ithin.the model but at some 

previous time period or outside of the model we have specified at either 

eurrent or previous time periods. The predetermined variables consists 
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of'two types of variables- lagged endogenous and exogenous. The values 

of lagged endogenous variables are determined within the economic model 

but at a previous time period. In other words from the viewpoint of the 

current time period the values of the lagged endogenous variables are 

"hist11ry" and \<e take their values as given. The values of the exop;enous 

variables are determined outside the model under consideration tnthin the 

current time period or during some previous time period. 

The necessity for classifying the variables in the model into endo

genous and predetermined is that the number of the different kinds of 

variables we have in the model along with the algebraic forms of the equa

tions \·1111 determine whether we can estimate the paral!leters of interest 

and the kind of estimation procedures \·lhich will have to be e!!!ployed. 

Role of the llodel in Determining Estimation f!ethod 

The statistical model depends directly upon the economic model. The 

economic model gives some guides tdth respect to tWe form of the relation

ship and the variables to be included in the relationships. The economic 

model is the basis for determining causality and the flo" of causal forces. 

The economic model provides information about the numher of equations in 

the system being considered. The economic model provides info~ation 

. about the restriction on the coefficients of the relationships. These 

restrictions may or mav not be directly incorporated in the statistical 

model and in the estimation of the paral!leters of the statistical model. 

It is from the economic model that ue determine that changes in certain 

variables in the relationships of the model cause changes in certain 

other variables in the model. 

The statistical model follovs from the economic model. The sta

tistical model specifies the relationships of the economic model in the 

specific algebraic forms and specific measures of the variables in the 

economic model are incorporated in the statistical model, The statistical 
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model provides no direct information about the flows of causal forces. 

The statistical model provides information about the associations of 

variables, Information about associations among variables in the 

statistical model is supporting evidence about the flows of causal 

forces in the economic model, In other words conclusions about the 

associations among variables are made from the statistical model. But 

these conclusions are interpreted through the economic model which 

enables the information about associations to be translated into causality. 

It is from the economic model that we draw our conclusions and inferences 

about causality; however, the information about associations from the 

statistical model i~ utilized, 

The translation of statistical results through the economic model 

to draw conclusions and inferences is an important consideration in the 

estimation of the parameters of the statistical model, We want to perform 

the estimation in a way that is amenable to such a translation. This 

means we want to know the exact relationships between our statistical 

model and our economic model, If the relationships in the economic model 

represent particular economic structures we want to estimate the 

parameters of the corresponding statistical equations in such a way that 

the estimators provides estimates of the parameters of interest or provide 

estimates of coefficients from which estimates of the parameters of 

interest may be derived, 

The appropriate method of estimation of parameters of the statistical 

model depends on the number of equations in the model and the numbers 

of endogenous and predetermined variables in the equations. It is the 

combination of equations in the model and variables within equations 

which give rise to identification issues, The model may consist of 

1) one equation; one endogenous variable, 2) several equations; only one 

endogenous variable in each equation~ 3) one equation; core than one 
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endogenous variable, or 4) several equations; more than one endogenous 

variable in each equation. The type of identification will indicate 

whether or not it will be possible to estimate the parameters of interest. 

Second, if it is· possible to obtain estimates of structural parameters 

the type of identification suggests the general type of estimation pro

cedure which will need to be employed. Specifically it indicates whether 

single equation methods or simultaneous-systems-of-equations methods 

will need to be employed. 

Completeness of a Model 

In econometric analysis we are concerned with complete models. 

Complete when used ir. this manner has a very special meaning. A complete 

model is one in which there is one equation for each endogenous variable 

in the model, The equations may represent behavioral relationships 

(supply, demand, consumption relations, etc,), technical relationships 

(production functions, etc,), institutional relationships (tax rates, 

exchange rates, etc,) or definitional identities (market clearinr, con

ditions, per capita transformations, etc.), 

The completeness is only with reference to the particular model 

specification being considered and only in the sense· that there are as 

many equations in the model as there are endogenous variable. Insofar 

as the model which has been specified includes all structural relation

ships and variables which explain a particular economic phenomena the 

model 'is complete in terms of en exple~ation •f the economic phenomena, 

But if the specified model, for one reason or another, does not include 

all of the relevant structural relationships and variables then the 

model may be complete in terms of containing as many equations as 

endogenous variables yet it may be incomplete from the viewpoint of 

explaining the economic phenomena in all of its possible dimensions, 
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Reduced Form Equations 

Reduced form equations express one endogenous variable in a system 

of equations as a function of all predetermined variables (exogenous and 

lagged endogenous) in the system, In a model consisting of a system 

of equations representing structural reletionships the reduced form are 

a particular type of transformation of the structural relationships. The 

structural relationships are transformed in such a way that there are as 

many resulting equations as there are endogenous variables in the system 

and in each equation one endogenous veriable is n function of all pre-

determined variables in the entire system. Identities are part of the 

entire system. 

The set of reduced form equations for a given set of structural 

equations is unique. Given a particular structural model there is only 

one set of reduced form equations for that structure. However, the 

converse is not true. Given a set of reduced form equations the struc-

tural model or models to which they pertain is not unique. More than 

one set of structural equations may have the same set of reduced form 

equations, This property of reduced form equations plays quite a 

crucial role in identification and in estimation of simultaneous systems 

of equations, 

The least squares single equations with which we have concerned 

ourselves thus far are generally reduced form equationR. They have 

been of the form one endo~enous variables as a function of a set of 

predetermined variables. If the single equation by itself did not 

represent some type of economic structure then it represented some type 

of transfo~tion of some part of an economic structure, Hence, it 

may have been one reduced form from a set of reduced form equations. 

But least squares equations are not always reduced form equations. 

When the least squares regression equations really represent an economic 

R~ructure then even though they are single equations they are structural 
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equations. A structural model may consist of one or a set of single 

equations each containing only one endogenous variable. 

Identification 

Identification refers to whether or not the observations we have 

can provide us with information about the parameters of the structural 

equations of the model in which we are'interested. Specifically it is 

concerned with whether or not we can go from the reduced form equations 

to the structural equations, 

Identification is a property of the model - whether the model has 

the power of being structure identifying. It has to do with the amount 

of prior information in the model. Identification is a relative concept. 

The identification power of a model can vary and some models have more 

structure identifying power while others b.ve less. The structure identi

fying power of a model is ultimately probabilistic in nature in that 

identification depends on certain parameters of a model being different 

from zero and these parameters are judged to be different from zero on 

a probability baais, Renee, a par~~~~~eter which is judged different from 

zero at a lower probability level is less structure identifying than if 

it were judged different from zero at a higher probability. Hence, if 

a model is structure identifying, it is structure identifyine in a 

relative sense. 

Some models are not structure identifying at all. In other words 

the model is under-identified, This is a conceptual issue concerned 

with the prior information in the model and not an empirical issue. No 

amount of empirical data in terms of more observations or increased 

sample size will lead to identification of an under-identified model. 

The problem lies witht the model specification itself. The model just 

doesn't contain enough information to provide estimates of the struc

tural parameters. 
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However, identification is viel>ed not only for a model as a whole 

but for each equation in the model and each parameter in each structural 

equation. A model as a whole may not be structure identifying but certain 

structural equations may be identified. Furthermore, certain structural 

equations may not be identified but some of the parameters of these 

equations may be identified, In other words the model may contain 

sufficient prior information to provide information about some parameters 

of some of the structural equations but it does not contain sufficient 

prior information to provide information about all parameters of all 

structural equations, The model as a whole is not structure identifying 

but some structural parameters are identified. From an estimation 

viewpoint this means that these particular parameters could be estimated 

given the particular model, If these happen to be the ones of interest 

then they could be estimated even though the model as a whole is not 

structure identifying, 

Identification arises as a problem only when we are interested in 

structure, If interest is only in prediction of values of certain 

variables and the underlying economic structure is of no concern, then 

identification is not an issue, From a statistical point of view, 

identification arises only when the observations or data are governed 

by more than one equation, This is why biological and other physical 

scientists who used statistical tools didn't concern themselves with 

identification problems. The data l>ith which they were working consisted 

of one endogenous variable and a BEt of predetermined variables and the 

structure could be represented by a single equation, Insofar that they 

were correct about the one endogenous variable and one equation structure 

they faced no identification problems. The problem of identification 

really came to the fore front when economist and other social scientist 

started applying statistical tools to data generated by an aeon~ or a 
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sector of the economy where the data were believed to be governed by 

sets of multiple equations. It was apparent that many observationally 

equivalent relationships could be obtained from this type of data. 

The observations were generated by some joint probability distributions. 

From a statistical viewpoint the observationally equivalent relation

ships are indistinguishable and really make no difference. But from 

an economic viewpoint they are not equivalent. A supply equation is 

not the same as a demand equation and neither is the same as some 

"mongrel" or "bogus" equation which is some linear combination of 

equaticns. 

Simple Supply and Demand Model 

To explore the concept of identification, let us consider the 

following simple supply and demand model: 

(11.1) 

where: ytl 

yt2 

utl 

eo• 

D: ytl a SO + 61 yt2 + utl 

S: Ytl • ao + al Yt2 + ut2 

is quantity 

is price 

and ut2 are random disturbances 

al, ao• and al are parameters. 

Let us assume that a
1 

< 0 and a
1 

> 0. These maintained hypotheses con

tain little information which will help in estimating the structural 

parameters. The more a priori information or restrictions which can be 

incorporated into the maintained hypotheses (model}, that is more re

strictions put on the data, the more specific the conclusions which can 

be made. However, of course, if incorrect restrictions are imposed then 

specific incorrect conclusions will be made. 
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Now let us approach the identification problem with reference to 

(11,1) from an observation viewpoint. Suppose we have only one obser-

vation of quantity and price, Y1 and Yz- The situation could be one of 

those presented in Figure 11.1, Figure 11.2, or Figure 11.3. In Figure 

In Figure 11.2, u2 • 0, In Figure 11.3, u1 
y2,... 

I 
i 

I 
i 

D 

/ 
/ 
s 

y2iD 

\ 

I 
i 

\ s 

s 

D I 
yl 0. - Figur_e_l;,;- - -7Yl O __ F_i_g_u_r_e_l_l-.-2-----7yl 0 Figure 11.1 

Given u1 • 0, we know the observation is a point on the demand curve. 

Given u2 • 0 we know the observation is a point on the supply t:urve, And 

given that u1 • u2 • 0 we know the observation is a point on both the 

demand and supply curves. But note that we have additional information 

about the disturbances which is the information that enabled ua to say 

on which function the observation ia a point. Obviously with only one 

observation we are in no position to obtain any kind of estimates of 

the structural parameters in (11.1) but the additional information 

about the disturbances enabled us to make more specific conclusions 

than we would have been able to make without it. The slopes of the 

curves in Figure 11.1, Figure 11.2, and Figure 11.3 were arbitrarily 

chosen and to obtain estimates of the slopes we need more observations. 

Suppose that we now have two observations on quantity and pr~ces. 

We could have any one of the situations presented in Figures 11.4-11.7. 

In Figure 11.4, ~ • 0, in Figure 11.5, u2 • 0 and in Figure 11.6, u1 • 

u 2 • o. 
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0 Figure 11.4 0 Figure 11.5 
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0 Figure 11.6 
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0 Figure 11.7 

Note with the additional information about the disturbances we are in a 

position to aay something about which functions the observations are 

a point on. But from a statistical estimation viewpoint we do not have 

adequate information to estimate the structural parameters of (11.1). 

There are four par;nnetera and we have only two observatiOns. However, 

with the information about the u 'a we were able to conceptually identify 

which curves the points pertsined to. 

If we were to utilize the two observations to fit a curve (straight 

line in this case) we would obtsin the one given in Figure 11.7. New 

if the supply and demand structures are as given in either of Figures 11.4-

11.6 then the representation in Figure 11.7 ill a ''mon~l". It is the 

curve of a "bogus" equation. It is a linear combination of the 8tructural 
: 

equations. It is observationally equivalent to the structural equations 

in (11.1) but e 1111sture of beth. From a statistie:al viewpoint, it is 

isldiatiaguishable from either of the equations in (11,1) but certainly 

ia not equivalent ill an eCODOIIIic sense. Although we have been CC~Q~~idering 
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only two observations, the case illustrates what difficulties arise in 

estimating structural relationships when many observations are available. 

The problems arose because (11.1) is not a structure identifying model. 

We basically need more information in (11,1) about factors which affect 

demand separate from those which affect supply. Then we would be able 

to distinguish the structural equations from each other and if we had 

adequate observations we could obtain estimates of the structural 

parameters. 

Let us further explore the characteristics of the "bor;us" equation 

which is graphically presented in Figure 11.7. Let us tak~ an arbitrary 

linear combination of the structural equations in {11.1). We have: 

(11. 2) 

where k
1 

and k
2 

are some arbitrarily chosen constants not equal to zero, 

If we sum the two equations in (11.2) we have: 

{11.3) {kl + k2) Ytl • {kl 6 o + k2 ao) + (kllll + k2 al) Yt2 + 

{kl utl + k2 ut2) 

and 

{11. 4) \z+ 

and 

(11.5) 

where .-
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Note how similar {11.5) is to the equations in {11.2) and (11.1). If we 

had numerical values of the coefficients in {11.5) we couldn't distinguish 

whether they were really coefficients of {11.5) or coefficients of either 

of the equations in (11.2) or coefficients of either equations in {11.1). 
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A Model With More Information In The Demand 

Let us now explore the identification of a s~pply and demand model 

Which baa one predeteTmined variable in the demand relationship. The 

aodel to be considered ia: 

(11.6) 

S: ytl • 0 0 + 0 1 Yt2 + ut2 

D S 
ytl • ytl 

where Ytl is the quantity of the product in t. 

Ytz ia the price of the product in t. 

Ztl is aome measure of income in t. 

utl and ut2 are disturbances. 

a's and a•. are structural parameters. 

Ztl is a predetermined variable and it is assumed that s1 < O, s2 
> o, 

and a1 > 0. (~1 a Y!1> is an identity denoting a market clearin~ con

dition wbich indicates the observed quantities pertain to equilibrium sit-

uations where quantity demanded ia equal to quantity supplied. 

Now let ue explore the identification properties of (11.6). Takin~ 

a linear combination of (11.6) we have: 

(11.7) 

kz Ytl • k2 °0 + k2 °1 Yt2 + k2 ut2 

y~l • y:l 

(ll.B) 



and 

(11.9) ytl-

Hence: 

where 

l_· 

···~. 

w -t 
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~1 ao + k2 a~ 
kl + k2 J 

kl az 
kl + l<z 

zt2 

kl utl + k2 ut2 

kl + k2 

+ 

+ 

k1 1\ + k2 a1 
yt2 

+ 
~ + k2 

kl utl + k2 ··~ kl + k2 

The equation (11.10) is a "bogus" equation. It is observationally equivalent 

to the demand equa;ion in (11.6) but note it ia not observationally equivalent 

to the supply equation. Thus by having more information in the demand equa-

tion in terms of a predetermined variables, assuming 12 ~ 0, we have achi~ved 

identification of the supply relation. 

Now let us obtain the redu~d form equations for the structures in (11.6) 

We want to express Ytl and Yt2 as functions of all predetermined variables in 

the II}"Sl:em. In th.tB c:a.se Ztl is the only predetermined variable. Let us 

solve for Yt2 from the supply equation and we have: 

(11.11) 
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Substituting into the demand equation is (11.6) we bsve 

(11.12) Y 8 + 8 ( Ytl ao 
t1 • 0 1 a

1 
a 

1 
~· ) + ., '" + • ., 

• + 8 u 
(utl - 1 t2) 

and 

(11.13) 

hence 

(11.14) 

or 

where alSO .,. 8la0 

al :- 81 

Ql~2 

al - 81 

al 

(11.14) or (11.15) is the reduced form equation for Ytl' Ytl iss function 

of Ztl and Ztl is the only predetermined variable in the system. 

In a similar manner, let us solve for Yt2' We could use either the 

supply or demand equation to solve for Yt2 ' then substitute for Ytl from 

the other equation. Let us use the supply equatll.on: 

(11.16) yt2 • 
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Substituti.og for Ytl from the demand equation in (11.6) we have 

(11.17) Yt2 • (-80 + 81Yt2 + 8 2~tl + utl) - "o ut2 

'· "1 ' "1 " 1 

80 + 81 yt2 + 
82 z + utl a u~2 • - 0 __ .... ' .. 

- tL . ..... -
"1 "1 "1 "1 Ill Ill 

- (·· .: ··) + ~ yt2 + 82 ztl + ~'.; ··~ 
"1 "1 

and, 

(11.18) 

hence, 

(11.19) 

or 

(11.20) 

where 

~"\: 81
) yt2 

y • 80 - ISO 
t2 

y • 
t2 

8o- "o 11 
20 • 

"1 Bl 

1J21 • 82 

"1 - 81 

,t2 • utl - ut2•· 

"1 - 8 1 

• 8o - "o + 82 zu + utl -:- ut2 

"1 "1 "f 

+ 

Nov from the reduced form equations foJ' (11. 6) we have four reduced 

form parameters each of which is a function of the structural parameters. 
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(11.21) "n • 
ala2 

al- al 

1121 a 
a2 

al - al 

But there are five structural parsmeters which are unknowns - a0 , a 1 , a 2 , 

a0 , and a1 • We do not have adequate information to determine values of all 

five structural parameters even though we may be able to estimate values of 

all of the reduced parameters. Even though the model as a whole is not 

structure identifying an equation or certain parameters of one or more of 

the equations may be identified thus enabling estimates of the identified 

parameters to be obtained. 

In tae particular case being considered the difficulty stems from the 

demand equation of the model. The part of the maintained hypothesis per-

taining to the demand structure contains enough a priori information to 

make the supply equation identified but the supply equation doesn't contain 

enough a priori information to allow identification of the demand equation. 

Recognize that the Ztl variable, income, in the demand equation which is 

permitting the supply equation to be identified. This is contingent on the 

fact that a2 ; o. 

Given that we have achieved some cype of identification of the supply 

equation let us attempt to derive the parameters of the supply equation from 

the reduced form parameters presented in (11.21). We can see that a1 can 

easily be obtained from " 11 and " 21 as follows 

(11.22) a • 
10 11 

1 • 

Note that the reduced form parameters of (11.15) and (11.20) may be estimated 

by least aq,~res ..ethods. Bence, 
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(11. 23) a • 
1 

"21 

where 11 11 and 11 21 are least squares estimators and their respecrtve erttmates 

may be obtained by regressing Ytl and Yt2 on Ztl respectively. 

By this method, however, we cannot derive a 0 , a0 , a1 , and a2 and not 

obtain estimate of them from estimated values of the reduced form parameters. 

Note that 11 10 and" 20 each contain a0 , a
1

, a0 , and a1 and even though we can 

solve for a
1 

this still leaves us with an indeterminate situation with re

spect to a0 and the other structural parameters, other than a1• a1 is the 

only structural parameter which can be uniquely determined from the reduced 

form parameters. So when we indicated that we have identification of the 

supply equation we are really saying that the coefficient of the price 

variable, Yt2 ' in the supply equation may be obtained uniquely from the 

reduced form parameters. 

It may seem contradictory that the supply equation is identified yet 

we are unable to obtain a0 from the reduced form parameters. However, this 

is really not serious. The important parameters are the coefficients of the 

variables not the intercepts which indicate the positions of the surfaces in 

space. Often times econometric models will be formulated with variables mea-

sured as deviations from their respective means and intereepts don't enter 

the model. But in this case if we are going to obtain an estimate of the 

intercept of the supply equation we are going to have to rely on additional 

information and estimate the intercept accordingly. One can position the 

supply equation so as to pass through the centroid of the data. This is con-

sistent with a "best fitting" curve or surface where criterion of goodness of 

fit is a minimum SUI:I of squared residuals which in this case woule be a min
n .2 

imum I: ~'tl" Utilizing this type of prior information about· "best fit" 
t•l 

and incorporating it as a constraint we obtain en estimate of a
0 

in the 

following manner: 
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Ytl is the sample 1118811 of the quantity observations. 

Yt2 is the sample 1118811 of the price observations • 

• 
a 1is the estimate of a1 given in (11.23) 

A Model With More Information in the Supply 

Let us briefly consider the following model: 

where: Ytl is the quantity of the product tn t. 

Yt2 1s the pries of the product in t. 

zt2 is the price in t of 8 factor used in the production of ytl" 

utl and ut2 are disturbances. 

a's and S's are st~ctural parameters. 

Let us consider zt2 to be a predetendned variable. Also, let us assume that 

B1 < 0, a1 > 0, and a2 < 0. ~l • Y~1) is a market clearing condition. 

In (11.25) ve have additional information in the supply equation in 

terms of the predetermined variable zt2 whereas in (11.6) the additional 

iuforaation was contained in the demand equation in terms of Ztl" Without 

going through the details we did for (11.6), the demand equation in (11.25) 

is identified while the supply equation is not. The situation is just 

reversed from (11.6). s1 may be derived from the reduced form parameters 

of the reduced form equations pertaining to (11.25) Estimates of the reduced 

fon parameters uy be obtained by least squares JDethods, i.e., regtessinf 
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Ytl and Yt2 each on zt2• The other structural parameters of (11. 25) cannot 

be obtained directly from the reduced form parameters because again there are 

four reduced form parameters and five llllknown structural par-tara. An 

estimate of a0 may be obtained in the eame manner aa waa the eetiaate of 

a0 of (11.6) raamely constraining th~emand equatioD to paaa through the cen

troid of the observations. 

In B1JiliiiUy additioual information in tbe maintained hypotheaea permitted 

101118 structure identification. In the caaea considered additional a priori 

information in the demand equation in the form of a predetermined variable 

allowed the supply equation of the model to be iclentified. The inclusion 

of a predetermined variable in tbe supply equation resulted in structure 

identification of the demand equation. 

Juat Identified Model 

Now let us conaider a model which bas just enough a priori information 

in the maintained hypotheses eo that all structural equations and thus all 

structural parameters are identified. Such a model may be fomulsted by 

utilizing the demand equation of (11.6) and the supply equation of (11.25) 1 

Bence, let the model be: 

(11.26) D: Ytl • llo + Pl Yt2 +liz ztl + utl 

S: Ytl • ao + al Yt2 + a2 zt2 + ut2 

~1 D y~l 

where Ytl ia the quantity of the product t. 

Yt2 iB the price of the product in t. 

Ztl iB - paaure of illc:ome in t. 

zt2 ia tbe price in t of a feetor used in the production of Ytl' 

utl ADd ut2 are clieturbancea. 
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a's and a's are structural parameters. 

~l • Y~1> is a market clearing c:oudition. 

Ztl and Zt2 will be conaidered predetermined variables. Tbeoretically, we 

would expect 81 < 0, 82 > 0, a1 > 0, and a2 < 0. 

Row multiplying the structural equations of (11.26) by arbitrarily 

chosen constants ~ and k2 we have: 

S•-fng tbe two equatiQne of (11.27) yields: 

and 

(11.29) 

' 

·~.\) • ., + 

Note that (11.29) is not observationally equivalent to either tbe supply or 

demand equations of (11.26) and there is no reason why it should be confused 

with either of the equations (11.29) contains bOth Ztl and zt2 whereas the 

deaand equation in (11.26) does not contain zt2 and the supply equation does 

aot contain Ztl' Also, Dllte that there is a predeteTIDine4 vaTiable in the 

supply equation of (11.26) which is not in the demaQd equation and vice-verse. 

Solving for the reduced form equatiODS 

(11.30) 



11-26 

Substituting into the demand equation of (11.26) yields: 

(ll.31) 

and 

(U.32) 

thus 

(11. 33) 

or 
(11.34) 

where 

• 

(·,··.; •,·~ -

+ 

+ 

nlO + nll ztl + v12 
al Bo - 81 ao· 

al - 81 

al utl - 81 ut2 

al - 81 

The n·'s are reduced form parameters. 

low ft may eolve for the red~ed form equation for price by substituting 

the demand equation of (11.26) for Ytl in (11.30) which yields: 

(11.3.5) 



aDd 

(11.36) ~lw: w:) yt2 • ~e0 :1a~) + 
Bz 

ztl 
112 .... h~~ --Ill 01 

thus 

(11.37) Go - 0~) y • + 
t2 a1 - a1 Gl 

828

1) 
ztl - (a: :2eJ • + ~.,~.,) 

t2 a1 - a1 

or 

where 
'I! 20. 

'I! 22 • 

vt2 • 

Now the reduced form parameters expressed as funct1ooa of the structural 

parameters are: 

(11. 39) ., lO • colBO- SlaO 11
20 • 

Bo - ao 

al - Bl a - sl l 

Bz al 1!21 • . sz 

al - sl al - Bl 

sl coz 11
22 • 02 

al - sl al - sl 

We have sis equat1oDB or ezpreuiOM of ., 'e and au UllkowD structural para-

meters - o0 , ol' a2 , a0 , s1 , BDd a2 • Thus the structural par-tera 

derived from the reduced form parameters are: 
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I! -1 

(11.40) "21 

"20 11 11 0 0 • "10 - -~--==:... 
"21 

B 2 • " 11 - " 12 w 21 
"22 

"12 "20 5o • "10 -

Note that the parameters of (11.34) and (11.38) may be estt.&ted by 

classical least squares methods. Once estimates of the reduced form para-

meters are obtained the estimates of the structural parameters may be de-

rived from them. This is the indirect least squares method of estimating the 

structural parameters of a just identified system of sUN.ltaneous equations. 

Over-Identified Model 

Once again let u~ consider a two equation model but one in which there 

are tvo predetermined variables in each equation and the two predetermined 

variables are different for each equation, We shall determine the ideutifi-

cation properties of such a model, investigate the reduced form equations and 

parameters, and explore What guides might be suggested for estimation of the 

parameters of the structural equations. 

Consider the following model 

(11.41) D: ytl - 6o + 61 Yt2 + 11 2 2tl + 63 2t3 + utl 

S: ytl - 0 0 + 8 1 Yt2 + a2 2t2 + 0 3 2t4 + ut2 

~1 • s 
ytl 

where ytl is the quantity of the product in t. 

yt2 is the price of the product in t. 

2tl is some measure of income in t. 

2t2 is the price in t of a factor used in the production of Ytl' 



zt3 1s some measure of preferences in t. 

zt4 is the price in t of a second factor uaed in the production of Ytl' 

utl and ut2 are disturbances 

a's and S's are structural parameters 

~1 • Y~1) is a market clearing conditiono 

Ztl' Zt2' zt3' and zt4 will be considered predetermined variables and we are 

assuming that we have some measures of these varisbles and observations are 

available. Let ua assume that 8
1 

< 0, 8
2 

> 0, s3 > 0, a
1 

> 0, a2 < 0, and 

a3 < 0. 

Now multiplying the structural equations of (11.41) by arbitrarily chosen 

constants I;_ and 1tz we have.: 

Summing these two equations yields: 

(11. 43) 

(11.44) 

(11,44) whereas the BUpJllY and demand 

equationa of (11.41) each contain only two predetermined variables. Hence, 

(11.44) is not observationally equivalent to either of the two equations in 

(11.41). Also, aote that there are two predetermined variables in the demand 
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equation of (11.41) which do not appear in the supply equation and vice-versa. 

Solving for the reduced form equations: 

(11.45) 

and eubstituting into the demand equation of (11.41) yields: .. 

(11.46) 

+ 

or 

(ll. 47> Ytl .. "10 + 11 11 ztl + 11 12 zt2 + 11 13 zt3 + 11 14 zt4 + vtl 

where 

"12.-

1113 • 

" . -14 

al utl - Bl ut2 

al - Bl 

The " 'a are reduced form parameters. 

The reduced form equation for price .ay be obtained by substituting the 

demand equation of (11.41) for Ytl in (11.45) and solving for price which 

yields: 
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(11.48) 

- .... -·-----· 
or 

where 

The reduced form parameters are those given in (11.47) and (11.49). We 

have ten expressions and eight unknown structural parameters. Now solving 

for the structural coefficients we have: 

(11.50) 

but also 

(11.51) 

There is na reason why w12 ahould equal wl4 Bence, there are two 

w22 w24 
waya of obtaining the estimate of a1 which will yield two estimates af e

1 
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with no criterion for choosing between the two estimates. In other words in 

the overiden.tified c.ue we have IDOre than one way of going from reduced form 

parameters to structural parameters for same structural parameters. The main

tained hypotheses aeem to contain "too much" a priori information for some 

parameters. 

The fact that more then one estimate of some structural parameters may be 

obtained for estimates of reduced form parameters when the structural equations 

are over-identified is important in terms of estimation. It indicates that 

estimating the reduced form parameters by least squares or other methods and 

computing the estimates of structural parameters from these doesn't yield 

a unique set of estimates of the structural parameters. It tells us that in

direct least squares is not an appropriate method of estimation for over-iden

tified equationa. When structural equations are over-identified a method of 

estimation which ean utilize all of the a·priori information in the maintain9d 

hypothe&e8 needs to be used for estimating the structural parameters. Several 

methods of estimating the parameters of simultaneous systems of equations will 

be diacuaeed later. One of the more popular of such techniques is two-stage 

least squares. 

Order and Rank Conditions for Identification 

The order condition refers to the necessary eondition for identification. 

A oecessary condition for a structural equation in a linear model to be iden

tified is that the number of variables, both endogenous and predetermined, 

excluded from the equation be at least equal to the number of endogenous 

variables in the system leas one. For complete models or systems which con

tain aa many structural equations as endogenous variables th~n the necessary 

conditions also ia that the number of variable~ excluded frnm an equation be 

at least equal to the number of structural equations leas one, For any given 

atructural equation to be just-identified the number of variables excluded 

· from the equation must egual one leas than the number of endogenous variables 
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in the system. If the number of variables excluded from a particular struc-

tural equation is greater than one less the number of endogenous variables in 

the system, the structural equation is ~r-identified. If the number of var~ 

iables excluded from a particular structural equation is less than one less the 

number of endogenous variables in the system the structural equation is 

under-identified. 

To express the order condition symbolically let: 

R • total number of predetermined variables in the system. 

G • tot11l number of endogenous variables in the system. 

h a number of predetermined variables in the particular 
structural equation being considered. 

g • number 'of endogenous variables in the particular 
structural equation being considered. 

The necessary or order condition for a structural equation to be just-

identified is: 

H + G - (h + g) • G - 1 
·~ (11. 51) 

or 

The latter expression of (11.51) simply indicates that the number of predeter-

mined variables excluded from the structural equation being considered· irt~ 

eluded in the other structural equations of the model hss to be one less than 

the number of endogenous variables in the structural equation being considered. 

The necessary or order condition for a structural equation to be over-

identified is: 

(11.52) R + G - (h + g) > G - 1 

R-h>g-1 

The necessary or order condition for a structural equation to be under-

identified is: 

(11.53) H + G - (h + g) < g - 1 
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Onler Condition 

The order condition for identification is determined for each structural 

equation prior to estimation, If some structural equatioos are under-identi-

1..!!! then it will not be possible to estimate all of their structural para

meters so if estimates of all parameters are needed attempting aay estimation 

will be fruitless. In systems of equations where the parameters of the stn~e

tural equations may be estimated the estimation procedure to be used will 

depend on whether the structural equations are just-identified or over

identified. Often times for estimation purposes a distinction is not made 

between over-identified and just-identified. When a model or structural equa

tions of a model are said to be identified it is understood that they are 

either just~identified or over-identified., 

The order condition is a necessary condition which has to be fulfilled if 

identification is to be achieved but just because the order condition is met 

does not assure us that the model or structural equations of the model are 

·identified. If the order condition is not fulfilled, then we know that iden

tification cannot be achieved but the order condition may be fulfilled and we 

still may end up with the model and some er all structural equations not 

being identified. 

Rank Condition 

The rank condition is a necessary and sufficient condition for identifica

tion. The rank condition for a structural equation is that there exist at 

least one non-vanishing determinant of rank (G - 1) of the coefficient of the 

variables, endogenous and predetermined, excluded from the structural equa

tion being considered but appearing in the (G - 1) other structural equations 

of the model or system. When the rank condition is fulfilled we know that 

tbe structural equations witb whicb we are dealing are identified. However, 

notice tbat tbere is a rather subtle difficulty with tbe rank condition. Tbe 

difficulty is bow one determines which coefficient• in the determ4nat are 
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non-zero. If we know Which parameters in each structural equation were non-

zero there would be no problem but we don't know this. After estimation we 

may be in a position to determine Which estimates of parameters may be consid-

ered different from zero, So "after the facts" we are in a position to check 

if the rank condition was fulfilled. Even then there are some difficulties 

because of a lack of bonefide tests to test hypotheses about structural para-

meters of equations of a simultaneous system equations. 

However, if the assumption is made that all structural parameters of the 

model are different from zero, before estimation one may determine whether 

or not it is possible to fulfill the rank conditi~n for each structural equa-

tion. This entails finding at least one non-vanishing determinant of rank 

(G - 1) of the parameters of the variables, endogenous and predetermined, ex-

eluded from the structural equation under consideration but appearing in the 

other ( G- 1) structural equations of the model. If such cannot be found for 

some structural equations then you know that they are not identified even 

though the order condition may have been fulfilled and any attempt to estimate 

the structural parameters of the model will be in vain. Furthermore, these 

determinants provide some insight about Which parameters have to be non-zero 

for the rank condition to be fulfilled and identification achieved, After 

estimation you can determine Whether the parameters required to non-zero in 

order to fulfill the rank condition can be considered non-zero on the basis 

of their respective estimates. 

Now let u.s illustrate the order and rank conditione for some models, In 

all of these modele the t subscript of the variables used previously will be 

dropped. Consider 

(11. 53) y .• 
1 

.-
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The Y's are endogenous and Z's are predetermined, ·~ere are two endogenous 

variables and four predetermined variables;. hence H ~ 4 and G "' 2. Cbeckillg 

the order conditions for (11,53) we have (4 - 2) > tl- 1) and for (11.54) 

we have (4 - 2) > (2 - 1) hence both are over-identifted. 

To check the rank condition we have to show that for eaeh equation there 

is a determinant of rank (G - 1) c (2 - 1) • 1 not equal to zero. Let us 

set the parameters ill a table such as Table 11.1. 

TABLE 11.1 

Equation 

(11.53) 

(11.54) 

1 

1 

0 0 

Now for (11.53) the predetermined variables in the system but not in (11.53) 

are z3 and z4• Renee if either a2~ 0 or a3~ 0 then the rank condition for 

(11.53) is fulfilled. For (11.54) the predetermined variables in the system 

but not in (11.54) are z1 and z2• Hence if either 82 + 0 or 83 + 0 the rank 

condition for (11.54) is fulfilled. 

Let us consider another illustration of the order and rank conditions u

tilizing a four equation model. This model could represent the supply and 

demand equations for two products for which prices and quantities are jointly 

determined or any system consisting of four relationships and four endogenous 

variables, Let the model be: 

<11 •55> 811 Yl + 812 Y2 + 813 YJ + Y11 zl • ul 

(ll. 56) 821 yl + 822 y2 + Y22 ~2 + Y23 z3 • u2 

(11.57) 

(11. 58) 

832 y2 + 833 YJ + B34 y4 + Y31 zl • uJ 

843 YJ + 844 Y4 + Y42 z2 + Y44 z4 • u4 
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Where Y's are endogenous variables, 

Z's are predetermined variables. 

8's are parameters of endogenous variables, 

y's are parameters of predetermined variables, 

u's are disturbance terms. 

The order conditions for (11.55) - (11.58) are: 

3 > 2 for (11. 55) 

z > 1 for (11. 56) 
3 .. z for (11. 57) 
2 l> 1 for (11.58) 

All four equaUOftll are over-identified in ter11111 of the order CCIIIdition. For 

estimation of t~ struetural paraaetera ve would want to choose an estimation 

procedure appropriate for over-identified IIJSUIDB of si~t81\- equati011s. 

Now let. us explore tbe rank condition to dete~e prior to estimation if 

it is possible to fulfill the ueceaaary and sufficient condition of identifi-

cation. In thil case there will have to be for each structural equation at 

least one non-venishin& detei:'IU.Il.mt of re~~.k t cousistiug of the paremeters of 

variables, endogenous and prelletermined, not appearing in tbe equatiou under 

considering but appearing in tbe other 3 structural equations of the model. 

The required information is presented in Table 11.2. 

TABLE 11.2 

Equation yl y2 y3 y4 zl z2 z3 z4 

(11. 55) Bll 812 813 0 Yn 0 0 0 

(11.56) 821 822 0 0 0 T22 y23 0 

(11.57) 0 1!32 1!33 11)4 Yn 0 0 0 
c 

(11. 58) 0 0 843 844 0 842 0 y44 
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For (11.55) we have the following submatrix of parameters to consider 
~-·t 

u ~22 y23 0 I 

I 
(11.59)i 6 34 0 0 0 

\ 0 : I! 44 y42 y~ ' • 
~ 

from which the following four 3 X 3 determinants may be formed: 

0 0 -
0 

0 

0 

lo 0 

0 

0 

0 0 - 0 

0 

Three of these four determinants may be non-zero if the parameters involved 

are not zero. Uowever, note that all three involve B 34 and B 34 • 0 all 

determinants of order 3 for (11.55) are zero. 

For (4.56) we have the follouing subcatrix of parameters to consider: 

(11.60) II! 13 

I B 33 
I 

is 43 
L-

0 0 

0 

0 

--
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from which the follotoine four 3 x 3 determinants may be formed. 

B 0 yll 

B 33 B 34 YJl 

843 844 0 

' sll \) 0 

B .33 834 0 

843 B 44 y44 

I 
0 ' yll 0 

1 

j B 34 YJl 0 
~ -yll B 34 y44 

I 

' 
: 844 0 y44 
' 

t<ote that if y
11 

= 0 and s
13 

• 0 that the rank condition for (11.56) would 

not be fulfilled even if the other parameters were non zero. 

For (11.57) we have the follotoing submatrix of parameters to consider: 

I -
I B 11 0 0 0 

I 
(11.61) I 

' ~ 21 
0 

I Yzz y23 

! 0 y42 0 y44 
1. . .•. - . 

from tohich the following four 3 x 3 dete~inants may be found: 

I 
I 

sll 0 :l I 
I I sll i 8 21 Yzz y231 • y42 Yz3 
I 
I 

:o y42 0 



0 

B 21 Y22 

0 

0 

0 

0 0 

0 

0 0 

0 0 0 

Y22 Y23 0 

0 
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• B 11 Y22 Y44 

- 0 

Note that if p 11 • 8 then all of the determinants of order 3 are zero and 

the rank condition for (11.57) would not be fulfilled. 

For (11.58) we have the following submatrix of parameters to cousider: 
..--
I 

l Bu Bl2 Yll 0 
I 

' Bn B 22 0 y23 

0 B 32 yll 0 

---
from which the following four 3 X 3 determinants may be formed: 

Bu B 12 Yu 

B2l B22 0 -B ll B 22 Y31 ,'~ YnB 2f 32 - 61.:# 21Yll 

0 B32 Y3l 

s11 e12 0 

B 21 B 22 Y23 • -B 11 B 32 Y23 

0 0 
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au vu 0 

a 21 0 YzJ • - Bu YJl YzJ 

0 y3l 0 

0 

• 

All four of the determinants are candidates for fulfilling the rank condition 

and there is no .one parameter if it were z:ero that would make all determinants 

of order 3 to vanish as was the case for (11.57). 

Other Information Which May Facilitate Identification 

In the discussion of various forms of identification foc~s has been pri

marily on various amounts of a priori information in the maintained hypotheses 

and restrictions on parameters in the structural relationships. The a priori 

information has been in ter.s of predetermined variables in various relationships 

and in light of restrictions that their respective parameters were not z:ero. In

formation about the characteristics of the disturbances of structural equations 

may also be helpful in achieving identification, oftea in relative sense, of 

certain structural equations. The uses in identific•tion of various types of 

information about disturbances are disaussed briefly. The purpose is to draw 

attention to the usefulness of such informatio~~o ii available, in identifying 

structural equations. One of the major shortcomings of using information about 

the characteristics of disturbanees in achieving identification is that very 

seldomly is such information available. 
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Independence of Disturbances 

If the disturbances of the structural equations of a model are known or 

aaaumed, on one basis or another, to be independent of each other thea there 

are no problems with identification of the structural relationships. Indepen

dence of disturbances of the various structural relationships indicate that the 

forces which operate within each of the structures are independent and thus un

related to the forces which operate in any one of the other structures in the 

1110del. This IDean& that the system of equations is DDt simultaneous and that 

the parameters of each structural equation may be estimated by considering each 

strue%ural equation separately. Least sqaares or other single equation methods of 

est~tion could be used to estimate the parameters of the individual structural 

equations. This basicall'l' is the underlying rationale for recursive syste'lrlS of 

equations and the independence of disturbances is based on assumption. 

Uncorrelated Disturbances 

The implications of uncorrelated disturbances are similar to the implic

ations of independent disturbances. Uncorrelated disturbances are a weaker 

restriction than independent disturbances. However, in both cases we are talking 

about Ullrelated disturbance&. Uncorrelatad disturbances 1:efer to tne lack of 

a linear assoc.i.ati.on amol!.g the disturbances of the 11tructural equations based 

on the particular sample of disturbances being considered. This does not mean 

that the populations of the true disturoances are in fact independent. However, 

independence of distvrbances among structural equations does imply uncorrelated 

1Usturbances among structural equations. 

lD the case of uncorrelated disturbances the forces operating in a structure 

ue unrelated to the forcu operating in the otber structures of the 110del. In 

tel'IIIB of identiflcati.on of the structural equations and estimation of their 

parae.ters the situation is the aame .. for lndependeu.t disturbances. 
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Limit To The Size of Disturbance 

Suppose we have adequate prior information about the magnitudes of the 

disturbance of one or moee of the structural equations of the model. Let the 

maxim1.1111 deviation of a disturbance of a structural equation be: 

(11.63) 

where 

< c 

utj is the disturbance for the jth equation 1n time period t. 

c is some constant value. 

If c ~ 0 then utj m 0 which 'indicates that the observations are on the curve 

representing the j.!:!!_ equation and the jth equation is identified. 

If c + 0 then (11.63) provides information about the range of the disturbance 

of the jth equation whatever that equation might be representing. Based on (11. 63) 

the range would be 2c which would establish bounds for the observations and this 

information combined with the nature of the scatter of observations might help 

us identify one or more structures of the model. For example suppose the range 

on utj and the scatter of data were as in Figure U.8. Suppose Yz represents price 

Yz )[ 
/~. I. . . 

I . . , . . . . . v' 
;· .. 

- . I /, 

1. 
·I 

I -' / ·I 
/ 

' i 'I 
/ 

0 ~--~~---·--·---~--·~~--------------------~ 
Figure 11.8 

y· 
1 

and Y1 quantity. If this were a supply-demand phenomena then the riJ,llge of ~j 

· would identify the j!!!_ equation and in this case it would be a supply equation. 

The demand equation would not be identified on the basis of this information. 

On the other hand, if the range of utj and scatter of data were as in Figure . .11. 9, 

the jth equation would be identified and it would be a demand equation, 
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' 
Figure 11.9 

Variance of One Disturbance Less Than the Variance of 1M Other. 

Again let us consider the model: 

where Ytl is endog~\8 and represents quantity of t. 

Yt2 is endogenous and represents price of t. 

ztl is a predetermtned variable in t. 

utl is the disturb&pce of the demand equation, 

ut2 is the disturbabce of the supply equation. 

a 's are parameters of the demand equation. 

a's are parameters of ths supply equation. 

Suppose we have a priori information tbst the variance of ut
2 

is considerably 

2 
less than the variance of utl i.e., ou

2 
< 

In this case the d81118nd equation would be identified because of the pre-

determined variable, Z tl' in the supply equation, but which does not ~ppear 1n 

the demand equation. But if the pattern of observations on Y1 and Y
2 

ill as in 

Fi~ure 11.10 the supply eq~tion is also identified, Note that for any given 
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level of .ltl the supply curve is shifting only a little vhUe the daalld curve 

shifting considerably. Enowing that the variance of the disturbance of the 

supply equation is considerably lese than the variance of the demand equa.t.iDD. 

allows approximate identification of the slope parameter of tha aupply equation. 

Pigure 11.10 



·-

12-1 

CHAPTER 12 

Introduction to Simultaneous 
Linear Systems of Equations 

Introduction 

There are two general methods of estimation available for estimating 

the parameters of identified simultaneous linear systems of equations -

full information methods and limited information methods. Limited infor-

mation methods pertain to a sub-set of the system of equations comprising 

a model. The sub-set may be and often is a single equation. When the 

aub-aet is a ai.ngle aquation the estimation !s performed by considering one 

equation at a titlle. 

Full Information Methods 

Full information methods utilize all the restrictions of the structural 

equations. This means information about the endogenous and predetercined 

variables included in each equation and excluded from each equation but in 

the remainder of the model (in each equation which parameters are' zero and 

which are not) and the specific algebraic expression of each equation in the 

model is utilized in full information methods, Renee, to use full information 

methods of estimation the algebraic form and the specific variables, variables 

in each and every equation have to be specified. All parameters of the en-

tire model are then estimated concurrently, As might be expected the compu-

tational procedures for full information methods are considerably more com-

plex than limited information methods. The two common full information 

methods are full information ~ likelihood (or full information least 

gennalized residual variance) method and three atage least squares. The 

computational task for three stage least squares is considerably less than 

for full information maximum likelihood. 
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Limited Information Methods 

{ 

Limited information methods of estimation of parameters of structural 

equations of a linear simultaneous system of equation utilizes only part 

of the restrictions of the structural equations. The method uses only 

information derived from knowledge of the restrictions pertaining to the 

sub-set of equations which are of interest. One of the most commonly used 

sub-sets is a single structural equation. There is little or no advantage 

to using sub-sets of more than one equation and some of the limited informs-

tion methods apply to sub-sets which are a single structural equation. The 

limited information methods of estimation pertaining to single structural e-

quations are usually referred to as single equation methods. Generally the 

computational task of single equation methods is considerably less burdensome 

than those of multiple structural equation subsets. 

Limited infarmation methods allow eati~ting the parameters of part of 

the system of structural equations on the basis of a minimum amount of know-

ledge about the entire system. The part of the system may consist of one 

structural equation, any number of all structural equations of the system. I~ 

single equation methods of estimation the information about the restrictions 

of the structural equations is utilized on a single equation basis. In single 

equation methods information about all endogenous and predetermined variables 

in the entire system is required. The specific algebraic form of the struc-

tural equation of interest has to be specified and the endogenous and prede-

termined variables included in thnt particular structural equation and those 

excluded from that particular structural equation but in the other structural 

equations of the model have to be known and specified. In ether words in 
: 

terms of a priori information about parameters ve have to have information 

about which parameters of· the particular structural equation of interest are 

non-zero and which are zero and which parameters of the other structural 

equations are non-zero. But with respect to the variables excluded from the 



particular structural equation of interest we do not need to know in which 

particular other structural equation the excluded endogenous and predetermined 

variable appear. Nor do we need to know the specific formulations and alge

braic forms of the other structural equations of the model. Bence, we can 

estimate the parameters of a particular structural equation, the algebraic 

form of the particular structural equation, and the variables included in the 

remaining sub-set of structural equations. 

There are a number of single equation methods for estimating parameters 

of structural equations available. We will concern ourselves mainly with 

four such methods. The two methods which we will consider in greatest detail 

are two stage least squares and limited information maximum likelihood (or 

limited information least variance ratio). Two stage least squares is some-

times also referred to as the Theil-Baamann method. It is one of the most 

commonly used methods of estimation of parameters of an over-identified system 

of simultaneous equations. The method of instrumental variables and Theil's 

k-claaa estimators will also be considered. 

Properties of Estimators 

Before investigating methods of estimating structural parameters of ai-

multaneoua systems it might be helpful to briefly mention some of the general 

properties of estimators of structural parameters of simultaneous equation 

syatems.1f Firat all of the estimators mentioned - two stage least squares, 

limited information maximum likelihood, k-claaa, instrumental variables, three 

stage least squares, and full information maximum likelihood are biased. But 

if the disturbances are aerially independent the methods of estimation yield 

consistent estimators. The k-claas estimators are consistent if the probabil-

ity limit of (k-1) • 0. 

l/For a eumm8ry of properties of several methods for structures and for re
duced forms aee Carl Christ, Econocetric Methods and Models, pp. 464-431 
and particularly Table 11.1 on page 466, A aucmary of Monte Carlo studies 
of properties of estimators of parameters of simultaneous systems of equa
tions is presented in Chapter 13 of J. Johnston, Econometric Methods, Sec
--~ v~<r<nn M~Graw-Bill. 1972, 
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For large sample sizes the limited information ~ likelihood snd 

full information maximum likelihood ~thods yield estimators which are 

asympotically normal if disturbances are serially independent. Asympotic 

covariance& matrices are available for two stage least squares and three 

stage least squares estimators. Approximate covariance matrices are 

available for limited information and k-class estimators. If the dis-

turbances are normally distributed then all the ~thods of estimation 

mentioned except the instrumental variable method yield asymptotically 

efficient estimators where asymtotic efficiency for limited information 

maximum likelihood, two stage least squares, and k-class estimators 

refers to ~symptotic efficiency relative to other estimators using the 

sa~ incomplete a priori information. Overall the full information 

~thods generally yield more efficient estimators than limited information 

methods. However, from an applied viewpoint the efficiency of full infor-

mation estimators may not be of any significant consequences. 

For just-identified simultaneous systems of equations, two stage 

least squares, limited information maximum likelihood, instrumental 

variables, and indirect least squares all yield identical estimators. 

Indirect least squares entails estimating the parameters of reduced form 

equations by ordinary least squares methods and computing the estimates 

of structural parameters from the estimated reduced form coefficients. 

Normalization of Equations 

Normalization of an equation entails making the parameter of one of 

the endogenous variables one. This facilitates distinguishing among the 

structures ef the model and for some estimation ~thods is a necessary 

step in the estimation process. The choice of the endogenous variable 

with respect to which a particular structural equation is normalized is 

arbitrary, however, depending upon the phenomena represented by the 
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structure normalization with respect to a particular endogenous variable 

may make more economic sense and economic analysis may be more amenable 

than if normalization were with respect to some other endogenous variable, 

The normalization of equations is generally taken into considuation, 

implicitly or explicitly in model formulation and the variables' included 

in a particular structural equation are in part chosen on the basis of 

the particular normalization, For example, if a demand equation is 

normalized with respect to quantity then very likely the prices of 

substitute products will be included in the equation whereas if the struc-

ture is normalized with respect to price then very likely quantities of sub-

stitute products will be included, However, the mathematical (really 

mechanical) aspects of normalization are strictly arbitrary. 

For illustrative purposes let us consider a rather simple structural 

equation from some system of simultaneous equations. Let the system be: 

(12 .1) aY + rz • u. 

where no signs are being imposed on the disturbances U. Now suppose we 

select one equation out of this system, the i~ one, and it is of the 

form 

(12.2) 

We can multiply this equation by a non-zero constant and uot really change 

the content of the equation. But first let us choose to normalize this 

equation with respect to Yil so 

(12 ,3) 

Now set e11 • 1 and 

(12. 4) 
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where (12.4) is (12.2) normalized with respect to the Y11 endogenous 

variable. 

The other structural equations of (12.1) may be normalized in a 

similar manner. In eac:h equation the coeffic:ient of one endogenous 

variable is set equal to some non-zero constant usually one or minus one 

depending on the particular forMUlation of the model. 

Note that if the normalization would have been done by letting 

8il • -1 then the normalized equation would be: 

(12.5) 

or 

(12.6) 

where the sign on the ui is immaterial since whether the disturbance is 

incorporated into an equation with positive or negative sign is of no 

consequence. 

If the model had been expressed in implicit form 

(12.7) SY + rz + u • o 

then the i~ equation would be 

(12. 8) 

normalizing by setting 8il • -1 yields 

(12.9) 

and 

<12•10> Yil • 8i2 Yi2 + Yil zil + Yi2 zi2 + ui 

Regardless of which of these normalization schemes are used as long as 

the signs are considered appropriately the final estimated equations 

will be the same. 
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Least Squares Applied. to Structural Equations 

When the joint determination of variables in a structural equation are 

disregarded and ordinary least squares methods are used to estimate the 

parameters of a structural equation the estimators are not only biased 

but they are inconsistent. Bence, the bias persists even for large sample 

sizes. This phenomena is referred to as "least squares bias." This shotJld 

not be misinterpreted that the least squared method is biased but simply 

that ordinary least squares yields biased and inconsistent estimators 

under these conditions. 

The reason for this bias and inconsistency is that in a structural 

equation from a simultaneous equation model there is IDOre than one 

endogenous variable per equation and hence some of the regressors are. 

interdependent with the disturbance of the structural equation. To 

explore the basis of the bias and inconsistency let us consider the 

following just-identified two equations model: 

(12.11) 

Normalizing the first equation with respect to t 1 and the second with 

respect to t 2 by setting their respective parameters equal to minus one 

yields 

(12.12) 

or 

(12.13) 
Yl • 11 12 Y2 + Yn zl + YlO zo- ~ 

Y2 • 11 21 Yl + Y22 z2 + Y2o zo - u2 
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the reduced form equations for the endogenous variables are: 

(12.14) 

y2 .. 

(1!12 Yzo + Y1o> 

(1 - 1112 11n> 

<anY1o + Y2o> 
(1 - 1112 lin> 

+ 
Y22 

(1 - 812 

zo 

lin) 

+ 

(ul + 1!12 u2) 
(1 - 1112 1121) 

821 all 
(1 - 1112 lin> 

z2 -
(lin ul + u2) 

(l - 1!12 1121 

Now suppose we obtain estimates of the psrsmeters 

zl 

of the first equa-

tion of (12.13) by applying ordinary least squares directly to the struc-

tural equation. Let us censider a sample size of D observations and to 

facilitate the illustration rewrite the equation 1n matrix form as 

follows: 

where Y1 , Y2 , z1 , z0 , and u1 are all n x 1 vectors. Now let 

and y • 
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The lea11t equares estimators of the parameters are: 

(U.l7) ~1· 

• 

• 

The expected value of the second component of the last expression of (12.17) 

is not zero nor does the component vanish if ve take the probability limit.l/ 

We know from the formulation of the model that Y2 is not uncorrelated with the 

disturbance, u
1

• Furthermore, Y2 y2 of the inverse matrix 

L:· y2 y I I -1 
(12.18) 2 

Z' y2 Z'Z -
l/If the mass or density function of a sequence of random variables {x(n)} 

becomes entirely" concentrated at some point as n goes to infinity, the 
sequence is said to converge in probability to that point and that point 
is said to be the probability limit of the sequenee. If the entire dis
tribution collapses on a point that point is the asymptotic expectation, 
However, an expectation can approach a constant without the distribution 
collapsing. If the variance goes to zero the distribution will eollapse. 
See Arthur S. Goldberger, ~ometric Theory, John Wiley, 1964, Chapter 6, 



U-10 

w111 result in variance and covariance terms of the disturbances. Renee, 

the estimators are biased, 

Possibly we can gain some further insight about this bias if we express 

the reduced form for Y2 of (U.l4) in terms of reduced form parameters and 

substitute for Y2 in (U.l7). Let 

where 

and 

(12. 20) 

v2 -

1121 Y1o + Y2o 

1 - 612 621 

Y22 

C621u1 + u2) 

1 - 612 621 

"20 

Y2 • &ozlz;J "21 + V a 
2 

"22 

"21 

(Zl zo zJ "2o + v 

"22 

but Z • fj.1zJ as defined for (12.16) so if we let 11 • ['~~'21 n2;j
1then 

(12.21) 

Now 

(12.22) 

,,. .. 
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~J'[z Z,l' [:22} ., ~J~J 
---- ~-- ---·--- ... 

[Z z
2

J '-[Z z
2

] [Z z2 J' v 2 + v 2' v2 
,.22 

~"' J ' (1 - .~ .,, 
,. 

-- -~-

+ r 
-, 

[Z Z ] 1 . 1 .J ' u-•,•u' [e21u1+u2] + (1-61~ a21) 2 [a21u1+uzl' (e21u1+u2] 

and 

(12.23) y ' z .. ~22J [Z Z ]' Z- ( 62]. ~ + .U2) I 
2 2 

1 - s12 s21 

and 

~J (12.24) Z'Y .. z I [Z z ) z• (S21 ~ + u2) 
2 2 

1 - s12 s21 

and 

(12 .25) Y21 ~ = ~ J[z z,l • u1 - ( 'n "1 + ":!' ' 
,. 22 1 - 812 621 -

Nov the probability limits of (12.22) - (12.2S) are 

(12.26) pl.im. 

n+ .. 

(12. 27) plim 

·D. + ., 

(12.28) plim 

ll+"' 

(12. 29) plim 

D •• 

'!2 ~ y2 = ~ 
1

J'[z z2]• [Z z2 J 
,.22 

• 
I l" J' ["zl' 

!2 z "' 
z 

n 
"22_ 

Z' '! 

,. (z "{ J 2 • 
n 

,.22 

n 

and hence the probability limits of the estimators are: 

z 

~ 
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From (12. 30) it is clear that the bias does not vanish aa n -7-.., and hence 

the estimators are not consistent. The bias terms are functions of the 

variances and covariances of the disturbances and the structural parameters. 

Although only one structural equation was considered in illustrating the 

bias and inconsistency of ordinary least squares when applied to a .structural 

equation from a simultaneous equation model, the bias and inconsistency of 

least squares estimators could be developed for the other equations in the 

model.1/ Also, the model considered here was a two equation just-identified 

model but the same would hold true for models consisting of more than two 

equations and for over-identified models. 4/ 

1/For an illustration of "least squares bias' for model consisting of a 
stochastic consumption function and a non-stochastic income relation 
see Christ pages 459-464 or·JohnBtca pages 341-346. 

4/ See Jean Bronf enbrenner "Source and Size of Least-Squares Bias 
Two-Equation Model", in Wm. C. Hood and Tjalling C. Koopmans. 
Chapter IX, Pages 221-235. 

ina 
Studies 
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CIIAPl'ER J.3 

Two Stage 
Least Squares Estimation 

Introduction 
Two-stage least squares (TSLS) 1a one of the moat commonly used limited 

information single equation methods for estimating the parameters of a aim~ 

ultaneous system of linear equations. In terms of the estimation process 

itself, it is one of the more easily understood methods of estimation of para-

meters of simultaneous systems of linear equations. Also, the computational 

task is one of the least burdensome and it 1a one of the lower cost computa-

tional methods. Furthermore, based on Monte Carlo studies the sample prop-

erties of TSLS estimators are about as r,ood or at least not inferior to other 

estimation methods.l/ 

First a s:lmultaneous equation model in general matrix form will be ape~ 

ified and the underlying BBBumptions indicated. Then we will take an intui-

tive and "cookbook" look at TSLS. This will be followed by a rather detailed 

development of the TSLS method of estimation. 

The Model and Assumptions 

The type of model we will be considering is: 

(13 .1) Y 8 + z r • u 

where Y is a (T x M) matrix of observations of endogenous variables. 

8 1a a 01 x M) matriX of parameters of the endogenous variables. 

Z 1a a (T x H) matrix of observations of predetermined variables. 

r is a (N x M) matriX of parameters of the predetermined variables. 

U is a (r x M) matrix of disturbances. 

l/ See J. G. Cragg, "On the Relative Small-Sample Properties of Several 
Structural Equation Estimators," Econometrica, Vol. 35, No. 1, January 
1967, pp. 89-110, J. Johnston, Econometric Methods~ McGraw Hill, 1972, 
pp. 408-420, and Jan J:menta, Elements of Econometrics, Macmillan, 1971, 
Pl'• 581-585. 

I 
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There are M endogenous variables in the silllultaneoua ayatem of equations 

and M equations and in this aenae the model ia complet 1. There are N pre

determined variables in the entire model and of course if the structural 

parameters are to be estimated the predetermined variables will have to be 

distributed among the structural equations in such a manner that the struc-

tural equations are identified. 

We will be making the following assumptions: 

1. Model is linear in parameters. 

2. Model'o-determinant is not zero (determinant of II matrix not zero). 

3. Z'a are predetermined and linearly independent. 

(13.2) 4. Equations are identifiable (just-identified or over-identified). 

S. u's are random with zero mean at1d finite variances and covariances. 

E(uiuj) m 0 

6. Distribution of u's is the same in all time periods; their variance-

covariance matrix is non-singular. 

7. u's are serially non-correlated~ 

8. u's are normally distributed. 

9. Moment matrix of predetermined variables is well behaved in the 

limit (in the limit Z's exist and is non-singular) 

The last two assumptions facilitate the designation of asymptotic properties 

of the estimators. 

A Cursory Look at Two Stage Least Squeres 

As its name implies TSLS entails applying least squares procedures in 

two stages. To illustrate the procedure in somewhat of a "cookbook" fashion, 

let us consider a two-equation over-identified simultaneous equation model 

·which will be asouned to fulfill the aseunption specified in (13.2). The 

nodel to be considered is: 
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811 Yl + 8u Y2+ Yu zl + Y12 z2 + Y13 z3 + Y1o zo + ul • 0 

821 Yl:+ 822 Y2 + Y21 zl + Y24 z4 + Y25 z5 + Y2o zo + u2 • 0 

Let us uormali&e the first equation of (13.3) with respect to Y
1 

aud tbe 

aeeoud equatiou with respect to Y2 such that the uormaH1ed. •qnati"'MM 

(S11 • e22 • -1) are as follows: 

(13.4) 
Yl • 812 Y2 + Y11 zl + Y12 z2 + Yl3 z3 + Y1o zo + ul 

y2 • 821 yl + Y21 zl + Y24 z4 + y25 z5 + Y20 ZO + u2 

where iu both (13.3) and (13.4) 

Y1s are endogenous variables. 

Z's are predetermined variables with z0 a vector of oues. 

S's are the parameters of endogenous variables. 

y'a are the parameters of predetermined variables. 

u's are vectors of disturbances fulfilling 5, 6, 7, snd 8 of (13.2) 

The first stage equations of TSLS, which are a type of reduced form equations, 

are: 

(13 .5) 
Yl • •10 zo + ~11 zl + ~12 z2 + ~13 zl + ~14 14 + ~15 z5 + vl 

Y2 • •zo zo + •21 zl + ~22 z2 + ~23 13 + •24 z4 + ~25 z5 + v2 

snd :ll1 matrix fiorm: 

Y2 • z •2 + v2 

where Z ia the matrix of observations of all predetermined va!iables in 

the model. 

w1 is the vector of parameters of the first stage equation for Y1• 

w2 is the vector of parameters of the first stage equation for Y2• 
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v1 is the vector of diatrubances of the first stage equation for Y1• 

v2 is the vector of disturbances of the first stage equation for Y
2

• 

Note that the equations of (13,5) and (13.6) are of the form where one 

endogenous variable ia a function of predetermined variables and a disturb-

ance term. TSLS entails applying least squares methods in two stages. The 

first stage involves estimating the parameters of (13.6) by ordinary least 

squares and then obtaining the predicted values of the endogenous variables 

for observed values of the predetermined variables. In the second stage of 

estimation the observed values of the endogenous variables on the right side 

of (13.4) are replaced by their predicted values from the first stage and then 

lt>.ast squares methods are applied to obtain estimates of the structural para-

meters. 

The least squares estimators of the structural parameters of (13,6) are 

as follow: 

111 • (Z 'Z) -l Z'Y 
1 

(13.7) 
• 

(Z'Z)-l 1J2 • Z'Y 2 

and the predicted values of the endogenous variables are: 

• 
Z(Z'Z)-l yl. z 1Jl .. Z'Y 

1 
(13.8) 

• 
Z(Z'Z)-l Z'Y y2 • z 'I • 

2 2 

All of the statistical quantities related to least squares procedures and 

tests for testing hypotheses about regression parameters are applicable to 

2 2 the first stage euqations. This means quantities such as R and (l - R ) are 

valid and tests such as t and F may be used to test hypotheses about the n's. 

For the second stage the predicted values of (13.8) are substituted into 

(13.4) to yield: 

(13.9) 
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The second stage involves applying ordinary least squares procedures to the 

equation of (13.9) to obtain estimates of the structural parameters. The 
2 . 

estimators are biased but consistent. R 1a no longer a strictly valid eta-

tiaticsl quantity. Conventional t and F testa are not strictly valid for 

testill8 hypotheses about the structural parameters. Furthermore, the reaid-

uals variance and variances of coefficients obtained by estimating (13.9) by 

ordinary least squares are not appropriate after estimates of S'a and·y'a are 
• 

obtained, Y2 and Y1 on the right side of (13.9) have to be replaced with ob-

served values of Y2 and Y
1 

to obtain predicted values of Y1 and Y2 on the 
. 

left-baud side of (13.9). Then (Y1 - this predicted Y1) • u1 and (Y2 - this . 
predicted Y

2
) • u2 Vhich then can be used to estimate the appropriate resid-

ual sums of squares and appropriate residual variances. Using these residual 

variances the appropriate variances and standard errors of the estimated co-

efficient& ~Y be obtained. 

The General Case 

Again let us consider the general model 

(13.10) Y a + z r • u 

consisting of M structural equations. From this system of equations let 

us focus on the gth equatton which is: 

(13.11) 

where t • 1, 2, ••• T. T 1a the sample size. Normalizill8 (13.11) with 

respect to Ylt by letting s
81 

• -1 we have: 
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In matrix form the normalized gth equation is: 

(13.13) yl • ygll llgll + z8,. yg* - ug 

where: 
yll yl2 1ll yi~ I -- ... 

y21 y22 y23 Y2ml 

yl • y • 
gil 

llg2 zll- - - z 
lnl z10 

llg3 z - -21 - z 2n
1 

Zzo 

llgll • z * • g 

sgml ZTl - z 
Tnl ZTO 

Ygl ulg 

Yg2 u2g 

yg* • u • g 

Ygn 
1 ~g 

-L 
Yso 

ygll represents the matrix of observations of endogenous variables in the 

'- equation other than the one with respect to which the equation was normalized. 

SgA is the vector of parameters of the Y
811 

endogenous variables. z
8

,. denotes 
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the matrix of observations of the predetermined variables in the gth 

equation. A "dummy variable" for the intercept is included in Zg*' 'Yg* is 

the vector of parameter• of the predetermined variables in the gth equation. 

u
8 

ia the vector of disturbances for the gth equation. 

In .(13~10) the matrix of predetermined variables is: 

(13.14) z ·rg* zg.J 
where Zg** is a T x (N - n1) matrix of observations of predetermined variables 

excluded from the gth equation but in the remainder of the model. 

The first stage equations are as follaw: 

(13.15) 

y • Z11 +v 
~ ml ml 

or 

(13.16) y • 
g6 z 11 + v 

where .. 2 

"3 
11 • and v • 

11 vml 
ml 

Least squares estimators of the parameters of the first stage equations are: 



(13.17) 

or 

(13.18) 

(Z'Z)-l Z'Y 
2 

(I!.'Z)-l Z'Y 
3 

; • (Z'Z)-l Z'Y 
gA 
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Predicted values or the endogenous variables are: 

or 

(13.20) 

The predicted values may also be expressed in terms of the observed endo~ous 

variables and the residuals of the first stage equations as follows: 

(13.21) 

where 
V • Y - Y • YaA - Z W gA gA ., 

Now substituting YgA for YgA in (13,13) we have: 

where w is the disturbance for the gth equation when the observed values of 
g 

the endogenous variables on the right are replaced with their ra8peetive 
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w 
p; 

The least squares estimators of the struetm:al parlllllrters of the gth _equation 

are: 

,,.,., r·~ c· z ,I 
• 1 

~t.z*)l • a { Y [Y gt. Z g* J } - yl y gt. g* .... p, g 
g* 

A 

i· •:1-1 yl ygt. gt. gt. g e .. • Ygt. zg•J I Yl zl ygt. Z I Z 
g* g* &.:_t 

Substituting (13.21) into (13.24) yields: 

A • A ' . -1 
agt. (Ygt. - V) I (Ygt. -V) (Y

86
-V) z * I (Y - V) I 

g I gt. (13.25) • . 
yg* Z' 

. g* (Ygt. - V) z1 
g* zg* 

Now 
... ... ... ... ...... 

(13.26) (Ygt.- V)'(Ygt.- V) • Y~t. Ygt.- Y~t. V- V'Ygt. + V'V 

A A 

• Y' Y ..-.v~v 
gt. gt. 

• 

z1 
g* 

yl 

because v
86 

and V are uncorrelated since Y86 • Z w 

V. Furthermore, 

and Z is uncorrelated with 

(13.27) 

Hence, 

(13.28) 

Z'V • Z1(Y - Z(Z 1Z)-l Z'Y ) gt. gt. 

• Z'Y - Z' Z(Z'Z-l) Z'Y • Z' Y - Z' Y 
~ ~ ~ ~ 

• 0 

Z' V • 0 s* 
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• 
since it is a submatTix of Z1V and thus must be a submatTix of the null 

matrix. Therefore, the TSLS estimators of the parameters of the gth st=c

tural equation are: 

(13.29) 

and 

(13.31) 

. " 
Y' Y -v 1V gll gll Y 1 Z gll g* -1 

• 
Z

1 
Z * g* p; 

" " " 
u I u • (Y - y ) I (Yl - Yl) • g g 1 1 fyl- Ggll 

~gJ 
~g.J 

I 

l
(Y - V) I 

gll 

z• 
p;* 

" 

which is the sum of squared residuals from the ~ stTUctural equation 

based on the observed values of the endogenous variables on the right of 

the equality sign. The residual variance is 

" 
(13.32) 

2 ul u 
Bg - g g 

T- (ml + ~) 

where there are (m1 - 1) endogenous variables but (n1 + 1) predetermined var

iables including the "dummy variable" for the intercept. Following least 

squares procedures the estimated variance-covariance matrix of the estimators 

of the stTUctural parameters of the ~ equation is: 

~·~ 2 c· ygll -v 1V yill '•J' (13.33) Var • II 
gll 

c zl 
g* ygll zl z • g* g* g 
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Testing and Interpretation 

2 Although frequently the t-tests, F-testa, and R are presented for the 

second stage equations of TSLS they are not strictly valid for the estimated 

structural equations. Tests for aerial correlation aren't strictly legit-

imate. All of these should be interpreted with caution. Remember we are 

dealing with biased estimators and the estimated variances and standard 

errors of the estimated coefficients are estimates of asymptotic variances and 

standard errors, not estimates of variances and standard errors for finite .. 

sample sizes. They may serve as useful approximations and should be recog-

nized as approximations. Often the magnitude of the estimated coefficient 

relative to ita estimated standard error is used to judge whether or not a 

parameter is different from zero. If the absolute value of the estimated co-

efficient is greater than ita estimated standard error the parameter is con-

aidered different from zero. 

Care should be exercised in interpreting the estimated coefficients of 

structural equations particularly the coefficients of endogenous variables. 

There is some difficulty with the partial regression coefficient interpreta

tion of these estimates of parameters. This is not unique to TSLS but is 

true for any estimators of structural parameters of a simultaneous equation 

system. For the coefficients of endogenous variables, the condition that 

everything else is invariant is untenable. A change in any endogenous var-

iable leeds to simultaneous changes in other endogenous variables. Other en-

dogenous variables cannot be kept invariant when one is permitted to vary. 

This doesn't mean we don't attempt to interpret these coefficients but simply 

suggests that we should recognize their limitations. For very ~all or infin-

iteaimal changes this is probably not a serious matter. For large change as 

we often consider for policy purpose this may be quite critical. The same 

holds for elasticities or other economic quantities which might be computed 

or derived from the estimate• of structural parameters. 
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CHAPTER 14 

Limited Information 
Single Equation Estimation 

Introduction 

The limited information single equation (LISE) method for estimatin~ 

parameters of a simultaneous system of linear equations was developed prior 

to tbe two-stage least squares methodo It ie someWhat of a more difficult 

estimation procedure to understand, it is someWhat more complex and the coo-

putational task is considerably more laborious. However, computer pro~rams 

for estimating parameters by LISE are available so that computational con-

sideration in choosing a method of estimation are of lees importance. 

Two criteria of estimation may be ei:lployed in estimating parameters of 

a simultaneous system of linear equations LISE and both criteria result in 

the same estimating formulas. The two criteria are the maximum likelihood and 

least variance ratio. A more detailed discussion of the maximum likelihood 

principle will be presented in a later chapter although some use of the cri-

terion will be made here. We will draw some on the least variance ratio 

(LVR) but recognize that in terms of the formulas used in estimation it · 

doesn't make any difference which criterion is used. 

Least-Variance Ratio Criterion 

Consider a simultaneous model of linear equations such as: 

(14.1) YB + zr • u 

where: 
y is a (T x M) matrix of observations of endogenous variables. 

8 is a (M x H) IIBtrix of parameters of the endogenous variables. 

Z ,is a (T x N) matrix of observations ef predetermined variables. 

r is a (N x M) matrix sf the predetermined variables. 

u is a (T x M) matrix of disturbances. 

The model is complete in the sense that there are H endogenous variables and 

M equations. 
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The gth equation of this system is: 

(14.2) 

where t • 1, 2, ••• , T is the sample size. In mstri:l: form the gth 

equation is : 

(14. 3) 

where: 

y • 
gt. 

z • 
g* 

Y 6 B 6 +Z*Y* g g g g 

yll yl2 - - -

y21 y22 

z - - - z 11 1n
1 

z - - - z 21 2n
1 

ZT - - - z 
1 Tn1 

-yg1 l 
yg2 

yg* • 

ygn1 

Ygo 

• u 

ylm 
1 

y 
2m

1 

YTm 
1 

ZTO 

g 

u g • 

u 

Bgm 
1 

1r, 

u2 
~ 

~gJ 
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YgA Tepusents the matTix of obaenations of endogenoUII variables 111 the 

equation. At this potDt no distinction ill ude between the one with respect 

to which the equation 1a notmali&ed and the otheT endogenOUII vadablee 1ri the 

gth equation. SgA is the vectoT of panmeten of the endogenous varlablea. 

No notmalhation is indicated but notmalization a:l.IDply me811s that one of the 

paTameteTs of SgA will assume a value of eitheT l oT -1. z
8
* denotes the 

UtTix of observations of the pndetermined vaTisbles in the gth equation 

including a dummy vaTiable foT the inteTcept. Yg* is the vectoT of the paTa

meten of the n1 pTedetermined vaTiables in the gth equation. u
8 

ia the vee

toT of distUTbances foT the gth equation. 

In (14.1) the matTix of observations of pTedetermined vaTiables in the 

model is: 

(14.4) z • [z. z.J 
wheTe 

Z* is the T x n1 matTix of observations of the pTedetermined vaTiablea. 
·- .... , 

in the gth st:ructuTa1 equation. 

Zu is the T x (N - n1) matTix of observations of predetel'lllined variables 

included in the model but not appearing in the gth equation. 

Now for convenience purposes let us define the ltDear combination of en-

dogenous variables 1n the gth equation as! 

(14.5) 

The leaat variance ratio criterion involves estimating the coefficients of the 

endogenous variables in the gth equation, S gA, eo that the red dual vari811ce 
~ 

when Y • YgA SgA ia regressed on Z* relative to the residual vari811ce when 
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is regressed on Z • ~* z.;J is made sa small as possible. In 

other words the addition of the predetermined variables excluded~ the gth 

equation but included in the remainder of the model, Z**' should make a min--1mal improvement in the explained sum of squares of Y. 

The least-variaace ratio criterion is compatible with the restrictions 

on parameters implied by the structural equation with respect to the reduced 

form. (1~.2) could be rewritten as follows: 

(14.6) Y + Yg** [oJ + z. y* + z •• [r[}• ug 

where 

Yg** is the matrix of observations of endogenous variables in the 

system other than those appearing in the gth equation. 

[o] are null matrices of appropriate order. 

Thus the corresponding reduced form implied by these restrictions on the 

parameters are: 

where w
8 

is the reduced form disturbance. Thus the predetermined variables 

znl + 1' zul + 2' 

cation is that if 

- - -, ~ do not appear in the ~th equation and the impli-
...__ 

we were to compute the regression of Y on all Z's in the 

model including those that do not appear in the gth equation then we should 

expect to get zeroes for the estimated parameters of Z**' zn
1
+l' Zn

1
+Z' - - -, 

~· But because of sampling variation, it is impossible to choose values of 

BgA that will make all estimated regression coefficients of Z** be exactly 

zero for a finite sample in an over-identified equation. The next best thinp, 

is to choose the values of Bg& such that the excluded predetermined variables 

are as unimportant as possible which is exactly what the least-variance ratio 

criterion attempts to do. In other words the values of Bg& are chosen in 

such a manner that the contribution of Z** to accounting for the sum of 

. -· squares Y above the amount already accounted for by z. is a minimum. 
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Assumptions 

The B881.1mption.e employed in estilllation by tbe l.im1ted information single 

equation aethod are the same as those used in TSLS. The relevant Ul!ltllllPtiollB 

are given in (13.2) of tbe preceeding chapter, and will not be rep~ated here. 

Estimation Procedure 

The variance ratio which is to minimized is obtained by regressing the 
,.,..... 

composite endogenous variable,Y, on z. and on Z and forming the ratio of the 

first residual sum of squares over the second. The sum of squares of the 

composite endogenous variable is: 

"· -(14.8) Y'Y = a' Y' Y S gll gll gll gh 

Now if we regress Y on Z* we are concerned with the following regression 

equation: 

(14.9) Y m Z* 11{1* + V* 

where v* is a vector of serially independent disturbances and E(v*) • 0. 

Ordinary least squares yields the following estimators of the parameters of 

(14.9): 

(14.10) 11 • (Z' Z )-l Z' y 
ll* • • • 

The explained sum of squares is: 

(14 .11) ssa.., 

where y • 

. 
•11 ' 

ll* 

n 
l: 

i-1 

z ' y • 
yi 
n 

-v ....... 

nY~ = Y' ~. (Z~ z.)-l z.•y- nY2 

The residual sum of squares is: 

(14.12) 
,.z 

SSE* • Y'Y - nY - SSR* 

• Y'Y,- nY2 
- Y-; z. (Z~ Z*) -l z.' Y + nY2 

...... .,_ 'V )-1 • Y'Y - Y'z• (t~ z. z; Y 

• a~, Y~A Y8A s86 - rrgA s86>•z.<z~z.>-1z~ 
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where 

and ~ll is ~ x m1 • 

S1m1lsrily we may regress~on z • ~.z.:.J . 
__, 

The regression model is: 

(14.14) Y•Z"ll**+v** 

where v** is a vector of serislly independent disturbances and E(v**) • 0. 

Ordinary least squares yields the following estimators of the parameters of 

{14.14): 

{14.15) ;ll** • (Z'Z)-l Z Y 
The explained sum of squares is: 

" .- s2 ,.......;' 1 ..-.../ £2 
(14.16) ssa.* • 11 ll**Z'Y- n Y • Y'Z (Z'Z)- Z'Y- n Y 

where Y • 

The residual sum of squares is: 

(14.17) 
- ~ =2 ** SSE..,. • Y'Y - n Y - SSR 
,.,., "" - 2 _., 1 

• Y'Y- n Y - Y'Z(Z'Z)- z' -./ =2 
Y+nY 

,yJ,.....,. ........... -1 ,-/ 
a Y'Y - Y'Z(Z'Z) Z'Y 

• e• gll Y' gll ygll B gll - e;ll Y' Z(Z'Z)-l 
gll Z'Y gll Bgll 

• B' gll W llll B gll 

where 

{14.18) wllll • Y' ygll - Y' Z(Z'Z)-l Z'Y gll gll gll 
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The least-variance ratio boils down to a choice of B gll which minimizes :1/ 

(14.19) i -

Now the taak 1a to minimize (14.19). This entails differentiat:fng ! partially 

with respect to the :fndividual parameters of Sgll' i.e., Bgj (j • 1,2, ••• ,~) 

and equating these first order partial derivitivea to zero. This yields the 

following ~ equations which may be solved simultaneously: 

where Wj denotes the jth row of W~6 • 

wj denotes the j!h row of W llll. 

Express:tng these equations in matrix form yields: 

(14. 21) 

These may be obtained directly by matrix differentiation: 

(14.22) a i • 2W*AA ~ ,gA ( B g,!. W llll S gll) - (B gll ~ll B gll) (2) W llll B gll 

as86 m~ ~6 s~> 2 

and 

ll The aet of estimators of parameters of endogenous variables in the &!!1 
equation which minimize the variance ratio also fulfill the maximum 
likelihood conditions. The s86 which minJDdze (14.19) also maximize 

L • - t loge B~ll ~ll B gll 

B ~ll WM llgli 

which is the objective function that the 

single equation maximum likelihood procedure reduces to. See J. 
Johnston, Econometric Methods, 1972, pp. 384-387. 
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thus 

(14.24) (~6 - 8g6 wx6 8g6 w66) sg6 • 0 

8 ~6 w66 8g6 

hence 

(14.25) 0 

Now (14.21) and (14.25) have a non-trivial solution for B 6 only if the 
. g 

dete~toental equation 

is satisfied. The elements of both ~6 and w66 are functions of sample ob

servations as given 1n (14.13) and (14.18). Hence (14.26) provides us with 

a polynomial 1n 2. (ml order) which must 

There are as many non-zero roots, 1, as 

be solved for the smallest root, 2.. 

the ranlt of [WX6 -2. w6J which in 

this case is ~ the number of endogenous variables in the s!h equation. · 

After the smallest roet has been obtained it is substituted toto (14.25) 

to obtain 
A 

(14.27) <~6 - 2. w66> as6 • o 

This is a system of ~ equation ia ~ unknown, the B 
86

, thus we can solve for 

the estimated coefficients of the endogenous variables in the gth equation. 

But since the system of equations given in (14.27) is equal to a null vecto.r 
A 

and Bg6 ~ 0, the Bgj's are in proportional terms to each other. To obtain 

a unique set of estimates of Bg6 a restriction in the form of "fixing" the 

value of one of the parameters has to be utilized. Normalization provides 

this restriction. If one of the agj's is set equal to -1, then Bg6 is unique. 

Now we are in a position to obtain the estimates of the parameters of 
.-

the predetermined variables in the gth equation. From the specifications of 

the gth equation in (14,3) we may solve for: 
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and 

(14.29) z~ z,.. y,.. • - z~ Y 6 s 6 + z~ u 
g & g 

and 

(14.30) Y,.. • -(Z~ z,..)-l Z~ YJgfl a- "t::.* 

. 
where "t::.* may be obtained from (14.10) after Bgfl is known. Also, note that 

(14.30) may be written: 

(14.31) ·- r:: -1 
Y,.. a - L<Z~ z,..> 

fi -1 where l (Z~z,..> Z~ YgJ are least squares estimators obtained when the 

endogenous variables in the gth equation are regressed on the predetermined 

variables in the gth equation, z,... This regression model is: 

and 

(14.33) ",.. • (Z~ z,..>-
1 z~ Ygt::. 

where ",.. is a n1 x m1 matrix conSisting of m1 column vectors each consisting 

of n1 elements. In other words the equations corresponding to (14.33) are: 

(14.34) " 1,.. • (Z~ z,..> -l z,.. Ygl 

"2* • (Z~ z,..>-1 z~ Yg2 

and 

(14.35) 'II ... -r1 ... "·2 .... 

Thus (14.31) is also, . 
(14.36) Y,.. ~ -n,.. Bgfl 
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An estimate of the residual variance may be obtained from: 
' 

(14.37) - u' 
g 

where 

The asymptotic variances and covariances of the limited information 

single equation estimators are 

(14.38) • - 1 

Where W Y' Yg• - Y Z(Z'Z)-l Z'Y l;l;·· gl; u gt; gt; 

2 - 1 . . 

-F BY 

-F BY 

gg(w~6 - w
66

J denotes that the g!h row and gth column have been 

deleted. Here g refers to the endogenous variable with respect to which the 

equation was normalyzed. If it was Y, then g e 1 and gg u 1,1. 

Now, 
. 

(14.39) Var (Bgt;> • 
. . .... 

(2-1) B' W 8 gt; M gt; 

are the estimated variances and covariance& of Bgt;' 

• • 
The estimated covariances between s86 and y* are: 

. . 
(14.40) cov (Bgt;' y*) m 

. . . 
(2 - 1) Bg6 w66 Bg6 

T - (m1 + n1) 

(-F ) 8y 
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where 

denotes that the g~ row has been deleted • 

• 
The estimated variances and covariance& of y* are: . . . . 

(14.41) var (y•) • (1 - 1) s86 w66 s
86 

T- (m1 +,n1) 

where 'n • <z.• z > -1 + l(z I z > -1 z' 
* ogL * * * 

F yy 

Y l F 
&b) By· 

( , )-1 /[;, )-1 , I 
• z. z. + og L:z*z* z. Y86 j r 86 

r.Z'Z )-l Z'Y l I 

go L.-5: * * * 8t:J 

and riz' Z ) -l Z' Y J denotes the gth column has been deleted and 
og ~- * * * g ~ 

....-
goL<z~z.> -l Z~ y

8
J ' denotes that the gth row of the transposed matrix 

has been deleted. 
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CIW'TER 15 

k Class, Double k and h Class Estimators 

Introduction 

Theil developed k-class and h-class estimators which are general classe_s 

of limited 1/ 2/ information estimators.- Nagar- a student of Theil's and later 

a colleague of his developed the double k-class estimators of which the k-

class are a special case. All three of these classes of estimators are gen-

eral classes of limited information vith TSLS and LISE estimators bein~ 

special cases. Each of these methods is briefly described bel~•· The purpose 

of the presentation is to make you cognizent of these estimators and to make 

you aware of the relationships between the limit information estimators. 

k Class Estimators 

Again consider the general model 

(15 .1) Yfi+Zr•u 

consisting of M structural equations. Let us focus on the eth equation which 

when normalized with respect to Y1 is: 

(15.2) yl • y 0 + z y - u g6 pg6 g* g* R 

1f Henri Theil, Economic Forecasts and Policy (Contributions to Economic 
Analysis No. 15) Amsterdam, North-Holland Publishinr, COmpany, first 
edition, 1958; second edition, 1961, pp. 231-233 for k-class and pp. 
353-355 for h-class. 

!/ A. L. Nagar, "Double k-Class Estimators of Parameters in Simultaneous 
Equations and Their Small Sample Properties, International Economic 
Review, Vol. 3, No. 2 (May) 1962, pp. 168-188. 
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Y1 is the vector of observations of the endogenous variable with 

respect to which the gth equation is normalized. 

YgA is the matrix of observations of endogenous variables in the 

sth equation beside the one with respect to which the equation 

is normalized. 

agA is the vector of parameters of YgA' 

Zg* is the matrix of observation of the predetermined variables 

in the gth equation and includes a variable for the intercept. 

yg* is the vector of parameters the predetermined variables in 

the gth equation. 

u is the vector of disturbances of the gth equation. 
8 

Assume the sample size is T and there are adequate degrees of freedom for es-

timation. Also,consider (15.1) to be over-identified. The matrix of observe-

tion of the total number of predetermined variables in (15.1), M, is: 

(15. 3) 

where Zg** is T x (N - n1) represents the observations of the (N - n1) pre

determined variables excluded from the gth equation. 

In developing the two stage least square estimators (13.15)-(13.28) we 

reached one formulation given in (13.29) which is repeated here as: . 
agA Y' ygA - V'V Y' zg* -1 (Y - V)' 

(15. 4) gA gA gA 
yl 

• • 
yg* Z' ygA Z' zg* Z' g* g* g* 

• 
Where V is the matrix of residuals of the first stage equations of the TSLS 

procedure or in more general terms may be viewed as the matrix of residuals 
-

of the reduced forms. The essence of k-class estimators may be seen from the 

following expression of the k-class estimators: 



15-3 
-I .(k) • • • 

8 
I! A 

Y' y 
eA r,A - k v•v y;Azf'.* (YgA - k V)' 

• 
(15.5) yl 

- (k) z• z•.z * Z' yg* e* ygA g g g* 

variabl • 
where k is a / The different types of k-class estimators are defined by 

k taking on different values • 

.. • 
k-class estimators are consi~tent if the probability limit of k is equal 

to 1. Note that ordinary least squares, two stage least squares and limited 

information sinele equation (least-variance ratio or maximum likelihood) es-

timators are particular k-clasa estimators. For ordinary least squares k=O 

and the least squares estimators are not consistent. For TSLS, k•l and the 

estimators are consistent because plim k•l. Now for LISE estimators k = 1 

where 1 is the smallest root of the cleterminantal equation (14.26) presented 

here as: 

(15.6) 

• 
Remecber that the smallest root, 1, of (15.6) minimizes the least variance 

ratio and also maximizes the appropriate maximum likelihood function. The 

probability limit of 1 has been abo~ to be 1 and hence the LI5E estimators 

are consistent. 

Possibly a simplier way of viewin~ LISE estimators is throu~h the k-class 

framework. After one has solved (15.6) for 1 then the LISE estimators may be 

obtained by lettinr; k a 1 in (15.5) and solve for the estimators. Hence, 
I --' . i I "(1) . . . 

(y -8 gA Y' y - 1 V'V Y' z * -1 I. V)' r;A gll gA g gll 
(15.7) 

yl • 

. 

···J "(1) Z' ygA Z' --z , y 

- g* J e* g* g* 

L-



Now the residual 

(15.8) u - y g 1 
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for the gth structural - -
- ry z 1 a <2> L•et. a* 

ll* 

and the residual BIIID of squares is: 

• • 
(15. 9) u' u • g g 

equation is: 

} . 

The residual variance for the gth equation is obtained by dividinp. 

the appropriate degrees of freedom which is E -(m1 + nJ and . 
(15.10) s! • u' 

g 

. 
• (2) 
a 
gt. 

. 
• (2) 
ygll 

(15.9) 

The variance-covariance matriX of the LISE estimators, as with any of the 

} 

by 

k-class estimators, may be obtained from: 

f' -' 

a<;~ . • 
a<t> • (t) a (2) 

a st. gt. g' g 
(15.11) Var 

• • <2> I "(t) 
yg* T 

(t) 
yg* 

• (t) 
yg* yg*j 

which yields . 
"(t) . 
agt. y~t. ygt. - 2 v•v Y' z * -1 

2 r,t. !! 
(15.12) Var - B . g 

• (2) 
Z' ygt. z~* zg* yg* g* 

,...... --' 

Theil's k-class estimators define a fanily of estimators of which ordin-

ary least squares, two stage least sqaures, and limited information single 

equation (least-variance ratio or. maximum likelihood) are special ·cases. 

Other criteria of estimation may result in other values of k and hence other 

types of k-class estimators. Hence, it is a very general framework which de-

fines a large family of estimators for simultaneous systems of equations. 
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However, regardless of the values of k ita probability limit has to be 1 if 

the estimators are to be consistent. 

h-claaa Estimator 

The h-claaa estimators define another alternative set of estimation 

methods for parameter of simultaneous equation systems. This method was also 

developed by Theil. The estimators are baaed on an arbitrary real number h. 

The general h-claaa estimators for (15.2) are defined as follows: 

'(h) Y' Y -(l-h2) 
. . 

(15.13) ag v•v 
Y' Z ll • gt. gt. gt. g* 

•(h) Z' 
\t. z~* zg* Z' 1 

Yg* g* g* 

Both ordinary least squares and two stage least squares are special cases of 

the h-claaa estimatera. For ordinary least squares h•l. For two stage least 

squares h•O. It follows from the consideration of k-claas estimators that if 

the h-claaa estimators are to be consistent then the probability limit of 

(1-h) has to be 1. Again this is not true for ordinary least squares but 

pltm (l-h2) • pltm (1-h) • 1 for two stage least aqurea and the estimators are 

consistent. 

Note that limited information single equation estimator (LVR or ML) are 
• 

not one of the h-claaa eatimBtora. h has to be a real number and 1 is the 

smallest root of a determinantal equation and is a real number. But for the 

LISE (LVR or ML) to be a special case of the h-clasa estimators (l-h2) • (1-h) 

would have to hold and this is untenable. 

The residual variance of the gth equation and the variance-covariance 

matrix of the h-elaaa estimators may be obtained in a similar manner as vas 

done for two stage least squares (13.31), (13.32) and (13.33) and k-claas 
--

LISE, (15.9), (15.10) and (15.12). 
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Double k-Class Estimators 

Nagar introduced the double k-class estimators which is an even more 

general class of estimators for parameters of systems of simultaneous linear 

equations. The double k-class estimators encompass both the k-class and the 

h-class estimators. The crux of the double k-class estimators is that instead 

of a single parameter, k, as in the k-class estimators we may consider two k 

parameters, k1 and k2 • k1 and k2 are two arbitrary real numbers which may be 

equal to each other or different from each other. 

The double k-class estimators for the gth equation, (15.2) are defined as: 

;;<kl, k2) " " I " (15.14) Y' ygt. - k v•v Y' zg* -1 (Y
86

-k2V)' 
gt. gA 1 gA 

• yl 

~(kl, k2) Z' ygt. Z' z * Z' 
g* g* g* g g* 

The double k-class estimators are consistent if plim k1 a plim k2 a 1. Note 

2 that if k1 • (1-h ) and k2 • (1-h) that the double k-class estimators are the 

h-class estimators. If k1 • k2 ~ k the double k-class estimators are the k

class estimators. If k1 • k2 m 0 the method yields ordinary least squares 

estimators which are inconsistent. If k1 • k2 • 1 the two stage least squares 

estimators are obtained. If k1 • k
2 

• i the limited information single equa

tion estimators are obtained. These latter two estimators are consistent. 

The procedure for obtaining the residual variance and variance-covariance 

matrix of the est1mators when k1 
m k 

2 
• k has already been discussed. The 

asymptotic variance-covariance matrix and some small sample properties of the 

double k-class estimators have been worked out by Nagar)./ 

1./ Nagar, Ibid and A. L. Nagar, "The Bias and Moment Matrix of the General 
k-class Estimators of the Parameters in Simultaneous Equations", Econo
metrica, Vol, 27, No. 4 (October), pp. 575-595. 
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CHAPTER 16 

Instrumental Variables 

· Introduction 

The instrumental variable method of estimating parameters of a simultan

eous .system of linear equations is also a limited information method of est

imation, It is applicable to a single equation of a system of equations. It 

was one of the first methods usee in estimating parameters of a sinultaneous 

systems of linear equations which utilized the over-identifying constraint. 

The method involve what its name implies. Predetermined variables are 

used as instruments. When focusing on a given structural equation one 

chooses predetermined variables excluded from that equation but included in 

the other equations of the model as instruments. The choice of instrumental 

variables is arbitrary. One instrumental variable is chosen for each endo

genous variable in the equation under consideration except the endogenous var

iable with respect to which the equation is normalized. The equation is mul

tiplied through by each instrument and then sumed over the sample observations. 

Alternatively, if the multiplication is performed in terms of vectos the sum 

over sample observations is encompassed in the vector products. Also, the 

equation under consideration is multiplied through by the predetermined var

iables in that equation. The result is a set of linear equations similar to 

the normal euqations of the least squares procedure. There will be as many 

equations as there are unknown parameters and the set of equations may be 

solved out for the unknown parameters. 

Choice of Instruments 

Although the choice of instruments is arbitrary but bias will be mini

mized if the instruments possess certain attributes. First, the instrumental 

variables should be truly exogenous. Thus lagged endogenous variables 

should no be used as instruments. Second, the instrumental variables should 
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show considerable variation. If there is a choice between two or more in

struments the one exhibiting the greatest variation should be chosen. Third, 

the instrumental variables should be measul!ed withoLt error. If possible 

do not choose exogenous variables Which you suspicion map contain measurement 

error. Fourth, the endogenous variables should react more strongly to each 

other then to the instrumental variables. Finally, the set of instrumental 

variables should be as free from inter-correlation as possible. Avoid choos

ing a highly correlated set of instrumental variables. 

One of the difficulties with the instrumental variable method is that it 

is difficult to fulfill these conditions. Furthermore, it may be difficult to 

verify whether or not the instrucental variables possess the desired attri

butes. 

One of the biggest objections to the instrumental variable method is that 

the solution for the unknown parameters is not unique unless the system of 

si~ultaneous linear equations is just-identified. In the case of an over

identified equation there is more than one set of instruments from which to 

choose. The different sets of instrumental variables will yield different 

estimators of the parameters. All the estima·tors will be biased but all will 

be consistent estimators. 

Just-Identified System 

Let us consider a two equation system of linear equations which is just

identified such as the following: 

(16.1) Yl c Y2 612 + zl Y11 + z2 Y12 + zo Y1o + ul 

y2 a yl 621 + Zl Y21 + Z3 Y23 + ZO Y20 + ul 

Suppose we are interested in estimating the parameters of the fiyst equation. 

Let us assume that all Z's are exogenous. Our choice of instruments in this 

case is from the Z'a excluded from the first equation but included in the 

second. z
3 

is the only variable which can be used as an instrument. U11ing 
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z3 as an instrument we form the following set of equations: 

Z)Yl • ZjY2812 + ZJZl yll + ZjZ2 yl2 + Z)Zo ylO + Zj ul 

(16.2) 

Rewriting (16.2) in matrix form we have: 

(16. 3) 

and the 

(16.4) 

.....-
ZjY1 ZjY2 Zjz1 

ZiYl ZiY2 ZiZl 
a 

ZiYl ZiY2 ZiZl 

Z(h Z(h Z(h 

instrumental variable 

!zly2 

ky2 

• jz 'Y 

' 2 2 

lzih 
I--

ZjZ2 Z)Zol 
I 

ZiZ2 ZiZo 

ZiZ2 ZiZo 

Z'? 
0"2 Z(lo 

estimators are: 

- ~ 

F3 
I 

Bl21 ul 

Yu I 
!z, 

ul I 1 
' + 
I ' 

yl2 !z, ul 

I ~: _ylOJ ul 

' 

In a similar manner the estimators for the second equation of (16.1) is: 

(16.5) 

• 

Note how similar (16.4) and (16.5) are to ordinary least squares estimators. 

For a just-identified system such as (16.1) the instrumental variable estima-

tors are identical to indirect least squares, two stage least squares , 
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limited information LVR or ML, k-class, couble k-class, h-class, three stage 

least squares, and full information maximum likelihood. 

OVer-Identified Systems 

Now let us consider an over-identified simultaneous system of linear 

equations in which there are M endoganous variables and equntion and N pre-

determined variables. Let us assume all N predetermined variables are exo-

genous. The model is: 

(16.6) Ye • zr + u 

Let us focus on estimating the parameters of the gth equation using the in

strumental variable technique. The gth structural equation normalized on Y1 

is: 

Let us assume that Z* contains a dummy variable to allow for the estimation of 

an intercept. Now, 

(16.8) z m ~g* zg*~ 

where Zg** are the predetermined variables excluded from the gth equation but 

included in the other equations of the model. 

The instruments will be chosen from Zg**' Assuming there are m1 endo

genous variables in the gth equation we will need to cheose (~-1) instruments 

from Zg**' Let us denote the chosen instruments as 

(16.9) Z' g6 

Now form the equations: 



16-5 

and 

t:~:J yl 

r-

~·-·~] 
(16.11) f;, '" Z' 

'•J ,. ·~ gll 
gll- : + 

z~"' Ygt. z• z "' Yg* Z' u e* g...J - g* g 

The instrumental variable estimators of the parameters of the &!h equation 

(16.12) 

• 

z' z . 
g* g* 

-1 

The instrumental variable estimators of the other structural equations may 

be obtained in a similar manner. 

Concluding Comment 

One advantage of the instrumental variable method is that the compu-

tations are only slightly more burdensome than for ordinary least squares. 

Furthermore, it is relatively easy to understand the notion of instrumental 

variables. However, the instrumental variable method has no advantages over 

the other methods presented earlier. In addition, in an over-identified · 

system the instrumental variable estimators are not unique with respect to 

alternative sets, of instruments. Thus their ereatest usefulness may be in 

obtaining "quick" results in exploratory analyses. 
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Three-Stage Least Squares 

Introduction 

Three-stage least squares ie a full information method for est:lmatin[! 

structural parameters of an over-identified aystem of simultaneous linear 

equations. The method was developed by Zellner and Theil and is an extension 

of the two-staee least squares method.±/ In the first stap,e of two-stage 

least squares the moment matrix of the reduced-fo~ disturbances is estimated 

and in the second sta~e the parameters of a single structural equation are 

estimated after an adjustment has been made by the estimated moment matrix of 

the reduced form disturbances. This adjustment is given in (13.25) and the 

second ataee estimators are given in (13.29). The ~echanics of two-staee 

least squares estimation basically entail replacing the endogenous variables 

of a structural equation, other than the one with respect to which the equa-

tion is normalized, with predicted values from the first stage and applying 

ordinary least squares again to obtain estimates of the structural parameters 

of that equation. The three-stage least squares estimation goes one step 

further and usee the estimated variance-covariance matrL~ of structural dis-

turbances to estimate all coefficients of the entire system simultaneously. 

The three stage least squares method has full information if the variance 

-covariance matrix of the structural disturbances is not diagonal (structural 

disturbances have non-zero "contemporaneous" covariances) in that the esti-

mation of coefficients of any identifiable equation eains in efficiency as 

soon as there are other equations that are over identified. For a just-

identified system or for any structural equation for which all other etructur-

al equations are just-identified there is no e;ain in efficiency. :The three-

Y Arnold Zellner and H. Theil, "Three-Stage Least Squares: 
Estimation of Simultaneous Equations", Econometrica, Vol. 
January 1962, pp. 54-76. -

Simultaneous 
3('), No. 1, 
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stage method ia general and allows for restrictions of parameters in different 

structural equations. The computational procedure is rather simple except 

that a rather sizeable matrix has to be inverted. 

Estimation Procedure 

Let us again consider the over-identified system of sicultaneous linear 

equations: 

(17.1) Y p + z r- u 

consisting of M equations with M endogenous variables and N predetermined var-

iables including a dummy variable for the intercept. Let us assume a sample 

of T of adeuqate size to perform all necessary estimation. The p.th equation 

normalized with respect toY, is: 

where Y86 includes (~ - 1) endogenous variables and z
8

* consists of n1 pre

determined variables including a discrete variable for an intercept, Ze** 

includes (N - n1) predetermined variables. Hence, 

(17.3) z .. ~g* 
The equation used in the second sta~e of estimation of two-staee least 

squares is: 

(17.4) Y •Y 0 +Z y -w 1 gA ~g6 g* g* g 

• 
where w is the disturbance of the gth structural equation when Y , has been g gQ 

substituted for v
86

• The two-stage least squares estimators of the parsmet-

ers of the gth equation are: 

~Y· 
• 

pg6 yg6 Y' ze* 
-

(17. 5) g6 g6 -1 
• ~g6 zgJ ' y • 1 

Yg* z• ygA Z' zg g* g* 
·-· ·-
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" where Y86 are predicted values of the endogauous variables obtained from the 

first etage equations. The predicted values are obtsined from 

. " 
{17.6) ygll- z w 

where 

(17.7) 

hence, 

{17. 8) 

• -1 
w • {Z'Z) Z' Y gll 

y E Z{Z'Z)-l Z'Y 
gll gf; 

and substituting into {17.4) we have: 

[Z{Z'Z)-l Z'Y )' [Z{Z'Z)-l 
gll 

" 

" Z' [Z{Z'X)-l Z'Y ) s* 8t. 

Z'Y ) gll [Z{Z'Z)-l Z'Y )' Z ~ -1 
ell e~ 

where the estimators are expressed in terms of the observed values of the pre-

determined variables in the entire system includine the gth equation ann the 

endogenous variables in the s!h equation. The estimators for each equation in 

the system may be obtained by repeating the process for each equation. The 

variance-covariance matrix of the estimators of the gth equation is: 

{l7 •10> G ~ f(;(z•z)-J.Z'Y 6]• [z.(z•zJ-
1

z•y 6] [z(z•z)-
1z•Y.J ·z~ -

1 

Var :*r s.';ZL Z'g [Z(Z'Z:-1 Z'Y J e Z' ,,Z 
- * gll g* g* 

where s is the residual variance of the sth equation and is: 
gg 

{17.11) ssg. 

. 
u' 

g 
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where 
' 

' ' Bgll sgll 
(17 .12) u'u • {Y1 - [Ygllzg*) ' }' {Yl - [Ygllzg*] } . g g 

yg* yg* 

This procedure may be applied to other equations in the system to obtain the 

estimators, the variance-covariance matrix of the estimators, residual var-

iances of the other equations, and estimates of the covariance& between the 

residuals of the various equations. Consider the gth and hth equations, ff"h, 

the covariance between their resi~uals may be estimated as follows: 

(17.13) .. 
' ' 
u.' u n g 

where T - ~l + n1~ g is the degrees ~f freedom of the gth aquation and 

T - Em1 + n1 >] h is the degrees of freedom of the hth equation. Alterna

tively, T, may be used as the degrees of freedom and the choice between these 

two alternatives depends on their small sample properties about which little 

is known except in the case where all explanatory variables are exogenous. 

That is the case of ordinary least squares and if T is used as the denominator 

of (17.11) and (17.13) the resulting estimators are biased, In that case the 

denominators eiven.in (17.11) and (17.13) are appropriate. 

Note that in terms of the observations and estimates of structural para-

meters the covariance between the gth and hth equation is: 

(17.14) 8 h .. {Y - I y .z : g g ~g .. gtl 
}~ } 

yg"'_ 
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The basis notion underlying three-stage least squares is to apply gener·· 

alized least squares to the whole set of structural equations to estimate all 

parameters simultaneously. Beyond the two-stage least squares part of the 

procedure this entails re-estimating the parameters of the structural equa-

tiona of the system taking into acount, in a generalized least squares frame-

work, the estimated variances and covariances of the residuals of the struc-

tural equations which are generated in the second stage of estimation. To 

show this we need to relabel our matrices and vectors of estimators in order 

to achieve a more compact form. 

Let us now consider the first structural equation of (17.1) as: 

hence 

- .u 1 

All M structural equations may be relabelled in this form. Now if we pre

multiply (17.17) by Z' where z = [Z1• z1.'J we have: 

(17.18) Z'Y • z•x_~ - Z'u 1 -~ 1 1 

The variance-covariance matrix of !'u1 is: 

(17.19) E lJ.z• u1) (Z' u1)~ • Elj•u1 ui ~ • o11 Z'Z 

where o
11 

is the variance of the first structural equation. Empirically one 

would estimate o11 by the procedure given in (17.11). 



I 
I 17-6 

Two-stage least squares estimators are obtained by applying 

least squares to (17.18) which yialds 

(17.20) 61 .. [xi Z(Z'Z)-1 z• ~J -1 

and the estimated variance-covariance matrix of the estimators is: 

(17 .21) Var (6
1

) • E r(6
1

- 6
1

) (6 - 6 )~ • a :;• Z(Z'Z)-l z•xl-l 
l_' 1 1 - 11 Ll _ 

~here s 11 is the estimate of o11 and is obtained from (17.11). Three-star,e 

least squares estimators are obtained by applying GLS to (17.20). 

Now we may write 
of (17 .18) as: 

the entire system of structural equations in the form 

r:· y~ 
I Z' y2 

(17.22) • 0 

Z' J 0 

0 

Z'X 
2 

0 

0 

0 

0 

0 

which is a system of NM equations involving 

M 
(17.23) p a t (mi + nl) 

i=l 

parameters. 

Now rewriting (17.22) in general matrix 

(17.24) Z'Y • (i•i!6-Z'U 

where: ~-z•y:-J I 
I Z'X 

Z'Y 2 
0 

Z'Y • z•x a 

z•y 0 
M 

0 

0 I· i 
1: ! 

z·~ ~~ 

form we have~ 

1 0 

Z'X 2 

0 

0 

0 

0 

-, 

Z • u 
2 

Z' ~ 

- - - 0 

- 0 

-

z·~ 
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61 z•·. ul 

62 z• u2 
• 

a • Z'U • 

Z' ~ 

Generalized least squares may be applied to (17.22) to estimate all elements 

of 6 simultaneously. For this purpose the variance-covariance ~:~atrix of the 

disturbance vector in (17.22) is need~d. This variance-covariance matrix is: 

(17 .25) Var Z' u21 

,. ~ 
and 

(17.26) Var 

Z' ~ 

-

• 

la11z•z 
. a

21
z 'Z 

I . 

~,., 

<i) Z'Z 

which is a Kronecker product. The a
8
h's, g ~hare the covariances of the 

. .structural disturbances of the gth and hth equations. When g • h, agh is 

the variance of the structural equation. The inverse of (17.25) is also 

needed and is : 



(17.27) 

where 

(17.28) 

-1 Var 

11 0 

21 0 

• 

z. '\{ 

• 

012 

022 
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o11 (Z'Z)-l 

o2l(Z'Z)-l 

11 0 

21 0 

Ml 0 

1M 0 

2M 0 

MM 
0 

12 0 

22 0 

M2 
0 

• 

ol2(Z'Z)-l- - -

o22(Z'Z)-l - - -

olM(Z'Z)-l 

o2M(Z'Z)-l 

1M 0 

2M 
0 

® (Z'Z)-l 

Ml1 0 

011 012 olM 

021 022 02M 

0 - - - 0 M2 MM 

-1 

The ogh,B are elements of the inverse of the variance-covariance matrix of the 

disturbances. 

Now the ogh'a are generally unknown but can be replaced by the estimated 

variances and covariance& given by (17.11) and (17.13) which yields, 

• 
(17.29) Var 

Z' ~ 

-

a z•z 
Ml 
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• @ (Z'Z) 

and 
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Z' u1 s11 (Z 1 Z)-1 s 1~(Z'Z)-l - - slH(Z'Z)-1 -I 
Z' 1.12 

s2l(Z'Z)-l - - - - - - - - - s2M(Z'Z)-l 

' -1 
(17.30) Var 

• 

Z' ~I (ll(Z'Z)-1 - - - - - - - - - 1!1(7'7) -1 s ~ -

~ .J ~ 

NoH applying the generalize<! least squares metho<l utilizinr, (17.30) yields 
the third sta3e estimators: 

(17. 31) cS ~ 

.· . 

-. 
s

11 
XiZ(Z'Z)-l z•x1 s

12
X].Z(7.'Z)-1z•x

2
-- s 11Stiz<z'z)-1z'x,

1 
I 

i 

I 

I sl!lx;f<Z'Z)-1z•x
1 L -

: 

-1 
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Z(Z'Z)-l Z' Y 
c 

X'M Z(Z'Z)-l Z' 

l~here the summation is extended over g ~ 1,2, ••• ,11. 

The variance-covariance matrix of 6 is: 

' 
(17.32) Var (6) c 

The gains in efficiency by using three stage least squares compared 

with tl~o-stace least squares Hill occur only if the variance-covariance 

matrix of the residuals anong the equations is not diaconal i.e., To~] 

is not diagonal. If it is diagonal, two and three-stage least squares 

yield identical estimators. 

-1 
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CHAPTER 18 

H&Ktmum Likelihood Estimation 

Introduetion 

Mu1•nn lfkelfhood 11etbod of estJJIIation has widespread applieations 

IIDd tbe •rl- Uk•Ubood ertterion is one of the most widely used prineiples 

of estimation. Under eertain aasumptions, leaat squares estimators are a 

llpec.1a.l ease of !l!l!dnnnn Ukel fhood eat..iJIIators. Using other eriteria of esti-

Mtion may yield Mrlmnn likelihood estimators snd often !I!I!Xilllum likelihood is 

used with referenee to properties of estimators. The latter you will frequent-

ly see used 1n the literature when estimators obtained on the 11Mi-l!f of a dif

ferent eriterion have tbe same desiral!le properties as the IIIIIXiiDum likelihood 

estimators. 

Maxim• likelihood utilllators have the desirlt> le properties of being 

best, efficiellt, unbiased, c:onsistent, aiJd suffieient if some key assumptions 

are fulfilled. When III8XiJJNI:a likelihood estimators are not unbiued..often. 

they ean be readily modified and unbiaaed estimators obtained f~ the-max
/ 

tmum likel1hoocl estt.atora. Sometimes .when !I!I!Ximum likelihood estimators are .--
biased eo are estimators of the same parameters that are baaed on other eri-

teris. Also, even when !I!I!Xtmum likelihood estimators are biaaed they MY be 

asymptotically unbiased or eonsistent. 

Maximum likelihood eatimation is applieable to both single equations 

models and simultsneous systems of equations. Of course, it ia mueh easier 

to apply this eJ:iterion to a single equation than to a set of silllul.tsneous 

equatioiUI. But this is also trus of other 88timating eriteris. In the fol-
.-

loving aeetiona the l.og1c of !l!l!xinnm liltel1hoocl est'JmatiDD trill be dneloped 

and an attempt will be 118de to ahow how 1D8Ximnn likelihood eatiaaton ~ 

taiDad and what ~ are ueded. 
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Likelihood and Probability 

In concept likelihood ia similar to probability but different. And that 

difference ia an iaportant thing in terms of understandinr, likelihood and max

imum estimation. 

Probability is a property of a sample. Given a probability density func

tion with known (or estimated) values of the parameter~, the probability or 

chance that a certain set of sample values will occur can be determined. Note 

the key is that given information about a probability density function the 

chances of occurrence or probability of a'set ·of random variables may be deter-

mined. .The point is for the selected functional form of the probability den-

sity function the parameters are known. 

Likelihood is a property of the unknown parameter values. A sample of 

random variables is at hand but the parameters of the probability density 

which may have generated the particular sample are unknown. We are trying to 

determine the appropriate set of values of the parameters. We assume that 

to produce the sample, the data generating mechanism acted in the most likely 

fashion. Est~tes of the parameters are chosen such that they are the most 

likely set to have been responsible for the particular sample of observations 

we have. 

Likelihood Function 

The likelihood function of n random variables x1 x2 - - - Xn (one X 

variable and n observations) is the joint density of the n random variables: 

(18.1) 

which is considered a function cf e. If X X - - - X ia a random sample 1 2 n , 

from the density f(X;9) than the likelihood function is: 

(18.2) 
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The likelihood function (18.1) gives the relative likelihood that the randon 

variables assume particular values of x1 - - - X • . n 

Suppose e is unknown but we observe a particular sample (X*1 X*2---X*n). 

We want to known from what density this particular set of values is most lik-

ely to have come. e can take on many value·s but we are interested in e 

which maximizes the likelihood of occurrence of the particular sample. 

To obtain the maximum likelihood estimator, let us consider the followiny. 

likelihood function: 

(18.3) 

If e is the particular value of the parameters e from all possible values of 
A 

e~:n which maximizes L(e), then e is the maximum likelihood estimator of e. In 

the case of a random sample from some density f(X;e) the likelihood function 

may be separated into the n independent component functions and expressed as 

a product of the n independent components: 

(18.4) 

The solution of the equation, 

(lB. 5) dL(e) 
de 

• 0 

- - - . f ex ;e) 
n n 

gives the maximum likelihood estimator of e.ll 

Maximum likelihood estimators possess an invariant property with re-

spect to a logarithmic transformation (and some other types of transformations 

and operations) and L(e) and log l(e) have their maxima at the same value of 

e. It is often easier to find the maximum of the logarithmic likelihood. 

If the likelihood function contains k parameters then 

(18.6) 
n 

L(e , e - - - e ) • w 
l 2 k i•l 

lf Here and throughout we will assume that the likeliho,pd functions satisfy 
the regularity conditions and in fact do have a maxima which may be 
found in this manner. 
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n 
where w represents a product of the n component functions. The maximum 

i-1 
likelihood estimators of e

1
, e2 , -

ing k equations: 

(18.7) 

8L(e1 , e2, - - - e > k 
a e1 

aL(e1 , e2' - - - ek) 
a e2 

aL(e1, e2 , - - - ek) 

a ek 

ek are obtained by solving the follow-

- 0 

a 0 

- 0 

In this case, it may be easier to work with the lagarithm of the likelihood. 

Now let us turn to some specific estimators such as the coefficients of a 

linear equation with which we might be confronted in reduced form equations or 

just any linear regression type of problem. 

Simple Linear Relations 

Let us consider a simple consumption function such as 

(18.8) 

where Ct is quantity of consumption in t. 

Zt is amount of income in t. 

ut is a random disturbance 

~O and ~l are unknown parameters. 

Suppose we haven observations on C and z. 
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Assumins the econocy conforms to the model and the true values of the 

parameters are ao and al. the probability of observing the particular 

zn is equal to the probability that 

the error term shall have assumed the particular values u1, u2 - - - un 

multiplied by a factor IJI. IJI = 1 in all single equation cases regard-

less of the number of exogenous variables and we do not have to concern 

ourselves t<ith it in single equation cases. 

IJ! is a Jacobian which is the determinant of the matrix of partial 

derivatives in the multiple equation case and a 1 x 1 deterQinant in the 

single equation case. It arises when one is performing a transformation 

from one variable or set of variables to another variable or set of 

variables. In the transformation process, the differentials also have to 

be transformed or the appropriate differentials of the new variable or 

variables have to be determined. These give rise to the Jacobian. 

The likelihood function corresponding to (10.8) is: 

(18.9) La f(C1c2 --- Cn' z1 z2 --- Zn; a0a1) 

which entails d c. But, 

(l!l.lO) ut a ct - a0 - a1 zt 

and the likelihood function of interest is: 

(lU.ll) L • f(u
1

, u
2

, --- un) 

which entails d • The Jacobian of interest is: 
u 

(18.12) d u 
~ • 1 which is obtained directly from (18.10). It is clear 
d ct 

that (18.12) would hold even if there was more than one Z variable. 

In a system of equations where there is more than one endogenous 

variable, the Jacobian is the determinant of a matrix of first orcter 

partial derivatives and !Jl ~ 1. In simultaneous systems the Jacobians 

are extremely important and are partly responsible for the complexity and 
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difficulty in computation of the maximum likelihood estimates of coef-

ficients of simultaneous systems of linear equations. 

Illustration of Jacobians 

For purposes of illustrating a Jacobian that is not equal to one 

consider the following functions: 

(18.13) X • g(Z,H) 

(18.14) Y • h(Z,W) 

The probability density is: 

(13.15) f(X,Y) dXdY 

and 

(18.16) f[gcz,m, hCz,1n 1 IJidZdll 

where IJI is the Jacobian of transformation. 

(18.17) ax ax 

IJI • 
az aw 
l! ay 
az a> I 

and 
ax ax ax ay 

(18.1B) IJI c az aw az az 
aY 1! .2! ay 
az au aw aH 

Single Equation Likelihood Function 

c IJ' I 

Now returning to our linear consumption function, let us assume that 

the distribution of the disturbances, ut's is normal with 

(18.19) 

(18. 20) 

and 

(18. 21) • ou u - 0 
t s 

for t,&s 
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The specific likelihood function is: 

(18. 22) 

[u -E(u ) 12 
n n 
au u 

nn 

1 

But considering (18.19) - (18.21) the likelihood function simplifies to: 

-n( ~~ {-1 [ u 
2 

u 
2 

u 
2 
l) 212 - _!+_1.+---+....n.J~ (18.23) L ~ (2~) ::2 exp 2 2 2 2 ) 

a a a a 

-n -n 
2 2 2 

=(2~) (a ) exp t.!.2 n 2] 
2a I: u 

tal t 

Now (18.23) is the function we want to maximize. Let's substitute 

(18.10) into (18. 23) and then use the logarithmic form of the likelihood 

function: 

(18. 24) L ., 

and 

(18. 25) 
-n n 2 .!_ 2 n 

log L • 2 log(2,)-2 log a - 2a I: (C - 6 -
tal 1: 0 

Remember that: we h:lVe a sampl::> of n observations of C and Z and s
0 

and 13
1 

are the unknowns. We are vie~1inB 60 and 13
1 

as variables. By 

taking first partial derivatives of log L with respect to each and 

setting these partial derivatives equal to zero we can solve fol' the values 

of 130 and 131 which IDSXimize log L. These are the sa1:1e values that 
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maximize L. Hence, for B
0 

(11).26) 

and 

ua. 27) 

thus, 

(18. 28) 

n 
I: c -

t=l t 
D 0 

With respect to 1!1 , 

(18. 29) 
al!!g L -1 . n 
aB

1 
.. 2o 2(2)(-z ) I: (C - B -

t t=l t 0 
and 

n 
(13. 30) I: (Z C - B Z -

t=l t t 0 t 

and 

.. 0 

- "'""'"~"'' ~:"'~"'"" !"' 'o in (18. 28) into 

n I:C-BI:Z n n 
(18. 31) I: Z C - t•l t 1 tal t I: z - Ill I: 

t=l t t 
t"l 

t n t=l 

lienee, 

(lC. 32) 

and n 
I: z c - n 

(18. 33) Ill •t•l t t I: z c 
t=l t t .. m 

n - ....!£. 

n~ 
n 2 

m 
I:Z2- I:Z 2 I: z zz 

t•l t . t tel t tal 

n 

(18. 30) we have: 

z 2 
t 

.. 0 
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where zt and c arc deviations about the ~ans and ~ and m rapresent 
t zc zz: 

moments about the means. 

lbe maximum likelihood eeticatore of the coefficients of the single 

linear consumption function given in (18.8) are: 

(18. 34) 

and 

(18.35) 
~ ztct 

~l c.:;_t~;;.::l:,.__ 
n 2 

t£lzt 

Note that ~O and ~l are the same as least squares estimators. 

To obtain the maximum estimator of the variance of u we differentiate 

2 2 
(1J.25) with respect to a and solve for the value of a that will 

maximize log L. 

Hencet 

(13. 36) 

and 

~n (Ct- ~0- BlZt)~ (16.37) ~2 1 I 
2CJ - 2( 0 2)2 tal 

ancl 

2 n 2 n 2 (13. 38) CJ c I (C - 8-BZ.)oi u t 0 1 t tel t t=l 
n n 

The maximum likelihood estimators of the variance of u is: 

(18. 39) 

n 
n 

"'2 Notice that in a the lose of degrees of freedom are not taker. into 

consideration and the eetit:IBtor ia biased from the viewpoint of a small 

sacple but asycptotically unbiased. 

An unbiased estimator of the variance of u may be readily obtained 

by utUizin& information about the distribution of the ratio of a s= of 
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a sue of squares over a true variance. 

2 X (Chi-square). 'V2 
na 
2 

Such a ratio is by definition a 

2 distributee itself as a x with (n-2) degrees of 

a 

freedom in this case and the distribution is independent of ~u and ~1 • 

Thus, 

(18.40) 2 
X .. 

"2 
(n-2)a 

2 
a 

"2 
where a is an unbiased estimator of the variance of u and 

(18.41) 

which yields 

(18.42) 

"2 
(n-2)a 

2 
a 

"2 (n-2)a 
n 

now sUbstituting (1G.42) into (18.39) we have 
.2 n 

(18,43) (n-2)a at~l (Ct- ~O - ~lZt) 2 

n 
n 

aml 

(18.44) ~2 .. ~l(C - ~ - ~ z )2 t= t 0 1 t 
n-z 

"2 where a is an unbiased estimator of the variance of u and is the same as 

the least squares estimator of the residual variance. 

In summarizinG the use of maximum likeliltood estimation for coeffi-

cients of a simple linear relationship the estimators of the coefficients 

are unbiased but the maximum likelihood estimator of the variance of u is 

biased. An unbiased estimator of the variance of u may be readily obtained 

by utilizing information that the ratio of a sum of squares over a true 

2 variance distributes itself as a x with degrees of freedom ~1hich take into 

consideration the lose of degrees of freedom due to imposed restrictions. 

Hultiple Variable Linear Relations 

Let us briefly take a look at maximum likelihood estimation for a 

multiple variable linear relationship. Consider the following relationship: 
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(18.45) Y EB +liZ +BZ +-----+BZ. +u t 0 1 lt 2 2t kl<t t 

Suppose we have a sample of n observations for Y and each of the Z's. 
t 

Equation (18.45) may be expressed in matrix notation as follows: 

(18.46) y - zs + u 

where Y is n x 1 

and 

Z is n x (k+l) 

8 is (k+l) x 1 

uisnxl 

(18.47) u a Y - ZB 

Disregarding a lot of "in between details" 1~e can formulate the following 

likelihood function: r 
-n , -u'u I 

2 - ' - ..._ (18.48) L = (2~a ) 2 exp; 2a2 ) 

assuminc; as before that: 

E(u ) E 0 
t 

1.... .... 

(13.49) 

(18.50) 2 E(u'u) c au u • a for t•l, 2, - - - n 
t t 

and 

(13.51) E(u u ) a a " 0 for tf.s 
t s u u 

t G 
The loBarithmic form of the lii'.elihood function is: 

(18.52) -n log L c 2 log(2~) n 2 -u'u 
--lor, a --2 ' 2 2o 

SUbstituting (18.47) into (1G.52) yields: 

(18.53) 1 L -n l ( 2'ii) -n l 2 -( '.!.Y_-.....:;.Z~II)t..'....;(~Y--.....:Z:..::B.t..) 
OB • -2 O[l -2 og a - ? 

2a-

Now by partially differentiating (18.53) with respect to the S 

vector, setting these partial derivatives equal to zero we can solve for 

the values of B that will maximize loe L and thus L. Hence, 

(18.54) alogL •.:!. [-2Z' (Y-ZII)] • 0 
as zi 

and denoting the parameters to be estimated with a curl: 

(13.55) Z'Y -(Z'Z)~ • 0 
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(Z'Z)~ • Z'Y 

'Ihus' 

(18.56) ~ • (Z'Z)-lZ'Y 

which is the same as the least squares estimator of B. 

2 In a similar way we c:an solve for a • 

(18.57) (Y-ZB)' (Y-Z(l) 

2(02) 2 

Denoting the maximum estimator with a curl and setting (18.57) equal to 

zero we have: 

(13.58) (Y-Z~)' (Y-Z~) 
2(6'2) 2 

• 0 

Solving for the variance estimator we have 

(18.59) ;}'2 ~ (Y-Z~)'(Y-Z~) 
n 

which is a biased estimator of the residual variance. Utilizing the 

information that 
.,z 2 no 

(18.60) 
02 

• x with (n-k-1) degrees of freedom and gping through the 

sace steps as indicated in (1&.41) - (13.44) we can obtain the unbiased 

estimator: 

(18.61) ~2 _ (Y-Z~) 1 (Y-Z~) 
- n-k-1 

In developin& the estimators of the multiple variable case, we made 

the same assumptiotiS as we did for the simple case plus thst (Z.' Z) is of 

full rank and that rank is less than or equal to (k+l). n>ese are the 

sam assumptions made in obtaining least squares estimators plus we assume 

the dizt6rbances to be normally distributed in order to obtain maximum 

likelihood estimators, 

Simultaneous Linear Equations 

In this section we will address ourselves to applying maximum 

likelihood estimation to a simultaneous system of linear equations. 
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Attention will be devoted to formulating the appropriate liklihood function 

and specifically setting forth the appropriate Jacobian. Empilasis will be 

on showing how one goes about geuing full infoi'lll3tion maximum likelihood 

estimators of coefficients of a si~Jltsneous system of linear equations, 

but we will not carry throuch to actually getting the estimator, Why we 

do not carry this procedure through to getting the estimators will become 

apparent as difficulties of nonlinear equations in the utlknown parameters 

are pointed out. These nonlinearities arise because of the Jacobian with 

which we are confronted in simultaneous system of linear equations arising 

from the nonlinear nature of the partial derivatives of the quadratic 

forms of disturbances with which we have to deal. 

Let us consider a four equation oodel where the four equations may 

be viewed as supply and demand equations of o·ro commodities. I! denotes 

parameters of endocenous variables and y's denote parameters of pre

determined variables, exogenous and lagged endogenous variables. The 

model is: 

(lG.G 2) ylt ~ 1112y2t + 614y4t + yllzlt + ult 

(lB.G 3) y2t a a2lylt + y22z2t + y23z3t + u2t 

<13•64) y3t ~ 1132y2t + 11 34y4t + y3lzlt + u3t 

(13 •65> y4t • 1143y3t + y42z2t + y44z4t + u4t 

where: yl is price of commodity 1. 

y2 is quantity of co1lllll0dity 1 

y3 is price of comcodity 2 

y4 is quantity of COJII!m)dity 2 

zl is income 

z
2 

is price of factor 1 (labor) 

z
3 

is price of factor 2 (land) 
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z4 is price of factor 3 (capital) 

(18.62) and (18.64) may be viewed as demand relations while (18.63) and 

(18,65) may be viewed as representing supply relatione. In each equation 

the endogenous variable upon which the equation has been normalized has 

a coefficient of one. This particular formulation is given mainly to more 

clearly illustrate how the Jacobian comes into being. Each of the equa-

tiona (18.62)-(18.65) is overidentified according to the counting rule and 

e scrutiny prior to estimation of the necessary and sufficient condition 

:Indicates that for each equation there is at least one way the condition 

could be fulfilled if certain coe ffic.ients are not zero. The model is 

considere~ to be over-identified, 

Now considering a sample of n observations for each of the Y' s and Z' s 

i.e., t•l, 2,-- -, n we are interested in determining the most likely 

values of S's and y's to have generated the particular sample of obser-

vations. 

Then values of u
1

, u
2

, u
3

, and u4 are jointly distributed as: 

(18.66) n 
II p(~t' u4t) d~tdu2tdu3tdu4t t=l u2t' u3t' 

and the Y's follow the same distribution. 

a(ult' u2t' u3t' u4t) 

a(Ylt' Y2t' Y3t' Y4t> 

more detail later. 

a(~t' u2t' u3t' u4t) 

a(Ylt, Y2t' Y3t' Y4t> 

is the Jacobian which we will explore in 

He will assume that the u's are normally distributed with zero means 

and constant variance. The variance-covariance matrix of the disturbances 

is: 
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2 
E( ''J. ) E(~u2) E(~ u3) E(u

1 
u
4

) all al2 al3 al4 

E(u
2

u
1

) 2 E(u
2 

) E(u
2
u

3
) E(u

2
u

4
) a2l a22 a23 a24 

E(u3~) E(u
3

u
2

) 2 E(u
3
u

4
) 

(10.60) ~ .. 
E(u

3 
) a3l a32 a33 a34 .. 

2 E(u
4 

u
1

) E(u
4 

u
2

) E(u
4 

u
3
) E(u

4 
) a4l a42 a43 a44 

t~here aij is a variance •men i=j and the covariance bc~1cen the disturbance 

froo equations i and j when i"j; i, j=l, 2, 3, 4. 

One possible case t.ffiich we can explore is when the variance-

covariance matrix ~ i.!l a diagonal matrix. 

all 0 0 0 

0 0
22 0 i) 

(18.69) ~ .. 
0 0 0

33 
0 

0 0 0 0
44 

Hhencver the Tnis occurs when E(uiuj) = 0 if i"j; i,j = l, 2, 3, 4. 

variance-covariance matrix of disturbances amonc equations is a dianonal 

matrix, the disturbances are not jointly distributed and hence, the 

endoeenous variables are not jointly distributed and titus not jointly 

determined. This means the systeo of equations under consideration is 

really a system of equations •lhich can be handled one at a titne scpar-

atcly anti independently of each oilier. Cranking throuclt ti1e maXiL~um 

lil:elihood estimators of eaclt of the coefficients of the system would 

have resulted in least squares cstirnator3 for each. r-ecursive modcl3 and 

sets of independent regression equations eJthibit n diaconal variance-

covariance matrix. Simultaneity exists only if some of the covariances 

are not zero. 

Considerinc ti1e simulta."'CoUS equation case \!here u
1

, u2 , u
3

, and 

u4 arc jointly distributed tile likelihood function is based on a 
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multivariate normal distribution. In order to sicplify the expression 

of the likelihood ftmction the disturbance need to be expressed in 

matrix form 

(16.70) u • BY+ rz 

where 

u• 

and the logarithm of the likelihood function is: 
4n 

(18.72) I I - n I 1 1 -l log L a n log J- 2 log(2~)~ log~~ (BY+ rz)'~ (BY+ rz) 

where 

11 12 13 14 -1 
a a a a a11 al2 al3 al4 

21 22 23 a24 
a21 a24 a a a a22 a23 

I -1 m 

,lv. 73) 9 a 
a31 32 ·33 a34 a a a31 a32 a33 a34 

41 42 a43 44 
a (] a a41 a42 a43 a44 

and aij is the ijth element of the inverse of the variance-covariance 

matrix of disturbances. 

At this point it may appear that the maximization of (18.72) is 

quite straigj:lt forward and it is, but the work involved is quite 

burdensome. First, maximization is with respect to all the coefficients, 

variances, and covariances. Some complex and difficult problems are 

disguised in (18,72). These will become apparent as we specify the 

specific elements of IJI and attempt to set estimated values of the 

elements of ~. Lets start with the Jacobian. 
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au1 
au1 au1 au1 

aY1 aY2 aY3 aY4 

au2 au2 au2 au2 

la(ult' u2t' u3t' u4t)l • 
aY1 aY2 aY3 ay4 

(18, 74) IJ I • 
a(Ylt' Y2t' Y3t' Y4t> au3 a~ aa3 3u3 

aY1 aY2 aY3 ay4 

au4 au4 au4 au4 
aY1 aY2 aY3 aY4 

In order to obtain the Jacobian we need to rewrite equations (18.62)-(18.65) 

in the following form: 

(18.75) 

(18. 76) 

(18. 77) 

us. 78) 

Now, 

(18.79) . IJI • 

1 

-821 

0 

0 

1 

-812 

1 

- 832 

0 

1 0 

- 832 1 

0 8 

0 - 814 

0 0 

1. -8 -- 34 

- 843 1 

0 -812 0 

- 831 -821(-1) - 832 1 

1 0 - 843 

1 

1 

• 1 - 834843 - 821812 (l-834843) + 821 832 <-814843) 

IJI • 1 - 834843 - 821812 + 821812834843 - 821832814 843 

Note that IJI is really 181. 

... -.. 

-~14 

- 834 

1 

0 

1 
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But these are only part of the difficulties. The u'u terns in 

(18. 71) will bring in products of parameters in different equations where -they 

did not exist before. This is clear from (18.75)-(18.78). Furthermore, we 

need to obtain estimates of the elements of+ in order to obtain 1~1 and ~-l. 

One thing vbicb can be done is to replace the expectations in (18.69) with 

,.. __ """' 
aeans over the sample observations of u

1 
uj. This yielda the following esti-

mated variance-covariance matrix: 

raft t~t'iiit ru;_tUJt tUit1il.t 
·-···--· 

~ ....... ~ --- rUztil4t 
(18.80j ~ . 1 tu2tult tu2t tu2tu3t y 

n 

tiijt'Ult ru3t~t I~t tu;t;;;.t 

~:u-4;ult tii;.t'U2t 
... .,_ 

tu4tu3t 
···2 

Eu4t' 

where the eatilutad values of the u~s come from: 

(18. 81) - - ~ -
ult • Ylt - Bl2Y2t - Bl4Y4t - Yllzlt 

(18 .SZ) 
-"\ooo ...,..... ....... -u--

~t • y2t - 821ylt - Y22z2t - y23z3t 

(18.83) 

(18 .84) 
.-z....' ..., ..,_... ...,._ 

u4t • Y4t - B43Y3t - Y42z2t - Y44Z4t 

In the logarit.blldc form of the likelihood function, (18. 72) • we substitute 

-- -• given in (18. 80) for ~ and then obtain • is 

.......... .......... ~ 

expressed in teras of Y' s, Z 's, B' s, and y 's by expreninR the u 1 s in terms of 

(18.81)-(18.84).· 

may be written: 

At the same time replacing 

2/ 
- All summations are from t • 1 to t • n. 
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I I 4n ( ) n I"', 1 <"' 'ji. ) · '\--1. 'l! • ?< ' logL•nlog J- 2log2~ 2 log~i-2 1$Y+.Z. '9 ,pY+,ZI 

The maximum likelihood estimators of the coefficients are obtained 

by differentiating (18.85) with respect to each of the coefficients, 

setting each of the resulting equations equal to zero and solving 

for the estimators, It should be apparent that this is not an 

easy task even for the simple four equation system considered here. 

There will be no attempt made to present these equations nor to show 

the expressions for estimators of specific S's and y's. But 

focusing just on 1~1 gives soma feel of the complexity of the 

equations arising from th<> partial diff.orentiation. Note if (13,31)-

(18.84) ar~ substituted into (18. 00) that each of the clements of 

~ consists of an expression that is of second order "ith respact to 

the parameters. On the diagonal 0lements we know this will involva 

squared terms of individual parameters while off-diagonal elements 

will entail second order cross-products of parameters. Thus, in 

solving for the determinant of ~ the deterrninental equation will 

contain terms that are of ei£At order in terms of the paraceters. 

This doesn't mean that the expressions contain individual paraccters 

to the eight power, but it does mean that the equations resulting 

from the partial differentiation that have to be solved involv8 

expressions that are of eight order with respect to the particular 

combination of e's and y 1 s contained in tha individual expressions. 

In addition the partial derivatives of the exponent lead to comparably 

difficult expressions. The value of IJI depends directly on the 

parameters of the endogenous variabl8S while the value of 1~1 

depends indirectly on all the parameters from equations (10.68)-(18.71). 
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Even though maximum likelihood estimators possess desirable 

statistical properties, the computational problems arisin3 from 

the DOnlinear equations which have to be solved are massive and 

expensive even with today's COIIIPuter facilities. The problem is 

more of "software" than "hardware". For these reasons full informa

tion maximum likelihood is not very frequently useC: in estimating the 

coefficients of an over-identified simultaneous system of linear 

equations. Although some efficiency may be sacrificed, ease of 

co~utation makes other estimation procedures attractive. 
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CHAPTER 19 

Derived Reduced Forms and 
Final'Forms of Equations 

Introduction 

Multiple endogenous variables in the individual structural equations of 

simultaneous equation systems lead to some difficulties of interpretation of 

structural coefficients. When interpreting an individual coefficient it is 

untenable for all other variables in the equation to be non-variant. Values 

of other endogenous variables will vary simultaneously. Hence, there is a 

problem of trying to assess the impacts of changes in variables using the es-

timated structural coefficients. The question which arises is are the esti-

mated structural coefficients e~timates of net er gross effects of chanres in 

their respective variables and wh~ch type of information is needed to answer 

the problem or problems being analyzed. 

In this chapter attention will be first devoted to developinff in more 

detail the difficulties with interpreting estimated structural coefficients 

and the relation of these estimated coefficients to economic parameters such 

as price elasticities, cross-elasticities, income elasticities, etc. Then 

analytically drived reduced forms will be developed and the types of informs-

tion provided by the derived coefficients of these forms will be discussed. 

Finally, considerable attention will be aimed at the notion of final forms of 

equations and at the various aspects of estimatinr. and interpretin~ impact 

multipliers, interim multipliers, and total multipliers. 

Difficulties Encountered in Interpretinp, 
Estimated Structural Coefficients 11 

To illustrate some of the difficulties of interpretinp, es~imated struc-

tural coefficients from simultaneous equation systems, the concepts of 

!/ This section draws heavily onUnidachcr, R. C., and Penn, J, B. "Some 
Consideration in Interpreting Elasticities and Flexibilities From Si
Multaneous Syatems" unpubllihed paper Economic Research Service, U. S. 
nPnATt',_n~ nf 60'1"4 rn1 ht'PA li'ca~·rua'"' 1 Q7£.. 
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elasticities and flexibilities will be drawn upon, Elasticities and flexibil

ities are estimated or computed in many econometric analyses and are frequent

ly used to assess the implications of such analyses or studies. Empirical 

estimates of elasticities or flexibilities are often major iuputs into analyses 

of proposed policy alternatives where price and/or income reSPonsiveness are 

important. This would include most supply, demand, and price analysis studies 

and many studies concerned with capital, cr~dit, and finance. 

One of the major sources of c~nfusion concerninr elasticities and flex

ibilities has to do with their meaning and measurement. Usine the concepts 

when certain crucial conditions can't be fulfilled has been partly responsible 

for some of the difficulty. For example using the concept of elasticity, which 

is applicable in a simple Marshallion context, in a more complex p,eneral frame

work such as the Ricksion framework of individual consamer behavior, Further

more,to make such models more compatible with real world behavior then sim

ultaneity is explicitly recognized and multiple jointly determined variables 

are introduced into each equation of the framework, The consequence is that 

the ceteris paribus conditions needed to interpret individual coefficients 

and elasticities in the Marshallion context are untenable in the more complex 

frameworks. 

To illustrate the difficulty of interpretation of the estimated structur

al coefficients let us use elasticities as the economic parameters of interest. 

The concept of elasticity in economics is attributable to Alfred Marshall. 

Marshall defined elasticity of demand as the percentage change in quantity 

divided by the percentage change in price, when ~he percentage chanp,e in 

price is small. This definition assumes that some types of market demand 

relation exists in which quantity (Q) is aome function of price_-(p), other 

things non-variant. Consider the following demand relation: 

(19 .1) Q • f (P) 
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In terms of partial derivatives the price elasticity of demand defined by Mar-

shall is: 

(19.2) E • N. 
ap 

p 
Q 

Writing the inverse function of (19.1) as: 

(19. 3) p • f-1 (Q) 

the price flexibility is defined as: 

(19.4) 

The price flexibility as expressed in (19.4) is the percentage change in price 

divided by the percentage chnage in quantity when the percentage change in 

quantity is small ceteris paribus. 

Single Equation Models 

Single equation models where a single endogenous variable is some func-

tion of a set of exogenous variables cause no problem with regard to i~terpre-

tation of coefficients or with regard to elasticities or flexibilities derived 

from such estimed coefficients. For example, consider the followin~ relation: 

(19. 5) 

where the Q is the quantity demanded, the Z's are exogenous vatiables, and the 

£ is a random distrubance term. An elasticity with respect to any of the ex-

ogenous variables can be obtained as: 

(19.6) 

The basic assumptions which allow (19,6) to be interpreted in a straight for-

ward way as sn elasticity are that the quantity is endogenous and functionally 

related to the Z variables and that the responsiveness of quantity to a change 

th in any i- exogenous variable may be interpreted individually with all other 

exogenous variables non-variant. Furthermore, it is being assumed that the 

supply relation and other relations which might make up the model are behavinr. 



in such a manner that prices are predetermined. 

Simultaneous Equations Model 

Now let us consider a simultaneous system of linear equations consisting 

of two endogenous variables and two equations. Consider the first equation 

in the following model a demand relation and the second a supply relation: 

(19.7) 

The Y's are endogenous variables, the Z's are exor.enous and the u's are 

random disturbances. The variables are: 

yl a quantity demanded a quantity supplied. 

y2 a own price 

zl a price of a substitute 

z2 = income 

z3 = price of an input 

z4 = a measure of weather 

z0 = a vector of ones. 

a's are parameters of the endogenous variables. 

y's are parameters of the exogenous variables. 

u's are random jointly and normally distributed disturbances with means 
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Great care needs to be exercised in interpreting the estimated coeffi-

cients of (19,7) or (19.8) and,elasticities ot' flexibilities that might be de-

rived from such estimated coefficients. The presence of more than an&-eado-

genous variable in each euqation raises serious questions about the validity 

of partial differentiation since the ceteris paribus assumption is violated 

and hence the traditional definition of elasticity or flexibility is violated. 

If one of the exogenous variables changes, than all jointly determined varia-

bles will be affected which means that not only the endogenous variable under 

consideration will be affected but other endogenous variables in the system 

will be affected and changes in these other endogenous variables will in turn 

affect the endogenous variable under consideration. Furthermore, if one equa-

tion of a simultaneous system can legitimately be considered in isolation then 

specifying the system as a simultaneous equation syst~ is inappropriate and 

questionable. A simultaneous equation specification is not compatible with 

analyzing individual equations separately and independently of other equations 

in the system particularly if the focus of analyses is on assessing the net 

inputs of changes in exor.enous variables. 

To further illustrate the difficulties of interpretation being emphasized, 

let us normalize the first equation if (19,7) with respect to Y1 and these-

cond with respect to Y2• Let normalization be B11 = a22 • -1. The resulting 

normalized set of equations is: 

(19.9) 

Assume that the parameters have been estimated by a suitable estimation 

technique such as two-stage least squares and the estimated relationships 

are 

(19.10) 

• 
I • 

yl - sl2y2 + yllzl + ~12z2 + ~10-ul 
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Now we can clearly see the possible difficulty in interpreting the impact of 

a change in one of the exogenous Z's on one of the endogenous Y's. For 

illustrative purposes suppose z
1 

changes by some incremental amount dZ1 • By 

how much does y
1 

change? An important issue is are we interested in the 

net amount or the gross amount by which Y1 will change. From (19.10) we see 

that for every unit change in z
1 

the corresponding change in Y1 is Y11 • But 

this is the gross change in Y
1 

associated with a unit change in z1 all other 

exogenous ~riables non-variant. From the second equation in (19.10) it is 

obvious that a change in Y
1 

simultaneously leads to a change in Y2• Every 

unit chang~ in Yl leads to a a21 simultaneous change in Y2 and changes in Y2 

lead to simultaneous changes in Y1 • From the first equation in (19.10) the 

simultaneous change in Y
1 

associated with a unit change in Y2 is a12 • Clearly 

to get at the net effect of a change in Z, the simultaneous changes among 

the endogenous variables have to be taken into consideration. Now the net 

affect of a unit change in z
1 

will be something greater than or less than 

y 11 depending on the signs and magnitudes of a
21 

and e12 • Also, if interest 

is in the net effect• of changes in exogenous variables then the form of 

equations as presented in (19.10) are not the ~at ~enable to analyzing 

such net effects. Furthermore, elasticities derived from the estimated 

coefficients of (19.10) need to be interpreted with great caution because 

the ceterus paribus assumptions can not be met. At best they should be 

interpreted in terms of relative gross changes, The traditional definition 

of elasticity refers to relative net changes but it is not possible to ob-

tain these from the structural equations ef the form (19.10) 
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Analytically Derived Reduced Forms 

The net impacts of changes in exogenous variables on endogeftOUS variables 

may be conveniently assessed from the analytically derived reduced forms. 

Also, these forms may be used for predicting the values of endogenous var~ 

iablea since each endogenous variable is expressed as a function of exogenous 

variables. The analytically derived reduced forms are obtained by solvinp. 

(19.8) for the Y's. The analytically derived reduced forma for the model 

where: 

(19.12) -1 I! • 1 

and hence, 

(19.13) 
1 

+ 1 

_, 

r 
s22Y11 822Y12 -e12Y23 -e12Yz4 

~1122Y1o -e12Y2~ 

l-e21Ylo +e11Y2o) . 
-· 

-, 
1!22 -el2 

- 1121 1111 _, 

' 

zl 

z2 

z3 

z4 

I z ' 
\_OJ 



Thus, 

ad 

19-8 

B22u1 - Bu~ 
Bu1122- 11121121 

(19 •15> Y2 .--11
11

11
22 

-
1

11
12

11
21 

[-II21Y11z1- 1121Y12z2 + 1111Y23z3 + 1111Y24z4 

llu ~ - 1121 ul 

llu1122- Sullu 

Depending on normalization of the equatiODII BOIIle of the ll's vould be 1 or -1. 

For example, 1f the model Vl1ll normalized as 1D (19.9), 1111 • 1122 • 1. New 

from (19.14) ve can see that the net impact on Y
1 

?fa unit change in z11 ia: 

(19.16) 

In a almilar manner the net impacts of ebangea 1D any of the ezosenoua va~ 

lablea, individually or 1D comblnation, may be evaluated. These net impacts 

are frequently the ones aouaht by policy makers. Also (19.14) and (19.15) 

may be used to predict Y1 and Y2 respectively as long as these ie some vay 

available of obtaining the values of the exogenous variables. 

Furthermore, now 1f ve wish to derive certain elasticity coneemed with 

net impacts, ve are in a position to do so. For example, if ve were inter~ 

e11ted 1D the elasticity of Y1 with respect to Z 
1 

ve can utUize (19.16) dnce: 

Also, if we were interested in the elasticity of 8Cie mdogenoua variable with 

respect to mother, in this cue say Y1 with re11pect to Y2 , we could utilize 

~- the ratio of the reapectiYe differentials. In the particular c:aaa of the 

elasticity of t
1 

with reepeet to Y2 ve beve: 
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(19.18) 

The differentials of the endogenous variables could arise because of changes 

in one or more exogenous variables and the particular exogenous variables 

that change to yield dY1 are the same ones that change to yield dY2• Given a 

simultaneous equation system, changes in endor.enous variables can occur only 

if one or more exogenous variables change. 

Final Form of Econ~tric Equation Systems 

The model specified in (19.7) with which we have been dealin~ is a simple 

one and all variables pertain to the time period t. In rouch policy related 

research interest is in assessing the net impacts of changes in exogenous · 

variables on &elected endogenoGB variables. Furthermore, the interest fre-

quently is in assessing the impacts not only in a single time period but in 

evaluatine the accumulated impacts for a specified amount of elapsed time and 

sometimes the total accumulated tmpacts ~Y be of interest. Also, for the 

purpose of evaluating policies an analysis of the time path of the response of 

an endogenous variable to changes in one or more exogenous variables durinr, a 

single time period may be of interest. The need for this type of information 

has to be taken into consideration in the initial phases of modelling so.that 

the appropriate lagged endogenous and exogenous variables are incorporated 

into the model. Information about the variaus types of impact.multipliers 

may be obtained from the analytically derived reduced forms if the structural 

model was formulated with appropriate lagged endor,eneus and exogenous var

iables to pemit the impacts of changes in exogenous variables to be assess·ed 

for any desired time period. One of the extremely fine discussions of the 

modelling,astimation, and interpretation of final ~tion forms is given by 
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Theil and Boot,!/ 

A point of departure for discussinr, final equation forns and impact mul

tipliers is a system of analytically derived reduced form equations: 

(19.19) 

where 

Yt is a vector of current endogenous variables. 

Yt-l is a vector of endogenous variables lagged one time period. 

Xt is a vector of current exogenous variables. 

Xt-l is a vector of exogenous variables lagged one time period, 

* ut is a vector of derived reduced form disturbances where each 

element denotes the disturbance associated •li th an individual 

reduced form equation. 

A is the coefficient matrix of the lagged endogenous variables. 

B is the coefficient matrix of the current exop,enous variables. 

c is the coefficient matrix of the lagged exogenous variables. 

There are several characteristics of the analytically derived reduced 

fcrme specified in (19.19) worth noting. First, both lagged endogenous and 

exogenous variables are included in the equations. Thus the structural equa-

tions have. to be formulated in such a manner so as to include these lagged 

variables. Second, each model need not contain all endogenous and exop,enous 

variables lagged. Some elements of A may be zero which indicates that cer-

tain lagged endogenous variables are not included in the system. Similarly, 

some elements of C may be zero indicating that certain la~ged exogenous var-

iables are not included in the system. Of course, just which lagged variables 

will be included and which will be excluded depends on the probl~ beinp. 

analyzed snd the phenomena being modelled. Finally, if interest is in im-

pact multiplier and tracing the effects of chanr,es in exogenous variables 

For a detailed discussion see Theil, B. and Boot, J. C. G. "The Final 
Form of Econometric Equation Systems", Review of the International 
Statistical Institute, Vol. 30; 2, 1962, pp. 136-152. 
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through time then A and C must not be null matrices. 

Impact Multipliers 

lmpsct multipliers measure the immediate net effect of changes in exo-

genous variables on endogeneoua variables. In other words the net effects of 

.changes in exogenous variables in timet on endogenous variables in timet. 

In (19.19) the elements of B are the impact multipliers. 

Interim Multipliers 

Interim multipliers give the ~et effects of changes in exo-

genous variables in timet on endogenous variables in time t' where t'>t. 

The interim multipliers may be expressed as the following derivative: 

(19.20) a Yt, 

a xt 
t I > t 

Let us consider the net effect of changes in exogenous variables on endo-

genous variables one year later. Thus t' - t • s • 1. We have, 

(19.21) YL_l • AYt_2 + 6xt-l + CXt_2 + u~-l 

and substituting in (19.19) yields: 

(19.22) Yt • A(AYt_2 + BXt-l + CXt_2 + u~_1 ) BXt + CXt-l + u~ 

• A2 Yt_2 + BXt + (AB + C) Xt-l + ACXt_2 + (u~ + Au:_1) 

Thus, the influence of changes in exor,enous variables on endogenous variables 

one year later is given by: 

(18.23) (AB + C) 

To find the influence of ehanges in exogenous variables on endogeneous 

variables two years later we consider t' - t • s m 2. We have 

(19.24) Yt_2 + AYt_3 • BXt_2 + cxt_3 + u~_2 

Substituting into (19.22) yields: 
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(19.25) 2 
yt • A (AYt-3+BXt-2+CXt-3~u~-2) + BXt + (AB+C)Xt-l+ACXt-2 +(ut+Au~-1) 

• A3Yt-3+A2BXt-2+A2CXt-3+A2u~-2+BXt +(AB+C)Xt-l+ACXt-2+(u~Au~-l) 

Thus the influenee of changes in exogenous variables on endogenous variables 

two years later is given by, 

(19.26) A(AB + C) 

This process could be continued for any length of lag. In general let 

t' - t a s and 

(19.27) Ds • As - l (AB + C) 

' D8 is a measure of the net effects of changes in exogenous var"'''' .,·. ·:' · 

iables on endogenous variables s time periods later, Again, note that some 

lagged endogneous variales hsv.e to be included in model or it will not be 

possible to assess the interim multipliers. 

Total Multipliers 

Total multipliers refer to the accumulated Let effect of changes in exo-

genoue variables on endogenous variables as the time lapse approaches infin-

ity •. That is t' - t a s + ~. In other words total multipliers measure the 

accumulated affects of all possible interim multipliers or they are measuring 

the net effects of changes in exogenous variables from the time the changes 

occur until the effects are dissipated as the time elapsed approaches infinity. 

The total multipliers are the infinite sum: 

(19.28) 
.. 

aY(t') 
ax(t) 

provided the sum converges to a finite limit, 
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In terms of the coefficient matrices of the analytically derived reduced 

forms we have been considering (19.28) are elements of: 

CD 

(19.29) B + E As-l (AB + C) • B + (I - A)-l (C + AB) 
s•l 

Given the analytically derived reduced form equations in (19.19), the total 

accumulated effects of changes in exogenous variables can easily be assessed 

using (19.29). 

Summary 

Impact multipliers, interim multipliers, and total multipliers provide 

the type of information often sought by policy makers. These multipliers are 

obtained from analytically derived reduced forms which are derived from esti-

mated structural equations. Thus, the usefulness of structural estimation may 

not be to obtain estimated structural parameters per se but to obtain various 

types of impact multipliers which may be helpful in policy evaluation and de-

cision making. 
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CHAPTER 20 
Seemingly Unrelated Regressions 

Introduction 

Seemingly unrelated regressions (SUR) estimation is concerned with 

efficiently estimating the coefficients of a set of linear regression equ-

ations that are related through their diaturbances. The method proposed by 

1/ 
Z a!lner- uses J it ken •.s generalized least squares (GLS) procedures to jointly 

estimate the coefficients of a set of linear regression equations. Because 

of this joint estimation the method is sometimes referred to as joint generalized 

least squares (JGLS). 

SUR or JGLS estimation deals with estilllating a combination of several 

linear regression equations which appear unrelated but which in fact are re-

lated because the equations contain some predetermined variables that are 

common to each equation and the disturbances of the equations are correlated. 

Under the condition that the disturbances of the different regression equations 

are correlated the use of GLS in a second stage yields estimators that are 

asymptotically more efficient than estimators obtained by ordinary least squares 

(OLS) applied to each equation separately. Furthermore, the SUR estimator's 

variances are not far different from their asymptotic variances for a >Tide 

range of correlation coefficient values between disturbances of the regression 

equations of the set. Also, for sample sizes of 20 or more the density function 

of the SUR estimators is very close to a normal density. If the disturbances 

among the regression equations of the set are not correlated the SUR estimators 

are identical to OLS estimators and there are no gains in efficiency possible. 

1/ - Detailed information about estimation procedures and some f~ite sample 
properties are given in two articles by Arnold Zellner The articles are: 
Arnold Zellner, "An Efficient Method of Estimating Seeodngly Unrelated Re
gressions and Tests for Aggregatioa Bias" Journal of the American Statistical 
Association, Vol. 57, No. 298, June 1962, pp. 348-368 and Arnold ;;dlt;er 
"Estimators for SeemiJlgly Unrelated Regression Equations: Some Exact Finite 
Sample Results", Journal of the American Statistical Association, Vol. 58, 
No. 304, December 1963, pp. 977-992. 
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In this chapter attaDtion vUl first be dfl90ted to e couple ~ 
· .. 

examples where SUR estimators are applicable. iiiext focus v1ll be on th4J- pro

cedure ·for estimating SUR estimators, Then the estimation of the variance -

covariaDCe matrix of the disturbances will be discussed. This will be followed 

by an appUcation example of SUR estiaation and the chapter v1ll close with a 

c0111111ent of gains in efficiency by SUR estimation. 

Application of SUR Estimation 

Cooaider a situation where we are dealing with a set of M linear multiple. 

regression relationstdps for which all the assumptions underlying ordinary least 

squares are fulfilled for each of the equations individually. In particular 

the flow of causality is uni-directional from the predetermined variables to the 

single endogenous variable in. ~'\I. equaticn; Let us assume that all the as

sumpti.oDa ... conceming the disturbance of each equation are fulfUled in order 

to obtain desireable properties from OLS estimation. Although there may be 

some predetermined variables that are common to each equation, let there be at 

least one predetermined variable in each equation that does not appear in eny 

of the other equatiollS of the set. There of course may be more than one such 

predetermined variable but there 11111st be at least one such variable. Further-

lll)re, the number of predetermined variables per equation may vary. The dis-

turbance term of each equation represents the effects of all variables not 

~licitly included in the equation, Let us ass11111e that the effects represalted 

by the dieturb&Dce term of each equation is the combined eUec:t of e eet of 

excluded variables that are c0111110n to all equatiollS end thus lead to a non-

zero correlation among the disturbances of the equations. Finally, we wUl be 

considering an adequate s8111ple aile of n observationa for each variable, en-

dogenoua aDd predatermiDed, in each equation. UDder these conditiollS SUR 

estimation v1ll yield IROra efficient eatilllllton than vUl ordinary least 

aquares. 
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As the first illustration let us consider the demand by individual farmers 

for the fertilizer nutrients nitrogen (N) ,phosphoric acid (P), and potosh (K). 

The model hypothesized to accounted for the quantity demanded of each of the 

three nutrients entails the prices of the three nutrients, prices of the relevant 

outputs for which these fertilieers are used, selected attributes of the farms 

and of the farm operators hypothesized to influence the quantity demanded of 

each of the nutrients. The economic unit, in this case farmers, are assumed 

not to influence through their behavior the market prices of N,P and K and the 

market prices of the relevant outputs. Also, the selected attributes of the farm 

operators and the farms themselves are assumed not to be affected by the be-

havior of the farm operator or famer·, in his purchasing of N, P, and K. Under 

these specifications the causality appears to be uni-directional and the form-

ulation of single equations to be estimated by ordinary least squares methods 

seems to be quite appropriate. However, let us assume that each individual 

farm operator purchased all three .of these fertilizers in the same market, 

however, you wish to define market and thus the disturbance represents the in-

fluence of variables not included in the equations that are common to all three 

nutrient equations and furthermore they are variables which pertain to the 

same market. Thus one could suspect that the disturbances for the three 

fertilizers would be correlated and that SUR estimation would result in some 

gains in efficiency in terms of small variances of at least some and possibly 

all of the estimated coefficients. 

As a second illustrative example let us consider the simple investment 

equations considered by Zellner in illustrating the application of SUR estima- ~ 

2/ 
tion.- The investment functions involve a firm's gross investment being de-

pendent on the firm's beginning-of-year capital stock, and the value-of its 

~ outstanding shares at the beginning of the year. To estimate these micro-
ii 

investment functions two firms were selected, General Electric and Westinghouse • 

.2./ Zellner, op.cit., 1962, pp. 357-362. 
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It was assumed that the disturbance term represented a set of forces common to 

both of these firms and that the disturbance would likely be correlated. And 

in fact they were and the SUR estimators w~re more efficient. The estimates 

of the variances of the SUR estimated coefficients were about 20 per cent smaller 

than the estimated variances of the coefficients estimated equation-by-equation 

using ordinary least squares methods. 

Estimation Procedure 

Suppose we are interested in estimating the following set of two equations: 

(20.1) 

where 

Yl = x~l + ul 

Y2 = x.p 2 + u2 

Y
1 

is a nx 1 vector of observations of the first endogenous variable. 

Y
2 

is a nx 1 vector of observatioas of the second endogenous variable. 

x
1 

is a nxk 1 matrix of observations of the predetermined variables 

in the first equation. 

x2 is a nxk2 
matrix of observations of the predetermined variables 

in the second equation. 

el is the k1x 1 vector of unknown parameters of the first equation 

e2 is the k
2
x 1 vector of unknown parameters of the second equation. 

ul is the ox 1 vector of disturbaaces of the first equation. 

u2 is the ox 1 vector of disturbaeices of the second equation. 

We are assuming that: 

(20.2) E(u1) m E(u2) • 0 
and 

(20.3) E(ul2) a Oll I 
and 

2 (20.4) E(u2) - o22 I 

now satisfJing least squares assumptions the least squares estimators of e1 

and a2 are: 



(20. 5) 
o.n<l 

(20. 6) 

20·-5 

. 
ll m (X' 

1 J 

112 u (Y.~ 

Th~: e~t!.Jiln.toro in (20.5) and (20.6) arc tile re<Jults of a?plyillg ordinuy leaet 

sque.res to each of the t\lo C<l\\ilticn::~ separately. 

and rL~itc the combined set ns: 

(20.9) Y ~ xa + u 

If u
1 

and u2 ore uncorrelated we have: 

(20.10) s = <x'x)-1x·~ 

If u1 and u2 are corro!latcd thP. SUR set of estimators are au efficient DN 

of estirnt\tors and are obtained i<> thE> following manner: 

(20.11) e* = (X' L-1;;) -·lx' r.-ly 

where f!: (20.12) ~· a :. 
2 

and 

~lu;1 I 
i r 

0 12 I I I Gll 0 12 @I 
(20.13) E ' ~ 

,_:21 I "n.~ : "21 "22 
' 

t is the vari2.nce-covari:;nce mo.trlx <•f the :lis turbances of the .equations. The 

latter expreosion of (,.0.13) is the Kronecker product expression of- the variance-

covariance mntrix of the u's. 

Let the inverse of the variance-covariance matrix of the disturbances b~: 



(20.14) 

then 

(20.15) 

1x 
-1 

t m 1 
1 

8a;; ~lx'x • "1 a -J. 1 
8*- -- -

~ * a2lxlx 
2--' 2 1 
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. 
The varianCb-OOvatiance matrix of the estimator ll* is: 

(20.16) Var (B*) ~ <i £-1x) -l 

or 

~1··~ a12x•x -1 
(20.17) Var (ll*) D 1 1 2 

21X'X a22XiX2 a 2 1 

Thr procedure can be generalized to and M > 2 equations by letting (20.9) 

represent the following set of equations: 

r.l 
xl 0 0 0 

y2 0 x2 0 0 

(2o.ls> I = 0 00 XJ 0 

y 
,M 0 0 

and t:he--vai:~iance matrix of 

(20.19) L D 

all~ al21 

•211 a221 

0-llai-
'a• 0 I 2 I I 

'+ 0 

I 

~I 
the disturbances of 

CllJ'il 

a ·1 
2M 

I 
I 

u I 

' 1; 
I 

u2 i 

the equations is: 



and 

(20.20) I: 

all 

a21 

.. 

aMl 

all! 

a21I 

-1= 

G~~ 
a11r 

a21I 

~ 

aM11 

r:ll 
21 

' 
a 

I .. I 

111 
a 

a12 

a22 

aM2 

al2I 

a22I 

aM2I 

12 
a I 

22 
a I 

aM2I 

12 
a 

22 
a 

H2 a 
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a1~ 
a2M. 

' 

I (~I 
I 

a~ 
: -1 

a1MI i 
a2Ml i 

i 
I 
I 
I 
' ' I 
' 

0
1111

1 

_, 
1M I 

a r! 
I 

a 21'1r i 

I 
I 
I 

I 
ai1M.r_j 

-, 
1M I 

a I 

i 
2M I 

a I 
'XJI 
~ 

MM 
a _j 



The estimators presented in (20.llh (20.12), (20.15) ~•d (20.21) consider 

t to be known. Most frequently this is not the case and t has to be estimated 

from the residuals of the equations estimated by ordinary least squares. The 

estimation of the variance-covariance matrix is discussed in the next section. 

Estimating the Variance-Covariance Matrix 

Since usually t is unknown it needs to be estimated from the residuals 

of the equations estimated separately by ordinary least squares methods. The 

least squares estimators ere given in (20.10). However, instead of letting 

these pertain to qnly two, let (20.10) pertain to M equations. The estimated 

residuals for each equation may be obtained as: 

• 
(20.23) (Y - XB) • U 

Which may be expressed in more detail as: 
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yl xl 0 0 

(20.24) 
y2 0 x2 0 

0 --------

The variance may now be estimated as: 
• uj uj 

(20.25) n- k 
j 

;l 
0 

X 
M 

• 
el 

• 
e· 
2 

ul 

u2 

• 

and the estimated covariences between the disturbances of the ith and j~ 
th th 

equation based on the least squares residuals between the i- and j- equations 

are: 

(20. 26) sij • 

where k1 and kj are the degrees of freedom "lost" in each of the respective 

equations. Now the estimated variance-covariance matrix of the disturbances 

is: 

(20.27) 

• 

-
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of the estimated variance-covariance matrix of disturbances is: 

\ 

(20.28) 
-.... -1 

E • 

where 

The estimators 

~ 

B* 1 

,.,_, 
(20. 30) B* ~ "'-' 

ll* 2 

I 1*1 
~ 

using the 

sllxl•xl 

s2lx2·~ 

MM 
S 

I 

estimated variance-covariance matrix are: 

12 •x ~·~ 
M 

s1jx 'Y s x1 2 ---s E 
j•l 1 j 

M 22x •x .2~fx2 ·~ !: s2jXz'Y s 2 2 

X j"l j' 

- - - - - - - s~ ·~ 

The estimated variance-covariance matrix of the estimators presented in (20.30) 

is: 
llx • 12x •x --- ,u\·~ 

-I 
s 1 xl s 1 2 

~~ 

(20.31) var (B*) • 
s 21x 'X s22Xz •x2 --- s~·~ 2 1 

O(n-1) + 

-1 1 where O(n ) denotes a bias term of higher order of smallness than n- where 

n is the sample size. From a practical viewpoint the O(n-1) term 1e usually 

disregarded. 
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An Application 

To illustrate the SUR estimation procedure the example given by Zellner 

(1962) will be highlighted here. The model considered is: 

(20.32) It • a0 + a1 ct-l + a2 Ft-l + ut 

where 

It is a firm's current gross investment. 

Ct-l is the firm's begianing-of-year capital stock. 

Ft-l is the value of the firm's outstanding shares at the 

beginning of the year. 

The two firms considered were General Electric and Westinghouse. Annual data 

for the period 1935-1954 were used to estimate (20.32) by single equation or-

dinary least squares and the two-stage Aitken's procedure which yields SUR 

estimators. 

Following Zellner, for convenience, we relabel the variables as follows: 

Firm I(t) C(t-1) F(t-1) 1 

General Electric yl(t) ~l(t) x12(t) xlJ(t) 

Westinghouse YZ(t) Xzl(t) x22(t) x23(t) 

The equation system to be estimated is: 

0 

where 

~ • 5-l(t) xl2(t) ~l<J Xz • G;l(t) x22(t) x2J(t2J -

8i • 51 812 ~~~ and 112 • ~1 822 82~ 
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~er first computed tbe single-equation ordinary least squares esti-

mates in the usual way, Then he obtained the variance-covarianc.e matr:lJt of tht 

estimated disturbances using (20.25} and (20.26} to obtain the variances snd 

covariances and (20.27} to get the variance-covariance matrix. He obtained 

the inverse as in (20.28} and then utilized (20.30} and (20.31} to obtain the 

two-stage Aitk~n's (SUR} estimators and their respective variances. These 

estimators and their variances an~ the single-equation ordinary least squares 

estimators and their respective variances are presented in Table 1. 

Micro-
Unit 

General 

Table 1. 

Results of Two-Stage Aitken and Single-Equation Least-Squares 
Estimation of Micro-Investment Functions 

Coefficient Two-Stage Ai tlten Method 

of Coefficient Variance of Coefficient 
Estil'l8te Coefficient Estimate 

Estimator 

c-1 .1326 '.0006006 .1517 
Electric F-1 .0421 .0001885 .0266 

Variance of 
Coefficient 

Estimator 

.0006605 
,0002423 

1 -32.4807 789.6 -9.9563 984.1 

------------------------------------------------------------------·~-----------
Westing
house 

C-1 
F-1 
1 

.0459 

.0611 
-2.0113 

.002691 

.0001972 
54.21 

.0924 

.0529 
-.5094 

.003147 
,000246f 

64.24 

It is seen from this table that the application of the estimation procedure 

described above has resulted in approximately a 20X reduction in the estimated 

coefficient estimator variances, a significant reduction, compared with those 

of single-equation least squares. Notice also that the eoefficient estimates 

yielded by the two methode differ. This is expected since each method is min-

imizing a different quadratic form, and aiBce one method is mare efficient 

than the other, the estimates usually differ. 

The logic of using this method to the investment equations of both firms. 

General Electric and Westinghouse is that thesa firms eperate in the same 

branch of industry, it is conceivable that there are c~n faetora that 

affect the investment decisions of both firms quite apart from the comaon 
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development of the two explanatory variables, C-1 and F-1 of each firm. Since 

these factors •are neglected by the model, they have to be analyzed in terms of 

disturbances. The disturbances of the General Electric investment equation 

are to be expected to be correlated with those of the Westinghouse equation, 

if there are indeed such common factors. An indication of this is that the 

20 LS residuals of General Electric and the 20 LS residuals of Westinghouse 

have a correlation coefficient of .73. 

Gains in Efficiency 

The gain in efficiency yielded by Zellner's SUR estimators over ordinary 

least squares estimators increases directly with correlation between the dis-

turbances from different equations and inversely with the correlation between 

the different sets of predetermined variables, 

Even if the true correlation between equation disturbances is zero, the 

sample least squares residuals may yield non-negligable covariances and SUR 

estimators might be computed mistakenly. For finite simples the result 
will be estimates wit~ 
somewhat greater standard errors then those of the ordinary least squares 

coefficients, This will even be true for very ~1 correlations among the 

disturbances but as these correlations increase the efficiency of the SUR 

estimators over the ordinary least squares estimators rises substantially • 

• To illustrate the effect on efficiency of using an estimated disturbance 

variance-covariance matrix Zellner computed the exact second moment matrix of 

the SUR estimator;!/ which is: 

(20.34) 

1/ This is based on a two equation model. 

1 + .5649 
d-2 

--
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'Where d •n-k -k . 1 2 

n is sample size. 

kl is the degrees of freeC:um "lost" from equation one. 

k2 is the degrees of freedom "lost11 from equation two. 

r is a gamma function. 

p is the correlation coefficient between disturbances. 

2 The value of (1 - p ) decreases sa p increases in absolute terms. -
(20.35) .5649 

d-2 
re;l )l 
rC/2 ~ 

If 

is equal to one, the result is the ordinary least squares variance-covariance 

( • )-1 matrix of a
1 

i.e. x1 X a11 , based on a known variance-covariance matrix of 

disturbances. For an estimated variance-covariance matrix of disturb~nces 

among equations Zellner tabulated the value of (20.35) for wide range of values 

of d and p. The results basically showed the substantial gains in efficiency 

occurred for large degrees of freedom and high values of the correlation coef-

ficient among the disturbances. 
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CHAPTER 21 

Recursive Models 

Introduction 

A central concern of econometrics is the buildinr of models which are 

simplified representations of the real world. One of the long standinp con-

troversies of the art of model building is .whether economic macnitudes should 

be specified as recursively or simultaneously determined. These alternative 

simplifications of the model of the real world have important implications 

from both the theoretical and empirical viewpoints. Herman Wold has been an 

almost continuous crusader for his view of the world as essentially recursive, 

since his early publications on the topic.!/ 

In this chapter the foundations of recursive models will be outlined and 

the controversy of recursive chains versus simultaneous equation models will 

be discussed, In the next section the theoretical basis for recursive chains 

as economic model representations will be discussed. This will be followed by 

a. discussion of some empirical questions related to the use of recursive chain 

models. Then some comparisons are made between recursive models and sioultan-

eous equation models. In the final section the strong points of recursive 

models and simultaneous equation models are summarized. 

For details of the development of causal chain concepts and recursive 
models see the following: 

1. Wold H. and Jureen L., Demand Analysis, Wiley and Sons, 1953. 
2. Wold B. "Causality and Econometrics", Econometrica, Vol. 22, 

No. 2, April, 1954. 
3. Strotz, R. and l~old B., "Recursive Versus Non-Recursive Systems: 

An Attempt to Synthesis", Econometrica, Vol. 28,, No. 2, April, 1960. 
4. Wold, H., "A Generalization of Causal Chain Models", EconOitCtrica, 

Vol. 28, No. 2, April 1960. 
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Foundations for Recursive Systems 

Econometricians use an economic ~odel as a simplified representation of 

the real world. The baais for a recursive ~del is the hypothesis that be-

havior in the real world is recursive. This implies that behavior is uni

directional and that regardless of the length of ti~ period being considered 

a particular pattern of t~ elapse occurs between the changes in variables 

that act as stimuli and changes in variables that act as responses to those 

st~uli. Recursive ~dels consist of syst~ of equations containing both 

endogenous and exogenous variables with one eausal relationship for eaeh en-

dogenous variable. Given exogenous variables and initial values of endogenous 

variables, the development of endogenous variables in successive t~e periods 

~y be calculated recursively. 

When considering recursive ~odele it is ~ortant to distinguish between 

dete~nistic econo~c models and stochastic econ~etrie models. Proponents 

of recursive ~odels have advocated their use in both situations but have ac-

knowledged that the recursive approach is especially suited to the theoretical 

representation of the econo~c model. Bentzel and Banse~/ concerned them-

selves with whether or not there is in pure economic theory, an a priori ease 

for or against the use of recursive or si~ultaneous equation models. They 

distinguish between "basic" ~odels which are recursive and "derived" models 

(more simplified ones) which ~Y not be recursive. 

The rationale underlying recursive ~odels has been presented in a frame-

work of a theoretical definition of causality. Scientists use a controlled 

exper~nt to establish a causal relationship,they apecify X as the cause and 

Y as the effect and hold all other factors constant to see how variations in 
-

the cause X's result in variations in effeet Y. Such exper~nts can be 

Y Bentzel R. and Hansen B. "One Recursiveness and Interdependency :In Economic 
Models", Review of Economic Studies, Vol •. 22, 1954-55. 
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replicated and verified or reputed as working hypotheses. Economists make 

their experiments without control, and yet attempt to specify the direction 

of causality. They say the demand relation d • D(P) is causal but that the 

-1 inverse p • D (d) is not, The relation is thus as~nnetric since causality 

runs one way only. The problem is that since variations in cause, X do not 

occur in a constant cnvironDcnt, the very statement of the hypothesis "){ 

causes Y" may be questionable. Thus the specification problem needs to be 

solved before the application of statistical tools to an empirical model. 

Bentzel and Hansen refer to a basic model as one in which complete 

account is taken of each economic eood or subject. These economic subjects 

are the build ins blocks of theoretical economic models· they have expectations 

which form the basis of plans of action, then actions; finally there is 

accounting of the outcomes of the interaction of economic subjects ~nth one 

another, The elements of expectations, nlans., actions and accounting follow 

one another in recursive manner. 

At the point of division between two time periods economic subjects make 

new plans (based on expectations which are influenced by events in the pre-

cedin& time period). These plans may be conditioned er unconditioned· for 

example, purchasing plans conditioned by price quotations. These plans are 

interdependent, but based on a set of recursive (conditioned) demand equations. 

Through the period conditioned plans become less conditioned in a chain of 

reactions, The purchaser (seller) carries out a plan that eventually ~kes 

the seller's (purchaser's) conditioned plan become uneonditioned. All human 

actions take time eo this procednre must be recursive rather than simultaneous. 

The above argument seems to be the most basic underlying one in the lit-

erature for a view of the whole world as being recursive. It merits careful 

consideration, keeping in mind that it refers only to the theoretical economic 

model, and then only to the basic economic subjeet. An economic subject 

exists only in what might be called the basic model, and it is limited to a 
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single decision making and plan formulatinr, unit, A firm with separate pur

chasing sales diVisions, for example, may be seen as making simultaneous de

cisions. However, same would argue that it is the economic unit that has 

diVided into two behaving units, each takinr actions recursively. Bentzel 

and Hansen have thus implicitly defined recursively at. the micro level, as 

the successive unconditioning of previously conditioned plans of action. 

Looking at the whole firm is aggregating over more than one economic subject. 

An important point in the above argument for recursivity in basic models, 

is the 6efinition of time periods. In theory, the time interval in which 

plans go from conditioned to unconditioned and materialize as actions, may be 

defined to be as short or long as is necessary to assume recursivity of be

havior of the economic subject, In a sense this is assuming away the contro

versy of recursive versus simultaneous models., but, this has important impli

cations for the use of derived econometric as distinct from basic economic 

models. 

Recursivity may not apply to derived models which are simplified and omit 

some variables and relations from the basic model. This is especially so for 

econometric models which always use ex poste variables and lack knowledge of 

empirical values of ex anti variables. Several specific reasons are given 

for interdependency in such derived models. Most importantly, these models 

aggregate over time periods in which plans materialize into actions, and over 

separate economic subjects. For example, ag~regation over households makes 

them interdependent and their combined plans can be specified in the derived 

model as simultaneous, This leads to specification of variables as simul

taneously determined when they are in fact recursively determiend over a 

different time interval. Another related point is the use of a static frame

work with equilibrium conditions to simplify the econometric model. This 

static view results from a lack of empirical informatien on the expectations 

and plans of economic subjects. Interdependency in dynamic models results 
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from conceiving the differences between ex ante and ex paste variables as 

random variables. 

If it is accepted that the basic economic models is a recursive one, 

then the controversy of simultaneous versus recursive models revolves around 

whether the derived econometric models is s~tsneous or recursive. Put 

another way, do the simplification and modifications contained in the econo

metric model require simultaneous or recursive specifications? 
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Empirical Recursive Models 

Wold and others take the view that empirical derived models should be 

specified as recursive, In a statistical analysis of demand and supply Wold 

uses the following model: 

(21.1) 

(21.2) 

(21. 3) 

dt • D(pt) 

st a S(pt - 1) 

pt • pt-1 + y (dt-1 - 9 t-l) 

Equation (21.1) is a causal hypothesis of consumers' demand as a function 

of current price. Equation (21.2) shows supply a causally related to price 

in the previous production period. Equation (21.3) indicates price adjustments 

through ttme and the causal mechanism behind price movements. Given initial 

values of Po and s 0 we can recursively calculate the development of dt' st, 

and pt as represented in the follow arrow diar.r~. 

Variable Time Unit 

t-2 t-1 t t+l 

As the arrow directions indicate, values of the variables can be determined 

recursively through time. 

These considerations lead us to the follo.rl.ng type of recursive systern: 

(21.4) 

(21.5) 

(21. 6) 
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where the Y's are endogenous variables, the Z's are lagged endor-enous sud 

exogenous variables and u's are random disturbances. The a's are coefficients 

of predetermined variables while the b's are coefficients of the endogenous var

iables. Unilateral causal dependence is hypothesized so in the second and 

third equations of the system, the Y's on the right hand side are predeter

mined endogenous variables. The matrix of coefficients of the endogenous 

variables is triangular but all elements of the triangular matr!x need not be 

different from zero. In other words, all of the endogenous variables in e

quations above the one being considered do not need to appear in the equation 

being considered. Specifically, both Ylt and Y2t need not appear in (21.6). 

Zlt' z 2t' and z3t may have some common predetermined variables but each 

must contain one or more that are not conditioned in the other equations. If 

this were not the case, then a sinele endogenous variables could be substi

tuted for au entire set of predetermined variables. For example suppose z1t 

and z2t were identical. Then (21.5) really would be~ 

<21 •7> Y2t • b21Ylt + 8 22Ylt + u2t 

• (b21 + 8 22) Ylt + u2t 

or 

(21.8) Y2t • b21(8 llzlt) + 8 22z2t + u2t 

• b218 llzlt + 8 22z2t + u2t 

And if z1t and z2t are identical then, 

<21 •9> y2t m (b218 11 + 8 22) z2t + u2t 

D (b2lall + 8 22) zlt + U2t 

Based on (2.19) one would have to conclude that Y2t is a function of only 

predetermined variables and that the equation is not linked to any other 

equation of the system. 

Assumptions about the disturbances vsed in recursive empirical models are 

important with respect to the estimation procedure. Both recursive sud 
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simultaneous equation systems models assume predetermined variables (Z's) and 

disturbances (u's) are uncorrelated. Recursive models require in addition 

that ui is uncorrelated with Ylt' Y2t, --- Yi-l,t and that at least some of 

the Z's from successive equations are independent. In simultaneous equation 

models the Yit endogenous variables are correlated with the disturbances of a 

recursive system are met the vsrisnce-covsrisnce matrix of the disturbance 

terms is diagonal. If the model is specified correctly, (i.e., if the true 

structure is recursive ss hypothesized), then these assumptions will hold and 

ordinary least squares (OLS) is appropriate for estimation. This is especially 

important since factors excluded from the derived model enter through the dis-

turbances. Since it is possible that omitted variables may be correlated with 

included variables zero correlations may complicate the model. 

The use of OLS ia estimation of recursive models under the above assump-

tions, and all the "usual" assumptions for OLS results in 1\UTr estimates of 

the parameters of the causal system. If OLS is used on simultaneous systems, 

on the other hand, such desirable properties are not present. Parameter esti-

mates are hissed inconsistent and inefficient. Regression analysis was orig-

inally developed for use in controlled experiments where unilateral causal 

dependence could be stated. In non-controllable economic data the assumptions 

of OLS may be questioned, and specification of the model beinr, estimnted as 

simultaneous, would result in biased inconsistent and inefficient parameter 

estimates. 

Whether the derived econometric model is to be used for estimation of 

structural parameters, or for forecasting and prediction, affects the compar-

ison of empirical estimation. In the latter case, we do not need to know 

structural parameters, aod all that is required is that the unknown str>•cture 

remains unchanged. 
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Cournot and Walras: 

stability conditions. Cournot drew reaction functions and showed how duopol-

ists adjusted prices 1n a recursive manner, one following the other with a 

decision based on predetermined variables. Walrasian equilibrium was based 

on predetermined variables. Walrasian equilibrium was based on 

(21.10) 

(21.11) 

d • D(p) 

s • s (p) 

and equilibrium occurred where 

(21.12) D(p*) ., S(p*) 

which may be shown as follows: 

q D(p) 

I 
I 
I 

.~I 
0 pt-1 p* 

FIGURE 21.1 

Cobweb Models 

Let us consider the following model: 

(21.13) 

(<:.1.14) 

I S(p) 

p 

This is a recursive model in which pt and qt are determined in successive 

time periods by oscillations around stable lens run functions. 
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p 
lagged output 

- - - - - - - - - - -

price 
I 

o·L-------------------------~q--

FIGURE 21.2 

The product of parameters a and b determine Whether the oscillations are 

convergent (ab < 1) or divergent (ab > 1). 

Harlow!/ used a cobweb model as a recursive system of equations for esti-

mating quarterly hog supply and price functions. He noted that aggregation 

over time was an important consideration in the decision to use a recursive 

model. If a longer ttme unit such as one year were used it may permit simul-

taneous interaction of supply and demand. The resultant hypothesized simul-

.taneity would result in biased estimates by OLS as the assumptions outlined 

earlier would be violated. 

Harlow used OLS on quarterly data and found serial correlation 

is residuals. Non independence of residual terms resulted in loss of statis-

tical efficiency and under-estimation of the variance. As a result t and F 

tests were no longer strictly valid. This serial correlation of disturbances 

resulted from exclusion of some variables, so Harlow included lagged quantity 

in the supply and demand functions.i/ There was then no evidence of correla-

tion among residuals of different equations and serial correlation was greatly 

reduced. 

1./ See Harlow, A. A., "Factors Affectine; the Price and Supply of Hors", U. S. 
D. A. Technical Bulletin, 1274. 

i/This was argued to be theoretically sound, and observationally verified 
by the tendency of economic variables to be serially correlated. 
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Harlow check~d the condition of triangularity necessary for use of the 

recursive method. It is that the Jacobian of the transformation connecting 

the disturbances with the endogenous variables be triangular and equal to 

5/ one.- While not all of the off diagonal elements (covariances) were zero, 

this condition for use of OLS on a recursive system was approsimately met. 

The above examples suggest that recursive models are auitable for use 

in dynamic analyaia situations, given that the econometric (derived) model can 

be correctly specified as recursive. Unfortunately the theoretical consider-

ations discussed earlier are of little help in making the correct specifics-· 

tion, the choice of recursive or simultaneous model depends on aggregation 

issues and the use of OLS versus simultaneous equation procedures. 

Recursive and Simultaneous Systems Compared 

As suggested earlier there are good reasons for assuming that the basic 

economic model is recursive. In the process of simplification and aggregation 

to develop an econometric model we may use either a simultaneous or a recur-

sive approach. Which ever is decided on, the econometric model may be viewed 

as a set of hypotheses about a simplified representation of the real world. 

It is desirable to be able to specify the causality of the relations embedded 

~n this set of hypotheses. 

Recursive systems involve a direct specification of eausality, as long 

as we move from equation to equation along the recursive chain suggested by 

Wold and others. In simultaneous systems, it is frequently true that no 

causal interpretation is intended in the structural model; the model merely 

hypothesizes that there are joint conditional probabilities of the endogenous 

and predetermined variables. This is a situation in which there may be 

i/ The Jacobian is the matrix of partial derivative of ut with respect 
to Yt. 
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causal circles, so that endogenous variables Y1 and Y2 are jointly determi,;:',". 

Such a situation lllllkes sense only in an equilibrium system, which does not 

describe bow equilibrium comes about, or the causal relations involved. 

Strot~/ treats simultaneous models as either an approximation of a 

recursive model, or a description of its equilibrium state. In either case, 

be view simultaneity as a specification error due to the static nature of the 

model. This error may result from ignoring time lags and the dynamic adjust-

menta in the model, or using "stock" rather than "flow" variables. 

This view presented by Strotz is especially important in relation to 

aggregation over time in econometric models; In the particular case of 

Cobweb's models of hog supply and pricing, Harlow concluded that quarterly 

data would be recursive, but annual data would allow for simultaneity to occur. 

At the other extreme, when an individual consumer enters a store with a 

"conditioned" demand function, it becomes unconditioned as soon as the price 

is known; in this case recursivity could be hypothesized only for a fleeting 

moment. Strotz generalizes the above examples by pointing out that lagged 

endogenous variables are considered current endogenous variables on the grounds 

that the lag is small relative to the observation period, This situation has 

some implications for model specification and for maximum likelihood properties 

of the estimated parameters. 

The question of identification is of great importance in comparing 

recursive and simultaneous models. Recursive models have no identification 

problema, but in estimation of the parameters of a simultaneous structure, 

identification is an empirical problem of major importance. It bas been 

argued that simultaneous models hr.ve estimation problems in anything but the 

over-identified case, because the model is a simplification of the real world 

~/For dataih, see Strotz R., ''Interdependence as a Specification Error," 
l!conometrica, Vol. 28, No. 2, April 1960. 
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and almost always omit some variables. This form of misspecification 

frequently results in underidentification. Pisherlf advocates use of a 

r~ursive system as a way out of thia problem. In a recursive· set of equati~ 

llliaspecificatioll in the form of omillsi.on .of variables may caUN·problems in 

indivi4ual recursive equations, but the underidentifiability problem for the 

vbole model, does not occur. The parameters of one equation in a recursive 

system may be biased by variable misspecification.~ but other equations will 

not be affected. Further, Fisher quotes Wold's proximity theorems on the 

approximate fulfillment of OLS assumptions resulting in "nearly unbiased" 

coefficient estimates. This can be generalized to statements about the 

importance of miaapecillcation of variables and its effect on s1multaneous 

equation structural parameter estimates. 

As a conclusion, Fisher seeks the middle ground of a "nearly" block 

recursive model, This seems to be explicit recognition of the possibility 

that choice between recursive and simultaneous models is a matter of judgment, 

and depends on the problem under consideration. As noted earlier, this choice 

·will also depend on such factors as the degree of consumer, product, or time 

aggregation used. 

In many respects simultaneous systems are more general in formal design 

than recursive systems. The latter have restrictive conditions on the matrix 

of endogenous variable coefficients, and on the matrix of residuals. On the 

other hand, recursive systems allow for a causal interpretation of behavior 

relations which can only be derived from the reduced form of a simultaneous··· 

1/Fisher, P. M., "On the Cost of Approximate Specification in Simultaneous 
Equation Estimation," Econometrica, Vol. 29, No. 2, April 1961. 

8/variable mis-specification may take the form of omission of variables, 
incorrectly designating endogenous as exogenous variables, and vice versa, 
111110ng others. 
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model. 
9/ . 

Wola attempts a geoeralization of reeurdve systems .to .combine the 

best features of both IIIOdels into what he calls "conditional causal chain 

models." 

Conditional causal chains are constructed on the basis of behavioral 

relations. Equilibrium conditions may then be imposed on the model to break 

the triangularity of the matrix of endogenous variable conefficients. The 

causal interpretation of the model is retained by using conditional 

expectations on residuals E(ut) • 0. The objective of Wold's generalization 

is to distinguish between explicit (recursive) inference from the model and 

implicit (simultaneous) inference from the reduced form. Wold makes the 

following comparative comments. 

1. Differences between the models a~e based on the mechanism 

hypothesized to generate the empirical data. It is therefore a 

theoretical rather than an cnpirical question. Elasticities can 

be interpreted directly from the recursive model but not from the 

structure of the simultaneous model. The notion of causal inter-

probability discussed earlier is important here. 

2. In causal chains the disturbance is allowed for by predictive 

:lnference in the form of conditional expectations. In simultaneous 

models, you can specify relations as conditional expectations 

either in the reduced form or the structural form, but not in 

both forms concurrently. Thus causal chains have an advantage 

in simplicity of causal interpretation. 

Recursive modele are explicitly based on behavioral relations which Wold 

and others refer to as the "fundamental building material" of all econometric 

2/0p cit, Eco~etrica, Vol. 28, No. 2, April 1960. 
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models. The recursive model is explicitly dynamic in its approach to these 

relations, while simultaneous models impose static elements through the use 

of equilibrium conditions in the model. 

Summary and Conclusion 

In this the advantages of recursive and simultaneous models are briefly 

8111111D&rized and some of the main points of the controversy are emphasized. 

1. Advantages of the Recursive Model. 

(a) Theoretical justification - using the rationale of Bentzel 

and Hansen leads one to a view of the real world at the micro 

level of behaving units, as being recursive. Whether or not this 

carries through to the econometric model as a simplified repre

sentation of the real world, is open to debate. In particular 

the aggregation and correspondence issues may lead to a 

simultaneous representation of a recursive world. 

{b) Ordinary least squares can be used for estimation. If the 

model is correctly specified, and the assumptions on disturbances 

hold, the desirable properties of BLUE estimators are present. 

In particular this results in robustness in testing the model. 

Attainment of such properties appears to be more of a problem 

in estimation techniques for simultaneous models. 
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(c) Direction of causality and behavioral interpretation 

are explicit products of recursive estimation. This is an 

advantage in forecasting and prediction. On the other hand, 

where no causal interpretation is desired, and the aim is to 

estimate structural parameters Qf a system, the simultaneous 

model may be equally applicable. 

(d) Auto and serial correlation problems are not as great a 

problem in recursive models and there are no identification 

problems with recursive meJel estimation. 

2. Advantage of Simultaneous EquaLion Models 

(a) Given that the econometric model is a simplification 

of the real world with the associated aggregat~on and cor

respondence problems, simultaneity may be the most realistic 

approach to estimation. 

(b) The simultaneous equation model is more general and 

flexible in that it is not restricted to any specific causal 

interpretation and emphasises the joint determination of 

mutaally interdependent variables. If the researcher is 

faced with questions of structure specifically, rather than 

prediction and forecasting, simultaneous models may be the 

most realistic approximation to the real world~ 

(c) Simultaneous systems involve less restrictive assumptions 

on the residuals in some respects. In particular the existence 

of correlation between the dist~rbances of different equations 

is perm.itted, and is in fact an essential feature of the sim

ultaneity of the model. 
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