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Indivisibility and Divisbility in Land Development Decisons Over Time and Under
Uncertainty
Abstract

Thequasi-optionvalue (QOV) literatureoriginated by Arrow and Fisher (1974) and by Henry
(1974) islargely concerned with the analysis of two-period models of land development. Our paper
extendsthisliterature by analyzing two scenarios in which the decision to develop land ismadeina
multi-period and stochastic framework. Inthefirst scenario, the development decisionisindivisible.
In contrast, in the second scenario, the development decisionis divisible. Specifically, we study the
properties of the indivisible development decision when thereisatime constraint on when land isto
be developed. We then analyze the ways in which the divisible land development decision depends
onthe extent of alandowner’ slandholding and onthe number of development opportunities awaiting

this landowner.
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Indivisibility and Divisbility in Land Development Decisons Over Time and Under
Uncertainty
1. Introduction

In two seminal papers, Arrow and Fisher (1974) and Henry (1974) introduced the concept
of quasi-optionvalue(QOV) to natural resourceand environmental economists. Theso called Arrow-
Fisher-Henry (AFH) concept of quasi-option value tells us that when land development is both
indivisible and irreversible, alandowner who disregards the possibility of procuring new information
about the effects of such development will invariably underestimate the benefits of preservation and
hence skew the binary choice develop/preserve decision in favor of development.

This elegant and powerful result has been shown to hold in its most general form in a two-
period model. Therefore, it makes sense to study two specific issues about the nature of the land
development decision in a n-period and stochastic model in which n>2. First, it would be useful to
analyze the properties of the land development decision when thereisatime constraint on when land
isto be developed and when this decision is indivisible. Indivisible means that the landowner must
develop al of hisland or none of it and partial land development is not possible. Second, it would be
instructive to study the characteristics of the land development decision when this decision is
divisible. In this paper, divisible means that it is possible for our landowner to partialy develop his
land.

The first issue of the foregoing paragraph has been addressed by previous researchers.
Markusen and Scheffman (1978), Arnott and Lewis (1979), and Capozza and Heldley (1989) have
al studied this issue in a deterministic environment. However, when the relevant development

decisionisirreversible, the use of acertainty framework isinappropriate. Infact, theinvestment under



uncertainty literature (see Pindyck (1991), Dixit and Pindyck (1994), and Hubbard (1994)) tells us
that if we are to comprehend the nature of land development decisions in the presence of
irreversibilities, then it is essential that we clearly account for uncertainty.

Recently, Titman (1985), Capozzaand Heldey (1990), and Batabyal (1996, 1997, 2000) have
examined the question of land development over time and under uncertainty. The bulk of Titman's
(1985) analysisis carried out in atwo-period model. Therefore, this paper doesnot really addressthe
multi-period nature of the land development problem. Capozza and Heldley (1990) use the concept
of a“first hitting time”* to show that land ought to be converted from rural to urban use at the first
instanceinwhich theland rent exceedsthereservation rent. In contrast with the Cappozaand Heldey
(1990) approach, Batabyal (1996, 1997) hasused thetheory of Markov decision processesto provide
discrete-timeand continuous-timeanalysesof then-period land development problem. Inboth papers,
aparticular stopping ruleisused to ascertain when astochastic “revenue from development” process
ought to be halted. In Batabyal (2000), the “When do | develop land” question is answered by
studying the decision problem of alandowner who wishes to maximize the probability of accepting
the best possible offer of development, given that these offers are received sequentially over time.

Unliketheindivisibleland development questionover timeand under uncertainty, thedivisible
land development question has received less attention from previous researchers. Epstein (1980),
Hanemann (1989), and morerecently Batabyal (1999), have studied alternate aspectsof thisquestion.
Theseresearchershaveall shownthat when the land development decisionisdivisible, the AFH result

will not hold in general.

1
For additional details on this notion, see Dixit and Pindyck (1994, pp. 83-84) and Ross (1996, pp. 363-366).
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This review of the extant literature tells us that although previous studies have analyzed
aspects of indivisible and divisible land development decisions, there are interesting and salient
questions that have not yet been explored.? For instance, in a probabilistic sensg, is it desirable to
impose atime constraint on the land development decision? Second, how doesthe presence of atime
constraint about whenland isto be developed affect theindivisibleland development decision?Third,
what are the statistical properties of a specific random variable that is intimately connected with the
indivisible land development decision? Fourth, how do the size of alandowner’ slandholding and the
number of development opportunities that await him influence the divisible land development
guestion? The purpose of this paper isto use a dynamic and stochastic framework to shed light on
these four hitherto unanswered questions.

Therest of this paper is organized as follows. Section 2 first delineates an intertemporal and
stochastic framework and then it usesthisframework to answer thefirst three questions posed inthe
previous paragraph. Section 3 adaptsamodel originally dueto Derman et al. (1975) and answersthe
fourth question of the foregoing paragraph. Finally, section 4 concludes and offers suggestions for
future research.

2. Indivisible Land Development
2.1. Preliminaries

Consider a landowner who owns a plot of land. In this section, consistent with the AFH

tradition, we suppose that the development decision is indivisible. As explained in section 1, this

means that partial development of the plot of land is not possible. The landowner operates in a

2

Also see the second paragraph of this section on p. 3.



dynamic and stochastic setting. The setting is stochastic because the decision to develop depends
essentially on the receipt of offersto develop land. These offers O,,0,,0,,... are dollar-valued and
the offers themselves constitute a sequence of independent, identically distributed (iid) continuous
random variables. The setting is dynamic because the offers are received over time. Our analysis
begins at time t=1. This means that O, is the offer received when our analysis begins, O, isthe
second offer, O, isthe third offer, and so on and so forth.

As indicated in section 1, a key feature of our analysis is the fact that we study the land
development decision when thereisatime constraint on whenland isto be developed. Wemodel this
aspect of the problem by supposing that our landowner will develop hisland at a predetermined time
in the future, say, time t. To comprehend this time constraint, consider the following situation. A
landowner who isafarmer may decide that agriculture is not a sufficiently desirable career prospect
and that he would hence like to develop his agricultural land and, in the process, convert it to urban
land. However, because there are costs associated with such a transition, our landowner cannot
develop his land immediately. Therefore, he decides that he would like to develop hisland at some
future time, say, time t.

Giventhisstate of affairs, we now need to ponder an important issue that has two aspectsto
it. Looking at the first aspect, is it a good idea to impose such a time constraint on the land
development decision? To answer thisquestion, we shall computethelikelihood that the largest offer
(in dollar terms) to develop land will be received by our landowner at the predetermined time t.
Looking at the second aspect, the reader should note that the presence of this kind of time constraint
fundamentally alters the nature of the land development decision. In particular, unlike the cases

studied by Cappoza and Heldey (1990), by Batabyal (1996, 1997, 2000), and by others, our



landowner’ s decision problem now is not to determine when to develop his plot of land, given that
heisfaced with the stochastic process of dollar-valued offers O,,0,,0,,... Instead, our landowner’s
role now is considerably more passive. Specifically, given the predetermined development time, all
that our landowner can do—and this connects with the first aspect that we have just discussed—is
to compute the likelihood that the offer at time t, O,, is larger than each of the previous offers
0,,...,.0, ;. To facilitate the computation of this likelihood, we shall say that O, is a record if
O2max(0;,...,0, ;). Mathematically then, our landowner isinterested in calculating the probability
that arecord occursat time t. Assuch, we now first compute Prob{record occurs at time t} and
then we shed light on certain statistical properties of the record random variable.
2.2. Analysis

We know that the dollar-valued offers O,,0,,0,,... are independent, identically distributed,
and continuousrandom variables. Therefore, it followsthat with probability one, theindividual offers
all have different values. Hence, thelargest of O,,0,,...,0, isequally likely to be either O, or O,,...,
or O,. Now, because thereisarecord at time t when O, isthe largest offer, we conclude that

Prob{record occurs at time t} =%. D

We can now address the question of the desirability of a time constraint on the land development
decision. To this end, suppose that, ceteris paribus, our landowner would like to develop his land
upon receipt of the largest offer of development. In such a situation, equation (1) tells us that,
probabilistically speaking, thelikelihood that our landowner will get the largest offer of development

is given by the reciprocal of the predetermined development time t. Hence, the further away is this



predetermined development time, the lesslikely it isthat our landowner will receive the largest offer.
Clearly, equation (1) tells us that it is not desirable for our landowner to wait a long time before
developing hisland. However, thisfinding does not necessarily meanthat t should be set very small.
To seethis, note that setting t=2 implies that our landowner will develop his land with the highest
offer with probability 0.5. However, because there is no necessary relationship between the timing
of an offer and its dollar value, there is presumably some value to not developing land very early in
the planning horizon.

It should be clear to the reader that the number of records by time t is arandom variable.
Consequently, we can ask what its expectation and variance are. To compute the expectation,

E[number of records by time t], let usfirst define the indicator variable I; such that

I

1 if a record occurs at | o)
0 otherwise

j=t j=t j=t
Withthisdefinitionin place, it iseasyto seethat E[Y_ 1]=) E[I]]=)_ 1/j. Fromthis, wecan deduce

=1 =1 =1

that

j-t
E[number of records by time t]=)_ i (3)
ji=1 |
To compute Var[number of records by time t], it is helpful to recognize that the | ,I,,...,I, are
independent random variables. Specifically, for j<k, we have Prob{l,=1/1, =1} =Prob{|;=1}. This
result holds because knowing that O, isthelargest of O,,...,0;,...,O, tells us nothing about whether

or not O, is the largest of 0,....0,. Now, using this line of reasoning, we can tell that



Var[jf: 1] =12t: Var[l] =12t: [(Vi{(-2)/j}]. Therefore, we have
i=1

=1 =1

=t
Var[number of records by time t]= % 4
j-1

Equation (3) tells us that the expected number of records is a function of the time at which our
landowner would like to develop hisland. In particular, as thistime increases, the expected number
of records also increases but at a decreasing rate. Equation (4) gives us a standard measure of
dispersion for the random variable denoting the number of records by time t. Specifically, equation
(4) tellsusthat the variance of the number of records by timet isacomplicated (non-linear) function
of the time at which our landowner would like to develop his land.

Finally, note that because thefirst record can occur at any arbitrary time, it is of considerable
interest to analyze some properties of the random variable T, where
T=min{t: t>1, record occurs at time t}. Inwords, T is an index for the first instance at which a
record occurs. To obtain additional insight into the nature of the land development decision in the
presence of atime constraint, let usnow computethe expectationof T, E[T], and the probability that
T isfinite, i.e., Prob{ T<~}. To compute E[T], it is helpful to recognize that the event T>t occurs
ifandonly if O, isthelargest of the offers O,,0,,...,0,. Using this piece of information, we caninfer

that

E[T]=3" Prob{T>t -3 %zoo. 5)

Now note that Prob{ T=«} =lim__Prob{T>t}. Therefore, using equation (5), we can evaluate this



limit. We get lim__Prob{ T>t} =lim__1/t=0. Thisalows usto conclude that
Prob{ T<e} =1. (6)

Equations (5) and (6) together provide us with interesting information about land development in a
dynamic and stochastic framework in which there is a time constraint on development. We see that
eventhoughit iscertainthat thefirst record will occur at somefinitetime (equation (6)), on average,
the first instance at which arecord occursisinfinity (equation (5)). Put differently, equation (5) tells
usthat aslong asthe time at which our landowner would like to develop hisland isfinite, he cannot
go wrong with this time constraint in the sense that, on average, the first instance at which arecord
will occur is infinity. Recently, using a very different theoretical model, Batabyal and Y oo (2003)
have shown that even though the probability of land development is always positive, the expected
wait until the land in question is developed is infinity. Consequently, in an expected waiting time
sense, a landowner will never develop (always preserve) his land. The reader will note that the
findings contained collectively in equations (5) and (6) are similar in nature to this Batabyal and Y oo
(2003) result. Wenow study thedivisible land development decision over timeand under uncertainty.
3. Divisible Land Development
3.1. Preliminaries

To study the divisible land development decision effectively, in this section, we suppose that
our landowner has L acres of land available for possible development. Now, in each of T time
periods, an offer to develop land will be received by our landowner with probability p. Asin section
2, we assume that these offers are independent random variables. When an offer to develop land is
made, our landowner must decide how many acres of his remaining land to develop. If he agreesto

develop d acres, then he receives benefits given by the function B(d). Inthissection, thereisno time
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constraint onland development. Consequently, our landowner’ sdecision problemisto determinehow
many acres of land to develop when presented with offersover time. His objectiveisto maximizethe
expected sum of benefits from land development.
3.2. Analysis
Intheremainder of thissection, we supposethat the benefit function B(d) isanon-decreasing

and concave function of d with B(0)=0. Let R(L) denote the maximal expected additional return
achievablewhen there are t time periods remaining, L acres of land available for development, and
an offer to develop land has just been received by our landowner. Then, as shown in Derman et al.
(1975) and Batabyal (1999), the return function R(-) satisfies an optimality equation. That equation
is

R(L)=max o, [B(A) +R 4(L-d)], (7)
where t>0, R (L)=0, and

~ i-s

RS(L)=§ P(1-p)'R;(L). )
Inwords, IQS(L) isthemaximal expected sumof returnsgiventhat L acresof land remainfor possible
development, there are s time periods remaining, and the landowner does not know whether an offer
is forthcoming.

Now, if we condition on the receipt (or non-receipt) of an offer, then we get

R(L)=PR(L)+(1-P)R, ,(L). 9)
We know that the benefit function B(-) is concave by assumption. What does the concavity of B(+)
mean for the concavity of the return function R(-)? The answer is contained in
PROPOSITION 1: R(L) isconcavein L.

PROOF: The proof proceeds by induction on t. We know that R,(L)=B(L) is concave. As such,
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assumethat R(L) isconcavein L for i=1,...,t-1. To show that R(:) isconcave, we have to show,
for 6¢(0,1), that
R{6L,+(1-6)L,} >0R{L} +(1-6)R{L,}. (10)

Now, for d <L, and d,<L,, wehave R{L,} =B(d,)+R_,{L,-d,} and R{L,} =B(d,)+R_{L,-d.}.
Further, because 0d, +(1-0)d,<0L, +(1-0)L,, from equation (7) it followsthat R{0L,+(1-6)L}>
B{6d, +(1-6)d,} + IQH{ o(L,-d)+(1-6)(L,-d,)}>  6B(d)+(1-6)B(d,)+ elitfl{ L,-d}+
(1—6)@71(L2—d2)= OR{L} +(1-0)R{L,}. Fromthislast step, we see that equation (10) issatisfied
and hence R(L) isconcavein L. H

To enablethereader to fully comprehend the nature of the optimal divisible land development
decision, we will now make a definition. To thisend, let d(L) bethe value of d that maximizesthe
optimality equation (equation (7)). Inwords, d(L) isthe optimal amount of land to develop when
the land available for possible development is L, thereare t time periods remaining, and an offer to
develop land has just been received by our landowner. We are now in aposition to state the principal
result of this section. We have
THEOREM 1: The optimal divisibleland development decisionrule d,(L) isnon-decreasingin L and
non-increasing in t.

PROOF: Seetheorem 3in Derman et al. (1975, pp. 1123-1124). &

Fromapractical perspective, theorem 1 containstwo salient resultsfor our landowner. First,
this theorem tells us that the more land one has available for potentia development, the more one
should develop. Second, this theorem tells us that the more time one has left for land
development—or, put differently, the greater the number of offers one expectsto receive—the less

land one should develop. These results conform well with our intuition about what an optimal
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divisible land development decision rule ought to look like. Even so, the reader should note that
theorem 1 holds only when the benefit from land development is a concave function of the amount
of land developed, i.e., when B(d) is a concave function.?

4. Conclusions

In this paper we studied two aspects of land development in an intertemporal and stochastic
framework. In section 2, we analyzed land development when the development decisionisindivisible
and whenthereisatime constraint specifying when land isto be developed. Our analysis showed that
the further away the time constraint specifying when land isto be developed, the lesslikely it isthat
our landowner will receive the largest offer to develop land. Therefore, it is not desirable for our
landowner to wait along time before developing land. In addition, our analysis also showed that as
long as the time at which our landowner would like to develop hisland isfinite, he cannot go wrong
with atime constraint in the sense that, on average, the first instance at which arecord occursis
infinity.

In section 3, we analyzed two properties of the optimal divisible land development decision
rule. First, we showed that the more land one has available for possible development, the more one
ought to develop. Second, our analysis revealed that the more time one has left for land
development—or, in other words, the greater the number of offers one expectsto receive—the less
land one ought to develop.

The analysis of this paper can be extended in a number of directions. In what follows, we

suggest two possible extensions. First, the reader will note that in section 2, we studied a situation

3

It isdifficult toimagine a benefit function that is convex in d. Assuch, it isour contention that the case in which B(d) is concave
indisthemoreinterestingand realistic case. Inany event, itispossibletousearesultin Dermanet al. (1975) to show that when B(d)
isconvex ind, it is optimal to develop al land when an offer is received by our landowner.
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in which alandowner understands that the stochastic process of offers that he facesisiid in nature.
Therefore, it would be useful to analyze a scenario in which the landowner recognizes that the
random offers that he faces are independent but not identically distributed over time. Second, in
section 3, in each of T time periods, an offer to develop land is received by our landowner with a
fixed probability p. Consequently, it would be interesting to analyze a situation in which this
probability isnot fixed but chosen at randomfrom some cumulativedistribution function. Studiesthat
analyze these aspects of the problem will provide additional insightsinto the properties of indivisible

and divisible land development decisions over time and under uncertainty.
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