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ABSTRACT 

An Analysis of Interest and Principal Payments, 
Interest Rates and Time in 
Conman and Unconmon Loans 
Using Present Value Tools 

By 

Lindon J. Robison 
Steven R. Koenig 

and 
John R. Brake 

This report analyzes a variety of loan programs. After introducing 

basic concepts, definitions, and tools, present value formulas are used 

to compare different types of loans including fixed payment, balloon 

payment, moderated payment, blended rate , fixed principal payment, and 

disguised interest cost loans. The application of present value tools 

to the analysis of each type of loan is introduced and then illustrated 

by example. Because the sum of a uniform series appears repeatedly in 

the solutions, calculated values are provided in Table 1 at the end of 

the report. 



Acknowledgements 

Several individuals and organizations aided in the preparation 

of this report. Particularly helpful were valuable comments made 

on earlier drafts by Lester V. Manderscheid, Beverly Fleisher, and 

Gerald Schwab. 

A report like this with nearly 90 equations is difficult to 

type and proofread. Debbie Greer at Michigan State University and 

the Faculty Support group at Brigham Young University provided out

standing typing servi ces. 

Finally, financial support for this project was supplied by 

the Mi chigan Agricultural Experiment Station. 

To all those individuals and organizations mentioned above , we 

extend our grateful appreciation. 



TABLE OF CONTENTS 

I. INTRODUCTION ........ . . . . . . . . . . . . . . . 

I I. LOAN VS. INVESTMENT ANALYSTS. 

II I. INTEREST RATE CONCEPTS AND TERMINOLOGY. 

Comparing the Actuarial, APR and Effective Interest 
Rates . . . . . . . . . . . . . . . . . . 

IV. TOOLS FOR SOLVING PRESENT VALUE MODELS. 

Discounting ....... . 
Geometric Series ..... . 
Geometric Series SuJTJTiation .. 

V. CONSTANT PAYMENT LOANS ... 

of 78's 
Constant Payment Loan Examples .. 
Total Interest Costs and the Rule 
Comparing Term and Payment Size . 
An Example of Term, Interest Cost and Loan Payment 

Trade-Offs. . . ..... 

VI. BALLOON PAYMENT LOANS 

Balloon Payment Loan Examples .. 

VII. MODERATED PAYMENT LOANS ... 

Skip Payment Loan ....... . 
Examples of Skip Payment Loans .. 
Skip Principal Loan ...... . 
Examples of Skip Principal Loans. 
Buy Down Loan . . . . . . . . . . 
Examples of Buy Down Loans .... 
Graduated Payment Loans . . . . . 
An Example of a Graduated Payment Loan . . 
Concessionary Interest Rate Loans .. 
An Example of a Concessionary Interest Rate Loan .. 

Page 

1 

2 

4 

5 

6 

7 
8 
9 

12 

13 
14 
19 

21 

22 

24 

25 

25 
26 
27 
28 
29 
31 
31 
34 
34 
35 



VIII. WRAP AROUND LOANS WITH BLENDED INTEREST RATES 

An Example of a Blended Rate Loan 

IX. CONSTANT PRINCIPAL PAYMENT LOANS. 

X. DISGUISED INTEREST RATE LOANS 

The Discount Loan ...... . 
An Example of a Discount Loan 
The Add-On Loan . . . . . . . . 
An Example of an Add-On Loan .. 
Points Added Loan ........... . 
An Example of a Points Added Loan .. 

XI. SUMMARY .... 

36 

38 

40 

41 

41 
42 
43 
43 
44 
45 

45 

XII. TABLE 1, PRESENT VALUE OF A UNIFORM SERIES OF $1 PAYMENTS 47 

XIII. APPENDIX 1, DEFINITIONS OF VARIABLE USED. . . . . . . . . 59 

XIV. REFERENCES. 61 

ii 



An Analysis of Interest and Principal Payments, 
Interest Rates and Time in 

Common and Uncommon Loans 
Using Present Value Tools 

I. INTRODUCTI ON 

Present value tools can be used to analyze numerous types of loans. 

The goa l of thi s report i s t o bring together in one place the present 

value formulas wh ich are relevant to loan ana lys is. In laying t he 

groundwork for meeting this goa l, severa l important topics are ad -

dressed . First, we examine the similarities between investment and loan 

analysis, which both use present value tools. Although the two types of 

analys is are similar in many respects, they differ in the selection of 

an appropriate discount ra te . Investment analysis discounts future 

values with a discount rate which reflects an opportunity cost. Present 

value formulas used in loan analysis discount future values \'lith a 

discount rate equal to an interest rate. Because of this difference, 

and the wide va riety of terms commonly used in discussing interest 

rates, the terminology to be employed in this report is carefully 

defined. 

The discussion of interest rates is followed by a di scuss ion of 

geometric series and surmlation of geometric series . The formula for 

determining the present value of a un iform series of payments is devel-

oped and symbolized for later reference and application in discussing 

specific types of loans . Because of the importance of this formula in 

analyzing loans, numerical values for the formula are given in Table 1 

at the end of the report. 

The concepts, definitions, and tools developed in the first part of 

the report are used to analyze s i x major classes of loans: (1) constant 
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payment loans; (2) balloon payment loans; (3) moderated payment loans; 

(4) wrap around loans with blended interest rates; (5) constant princi

pal payment loans; and (6) disguised interest cost loans. The relevant 

present value tools for each type of loan are introduced and then 

illustrated with examples. 

Many of the formulas presented here are available elsewhere, some 

are not. We hope that by combining a basic exposition of the tools with 

their application in different examples, this report will provide a 

basic handbook for decision makers facin9 financial decisions. 

II. LOAN VS. INVESTMENT ANALYSIS 

The basic premise for this primer is that loan analysis like in

vestment analysis is perfonned using present value methods. The major 

similarity between loan and investment analysis is that only cash trans

actions are included in the analysis. Noncash transactions do not 

appear in present value models. In loan analysis, this fact is, of 

course, well known; loans are received as cash and are repaid as cash. 

In investment analysis, a purchase of a capital asset involves the 

transfer of cash in exchange for the asset. So the cash outlay is 

reported but the cash value of the machine is not recorded. What is 

recorded as a receipt is the cash earned by using the asset's ser

vices; this principle applies to capital gains as well. If the asset 

is appreciating in value, the appreciation does not enter the model 

until the asset is sold and its value converted to cash (Robison and 

Burghardt). 

The other major similarity between loan and investment models is 

the method used to convert future costs and benefits to a common time 

period. Both in analysis models and in investment models, the 
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conversion i s made by discounting future costs and benefits depending on 

the distance to the conversion period. The factor used to discount 

future benefits and costs is called the discount rate. 

The es sential difference between investment and loan analysis 

models, apart from the calculation of benefits and cost s is the choice 

of the discount rate. In loan analysi s , the discount rate is the 

interest rate associated with the loan. It is usually determined at the 

time of the loan. In investment model s , the discount rate i5 t he oppor

tunity cost, the desired rate of return, or the rate of re t urn the in

vestor could earn in his next best investment alternative. Often, 

investment analysts suggest using appropriate interest rates as the 

discount rate in investment models, making the two models even more 

sin1ilar. However, it is important to realize that unused borrowing 

capacity has a value too. As a result, the interest rate which does not 

include the value of used-up borrowing capacity underestimates the true 

cost of borrowing and therefore cannot be generally used as the appro

priate discount rate. Thus the interest rate and the discount rate 

should not be used interchangeably. 

Finally, one can often distinguish between loan and investment 

models based on the pattern of cash flows. Loan payments are often 

constant amounts. Investment analysis usually imposes no pattern on the 

receipt of benefits and disbursement of costs. Yet in the development 

of analytic models, regularity is often imposed; the regularity most 

often required is that the series are geometrically related. 

To sulTTllarize, the similarities between cash flow and investment 

models are that they both enter only cash payments, they are based on 

comparisons of cash units converted to common time periods, and they 
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convert cash values in distant time periods to equivalent values in some 

other period (usually current) through use of a discount rate . The 

differences between investment and loan analysis are the manner in which 

benefits and costs are calculated and the choice of a discount rate. 

The similarities bet~een loan and investment analysis outweigh the 

differences. This fact allows us to develop tools and concepts for loan 

analysis which are applicable in most cases to investment analysis. The 

next section begins by discussing interest rates. Since they are often 

the discount rate used in loan analysis, it is important that thP 

interest rate concepts and terminology are understood. 

III. INTEREST RATE CCNCEPTS AND TERMINOLOGY 

To understand th~ concept of the time value of money, it is essen

tial that the language of finance be understood. The concepts and 

tenninology of finance often are difficult to grasp and are sometimes 

used inconsistently within different areas of the business of finance. 

This section outli nes the major concepts and terminology that are 

commonly encountered. 

Various interest rate definitions can be found in finance literi

ture . To avoid confusion, definitions from the mathematics of finance 

will be used here. 

There are three major interest rate definitions which are essential 

to understarding interest rate calculations and present value tech

niques. These rates are closely related to each other and are often 

referred to by different names in the literature. The rates and their 

commonly used synonyms are listed below, with the underlined terms being 

used in this report. They are: 
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]. Actuarial rate, compound rate, true rate, or peri odic rate; 

2. Annual percentage rate (APR), nominal rate, annual rate , 

nominal anr.ual rate; and 

3. Effective rate or effective annual rate. 

Comparing the Actuarial, APR and Effective Interest Rates 

In many types of financial transactions, interest is computed and 

charged more than once a year. For example, savings deposi ts placed i n 

savings institutions usually receive monthly computing of earned inter

est and corporate bonds usually pay interest on a semiannual bas is. The 

interest rate which is used in the computation for these ptriods of less 

than one year is called the actuarial rate. The actuarial rat e may be 

best defined as the interest rate or discount rate per period of conver

sion or compounding. It is the rate at which the principle sum is 

charged during each successive conversion period. For example, a one 

percent actuarial rate charged monthly on $1,000 means that in the first 

month of the loan, one percent of $1,000 or $10 of interest is computed. 

Actuarial rates are usually converted to an APR rate so that 

comparison between different quoted rates can be simplified. The APR 

rate is determined by expressing the actuarial rate on an annual basis. 

This is accomplished by multiplying the actuarial rate by the number of 

conversion periods per year. In the previous example, the one percent 

per month is multiplied by 12 to convert the monthly rate to an annual 

percentage rate (APR) of 12 percent compounded monthly. When the compound 

period or conversion period is one year in length, then the actuarial 

rate and the APR rates are equivalent. 

When APR rates have different numbers of compound periods per year, 

the different rates can be converted to their effective interest rates 
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for comparison. The effective rate is obtained by compounding the 

actuarial rate for a period of one year . As the frequency of com

pounding periods increases, the difference between the APR and the 

effective rate increases. Also, as the actuarial rate increases, so 

does the relative difference between the APR rate and the effective 

rate. 

These relationships can be easily summarized using some simple 

notation. Let 11 m11 be the conversion periods per year, let 11 r 11 be the 
.. r" 

APR rate, then m is the actuarial rate. Then "re11 is the effective 

rate. 1 The relationship between effective rate re, APR rater, and 

actuarial rate~ is: 

(1) r = [(1 + !)m - 1] e m 
It is, of course, true that when m equals 1, the APR rate r equals 

the effective rate r . e 
To illustrate (1) numerically, let r be . 12 and 

m be 4, then the effective rate is: 

.1255 = [(1 + · 1 ~) 4 - 1] 

And if m is increased to 12, the effective rate is: 

.1268 = [(1 + ·i~) 12 - 1] 

IV. TOOLS FOR SOLVING PRESENT VALUE MODELS 

Two tools are essential for present value modeling: 2 discounting 

and geometric summation. We begin by discussing discounting principles. 

1Interest rates will be expressed as decimals in the body of this 
report. Table 1 expresses interest rates as percentages. 

2This paper focuses on discrete time periods. Were the analysis to 
be converted to continuous time, the discounting tool remains fun
damental to the analysis, but integration would replace th~ geometric 
summation method as the second tool . 
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Discounting 

The comparison between the value of dollars received next period 

and the dollars' value in the conversion or present period depends on 

what opportunities exist for investing in the present (or conversion) 

period. If the highest rate of return available is r percent, then At 
th dollars invested in the t year would be worth At(l + r) dollars one 

year later. Thus, the value of At in the year (t + 1) is: 

(2) At(l + r) = At+l or 

(3) At = At+l/(l + r) 

Similar substitutions for earnings received in more distant years, 

say in year (t + n), allow us to express the equivalent value in year t 

as: 

(4) At = At+n/(l + r)n 

provided the rate of return available between the tth and the (t + n)th 

year remained at r percent per year. 

To illustrate discount ing, consider the situation where an invest

ment is expected to return $10,000 five years in the future. If the 

opportunity cost of money is expected to be 12 percent (r = 12%) during 

the period, the present value of the future return i s computed using 

equation (4) as: 

A = $lO,OOO = $5,674.27 
t (1 + .12) 5 

The difference between the undiscounted $10 ,000 and the discounted 

amount of $5,674.27 is $4,327.73. This figure represents the size of 

the discount for the five years in which the receipt $10,000 is delayed. 

The $5,674.27 figure represents the present value of the $10,000 and is 

the amount one should pay for the investment if their opportunity cost 
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is 12 percent. Annual compounding of $5,674.27 at 12 percent interest 

would yield $10,000 after five years. Note that by increasing the 

discount rate to 13 percent the present value decreases to $5,427.70; a 

decrease to an 11 percent discount rate increases the present value to 

$5,934.37. 

Often we are concerned with converting a series of payments A1, A2, 

A
3

, ••• received over time to their present value equivalent . Let V0 

be the present value of a series of future payments discounted to the 

current period. This relationship is expressed as: 

(5) 
An 

. +----
(1 + r)n 

Al A2 
Vo = (1 + r)l + (1 + r)2 + 

As an example, consider payments of $1,000, $2,000, and $3,000 to 

be received one, two, and three years in the future. Using an APR 

discount rate of 12 percent, the present value of the future payments 

is: 

$4,622 . 63 = $1,000 + $2,000 + $3,000 
(1 + .12) 1 (1 + .12) 2 (1 + .12)3 

Geometric Series 

The discounting discussion leads naturally to the second question: 

Can the sum of distant period flows converted to a common period be 

conveniently sununed? The answer is yes if the terms are geometrically 

related. Fortunately, many present value problems are geometrically 

related. 

A geometric series takes the form: 

(6) S = ab + ab2 + ab3 + ••• + abn 

where S is the sum of the series and where 11 a11 and 11 b11 are constants. 

It is called a geometric series because there is some constant factor of 

multiplication which if used to multiply the tth term produces the 

... 
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(t + l)st term. In equation (6) the term is "b, 11 whi ch is called the 

geometric factor of the series. 

A geometric series has a well defined sum in two cases: (1) when 

t he series is of finite length and each term in the series is of fin ite 

size; and (2) when each term of the seri es is of fi nite s ize arid the 

geometric series converges. The geometric series is sa id to converge if 

the sum of the series approaches a constant value as addit ional terms 

are added. 3 Since "a" is a constant this requires -1 < b < 1 for the 

series in equation (6) to converge. Assuming the series does conv€rge 

it can be solved in a convenient way. 

Geometric Series Summation 

To sum a geometric series, several algebraic manipul ations must be 

used. First, multiply both sides of (6) by the inverse of the geometric 

factor b to obtain: 

s -(7) b - a + ab + + bn-1 . a 

Next subtract equation (6) from equation (7) noticing that all but the 

first term of equation (7) and the last term of equati on (6) cancel. 

The result is: 

(8) t -S = a - ab" 

or 

3The mathematical definition of convergence is: an infinite series 
with partial sums s1 , ••• , S is said to converge if, and only if, the 
limit of S exists as n bec8mes infinitely large. In our previous 
example th~s requires that: 

1 imit ab" = 0 
n~ 
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If n is allowed to become large, remembering that lbl < l, the solution 

to equation (9) is: 

( 10) S = ab 
1 - b 

To illustrate the geometric summation method, assume that an 

an1nui ty A is to be received on an investment for n years and that the 

opportunity cost is r percent. The variables A, n, and r, of course, 

represent or stand in place of values which may be later substituted. 

For the present application let V
0 

stand for the present worth of then 

payments of amount A discounted at r percent. The equality is written 

as: 

( 11) V A + A + 
o = (1 + r) (l + r )2 

A ••• + ---
(1 + r)n 

The three dots in equation (11) stand in place of the missing terms 

and serve to simplify the notation. In equation (11) the term which 

appears in all the ri~ht-hand side rates is A while the ~eometric factor 

is (1 + 
1 

r- ) • Letting A substitute for 11a 11 and (1 ! r) substitute for 

"b" in equation {9), the present value V can be written as: 
0 

(12) 

For example, if 20 annual payments of $100 are to be received which are 

discounted at 12 percent their present worth is: 

The 

converts 

( )-20 
$746.94 = $100 [ 1 - 1· 12 J . 12 

1 (1 )-n 
expressior r - + r ] in equation (12) is the factor which 

r 

the uniform series of annual payments A to their present value 

equi valent. Because this expression will appear often, a simple 
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expressicn will be used to represent it. Since it sums a uniform series 

of $1 payments and converts them to their present or zero period 

equivalent, we write: 

( 13a) US (r n) = [1 - (1 + r)-n] 
o ' r 

In general, for any amount A, we write: 

(13b) V
0 

= AUS
0
(r, n). 

Were the co!TITlon time period selected to be in the nth year instead 

of the current time, V
0 

and US
0
(r, n) are multiplied by the compound 

factor (1 + r)n and: 

(14) Vn = (1 + r)nAUS
0
(r, n) 

It is often the case that annuities are received (or payments made) 

at intervals shorter than one year, say m times a year. In such r.ases 

the relevant interest rate is an actuarial rate~ and the number of 

periods is mn, where the payments are received m times a year for n 

years. 

The expression which converts mn $1 annuities discounted at rate 

~ for n years is : 

(15) 
[l _ (1 + .!:.)-mn] 

US (.!:. mn) = _____ m __ 
o m' r 

m 

Numerical values, accurate to the fourth decimal ·place, for US (.!:., mn) o m 

are calculated in Table 1 at the end of this report. The present value 

of mn constant payments A can be expressed as: 
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Were the corrmon time period selected in the nth year instead of the 

current time, V
0 

and US0 (~, mn) are multiplied by the compound factor 

(1 + .!:.)mn and 
m 

(17) Vn = (1 + ~)mn AUS0 (~, mn). 

Having introduced the tools and notation for solving a geometric 

series, and in particular for solving a geometric series of uniform 

payments, the first and most co1TVT1on loan is introduced: the constant 

payment loan. 

V. CONSTANT PAYMENT LOANS 

A constant payment loan is a loan repaid by a uniform series of 

equal payments made at equal time intervals. The present value of the 

payments is obtained by discounting at the loan interest rate and 

summing. The discounted sum of the payments equals the original amount 

of the loan. The fundamental relationship between the number of pay

ments (the term of the loan), the discount rate, the constant payment, 

and the loan amount is: 

(18) Vo = AUSO(~, mn) 

Where V is the value of the loan provided in the present period, A is 
0 

the uniform payment, ~ is the actuarial interest rate, and n is the term 

of the loan in years. 

If the loan amount, interest rate and loan term are known, the 

payment, A, is: 

(19) A : V0/US0 (~, mn) 

From equation (18), if A,~V , and are known, one can easily solve 

for the number of payments mn necessary to retire a borrowed sum of r.ioney. 

If A, V
0 

and ~are known, mn can be determined using natural loga

rithms: 



13 

(20) mn = 
( r Vo) -ln 1 - m'J\" 

ln(l + .!:.) m 

Constant Payment Loan Examples 

Suppose a $5,000 sum of money is borrowed from a bank for a period 

of 5 years. The loan is to be repaid with monthly installments at an 

actuarial rate of 1 percent. What is the payment or annuity necessary 

to retire the loan? 

Solving by use of equation (19) obtains: 

A= V
0

/US
0
(.0l, 60) 

= $5,000/44.9550 

= $111.22 

Notice that the number 44.9550, the US
0
(.0l, 60) value, is from Table 1 

at the end of this report (see page 48) or could be calculated directly 

using equation (13a). 

Now suppose A is known to be $111.22, ~is .01, and mn is 60. The 

loan supported by payments at these terms can be found using equation 

(18): 

V
0 

= AUS
0
(.01, 60) 

= ($111.22)(44.9550) 

= $5,000 

Finally, assume V
0 

= $5,000, A= 111.22, ~ = .01, but mn i s not 

known. To find mn use equation (20), or divide V by A and scan Table 
0 

l under the 1% column until the US
0
(.0l, mn) value corresponding to 

44.9550 is found. The mn value at which that occurs is 60. 
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Total Interest Costs and the Rule of 78 1 s 

The tax deductibility of interest payments leads to another calcu

lation of interest, total interest costs. In the case of the constant 

payment loan the total interest costs can be calculated by subtracting 

from total payments (mnA) the loan principle V
0

• Denoting total inter

est costs as TI, this subtraction equals: 

(21) TI = (mnA - V
0

) 

Total interest cost in the previous example equals: 

TI = [60($111.22) - $5,000] 

= $1673.20 

Besides determining total interest costs, there are many situations 

where it is important to be able to determine the accumulated interest 

and principal paid as of some date. Early loan repayment and the need 

to calculate the tax savings associated interest payments are examples 

which may necessitate such calculations. 

The Rule of 78's provides an approximation for calculating how much 

interest and principal is paid in each period. The approximation 

recognizes the fact that more interest is paid at the beginning of a 

loan than at the end of the loan because as principal is reduced, so are 

interest costs. This allows a larger portion of each fixed payment to 

be allocated to repaying principal at the end of the loan than at the 

beginning of the loan repayment. 

The approximation takes its name from the calculations associated 

with a one-year loan consisting of 12 payments. The sum of the digits 

associated with 12 payments are: 1 + 2 + + 12 = 78. The formula 

allocates ;~of the interest to be repaid in the first payment;~ of 

the interest to be repaid in the 2nd and so on. Thus total interest 
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costs are allocated to periods according to the "sum of the year 1 s 

digits 11 depreciation schedule. 

The formula for calculating the sum of the digits for mn periods, 

SSD(mn) is: 

(22) SSD(mn) = mn(m2 + 1) 

And the interest paid on the tth payment l(t) equals: 

(23) I(t) = TI[(mn - t + 1)/SSO(mn)J 

In our example, SSD {60) is 1,830 with total interest of $1,673.20 

to be repaid on the loan. Approximate interest costs included in the 

16th payment would be $1,673.20[{60 - 15)/1830] = $41.14. 

is: 

The formula for accumulated interest paid after t payments, AI(t), 

(24) AI(t) = TI[1 - (nm - t)(nm - t + 1)] 
nm(nm + 1) 

AI(l6) = $1673 .20[1 - (60 - 16)(60 - 15)] 
60(60 + 1) 

= $768.03 

Accumulated principal paid after t payments AP(t) is calculated as: 

(25) AP(t) = tA - AI(t) 

Substituting in the formula yields: 

AP(16) = (16)($111.22) - $768.03 

= $1,011.49 

Finally, if after t payments, the loan is to be retired or repaid, 

principal due PO(t) is simply: 

(26) PO(t) = V
0 

- AP(t) 

After the 16th payment, the outstanding principal is: 

P0(16) = $5,000 - $1,011.49 

= $3,988.51 
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Therefore, the principal necessary to retire the remaining loan 

balance is approximately $3,988.51. 

The rule of 78's is a convenient method for approximating interest 

and principal paid and due. It was especially helpful in earlier times 

when widespread computing capacity was not available. It is important 

to keep in mind it is only an approximation; if the interest and princi

pal calculation were computed using the US0 (~, mn) formula from which 

payments were calculated, an exact interest and principal payment 

schedule could be obtained. The difference between the two methods is 

depicted in Figure 1. Panel a describes the differences in interest 

paid per period while Panel b describes the differences in accumulated 

interest paid. Notice that the Rule of 78's generates linear interest 

payment schedules while the US
0 

formula does not. 

For example, consider a loan for $1125.51 which is repaid in 12 

monthly installments of $100 amount at a 1 percent actuarial rate. 

Since total payments equals $1200, total interest paid must equal: 

TI = $1200.00 $1125.51 

= $74.49 

Notice that in the first period, interest costs calculated according to 

the US0 (~, mn) formula equal $11.25; calculated according to the rule of 

78's, interest costs equal $11.46. And in the sixth period, interest 

costs become $6.69 with the rule of 78's and $5.80 with the US0 (~, mn) 

method. In the final or 12th period the interest cost calculation 

results in $0.96 with the rule of 78's, compared with $0.99 using 

US0 (~, mn). 

The formula for calculating principal paid PP(t) in the tth period 

using the US0 (~, mn) formula is: 
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(27) PP(t) = __ A--.--_.... 
(l + r)n-(t-1) 

In our example, of the $100 payment, (where 1 ~ = .01, and mn = 12), 

PP (1) equa 1 s: 

(28) PP(l) = $100 = $100 = $88 75 
(1.01)12 1.1268 • 

Obviously, the interest portion of the t payments, I(t) calculated using 

the US0 (~, mn) fonnula is simply: 

(29) I(t) = A - PP(t) 

In the previous example I (1) is: 

I(l) = $100 - $88.75 

= $11.25 

Accumulated principal AP(t) paid after t paymfnts under the US0 {~, mn) 

equation is: 

{30) AP(t) = A[US0 {~, mn) - US0 (~, mn - t)J 

After six payments the result is: 

AP(6) = $100[US
0
(.0l, 12) - US

0
(.0l, 12 - 6)] 

= $100(11.2551 - 5.7955] 

= $545.96 

Accumulated interest AI(t) payments fonnula follows: 

(31) AI(t) = tA - AP(t) 

After six payments the result is: 

; s: 

AI{6) = $600 - $545.96 

= $54.04 

Finally, principal due PD(t) to retire the loan after t payments 

(32) PD(t) = V
0 

- AP(t) 
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After six payments the result is: 

PD(6) = $1125.51 - $545.96 = $579.55 

Comparing Tenn and Payment Size 

Both borrowers and lenders are concerned wi th the relationship 

between the term of the loan and the payment size. To calculate the 

reduction in loan payment, ~A , associated with a one period increase in 

the term of a loan from mn to mn + 1 periods we write: 

(33) 
Vo 

tiA(mn) = -----
US 

0 
( ~, mn + 1 ) US (..!:., mn) o m 

It can be shown that as mn becomes large, the payment A approaches 

the interest cost; i.e., the smallest payment possible equals the 

interest charged on the outstanding loan balance. 4 

One might ask: Is there an optimal term for loans? The answer is 

yes, but it depends on the goals and needs of the borrower and lender. 

If the borrower wished to minimize his payment, the optimal term is the 

one which permits the borrower to repay only interest. The shortest 

repayment period, on the other hand, is one. l~e now provide a formula 

which provides a value which is between these extremes which economists 

find useful in other settings . 

4ro see this take the limit of A after substituting in for US0 (~, mn) 
the uniform series fonnula the result is: 

r 
-w.Vo l i mi t A = ------=-1----

mn+oo [ ] 1 - ( 1 + ..!:.) - mn 
m 

r = -v m o 
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We a~e interested in the sensitivity of the reduction in loan payment 

as the term increases. Obviously the absolute magnitude of the loan 

reduction decreases as the term increases; thus early increases in the term 

are more important than later. The percentage change in the loan payment 

size in response to a one percent increase in the term of the loan, 

however, is not a monotonic relationship. The term 11 n" at which the 

maximum percentage change in loan payment occurs in response to a one 

percent change in the term of the loan can be expressed as: 5 

(34) 1 mn = ----
ln(l +!.) 

m 

It is interesting to note that as the interest rate in (34) goes 

up, the term which maximizes the elasticity of loan size reduction goes 

down: 

This result suggests as expected, that early repayment with high inter-

est rates is more important than when interest rates are low. 

Important to note is that equation (35) does not necessarily 

represent an optimum term. It may, however, provide a useful reference 

point for borrowers and lenders in deciding on an optimal loan term. 

Borrowers and lenders may also wish to examine how total interest 

payments respond to increases in the term of a loan. Letting ATI(n) 

represent the increase in total interest payments as the term of a loan 

increases from mn to mn + 1 periods and A be the payment on an mn period 

loan we write: 

5This expression is obtained by maximizing the elasticity of the 
loan payment A with respect to the term of the loan. 
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(36) 6Tl(mn) = (mn + l)(A + 6A) - mnA 

= A + (mn + l)6A 

Vo 1 
= ---- + (mn + l)V

0
[--r----

US0(~, mn) US0(m' mn + 1) 

1 ----] 
USO(;, mn) 

An Example of Term, Interest Cost and Loan Payment Trade-Offs 

A landlord is financing the renovation of a property . The loan 

amount needed is $28,000. The current interest rate is 15 percent. He 

asks: If the term of the loan is increased from 10 years to 11 years, 

what will be the reduction in the annual l oan payment? 

Using equation (33) he calculates: 

6A(lO) _ $28,000 $28,000 
- Os(.15, 11)- O.s.(.15, 10) 

= $5349.94 - $5579.02 

= $229.08 

Thus the 10-year term payment of $5579.02 is reduced by $229 .08 

with a one-year increase in the term. Using equation (34) the te rm 

which finds the largest percentage change in the payment with respect to 

a one percent increase in term is: 

1 
n = --1 n__,(,...,,..1-. 1""""5C"T'") 

= 7.15 years 

Finally, the increase in total interest associated with a one-year 

increase in the term of the loan is found using equation (36) . 

6TI(10) = $5579.02 - (11)$229.08 

= $3059.14 
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VI. BALLOON PAYMENT LOANS 

While the constant payment loan, or the instal lment l oan, is by far 

the most frequently used, many other types of loans have been developed. 

One reason for t heir devel opment is volati l e int erest ra t es and the need 

to fit repayment terms to situations. When i nt erest rates are volatil e , 

lenders assume greater risk by offering fixed rate l oans, particularly 

on longer term loans . The risk they incur wi t h fixed rate lending i s 

from a future increase in interest rates above the existi ng rat e. In 

th i s situation the lender is caught with fixed rate assets whi l e his 

cost of funds are rising. Borrowers may also be at r isk from volatile 

interest rates if l eaders change fees to renegotiate l oan terms. 

One response to higher interest rate r i sk has been to offer balloon 

payment loans. The balloon payment loan is li ke t he cons t an t payment 

loan except for the last payment. It is used to pay off a loan before 

its normal term is complete and the last payment need not equal the 

amount of the other payments. The advantage to the lender (and bor

rower) is that it provides an opportunity to renegoti ate the interest 

rate on the remaining balance shculd the borrower decide to refinance 

his ba l loon payment. 

The questions to answer i n connect ion with a ball oon payment l oan 

are the same questions answered for t he constant payment loan : What 

payments (constant and balloon) are required to repay the loan? What 

loan amount can be supported by known (constant and balloon) payments? 

And how many constant payments and a known balloon are required to 

retire a balloon payment loan? 

Consider the relationship between the amount of a loan V0 to be 

retired using a series of payments A made at regular intervals over 
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(mn-1) periods at an interest rate of; percent, with a final balloon 

payment B made in the mnth period. The equality between the borrower 

loan (V
0

) and the present cost (discounted series of payments A plus the 

balloon) is: 

(37) A 
Vo = --- + •• • + 

(1 + !) m 

A + B 
(1 + ! ) mn-1 _(l_+_!_)_m_n 

m m 

Since the n payments A constitute a uniform series, equation (37) 

can be written as: 

{38) V
0 

= AU\(~, mn-1) + __ B_r_m_n 

(1 + m) 

To illustrate the formula, suppose a borrower could afford payments 

of $150 per month for 9 years and 11 months at an actuarial rate of 1 

percent. After 119 payments the borrower could then make a balloon 

payment of $5,000. What loan would such a payment arrangement support? 

The answer is obtained by substituting the appropriate values into 

equation (38). Substitute 150 for A, 69 .3975 for US
0
(.0l, 119), $5000 

1 for B, and .3030 for . 110. The answer is: 
(1 + .01) 

$11,~4.63 = ($150)(69.3975) + ($5,000)(.3030) 

If the amount of the loan is known as well as the size of the 

ball oon payment, then the regular payment to be made over n periods at 

interest rater can be found by solving for A in equation (38). It equals: 

V - B(l + !)-mn 
( 39) A = _o.;;__ ___ m _ _ 

US (! mn-1) o m, 

And if A and V
0 

are known, the balloon payment can be easily found. It 

equals: 
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Finally suppose V
0

, A, B, and~ are known . Can we find mn? The 

answer is yes! It equals: 

(41) rnn 
+ (~ 

m / l n{l + .!'.:.) m 

Thus total interest paid under the terms of a balloon loan is: 

(42) TI = mnP + B - V 
0 

Balloon Payment Loan Examples 

A loan is taken out for $75,000 which has a balloon payment of 

$25,000 due in 11 years. The loan terms include quarterly payments for 

10 years and 9 months (43 payments) at an actuarial rate of 3 percent or 

12 percent APR. What is the payment necessary to meet these re

strictions? The payment is found using equation (39) and Table 1 and is 

equal to : 

A_ $75,000 - $25,000 ~l + .03)-44 = $75,000 - $25,000 (.2724} 
- 0$

0
(.03,43 23.9819 

= $2,843.40 

A loan agreement calls for a $50,000 loan to be repaid with $900 

payments every month for four years and 11 months {59 payments) at an 

ac tuarial rate of 1 percent plus a balloon payment at the end of five 

years. What will be the balloon payment or principal remaining after 

five years? 

Solving using equati on (40) yields: 

B = [$50,000 - $900 US
0

( .0l , 59)](1 + .Ol)GO 

= $18,232.11 
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If one wanted to determine total interest paid after five years, 

equation (42) is used to give: 

TI = (59)($900) + $18,232.11 - $50,000 

= $21,332.11 

VII. MODERATED PAYMENT LOANS 

Another category of loans which is designed for the cash flow 

problems of borrowers is the moderated payment loans. Such lodns are 

designed to reduce cash flow requirements of the borrower in early 

periods of the loan in anticipation of increased payment ability later 

on in the life of the loan. Inflationary expectations tend to add to 

the cost of borrowing money by increasing interest rates. This rela-

tionship between inflation and interest rates on loans creates somewhat 

of a problem for borrowers. With a constant payment loan, interest 

costs are a large percentage of the loan, especially during the early 

payment periods. But if the loan is for the purchase of an investment 

whose earnings will also benefit from inflation, cash flows later on may 

be more than adequate for the constant payment. 

Skip Payment Loan 

One type of moderated payment loan is the "skip payment" loan. As 

its name implies, payments are not made during the first t periods of 

the loan. The relationship between the loan amount V
0

, the payments A, 

the actuarial interest rate on the loan~' the term of the loan mn, 

and the {t + l)st period in which the first payment occurs is: 

{43) A A 
Vo = -{-l _+_r_) t-+-1 + · · · + -(-l _+ ___ r )-m-n 

m m 
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= __ 1_ [ A 

(1 + L)t (1 + L) m m 
+ • . A . +----.,..-] 

(l + L)mn-t 
m 

Since the bracketed series is a uniform series equal to US
0
(;, mn - t), 

(43) can be written as: 

V
0 

= __ A r-t US
0
(;, mn - t) 

(1 + m) 
(44) 

From this relationship the payment A can be found. It equals : 

v (1 +L)t 
(45) A = o m 

US (L mn - t) o m' 

The term of the loan given V
0

, A, r, and t can easily be found. It 

equals : 

-ln[l - (L)(Vo)(l + L)t ] 
m A m 

( 46) mn = --------- + t 
ln(l + L) m 

Total interest costs are calculated much as before, namely, total 

payments (mn - t)A less principal. 

(47) TI = (mn - t)A - V
0 

Examples of Skip Payment Loans 

The purchasers rf a home could afford monthly payments of $500.00 a 

month but will not be able to begin payments for one year. If the 

lender agrees to forego the first year's payments and loan terms include 

an interest rate of 14 percent APR for 20 years, how large a loan can 

the purchaser afford? 

Solving using equation {44) yields: 

V = [ $500 ] [US (.14/12, 240 - 12)] 
0 (1 + .14/12) 12 0 

= [434.8582][79.6257] 

= $34,625.89 
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The purchaser of a car is not required to make the first six 

monthly payments on the loan. If the loan is for $10,000 at 18 percent 

APR for four years, what is the monthly payment amount necessary to 

retire the loan? 

Solving using equation (45) yields: 

A _ $10,000ll + .015) 6 
- Os

0
(.o 5, 42) 

= $10,000(1.0934) 
30.9941 

= $352.79 

Skip Principal Loan 

A loan similar to the skip payment loan is the skip principal loan. 

This loan requires interest payments for the first few t periods but 

does not require principal payments. After t periods, payments include 

both principal and interest. The relationship between the origi nal 

loan V0 , the payment A, the term of the loan mn, the interest 

rate on the loan ~ and the period of the first principal and interest 

payment t + 1 is: 

( 48} v 0 = 
!:..v 
m o 

(1 + !.) 
m 

+ • 
Lv 

+ m o 
(1 + !.) t 

m 

+ (l + !.)-t A + •.• + A 
m (l + L) (l + !.)mn-t 

m m 

Since the first braced sum is a uniform series of payments !v made 
m o 

for t periods at interest rate ~· and the second braced series is the 

one associated with the skip payment loan, V can be written as: 
0 
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Solving for V
0 

in equation (49) obtains: 

(50) V
0 

= AUS0 (~, mn - t) 

From the above equation A can be easily found, equal to: 

(51) A= V0/US0 (~, mn - t) 

The teY'T'l of the loan can best be solved for using equation (51). 

Assuming V
0

, r, A and t are all known, mn can be expressed as: 

v 

(52) mn = 
-ln(l -.!:.--1;) 

m + t 
ln(l + .!:.) 

m 

or using the US0 (~, mn) approach as: 

v 
(53) US(~, mn - t) = f 

When mn - t is found from the above expression t is added to obtain mn. 

Finally, total interest costs can be calculated as: 

( 54) TI = t.!:.v + (mn - t)A - V m o o 

Examples of Skip Principal Loans 

l n order to moderate cash flow problems in the early part of a 

f ive-year loan, the principal portion of the loan payment is skipped for 

two years. If the terms of the $20,000 loan include monthly payments at 

13 percent APR, or an actuarial rate of 1.08 percent, what is the 

payment necessary to retire the loan? 

Solving using equation (51) gives: 

- $20,000 
A - US

0
(.0108, 36) 

= $673.88 

For 24 months of the loan, payments are $216.00 (~ x V0 ). Payments for 
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the next 36 periods are $673.88. A payment of $673.88 is, of course, 

larger than $455.06, the payment necessary to retire the loan if no 

skips were made in the five-year amortization . 

The purchaser of a ne\'1 home can afford monthly payments of $500 

after the first year of the loan. Suppose the lender agrees to permit 

the borrower to pay only interest costs the first year of his loan and 

principal and interest payments of $500 per month for the next 19 years. 

At an APR rate of 14 percent, how large a loan can the borro\'1er obtain? 

The question is solved using equation (50) so that: 

V
0 

= $500 US
0

(.0117, 228) 

= $39,812.85 

Buy Down Loan 

A third loan in the moderated payment class is the "buy down loan . " 

This type of loan moderates or reduces the interest charged on early 

payments. For example, assume the APR rate of interest is r percent. 

The lender offering a "buy down" loan agrees to place in escrow a fund 

which pays part of the first t payments sufficient to reduce the actual 

interest rate charged during the first t periods to an APR rate of 

(r - 6r) percent. 

The relationship between the principal amount borrowed V
0

, the APR 

interest rater, the subsidized rate (r; 6r), the terms of th~ loan 

mn, the subsidized payment As and the regular payment A is: 

(55) Vo = 
As 

+ . . + 
As 

(1 + r - 6r} . 
6r)t m (1 + r -

m 

+ A + . . + A 
.!:.) t+ 1 . 

(1 + (1 + r.)mn 
m m 
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Since the sum obviously contains two unifonn series, it can be 

rewritten as: 

If the interest rate over mn periods remained at (r - 6r), a 

constant payment of As would fully amortize the loan. Similarly, if the 

interest rate remained at r, a constant payment of A would fully amor

tize the loan. Thus As and A can be calculated using equation (19): 

(57) As= V
0

/US
0
((r; 6r), mn) 

and 

(58) A = V0/US0 (~, mn) 

One may also be interested in the present value of the subsidy 

required to reduce the APR rate from r to r - 6r. The answer can be 

easily found by comparing the present value of annuity payments equal to 

the difference between A and As. The present value of that subsidy, Vs, 

is: 

The term of the loan can be found using either equation (57) or 

(58) above. But for the latter, mn can be found equal to: 

v 
-ln(l -.!:1) 

(60) mn = mr 
ln{l+n;) 

or using the US0 (~, mn) fonnula where 

( r ) Vo 
USO m' mn = A 

Finally, total interest costs can be calculated as: 

(61) TI = tA + (mn - t)A - V s 0 
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Examples of Buy Down Loans 

A lender offers a buy down loan to moderate cash flow problems on a 

new business. Suppose the lender deposits sufficient funds in an escrow 

account to lower the stated APR interest rate of 12 percent to 6 percent 

for a period of two years. If the new loan is for $100,000 and is to be 

repaid with monthly payments for 10 years, what will b~ the payments 

necessary to fully amortize the loan? 

and 

Solving using equations (57) and (58) gives: 

As= $100,000/US
0

(.005, 120) 

= $1,110.20 

A= $100,000/US
0
(.01, 120) 

= $1,434.71 

The present value of the subsidy provided by the lender can be found 

using equation (59): 

Vs = ($1,434.71 - $1,110.20)US
0

(.01, 24) 

= $6,893.70 

Now consider a similar situation in which the subsidized payment 

amount is $2,500 and the unsubsidized amount is $3.000. Using the same 

payment schedule and interest rates as described in the previous exam-

ple, what is the loan amount these payments will support? 

Solving using equation (56) gives: 

v = $2,500 us (.005, 24) + $3,000 us (.01, 96)/(1 + .01) 24 
0 0 0 

= $201,782.75 

Graduated Payment Loans 

Still another loan which moderates early payments is the graduated 

payment loan (GPL). GPL's have payments increasing at the end of each 
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year or each payment period. Unlike regular loans, GPL's early payments 

do not necessarily cover interest costs. If early payments do not cover 

interest costs, the loan balance increases until payments exceed inter-

est costs. 

Several different versions of GLM's can be considered. The most 

general GPL form however, has payments increasing by g percent every m 

periods or every year until the loan is repaid after nm periods. The 

relationship between V
0

, the present value of the loan , r, the interest 

rate, m, payments per year, mn, the term of the loan and A, the initial 

payment is: 

(62) v = A + . + A + A(l + g) 
0 (1 + .!:. ) (1 + .!:.) m (1 + .!:.)m+l 

m m m 

+ . . + AP + g} + • • + 
AP + g)n-1 . 

(1 + .!:.)2m 
. (1 + .!:.)(n-l)m+l 

m m 

+ . + A{l + g}n-1 . . 
(1 + .!:.)nm 

m 

To solve for V
0 

as a function of A, r, g, n, and m consider the 

first braced expression. It is simply the uniform series AUS
0
(k, m). 

The second braced series is al so a uniform series when the (1 + g)/(1 + !)m m 

term is factored out. The same relationships hold for all other braced 

expressions. So equation (62) is simplified as : 
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Equation (63} is simplified by finding the geometric sum of the 

bracketed expression in equati on (58). Whil e it is not the same 

geometric series solved in most l oan formulas, it is a geometric formula 

and can be solved using equation (9) us ing (1 + g)/(l + ~)m as the 

geometric factor. Letting W equal the bracketed expression in equation 

{63), it can be expressed as: 

(64) W = (1 + r)m [l - (1 + g)n] 
(1 + r)m - (1 + g) (1 + r)nm 

which finally allows us to write V
0 

as : 

(65) V
0 

= AUS0 (~, m)W 

~eanwhile, the first m payments equal : 

Payments in the 2nd m periods are A(l + g), etc.; payments in the last m 

periods are A(l + g)n-l . Total interest costs can be found equal to: 

{67) TI = mA + mA(l + g) + •• • + mA(l + g)n-l - V 
0 

which is another geometric sum equal to: 

(68) TI = mA [(l + g)n - l] - V g 0 

For the special case where each payment is subject to growth, the 

formula for V
0 

collapses to : 

and 

(69} A 
Vo= -r-- [1 

m g 

v (L - g) 
( 70) A = _ _...;...o_m __ _ 

[l - (1 + g)mn] 
(1 + .r)mn 

m 
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.L\n Example of a Graduated Payment Loan 

Suppose a business project expects a future increase in repayment 

capacity, but currently is encountering cash flow difficulties. To 

moderate the current cash flow requirements, a bank agrees to make an 

increasing payment loan. The lender provides a loan amount of $100,000, 

with semiannual payments amortized for five years at an APR of 14 

percent with 3 percent increases in the payment amount every six months. 

What is the amount of the first and last payments of the loan plan? 

What is the total interest paid? 

Solving using equation (70) gives: 

A_ $100,000(.07 - .03) 
- 10 

[1 - (1 + .03) ] 
(1 + .07) 10 

= $12,626.26 

The first payment is $12,626.26 while the last payment equals 

$12,626.26 times (1 + .03)lO-l or $16,474.74. 

Total interest paid is solved using equation (68) giving: 

Tl = $l2 :g~6 · 26[(1 + .03)lO 1] - $100,000 

= $44,739 .03 

Concessionary Interest Rate Loans 

A concessionary interest rate loan is one whose stated interest 

rate is below the market rate of interest. Often concessionary interest 

rates are exchanged for other considerations. For example, a seller may 

offer a concessionary rate to a buyer in exchange for a higher purchase 

price. In the case of land, this converts interest income to capital 

gains which are taxed at a lower interest rate. There are, however, 
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legal restrictions limiting the extent to which this conversi on can 

occur. 

In connection with a concessionary interest rate loan, there are 

several questions to consider. First, what is the present value of a 

loan amount V
0 

with a term of mn periods issued at a contract rate of 

~*when the current interest rate is~ percent? 

To answer this question, consider the payment A* associated with 

the constant payment concessionary rate loan. Using equation (18), it 

can be written as: 

The term, interest costs and other calculations associated with A* and 

V
0 

are the same as for the constant payment loan. 

The present value of mn payments of A*, discounted at the market 

rate of interest~ percent can be written as V
0
* equal to: 

(72) v * = 
0 

A* A* --- + ... +----
(1 + L) (1 + L)mn 

m m 

= A* US
0
(r, mn) 

and substituting for A* using equation (71) obtains: 

(73) v * 
0 

An Example of a Concessionary Rate Loan 

A parcel of land is offered for sale with two different selling 

terms. The first includes a $50,000 purchase price with $30,000 being 

financed for 10 years with monthly payments at the market rate of 

interest, an APR of 12 percent. The second includes a $55,000 purchase 

price with $35,000 being financed for 10 years with monthly payments and 

an APR of 11 percent, a concessionary interest rate. Assuming the 
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market rate of interest continues at 12 percent during the life of the 

loan, what is the present value of both offers? 

The present value of the loan discounted at the market interest 

rate is $50,000 . The present value of the concessionary rate loan is 

found using equation (73) plus the $20,000 down payment: 

V
0
* = $35,000 US

0
( . 0l, 120)/US

0
(.0092, 120) + $20,000 

= ($35,000)(69.7005)/72.5953 + $20,000 

= $53,604.35 

The present value of the concessionary loan is greater than 

$50,000, the present value of the first option discounted at the market 

interest rate. Thus, ignoring taxes, the first option is preferred . 

VIII. WRAP AROUND LOANS WITH BLENDED INTEREST RATES 

A blended or consolidated rate loan may be offered when a borrower 

holds an existing mortgage but desires additional financing. If the 

interest rates have not changed, the additional loan request may be 

granted at the same interest rate. But if the new interest rate is 

different, a new loan may be made to the borrower that blends the lower 

interest rate on the existing mortgage with the higher market rate on 

new loans. With a wrap around loan, the borrower makes one payment to 

the new lender and the new lender assumes responsibility for repaying 

the old loan. In many instances, both the old and the new loan may be 

to the same institution. 

The wrap around mortgage in essence consolidates the borrowers debt 

requirements under a single loan. The question is: What is a 11 fair 11 

interest rate to charge on t he new loan? A fair rate would be one which 

allows the borrower to retain the lower interest rate benefit associated 
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with his old loan while allowing the lender to earn the current return 

on the new funds provided. 

To calculate, let the (now) concessionary interest rate on the old 

loan balance be V
0 

with a remaining term of mn* at a concessionary 

r* rate of Iii • The present value of this loan was calculated as V0* in 
A 

equation (73). Let the new extension be V
0 

which is extended for mn 

periods at the market interest rate of~ or. a constant payment loan. 

The lender now desires to find a blended rate rb/m to offer on a 
A 

new loan balance of V
0 

+ V
0 

for mn periods. One requirement is that the 

present value of the blended rate payments, discounted at the market 

r rate m' equal the present value of the concessionary rate loan plus 

the extension. This is written as: 

(74) 
r A 

AbUS (- ,mn) = V * + V om o o 
where Ab is the blended interest rate loan payment. 

The second requirement is that the present value of the blended 

rate payments discounted at the blended rate rb/m equal the sum of the 

concessionary interest rate loan balance plus the extension. This 

second requirement is expressed as: 
A 

(75) AbUS0 (rb/m' mn) = V0 + V0 

Dividing (75) by (74) and rearranging terms produces the result: 

(76) 

From this expression the blended rate can be detennined by interpolat ing 

values from Table 1. Once the blended rate is detennined, the blended 

rate payment can be found using equation (75): 
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Solving for the blended rate allows the lender to find the "break 
,.. 

even," blended rate. This rate earns a return on the additional loan V
0 

equal to the rate of return on a separate new loan. If the lender 

wanted to earn a return more than an APR rate of rb on the new loan 
,.. 

amount V
0

, a rate higher than rb must be charged. Suppose that rate is 

rb + 6rb. The question is: What would the higher payment Ab equal? 

The answer can be obtained easily from equation (72). It equals: 
,.. 

(78) Ab = (V0 + V0 )/US0 (rb + 6rb)/m, mn) 

Having once calculated Ab and rb and knowing mn, all of the inter

est and principal calculations performed for the constant payment loan 

can be repeated. 

Suppose the borrower in the wrap around loan just described is 

offered a blend rate rb/m· He asks : What interest rate~ applied to 

the extension and term adjustment is implied by the blend rate rb/m? 

This implied interest rate can be found using (76) and the right-hand 

* side of (73) substituted for V
0 

. It equals: 

(79) 

An Example of a Blended Rate Loan 

Due to an increase in sales volume, company A decides to increase 

production capacity. The expansion would require additional borrowings 

of $100,000 for five years. The company already has $71,000 borrowed at 

8 percent APR with 10 semiannual payments remaining. New loans terms 

offered by the lender include semiannual payments and a five-year amor-

tization at 14 percent APR. What will be the blended interest rate? 

To find the blended interest rate requires the present value of the 

concessionary interest rate loan be calculated. Using equation (73), 
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V
0
* is calculated t o equal $61,48{. Then equation (76) allows us to 

express US
0
(rb/2, 10} as: 

us ( /2 10) = [$71,000 + $100,000] us ( 07 10} 
o rb ' $61,482 + $100,000 o · ' 

= (1.0589)(7.0236) 

= 7.4373 

Scanning Table 1 along the 10 period row, 7.4373 is found to be between 

5 percent and 6 percent. By interpolation the blended actuarial rate 

equals 5.79 percent or an APR of 11.58 percent. 6 

Suppose from the previous example the lender wa s not satisfied with 

the 5.79 percent actuarial blended rate and required a hlended actuarial 

rate one percent higher. \~hat would the higher blended payment be? 

Solving using equation (73) gives: 

Ab= ($71,000 + $100,000)/US
0

(.0579 + .01, 10) 

= $171,000/7.0923 

= $24,110.65 

Suppose the borrower in the previous example asks : For the blended 

rate of 6.79 percent, what acturial rate is implied on the extension and 

firm adjustment on the concessionary rate loan? 

61nterpolation procedure can be demonstrated for this example. 
Using the uniform series present value table find the mn = 10 column and 
then look across the table until a value near 7.4373 is found. This 
value lies between 7.7217 and 7.3601 which correspond to 5 percent and 6 
percent. Using the difference between US (.05, 10) and US (.06, 10) to 

0 0 
weight the difference between US

0
(5, 10) and US

0
(rb/m, 10), the 

following interpreted value is obtained: 

= 5% + [(7.7217 - 7.4373)/(7.7217 7.3601)](6% - 5%) 

= 5.7865% 
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Using equation (79) obtain the result: 

us (r, lO) = $100,000 (7.0923 
0 2 [$71,000 + $100 ,000 ~ ~~~~,;.._;_;;,..;;;...;...J...J 

= 6.5117 

Scanning the 10 period row in Table 1 locates a US ( ~ 10) equal to 

6.5117 between 8 and 9 percent. Extrapolating and multiplying by 2 

gives an implied interest rate of 17.4 percent. 

IX. CONSTANT PRINCIPAL PAYMENT LOANS 

Another type of loan is the constant principal payment loan. Li ke 

its name implies, it requires a constant principal payment each period. 

As a result , interest costs and total loan payment decrease over time. 

The principal payment in each period is V
0
/mn; the interest cost in 

the tth payment is r(V -
0 

(t - l)V 
mn °). Thus the payment in the tth 

period is: 

(80) A = Vo + [1 - (t - 1)] t mn rVo mn 

To illustrate, suppose a $50,000 loan offers annual constant 

principal payments for 20 years at 14 percent APR . The principal 

payment each year is: 

V
0
/n = $50,000/20 = $2,500 

To determine the interest cost in the 8th period use: 

(t - l)(V0 ) ( )($ ) 
r[V

0
- n ] = .14[$50,000 - 7 ~~,OOO ] 

= $4,550 
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so that the payment in the eighth period equals: 

A8 = $2,500 + $4,550 

= $7,050 

X. DISGUISED INTEREST RATE LOANS 

A final category of loans we call disguised interest rate loans. 

We call them disguished because interest rates are increased by methods 

other than increasing the interest rate associated with the loan. 

Various methods can be employed to increase the interest rate on the 

loan. For example, interest costs can be subtracted in the initial 

period, reducing the actual loan amount received by the borrower (a 

discounted loan). Interest can be charged as though the original loan 

balances were outstanding throughout the life of the loan (an add-on 

loan). Alternatively, the lender can charge 11 points 11 to close a loan, 

reducing the actual loan balance received by the borrower. Or, the 

interest can compound more frequently than loan payments occur . Each 

of these methods will increase the interest rate above the stated 

interest rate. Several types of disguised interest cost loans are 

now discussed. 

The Discount Loan 

A borrower approaches his lender for a loan of V
0 

for mn periods . 

The borrower learns that the stated interest rate is 11 i 11 percent. When 

the borrower picks up the check for his loan, the amount he receives 

equals only: 

(81) V = V (1 - in) d 0 

The amount of loan actually received has had the interest cost sub-

tracted in advance . The discount was the stated interest times the 

number of years for which the loan wil l be outstanding. 
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The periodic loan payments, meanwhile, are calculated as: 

(82) A = V
0

/mn 

To calculate the APR interest rate r associated with this loan, 

treat payments A as if they were associated with a constant payment loan 

which retires a principal amount of Vd equal to V
0

(1 - in). The rela

tionship is expressed as: 

Next, substitute for A using equation (82) to obtain the expression: 

The APR interest rate r in equation (84) will always be higher than 

the stated interest rate i because: one, the interest costs are sub-

tracted at the beginning of the loan ; and two, the interest cost for the 

loan term is calculated on the original loan balance. 

An Example of a Discount Loan 

A consumer obtains an installment loan for $10,000 from which 

$2, 500 is deducted for interest costs. The loan is to be repaid over 

two years with monthly payments equal to $416.67 ($10,000/ 24). Using 

equation (84) US
0
(Jf, 24) associated with this loan is calculated to 

equal : 

USO(~, mn) = (24)($7,500)/$10,000 

= 18.0000 

Using Table l, and scanning across the row when mn equals 24, the 

US (!., 24) value of 18.0000 lies between the values 18.9139 and 16.9355 o m 
which are associated with actuarial interest rates of 2 percent and 3 

percent respectively. The actuarial rate after interpolation equals: 
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.0246 = 
18.9139 - 18.0000 
18.9139 - 16.9355 (.o3 - •02 ) + •02 

The actuarial rate is converted to an APR rate by multiplying by 12 

which equals: 

r = .295 

or 29.5 percent. 

The Add-On Loan 

The ''add-on loan" like the discount loan, calculates interest costs 

in an inappropriate manner. It adds interest costs as though the entire 

loan was to be outstanding for the life of the loan. To illustrate, the 

borrower applies for a loan of V
0 

for n periods at a stated interest 

rate of i percent. In this case, the borrower actually receives the 

loan amount of V
0

, but loan payments are calculated as: 

(85) 
_ (1 + in)V

0 
A - mn 

The actuarial rate~, however, is calculated from the relationship: 

(86) V
0 

= AUS0 (~, mn) 

from which one can find US0(~, mn) equal to: 

(87) US0 (~, mn) = V
0

/A 

The interest rate corresponding t o US0 (~, mn) can be found from Table 

1 by finding a value corresponding to the value calculated in (87) along 

the row mn. 

An Example of an Add-On Loan 

A bank offers a personal loan that uses an add-on method of inter

est calculation with a stated interest rate of 10 percent. On a $2,000 
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loan the borrower repays the loan in 24 monthly installments. What is 

the APR for this loan plan? 

The payment is determined by equation (85) and equals: 

[1 + in]Vo = [1 + (.10)(22] $2,000 
A = mn 2~ 

= $100.00 

The US
0

('T2-, 24) value is calculated using equation (87): 

us
0

(T2-, 24) = $2,000/$100 

= 20.000 

By interpolating values in Table 1 along the row equa l to 24, 20.00 

yields an actuarial rate of .0151. The APR rate then equals .0151 x 12 

or 18.2 percent. 

Points Added Loan 

Sometimes lenders charge 11 points 11 to close a loan. For example let 

11 p11 be the percent of the loan charged as a closing fee. This has the 

effect of increasing the interest rate on the loan since the borrower 

earns mar~ than the stated rate suggests. The APR rate for such a loan 

can be calculated by first computing the payment which retires the loan 

plus points at the stated interest rate i. It equals: 

(1 + p)Vo 
A=----

US0(~, mn) 
(88) 

Next express the relationship between the payment A, the APR rate r 

and the actual amount of the loan received as: 

(89) US0 (~, mn) = V
0

/A 

= 
US0 (~, mn) 

(1 + p} 
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An Example of a Points Added Loan 

A bank offers a loan rate of 12 percent with monthly payments for 

three years with a 3 percent loan closing fee. What is the APR? 

Using equation (88), US0 (~, mn) is found to equal: 

30.1075 
1.03 

= 29.2306 

Using Table 1, a value of 29.2306 corresponds approximately to an 

actuarial interest rate of 1.17 percent, an APR rate of (12 x 1.17) 

equals 14.04 percent. 

XI. SUMMARY 

This report has introduced and analyzed major types of loans usi ng 

present value techniques. Loan types included in the analysis were: 

constant payment loans, moderated payment loans, blended rate loans, 

constant principal loans, and disguised interest rate loans. Because of 

the importance of constant payment loans, this type of loan was dis-

cussed in the most detail. 

Moderated payment loans are designed to reduce the size of loan 

payments during the early periods of the loan. Different loan plans 

achieve this objective. Several plans, including skip payment and skip 

principal loans, graduated payment loans, concessionary interest rate 

loans, and pay down loans, were analyzed. Other unique types of loans 

analyzed using present value tools were wrap-around loans and constant 

principal loans. 

Another class of loans are disguised interest cost loans. Dis

counted, add-on, and points added loans all have one feature in corrinon: 

they increase the APR rate of interest above the stated interes t rate. 
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Fortunately, federal t ruth in lending laws require reporting of the APR 

interest rate. 

One loan plan not rev i ewed is the adjustable rate mortgage (ARM). 

The essential feature of ARMs i s that the interest rate changes accord

ing to some previously agreed upon si gnal. Unfortunately, there is such 

a wide variety of ARMs that they are difficult to typify . 

Hopefully, the fo rmulas, examples, and accompanying tables provided 

in thi s report will provide a usef ul reference of up-to-date tools which 

will help those facing financial decisions to analyze the impl ications 

of select ing one of the various types of loans discussed. 
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Tabl e 1 

Present Value of a Uniform Series of Payments 

Interest Rate Per Period ~ 
---------------------------------------------------------------------------------------------------- ---------------------
mn 0.50% 0.58% 0. 67% 0.75% 0.83% o. 92% 1.00% 1.08% 1.17% 1.25% ! '33% 1. ·124 1.50~ 

-------------------------------------------------------------------------------------------------------------------------
1 0.9950 0.9942 0.99H 0.9926 0.9917 0.9909 0.9901 0.9893 0.9885 0. 9877 0.9868 0.9860 •). 9852 
2 1. 9851 1. 9826 1.9802 1. 9777 1. 9753 1. 9728 1.9704 1. 9680 1. 9655 1.9631 1.9607 1.9583 1.9559 
3 2.9702 2.9653 2.9604 2.9556 2.9507 2.9458 2.9HO 2.9362 2.9313 2.9265 2. nt7 2.9170 2. 9122 
4 3.9505 3.9423 3.9342 3.9261 3.9180 3.9100 3.9020 3.8HO 3.8860 3.8781 3.8701 3.8622 3.8544 
5 4. 9259 4.9137 4.9015 4.8894 4.8774 4.8654 4. 8534 4.8415 4.8297 4. 8178 ,,8061 4,7Q43 4. 7826 
6 S.8964 5.8794 S.8625 5.8456 S.8288 5.8121 5.7955 5. 7789 S.7624 S.7460 5. 7297 s .7134 5.6972 
7 6.8621 6.8395 6.8170 6.7946 6. 7724 6 .7502 6. 7282 6.7063 6.68H 6.6627 6 .6411 6.6196 6.5982 
8 7.8230 7.7940 7.7652 7.7366 7.7081 7.6798 7.6517 7 .6237 7.5958 7.5681 7.5406 7.5132 7 .~859 

9 8. 7791 8.7430 8.7072 8.6716 8.6362 8.6010 8.5660 8.5313 8.4967 8.4623 8.4282 8.3943 8.3605 
10 9.7304 9.6865 9.6429 9.5996 9.5565 9.5138 9.4713 9. 4291 9.3872 9.3455 9.3041 9.2630 9. 2222 
11 10 .6770 10.6245 10. 5724 10.5207 10.4693 10.H83 10.3676 10.3173 10.26H 10.2178 10.1686 10.1197 10.0711 
12 11.6189 11.5571 11. 4958 11.H49 11. 3745 11.3146 11. 2551 11 . 1960 11. 1375 11.0793 11.0216 10.96H 10.1075 
13 12.5562 12. 4843 12.H30 12.H23 12.2722 12 .2027 12.1337 12.0653 11.9975 11. 9302 11.8634 11. 7972 11.7315 
14 13.4887 13.4061 13.3242 13.2UO 13.1626 13 .0828 13.0037 12.9253 12.8476 12.7706 12.6942 12.6185 12.543~ 

15 14.4166 14. 3225 14 .2293 H.1370 14. 0455 13.9549 13.8651 13.7761 13.6879 13.6005 13.5140 13 .4282 13.3432 
16 15.3399 15.2337 15.1285 15.0243 14.9212 14.8190 lt 7179 14.6177 14. 5185 14.4203 1L3230 14.2267 14.1313 
17 16.2586 16.1395 16.0217 15.9050 15.7896 15 .6753 15.5623 15.4503 15 .3396 15.2299 15.1214 15.0140 14.9076 
18 17 .1728 17.0401 16.9089 16. 7792 16.6508 16 .5239 16.3983 16.2740 16 .1511 16.0295 15.9093 15.7903 15.6726 
19 18.0824 17.9355 17 .7903 17 .6468 17.5050 17 .3M7 17.2260 17.0889 16. 9533 16.8193 16.6868 16.5557 16.4262 
20 18. 9874 18.8257 18 .6659 18.5080 18.3520 18.1979 18.0456 17.8950 17.7463 17.5993 17 .45H 17.3105 17.1686 
21 19 .8880 19 .7107 19.5357 19.3628 19.1921 19.0235 18.8570 16.6925 18.5301 18.3697 18.2112 18.0547 17.9001 
22 20.78H 20.5906 20.3997 20 .2112 20.0252 19.8H6 19.6604 19.4815 19.3049 19. 1306 18 .9585 16.7886 18.620a 
23 21.6757 21.4654 21 .2579 21. 0533 20.8514 20 .6523 20 .4558 20 .2620 20.0707 19.8820 19.6959 19.5121 19.3309 
24 22.5629 22.3351 22.1105 21. 8891 21. 6709 21. 4556 21. 2434 21.0341 20 .8277 20.6242 20.4235 20.2256 20.0304 
25 23 .H56 23 .1998 22 .9575 22 .7188 22.4835 22 .2516 22 .0232 21 .7980 21. 5760 21. 3573 21.1417 20.9291 20 .7196 
26 24.3240 24 .0594 23 .7988 23 . 5~~2 23.2894 23.0404 22 .7952 22.5536 22.3157 22 .0813 21. 8503 21. 6228 21. 3986 
27 25.1980 24.9141 24. 6346 24 .3595 24. 0887 23 .8221 23 .5596 23 .3012 23. 0468 22.7963 22.5497 22 . 3068 22 .0676 
28 26.0677 25 .7638 25.4648 25.1707 24 .8813 24 .5966 24.3164 24 .0408 23 . 7695 23 .5025 23.2398 22.9812 22.7267 
29 26 .9330 26. 6086 26.2896 25.9759 25.6674 25 .3641 25 .0658 24. 7724 24.4838 24 .2000 23. 9208 23' 6462 23.3761 
30 27.79H 27.4485 27 .1088 26. 7751 26.H70 26 .1H6 25. 8077 25. 4962 25.1900 24.8889 24.5929 24.3019 2~.0158 

31 28.6508 28 .2835 27 . 9227 27.5683 27 .2202 26.8782 26 .5U3 26.2122 25.8879 25.5693 25.2562 24.9485 24.6461 
32 29.5033 29 .1137 28.7312 28 .3557 27 .9870 27 .6250 27 .2696 26.9206 2b .5779 26 .2H3 25.9107 25 .5860 25 .2671 
33 30.3515 29 .9390 29 .5343 29.1371 28.7474 28 .3650 27.9897 27.6214 27 .2598 26 .9050 26.5566 26.21n 25.8790 
34 31.1955 30 .7596 30 .3320 29 .9128 29 .5016 29 .0983 28 .7027 28 .3146 27.9339 27 .5605 27 .1940 26.8345 26.4B17 
35 32.0354 31.5754 31.12H 30 .6827 30.2495 29.8249 29 .4086 29 .0004 28.6003 28.2079 27.8231 27 . H57 27.0756 
36 32 .8710 32 .3865 31.9118 31.4468 30.9912 30.5H9 30 .1075 29.6789 29.2589 28 .8473 28.4H9 28.0483 27 .6607 
37 33.7025 33.1928 32.6938 32.2053 31. 7268 31. 2583 30 .7995 30.3501 29 . 9100 29 .4788 29.05b4 28 .6426 28 .2371 
38 34.5299 33.9945 33.4707 32.9581 32. 4564 31.9653 31.48'7 31.0141 30.5535 30 .1025 29.6609 29 .2285 28 .SOSl 
39 35.3531 H. 7916 34.24H 33.7053 33 .1 799 32.6659 32.1630 31.6710 31.1896 30. 7185 30.2575 29 .8062 29.3646 
40 36.1722 35 .5840 35.0090 34 .4469 33 .8974 33.3601 32.8347 32 .3209 31. 8184 31. 3269 30.S4o2 30.3759 29.9158 
41 36. 9873 36. 3718 35. 7706 35 .1831 34.6090 34.0480 33 .4997 32.9638 32 . 4399 31. 9278 31.t272 30.9376 30 .4590 
42 37.7983 37.1551 36.5270 35.9137 35 .3147 34. 7296 34.1581 33.5998 33.0543 32.5213 32.0005 31.4915 3G.99H 
43 38.6053 37.9338 37.2785 36.6389 36.0146 35.4051 34.8100 34.2290 33.6616 33.1075 32.5663 32. 0376 31.5212 
H 39 .4082 38.7080 38.0250 37.3587 36.7067 36.0744 35.4555 34.8514 34.2619 33 .6864 33.1246 32. 5761 3£.0~0o 

45 40.2072 39.4777 38.7666 38.0732 37.3970 36.7376 36.0945 35.4672 H.8552 34. 2582 33.6756 33.1071 32 .5523 
46 41.0022 40.2430 39.5032 38.7823 38.0797 37.3948 36. 7272 36.0764 35.4417 34 . 8229 34.2194 33.6307 33.056~ 
47 41. 7932 41. 0038 40 .2350 39.4862 38.7567 38.0Hl 37.3537 36.6790 36.0215 35. 3806 34. 7539 34 .14b9 33 .5532 
48 42.5803 41. 7602 40.9619 40.1849 39.4282 38.6914 37.9740 37.2752 36.5945 35.9315 35. 285< 3~.6560 3~.0'26 
49 43.3635 U.5122 H. 6840 40.8782 40 .0940 39.3309 39.5981 J7. 0650 37 .1610 36.4755 JS .BOBO 35 .lSr' 3~.524 7 

50 44.H28 43 .2599 42.4013 41.5664 40 .7544 39.9645 39.1961 38. 4485 37. 7209 37.0129 3o.3~3 7 35.6526 3~.?QQ~ 
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Table 1 (cont.) 

-------------------------------------------------------------------------------------------------------------------------
mn 0.50% 0.58% 0.67% 0.75Z 0.83% 0.92% 1.00% 1.08% 1.17% 1.25% 1. 33% 1.42% 1.50% 
-------------------------------------------------------------------------------------------------------------------------

51 44 .9182 H.0032 H.1139 42 .2496 41. 4093 40.5924 39.7981 39.0257 38.27H 37. 5436 36.8326 36.1408 35.4677 
52 45.6897 K7422 43.8218 42.9276 42.0589 41.2146 40.3942 39.5967 38.8215 38.0677 37.3348 36.6220 35.9287 
53 H.4575 45.4769 H.S2H 43.6006 42.7030 41.8312 40. 9844 40.1616 39 .3622 38.5854 37.8304 37.0965 36.3830 
54 47.2214 46.2074 45.2235 H.2686 43.H18 42.H21 41. 5687 40 . 7205 39.8968 39.0967 38.3195 37.5643 36.8305 
55 47.9814 46.9336 45.9173 44.9316 43.9754 43.0475 42.1472 41. 2734 40.4252 39.6017 38.8021 38.0256 37.2715 
56 48.7378 47.6556 46.6066 45 .5897 44. 6037 43.HH 42. 7200 H .8203 40.9474 40 .1004 39.2784 38.4905 37.7059 
57 49.4903 48.3734 47 .2913 46 .2429 45.2268 H.2H9 43.2871 42.36H H .4637 40.5930 39.7484 38.9290 38.1339 
58 50 .2391 49. 0871 47.9715 46.8912 45.8H7 44.8309 43.8486 42.8967 H. 9740 41.0795 40.2123 39.3712 38.5555 
59 50.9842 H.7966 48.6472 47 .5347 46.4576 45.4146 H.40H 43.4262 42.4784 41.5600 40 .6700 39.8073 38.9710 
60 51. 7256 50.5020 49.3184 48 .1734 47.0654 45.9930 44 .9550 43.9501 42.9770 42.0H6 41.1217 40.2373 39.3803 
61 52.4632 51. 2033 49.9852 48. 8073 47.6681 46.5662 45.5000 44. 4684 43.4699 42.5033 H.5675 40.6612 39.7835 
62 53.1973 51. 9006 50' 64 75 49. 4365 48.2659 47.1341 46.0396 H. 9811 43 . 9570 42.9662 42.0074 H.0793 40.1808 
63 53.9276 52.5938 51.3055 50.0611 48.8588 47.6969 46.5739 45.4883 ;4.4386 H.4234 42.4415 41.4915 40 .5722 
64 54.6543 53.2829 51. 9591 50.68!0 49. H67 48.25.\6 47.1029 45.9901 44.9146 43. 8750 42.8699 41. 8979 40.9579 
65 55.3775 53.9681 52.6084 51. 2963 50.0298 48.8072 47.6266 46.4865 45.3851 44.3210 43.2927 U.2987 41.3378 
66 56.0970 54.6493 53.2534 51. 9070 50.6081 49. 3547 48 .1452 46. 9775 45.8502 44 .7615 43.7099 42.6939 41.7121 
67 56.8129 55.3266 53. 89H 52.5131 51.1815 49.8973 48.6586 47 .4633 46 '3099 45.1965 H.1216 43.0835 42 .0809 
68 57.5253 55.9999 54.5305 53.1147 51. 7503 50.4350 49 .1669 47. 9HO 46.7H3 45.6262 H.5279 43.4677 42.H42 
69 58.2341 56 .6694 55.1628 53.7119 52 .3143 50.9678 ~9.6702 48.H94 47 .2135 46.0505 H.9288 H.8466 42.8022 
70 58.9394 57 .3H9 55.7909 54.3046 52.8737 51.058 50.1685 48.8898 47 .6575 46. 4697 45.3245 44.2201 43.lSH 
71 59.6412 57. 9966 56.H48 54.8929 53.4285 52. 0189 50.6619 49 .3551 48.0964 46.8836 45.7150 H.5885 43.5023 
72 60 .3395 58.6544 57.0345 55.4768 53.9787 52. 5373 51.1504 49.8154 .;9,5302 47.2925 46.1003 44. 9516 43.8H7 
73 61. 0343 59.3085 57.6502 56.0564 54.5243 53.0510 51.63'1 50.2708 48 .9590 47.6963 46.4805 45.3097 H.1819 
H 61 . 7257 59.9587 58.2618 56.6317 55.0654 53.5601 52 .1129 50.7213 49 .3828 48.0951 46.8558 45.6629 44. 5H2 
75 62. 4136 60.6052 58.8693 57.2027 55.6021 54.0645 52.5871 51.1670 49.8018 48.4890 47 .2261 46.0110 H.8416 
76 63.0982 61. 2479 59.4728 57.7694 56.1H3 54. 5643 53.0565 51.6079 50.2160 48.8780 47.5916 46.3543 45' 1641 
77 63. 7793 61. 8869 60 .0723 58 .3319 56.6621 55.0596 53.5213 52. 0441 50.6253 49 .2622 H. 9522 46.6929 45.4819 
78 64.4570 62 '5222 60.6679 58.8902 57.1856 55.5504 53.9815 52.4756 51. 0300 49.6417 48.3081 47.0267 45.7950 
79 65.1313 63 .1538 61. 2595 59.4H4 57. 70H 56.0367 54.4371 52.9025 51. 4300 50.0165 48.6593 47 .3558 46.1034 
BO 65.8023 63.7817 61.8472 59 '9944 58.2195 56.5196 54.9892 53.3248 51. 8253 50.3867 ~9.0059 U.6803 46.4073 
81 66.000 H.4060 62.4310 60.5404 58. 7301 56.9962 55.3349 53.7426 52.2162 50.7523 49.3479 48.0003 46.7067 
82 67.1343 65.0267 63.0109 61. 0823 59 .2365 57.4694 55 .7771 54.1559 52.6025 51.1133 49 .6854 48.3158 47.0017 
83 67. 7953 65.6438 63.5870 61. 6201 59. 7386 57.9383 56 .2149 54 .5648 52.9843 51.4700 50.0185 48.6270 u .2923 
84 68.4530 66 '2573 64 .1593 62.1540 60.2367 58.4029 56.6485 54.9693 53.3618 51. 8222 50.3H2 48.9337 47.5786 
85 69 .1075 66.8672 64. 7277 62.6838 60.7306 58 .8633 57. 0777 55.3695 53.7349 52 .1701 50 .6716 49.2362 47 .8607 
86 69.7587 67 .4736 65. 2925 63 .2098 61. 2204 59.3196 57.5026 55.7654 54.1036 52.5136 50.9917 49.5345 48.1386 
87 70.4067 68.0765 65 .8534 63.7318 61.7062 59.7717 57. 9234 56.1570 54.4682 52.8530 51.3076 49.8286 48.4125 
BB 71.0S14 68.6759 66.H07 64 .2499 62.1880 60.2196 58.3400 56.54H 54.8285 53.1881 51.6194 so .1186 48.6822 
89 71.6930 69.2718 66.9643 64.7642 62.6657 60.6636 58.7525 56. 9277 55.1847 53.5191 51. 9270 so. 4045 .;9,9490 
90 72.3313 69.8643 67.5142 65 .2746 63 .1396 61.1034 59.1609 57.3069 55.5368 53.8461 52.2306 50.6864 49. 2099 
91 72. 9665 70. 4533 68.0604 65.7812 63.6095 61.5393 59.5652 57.6820 55.8848 54.1689 52.5302 S0.9644 49.4678 
92 73.5985 71.0399 68.6031 66. 2841 o ~ 0755 61.9713 59.9656 58.0531 56.2288 54. 4879 52.8258 51. 2386 .;9. 7220 
93 74.2273 71. 6211 69.1421 66.7832 64 .5377 62.3993 60.3620 58.4202 56.5688 54.8028 53.1176 51. 5088 H.9724 
94 74 .8531 72 .2000 69.6776 67.2787 64.9961 62.8234 60.7544 58.7834 56.9049 55.1139 53.4055 51. 7754 50.2191 
95 75.4757 72. 7754 70.2096 67. 7704 65.4507 63.2H7 61.1430 59.1427 57.2371 55.4211 53.6897 52.0382 50.4622 
96 76.0952 73.3476 70.7380 68.2584 65.9015 63.6601 61.5277 ~- .4981 57.5655 55. 7246 53 .9701 52.2973 50.7017 
97 76.7117 73.9164 71. 2629 68.7429 66.3486 64.0728 6l. 9086 59.8497 57.8902 56.0243 54.2468 52.5528 50.9376 
98 77. 3250 74.4819 71.7843 69.2237 66.7920 64.4817 62.2858 60.1976 58.2110 56.3203 54.5199 52.8047 51.1701 
99 77. 9354 75.0442 72.3023 69.7009 67.2317 64. 8869 62.6592 60.5417 58.5282 56.6126 54 .7893 53. 0531 51. 3991 

100 78.5426 75.6031 72. 8169 70 .1746 67 .6678 65.2884 63.0289 60.8822 58.8417 56.9013 55.0553 53.2981 51.6247 
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Table 1 (cont.) 

------------------------------------------------------------------------------------------------------------------------
mn 0.50% 0.58% o. 67% 0.75% 0.83% 0.92Z 1.00% 1.08I 1.17I 1. 25Z 1. 33% 1. 42% 1. so: 
-------------------------------------------------------------------------------------------------------------------------
101 79 .1469 76.1589 73.3280 70. 6448 68.1003 65.6863 63.3949 61.2190 59. 1516 57 .1865 55.3177 53.5396 51. Sq70 

102 79. H82 76.71H 73 .8358 71. li~S 68.5292 66.0806 63.757~ 61.5522 59.4579 57.4682 55 .5767 53. 7777 52.0660 
103 80.3464 77 .2607 74.H02 71. 57 46 68 .9546 66.4712 64 .1162 61. 8818 59.7607 57. 7463 55.8322 54.0126 52.2810 
104 80.9417 77.8068 74 .8412 72. 0344 69.3765 66.8584 64.U15 62.2079 60.0600 58.0211 56. 084 ~ 54 .2441 52.494~ 

105 B1.53H 78. 3498 75.3390 72. 4907 69.7949 67 .2420 64.8232 6 2 .530~ 60.3559 SB.2924 56.3333 54. 4724 52.7038 

106 82.1234 78.8896 75.8334 72. 9436 70.2098 67.6221 65.1715 62.8496 60 .6483 58.5604 56.5789 s~ .697~ 52.9102 
107 82.7099 79.4263 76.32H 73.3932 70.6213 67.9988 65.5164 63.1653 60.9374 58.8251 56.8 213 54.9195 53.1135 
106 83.2934 79.9598 76 .8125 73.8394 71. 0294 68 .3720 65.8578 63.076 61.2231 59.0865 57.0605 55.1364 53.3137 
109 83.8741 80.4903 77 .2972 74.2823 71.4341 69.7419 66 .1958 63. 7866 61 .5055 59.3447 57.2966 55.3542 53.5111 
110 84.4518 81.0177 77. 7787 74.7219 71. 8354 69.1084 66.5305 64.0922 61.78U 59.5997 57 .5295 55.5670 53. 70 5~ 

111 85.0267 81.5421 78.2569 75 .1582 72. 2335 69.H16 66.8619 64.3946 62 .0607 59.6516 57 .7594 55.7768 5~.8970 

112 85.5987 82.0634 78. 7321 75.5912 72. 6283 69.8315 67.1900 64.6938 62.3335 60.1003 57.9862 55 . 9837 51.0858 
113 86.1678 82. 5816 79 .2040 76.0211 73.0198 70.1881 67.5149 64.9897 62 .6031 60 .3460 58 .2101 56.1877 54.271 7 
114 86. 7342 83.0969 79.6729 76.H77 73 .4080 70 .54H 67.8365 65.2825 62.8696 60.5886 58. 431? 56.3889 54. 4549 
115 87.2977 83.6092 80.1386 76 .8712 73.7931 70.8916 68.15H 65. 5721 63.1331 60.8283 58. 6490 56.5872 54. 6353 
116 87.8584 84 .1185 80.6013 77. 2915 74.1750 71.2386 66.4702 65.8587 63.3935 61. 0650 58.8642 56 .7828 5~ . Si31 

117 88.4163 8t6H8 81. 0609 77.7087 74.5537 71. 5824 68.7824 66 .1421 63 .6509 61.2987 59. 0765 56.9757 54 .9883 
118 88.971'1 85.1283 81.51 74 78.1228 74.9293 71. 9231 69.0915 66. 4226 63.9053 61. 5296 59.2860 57.1658 SS. 1609 
119 89 .5238 85.6288 81.9710 78.5338 75.3018 72. 2607 69.3975 66.7000 64.1568 61.7576 59.4928 57.3533 55.3309 
120 90.0735 86.1264 82.4215 i8.9417 75 .6712 72 . 5953 69. 7005 66. 97H 64.4054 61 .9826 59.6968 57. 5382 55 . ~9 65 

121 90 .6204 86.6211 82.8690 79 . 3466 76 .0375 72.9268 70.0005 67.2459 64. 6512 62 .2053 59.8982 57 . 7205 55 .. ~ 6 35 
122 91.1645 87.1129 83.3136 79.H85 76 .4008 73.2553 70.2975 67 .5145 6t8941 62.4250 60.0969 57.9002 55.8261 
123 91. 7060 87.6019 83.7552 80 .H74 76 .7612 73.5808 70.5916 67.7802 65.1342 62.6419 60.2930 58.0775 55.9863 
124 92 .2448 88.0880 84.1939 80.5433 77.1185 73.9033 70.8828 69.0431 65.3715 62.8562 60.4865 sa.2s22 56.1442 
125 92. 7809 88.5714 84.6297 80.9363 77.4729 74 .2230 71.1711 68.3031 65.6061 63.0679 60. 6775 58.4HS 56.2997 
126 93.3143 89 .0519 85 .0627 81. 3263 77 .8244 74. 5397 71. 4565 68.5604 65.8380 63.2769 60.8659 58.5944 56.L529 
127 93.8451 89.5297 85. 4927 81. 7135 78.1729 74 .8535 71. 7391 68.8149 66.0672 63 .4834 61.0519 58.7620 56.6036 
128 9t3732 90.0046 85.9199 82 .0977 78.5186 75.1645 72 .0189 69 .0667 66.2938 63.6873 61. 2354 58. 9212 5b . 7~25 

129 94 .8987 90.4768 86.3443 82. 4792 78.8614 75 .4727 72.2960 69 .3158 66.5177 63 .8887 61.4165 59. )901 56.il990 
130 95.4216 90.9463 86.7658 82.8577 79 .2014 75. 7780 72 .5703 69 .5622 66.7391 64.0876 61.5953 59.2507 57.043; 
131 95.9419 91.4131 87 .1846 93.2335 79.5386 76 .0806 72. 8419 69.8059 66.9579 64.2840 61. 7716 59 .4091 57.1856 
132 96 .4596 91.8771 87.6006 S3.6064 79.8730 76 .3805 73.1108 70 .0471 67 .1 742 64.4781 61. 9457 59 .5652 ~ i .3257 

133 96.9747 92.3385 88.0138 83.9766 80.2046 76 .6776 73.3770 70.2857 67 .3680 64. 6697 62. t175 59.7192 57.41138 
134 97. 4873 92. 7972 88 .4243 B4.H40 80.5335 76 .9720 73. 6406 70.5217 67 .5994 64.8590 62.2870 59.8710 S / .~998 

135 97. 9973 93.2532 88.8321 84. 7087 80.8597 77 . 2638 73.9016 70.7552 67.8083 65.0459 62.4542 60.0207 57.7338 
136 98 .5048 93.7066 89. 2372 85.0707 81.1831 77. 5529 74.1600 70.9862 68 . 0148 65 .2305 62.6193 60.1683 57.S656 
137 99.0097 94 .1573 89.6396 85.4299 81.5039 77 .8394 H.H5S 71. 2147 68 .2189 65. 4128 62.7822 60. 3139 57,Q95B 
138 99 .5122 94.6055 90.0394 85.7865 81. 8221 79.1232 74.6691 71.H07 68.4206 65 .5929 62.9UO 6C.4571t 58.~i 4: 

139 100.0121 95 .0510 90 .4364 86.1405 82.1376 79 .4045 74 .9H9 71.66H 68 .6201 65.7706 63.1016 60.5989 58.2502 
140 100.5096 95. ~939 90.8309 86. 4918 82.4505 78.6833 75.1682 71.BB56 68 .81 72 65.9465 63.2592 60.7385 56 .37 46 
w 101.0045 95. 9343 91. 2228 86.8405 82.7609 78 .9595 75.4141 72.10;5 69.0121 66.1200 63. 4127 60.8761 58.497 ~ 

142 101.4971 96.3722 91.6120 87 .1866 83.0686 79 .2332 75 .6575 72 .3210 69.2047 66.2913 63.5651 61.0117 5t.6l7' 
143 101.9871 96.8075 91.9987 87.5301 83.3738 79.50H 75.8985 72.5352 69.3951 66. 4606 63 .71j6 61.1455 S8.736B 
144 102.4747 97.2402 92.3828 87.8711 83.6765 79. 7731 76.1372 72.7471 69 .5833 66.6277 63.8641 61. 2774 58.B5LO 
145 102.9599 97.6705 92.7644 88.2095 83 .9767 80.039' 76.37H 72. 9567 69.7693 66.7928 64.0106 61.~075 58.9695 
146 103.4427 98 .0982 93.1434 88.5454 8t27H 80.3033 76.6073 73 .16H 69.9532 66.9559 )4, 1552 61. 5357 59 . 0F~i 

147 103.9231 98.5235 93.5199 88.8788 84.5697 80.5648 76.8390 73.3693 70.1349 67.1169 64.2979 61 . 6622 59. 1953 
148 104.4011 98.9463 93.8940 89.2098 84.8625 80 .8239 77. 0683 73. 5723 70.3146 67. 2760 6 4. 4387 61.7808 5~ .3C~i7 

149 104.8767 99. 3667 94. 2656 89.5382 85.1529 81. 0807 77. 2953 73. 7730 70 .4922 67. 4330 64.5777 61. 9098 5 9 .L1 ~ 5 

150 105.3500 99.7846 94.6347 89.8642 85.H09 81.3351 77 . 5201 73. 9717 70. 6677 67 .5882 64.7148 62 .0310 59 .521"' 
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Table 1 (cont.) 

-------------------------------------------------------------------------------------------------------------------------
mn 0.50I 0.58I 0.6 7% 0.75I 0.83% 0.92% 1.00Z 1. 08% 1.17% 1.25% 1.33% 1. 42% 1.50% 

-------------------------------------------------------------------------------------------------------------------------
151 105.8209 100.2001 95. 00 13 90.1878 85.7265 81. 5872 77 .H27 H.1682 70 .8412 67. 7H4 H.8502 62.1506 59.6273 
152 106.2894 100.6132 95 .3655 90 .5090 86.0098 81.8370 77 . 9631 74. 3626 71.0128 67 .8928 64.9837 62.2684 59.7313 
153 106.7556 101.0239 95.7274 90.8278 86.2907 82.0846 78 .1Bt3 H.55ii9 71.1B23 6B .0422 65.1155 62.3B46 59. 833B 
154 107.2195 101.4322 96.0868 91.1442 86.5693 82.3299 78 .3973 74. 7452 71. 3499 6B.1899 65.2456 62.H92 59.9348 
155 107 .6811 101.8381 96.H38 91.4583 86.8455 82.5730 7B.6112 74.9334 71.5155 68.3357 65 .3739 62.6122 60.0342 
156 108.1404 102 .2417 96.7985 91 . 7700 87.1195 82. 81 39 78 .8229 75.1196 71.6793 68.4797 65.5006 62. 7236 60.1323 
157 108.5975 102.6430 97 .1508 92.0794 87.3913 B3.0525 79.0326 75.3038 71.8411 6B.6219 65.6256 62.8335 60. 2288 
158 109.0522 103.0419 97.5008 92.3865 87.6608 B3.2B91 79.2402 75.4861 72.0011 68.7624 65. HB9 62 .9418 60.3240 
159 109.5047 103.4385 97.8485 92.6913 B7.9280 83.5234 79. 445B 75.6663 72 .1593 6B. 9011 65.8706 63.0486 60. 4177 
160 109.9549 103.8328 9B.1939 92.9939 88.1931 B3.7557 79.6493 75.8447 72.3156 69.03B1 65.9907 63.1540 60.5101 
161 110.4029 104. 224B 98. 5370 93.2942 B8 .4560 83.985B 79.B50B 76. 0211 72.4701 69.1735 66.1093 63.2578 60.6010 
162 110.8486 104.6146 98. 8778 93.5922 88.7167 84 .21 38 B0.0503 76. 1957 72 .6228 69 .3071 66 .2263 63.3602 60.6907 
163 111.2922 105.0021 99 .2163 93.8881 88.9752 84. U98 80. 2478 76.3683 72. 773B 69. U91 66.H17 63 .4612 60. 7790 
164 111.7335 105.3873 99.5526 94.1817 89. 2316 84.6637 80.4433 76.5392 72. 9230 69 .5695 66.4556 63.5607 60.8660 
165 112.1726 105.7703 99.BB67 94.4732 89 .4859 B4 .B856 80.6370 76.7082 73. 0705 69.69B3 66.5681 63 .6589 60 .9517 
166 112.6096 106 .1511 100.2186 94. 7624 89.7381 85.1055 80.8287 76.8754 73 .2164 69.8255 66.6790 63.7557 61. 0362 
167 113.0444 106.5297 100. 5483 95.0496 89.9882 85.3233 81. 01 85 77.0407 73. 3605 69.9511 66.7885 63. 8511 61.1194 
168 113 .4770 106.9061 100 .6758 95.3H6 90.2362 85 .5392 81. 2064 77.2044 73. 5029 70.0751 66.8965 63.9452 61.2014 
169 113 .9075 107.2803 101.2011 95.6174 90 . 4822 85.7532 81.3925 77.3662 73 . 6438 70.1977 67.0032 64 .0380 61. 2821 
170 114.3358 107.6523 101 .5243 95.8982 90. 7261 85.9651 81 .5767 77 .S2H 73. 7830 70.3187 67.1084 64.1295 61.3617 
171 114.7620 108.0222 101 .8453 96.1769 90.9681 86.1752 81. 7591 77.6848 73 . 9206 70.4382 67.2122 64.2197 61.4401 
172 115.1860 108.3B99 102 .1642 96.4535 91. 2080 86.38H 81.9398 77.8415 74. 0566 70 .5562 67. 3147 64.3087 61. 5174 
173 115.6080 108.7555 102.4810 96. 7280 91.H59 86.5896 82 .1186 77. 9965 74.1910 70 .6728 67.4158 64.3964 61. 59H 
174 116.0279 109.1190 102.7957 97.0005 91.6819 86.7940 82.2956 78 .1499 74.3239 70 .7880 67.5156 64. 4B29 61.6684 
175 116 .4456 109.4803 103.1083 97. 2710 91. 9160 86.9965 82. 4709 78.3016 74. 4553 70.9017 67.6141 64. 5682 61. 7423 
176 116.8613 109.8396 103 .4189 97.5394 92 .1481 87 .1972 82.6H5 78 .4517 74.5851 71.0140 67 .7113 64.6523 61. 8151 
177 117 .2749 110.1968 103.7273 97.8059 92.3782 87.3961 82.8163 78.6002 74. 7134 71.1250 67 .8072 64. 7352 61. BB68 
178 117.6865 110.5519 104.0338 98.0704 92.6065 87. 5932 82.9864 78. 7471 74.8~03 71.2345 67 .90 18 64.8170 61. 9574 
179 118.0960 110.9050 10~.3382 98.3329 92.8329 87.788~ 83 .15H 78' 8925 H. 9657 71.3428 67 .9952 64.8976 62 .0270 
!BO 118.5035 111 .2560 104.6406 98.5934 93.0574 87.9919 83.3217 79.0363 75.0897 71.~496 68. 0874 64.9771 62.0956 
i81 118.9090 111 .6049 104.9410 9B.8520 93 .2801 88.1737 B3.4868 79.1785 75 .2122 71. 5552 68 .1783 65.0555 62.1631 
182 119.3124 111.9519 105.2394 99. 1087 93.5009 B8.3637 83.6503 79.3192 75.3333 71. 6595 68.2681 65.1327 62.2297 
183 119.7138 112.2968 105.5358 99.3635 93.7199 88.5520 83.8122 79.4584 75 .4530 71. 7624 68.3567 65.2090 62.2952 
184 120.1133 112 .6397 105.8303 99.6164 93.9371 88.7385 83. 9724 79.5961 75 .5713 71. 8641 68.HH 65. 2841 62.3598 
1B5 120 .5107 112.9807 106.122B 99.8673 94 .1525 BB. 9234 B4 .1311 79. 7323 75 .6883 71.9646 68.5304 65 .35B2 62 .4235 
186 120.9062 113.3197 106 .4134 100.1165 94.3661 89 .1066 84.2883 79.8671 75.8039 72. 0638 68 .6155 65.4312 62.4862 
187 121. 2997 113.6567 106.7020 100.3637 94. 5780 89.28B1 84. 4438 80 .0004 75 .9182 72.161B 68.6995 65. 5033 62.5480 
188 121.6912 113.9917 106 .9888 100 .6092 94 .7881 89.4680 Ri .5978 80.1323 76 .0312 72 . 2585 68.7824 65 .5743 62. 60B8 
189 122.0808 114 .3248 107.2736 100.8528 94 .9964 89.6462 B4. 7503 80.2628 76.1429 72.35H 68.8642 65.6443 62.66BB 
190 122 .4685 114 .6560 107 .5566 101.0946 95.2031 89.8228 84.9013 80.3919 76.2532 72 . 4485 6B.9449 65.7134 62. 7279 
191 122.s~ · : : . . 9B52 107.8377 101.3346 95.4080 89 .9979 85 .0508 80.5196 76.3623 72.5417 69 .0246 65.7815 62 .7861 
192 123.2380 115.3126 108.1169 101.5728 95.6113 90.1713 B5.1988 80.6460 76.4702 72 '6336 69 .1032 65.6486 62. 8435 
193 123.6199 115.63BO 108.3942 101 .8092 95 .8128 90 .3431 85 .3454 BO . 7709 76.576B 72. 7247 69 .1808 65.9149 62.9000 
194 123.9999 115.9616 108.669B 102 .0439 96 .0127 90.5134 85 .4905 80.8946 76.6822 72 . 8146 69.2574 65.9B01 62.9556 
195 124.3780 116.2833 108.9435 102 .2768 96.2110 90 .6822 85 .6341 81. 0169 76.7863 72 .9033 69 .3329 66 . 0445 63 .0105 
196 124.7543 116.6031 109.2154 102.5080 96 .4076 90.8494 85 .7764 81.1379 76 .8893 72 . 9909 69.4075 66 .1080 63.0645 
197 125.i286 116.9210 109.4855 102.7375 96.6025 91.0151 B5.9172 81. 2576 76.9911 73.0774 69 . 4B11 66.1706 63.1177 
198 125.5011 117.2372 109.7538 102 .9652 96 .7959 91.1793 86.0566 61. 3760 77 .0917 73.1629 69.5537 66.2323 63. 1702 
199 125.8718 117.5514 110.0203 103.1913 96.9877 91.3420 86.1947 81. 4932 77.1911 73. 2473 69.6254 66 .2931 63.2218 
200 126.2406 117.8639 110.2851 103.4157 97.1779 91. 5032 86. 3314 81.6091 77.2894 73.3306 69 .6961 66.3531 63.2728 
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Table 1 (cont.) 

-------------------------------------------------------------------------------------------------------------------------
mn 0.50% O.SBI 0.67% 0.75% 0.83% 0.92% 1.00% 1. 08% 1.17% 1.25% 1.33% !.42Z 1. 50i 
-- -- ------------------------ -------- ----------------------------------- ---- ----------- ----------------------------------~ 

201 126.6075 118.1746 110.5~81 103.6384 97.3665 91. 6630 86.4667 81. 7238 77.3865 73.4130 69 .7 659 66.H23 63.3229 
202 126.9727 118.4834 110.8094 103 .8594 97.5535 91.8213 86.6007 81. 8372 77.4826 73 .4943 69.8348 66.4706 63.3723 
203 127.3360 118. 7905 111.0689 104.0788 97. 7390 91. 9781 86.7334 Bl. 9494 77. 5775 73. 5746 69.9027 66.5281 63.4210 
204 127.6975 119.0957 111.3267 104 .2966 97. 9230 92.1336 86.8647 82.0604 77.6713 73 .6540 69 .9699 66.5848 63.4690 
205 129.0572 119. 3992 111. 5828 104.5128 99.1055 92 .2876 86.9948 82.1702 77.7641 73. 7323 70.0360 66.6409 63.5162 
206 128.4151 119.7010 111 .8373 104.7273 98.2864 92.H02 87.1235 82 .2789 77.8558 73. 8097 70.1U13 66.6959 63.5628 
207 128.7713 120.0010 112 .0900 104.9403 98. 4659 92.5915 87.2510 82 .3864 77. 9464 73.8861 70.1657 66 .7503 63' 6087 
208 129.1256 120.2992 112.3411 105.1516 98 .6438 92.7414 87' 3772 82 .4927 78.0360 73.9616 70.2294 66.6039 63.6539 
209 129.4782 120.5958 112.5905 105.3614 98.8203 92.8899 87 .5022 82.5979 78.1245 74.0361 70. 2921 66.8567 63.6984 
210 129.8291 120.8906 112.8382 105.5696 98.9954 93 .0370 87 .6260 82.7019 78.2121 74.1098 70 .3541 66.9089 63 .7422 
211 130.1782 121.1837 113.0843 105.7763 99.1690 93 .1828 87. 7485 82.8049 78.2986 74.1825 70 .HS2 66.9603 63.7855 
212 130.5256 121.4751 113.3288 105.9815 99.3411 93.3273 87.8698 82.9067 78.38H 74.2543 70. 4755 67.0109 63 .B28C 
213 130.8712 121.7648 113.5716 106 .1851 99.5118 93. HOS 87.9899 83.0075 78.4686 74.3252 70.5351 67.06('9 b3.8700 
214 131.2152 122.0528 113.8129 106 .3872 99.6812 93.61H BB .1088 83.1072 78.5522 74. 3953 70 .5938 67 .1102 63 .91 !3 
215 131.5574 122.3391 114.0525 106.5878 99.8491 93.7530 88.2265 83.2058 78.6346 74 .4645 70. 6518 67 .1588 63 .9520 
216 131 .8979 122 .6238 114.2906 106 .7869 100.0156 93.8923 88. 3431 83.3033 78.7164 74. 5328 70 . 7090 67.2067 63.9922 
217 132.2367 122.9069 114.5271 106.9845 100.1808 94.030~ 88.4585 83.3998 78.7971 74 .6003 70. 7655 67.2539 64.0317 
218 132 .5738 123.1883 114.7620 107.1806 100 .3446 94.1672 88.5728 83.4953 78.8769 74 .6670 70.8212 67.3GOS t•4 .070b 
219 132 .9093 123. 4680 114 .9954 107 .3753 100.5070 94 .3028 88.6859 83. 5897 78 .9557 74.7328 70.8762 67 .3464 6t 1090 
220 133.2431 123 .7462 115.2272 107.5685 100.6681 H.4371 88.7979 83.6832 79.0337 74. 7978 70.9304 67.3917 64 .H68 
221 133.5752 124.0227 115.4575 107 .7603 100.8279 94.5702 88.9089 83. 7756 79 .11 07 74.8621 70.9840 67. '364 64.18~0 

222 133.9057 124 .2977 115.6862 107 .9507 100.9863 9L7021 89.0187 83.8670 79.1869 74.9255 71. 0368 67 .4804 64.2207 
223 134.2345 124.5710 115.9135 108.1397 101.1435 94.8328 89.1274 83.9575 79.2621 74.9882 71.0890 67.5238 64 .2569 
224 134 .5617 124 .8427 116 .1392 108.3272 101.2993 94.9623 89.2350 84 .0470 79.3366 75.0500 71.1404 67 .5666 64. 2925 
225 134 .8872 125.1129 116.3635 108.5134 101 .4539 95.0906 89.3416 84.1355 79. H01 75.1111 71.1912 67.6089 64. 3276 
226 135.2112 125.3815 116.5862 108.6981 101.6071 95.2178 89.H72 84 . 2231 79 .4828 75. 1715 71. 2413 67.650~ ~~ .3621 
227 135.5335 125.6486 116.8075 108.8815 101.7592 95.3438 89.5516 84.3097 79.5547 75. 2311 71.2908 67.6915 64 .3962 
228 135.8542 125.9141 117. 0273 109.0635 101.9099 95 .4687 89.6551 84.3955 79.6257 75.2900 71.3396 67.7319 64. 4297 
229 136 .1734 126.1780 117.2457 109.2442 102.0594 95.59H 89.7575 84.4803 79.6959 75.H81 71. 3877 67 .7718 64.4628 
230 136.4909 126 .4405 117.4626 109.4235 102.2077 95.7150 89.8589 84.5641 79 .7653 75.4056 71.4353 67.8112 64 .4954 
231 136.8069 126.7014 117.6781 109.6015 102.3547 95.8365 89.9593 84. 6471 79.8339 75.4623 71. 4822 67.8500 64.5275 
232 137.1213 126 .9608 117.8921 109 .7782 102.5005 95.9569 90.0587 84 . 7292 79 .9017 75 .5183 71 . 5285 67.8882 64 .S591 
233 137.4341 127. 2187 118.1048 109 .9535 102.6452 96 .0762 90 .1572 84.8104 79.9688 75.5736 71.5741 67.9259 64.5902 
234 137 .7454 127.4751 118.3160 110.1276 102.7886 96.19H 90.25~6 84 .8908 80 .0350 75.6283 71.6192 67.9631 64 .6209 
235 138 .0551 127.7300 118.5258 110.3003 102.9308 96.3116 90.3511 84.9703 80.1005 75.6822 71.6637 67.9998 M.6511 
236 138 .3633 127.9834 118.7343 110.4718 103.0719 96.4277 90. 4466 85.0489 80 .1653 75.7356 71.7076 68 .0359 64.6809 
237 138.6699 128.2354 118.9413 110.6420 103.2118 96 .5427 90.5412 85.1267 80 .2292 75.7882 71. 7509 68.0716 6~.7103 

238 138.9751 128.4859 119.1470 110.8109 103.3506 96.6567 90.6349 85.2037 80.2925 75.8402 71.7937 69 .1068 6, ,7:i92 
239 139.2787 128. 7349 119.3513 110.9785 103.4882 96.7696 90. 7276 85.2798 80 .3550 75.8916 71.8359 68.1414 64 .7677 
240 139.5808 128.9825 119.5543 111.1450 103.6246 96.8815 90. 8194 85.3551 80.4168 75.9423 71. 8775 68.1756 64.7957 
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Table 1 (cont.) 

----------------------------------------------------------·--------------------------------------------------------------
mn 2.00% 3.00% 4.00% 5.00% 6.00% 7.00% 8.00% 9.00% 10. 00% 11. 00% 12 .00% 13.00% H.00% 
-------------------------------------------------------------------------------------------------------------------------

1 0.9804 0.9709 0.9615 0.9524 0.9'34 0.9346 0.9259 0.9174 0.9091 0.9009 0.8929 0.8850 0.8772 
2 1.9416 1. 9135 1.8861 1. 8594 1. 8334 1.8080 1.7833 1. 7591 1. 7355 1. 7125 1. 6901 1.6681 1.6467 
3 2.8839 2.8286 2.7751 2.7232 2.6730 2.6243 2. 5771 2.5313 2.4869 2.4437 2.4018 2.3612 2.3216 
4 3.8077 3. 7171 3.6299 3.5460 3.4651 3.3872 3.3121 3.2397 3.1699 3.1024 3.0373 2.9745 2. 9137 
5 4.7135 4.5797 4.4518 4.3295 4.2124 4.1002 3.9927 3.8897 3.7908 3.6959 3.6048 3.5172 3.4331 
6 5.6014 S.H72 5.2421 5.0757 4.9173 4.7665 4.6229 4.4859 4.3553 4.2305 4.1114 3.9975 3.8887 
7 6 . ~720 6.2303 6. 0021 5.7864 5.5824 5.3893 5.20H 5.0330 4.8684 4.7122 4.5638 4.4226 4.2883 
8 7.3255 7.0197 6.7327 6.4632 6.2098 5.9713 S.7466 5.5348 S.3349 S.1461 4.9676 4.7988 4.6389 
9 8.1622 7.7861 7.H53 7.1078 6.8017 6.5152 6.2469 S.9952 S.7590 5.5370 5.3282 5.1317 4.9464 

10 8.9826 8.5302 8.1109 7. 7217 7.3601 7.0236 6.7101 6.4177 6.1446 5.8892 5.6502 5.U62 S.2161 
11 9.7868 9.2526 8.7605 8. 3064 7.8869 7.H87 7.1390 6.6052 6.4951 6.2065 5. 9377 5.6869 5.4527 
12 10.5753 9.9540 9.3851 8.8633 8.3838 7.9427 7.5361 7.1607 6.8137 6.4924 6.19H 5.9176 5.6603 
13 11.3484 10.6350 9.9856 9.3936 8.8527 8.3577 7.9038 7.4869 7 . 1034 6.H99 6. 4235 6.1218 5.8424 
14 12.1062 11.2961 10.5631 9.8986 9.2950 8.7455 8.2442 7.7862 7.3667 6.9819 6.6282 6.3025 6.0021 
15 12.8493 11. 9379 11.1184 10.3797 9. 7122 9.1079 8.5595 8.0607 7.6061 7.1 909 6.8109 6.4624 6.1422 
16 13.5777 12.5611 11. 6523 10.8378 10.1059 9.H66 8.8514 B.3126 7.8237 7.3792 6. 9740 6.6039 6.2651 
17 H. 2919 13.1661 12.1657 11.2741 10. 4773 9.7632 9.1216 8.5436 B.0216 7.5488 7.1196 6.7291 6. 3729 
18 14. 9920 13.7535 12.6593 11.6896 10.8276 10.0591 9.3719 8.7556 8.2014 7.7016 7.2H7 6.8399 6.4674 
19 15.6785 14. 3238 13.1339 12.0853 11.1581 10 .3356 9.6036 B.9501 8.3649 7.8393 7.3658 6.9380 6.5504 
20 16.35H 14.8775 13 .5903 12.4622 11. 4699 10.5940 9.8181 9.1285 8.5136 7. 9633 7.4694 7. 0248 6. 6231 
21 17 .0112 15.4150 14.0292 12.8212 11.7641 10.8355 10.0168 9.2922 8.H87 8.0751 7.5620 7.1016 6.6870 
22 17.6580 15.9369 14.4511 13.1630 12.0416 11.0612 10.2007 9.4424 8.7715 8.1757 7.6446 7.1695 6. 7429 
23 18 .2922 16.H36 14. 8568 13.4886 12.3034 11. 2722 10.3711 9.5802 B.8832 B.2664 7. 7184 7.2297 6.7921 
24 18.9139 16.9355 15 .2470 13.7986 12.5504 11. 4693 10.5288 9.7066 8. 9847 8.3481 7.7843 7.2829 6.8351 
25 19.5235 17 .4131 15.6221 14. 0939 12.7834 11.6536 10.6748 9 .8226 9. 0770 8.4217 7.BH l 7.3300 6. 8729 
26 20 .1210 17 .8768 15.9828 14.3752 13. 0032 11.8258 10.8100 9.9290 9.1609 B.4881 7.8957 7.3717 6.9061 
27 20 . 7069 18. 3270 16.3296 14. 6430 13.2105 11. 9867 10.9352 10.0266 9.2372 B.SUB 7.9426 7.4086 6.9352 
28 21. 2813 18 .7641 16 .6631 14.8981 13.4062 12.1371 11.0511 10.1161 9.3066 B.6016 7. 9844 7. 4412 6.9607 
29 21.8H4 19.1885 16.9837 15.1411 13.5907 12. 2777 11.1584 10.1983 9.3696 8.6501 8.0218 7.4701 6.9830 
30 22. 3965 19 .6004 17 .2920 15.3725 13.7648 12.4090 11. 2578 10.2737 9.4269 8.6938 B.0552 7.49 57 7.0027 
31 22. 9377 20.0004 17.5085 15.5928 13.9291 12.5318 11. 3498 10.3428 9.4790 B.7331 B.0850 7.5183 7.0199 
32 23.4683 20 .3888 17.8736 15.8027 14 .0840 12 . 6466 11. 4350 10.4062 9.5264 8.7686 8 .1116 7.5383 7.0350 
33 23 .9886 20 .7658 18.1476 16.0025 H.2302 12 .7538 11.5139 10.4644 9.5694 8.8005 8.1354 7.5560 7.0482 
34 24.4986 21.1318 18.4112 16.1929 14.3681 12.8540 11. 5869 10.5178 9.6086 8.8293 8.1566 7.5717 7.0599 
35 24 .9986 21. 4872 18.6646 16.3H2 14. 4982 12.9477 11. 6546 10.5668 9.6442 B.8552 8.1755 7.5856 7.0700 
36 25. 4888 21.8323 18.9083 16.5469 1t6210 13. 0352 11.7172 10.6119 9.6765 8.8786 8.1924 7.5979 7.0790 
37 25. 9695 22.1672 19.1426 16.7113 14. 7368 13.1170 11. 7752 10.6530 9.7059 B.8996 9.2075 7.6087 7.0868 
38 26. 4406 22 . 4925 19 .3679 16.8679 14.8460 13 .1935 11. 8299 10.6908 9. 7327 9.9186 8.2210 7.6183 7.0937 
39 26.9026 22.8082 19.5845 17.0170 14.9491 13.2649 11. 8786 10. 7255 9.7570 B.9357 8.2330 7.6269 7.0997 
40 27.3555 23 .1 148 19.7928 17.1591 15.0463 13.3317 11.9246 10 .7574 9. 7791 B.9511 B.2438 7 .6344 7.1050 
41 27.7995 23.4124 19.9931 17.29H 15.1380 13.3941 11. 9672 10.7866 9. 7991 8.9649 8.2534 7.6HO 7 .1097 
4i 28.2348 23.7014 20 .1856 17.4232 15.2245 13.4524 12.0067 10.8134 9.8174 8.97H 8.2619 7.6469 7.1138 
43 28.6616 23.9819 20.370H ~ :'.~459 15.3062 13.5070 12. 0432 10.8380 9.8340 8.9896 8.2696 7 .6522 7 .11 73 
44 29 .0800 24 .2543 20.5~88 17.6628 15.3832 13.5579 12.0771 10.8605 9.8491 8.9988 8.2764 7.6568 7.1205 
45 29.4902 24 .5187 20.7200 17. 7H1 15.4558 13.6055 12.1084 10.8812 9.8628 9.0079 8.2825 7.6609 7.1 232 
46 29.8923 24 . 7754 20 . 09~ - 17.8801 15.5244 13.6500 12.1374 10.9002 9.9753 9.0161 8.2880 7.6645 7.1256 
47 30.2866 25 .0247 21.0429 17.9810 15.5890 13.6916 12.1643 10.9176 9.8866 9.0235 8.2928 7. 66 77 7 .1277 
48 30.6731 25 .2667 21.1951 18.0772 15.6500 13.7305 12.1891 10.9336 9.8969 9.0302 9. 2972 7.6705 7.1296 
49 31. 0521 25 .5017 21. 3415 18.1687 15.7076 13.7668 12.2122 10.9492 9.9063 9.0362 8.3010 7.6730 7 .1312 
so 31. 4236 25 . 7298 21. 4822 18.2559 15.7619 13.8007 12.2335 10.9617 9.9148 9. 0417 8.3045 7.6752 7.1327 
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Table 1 (cont.) 

-------------------------------------------------------------------------------------------------------------------------
mn 2.00I 3.00% 4.00% 5.00% 6.00% 7.00% B.00% 9.00% 10.00% 11. OOI 12.00I 13.00% 14.007 
-------------------------------------------------------------------------------------------------------------------------

51 31. 7878 25.9512 21. 6175 18.3390 15.8131 13.8325 12.2532 10.9HO 9.9226 9.0465 8.3076 7 .6772 7.1339 
52 32.1449 26.1662 21.7476 18."181 15.8614 13.8621 12.2715 10.9853 9.9296 9.0509 B.3103 7.6789 7.1350 
53 32.4950 26.3750 21.8727 18.4934 15. 9070 13.8898 12.2884 10.9957 9.9360 9.0549 8.3128 7.6805 7.1360 
54 32.8383 26. 5777 21. 9930 18.5651 15.9500 13.9157 12. 3041 11.0053 9.9418 9.0585 8.3150 7.6816 7.1368 
55 33.1748 26. 7744 22.1086 18.6335 15.9905 13.9399 12.3186 11.0140 9.9471 9.0617 8.3170 7.6830 7.1376 
56 33.5047 26.9655 22.2198 18.6985 16.0288 13.9626 12.3321 11. 0220 9.9519 9.0646 8.3187 7.6841 7.1382 
57 33.8281 27.1509 22.3267 18.7605 16.0649 13.9837 12.3H5 11. 0294 9.9563 9. 0672 8.3203 7.6851 7 .1388 
58 H.1452 27.3310 22.4296 18.8195 16.0990 14.0035 12.3560 11.0361 9.9603 9.0695 B. 3217 7.6859 7 .1393 
59 34. 4561 27.5058 22.5284 18.8758 16.1311 14.0219 12.3667 11. 0423 9.9639 9.0717 8.3229 7.6866 7 .1397 
60 34.7609 27.6756 22.6235 18. 9293 16.1614 14.0392 12.3766 11.0480 9. 9672 9.0730 8.3240 7.b873 7.1401 
61 35.0597 27.84M 22. 7149 18.9803 16.1900 14 .0553 12.3857 11. 0532 9.9701 9.0753 8.3250 7.6879 7.1404 
62 35.3526 28 .0003 22.8028 19.0288 16.2170 14.0704 12.3942 11. 0580 9. 9729 9.0768 8.3259 7.6684 7.1407 
63 35.6398 28.1557 22.8873 19.0751 16.2425 14.0845 12.4020 11. 0624 9.9753 9.0782 8.3267 7.6888 7.1~10 

64 35.9214 28.3065 22.9685 19.1191 16.2665 14.0976 12.4093 11. 0664 9. 9776 9.0795 8.3274 7.6892 7.1 412 
65 36.1975 28.4529 23.0467 19.1611 16.2891 H.1099 12.4160 11.0701 9.9796 9.0806 B.3281 7.6896 7.1414 
66 36.4681 28.5950 23.1218 19.2010 16.3105 14.1214 12.4222 11.0735 9.9815 9.0816 8. 32ao ~ . 6899 7 .1Hb 
67 36. 7334 28. 7330 23.1940 19.2391 16.3307 14.1322 12.4280 11.0766 9.9831 9.0826 8.3291 7.6902 7.1418 
68 36.9936 28.8670 23.2635 19.2753 16.H97 14.1422 12.4333 11.0794 9. 9847 9.083 ~ 8.3296 7.o90' 7.1419 
69 37 .2486 28.9971 23.3303 19.3098 16.3676 14.1516 12.4382 11.0820 9.9861 9.0841 B.3300 7.6906 7.1420 
70 37.4986 29.1234 23.3945 i9.3U7 16.3845 14.1604 12.4428 11. 0844 9. 9873 9.0848 8.3303 7.6906 7.1421 
71 37 .7 437 29.2460 23.4563 19.3740 16.4005 14.1686 12.4471 11.0867 9.9885 9.0854 B.3307 7.6910 7.1422 
72 37. 9841 29.3651 23.5156 19.4038 16.4156 14.1763 12.4510 11. 0887 9.9895 9.0860 8.3310 7.691! 7.1U3 
73 38.2197 29 .4807 23. 5727 19.4322 16.4298 14.1834 12.4546 11. 0905 9.9905 9.0864 8.3312 7.6913 7.142~ 

74 38.4507 29.5929 23.6276 19.4592 16.4432 14.1901 12.4580 11.0922 9.9914 9.0869 8.3314 7.6914 i.142( 
75 38.6771 29.7018 23.6804 19.4850 16.4558 14.1964 12.4611 11. 0938 9.9921 9.0873 8.3316 7.6915 7.1425 
76 38.8991 29.8076 23.7312 19.5095 16.4678 14.2022 12. 4640 11. 0952 9.9929 9.0876 8. 3318 7.6916 7, 1425 
77 39.1168 29.9103 23.7800 19.5329 16.4790 14.2077 12.4666 11.0965 9.9935 9.0880 8.3320 7.6917 7.1426 
78 39.3302 30.0100 23.8269 19.5551 16.4897 14.2128 12.H91 11.0977 9.9941 9.0883 8.3321 7.6918 7.1,26 
79 39 .5394 30.1068 23.8720 19.5763 16.097 H.2175 12.4714 11.0988 9.9946 9.0885 8.3323 7.6918 7. i.42o 
80 39.7445 30.2008 23.9154 19.5965 16.5091 14. 2220 12.4735 11.0998 9.9951 9.0888 8. 3324 7.o919 7 . ~~27 

81 39.9456 30.2920 23.9571 19.6157 16.5180 14. 2262 12.4755 11.1008 9.9956 9.0890 8.3325 7.6919 7.1427 
82 40.1427 30.3806 23. 9972 19.6340 16.5265 14.2301 12.H73 11.1016 9.9960 9.0892 8.3326 7. 6920 7.1'27 
83 40.3360 30.4666 24.0358 19.6514 16.5344 H.2337 12.4790 11.1024 9.9963 9.0893 8.3326 7.6920 7 . 1427 
84 40.5255 30.5501 24.0729 19.6680 16.5419 H.2371 12.4805 11.1031 9.9967 9.0895 8.3327 7.6920 7.1~27 

95 40.7113 30.6312 24.1085 19.6838 16.5489 14. 2403 12.4820 11.1038 9.9970 9.0896 8. 3 I" . 6921 7.1428 
86 40.8934 30.7099 24.1428 19.6989 16.5556 14.2433 12.4833 11.1044 9. 9972 9.0899 8.3328 7.6921 7.1428 
87 41.0720 30.7863 24.1758 19.7132 16.5619 14. 2460 12.4845 11.1050 9.9975 9.0899 B.3329 7.6921 7' 1428 
88 0 .2470 30.8605 24.2075 19.7269 16.5678 14. 2486 12.4857 11.1055 9 '9977 9.0900 8.3329 7.6921 7.1420 
89 41.4187 30.9325 24. 2380 19.7399 16.5734 14.2511 12 .4868 11.1059 9.9979 9.0901 B.3330 7.6922 7' 1429 
90 41. 5869 31.0024 24.2673 19.7523 16.5787 14 .2533 12.4877 11.1064 9.9981 9.0902 8.3330 7.6922 7.142& 
91 41.7519 31. 0703 24.2955 19.76H 16.5837 14.2554 12.4886 11.1067 9.9983 9.0902 8.3331 7.6922 7 .14 28 
92 41.9136 31.1362 24.3226 19.7753 16.5884 14' 2574 12.4995 11.1071 9.9984 9.0903 8.3331 7.6922 7.1428 
93 42.0722 31. 2002 24.3486 19.7860 16.5928 14 .2593 12.4903 11.1074 9.9986 9.0904 8.3331 7.6922 7.1428 
94 42.2276 31. 2623 24.3737 19.7962 16.5970 14.2610 12.4910 11.1077 9.9987 9.0904 8.3331 7.6922 7.1428 
95 42.3800 31.3227 24.3979 19.8059 16.6009 14.2626 12.4917 11.1080 9.9988 9.0905 B.3332 7. 6922 7.i42S 
96 42.5294 31.3812 24. 4209 19.8151 16 .6047 14.2641 12.4923 11.1083 9.9989 9.0905 8.3332 7,6922 7.1 428 
97 42.6759 31. 4381 24.4432 19.8239 16.6082 14' 2655 12. 4928 11.1085 9.9990 9.0905 8.3332 i.6923 7 .1428 
98 42.8195 31. 4933 24.46H 19.8323 16.6115 14.2669 12.4934 11. 1087 9.9991 9.0906 8.3332 7. 6923 7.1428 
99 42.9603 31.5469 24.4852 19.8403 16.6146 14.2681 12.4939 11.1089 9.9992 9.0906 8' 3332 7.6923 7.t42B 

100 43.098~ 31. 5989 24.5050 19.8479 16.6175 14. 2693 12.4943 11.1091 9.9993 9.0906 8.3332 7.6923 7.H28 
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Tabl e 1 (cont.) 

-------------------------------------------------------------------------------------------------------------------------
mn 2.00% 3.00% 4.00Z 5.00% 6.00% 7.00% 8.00% 9.00I 10.00% 11. 00% 12.00% 13.00% 14.00% 

-------------------------------------------------------------------------------------------------------------------------
101 43.2337 31.6494 24. 52;0 19.8552 16.6203 14.2703 12.HH 11.1093 9.9993 9.0907 8.3332 7 .6923 7 .1428 
102 43. 3664 31.6985 24.5423 19.8621 16.6229 14.2713 12.4951 11.1094 9.9994 9.0907 8.3333 7.6923 7.1428 
103 43.4964 31. 7461 24.5599 19.8686 16.6254 14.2723 12.H55 11.1096 9.9995 9.0907 8.3333 7.6923 7.1428 
104 H.6239 31. 7923 2t5769 19.8749 16.6278 14.2732 12.4958 11.1097 9.9995 9.0907 8.3333 7.6923 1.142e 
105 43.7490 31.8372 24.5931 19.8808 16.6300 14.2740 12.4961 11.1098 9.9995 9.0908 8. 3333 7.6923 7.1428 
106 43.8715 31. 8808 24.6088 19.8865 16.6320 14.2747 12.4964 11.1099 9.9996 9.0908 8.3333 7.6923 7.1429 
107 43.9917 31.9231 24 .6238 19.8919 16.6340 14. 2755 12. H67 11.1100 9.9996 9.0908 8.3333 7.6923 7 .1429 
108 4L1095 31. 9642 24 .6383 19.8971 16.6358 14.2761 12.4969 11.1101 9.9997 9.0908 8.3333 7 .6923 7 .1429 
109 H.2250 32.0040 24.6522 19.9020 16.6376 14.2768 12.4972 11.1102 9.9997 9.0908 8.3333 7.6923 7 .1429 
110 H.3382 32.0428 24.6656 19.9066 16.6392 14.2773 12.4974 11.1103 9.9997 9.0908 8.3333 7 .6923 7.1429 
111 44.H93 32.0803 24.6785 19.9111 16.6408 14. 2779 12.4976 11.1103 9.9997 9.0908 8.3333 7.6923 7.1U9 
112 44 .5581 32 .1168 24.6908 19.9153 16 .6423 14.2784 12.4977 11.1104 9.9998 9.0908 8.3333 7.6923 7.1429 
113 H.6648 32.1523 24. 7027 19.9193 16.6436 14.2789 12.4979 11.1105 9.9998 9.0908 8.3333 7.6923 7.1429 
114 44.7694 32.1867 24.7141 19.9232 16.6449 14.2793 12.4981 11.1105 9.9998 9.0908 8.3333 7 .6923 7 .1429 
115 44.8720 32.2201 24.7251 19.9268 16.6,62 14 .2797 12.4982 11.1106 9.9998 9.0909 8.3333 7.6923 7.1429 
116 H.9725 32.2525 H.7357 19.9303 16.6473 14. 2801 12.4983 11.1106 9.9998 9.0909 8.3333 7.6923 7 .1429 
117 45.0711 32.2840 24.7459 19.9336 16.6484 14. 2805 12.4985 11.1106 9.9999 9.0909 8.3333 7.6923 7.1429 
118 45.1677 32.3145 24 .7557 19.9368 16.6495 14. 2808 12.4986 11.1107 9.9999 9.0909 8.3333 7. 6923 7.1429 
119 45.2625 32.3442 24.7651 19.9398 16.6504 14.2812 12.4987 11.1107 9.9999 9.0909 8.3333 7.6923 7. H29 
120 45.3554 32.3730 24.7741 19.H27 16.6514 14.2815 12.4988 11.1108 9.9999 9.0909 8.3333 7.6923 7.1429 
121 45.H65 32.4010 24.7828 19.9454 16.6522 14.2817 12.4989 11.1108 9.9999 9.0909 8.3333 7.6923 7.1429 
122 45.5357 32.4281 24.7911 19.9480 16.6530 H.2820 12.4990 11.1108 9.9999 9.0909 8. 3333 7.6923 7.1429 
123 45.6233 32.4545 24.7992 19.9505 16.6538 H.2822 12.4990 11.1108 9.9999 9.0909 8.3333 7.6923 7.H29 
124 45.7091 32.4801 24.8069 19.9528 16.6545 14. 2825 12.4991 11.1109 9.9999 9.0909 8.3333 7.6923 7.1429 
125 45 .7932 32.5050 24.8143 19.9551 16.6552 14.2827 12.4992 11.1109 9.9999 9.0909 8.3333 7.6923 7.1429 
126 45.8757 32.5291 24. 8215 19.9572 16.6559 14.2829 12 .4992 11.1109 9.9999 9.0909 8.3333 7.6923 7.1429 
127 45.9566 32.5525 24.8283 19.9593 16.6565 14.2831 12 . 4993 11.1109 9.9999 9.0909 B.3333 7.6923 7.1429 
128 46.0359 32.5753 24.8349 19.9612 16.6571 14.2832 12.4993 11.1109 9.9999 9.0909 8. 3333 7.6923 7.1429 
129 46.U36 32.5973 24.8413 19.9631 16.6576 14.2834 12.4994 11.1109 10.0000 9. 0909 B.3333 7 .6923 7.1429 
130 4t>.1B98 32.6188 24.8474 19.9648 16.6581 14 .2836 12 .4994 11.1110 10.0000 9.0909 8.3333 7.6923 7.1U9 
131 46.2645 32.6396 24.8533 19.9665 16.6586 14. 2837 12.4995 11.1110 10.0000 9.0909 8.3333 7.6923 7.1429 
132 46 .3378 32.6598 24 .8589 19.9681 16.6591 14. 2838 12.4995 11.1110 10.0000 9.0909 8.3333 7.6923 7.1429 
133 46 .4096 32.6794 24.8643 19.9696 16.6595 14.2839 12.4996 11.1110 10.0000 9.0909 8.3333 7.6923 7 .1429 
134 46.4800 32.6985 24.8695 19.9710 16.6599 14.2841 12.4996 11.1110 10.0000 9.0909 8.3333 7. 6923 7.1429 
135 46.5490 32.7169 24.8746 19.9724 16.6603 14.2842 12.4996 11.1110 10.0000 9.0909 8. 3333 7.6923 7.1429 
136 46.6167 32 .7349 2t8794 19.9737 16.6606 14.2843 12.4996 11.1110 10.0000 9.0909 8.3333 7. 6923 7 .1429 
137 46.6830 32.7523 24.8840 19.9750 16.6610 14.2844 12.4997 11.1110 10.0000 9.0909 8.3333 7.6923 7.1429 
138 46. 7480 32.7693 24.8885 19.9762 16.6613 14.2845 12.4997 11.1110 10.0000 9.0909 8.3333 7.6923 7.1429 
139 46.8118 32.7857 24.8928 19. 9773 16 .6616 14 . 2845 12 .4997 11.1110 10.0000 9.0909 8.3333 7.6923 7.1429 
140 46.8743 32.8016 24.8969 19.9784 16.6619 14. 2846 12.4997 11.1110 10.0000 , ,0909 8.3333 7 .6923 7 .1429 
141 46.9356 32.8171 24. 9009 19.9794 16.6622 14.2847 12.4998 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1429 
142 46.9957 32 .8322 ~ .9047 19.9804 16.6624 It 2848 12.4998 11.1111 10.0000 9.0909 8. 3333 7.6923 7 .1429 
143 47.0546 32.8468 24. 9083 19.9813 16.6627 14.2848 12.4998 11.1111 10.0000 9.0909 8.3333 7.6923 ~ : ·j ~9 

144 47 .1123 32.8609 24.9119 19.9822 16.6629 14.2849 12.4998 11.1111 10.0000 9.0909 8.3333 7 .6923 7 .1429 
145 H.1690 32.8747 2~.9153 19.9831 16.6631 14.2849 12.098 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
146 47. 2245 32.8880 24. 9185 19.9839 16.6633 14.2850 12.4998 11.1111 10.0000 9.0909 8.3333 7.6923 7. H29 
147 U.2789 32.9010 H. 9216 19.9846 16.6635 14.2850 12.4998 11.1111 10.0000 9.0909 8.3333 7. 6923 7.1429 
148 47.3323 32.9136 24.9247 19.9854 16.6637 14.2851 12.4999 11.1111 10.0000 9.0909 8.3333 7. 6923 7.H29 
149 47.38H 32 .9258 24 .9276 19.9861 16.6638 14.2851 12.4999 11.1111 10.0000 9.0909 8. 3333 7.6923 7.1429 
150 47.4358 32. 9377 24.9303 19.9867 16.6640 14. 2852 12.4999 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
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Table 1 (cont.) 

-------------------------------------------------------------------------------------------------------------------------
mn 2.00I 3.00% 4. 00Z 5.00% 6.00% 7.00% 8.00% 9.00Z 10.00% 11 .00I 12.00% 13.00I 14.007 

-------------------------------------------------------------------------------------------------------------------------
151 "7.4861 32.9492 H.9330 19.9874 16.6642 14.2852 12.4999 11.1111 10 .0000 9.0909 8.3333 7 .6923 7.1429 

152 47 .5354 32.9604 24.9356 19.9880 16 .6643 14.2852 12.4999 11.1111 10.0000 9.0909 8.3333 7. 6923 7 .1429 
153 47.5837 32.9713 24.9381 19.9885 16.66H 1t2853 12.H99 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 

154 47.6311 32.9818 24.9405 19 .9891 16.6H6 H.2853 12.4999 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1429 

155 47.6776 32. 9921 24.9428 19.9896 16.6647 14.2853 12.4999 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 

156 47. 7231 33.0020 24.9450 19.9901 16 .6648 14. 2853 12.4999 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
157 47.7677 33. 0116 24. 9471 19.9906 16.6M9 H.2854 12.4999 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
158 47 . 8115 33.0210 24.9491 19.9910 16.6650 1t2854 12.4999 11.1111 10.0000 9.0909 8.3333 7.6923 7.1 429 
159 U.85H 33.0301 24. 9511 19.9915 16.6651 14.2854 12.4999 11.1111 10 .0000 9.0909 8. 3333 7. 6923 7.1429 
160 47.8965 33.0389 24.9529 19.9919 16.6652 14.2854 12.499? 11.1111 10.0000 9.0909 8.1333 7.692:i i' 1;29 
161 47 . 9377 33.0475 24.9548 19.9922 16.6653 14.2854 12.4999 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
162 H. 9782 33.0558 24.9565 19 .9926 !6.6653 H. 2855 12.5000 11.1111 10.0000 9.0909 8.3133 7.6lfn 7 .1429 
163 48.0178 33.0639 24.9582 19.9930 16.6654 14 .2855 12 .5000 11.1111 10.0000 9.0909 B.3333 7.6923 7.1429 
164 48.0567 33.0718 24.9598 19.9933 16.6655 H. 2855 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1'2Cl 
165 48.0948 33.0794 24.9613 19.9936 16.6656 14 .2855 12.5000 11.1111 10 .0000 9.0909 8.3333 7 .6923 7.1429 
166 48.1322 33.0868 24.9628 19.9939 16.6656 14. 2955 12.SOOO 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
167 48.1688 33.0940 24. 9642 19.9942 16.6657 14.2855 12.5000 11.1111 10.0000 9.0909 8. 3333 7.6923 7.1429 
168 48.2047 33.1009 H.9656 19.9945 16.6657 14. 2855 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7' 1429 
169 48.2399 33.1077 24.9669 19.9948 16. 6658 14.2856 12.5000 11.1111 10 .0000 9.0909 8.3333 7.6923 7.1429 
170 48.2744 33.1143 24.9682 19.9950 16.6658 14. 2856 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1 ~2Q 

171 48.3082 33.1207 24.9694 19.9952 16.6659 14.2856 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.1.;29 
172 48.3414 33.1269 24.9706 19.9955 16.6659 H.2856 12.5000 11.1111 10.0000 9.0909 8.3333 7.69n 7.1429 
173 48.3739 33.1329 2t9717 19.9957 16.6660 14.2856 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
1H 48 .'1058 33.1387 H.9728 19.9959 16.6660 14.2856 12.5000 11.1111 10 .0000 9.0909 8.3333 7,6923 7.142~ 

175 48.H71 33.1444 24. 9739 19 .99 61 16.6660 14.2856 12.5000 11.1111 10.0000 9.0909 8.3333 7 .6923 7.1429 
176 48.4677 33.H99 24.9749 19.9963 16.6661 H.2856 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.142Q 
177 48.H78 33.1552 24.9758 19.9964 16.6661 14.2856 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
178 48.5272 33.1604 24. 9768 19.9966 16.6661 14.2856 12.5000 11.1111 10.0000 9.0909 8. 3333 7.692:i 7 .1,29 
179 48.5561 33.1654 24.9777 19.9968 16.6662 14. 2856 12.5000 11.1111 10 .0000 9.0909 8.3333 7.6923 7 .1429 
180 48.58H 33.1703 24.9785 19.9969 16.6662 14.2856 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
181 48.6122 33.1751 24. 97H 19.9971 16.6662 14.2856 12.SOOO 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
182 48.63H 33.1797 24.9801 19.9972 16.6663 14. 2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7. 1429 
183 48.6661 33.1842 24 .9809 19.9973 16.6663 14.2857 12.5000 11.1111 10.0000 9.0909 B. 3333 7.6923 7.1429 
184 48.6922 33 .1885 24.9816 19.9975 16.6663 14.2857 12.5000 11.1111 10.0000 9.0909 B.3333 7.6923 7.1429 
185 48.7179 33.1927 24. 9823 19.9976 16.6663 14.2857 12.5000 11.1111 10.0000 9.0909 8. 3333 7.6923 7 .1429 
186 48.7430 33.1968 24.9830 19.9977 16.6663 14.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1429 
187 48.7676 33.2008 24.9837 19.9978 16.6664 14.2857 12.SOOO 11.1111 10.0000 9.0909 B.3333 7.6923 7.1429 
188 48.7918 33.2047 24.98H 19.9979 16.6664 H.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7,g29 
189 48.8155 33.2084 24.9849 19.9980 16.6664 H.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
190 48.8387 33.2120 24.9855 19.9981 16.6664 H.2857 12.5000 11.1111 10.0000 9.0909 B.33 33 7.6923 7.1429 
191 48.8615 33.2156 24. 9861 19.9982 16.6664 14.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
192 48.8838 33.2190 24. 9866 19.9983 16.66H 14. 2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1429 
193 48.9057 33. 2223 24. 9871 19.9984 16.6664 14.2857 12.5000 11.1111 10 .0000 9.0909 8.3333 7.6923 7.1429 
194 48.9272 33.2256 24. 9876 19.9985 16.6665 14. 2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.1 429 
195 48.9482 33. 2287 24.9881 19.9985 16.6665 14. 2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1429 
196 48.9688 33.2318 24.9885 19.9986 16.6665 14. 2857 12.5000 11.1111 10.0000 9. 0909 8.3333 7 .6923 7.1~29 

197 48.9890 33. 234 7 24.9890 19.9987 16.6665 14. 2857 12.SOOO 11.1111 10.0000 9.0909 8.3333 7.6923 7 .142Q 
198 0.0089 33.2376 24.98H 19.9987 16.6665 14. 2857 12.5000 11.1111 10.0000 9.0909 8. 3333 7.6923 1.142, 
199 49.0283 33.2404 24.9898 19.9988 16.6665 14. 2857 12.5000 11.1111 10.0000 9.0909 8.3333 7. 6923 7.142~ 

200 49.0473 33.2431 24. 9902 19.9988 16.6665 14.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.142Q 



56 

Table 1 (cont.) 

-------------------------------------------------------------------------------------------------------------------------
mn 2.00% 3.00% 4.00% 5.00I 6.00% 7.00% 8.00% 9.00% 10 .00% 11.00% 12.00% 13.00% H.00% 

-------------------------------------------------------------------------------------------------------------------------
201 H.0660 33. 2457 24.9906 19.9989 16.6665 14.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.H29 
202 49 .0843 33.2483 24. 9909 19.9990 16.6665 14.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7 .6923 7.1429 
203 49.1023 33.2507 H.9913 19.999& 16.6665 14.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1429 
204 49.1199 33.2531 24.9916 19.9990 16.6666 14 .2857 12.5000 11.1111 10.0000 9.0909 8.3333 7. 6923 7 .1429 
205 H.1372 33 .2555 24.9919 19.9991 16.6666 14.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
206 ;9 .1541 33.2578 24. 9923 19.9991 16.6666 14.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1429 
207 49 .1707 33 .2600 24.9926 19.9992 16.6666 14.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7. 6923 7.1429 
208 49 .1869 33.2621 24. 9928 19.9992 16.6666 14.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1429 
209 49 .2029 33.2642 24 .9931 19.9993 16.6666 14.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
210 49.2185 33.2662 24. 9934 19.9993 16.6666 H. 2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
211 49. 2338 33.2681 24.9936 19.9993 16.6666 H.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.H29 
212 49.2488 33 .2700 24. 9939 19.9994 16.6666 H.2857 12 .5000 11.1111 10 .0000 9.0909 8.3333 7.6923 7.1429 
213 49.2636 33.2719 24.9941 19.9994 16.6666 14. 2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1429 
214 H .2780 33.2737 24. 9943 19.9994 16.6666 14.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
215 49.2922 33.2754 24.9946 19.9994 16.6666 14 .2857 12.SOOO 11.1111 10 .0000 9.0909 8.3333 7. 6923 7.1429 
216 49.3060 33.2771 24 .9948 19.9995 16.6666 14. 2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1429 
217 49.3196 33.2787 24.9950 19.9995 16.6666 14. 2857 12.5000 11.1111 10.0000 9.0909 9.3333 7.6923 7.H29 
218 49.3330 33.2803 24.9952 19 .9995 16 .6666 14. 2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7. H29 
219 49 .H61 33 .2819 24.9953 19 .9995 16.6666 14. 2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1429 
220 49.3589 33.28H 2t9955 19.9996 16.6666 14.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
221 49.3715 33. 2848 24.9957 19.9996 16.6666 14.2857 12.5000 11.1111 10 .0000 9.0909 8.3333 7.6923 7.1U9 
222 49 .3838 33 .2862 24.9959 19.9996 16.6666 H. 2857 12 .5000 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1429 
223 49.3959 33.2876 24.9960 19.9996 16.6666 14.2857 12.sooo 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
224 49.4077 33.2889 2t 9962 19.9996 16.6666 H.2857 12 .5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
225 49.4193 33.2902 24.9963 19.9997 16.6666 14. 2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1429 
226 49 .4307 33.2915 24.9965 19.9997 16.6666 14. 2857 12.5000 11.1111 10.0000 9.0909 8. 3333 7.6923 7.1429 
227 49.H19 33.2927 24.9966 19.9997 16.6666 14 .2857 12.5000 11.1111 10 .0000 9.0909 8.3333 7.6923 7.1429 
228 49.4528 33.2939 2't.9967 19.9997 16.6666 14.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
229 49 .4635 33.2950 24 .9969 19.9997 16.6666 14. 2857 12.5000 11.1111 10 .0000 9.0909 8.3333 7.6923 7 .1429 
230 49 .4741 33 .29 62 24 . 9970 19.9997 16.6666 14. 2857 12.5000 11.1111 10 .0000 9.0909 8.3333 7.6923 7.1429 
231 49. 4844 33 . 2972 24.9971 19.9997 16.6666 14 .2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1429 
232 49.4945 33.2983 H.9972 19.9998 16.6666 14.2857 12 .5000 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1429 
233 49 .50H 33 .2993 24.9973 19.9998 16.6666 14. 2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.H29 
234 49.5141 33.3003 H.9974 19.9998 16.6666 14. 2857 12.5000 11.1! t1 10 .0000 9.0909 8.3333 7.6923 7 .1429 
235 49.5236 33.3013 24.9975 19.9998 16.6666 H.2857 12.5000 11.1111 10.0000 9.0909 9.3333 7.6923 7 .1429 
236 '.9. 5330 33 .3022 2t9976 19.9998 16.6666 14.2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7.1429 
237 49.5421 33.3031 24.9977 !9.99~ : : . . 6666 14. 2857 12.5000 11.1111 10.0000 9.0909 B.3333 7. 6923 7 .1429 
238 49 .5511 33.3040 24 .9978 19.9998 16.6667 14. 2857 12 .5000 11.1111 10.0000 9.0909 8.33:: 7 .6923 7.1429 
239 49.5599 33 . 3048 24.9979 19.9998 16.6667 14. 2857 12 .5000 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1429 
240 49 .5686 33.3057 24 .9980 19.9998 16.6667 14. 2857 12.5000 11.1111 10.0000 9.0909 8.3333 7.6923 7 .1429 
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Table 1 (cont.) 

------------------------------------------------------------------------------------------------------------------------
mn 15.00Z 16.00Z 17.00% 18 .00Z 19.00I 20.00I 21. ooz 22.00% 23.00% 2~ .00I 25.00I 26 .00I 27.00 
------------------------------------------------------------------------------------------------------------------------

1 0.8696 0.8621 0.8547 0.8475 0.8403 0.8333 0.8264 0.8197 0. 8130 0.8065 0.8000 0.7937 0. 7874 
2 1. 6257 1.6052 1.5852 1.5656 1.5465 1.5278 1.5095 1. 4915 1. 4740 1. 4568 1.HOO 1.4235 1. 4074 
3 2.2832 2.2459 2.2096 2 .1743 2 .1399 2.1065 2. 0739 2.0422 2.0114 1. 9813 1. 9520 1. 9234 1.8956 
4 2.8550 2.7982 2.7432 2.6901 2.6386 2.5887 2.5404 2.4936 2.H83 2.4043 2.3616 2.3202 2.2800 
5 3.3522 3.27H 3.1993 3 .1272 3.0576 2.9906 2.9260 2.8636 2.8035 2.7454 2.6893 2.6351 2.5827 
6 3.7845 3. 6847 3.5892 3.076 3.4098 3.3255 3.2446 3.1669 3. 0923 3.0205 2. 95 i4 2.8850 2.82i0 
7 4.1604 4.0386 3.92H 3.8115 3.7057 3.6046 3.5079 3. 4155 3. 3270 3.H23 3.1611 3.0833 3.0087 
8 4.4873 4. 3;36 4.2072 4.0776 3.9SH 3.8372 3. 7256 3.6193 3.5179 3. 4212 3.3289 3.2407 3 . 156~ 

9 4.7716 ~.6065 4.4506 4.3030 4.1633 4.0310 3.9054 3.7863 3.6731 3.5655 3.4631 3.3657 3. 2728 
10 5.0188 4.8332 4.6586 4.4941 4.3389 4.1925 4.0541 3. 9232 3.7993 3.6815 3.5ns 3.4648 3.3644 
11 5.2337 5.0286 4.8364 4.6560 4.4865 4. 3271 4.1769 4.0354 3.9018 3. 7757 3.6564 3.5435 3.4365 
12 5.4206 5.1971 4.9884 4.7932 4.6105 4.4392 4.2784 L1274 3.9852 3.851~ J.7251 3 . 605~ 3.4933 
13 5.5831 5. 3423 5 .1183 4.9095 4.7147 4.5327 4.3624 4.2028 4.0530 3.9124 3.7801 3.o555 3.5381 
14 5. 7245 S.4675 S.2293 5.0081 4. 8023 4.6106 4. 4317 4. 2646 4.1082 3.9616 3.S:41 3 . 694~ 3. 5733 
15 5.8474 5.5755 S.3242 5.0916 4.8759 4.6755 4.4890 4.3152 4.1530 4.0013 3.8593 3. 7261 3.oOlO 
16 5.9542 5.6685 5.4053 S.1624 4. 9377 4. 7296 4. 5364 4.3567 4.1894 4 '0333 3.8874 3.7509 3. 6228 
17 6.0472 S.7487 5.4746 S.2223 4.9897 4.7746 4.5755 4.3906 t 2190 4.6591 3.9099 3. 7705 3.6~00 

18 6.1280 5.8178 S.5339 5.2732 5.0333 4.8122 4.6079 4.4187 4. 2431 4.0799 3. 9279 3.7ao~ 3.6536 
19 6.1982 5.8775 5.5845 5.3162 5.0700 4.8435 4.6346 4. 4415 4.2627 4.0967 3.9424 3.7985 ~.6642 

20 6.2593 5. 9298 5.6278 5.3527 5.1009 4.8696 4.6567 4.4603 4.2786 4 .1103 3.9539 3.8083 3.6726 
21 6.3125 s. 9731 5.6648 5.3837 5.1268 4.8913 4.6750 4. 4756 4.2916 U212 3.9631 3.8161 3 .0792 
22 6.3587 6.0113 5.696; 5.4099 5.H86 t9094 4.6900 4.4882 4.3021 4.1300 3.9705 3.8223 3.68~~ 

23 6.3988 6.0442 5. 7234 S.4321 s .1666 4.9245 4.7025 4.4985 4.3106 4.1371 3.9764 3. 8273 3.6885 
24 6.4338 6.0726 5.7465 5.4509 5.1822 4.9371 4.7128 L5070 4.3176 4.1428 3.9811 3.8312 J.6918 
25 6. 4641 6.0971 5.7662 5.4669 5.1951 4.9476 4. 7213 4.5139 4.3232 4.1 U4 3.9849 3.8342 3,6Q43 
26 6.4906 6.1182 5.7831 5.4804 5.2060 4.9563 4. 7284 4.5190 4.3278 4.1511 3.9879 3.8367 3.6963 
27 6.5135 6.1364 5.7975 5.4919 5.2151 4.9636 4.73H 4.5243 4.3316 4.1542 3.9903 3.8387 3.6979 
28 6. 5335 6.1520 5.8099 5.5016 5. 2228 4.9697 4. 7390 4.5281 4.3H6 4.1566 3.9923 3.8402 3.6991 
29 6.5509 6.1656 S.8204 5.5098 5.2292 4. 9747 4.7430 4.5312 L3371 t1585 3.9938 3.S4H 3.7001 
30 6.5660 6 .1772 5.8294 5.5168 S.2347 4.9789 4. 7463 4.5338 4.3~91 4.1601 3.9950 3.84H 3.700\ 
31 6.5791 6 .1872 5.8371 5.5227 5.2392 4.9824 4.7490 4.5359 4. 3407 4.16H 3.9960 3.9432 3.7015 
32 6.5905 6.1959 5.8437 5.5277 5.2430 4.9854 4.7512 4.5376 4.3421 4.1624 3.9968 3.8438 3.7019 
33 6.6005 6.2034 5.8493 5.5320 5.2462 4.9678 4.7531 4.5390 4. 3431 4.1632 3.9975 3.8443 3.7023 
H 6.6091 6.2098 5.8541 5.5356 5.2489 4.9898 4.75~6 4.5402 4.3HO 4.1639 J.9960 3.8447 3.7026 
35 6.6166 6.2153 S.8582 5.5386 S.2512 4.9915 4.7559 4.5H1 4.3447 4.1644 3.9984 3.8450 3.7028 
36 6.6231 6.2201 5.8617 5.5412 5.2531 4.9929 4.7569 4.5419 4.3453 4.1649 3.9987 3.8452 3.7030 
37 6.6288 6.2242 5.86H 5.5434 S.2547 4.9941 4 .7578 4.5426 4.3458 4.1652 3.9990 3.8454 3.7032 
38 6.6338 6. 2278 5.8673 5.5452 5.2561 4.9951 4.7585 4.5431 4.3462 4 .165~ 3.9992 3.8456 3.7033 
39 6.6380 6.2309 5.8695 5.5468 5. 2572 4.9959 4.7591 4.5435 4.3465 4.1657 3.9993 3.8457 3.7034 
40 6.MlB 6.2335 S.8713 5.5482 5.2582 4.9966 4.7596 4. 5439 4.3467 4.1659 3.9995 3.8\58 3 . 7C3~ 

41 6.6450 6.2358 5.8729 S.5493 5.2590 4. 9972 4-7600 4. 5441 4.3469 4. 1661 3.9996 3.8459 3. 7035 
42 6.6478 6.2377 5.8H3 5.5502 5.2596 4.9976 4.7603 4.SH4 4.3471 4.1662 3.9997 3.8459 3.703S 
43 6.6503 6.2394 5.8755 5.5510 5.2602 4.9980 4.7606 4.5H6 4. 3472 4.1663 3.9997 3.8460 3.7036 
44 6.6524 6.2409 5.8765 5.5517 5.2607 4.9984 4. 7608 4.5H7 4.3473 4.1663 3,9Q98 3.8460 3.7036 
45 6.6543 6.2421 5.8773 5.5523 5.2611 4.9986 4.7610 4.5~49 L3474 4. 1664 3.9996 3.8460 3.7(136 
46 6.6559 6.2;32 S.8781 5.5528 S.2614 4.9989 4.7612 4.5450 4.H7S 4.1665 3. 9999 3.8461 3.7036 
47 6.6573 6.2442 S.8787 5.5532 5.2617 4.9991 L7613 4.5451 4.3476 4.1665 3.9999 3. 8461 3.7037 
48 6.6585 6.2450 5.8792 5.5536 5.2619 4. 9992 ;. 7614 4.5451 4.3476 4.1665 3.9999 3.8461 3.7037 
49 6.6596 6.2457 5.8797 5.5539 5.2621 4.9993 t 7615 4.5452 4.3U7 4.1666 3.9999 3.8461 3.7037 
so 6.6605 6.2463 S.8801 S.5541 5.2623 4.9995 4.7616 4.5452 4. 3477 4.1666 3. 9999 3.8461 3.7037 
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Table 1 (cont.) 

-------------------------------------------------------------------------------------------------------------------------
mn 15.00Z 16.00Z 17.00% 18.00% 19.00I 20.00I 21.00% 22.00Z 23.00I 24.00I 25. OOI 26.00% 27.00I 

-------------------------------------------------------------------------------------------------------------------------
51 6.6613 6.2468 5.8804 S.S5H 5.2624 4.9995 4.7616 4.5453 4 .3477 4.1666 4.0000 3.8461 3.7037 
52 6.6620 6.2472 5.8807 5.5545 5.2625 4.9996 4.7617 4.5453 4.3477 4.1666 4.0000 3.8461 3.7037 
SJ 6.6626 6.2476 5.8809 5. 5547 5.2626 4.9997 4.7617 4.5453 4.3478 4.1666 4.0000 3.8461 3.7037 
54 6.6631 6.2479 5.8811 5.5548 5.2627 4.9997 4.7617 4.5454 4. 3478 4.1666 4.0000 3.8461 3.7037 
SS 6.6636 6.2482 5.8813 5.5549 5.2628 4.9998 4.7618 4.5454 4 .3478 t 1666 4.0000 3. 8461 3.7037 
56 6. 6640 6.2485 5.8815 5.5550 5.2628 4.9998 4.7618 4.5454 4.3478 4.1666 4.0000 3.8461 3.7037 
57 6.6644 6.2487 5.8816 S.5551 5.2629 4.9998 4.7618 4.5454 4.3478 4.1666 4.0000 3.8H1 3.7037 
58 6.6647 6.2489 5.8817 5.5552 5. 2629 4.9999 4. 7618 4.5454 4.H78 4.1667 4.0000 3.6461 3.7037 
59 6.6647 6.2HO S.8818 5.5552 5.2630 4.9999 4.7618 4.5454 4. 3478 4.1667 4.0000 J.8461 3.7037 
60 6.6651 6.2492 5.8819 5.5553 5.2630 4.9999 4.7619 4.5454 4. 3478 4.1667 4.0000 3.8462 3.7037 
61 6.6653 6.2493 S.8819 5.5553 S.2630 4.9999 4.7619 4.5454 4.3U8 4.1667 4.0000 3.8462 3.7037 
62 6.6655 6.2494 5.8820 5.5554 5.2630 4.9999 4.7619 4.5454 4. 3478 4.1667 4.0000 3.8462 3.7037 
63 6.6657 6.2495 5. 8821 5.5554 5.2631 4.9999 4.7619 4.5454 4.3478 4.1667 4.0000 3.8462 3.7037 
64 6.6658 6.2495 5.9821 5.5554 5.2631 5.0000 4.7619 4.5454 4.3478 4.1667 4. 0000 3.8462 3.7037 
65 6.6659 6. 2496 5.8821 5.5554 5.2631 5.0000 4.7619 4.5454 4.3H8 4 .1667 4.0000 3.8462 3.7037 
66 6.6660 6.2497 5.9822 S.5555 5.2631 5.0000 4.7619 4.5454 4.H78 4.1667 4.0000 3.8462 3.7037 
67 6.6661 6.2497 5.8822 5.5555 5.2631 5.0000 4.7619 4.5454 4.3478 4.1667 4.0000 3.8462 3.7037 
68 6.6662 6.2497 5.8822 5.5555 5.2631 5.0000 4.7619 4.5454 4.3478 4.1667 4.0000 3.8462 3.7037 
69 6.6662 6.2498 5.8822 5.5555 5.2631 5.0000 4.7619 4.5454 4.3478 4.1667 4.0000 3.8462 3.7037 
70 6.6663 6.2499 5. 8823 S.5555 5.2631 5.0000 4.7619 4.5455 4.3478 4.1667 4. 0000 3.8462 3.7037 
71 6.6663 6.24 98 5.8823 5.5555 5.2631 5.0000 4.7619 4.5455 4. 3478 4.1667 4.0000 3.8462 3.7037 
72 6.6664 6.2499 5.8823 5.5555 5.2631 S.0000 4.7619 4.5455 4.H78 4.1667 4.0000 3.8462 3.7037 
13 6.66H 6.2499 S.8823 5.5555 5.2631 5.0000 4.7619 4.5455 4. 34 78 4.1667 4. 0000 3.8462 3.7037 
74 6.6665 6.2499 5.8823 5.5555 5.2631 5.0000 4.7619 4. 5455 4.3478 4.1667 4. 0000 3.8462 3 .7037 
75 6.6665 6.2499 5.8823 5.5555 5. 2631 5.0000 L7619 4.5455 4.3478 4.1667 4.0000 3.8462 3.7037 
76 6.6665 6.2499 5.8823 5.5555 5.2631 5. 0000 4.7619 4.5455 4.3478 4.1667 4.0000 3.8462 3.7037 
77 6.6665 6.2499 5.8823 5.5555 5.2631 5.0000 4.7619 4.5455 4.3478 4.1667 4.0000 3.8462 3.7037 
78 6. 6665 6.H99 S.8823 s.ssss S.2632 S.0000 4.7619 4.5455 4. 3479 4.1667 4.0000 3.9462 3.7037 
79 6.6666 6.2499 5.8823 S.5555 5.2632 5.0000 4.7619 4.5455 4.3478 4.1667 4.0000 3.8462 3.7037 
30 6.6666 6.2500 S.8923 5.5555 5.2632 5.0000 4.7619 4.5455 4.3478 4.1667 4.0000 3. 8462 3.7037 
81 6.6666 6.2500 5.8823 5.5555 s. 2632 5.0000 4.7619 4.5455 4.3478 4.1667 4.0000 3.8462 3.7037 
82 6.6066 6.2500 5.8823 5.5555 5.2632 5.0000 4.7619 4.5455 4.3478 4.1667 LOOOO 3.8462 3.7037 
83 6.6666 6.2500 S.8823 5.5555 5.2632 5.0000 4. 7619 4.5455 4.3UB 4.166 7 4.0000 3.8462 3.7037 
84 6.6666 6.2500 5.8823 5.5556 5.2632 5.0000 4.7619 4.5455 4.3478 4.1667 LOOOO 3.8462 3.7037 
BS 6.6666 6.2500 s. 8823 5. 5556 5.2632 5.0000 4.7619 4.5455 4.3478 4.1667 4.0000 3.8462 3.7037 
86 6.6666 6.2500 5.8823 5.5556 S.2632 5.0000 4.7619 4.5455 4. 3478 4.1667 4.0000 3.8462 3.7037 
87 6.6666 6. 2500 S.8823 5.5556 5.2632 5.0000 4.7619 4.5455 4 .3478 4.1667 4.0000 3.8462 3.7037 
88 6.6666 6.2500 5.8823 5.5556 5.2632 5.0000 4.7619 4.5455 4.3478 4.1667 4.0000 3.8462 3.7037 
89 6.6666 6.2500 5.8823 S.5556 5.2632 5.0000 4. 7619 4.5455 4.H78 4.1667 4.0000 3.8462 3.7037 
90 6.6666 6.2500 5.8823 5.5556 5.2632 5.0000 4.7619 4.5455 4.3478 4.1667 4.0000 3.8462 3.7037 
91 6.6666 6.2500 S.8823 S.5556 5.2632 5.0000 4.7619 4.5455 4.3478 4.1667 4.0000 3.8462 3.7037 
92 6.6666 6.2500 S.8823 S.5556 5.2632 S.0000 4.7619 4.5455 4.3478 4.1667 4.0000 3.8462 3.7037 
93 6.6667 6.2500 5.8824 5.5556 S.2632 5.0000 4.7619 4.5455 4. 3478 4.1667 4.0000 3.8462 3.7037 
94 6.6667 6.2500 S.8824 5.5556 S.2632 5.0000 4.7619 .5455 4.3478 4.1667 4.0000 3.9462 3.7037 
95 6.6667 6.2500 5.8824 5.5556 5.2632 5.0000 4.7619 4.5455 4.3478 4.1667 4.0000 J.8462 3.7037 
96 6.6667 6.2500 5. 8824 5.5556 5.2632 5.0000 4.7619 4.5455 4.3478 4.1667 4.0000 3.8462 3.7037 
97 6.6667 6.2500 5. 8824 5.5556 5.2632 5.0000 4.7619 4.5455 4.3478 4.1667 4.0000 3.8462 3.7037 
98 6.6667 6.2500 5.BB24 5.5556 5.2632 5.0000 4.7619 4.5455 4.3478 4.1667 4.0000 3. 8462 3.7037 
99 6.6667 6.2500 5.8824 5.5556 5.2632 5.0000 4.7619 4.5455 4.3478 4.1667 4.0000 3.8462 3. 7037 

100 6.6667 6.2500 S.8824 S.5556 5.2632 5.0000 4.7619 4.5455 4.3478 4.1667 4.0000 3.8462 3.7037 
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XIII. APPENDIX I 

DEFINITIONS OF VARIABLES USED 

r =the annual percentage rate {APR) expressed as a decimal; 

m = number of conversion periods within a year; 

r =the effective {annual) interest rate expressed as a e 

decimal; 

V
0 

= value of the loan in the present period; 

n = number of years to loan maturity; 

mn = number of periods to loan maturity; 

b = geometric factor; 

a = a constant in a geometric series; 

At = a single payment made in year t; 

A = a constant payment or annuity; 

US
0

(r,n) = abbreviation for the factor which converts to a present 

value a uniform series of $1 payments discounted at r 

percent for n periods; 

USn(r,n) = abbreviation for the factor which converts to period 

n values a uniform series of $1 payments compounded at 

r percent; 

TI = total interest costs paid over the life of the loan; 

SSD(mn) = sum of the periods digits for an mn period loan; 

t = time period number or number of periods away from the 

present period; 

I(t) = interest paid on the tth payment; 

AI{t) = accumulated interest paid after t periods; 

AP(t) = accumulated principal paid after t periods; 

PD(t) = loan principal outstanding after the 16th payments; 

J 
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PP(t) = principal paid on the tth payment; 

6P(n) = change in loan payment associated with a term increase 

from n to n + 1 periods; 

6TI(n) = change in total interest paid associated with a term 

increase from n to n + 1 periods; 

B = a balloon payment made to retire a loan; 

As = subsidized payment on a buy down loan; 

fl r = interest rate subsidy on a buy down loan; 

v s = present value of subsidy provided on a buy down loan; 

mn = term on a graduated payment loan; 

g = percentage increase in the loan payment of a graduated 

payment mortgage which occurs every m periods; 

r* = a concessionary APR interest rate, expressed as a 

decimal; 

V * = the present value of a concessionary interest rate loan 
0 

with an outstanding loan balance of V
0

; 

A* = payment on a concessionary interest rate loan; 

Ab = payment on a blended interest rate loan; 

rb =blended interest rate expressed as a decimal; 

At = the tth payment on a cor.stant principal payment loan; 

p = the percentage of a loan charged (points) to close a 

loan; 
A 

V
0 

= present value of a new loan extension; 

i = stated interest rate on disguised interest cost loans; 

Vd =discounted loan amount actually received by the borrower; 

d = maximizing derivative. 
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